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Equivalence of the Poincaré inequality with a
transport-chi-square inequality in dimension one

B.Jourdain*

June 26, 2012

Abstract

In this paper, we prove that, in dimension one, the Poincaré inequality is equivalent to a
new transport-chi-square inequality linking the square of the quadratic Wasserstein distance
with the chi-square pseudo-distance. We also check tensorization of this transport-chi-square
inequality.

For g > 1, the Wasserstein distance with index ¢ between two probability measures p and v on
R? is denoted by

W) = inf [ Joyftdr(ay) (0.1)
R4 xR4

y<y

where the infimum is taken over all probability measures v on R% x R% with respective marginals
p and v. We also introduce the relative entropy and the chi-square pseudo distance

In (4 (x)) dv() if v absolutely conti It
H(V\,u):{fRdn du(x) v(x) if v absolutely continuous w.r.t. u

+o00 otherwise

2
Bl) = Jza (Z_Z(x) - 1) du(x) = ||fll—Z - 1H%Q(M) if v absolutely continuous w.r.t. p
+00 otherwise

Next, we precise the inequalities that will be discussed in the paper.
Definition 0.1 The probability measure p on R? is said to satisfy

the Poincaré inequality P(C) with constant C if

2
Vo : RY = R C! with a bounded gradient, / @Q(x)du(m)—</ <p(x)d,u(x)> < C/ V() >du(z)
R R

R
the transport-chi-square inequality 7, (C) with constant C if

Yu probability measure on RY, Wy(u, v) < VCxa(v|w).
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the log-Sobolev inequality L£S(C) with constant C if Yo : R — R C? compactly supported,
[ #@umanine - [ Foaen ([ @) <o [ 9wk,

the transport-entropy inequality 7T (C) with constant C if
Vv probability measure on RY, Way(p,v) < VCH (v|u).

According to [8], the log-Sobolev inequality is stronger than the transport-entropy inequality
which is itself stronger than the Poincaré inequality and more precisely LS(C) = Ty (C) =
P(C/2). The transport-entropy inequality is strictly weaker than the log-Sobolev inequality
(see [2, 4] for examples of one-dimensional probability measures p satisfying the transport-
entropy inequality but not the log-Sobolev inequality) and is strictly stronger than the Poincaré
inequality (see for example [4] Theorem 1.7).

On the other hand, the inequality zIn(z) < (z — 1) + (z — 1)? implies H(v|u) < x3(v|u) and
therefore Ty (C') = T,(C). The transport-entropy inequality implies both the transport-chi-
square and Poincaré inequalities. The relation between the two latter is therefore a natural
question. It turns out that, by an easy adaptation of the linearization argument in [§8], the
transport-chi-square inequality implies the Poincaré inequality. Moreover, in dimension d = 1,
we are able to prove the converse implication so that both inequalities are equivalent. Last, we
prove tensorization of the transport-chi-square inequality.

Acknowledgement : I thank Arnaud Guillin for fruitful discussions and in particular for
pointing out the implication 7, (C) = P(C) and the interest of tensorization to me.

1 Main results

Theorem 1.1 Vd > 1, T,(C) = P(C). Moreover, when d = 1, P(C) = T,(32C) and the

transport-chi-square and Poincaré inequalities are equivalent.

Before proving Theorem 1.1, we state our second main result dedicated to the tensorization
property of the transport-chi-square inequality. Its proof is postponed in Section 4.

Theorem 1.2 If u1 and ps are probability measures on R and R% respectively satisfying
T (C1) and T, (Cs), then the measure py ® po satisfies T, ((C1 4+ C2(1 4/ (3d2 + 2)d2)) A (Ca +

Ci(1++/(3d1 + 2)dy))).

Remark 1.3 According to Proposition 8.4.1 [1], if u1 and pe respectively satisfy T (Ch) and
T (Cs), then uy @ pg satisfies T (C1V Co). The constant that we obtain in the tensorization of
the transport-chi-square inequality is larger than C1V Cs.

The proof of the one-dimensional implication P(C) = T,(32C) in Theorem 1.1 relies on the
two next propositions, the proof of which are respectively postponed in Sections 2 and 3. When
d = 1, we denote by F(z) = p((—o0,z]) and G(z) = v((—o0,z]) the cumulative distribution
functions of the probability measures p and v. The cag pseudo-inverses of G (resp. F') is defined
by G71:]0,1[3> u — inf{z € R: G(z) > u} (resp. F~(u) = inf{z € R: G(z) > u}) and satisfies

Vr € R, Yu € (0,1), 2 < G (u) & G(z) < u. (1.1)



When g (resp. v) admits a density w.r.t. the Lebesgue measure, this density is denoted by f
(resp. g). Moreover, the optimal coupling in (0.1) is glven by = du o (F L G=1H~! where du
denotes the Lebesgue measure on (0,1) so that W (u,v fo — G (u))4du (see [9]
p107-109). We take advantage of this optimal coupling to Work with the Cumulative distribution
functions and check the following proposition. In higher dimensions, far less is known on the
optimal coupling and this is the main reason why we have not been able to check whether the
Poincaré inequality implies the transport-chi-square inequality.

Proposition 1.4 If a probability measure u on the real line admits a positive probability density
f, then, for any probability measure v on R,

(2
W2(p,v) < 4/R(Ff®(az)daz. (1.2)

Remark 1.5 e One deduces that Wi (p,v) <4 [, %(x)dx Notice that since, by (1.1)
and Fubini’s theorem,

1
Wl(:u’ V) = /0 /R 1{F*1(u)§m<G*1(u)} + 1{G*1(u)§x<F*1(u)}dxdu

1
- /R/O L@ <ugr@) T HF@)<u<ce) dude :/R|F(x) — G(z)|dz,

the stronger bound

WE(p,v) = (/R |F\/_TG| X ﬁ(m)d;p)Q < /R%(Cﬂ)dﬁﬂ

is a consequence of the Cauchy-Schwarz inequality.

e It is not possible to control [ (F}G)Q (x)dx in terms of W2(u,v). Indeed for f(x) = %e*m

and dv(x) = %e"“”_m‘dm, one has W(u,v) = m?, G(x) = gl{mgm} +(1— #)1{x>m}
and for m > 0,

me +wwxx_ﬂem_ 2
[ =@ [ = e = e 12

Next, when the probability measure g on the real line admits a positive probability density
satisfying a tail assumption known to be equivalent to the Poincaré inequality (see Theorem
6.2.2 [1]), we are able to control the right-hand-side of (1.2) in terms of x3(v|u).

Proposition 1.6 Let f ( ) be a positive probability density on the real line with cumulative
distribution function F(x f fly)dy and median m such that

+oo x
p o sup fly dy/ \/ sup/ fly / — < +00. (1.3)
r>m f z<m J —oo

Then for any probability density g on the real line with cumulative distribution function G(x) =

[ 9(v)dy, ) )
(F - G) (f—9)
/Rf(x)dx < 41)/]R f(%‘)d%‘ (1.4)



Remark 1.7 o The combination of these two propositions implies that any probability mea-
sure (1 on the real line admitting a positive density f such that b < 400 satifies T, (16b).

e Proposition 1.6 is a generalization of the last assertion in Lemma 2.3 [6] where f is re-
stricted to the class of probability densities f solving foo(x) = —A(Foo(x)) on the real
line with

A:[0,1] = R_ C', negative on (0,1) and s.t. A(0) = A(1) =0, A'(0) <0, A'(1) >0

The constant b associated with any such density is finite by the proof of Lemma 2.1 [6].
Moreover, in order to investigate the long-time behaviour of the solution f; of the Fokker-
Planck equation

Ofe(x) = Ono fi(x) + 0o (A'(Fe(2)) fr(2)), (t,2) € [0,+00) x R

to the density fo such that fofoo x)dx = fofo x)dx, [6] first investigates the ex-
ponential convergence to 0 of f fipw)( )dz (Lemma 2.8) before dealing with that of
Jz (ftf%»(x)dx (Theorem 2.4).

e Even when b < +oo it is not possible to control [ @(m)dm in terms of [ %(m)dm
Indeed let f(x) = Le 1* and

forn €N, ga(z) =Y f(2) g1 () +Z 1[$k,k+1>(|~’vl)

k<n k>n

where x, = k+1—2In (1 + Sle ) belongs to (k,k+1) and is such that flc+1 e zdr =
fkk+1 e *dx. One has, using Vy > 0, In(1 +y) > Fy by concavity of the logarithm and
1+ 6;216_% < /e for the inequality,

/7(f_fgn)2(x)dx:2/+oog!§( )dm—67":2Zln <1—|—eglek;l> —e "
R n

k>n

(e—1) _ k£l —n _ _nil —n
> NG ge > —e "=(Ve+1le 2z —e "

On the other hand, since for k >n and x € [k,k+1], 1

_ 2 k+1 ( o~k _ _—z\2 2 o,
/7(F Gn) (x)dz < Z/ (e ) dz = & 2 16711.
R f o k e % e—1

Proof of Theorem 1.1 : The implication 7,(C) = P(C) is obtained by linearization of
the transport-chi-square inequality 7,(C). For v, = (1 4 e¢)u with ¢ : R? — R a C? function
compactly supported and such that f]Rd x)du(x) = 0, according to [8] p394, there is a finite
constant K not depending on € such that

€ KW2 y Ve
Rd¢ z)dp( \// V() [Pdp(x) x (/&f’”)Jr 3 ve)

e



When 7,(C) holds, then Wa(u,v:) < 6\/0 Jga #?(x)dpu(z) and taking the limit ¢ — 0, one

deduces that
q§2xdux Vo(z)|?du(x ¢?(x)dp(x
Rd ( ) ( ) <— \//Rd’ ( )‘2 ( ) X \/C/Rd 2( ) lu( )

This implies [pq ¢*(z)dpu(z) < C [pa |Vo(z)?du(z). Let now ¢, ¢, : R? — R be C? functions
compactly supported with ¢,, taking its values in [0, 1], equal to 1 on the ball centered at the

origin with radius n and V¢, bounded by 1. Taking the limit n — oo in the inequality written
Jpd p(@)dp(z)

Jrd on(@)dp(z)’
holds for ¢. The extension to C! functions ¢ with a bounded gradient is obtained by density.

with ¢ replaced by ¢, = ¢ — ¢, one deduces that the Poincaré inequality P(C')

To prove the converse implication, we now suppose that d = 1, u satisfies the Poincaré inequality
P(C) and that xa(v|p) < +00. We set py, = pp * 1 and v, = p, x v for n > 1 where

n na?

pu(z) =4[5 2 (1.5)

denotes the density of the centered Gaussian law with Variance 1/n. For ¢ a C! function on R
with a bounded derivative such that 0 = [; @(@)dpn(x) = [ pn * @(x)dp(x), one has

/ (@) djun () = / (o % 2)(@) — (pn % )2 (@)dulx) + / (P 0)2(x)da(x)
R R
/1<pn (@)) (@)l +c/ (pn * ) (2)dpi(z)

o1t nC _ 1+nC
pn (z)dp(x

z)dpin ()

where we used the Poincaré inequalities for the Gaussian density pj, ([1] Théoreme 1.5.1 p10)
applied to ¢ and for pu applied to p, x ¢ for the second inequality then Jensen’s inequality.
The probability measure u,, admits a positive density w.r.t. the Lebesgue measure and satisfies
P(H"C). According to Theorem 6.2.2 [1], this property is equivalent to the fact that the
constant associated with g, through (1.3) is b, < 21+"C Combining Propositions 1.4 and 1.6,

one deduces that
1+nC ,
X2 (Vnlpn)-

W22(,um vn) < 32

To conclude, let us check that Wi (i, v) < liminf, oo W2(pin, vy) and that x3 (v |pn) < x3(v|w).
First, the probability measures p,, with c.d.f. F,,(x) = pu,((—o0, z]) (resp v, with c.d.f. Gy, ( ) =
Un((—00, x])) converge weakly to p (resp. v) which ensures that du a.e. on (0,1), (F, Y (u), G, (u))
tends to (F~'(u), G~ (u)) as n — oo. With Fatou lemma, one deduces that

n—o0

1 1
W2 (p,v) = / (F7Y(u) — G71(u))du < liminf/ (F7 N (u) — Gl (u)?du = lirginf W2 (pin, Vn).
0 0 o

On the other hand, by Jensen’s inequality,

n(x —y)d 2
X%(Vn’/in) :/ <fR f]R ol xﬁ ()dﬂ(z)) M(y)> /an(x — z)dp(z)dx

/ / ( >2 pn(@ = y)dp(y)de = x3(v|w).




Remark 1.8 Since

W3 (ttn; vn) < inﬁ/ (@ +2) = (y + 2))*dv(2, y)pa(2)dz = W3 (p,v),
<y JR3

one has limy, 00 Wo(tin, vn) = Wa(u,v).
Moreover, when x3(v|u) < +oo, then interpreting p, and (resp vy) as the distribution at time

% of a Brownian motion initially distributed according to p (resp. v) and using Theorem 1.7

[3], one obtains limy, 0 X3 (Vnlpn) = X3(v|1).

2 Proof of Proposition 1.4

To prove the proposition, one first needs to express the Wasserstein distance in terms of the
cumulative distribution functions F' and G instead of their pseudo-inverses :

Lemma 2.1

W3 (n,v) = /R2 (FlzAy) = GlaVvy)" +(GlxAy) — FlzVy))") dydz. (2.1)

Proof of Lemma 2.1 : Let us first suppose that u admits a positive continuous density f
w.r.t. the Lebesgue measure. Using the change of variables (v, w) = (F(x), F'(y)) for the third
equality then the equivalence w < F(G™!(u)) & F~1(w) < G71(u) & G(F~}(w)) < u deduced
from (1.1), one obtains

1
Wi (i v) = / (G (u) — P~ (u))%du

=2 /[0 : /R , (Lr i wsasy<r i (pG-1 ) + Lip (61 w) <a<y<F-i ) drdydu

/ (1 1 ) dvdw
= u<v<w —1(u)) —1(u))<v<w<u — —
0.1? {usvsw<P(GTH W)} T HFGT W) svswsul) T E=T(0)) F(F-1(w))

Lol pl dwdv
2 1 - w USv +1 wsSsUu - v d — —
/0 /v /0 ( {G(F~}(w))<u<v} {w<u<G(F~1( ))}) uf(F L(w)) f(F~1(v))

_ bt v — LIt “100)) — w)t dwdv
- /O / (0= G ()" + (GP™ (0) = 0)*) T A=

= Q/R/:OO ((F(x) —Gy)T + (G(z) - F(y))+) dydz. (2.2)

du

By symmetry, one deduces that (2.1) holds.

In the general case, one approximates p and v by the probability measure p, = p, * ¢ and
Vp, = pp * v (see (1.5) for the definition of p,) which admit smooth positive densities w.r.t. the
Lebesgue measure. Let F,(z) = p,((—00,z]) and Gy (z) = vy ((—00, z]) denote the associated
c.d.f.. One has lim,,_,oc Wa(pin, vn) = Wa(u, v) according to Remark 1.8. Moreover, by the weak
convergence of pi, to p and v, to v, dzr a.e. on R, (F,(x),Gp(z)) tends to (F(z),G(z)). Since,
by Jensen’s inequality,



the right-hand-side of (2.2) gets smaller when replacing (F,G) by (F,,G,) and tends to the
expression with (F,G) as n — oo by Fatou lemma. Hence (2.2) still holds. ||

Proof of Proposition 1.4 : One has

+oo
/ (F(x) — Cy)) dy = Lipyscio / (F(z) - G(y)dy < (F(x) — G@) (G (F(x)) - ).

By Fubini’s theorem and a similar argument,

/R/J:OO(G( +dydx—// F(z))Tdydx
< [(6@) = Fa)* (a - 67 (F@)ds

With (2.2) and (2.3), then using Cauchy-Schwarz inequality and the change of variables u =
F(z), one deduces that when p admits a positive density f w.r.t. the Lebesgue measure, then

W3 (u,v) < 2/R |G (z) = F(z)|le — G™H(F(2))|dx

=7 (/R (G(x)f_(mf(m))deC) : 8 (/R(x - G_l(F(x)))Qf(x)dx>l/2

, ( /R (a(@f?;(x))? dx) v ( /01( Pl — G ()’ du) v

Recognizing that the second factor in the r.h.s. is equal to Wa(u,v), one concludes that (1.4)
holds as soon as Wa(u,v) < +oo. To prove (1.4) without assuming finiteness of Wa(u,v), one
defines a sequence (G,), of cumulative distribution functions converging pointwise to G by
setting

Flxyntifz <G1(2)

Gn(w) = { G(2) if z € [G1(3), G ()
F(z)vLife > G1(21)

For © < G7'(3), G(x) < 1, [F(2) = Gu(2)] = (F (z) — %)* min(|F(x) — G(z)], (F(z) -
n+r1)+) < |F(z) — Gpy1(z)|. Similarly, for z > G (%=1), G(z) > 22, [F(z) — Ga(2)| =
(% = F(x))" < min(|F(2) - G(2)], (1 — F(2))*) < IF(2) = G (). Asaconsequence, for

fixed € R, the sequence (|G, (z) —F(z)|)nen is non-decreasing and goes to |G(z)—F(x)| asn —
co. By monotone convergence, one deduces that lim,, o [p M(m)dm = |z @(:ﬂ)d:ﬂ
Moreover,
FluyAGHE)ifu<d
Gy l(uw) =< G Y(u) ifu e (1,21
Flu)v Gtz ) if u > 1l

n

As a consequence, denoting by v, the probability measure with c.d.f. Gy, Wi (i1, vp,) fo
G (u))?du < 400 and W2(u,v) < liminf,, oo W2(u,v,) by Fatou Lemma. One concludes by
taking the limit n — +o00 in (1.4) written with (v, Gy,) replacing (v, G). ||



3 Proof of Proposition 1.6

Let us assume that b < +o0 and fR (=9 g) (z)dr < 4o00. By integration by parts, for n € N*,

/n%(x)dh[(F—G)z(m)ﬁ%r:w/Z(F G)( /fyd (3.1)

For z larger than the median m of the density f, by definition of b, then by the equality
(F—G)(x) = fmoo(g — f)(y)dy and Cauchy-Schwarz inequality, one has

Loy [Ty F=CP@) (U —9Wwd)” [ (= g)?
O | R S rway T T fwdy <o [ wa

where the right-hand-side tends to 0 as * — 400 by integrability of @ on the real line.

Similarly, lim,_, o (F — G)? f " f‘fg = 0. Taking the limit n — oo in (3.1) and using again
the definition of b, one deduces that

(F— G) . 1{a:>m} 1{J:<m} "
/Rif (@)d <26/\F Q)(f - g)l(z (f o +ffoof(y)dy>d' (3.2)

The product [(F — G)(f — g)|(z) x (fli”}z(;”)zy + . 1{x<m} > is locally integrable on R since the

first factor is integrable and the second one is locally bounded. Let a, < 400 denote the integral
of this function on [—n,n].

By Cauchy Schwarz inequality,

9 1/2
=9 vl [ OV Lig>m}y Lw<m) .
= \//R ;o ( LJEmat )<ff°f(y)dy i ffoof(y)dy> ! ) - 8

Now, setting e, = (fFoo G (n)

(F—G)?(—n)
vy T [72 fy)dy

2
o [ ezm Ha<m) .
W JE O )<f;°f<y>dy+ffoof<y>dy> !

_[FE-P@]" _, [ME-OU -9, [F-GPw]" " E-GO( 9@
- [ f;x’f(y)dy] 2/m S f)dy ! J oo F)dy 2/n S oo FW)dy !

Lig>m) Liz<my}
_4(F_G)2(m)+€n—2/_n(F G)(f —9)( (f fdy " f(y)dy> da

we obtain by integration by parts that for n > |m/|,

n

—n

n

< 2a, +&,.
Plugging this estimation in (3.3), one deduces that

2
2l an < 1,50 (24 2) [ D@y
an / JR f
Using that, according to the analysis of the boundary terms in the first integration by parts
performed in the proof, lim, 4~ e, = 0 and that (a,), is non-decreasing, one may take the
limit n — oo in this inequality to obtain

1:v>m 1:vm — 2
/|F G)(f - g)|(z) < { } -+ —{z<m} )mgz/ﬂ{%(@dm

Jo fy JE Fy)dy

One easily concludes with (3.2).



4 Proof of Theorem 1.2

Let v be a probability measure on R% x R%) with respective marginals v, and v and such
that XQ(V| W ® ,ug) < 400, p denote the Radon-Nykodym derivative and for z; € R4,

dv
dp1 @ua
p1(z1) fRd2 p(x1,x2)dus(z2). Notice that

X5V, 1 © pig) = / (p(w1,29) — 1) dpaa (1) dpia (2).
Rd1+d2

According to the tensorization property of transport costs (see for instance Proposition A.1 [5]),

p(x,.
W3 (111 ® pg,v) < W3 (1, 1) +/ Ly (er)>0y W3 <M2a o )M2> dvy (21) (4.1)
R p1(z1)

By the inequality 7, (C1) satisfied by p1, the equality § dyl ( 1) = p1(x1) f]Rd2 p(x1, x2)dpus(z2)
and Jensen’s inequality, one has

W3 (1, v1) < Cixa(vilp) = Cy /d (p1(z1) — 1)%dpi (z1) < Cr1x3(v, 1 @ o). (4.2)
Ra1

So the first term of the right-hand-side of (4.1) is controled by x3(v, 1 ® p2). By the inequality

2
Tx(C2) satisfied by ug, when pi(z1) > 0, W3 (,u2, pggfi}))%@) < Cy [pa <p3f(17£§) - 1) dpo(x2).

Unfortunately, there is no hope to control

plerxa) )
/Rd1+d2 1{p1(:1:1)>0} ( pl(xl) 1> dl/l(ml)dl[‘?(xQ)

2
p(x1,x
- /Rd1+d2 1{p1(ml)>0} <ﬁ B 1) p1(w1)dp (1) dp2(z2)

in terms of x3(v, 1 ® pa) because of the possible very small values of pj(z1). Therefore it
is not enough to plug the latter inequality into the right-hand-side of (4.1) to conclude that
11 ® o satisfies a transport-chi-square inequality. So we are only going to use this inequality
for py(z1) > é where « is some constant larger than 1 to be optimized at the end of the proof.
Using Lemma 4.1 below with § = «, one obtains

2 P(ﬂﬁb-)
/Rd1 Wj <,u2, (1) H2 )1{p1(ml) }d’/l(%)

= ong/ (p(x1,x2) — 1)21{p1(ml)zé}d,ul(xl)d,ug(xg). (4.3)

For small positive values of p;, we use the estimation of W} <,u2, pgm(;’l)) ,u2> deduced from the
optimal coupling for the total variation distance. If v # u, let € denote a Bernoulli random

variable with parameter p = [pa, ( [()f(lm“ﬁ) A 1) dps(x2) and (X,Y, Z) denote an independent

R% x R% x R%-valued random vector with X, Y and Z respectively distributed according
1 (plar.ea) 1 (w1.02)\ 1 (plaren) _ 4\F

to 4 (455 A1) dua(ea). 5 (1 %3) dua(ea) and i (455580 1) dpa(ez). The

random variables ¢X + (1 — ¢)Y and €X + (1 — ¢)Z are respectively distributed according to



dua(z2) and pﬁfzg’c ))d,ug(xg) As a consequence,

W2 (12, 2 ) < B (1= 920 = 2P) = (L= pE (1Y - 27)

,01(331)
<2(1-p) [IE <<Y — /M yzdﬂ2(y2)>2> +E <<Z B /ﬂw dem(yQ))Q)]

2| play, z2)
SQ/ ‘7’—1'&“2(352)-
R42
One deduces

p1(r1)
1 w2 (1 PN (1)
Rd1 {0<p1(1‘1)<é} 2 K2, o1 (1_1) 2 1 1

2
2 — — 1
Lo ez [ st oo 20) = o101 g s (o))
( /
Rd1+d2

1/2
2
X </Rd1+d2 (p(x17x2) - pl(-%'l)) 1{p1(x1)<é}dﬂ1($1)du2(1-2))

?(pi(a1) — 1)° 2
< 202V/(3d2 + 2)dz (/Rd (a—172 1{pl<x1><é}dﬂl<x1)>

962—/ Yadpiz(y2)
Rd2

IN

4

IN

1/2
1{p1(x1)<§}dﬂl(xl)duz(@))

962—/ Yadpz(y2)
Rd2

1/2
X (/Rd1+d2 [(p(x1,2) = 1)* = (pr(a1) — 1)2]1{p1(ml)<;}dpl(xl)dug(x2)>

CQCK\/ 3d2 + 2 dg

a—1

2
/Rdl+d2 (@1, 22) = )71, ()< 1ydpa (21)dpa(2),

where we used Cauchy Schwarz inequality for the second inequality, then Lemma 4.2 below
and an explicit computation of the third factor for the third inequality and last the inequality
Vb a—b< 3 forany a>b>0.

Inserting this estimation together with (4.2) and (4.3) into (4.1), one obtains

(3d2 +2)ds

2
o1 )XQ(V7M1®M2)-

WQQ(Ml ® pa,v) §C1X%(V1,M1) + Chax <1 Vv

For the optimal choice a = 1 + /(3ds + 2)ds, one concludes that the measure p; ® uo satisfies
T (C1+Co(1++/(3d2 + 2)d2)). Exchanging the roles of p; and o in the above reasonning, one
obtains that p1 ® pg also satisfies 7, (Ca + C1(1 + /(3d1 + 2)d4)).

Lemma 4.1 For 8> a >0,

p(z1, 72)
/]Rd1+d2 (W N 1> Lo (@)= }dyl(xl)dM(m) +8 Ré1 (1) = 1)° Lo }d'ul(ml)

<p (pla1,@2) = 1) 11, ()5 1y dpn (21)dpz(22).

Rdl +do

Proof : Developping the squares and using the definition of p; and the equality dvi(z1) =

10



p1(z1)dpi(x1), one checks that the difference between the right-hand-side and the first term of
the left-hand-side is equal to

/]Rd1 [(5 - —p1(1:v1)> /Rd2 (w1, 22)dpa(w2) + (1= 28)p1 (1) + B| 1, (4> 1ydhn (21)-

One easily concludes by remarking that the first integral is retricted to ghe z1 € R™ such that
< o < 8 and that f]Rd2 (w1, x2)dps(x2) (fRd2 p(x1, 1o dug(xg)) = p2(z1). [ |

pi(z1)

Lemma 4.2 If a probability measure p on R? satisfies T(C), then

/Rd w—/Rdydu(y) x—/RdydM(y)

Proof : According to Theorem 1.1, u satisfies P(C'). By spatial translation, one may assume
that [p. ydu(y) = 0. Applying the Poincaré inequality P(C) to the functions z = (21,...,24) €
R — z;, z ﬂ:f and x — x;x; with 1 <4 # j < d, yields,

/x?d,u(x)SC
]Rd
2
[ ataute) <10 [ atauta)+ ([ stauto)) <2
R R R

2
/ (ziw;)2du(z) < C/ z? + x?d,u(:v) + (/ ﬂ:iﬂ:jd,u(x)> <202 —|—/ x?d,u(:c)/ x?d,u(x) < 3C2.
R4 R4 R4 R4 R4

One easily concludes by summation of these inequalities. |

2 4

du(x) < (3d 4 2)dC?.

du(x) < dC and /

R4
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