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A CONSTRUCTION OF A 5-COALESCENT VIA THE PRUNING OF
BINARY TREES

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. Considering a random binary tree with n labelled leaves, we use a pruning

procedure on this tree in order to construct a ﬂ(%7 %)-coalescent process. We also use the

continuous analogue of this construction, i.e. a pruning procedure on Aldous’s continuum
random tree, to construct a continuous state space process that has the same structure as
the [-coalescent process up to some time change. These two constructions unable us to
obtain results on the coalescent process such as the asymptotics on the number of coalescent
events or the law of the blocks involved in the last coalescent event.

1. INTRODUCTION

Let A be a finite measure on [0, 1]. A A-coalescent (II(¢),¢ > 0) is a Markov process which
takes values in the set of partitions of N* = {1,2,...} introduced in [25]. It is defined via the
transition rates of its restriction (II(t),t > 0) to the n first integers: if TI"(#) is composed
of b blocks, then k (2 < k <) fixed blocks coalesce at rate:

1
(1) Noje = /0 P2 (1 — w)P A (dw).

In particular a coalescent event arrives at rate:

(2) Ay = Zb: (Z) b jo-

k=2

As examples of A-coalescents, let us cite Kingman’s coalescent (A(dx) = dp(dx), see [23]),
the Bolthausen-Sznitman coalescent (A(dx) = 1(g 1)(w)dz, see [13]), or B-coalescents (A(dx)
is the 8(2 — a, ) distribution with 0 < a < 2, see [12, 10], or the §(2 — o, — 1) distribution
with 1 < o < 2, see [17]). We refer to the survey [9] for further results on coalescent processes.

The goal of this paper is to give a new representation for the 5(3/2,1/2)-coalescent using
the pruning of random binary trees. This kind of idea has already been used in [18] where the
Bolthausen-Sznitman coalescent is constructed via the cutting of a random recursive tree.

1.1. Pruning of binary trees. Now we describe the coalescent associated with the pruning
of the random binary tree.
We recall the normalization constant in the beta distribution for a > 0, b > 0:

_L@UO) [ ey et gy
Blab) = F0 T h) —/(071) Y1 —2)*da.

Fix an integer n and consider a uniform random ordered binary tree with n leaves (2n — 1
vertices plus a root; 2n— 1 edges). Label these leaves from 1 to n uniformly at random. After
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2 ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

an exponential time of parameter:

s

1 1
®) == 5 (50-3).
choose one of the n — 1 inner vertices of the tree uniformly at random, coalesce all the leaves
of the subtree attached at the chosen node and remove that subtree from the original tree.
Restart then the process with the resulting tree (using A; as the new parameter of time,

where k is the new number of leaves) until all the leaves coalesce into a single one.
Figure 1 gives an example of such a coalescence for n = 5.

4 2
1 1 [24]
5 5
3 3

[1,2,4,5] 3

[1,2,345]

F1GURE 1. An example of the coalescence of a binary tree for n = 5. The
selected node is in bold and the times between each picture are exponentially
distributed with respective parameter A5, Ag, Ao.

This defines a process (II™(t),¢ > 0). The main result of the paper is the following
Theorem.

Theorem 1.1. The process (IIM(t),t > 0) defined as the coalescent associated with the
pruning of the random binary tree is the restriction to {1,...,n} of a 5(3/2,1/2)-coalescent
with coalescent measure:

Y du.

2

(@) Adu) = 2 =

Let us remark that the S-coalescents introduced in [12] and usually studied are 5(2 —«, «)-

coalescents with 1 < o < 2. Here we have @ = 1/2 and this does not enter the usual case.

The reason is that for 1 < a < 2, the S-coalescent comes down from infinity (II(¢) has a.s.

a finite number of blocks for any ¢ > 0) which is not the case for & = 1/2 according to the
criterion from [9] Theorem 3.5 or [25] as:

/01 Aldu) < 400

u
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1.2. Pruning of Aldous’s CRT. A coalescent process may also be viewed as a process
taking values in the interval partitions of [0, 1]. The links between this coalescent process and
the previous one is given by the asymptotic frequencies (to go from the partition of integers
to the interval partition) or conversely by the paintbox procedure (see [26] for instance for
the description of these relations). In some sense, it is the continuous state analogue of the
coalescent process taking values in the set of partitions of integers.

The continuous analogue of the binary tree is Aldous’s continuum random tree (CRT)
which can be obtained as the limit (in an appropriate sense) of the rescaled uniform binary
tree with n leaves when the number of leaves n tends to infinity. A pruning theory of such
a continuum tree has been introduced in [5] (see [4] for a general theory of the pruning of
Lévy trees) and will be recalled in Section 3.1. Using this pruning procedure, we are able to
define an interval-partition-valued process in Section 3.2 which has the same structure as the
B(3/2,1/2)-coalescent except for the times (when sampling n points uniformly distributed on
(0,1), the time interval between two coalescences is not exponentially distributed). However,
we conjecture that an appropriate change of time would be enough so that the interval-
partition-valued process is really associated with the 5(3/2,1/2)-coalescent via the paintbox

procedure. This gives a nice interpretation of the dust (or fraction of singletons) in the
B(3/2,1/2)-coalescent.

1.3. Number of coalescent events and last coalescent event. The construction using
discrete trees allows us to recover in Section 4.1 the asymptotic distribution of the number
of coalescent events given by [19] in a more general framework, see also [21].

Proposition 1.2. Let X!, be the number of collisions undergone by (II™(t),t > 0). Then we
have:

X’ d

where Z has a Rayleigh distribution with density ze /2 10y

Let us remark that according to Section 5.4 in [19] Z is distributed as:

2 e

where (S;,t > 0) is a subordinator with Elexp(—AS;)] = exp(—t® (X)) where for A > 0:

A+3)

D(\) = /01 <1 —(1- u)>‘> w321 —u) "V du = 27 ( IO

(See [11] for more results on exponentials of Lévy processes.)

The continuum tree construction allows us to study the last coalescent event (see [18] for
similar questions for the Bolthausen-Sznitman coalescent, and [14] for stationary CSBP). In
Section 4.2, we consider the number E, of external branches or singletons involved in the last
coalescent event as well as the number of blocks B,, involved in the last coalescent event.

Proposition 1.3. Let B,, be the number of blocks and E,, be the number of singletons involved
in the last coalescent event of (I (t),t > 0). Then we have:

@,

n—oo

(Bn,En) (B E)
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where (B—E, E) are finite random variables with generating function ® given, for p, p. € [0,1]
by:

®(p,p.) =E [p" 7]
(5) =p <1+1og(2) —log <1+ V9i=p. - ”Z”")) ~Vplog Giﬁi—ﬁfﬁ) '

Furthermore B — E is stochastically less than (or equal to) E + 1.

Notice that ®(1,1) = 1 which indeed implies that B and E are finite, that is B,, and E,
are of order 1. However, B — FE and F have infinite expectation, as this can be checked from
their generating functions given below.

The generating function of F is given by:

V31— ps

E [pf] = ®(1,p.) =1 —2log <1+ T)’

and the generating function of B — F is given by:

1+./p )
1—/p )

There is a nice interpretation of the distribution of B — E — 1 given after Proposition 4.2.
The generating function of B is given by:

B[] = B(p.1) = p (1 + log(4) ~ log (1 - p) - Vpog

©107] = 0059 = p (1 lst2) o (1 VT=5- 1)) - oo (YL,

Of course we have a.s. B > 2.

Remark 1.4. We can compute various quantities related to E and B. We have:

1 1
IP’(E:O):l—Qlog(;):O.lQ, PE=1)=3, P(E=2)=
1
P(B-E=0)=0, B(B-E=1)=log{d) ~1~039, P(B-E=2)=r,
P(B=0)=P(B=1)=0, P(B=2)=—, P(E=23)=—
I IS X ~ 7T 160

In particular, we have P(E > 5) < 25%, P(B > 5) < 32% and P(B — E > 5) < 11%.

The paper is organized as follow. The proof of Theorem 1.1 is given in Section 2. The link
with Aldous’ CRT, presented in Section 3.1, is given in Section 3.2 using a pruning procedure;
the reduced sub-trees are presented in Section 3.3. A proof and a comment on Proposition
1.2 are given in Section 4.1. Proposition 1.3 is proved in Sections 4.2.2 and 5.

2. THE (3(3/2,1/2)-COALESCENT

In order to prove Theorem 1.1, we only need to compute the rates A, at which k given
blocks among n blocks coalesce. This is the purpose of the next Proposition.
Proposition 2.1. For the coalescent of the random binary tree, we have for any 2 < k < n,

™ 1 1
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We recall the duplication formula for a > 0:

(o)) 355

Proof. Let us first remark that, by construction, since there are n — 1 internal vertices, we

have:

An T 11 73/2 I’(n—%)

n=——==0|n—=,2 )= — —==-
Toon—1 2 272 2 I'(n)

It is well known that the number of ordered binary trees with n leaves is given by the

Catalan numbers:
b~ L ( 2n — 2 ) _ (2n—-2)!

n\ n—1 (n— 1)!n!.
Hence the number of ordered binary trees with n labelled leaves is:
2n —2)! 2272 1
(6) Cp, =nlb, = @2n =21 _ I'(n—2>).

(n—1)! & 2

Consider a binary tree with n labelled leaves. Let 2 < k < n. Fix k labels, say the k first.
For these labels to coalesce at the same time, the leaves with these k& labels must exactly lie
in a single subtree of the initial tree. Therefore, to construct such a tree, we must choose an
ordered binary tree with k leaves labelled from 1 to k (Cj possibilities), choose an ordered
binary tree with n — k 4 1 leaves labelled from k to n (C),_gt1 possibilities) and graft the
tree with k leaves at the leaf labelled k. Then, for the k first labels to coalesce, the chosen
branch must be the branch that links the two subtrees (and each branch is cut at rate A, ).
Therefore, we have using the duplication formula twice:

Ckcn—k-l-l
Cr
2k —2)! (2n —2k)! (n—1)! 72T (n - 3)
k=1 (n—k)! 2n-2)! 2 (n-1)
_ 432D (2k —2) D(2n — 2k) T(n+1)

'k—-1) T'(n—k) T'(2n)

)\n,k = )\n,n

A 32 22k—3r(k _ %) 22n—2k—1r(n —k+ %) \/7—_‘_
" NG NG 92n-1T ()

s 1 1

We deduce that (1) holds with A given by (4).

3. LINKS WITH THE PRUNING OF ALDOUS’S CRT

3.1. Aldous’s CRT. In [6], Aldous introduced a continuum random tree (CRT) which can be
obtained as the scaling limit of critical Galton-Watson trees when the length of the branches
tends to 0. This tree can also be seen as a compact (with respect to the Gromov-Hausdorff
topology) real tree. Indeed, a real tree is a metric space (7,d) satisfying the following two
properties for every x,y € T:
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e (unique geodesic) There is a unique isometric map f,, from [0,d(x,y)] into 7 such
that f;,(0) =z and f; ,(d(z,y)) = y.

e (no loop) If ¢ is a continuous injective map from [0, 1] into 7 such that ¢(0) = = and
o(1) = g, then

A rooted real tree is a real tree with a distinguished vertex denoted () and called the root.

It is well known that every compact real tree can be coded by a continuous function (this
coding is described below), Aldous’s tree is just the real tree coded by a normalized Brownian
excursion e. We refer to [24] for more details on real trees and their coding by continuous
functions.

Remark 3.1. In fact Aldous’ CRT is coded by 2e. We omit here the factor 2 for convenience
but some constants may vary between this paper and Aldous’ results. Our setting corresponds
to the branching mechanism 1(\) = 2A? in [15].

Let e be a normalized Brownian excursion on [0, 1]. For s,t € [0, 1] we set:

d(s,t) =e(s)+e(t)—2 inf e(u).
u€[sAt,sVi

We then define the equivalence relation s ~ t iff d(s,t) = 0 and the tree T is the quotient
space T = [0,1]/ ~. We denote by p the canonical projection from [0, 1] to 7. The distance
d induces a distance on T and we keep notation d for this distance. The metric space (T, d)
is then a real tree. The metric space (T, d) can be seen as a rooted tree by choosing () = p(0)
as the root.

For 2,y € T, we denote by [z, y] the range of the unique injective continuous path between
xz and y in 7. We also define a length measure ¢(dz) on the skeleton of 7 (i.e. non-leaves
vertices) by

(([z,y]) = d(z,y)-
Finally, for z,y € T, we denote by a(z,y) their last common ancestor i.e. the unique point
in 7 such that:

[9, 2] N [0,y] = [0, a(z, y)]-
For simplicity, we write for s,¢ € [0, 1], a(s,t) for a(p(s),p(t)).

3.2. The interval-partition-valued process. As in [5, 1], we throw points on the CRT
“uniformly” on the skeleton of the CRT and add more and more points as time goes by.
More precisely, we consider a Poisson point measure M (df, dx) on [0,400) X T with intensity
40¢(dx).

For 6 > 0, we define an equivalence relation ~y on [0, 1] by:

s=t or

sl = {M([o,a] x [0, a(s,t)]) > 0.

We set (I,g, k € Ky) the equivalence classes associated with ~p non-reduced to a singleton.
Let us remark that each Ig is an interval.
Equivalently, we define

To={xzeT, M([0,6] x [0,z]) =0}

which is the set of vertices that have no marks on their linage. The tree 7y is called the
pruned tree; it corresponds to the whole dust of the coalescent process. Then consider the
set (T2, k € Kp) of the connected components of 7 \ Ty which are the sub-trees that are
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grafted on the leaves of Ty to get T (see Figure 2). Then IY is just the set of s € [0,1] such
that p(s) € TY.

759

7'26

7'19

To

FIGURE 2. Left: Aldous’s CRT with the marks. Right: the sub-trees con-
structed from the marks

By the definition of the mark process, for 8’ > 6 we have
S~ t—s ~g! t

and consequently

Vk € Ky, 3K € Ky, 1! C 1Y
Therefore, the process Z = ((I,f, ke Ky),0> O) can be viewed as a process where several

blocks coalesce together (with part of the dust) into a single larger block. On the picture on
trees, when 6 increases, the number of marks also increases and when a mark appear on Ty,
some sub-trees above Ty coalesce with part of Ty.

Let us remark that, as announced in the introduction, this process has always dust which
corresponds to individuals that have no marks on their lineage i.e. that belong to 7y . The
dust has Lebesgue measure oy:

1

1
op = /0 Lonr([0,0)x[0,p(s)])=0} 45 = /0 Lip(s)eTyyds-

We recall the distribution of (og,6 > 0) from [8] on the size process of a tagged fragment for
a self-similar fragmentation, see also [2] Proposition 9.1 or Corollary 9.2 (but with g = 2).
The distribution of (g, > 0) under the normalized Brownian excursion measure is given by
(1/(1 +47p),0 > 0) where (19,0 > 0) is a stable subordinator with index 1/2 with no drift,

no killing, and Lévy measure (2723)~1/2dz on (0,00): for A > 0, E[e=*70] = e V2,

3.3. The reduced tree with n leaves. We apply the paintbox procedure to this process.
Consider n independent (and independent of the process) random variables, uniformly dis-
tributed on (0,1). This corresponds to choosing n leaves uniformly on Aldous’s CRT. Then
the law of the reduced tree, 7", containing these n leaves is given in [15], Section 3.3, or [7],
Section 4.3. The shape of the reduced tree is a binary tree with uniform probability on all
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ordered binary tree with n leaves. As the tree is binary, it is composed of 2n — 1 branches
with lengths (hy,...,ho,—1) and distribution:

n 2n — 1)!
2 ((n—l))'

where s, = ZZZ}I hy is the total length of the reduced tree.

Since the reduced tree is binary and all its edges are identically distributed, the first
mark that appears on the reduced tree is uniformly distributed among all the edges and we
deduce that this continuous coalescent procedure has the same structure as a /(3/2,1/2)-
coalescent process. However this process is not stricto sensu a coalescent process as the time
at which n leaves chosen at random undergo a coalescence is not exponentially distributed,
but is distributed according to an exponential random variable with (random) parameter
H,, with H,, equal to 4 times the total length of the internal branches length. Thus H,, is
distributed as 4 ZZ;% hi. Notice the random variables (hi,...,ho,—1) are exchangeable and
E[hi] = 273/2T'(n — 1/2)/T'(n). In particular, we have:

242

sp e “n 1{h1>0,...,h2n,1>0} dhy -+ dhop_1,

I'(n—3) B 2\/5)\

L(n) — m3/27™
So E[H,] correspond (up to a scaling constant) to the rate of the (3(3/2,1/2)-coalescent
starting with n individuals.

E[H,] = 4(n — D)E[h1] = V2(n — 1)

Remark 3.2. There seems to be a strong relationship between the pruning process and the
B(3/2,1/2)-coalescent, and we conjecture that the process ((I,f, keKy),0> O> is a random
time change of the §-coalescent.

4. APPLICATIONS

4.1. Number of coalescent events. Proposition 1.2 is just a consequence of Theorem 6.2
of [22] on the number of cuts used to isolate the root in a Galton-Watson tree with a given
number of leaves. We must just remark that a binary tree with n leaves has 2n — 1 edges and
that a Galton-Watson tree with binary branching conditioned to have n leaves is uniformly
distributed among the binary trees with n leaves.

Remark 4.1. According to [1], we also have the following equality in distribution:

7920 with @:/ o db.
0

Notice that if a pruning mark appears twice or more on the same internal branch, only
one will be taken into account as a coalescent event, and that the pruning marks which
appear on the external branch will not be taken into account as a coalescent event. Let X,
be the number of pruning events of the reduced tree with n leaves and X/ the number of
coalescent event. We deduce that X, is stochastically larger than (or equal to) X,. But the
a.s. convergence which appears in [1] (see also [20] for the fluctuations) gives that a.s.:

X,
lim =2 =+/20.

n—-+oo \/ﬁ

This implies that the number of marked external branch, say W, is of order o(n). We shall
see in Section 4.2.2 that it is in fact of order 1.

4.2. Last coalescent event.
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4.2.1. The CRT framework. We refer to [15] for the construction of Lévy trees and their
main properties. Let 7 be a continuum Lévy tree associated with the branching mechanism
P(\) = a)?, ie. coded as in Section 3.1 by a positive excursion e of V2aB where B is a
standard Brownian motion. We denote by N the “law” of this tree when the coded function
e is distributed according to the Ité6 measure and by N the same law when e is distributed
as a normalized excursion of length 1. We denote by m the mass measure on the tree, i.e.
the image of the Lebesgue measure on [0, +00) by the canonical projection p.

Conditionally on 7, let M be defined as in Section 3.2 with the intensity 2a0¢(ds) instead
of 40¢(ds). (We introduce the parameter « in order to make the references to [2] easier.)
Consider the pruning of the tree 7 at time 6 > 0:

To =A{s € T; M([0,0] x [0,s]) = 0}.

And we set 09 = m(7p). This notation is consistent with the definition of oy in Section 3.2.
Using Theorem 1.1 of [4] (see also Proposition 5.4 of [2]), we get that under N, the pruned
tree Ty is distributed as a Lévy tree associated with the branching mechanism 1y defined by:

Po(u) = P(u+0) —(0).

Moreover, using Lemma 3.8 of [2], we have the following Girsanov formula that links the law
of Ty with those of 7 for every nonnegative measurable functional F' on the space of trees,
we have:

(™) NIF(T5)] = N [F(T)e"7].

Let A > 0. Consider a Poisson point measure N' =), ;d,, on 7 with intensity Am. We
shall say that x;, for i € I, is a chosen leaf. We denote by M = N (T) the number of chosen
leaves. The law of the total mass 0 = m(7) of 7 under N is given by the following Laplace
transform:

(8) N[1 —e "] =9 (k) = Vr/o

Therefore, by conditioning first with respect to o, we can compute the law of M under N:
for k> 1,

A 1 AT (k-3)
M=k = k _—Xo — - 2/ .
©) N ] k!N{Ue } ovr Va T(k+1)
For § > 0, let (77,7 € J) be the connected components of 7\7yg. As in [3], we write
Y = N (Tp) the number of chosen leaves on the subtree Tp, and for k > 1, V¥ = Card {j €
J; N (T7) = k} the number of subtrees with exactly k chosen leaves. In particular, we have:

(10) VP + D kY = N(T) = M.

k>1

From the special Markov property, Theorem 5.6 in [2] (or from [3]), we get that under N,
conditionally on oy, the random variables (Yek, k € N) are independent, Ybo is Poisson with
parameter Aoy and for k > 1, Yek is Poisson with parameter 2a0oyN[M = k.

We set Mg = > 1+, Y}f the number of chosen leaves on Ty plus the number of subtrees
with chosen leaves. For convenience, we shall consider:

(11) Yo=) Y§=M—Y) Y.
k>2
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Let 7M™ be the reduced tree of the chosen leaves: that is the smallest connected component
of T containing the root ) and {x;,i € I'}. Let T/ be the reduced tree 7™ pruned at time
6> 0:

TM = {seTM; M([0,6] x [0,s]) = 0}.
Notice that My is the number of leaves of T/ (with the convention that the root is not a
leaf). Define the last pruning event as:

Ly = inf{0 > 0; My = 1}.
We define:
(12) U =Mpy—, V=Y. _+YL , and Wy =Y} .

We can interpret Up; as the number of leaves of the pruned reduce tree, Viy — Wy as
the number of chosen leaves of the pruned reduce tree and Wy, as the number of subtrees
with only on chosen leaf just before the last pruning event. We denote by (U,, V,,, W},) the
distribution of (Ups, Var, War) under N or N(U conditionally on {M = n}. Notice that under
N, conditionally on {M = n}, T™ is the reduced tree of n leaves chosen independently
and uniformly on 7.

4.2.2. Proof of Proposition 1.3. Let B, be the number of blocks and F,, be the number of
singletons involved in the last coalescent event of (II"(¢),t > 0). Using the link with the
pruning of CRT from the previous Section, we have that (B, E,) is distributed as (Uy,, V},)
under N,

Following Remark 4.1, we can see V,, as the sum of V,, — W,, (number of leaves of 7" with
no mark before the last pruning event) and the number W,, of leaves of 7" with no mark on
their ancestral lineage until the mark corresponding to the last coalescent pruning but for
the external branch, where there is at least one mark.

Before giving the asymptotic distribution of (U,, V},), we need to introduce some notations.

For a > 0, b > 0 such that a + b > 0 we define Ag(a,b) as:

L+ Vo++/1+b-2a|
! log TVh+VIL+D 2] i 14b—2a#0,
(13)  Ao(a,b) = { VIL1+b—2d] 1+ vVb— /|1 +b— 24|

2

1+ b

It is easy to check that the function Ay is continuous in (a,b) and that:

if 1+b—2a=0.

14 li Ag(a,b) + 1 b = log(2).
(1) Ll o) +1og(VE+ ) ~ log2)
We set for a > 0 and b > 0 (with the convention I(0,0) = 1):

(15) I(a,b) = 1 +log(2) — log(Vb+ a) — Ag(a,b).

Notice that the function I is continuous on [0, 4+00)? (and in particular in (0,0)).
We shall prove the next result in Section 5.

Proposition 4.2. Under NU | as n goes to infinity, (Uy, Vi, Vi) converges, in distribution,
to a finite random variable (U, V,W). And the distribution of (U,V,W) is characterized by
the following generating function, for p, po,p1 € [0,1]:

- - P+ p1
‘I'(PaPO,Pl) =E |:pU Vpé]/ Wp‘ljv] = pI <1 - 2 1= PO> .
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Notice that the random variable U —V — 1 is distributed as W. Since W <V, this implies
that B—V —1 is stochastically smaller than V. This last remark and Proposition 4.2 readily
implies Proposition 1.3.

The generating function of V' — W is given, for py € [0,1] by E [pg_w} = 1(0,1—po), that

is:

E[pX*W} :1+log(2)—10g<ﬂ) — —21—p010g<11\\ﬁ:224—_\\;3:22>'

The generating function of W is given by, for p; € [0,1] by:

wi_(1l=p _ oo (1 — _LO L+ Ve
E[pl]—l< 5 ,0>—1+log(4) log (1 — p1) \/,0_11g<1—\/p_1>'

5. PROOF OF PROPOSITION 4.2

We use notation from Section 4.2. Let 6 > 0. For a € [0, 1], we set:

Y9 vl
f@(a) — N |:aMpY0p09 p19

1{M>0}} .

Lemma 5.1. We have:

(16) f5(a) :9—|—\/§—\/60—|—261\/1—a—62a,

with
A B B A )
So=0>+=4+20/=(1—p), d1=0p\/=, 6ba="po—01/=(p—p1)
« [0 [0 « «

Notice that:

A A
(17) 50—52:92+a(1—p0)+9\/g(2—p—p1)292>O.
So that the right hand side in (16) is well defined.

Proof. We set u = —log(p) and p; = —log(p;) for i € {0,1} and k = —log(a). We have:

foa) =N [e*queowlYel*uYean _1{M:0}]

=N |N [e_(’“’%)yg) |09} N [e_(“1+“)y"l |09] H N [e_(“+k“)y9k log| | — N[M = 0],
k>2

using Equation (10) and the independence of the variables Y}f conditionally given oy. Now,
as the variables Yek are conditionally given oy Poisson variables, and thanks to (9), we have:

o) =1 o -],
with

k
7 = A(L = e”H0)) + 209N [‘7 e_M] (1—e (Fm)) 4206 %N [ak e_M] (1 — e (knti)y
E>2

= A1 — e ("FH0)) 4 200N [a e_AU] (1 — e~ (vHm))

+ 2a (N [1 — e*’\"] (1—e™)— AN |:0' e*/\o} (1— e*(qup)) +e N [1 _ e—,\(lfefﬂ)aD _
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We now use Formula (8) to get
v = A1 — e FHY L oV hae (e TF —e M) + 20V (1 — e M) + 20 e H VAay/1 — e "
=20V a(l—e ")+ A4+20e“VIavVl—a —a ()\ e " —0vVa(e ™ — e_’“)) .

Using the special Markov property of [2], Theorem 5.6, we get that, conditionally given
0y, o is distributed as oy + Y 0; where the o;’s are the atoms of a Poisson point measure of
intensity 2afoyN|[do]|. This yields:

fg((l) - N [ef'yag _ efog()\JrQGM)] ]

To conclude, we use Girsanov Formula (7) to get:

fola) = N [e=(0rta?)r _ g-aat®+x+20V3a)]

:0+\/§—1/92+1.
[0 [0

This gives the result. O
To prove Proposition 4.2, it is enough to prove that:
- _ _ptm
(18) Jim A=t (1= 2521 )

with
An — N(l) [e_N(Un_Vn)_MO(Vn_Wn)_MIWn | M = n] .
As the CRT is coded by a Brownian excursion, it enjoys a scaling property, namely the law
of 7T under N is those of 7 under N(! (where 77 means that we multiply the distance on
the tree by a factor r). Consequently, the mark process (defined as a Poisson point measure

with intensity proportional to the length measure) also satisfies a scaling property. It is then
easy to deduce that the law of (U,,V,,W,,) doesn’t depend on o. So, we have:

A, = NO {efu(Unfvn)fuo(vnfwn)fmWn | M = n]

for every positive r. Recall:

(19) N[ane*ﬂ :A"n!N[M:n]:%r@—l).
2/ am A\ 2 2

We set:

(20) A, = AN [a" e_)‘”] .

By conditioning on o, we get:

A, =N |:O,n oA efu(Uann)fpo(anWn)fmWn] _
In the right-hand side member, the random variable (U,,V,,, W,,) corresponds to the one
described in Section 4.2.1, but when n leaves are chosen independently and uniformly (i.e.

with probability m(dz)/o) on T.
For n > 1, we set:

Y9 v}!
(21)  Fp(n,0) =N [Pyepoe P’

o, M = n] and H,(0) =N |Fy(n,o)c" e_)‘(’] .
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Notice that:
fola) =N [aMFG(M,O')l{M>O}] ;
and, thanks to (19), for n > 1:

£57(0) = nIN [Fy(n, 0)1{p1—ny] = A"Ha(6).

We use the description of [15] of the reduced tree spanned by n leaves under N: it is a
uniform binary tree with n leaves and with edge lengths i.i.d. and distributed as adh. We
denote by [0, z1] the edge of the reduced tree attached to the root, and by H its length.
The time at which the last coalescent event occurs is just the first time 6 at which a mark
appears on [0, z1] and therefore it is, conditionally given H = h, exponentially distributed
with parameter 2ah. Moreover, if we denote by 7() and 7 the two sub-trees attached to
z1, and oM, 0@ respectively their total mass, we have:

o=0cb 4+ 4 Zai,
iel’
where the 0;’s are the total mass of the sub-trees attached on the edge [@), z1]. The random
measure ) ;. 0; is independent of o, ¢(®) and is, conditionally on {H = h}, distributed
as a Poisson point measure with intensity 2ahN[do]. Eventually, the two reduced sub-trees
attached to xq are independent and distributed as uniform binary trees with respectively k

and n — k leaves (0 < k < n). Recall that 20hN [1 — e™*?] = 2v/aAh. We deduce from this
description that:

0o 00 n—1
A, = / ae Ve gp / 2ahe 2 g 3" <”> Hy(0)Hp i (6)
0 0 i \F

(22) [ <d—0 G, (0).

0+ /Aa)

with

(23 - %k ( Yot 0 =15 (1) 000010,

Let co =0+ \/A/a and g = ¢y — f, so that:
(a) = \/50+251\/1 —a — 0ya.

We have for n > 2:

n—1
kz( Ja 00

31—y g*(a) — g(0)g'™(0)
_oV1 —a — /6 + 261 g™(0).

S N [\Dlr—l

It is well-known that .
T(n—1
oVl —a= _M.

The next Lemma gives an equivalent of ¢(™ (0).
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Lemma 5.2. We have:
i — 9™ (0) _ 9 1 -
n—4o0o F(’[’L— %) 2\/7_7' \/60 —(52
Proof. Using that the density, which corresponds to the density of the 1/2-stable subordinator
with no drift:

517“ dx r2/x
h(z) = N T L o)

has Laplace transform:
+oo
/ e h(z)dr = e 20rVA,
0

we can write:

> dr
— (50+251\/1 a—d&2a)r
9la) = 2\/—/ r3/2 )

B o dr dz 5212/ —dor—z+a(Sar+z)
— %/0 r3/2 / 617“x3/2 1 (1 —e ) .

We deduce, with y = r/z that for n > 1:
1 dr & dx 2.2
_om - n —dor—x—07r°/x
970 2 /0 r3/2 /0 51Tx3/2 (27 + )" e !

O[T ey, /OOd_y <1+5zy>"e_r(ao+§+a§y)
0

2 VY Y
6T (n) /OO@ <1+52y>" 1
2 Jo VYN ¥ (60 + 5 +o7y)"
27 0 \/_ ’
with
14 d2y
e(y) =

1+ by + 022

To get an equivalent of g(™(0), we use Laplace’s method. Notice that ¢(0) = 1 and ¢'(0) =
d2 — 0p < 0 thanks to (17). Notice that 9 > 0 and 6; > 0.

The only root to ¢(y) =1 is 0. Let us assume there is a root to ¢(y) = —1. This implies
that 1+ doy + 62y% + 1 + Sy = 0 that is:

(0o + 62)y + 67y° = —2.
But we have:

50+52292+§—9\/Xa>0.

Therefore, |¢(y)| € (—1,1) for y > 0. Since, lim, 1 ¢(y) = 0.
The discussion above proves that:

360 > 0, V6 € (0,00), Vo > 6, |p(x)| < (6) < 1.

Moreover, we have:

log(p(z)) _
l:;iO (52 — 50) =L
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Therefore we can apply the standard Laplace’s method and get the following asymptotic in
n:

4™ (0) ~ 0i0(n) [ dy oty _ ail(n) I@1/2)  &r (n—1%) 1 ,
2T 0 \/g 2 n(50 — 52) Qﬁ Vg — 09
where a,, ~ b, means lim,,_, ;o a,/b, = 1. O

Recall the notations of Proposition 4.2:

+ 1
¥ (p,po, p1) = pl <1—’0 2’0 ,1—po>-

Lemma 5.3. We have, for p, po,p1 € [0,1]:

lim E [pU"‘V”poV”_W"pW"} = U(p, po, p1)-

n—-+4o0o

Notice that W(1,1,1) = I1(0,0) = 1. This implies that (U,, V;,, W;,) converge in distribu-
tion, as n goes to infinity, to an a.s. finite random variable (U, V, W) and that the generating
function of (U — V,V — W, W) is given by V.

Proof. On the one hand, we deduce from (23) that:

, Gn(9) 01 o1 1 01 (Voo + 24
lim ™~ = — + (S(] + 251 = —1].
n—+oo ' (n — i) 2\/7_1' 2/m \/60 — 52 Qﬁ \/50 — 62

On the other hand, we deduce from (21) (by considering p = pg = p1 = 1) and (19) that:

(24) Ho(0) <N [a" e*ﬂ - m r <n - %) .

Recall (6). By decomposing an ordered binary tree with n labelled leaves in two ordered
binary sub-trees attached to closest node of the root, we get:

n—1

n
Z <k> CrChi = Chy.
k=1

This readily implies:

;LZ:I(Z)F(“%)F(”—’C—%)=4ﬁr<n_%>,

We deduce from the first equality of (23) and (24) that:

Gl(6) = % nzl (Z) H(0)H,y 1(0) < 2(:/{ <n - %) .

k=1

This implies that:
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By dominated convergence, we deduce from (22) that:

a4, 0 d6 _Gal)
lim ————< = / s lim ——5<
n~>+OOF(n——) 0 (9+\/)\/—()[> n%JrooI’(n_i)

2

4 /3 §

AP/OO 06
2/am 0(9+\/A/—a)2 \/02+6\/§(2—p—m)+§(1—f’0)

g, [T = -
“2var "y 012 \VBFOZ -p-p)+ 0 0) |

We deduce from (20) that:

lim A, = 2yam lim )\7'4"1
n—+o0 \/X n—+oo [ (n — 5)
 Ado 0+1
=p 5 ; —-1].
0 017 \VPT0C—p—pD)+ (1)
Then, we use Lemma 5.4 below to conclude. U

Recall the definition of I given in (15). We set for a > 0, b > 0:

> df 0 0
J(a,b):/ < - )
0 0+1 02 +2a0+b O+1
Lemma 5.4. Fora >0, b >0, we have J(a,b) = I(a,b).

Proof. We first notice that:

(25) /°° 0 db 1 and /°° de B 1
o (0242004032 Vb+a o (02+2a0+0)%2  Vb(Vb+a)
For a >0,b >0 and a+ b > 0, we set:

(26) A(a,b) = / d9 )
o (0+1)vV602+2a0 +b
We have:

o0 0 do
—8yJ(a,b) = =
b (a,b) 2/0 (60 + 1)(62 + 2a6 + b)3/2

1 o de 0+b 1
:2(1+b—2a)/0 m[eumem‘eu}
__A@b 1 [ Lo b ]
2(0+b—2a) 2(14+b—-2a) [Vb+a Vb(b+a)
_ A(a,b) N 1 vbh+1
204+b—2a) 2(1+b—-2a) Vb+a

(27) -
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We also have:
> 62 do
—0pJ(a,b) =
aJ(a,b) /0 (0 + 1)(62 + 2a6 + b)3/2

! /00 do (b—2a)0—b 1
S 1+b—2a)y VO2Z+2a0+0b|02+2a0+b  H+1

_ Ala,b) 1 [b—Qa_ b ]
S 1+b—2a 1+4+b—2a[vVb+a Vb(Vb+a)
A(a,b) 1 b—\/5—2a‘

(28)

T 14b-2a 1+b-2a Vh+ta
Lemma 5.5. For a >0, b>0 and a+b > 0, we have A(a,b) = Ag(a,b).
Proof. We first assume 1+ b — 2a > 0. From (26), we have:

o 0 db
—0,A(a,b) =
(a.0) /0 (0 + 1)(62 + 2a0 + b)3/2
= —20,I(a,b)
Ala,b) 1 vbh+1

14b-2a 14b-2a+b+a

Then, by computing the derivative 9,4, we deduce that A(a,b) = Ag(a,b) + hy(a), for a
function hy solving:

hy(a)
—_h! -0\
W) = T g
that is, for some function c:
ct(b)
hp(a) = ——=—=-
) = T —2a

Similarly, we have that for 1 4+ b — 2a < 0,

Aa,b) = Ag(a,b) + —=)

V1 +b—2a]

for some function c_. Notice that A and Ay are by definition (26) and (13) continuous on
(0,4+00)2. By letting a goes to (1 + b)/2, we deduce that c; = ¢ = 0. This proves the
result. O

After computing 9,A(a,b), we deduce from (28) that, for a + b > 0:
J(a,b) = ~A(a,b) ~log (Vb +a) + g(b),

for some function g. Then computing 9yJ(a,b), we get using (27) that ¢g(b) is a constant c.
Eventually, on the one hand taking a = vb = 1, we get:

° de 0 0
J(1,1) = - =0
(1,1) /0 9+1[9+1 9+1}

On the other hand, we have:
J(1,1) = =A(1,1) —log (2) + ¢ = —1 — log(2) + c.
This gives ¢ = 1 + log(2). We get that:

J(a,b) = —A(a,b) — log (\/E + a) 1+ 1og(2).
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That is I = J for a + b > 0. Then, we use the continuity of I and J to get I = J. O
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