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A THIN FILM APPROXIMATION OF THE MUSKAT PROBLEM WITH
GRAVITY AND CAPILLARY FORCES

PHILIPPE LAURENCOT AND BOGDAN-VASILE MATIOC

ABSTRACT. Existence of nonnegative weak solutions is shown for a thin film approximation of
the Muskat problem with gravity and capillary forces taken into account. The model describes the
space-time evolution of the heights of the two fluid layers and is a fully coupled system of two fourth
order degenerate parabolic equations. The existence proof relies on the fact that this system can
be viewed as a gradient flow for the 2—Wasserstein distance in the space of probability measures
with finite second moment.

1. INTRODUCTION AND MAIN RESULT

The Muskat problem is a free boundary problem describing the motion of two immiscible fluids
with different densities and viscosities in a porous medium (such as intrusion of water into oil). It
gives the space and time evolution of the heights f > 0 and g > 0 of the two fluid layers, with the
first layer, of height f, located on a impermeable horizontal bottom and the second one, of height
g, on top of it, as well as that of the pressure fields inside the fluids. As it involves four unknowns
and two free boundaries, one separating the lower and the upper fluid and one separating the upper
fluid and the air, it is a complex problem. Recently, using a lubrication approximation, see, e.g.,
[14, Chapter 5.B], a thin film approximation to the Muskat problem has been derived in [10] which
retains only the heights f and g of the two fluid layers as unknowns and reads

o f =div[f (=AVAf — BVAg+aVf+bVg),
(t,x) € (0,00) x R?, (1.1a)
Org =div [g (=VAf —VAg+cVf+cVg)],
together with initial conditions
(£,9)(0) = (fo, ), = €R%. (1.1b)

The parameters (A, B,a,b,c) involved in (1.1a) depend on the densities, viscosities, and surface
tensions of the fluids and are assumed to satisfy

(a,b,¢) € [0,00)3, cB =0, and A>B>0. (1.2)

Let us recall that the second order terms in (1.1a) account for gravity forces while the fourth order
terms result from capillary forces in the original Muskat problem.

The problem (1.1a) is a fourth order degenerate parabolic system with a full diffusion matrix. Its
parabolicity has been exploited in [11] to show the local existence and uniqueness of positive strong
solutions to (1.1a) in a bounded interval (0, L) with no slip boundary conditions. Global existence
for initial data close to a positive flat steady state is also proved when 72(A — B)/L?+ (a—b) > 0 as
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2 PH. LAURENCQOT AND B.-V. MATIOC

well as the stability of this steady state. The existence and stability of flat and non-flat stationary
solutions are also discussed according to the values of the parameters. Nonnegative global solutions
have also been constructed either when only gravity is taken into account (A = B = 0) and (1.1)
is considered in a bounded interval with homogeneous Neumann boundary conditions [9] or in R
[13], or when gravity forces are discarded (a = b = ¢ = 0) and (1.1) is considered in a bounded
interval with no slip boundary conditions [16]. An important tool in the above mentioned works is
the availability of two Liapunov functionals for (1.1), one being the functional £ defined by

1

&.0) =5 [ (A= BIVIE+ BV + 9 + =0 b +9 de (13)

for (f,g9) € H'(R% R?) which decreases along the trajectories of (1.1) according to

GEG0) = = [ [FIVAAF + Bg) = Ve + )+ Bg[VAG +9) = 09(7 + 9)f*] do.

It turns out that there is an underlying structure in (1.1) which allows us to view it as a gradient
flow for the energy € defined in (1.3) with respect to the 2—Wasserstein distance in Py (R?) x P (R?).
Recall that Py(R?) is the set of Borel probability measures on R? with finite second moment and
that, given two Borel probability measures p and v in Py (IR?), the 2—Wasserstein distance Wy (i, v/)
on Py(R?) is defined by

W22(1u7 V) = inf |3§‘ _y|2dﬂ-($7y)7
mnell(p,v) JR4
where TI(y,v) is the set of all probability measures m € P(R*) which have marginals o and v, that
is, 7[U x R?] = p[U] and 7[R? x U] = v[U] for all measurable subsets U of R2.

This gradient flow structure was actually uncovered in [13] in the simplified case where the
capillary forces are neglected (A = B = 0) and shown to provide a convenient setting to construct
weak solutions to (1.1). This is thus the approach we shall use in this paper to prove the existence
of nonnegative weak solutions to (1.1), showing additionally the convergence of the variational
approximation. It is worth noticing at this point that, if g = 0, the system (1.1) reduces to the
single equation

Of =div][f (—AVAf +aVf)],

which also has a gradient flow structure with respect to the 2—Wasserstein distance as already
shown in [18, 19| for A = 0 and [17] for @ = 0. Let us recall that, since the pioneering works
[12, 18, 19|, several parabolic equations have been interpreted as gradient flows for Wasserstein
distances, including the Fokker-Planck equation [12], the porous medium equation [19], second order
nonlocal and/or degenerate parabolic equations [1, 3, 4], some kinetic equations [6, 8], and fourth
order degenerate parabolic equations [15, 17]. Besides (1.1) there does not seem to be many systems
of parabolic partial differential equations endowed with a similar structure with the exception of
the parabolic-parabolic chemotaxis Keller-Segel system which has a mixed Wasserstein-Lo gradient
flow structure |5, 7).

Before stating the main result of this paper, we introduce some notations: let K be the convex
subset of P2(R?) defined by

K:={he Li(R* 1+ |z[*)dzx) N H'(R*) : h >0 a.e. and ||h]l; =1} ,
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and set Ko := K x . We next recall that the functional H defined by

H(h) = /Rz hin(h) dx (1.4)

is well-defined for h € K, see Lemma A.3.
The main result of this paper is the following:

Theorem 1.1. Assume that (1.2) is satisfied and let (fo,g0) € Ko. Given 7 € (0,1), we define
(2, ¢%) := (fo,90) and consider for each n € N the minimization problem

£ JT_'n 1.5
@il)le;@ (u,v), (1.5)

where .
Fp(u,) i= 5= (W3 /2 + B W30, g0)] +E(w0),  (u,) € Ko,
For each n € N, the minimization problem (1.5) has a solution (fP+1, g"*th), which is unique if
a > b. Defining the interpolation functions (fr,g-) by (fr,g-)(t) == (fF,g2) fort € [n7,(n + 1)7)
and n € N, there exist a sequence T, \, 0 and functions (f,g) : [0,00) — Ko such that
(kangk)(t) - (f7 g)(t) n L2(R2;R2) (1-6)

for allt > 0. Moreover,

(1) (f,9) € Loo(0,t; H'(R*R?)) N La(0, t; H*(R* R?)),

(i) (f,9) € C([0,00), La(R* R?)) and (f,9)(0) = (fo. 90),
and the pair (f,g) is a weak solution of (1.1) in the sense that

/ (F(6) — fo)Ede + / / (A(Af + Bg) div(fVE) + fV(af +bg) - V€| drds = 0
R2 0 R2

t (1.7)
Lo —aeds+ [ [ (A +9) div(aVe) +caV(F +9)- Ve dads =0
R2 R2
forallt >0 and € € COOO(Rz) Finally, (f,g) satisfies the following estimates:
HU@) + BHO) + [ Du(s(s).9(6)) ds < i)+ BH 00), (19)
EC(D)0(0) + 5 /0 (g ()13 + Blluy (5)13) ds < €(for 0) (19)

for all t > 0, where
Du(f,9) = (A= B)IAf3 + BIA(f + 9)[13 + (a = D)V FIE +0IV(f + )3,

and wy and wgy are two vector fields in Ly((0,00) x R?; R?) defined as follows: introducing the vector
fields (jf,jq) defined by

jr = —V(fAAS + Bg)) + A(Af + Bg)V [ + fV(af +bg)
in D'((0,00) x R%R?), (1.10)
Jg = —VAf +9)) +A(f +9)Vg+cgV(f +9)
they actually both belong to Lo(0, 00; L4/3(R2;R2)) and

jf:\/fwf and jg = /g wy a.e. in (0,00) x R?. (1.11)
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Notice that Theorem 1.1 provides not only the existence of a weak solution to (1.1) but also the
convergence of subsequences of solutions to the variational scheme (1.5) to a solution to (1.1). The
proof of Theorem 1.1 thus relies strongly on the study of the minimization problem (1.5) which is
performed in Section 2. The availability of the second Liapunov functional H(f) + BH(g) (which
is really a Liapunov functional only if a > b) plays an important role here as it allows us to show
by an argument from [17] that the minimizers of (1.5) are actually in H?(R?). This additional
regularity is actually at the heart of the identification of the Euler-Lagrange equation satisfied by
the minimizers, see Section 3. The convergence of the scheme and the existence of weak solutions to
(1.1) are established in the last section, some care being needed to handle the fourth order terms.
Indeed, as indicated in (1.10) and (1.11), due to the degenerate character of the equations, we have
to deal with expressions that correspond to the fourth order terms in (1.1a) and are not functions.

Remark 1.2. (1) In contrast to the dissipation of the energy &, the dissipation Dy (f,g) of the
functional H(f)+ BH(g) need not be nonnegative and this occurs when a < b, see (1.8). It
is yet unclear what information on the dynamics may be retrieved from (1.8) in that case.

(2) For simplicity, we have restricted the analysis to initial data (fo,go) satisfying ||foll1 =
llgoll1 = 1. A similar result holds true for arbitrary nonnegative and integrable initial
data (fo,g0) € H'(R?;R?) with finite second moment and may be proved analogously to
Theorem 1.1. Introducing (F,G) := (f/||foll1, 9/llgoll1), this new unknown solves a system
with the same structure as (1.1), but with different parameters (depending on || fo||; and

1goll1)-
(3) Theorem 1.1 is also valid for the one dimensional version of (1.

1).
Throughout the paper we use the following notation: = = (x1,x2) denotes a generic point of
R? and the partial derivative with respect to z; is denoted by 9;, i = 1,2. For a sufficiently
smooth function h, Vh := (d1h,02h) denotes its gradient and D?h := (8iajh)1<i7j<2 its Hessian
matrix. Finally, D¢ denotes the gradient of a vector field & = (£1,&2) € CH(R?;R?) and is given by
D¢ = (8i£j)1<i,j<2’ the divergence of £ being the trace of D&, that is, div(§) = 01&1 + €.

2. THE MINIMIZATION PROBLEM

In this section, we show that, given (fy, go) € K2 and 7 > 0, the minimization problem

inf  Fr(u,v 2.1
Wt (u,v) (2.1)
with the functional F, defined by
1
Fr(u,v) := by (W3 (u, fo) + B Wi(v,g0)) + E(u,v),  (u,v) € K2, (2.2)

has at least one solution and we study the regularity of the minimizers. Since a — b might be
negative, which is the case when the more dense fluid lies on top of the less dense one, cf. [11], the
first step is to prove that £ is bounded from below.

Lemma 2.1. The energy functional £ satisfies

B A-B
E(f,9) =2 —Cr+ 5 IV(f+9la+ == IVfIls  for all (f,9) € K, (23)

where C 1s a positive constant depending only A, B, a, b, and c.
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Proof. According to the Gagliardo—Nirenberg—Sobolev inequality there is a positive constant Cy > 0
such that

Ihlla < Cy |R3? |VR|Y?  for all h € HY(R?). (2.4)
By the definition of X, this inequality yields
|hl|2 < C% ||Vh|y  forall h e K. (2.5)

Owing to (2.5) and Young’s inequality, we find, for (f,g) € Ka,
26(f,9) =(A=B) |IVfII5+ B IV(f+ 95+ (a=b) [ fI5+b [If + gll3
>B [IV(f +9)l3+ (A= B) |Vl = C3(b—a)y [Vl
A—-B
IV £13

2
A-B C2(b—a)y 2 Cy(b—a)
+ 22 (ivs - L) G020
whence (2.3). O

>B||V(f+9)l3+

We now show the existence of a minimizer to (2.1).

Lemma 2.2. Given (fo,g0) € K2 and 7 > 0, there exists a minimizer (f,g) € Ko of (2.1) which is
unique if a > b. Moreover, f and g both belong to H?(R?) and

(A= B) [|Afl3+ B |A(f +9)l3 + (a—b) [VFI+ IV +9)3
< = [H(f) ~ H(f) + B(H(go) ~ H(@)]
the functional H being defined in (1.4).

(2.6)

Proof. Pick a minimizing sequence (uy,vg)g>1 of Fr in Ko. Invoking (2.3) and (2.5) we see that
lurllgr + okl < €, k=1, (2.7)
Wa(u, fo) + Wa(vg,90) < C, k=1, (2.8)
and the estimate (2.8) implies that

/R2(uk+vk)(:n)(1+|x|2)dx§C’, k1, (2.9)

by classical properties of the Wasserstein distance W, see, e.g., [12, Eq. (17)]. The compactness of
the embedding of H!(R?)NL;(R?; |z|? dz) in Ly(R?) (which is recalled in Lemma A.1 below) ensures
that there are non-negative functions f and g in H'(R?) N L1 (R?, (1 + |z|?) dz) and a subsequence
of (ug,vg)k>1 (not relabeled) having the property that

(ug,vr) — (f,g) in Ly(R?;R?) and a.e. in R?,
(2.10)
(ukvvk) - (f)g) in Hl(RzaRz)

Furthermore, it readily follows from (2.7), (2.9), and the Dunford-Pettis theorem that (uj)r>; and
(vg)k>1 are weakly sequentially compact in Li(R?). This property, together with (2.10) and the
Vitali theorem imply the strong convergence of (ug)g>1 and (vy)r>1 in L (R?), namely,

(ug,vr) = (f,9) in Li(R*;R?). (2.11)
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Since (ug,vg)r>1 belongs to Ky for each &k > 1, we conclude from (2.9), (2.10), and (2.11) that
(f,g9) € Ka. That (f,g) is a minimizer of F, in Ky follows from (2.10), (2.11), the weak lower
semicontinuity of £, and the fact that the 2-Wasserstein metric Wy is lower semicontinuous with
respect to the narrow convergence of probability measures in each of its arguments, the latter
convergence being guaranteed by (2.11). This completes the proof of the existence of a minimizer
to Fr in KCo.

Next, when a > b, the uniqueness of the minimizer follows from the convexity of Ky and W2 and
the strict convexity of £.

We finish off the proof by showing that any minimizer (f,g) of F, in Ko actually belongs to
H?(R?;R?), the proof relying on a technique developed in [17]. More precisely, denoting the heat
semigroup by (Gs)s>o which is defined by

— 2
(Gsh)(x) :== ﬁ - exp <—%> h(y)dy, (s,z)€[0,00) x R?,

for h € L1(IR?), classical properties of the heat semigroup ensure that (G f, Gsg) € Ko for all s > 0
since (f, g) € Kq. Consequently, F,(f,g) < F-(Gsf,Gsg) and we deduce that

E(1,9) — £(Gut, Gog) < o= [(WE(Guf, o) — WE(S,fo)) + B (W3 (Gig0) — WE(g,90)] (212

for all s > 0. On the one hand, an explicit computation gives for s > 0

%g(Gsfa ng) :/R2 [(A - B) VG f 8S(VGSf) +B VGs(f +g) 8S(VGS(f +g))
+(a—b) Gsf 9sGsf +b Gs(f +g) 0sGs(f + g)] d
= — (A= B) |AG,f|5 - B |AG(f +9)l3

—(a=b) [IVG:fl3 = b [VGs(f +9)lI3.
which yields, after integration with respect to time,

1 S
! /O (A B) [AG,fI3+ B [AGo(f + )3 + (a—b) [VCo I3 +b IVCa(f +g)|3] do

S

_ 5(f7 g) - E(Gsfa ng)

S

Since ¢ + |AG,h|2 and ¢+ ||VGyh||2 are non-increasing functions for all h € Li(R?), we end up
with
(A= B) |AG 2+ B IAG(f + g)llz + (a = b)+ IVGsfll2 +b [VG(f + )2

_ (2.13)

S

for all s > 0. On the other hand, since the heat equation is the gradient flow of the entropy functional
H defined by (1.4) for the 2-Wasserstein distance Wa, see, e.g., [2, 12, 19, 21], it follows from [2,
Theorem 11.1.4] that, for all (h,h) € Ky,

1d

2ds

W2(Gsh,h) + H(Gh) < H(h) for a.e. s> 0. (2.14)
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With the choices (h, h) = (f, fo) and (h,h) = (g, g0) in (2.14), we obtain

1d
2ds

for a.e. s > 0. Integrating the above inequality with respect to time and using the time monotonicity

of s » H(Gsf) and s — H(Gsg) lead us to

[(W3(Gsf, fo) + B W3 (Gsg,90)] < H(fo) — H(Gsf) + B (H(go) — H(Gs9))

(2.15)
< [H(fo) = H(Gsf) + B (H(go) — H(Gsg))] -
Combining (2.12), (2.13), and (2.15), we find
(A= B) |AGfI3 + B IAG(f + g)lI5 + (a = )+ [IVGFI5 + b [VGs(f + 9)3 o16)
2.16

< T [H(fo) ~ H(Gof) + B (H(go) ~ H(Gag))] + (b~ a)s VS5

for s > 0. Since (f, g) € K, classical properties of the heat semigroup and the functional H entail
that (H(Gsf), H(Gsg)) converges towards (H(f),H(g)) as s — 0. This convergence, (2.16), and
the positivity of A — B and B readily imply that (AGsf)s=o and (AGs(f + g))s>o are bounded in
Lo(R?). Since they converge towards Af and A(f + g), respectively, in the sense of distributions
as s — 0, we deduce that both Af and A(f + g) belong to Ly(R?) and (AGsf, AGs(f + g))s>0
converges weakly to (Af,A(f + g)) in L2(R%*R?) as s — 0. As a consequence, recalling that
(f,g) € K2, we conclude that f and f + g belong to H?(R?), and so does g. It remains to pass to
the limit s — 0 in (2.16) to obtain (2.6). O

3. THE EULER-LAGRANGE EQUATIONS

We now identify the Euler-Lagrange equation satisfied by the minimizers of the functional F,
defined in (2.2), in Ks.

Lemma 3.1. Consider (fo,g0) € Ko and 7 > 0. If (f,g) is a minimizer of Fr in Ka, it satisfies

[0 fedsvr [ AT+ Bo) div(7VE) + 1 Viaf +ba) V6] do

(3.1)
< U0 s, gy
and
'/Rz(g —go)édx + 7 /RQ [A(f +9) div(gVE) +cg V(f +9) - V& da
ID%E o0 412 o
< W5(9,90)

for € € C§°(R?), where D%¢ denotes the Hessian matriz of €.

Proof. By Brenier’s theorem [21, Theorem 2.12], there are two measurable functions 7' : R? — R?
and S : R? — R? such that (f,g) = (T#fo, S#go) and

W2/, fo) = / &~ T@)? fo(z)dz and WE(g,go) = / - S@)P gole)dr.  (33)
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We pick now two test functions n = (11,72) and £ = (£1,&) in C§°(R?;R?) and define
(T, S¢) := (id +&€,id 4en) ,
(fer9:) = ((TE o T')# fo, (Sa © S)#QO) = (Ta#f7 Sa#g) )

for each ¢ € [0, 1], where id is the identity function on R2. Clearly, there is gy € (0, 1) small enough
(depending on both ¢ and 7) such that, for € € [0,&], T- and S. are C°°—diffeomorphisms from R?
onto R? with positive Jacobi determinants

J¢ :=det(DT.) = 1 + ¢ div(€) + 2 det(DE),

(3.4)

) (3.5)
J7:=det(DS;) =1+ ¢ div(n) +&° det(Dn).
By (3.4), we have the identities
foT! gos:!
—J1°%%  and =222 e (0,e], 3.6
Je J§ 5 TE_l 9e 370 S{;‘_l (0, 0] (3.6)

from which we deduce that f. and g. both belong to H?(R?) and satisfy ||f-|l1 = [|f]l1 = [|g:/l1 =
llglli = 1. Additionally, we compute

2 T 2 €T
I1£18= [ 1’}28 tand o= [ 55 (37)

For further use, we now study the behaviour of (f:). and (g:)- as € — 0. To begin with, we
notice that, given a test function ¥ € C§°(R?), it follows from (3.5) and (3.6) that

lim fe ¥ dz = lim f (WoT.) dx = fYdx (3.8)
e—0 R2 e—0 R2 R2
and
im [ 2= 9 4y = tim fwda;:/ FVO-€de, (3.9)
e—0 R2 g e—0 R2 g R2

while (3.5), (3.7), and the Lebesgue dominated convergence theorem entail that
: 2 _ 2
gl_% Il = 1If1z- (3.10)

Thanks to (3.8) and (3.10) on the one hand and to (3.9) and Lemma A.2 on the other hand, we
conclude that
fe—17
€

f- = f in Ly(R?*) and — —div(f€) in Lo(R?). (3.11)

Similarly, we get

g- — g in Ly(R?) and ? — —div(gn) in La(R?). (3.12)
We next turn to the convergence properties of (V fe). and (Vg.).. Differentiating (3.6) and using
(3.5), we find
1
Vfeol: = @ Vi+eVa(f,§)—¢
3

f

05 R:(¢), (3.13)
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where VL(f,€) = (Vic(f,€), Vae(f,€)), Re(§) = (R1(§), R2.(8)),
o Vf . (6252, —8152) _ f 81div(£)

PR T e T5I
VI (=060 Bodi
el = SIS0 L,

and
Ry (€) := O1det(DE) + 01div(§) 0282 — Dadiv(§) 0182 + € (O1det(DE) 02€a — dodet(DE) 01&2)
R275(£) = agdet(Df) + 82div(£) o0& — 81div(£) 0261 +¢ (82(16'5(1)5) 01&1 — aldet(Df) 6251) .

Let us now draw several consequences of (3.13): first, we have
IViE = [ VfoT o da.
R

and, since f € HY(R?) and J& — 1 in Loo(R2) by (3.5), it readily follows from (3.13) and the
previous identity that
tim (V1213 = V13- (3.14)

In particular, (Vf.). is bounded in Ly(R?;R?) and, since f. — f in Ly(R?) by (3.11), we conclude
that (V f.)- converges weakly towards V f in Lo(R?;R?). This convergence and (3.14) then guarantee
that

Vf. = Vf in Ly(R%R?). (3.15)

Next, owing to (3.13), we have
1 - Jg OTg_l
€

oT 1 oT 1
V(- f)= et R vy

<J§ oTE_1>2 JE 0T
foT !

3

(Jg OTs_l)

The properties of Jg, T, f, and the definitions of V.(f,&) and R.(&) readily ensure that the first,
third and fourth terms on the right-hand side of the above identity are bounded in L (R?; R?) while
the boundedness in Lo(R?;R?) of the second one follows from Lemma A.2 since f € H?(R?) by
Lemma 2.2. Consequently, (V(f. — f)/€)e is bounded in Ly(R?; R?) and, recalling that ((f- — f)/e)e
converges weakly to —div(f¢) in Lo(R?;R?) by (3.11), we conclude that

V(fe—1f)
9

+V6(f7§)oTe_1_E Ra(f)oTe_l.

— —Vdiv(f¢) in Ly(R%R?). (3.16)
Similar computations give
. 2. 2 V(ge — 9) : : 2, 2
Vg: - Vg in Ly(R*R*) and — —Vdiv(gn) in La(R%R?). (3.17)

After this preparation, we can start the proof of (3.1) and (3.2). Recalling that (f.,g:) € Ko for
all € € (0,e¢], the minimizing property of (f,g) entails that F.(f,g) < Fr(fe, g-), that is,

0% o (W3Uerfo) = WR( fo) + B (W3 (ges00) — WE(9,90))] +E(ferg2) — E(fr0). (319)
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Since (Tz o T)# fo = f- by (3.4), we infer from (3.3) that

WE(Jo. fo) < WE(f fo) — 2 / (d-T) - (€oT) fod + &> / €0 T2 fo da.
R R

A similar inequality being valid with (g., 9o, g, S¢, S, n) instead of (fz, fo, f, T, T,&), we conclude
that

imsup { - (W37 fo) = W37, o) + B (93102 0) ~ Whtaw )

e—0

(3.19)
< - [/ (id=T)-({oT) f0d$+B/ (id=S)-(noS) ggd:ﬂ] .
R2 R2
We next show that
1
i = (o) [ olB b 17+ el — (@~ 8) 13— b I+ g13]
(3.20)

2 2
= —/ [a f? div(§) + b % div(n) +b f div(gn) +b g div(f{)} dx
R2
Indeed, we write
(@=0) IfllB+b[1fe +g:l3 — (@ =) I =0l f+gl3=aIf+bI5+0b I,
with
= L5 =113, 15 = llg=l3 = llgll3, 15 := Q/R2 (fe 9 — [ 9) (z) dz

It readily follows from (3.11) that
It (fetf) e F) 2
il_r)r%)% = i—>0 /R2 5 6 / fdiv(fé)d / £ div(e (3.21)

Similarly, (3.12) guarantees that

[

lim 2 = i [ 9eF9) (9e=9) —1/ g° div(n) da. (3.22)
e=02¢ =0 Jp2 2 € 2 Jr2

We next write I5 as

o= [ (4D =9+ +9) (o~ 1)) do,
and deduce from (3.11) and (3.12) that

lim =2 = — /R2 [f div(gn) + g div(f&)] dz. (3.23)

Combining (3.21), (3.22), and (3.23) gives the claim (3.20).
Finally, we show that

hm— (A= B) VL3 + B IV (f: + g:)lI3 = (A = B) [IV£I3 = BIIV(f +9)l3] a0
3.24

- /R (AAf + BAg) div(f) + BA(S +g) divign)] dr.

To this end, we write

(A= B) |Vfel3 + B |V(fe + go)l3 — (A= B) IVfII3 — B IV(f +g)ll3 = A LS + B L5 + B L3,
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with

Li= VL= IVFlE 5= Vels —Valz, L§:=2 /R (VfeVge = V- Vg) da.
Thanks to (3.15) and (3.16), we have

im A i [ YU S VS
e—0 2 =0 Jp2 2 -

(3.25)
:_/ Vf-Vdiv(fg)dx:/ Af div(f€)dz,
R2 R2

and similarly, by (3.17),

£

lim =2 = lim Vi +g:) . Vige
e—0 2¢ e—0

—9) dx = / Ag div(gn) dx.
R2 2 e R2
Finally,

(3.26)

s [ VU)o~ ) + (L~ ) Vi +9)) da,
and we infer from (3.15), (3.16), and (3.17) that

lim 2* /R2 [V f-Vdiv(gn) + Vdiv(f¢) - Vg| dx

(3.27)
/R2 [Af div(gn) + Ag div(f¢)] dx.
Combining (3.25), (3.26), and (3.27) gives the claim (3.24).

We now divide (3.18) by ¢ and take the limsup as € — 0, using (3.19), (3.20), and (3.24). The
resulting inequality being also valid for (—§,—n), we obtain, by choosing successively & = 0 and
n =0, that

i/RQ(id—T)'fOTfodx:/

[ A+ Bo) A7) + £ Vaf +bo) € do, (329
+ [ Gd=8) moS gudo = [ (AG+g) diviee) +e £ (F+9)- €] da. (3.29)
T JRr2 R2

Consider finally = € C§°(R?) and take £ = V= in (3.28). Since

S(e) — S(T() ~ VE(T @) - (o — T(a)] < L2 2T

2
for all 2 € R? by the mean value theorem, we find after multiplying the above relation by fy and
thereafter integrating over R? and using (3.3) that

/R2 [E(z) — E(T(z)) — VE(T(2)) - (z — T(2))] folz)dz| < ID?Zloc W3 (£, fo)

2
Combining the above inequality with (3.28) gives (3.1). The inequality (3.2) next follows from
(3.29) in a similar way.

O
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In order to present the next result, we introduce first some notations. Given a nonnegative and
continuous function h and § > 0, we define the open sets Pg‘ and P" by

Pl.={zcR?: h(z)>d} and Ph.= UP(};‘.
6>0
Lemma 3.2. Given (fo,90) € K2 and 7 > 0, any minimizer (f,qg) of Fr in Ko is such that
Af+ Bg € H} (P?) and f + g € H} (P9). Moreover, the functions j¢, wy, jg, and wy defined by

loc loc

_ ; f
and
w0y = { Vi (=VA(f +Og) +V(f +9)) o.c. in ]Rgg\’w, o =viw,. (331
belong to La(R?;R?) and satisfy
/RQ [AAf + Bg) div(£€) + f V(af +bg) €] dz = /R jr - €da, (3.32)
|18 +9) dive9) +eg V(F +9)-8 do = [ o (3.33)
for all £ € C’go(Rz;RQ). In addition, we have the following estimates:
Tllwglly < Walf, fo)  and 7 llwglly < Wa(g, g0)- (3.34)

Proof. Since H?(R?) is embedded in C(R?), Lemma 2.2 guarantees that (f,g) € C(R?;R?) so that
Pl and P9 are indeed open subsets of R2. Next, recalling (3.28), we use once more the embedding
of H%(R?) in C(R?) as well as (3.3) to obtain that, for £ € C§°(R?; R?),

| IAAF + By) div(f€) + £ V(af +bg) -] da

1/2 1/2
§%</RQ’id—T’2fodx> </R2’§OT‘2 f0d$>

1/2
§M< / |§|2fdx> < WALy sz,
T R2

T

We may thus extend the functional
€— [ IAWAF + Bg) dv(79) + £ V(af +bg) €] da

to a continuous linear functional on Lo(R?; R?). Consequently, there exists a unique function j JS
Ly (R?;R?) having the property that

/ [A(Af + Bg) div(f&) + f V(af + bg) - &] do = / jp-&dx for all £ € Cg°(R%;R?). (3.35)
R2 R2

Since (f,g) € H?(R?;R?) by Lemma 2.2, a density argument ensures that the relation (3.35) is
actually true for all ¢ € H'(R?;R?).
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Consider now 6 > 0 and = € CSO(P({;]W). Clearly Z/f € H'(R?;R?) and we infer from (3.35)
with ¢ = =/ that

17¢1l2

A(Af + Bg) div(E)da| < |Elly, pr, 1V (af +bg)la + 1] 1, o) 5

(3.36)

Pf

A duality argument then gives that A(Af + Bg) € H' (Pg) for all § > 0. Consequently, we get that
Af + Bg € H} (P/) and together with (3.35) we deduce

jr = —fVA(Af + Bg) + fV(af + bg) aec. in P/ (3.37)

We next prove (3.34), adapting an argument from [18, Proposition 2| and [13, Corollary 2.3|. Let
x € C§°(R?) be a non-negative function with |x|l1 = 1 and set x,,(z) := m?x(mz) for x € R? and
m > 1. Since H?(R?) is embedded in C(R?), we have

1
Yon ::E+\|Xm*f—f||éé2—>0 as m — oo (3.38)

Given 9 € C§°(R%;R?), the vector field 9/+/Ym + Xm * f belongs to C§°(R?;R?) too, and, by (3.3),
(3.28), and (3.35) with the choice & =9/ Yy + Xm * [,

js 0 Wz(ﬂfo)( o )1/2
/RQVYm'i‘Xm*fdw'_ T /Rz" Ym_‘_xm*fdx

Wz(f,fo)’ A
T Yo + Xm * f z

A duality argument then ensures that, for each m > 1, j¢//Yi + xim * f belongs to Lo (R%; R?)
with the estimate

IN

oo

s _ Wt fo) T
VYo + Xm * f 9 T Ym""Xm*foo .
Observing that
0< / :f_Xm*f“‘Xm*fSHf_Xm*fHOO_’_1§1_i_ym7
Yo+ Xm x f Yo+ Xm x f Yin
we actually have the estimate
H]—f < Wa(f, fo) (1+Y,). (3.39)
VYm+Xm*f 2 T

Several consequences can be drawn from (3.39): first, since Y, — 0 as m — oo by (3.38),
the sequence (j¢/v/Yim + Xm * [)m is bounded in Ly(R?*R?) and there are thus a subsequence

of (j¢/v/Ym + Xm * [)m (not relabeled) and wy € Lo(R?*; R?) such that

Jf . 2. ™2
—_— W mn LQR;R . 3.40
v)m Xm*f / ( ) ( )

A simple consequence of (3.38), (3.39), and (3.40) is that
7 lwrlla < Walf, fo) - (3.41)
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In addition, since (v/Y, + Xm * f)m converges towards /f uniformly on compact subsets of R?, we
readily deduce from (3.40) that

jr=+/fw; ae in R2. (3.42)

Next, since f =0 a.e. in R?\ P/, it follows from (3.39) that

< 12
12 77|
dx = — Yoo+ xmx*xf—f) dx
/RQ\Pf‘jf‘ /R2\7>f Ym+Xm*f( xm* = 1)

2

) (Yoo 4+ lIxm * f = flloo)

<[
Yoo+ Xm * f

2
gw (14 Ym)? Y — 0,
=

m—0oQ
whence, additionally to (3.37),
jr=0 ae in R\ P/, (3.43)

Finally, owing to (3.40) and (3.43), we have

2 : Jf
wel®dr = lim wg —————dx =0,
/R?\Pf sl m—00 Jg2\pf D Y T X T

and thus wy = 0 a.e. in R2\ P/. This completes the proof of Lemma 3.2 for f. The statements
(3.33) and (3.34) for g are proved by similar arguments. O

4. CONVERGENCE OF THE TIME DISCRETIZATION

We pick now 7 > 0 and (fo, go) € Ko. For each integer n > 1, we define (f2+!, g"*) € Ky as a
solution to the minimization problem

inf  F’'(u,v),
(u,v)EK2

where (2, 97) := (fo, 90) and
1
Fr(uv) = o (W3 (u, 1) + B W5 (0,97)) + E(u,0), (u,0) € K.

Recall that (f7+1, g"*t1) is well-defined and belongs to H?(R?;R?) for all n > 1 by Lemma 2.2. We
next let (fr,g-) : [0,00) x R? — K3 be the function obtained by the method of piecewise constant
interpolation in Ky as follows: (fr,g-)(t) :== (fF,¢2) for all t € [nT,(n+ 1)7) and n € N.

The next lemma collects estimates which allow us to perform the limit 7 — 0 and construct in
this way a weak solution of (1.1).
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Lemma 4.1. There is C3 > 0 depending only on A, B, a, b, ¢, fo, and go such that, for all T >0
and 7 € (0,1), we have

@ Dl = llgr (D)l = 1, (4.1)
(@) D WEUL I Wi g < Cs (4.2)
n=0
(iii) — E(f+(T),9:(T)) < E(fo, 90); (4.3)
@) [ T+, (Ta)) (14 ey de < G (147, (1.4)
max {T,7}

(v) / Af()3 + [Ag-()]13] ds < C5 (1 +T), (4.5)
) [ [l 13+ 18] ds < ca, (1.6

where
_ { VI (=VA(Af, + Bg,) + V(af, + bg;)) a.e in PI7, (A7)

Wt 0 a.e. in RZ\ Pl '
and

wy, i { VI (VAU 90) + VUt gr)) e in Hggi e (48)

Proof. The assertion (4.1) follows from the fact that (f, g?) € Ko for all n € N and 7 > 0. We next
observe that, since F2(f", g) > Fr(fr+ gntl) for all n € N, we have

1

o WU 1) + BW3 (7 gn)] + (7, g7 ) < E(f7 a7),

and therefore, for all N € N,

N—
Z WE(F2 f2) + B WE(E g)] + E(N oY) < E(fo.00)- (4.9)

Recalling that the functional £ is bounded from below by Lemma 2.1, we obtain (4.2) after letting
N — oo in (4.9). Moreover, given T' > 0, we choose N > 1 such that T € [N7,(N + 1)7) in (4.9)
and arrive at (4.3). Next, the bound (4.4) follows readily from (4.2) and the property (fo, g0) € Ko
in a similar manner as (2.9).

In order to deduce (4.5), we infer from Lemma 2.2 that, for n € N,

(A= BIALTHE + BIAGTT + gF D5 + (@ = 0)+ IVLTHE + BV + g7 3

< L [HU) ~ HUE) + B(H) ~ HG™)] + (0 - ) [VF3.
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Summation from n =0 to n = N — 1 yields

(N+1)7
[ 1A= BIALG)IE + BIAG. +9))lB

+a =)+ IV ()5 + b [V(fr +9-)(s)]3] ds
(N+1)T

< [H(fo) — H(Y) + B (H(go) — H(g™)] + (b — a)y / IV 12513 ds.

T

We now use Lemma 2.1, Lemma A.3, and the estimates (4.3) and (4.4) to obtain

(N+1)T
[ (A= BIALGIE+ BIAU + 9 ()IB] ds
<C+ [ fo@) 0+ o) da+ ol + Cor+ [ 1¥(@) (14 faf?) da

B <0H + [ o) ey de ol o+ O [ g¥w) (4 |x|2>dx)
R2 R2

4(b—a)+

(N+1)T
1-B / (E(fr(5),9-(5)) +C1) ds < C (1+T),

for T € [N7,(N + 1)7), hence (4.5). Finally, (4.6) follows from (3.34) and (4.2).

(4.10)

O

Using uniform estimates from Lemma 4.1, we now establish the time equicontinuity of the family

(fr,9r)r. This step is one of the arguments needed to prove the compactness of (fr, gr)r.

Lemma 4.2. There exists a positive constant Cy such that, for all t € [0,00), s € [0,00), and

7€ (0,1) we have

1f7(8) = Fr (-2 + g7 (t) = gr(s)l -1 < Can/ [t = s| + 7.

(4.11)

Proof. Let 0 < s < t with s € [vr,(v +1)7), v > 0, and t € [N7,(N + 1)7), N > v, be given. By

virtue of (3.1), (3.30), and (3.32) we have for £ € C§°(R?) and n > 1,
D2 o W2 n fn—1
/ ]f;LVde | g” 2( T?f’T )
R2

<7 + | .
Using (3.34), (4.1), and Hoélder’s inequality, we obtain

‘/ (ffr = fr") &da
R2

2

< 21 wgnlly (1V€lo + 1€Moo WS, 270

< | V€loo Walf2, 271 + ||D2€ |00 WE(fR, f271),

/ - Y Eda
R2

whence, owing to the continuous embedding of H*(R?) in W2 (R?),

< CWalf7 f270) + W3 270 1€l as -

/ (f7— frY) € du
R2
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Therefore, by (4.2), we have

N
— n __ rn—1
00 = 1)) € <y Lur-nea
N
<Cllelae 32 Walsn ) + W £
n=v+1

N 1/2
< Cll¢ ]| s W—u( > W ?,f:?—1>> +Cyr

n=v-+1

<C [\/(N "+ \/ﬂ €l < OVE—s+7 ||€]|ga

which yields (4.11) for fr. A similar computation based on (3.2), (3.31), and (3.33) gives (4.11) for
gr- U

We are now in a position to study the compactness properties of (fr,g,)r as 7 — 0.

Lemma 4.3. There exist nonnegative functions f and g in C([0,00), L2(R?)) and a subsequence
(Tk)k>1 which converges to zero such that, for all t > 0,

(fra ), 9n, (1) = (f(t),9(t))  in Ly(R*R?), (4.12)
(frosgn) — (f.9)  in La(0,¢; H'(R%; R?)), (4.13)

and (f(t),g(t)) € Ka. Moreover, we have (f,g) € La(0,t; H*(R?;R?)) and
(ka7ng) - (f7 g) i L2(57t7 H2(R27R2)) (414>
forallt >0 and § € (0,t).

Proof. On the one hand, we remark that (2.5) together with the estimate (4.3) and Lemma 2.1
imply that

(fr)re(0,1) and (gr)re(0,1) are bounded in L (0, oo; H'(R% R?)). (4.15)
By interpolation, we have the inequality
4/5 1/5
Inlz < IBl37 AN, he HYER?),

which gives, together with (4.11) and (4.15),

17(t) = fr ()12 + llgr (t) = g ()2 < O(|t = 8| + 1)}/ (4.16)

forall 7 € (0,1), ¢ > 0, and s > 0. On the other hand, for each ¢t > 0, the sequence (f-(t), g-(t))r¢(0,1)
lies in a compact subset of Ly(R?R?) by (4.4), (4.15), and Lemma A.1. Owing to these two
properties, we can invoke [2, Proposition 3.3.1] to conclude that there exists a function (f,g) €
C(]0,), L2(R?;R?)) and a subsequence 7, € (0,1), 7 — 0, such that (4.12) holds true. In
addition, we deduce from (4.12), (4.15), and the Lebesgue dominated convergence theorem that

(fro>9m) — (f,9) in Lo((0,T) x R?) forall T >0. (4.17)
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We improve now this convergence. Given ¢ > 1 and § € (0,1), the estimates (4.4), (4.5), and
(4.15) ensure that

/ (1)1 + [lgr(8)]1%2] ds + sup {/ (fr +9-)(s,2) (1+|z|?) da:} <C(141t). (4.18)
5 )y L/R2

se(0,t

By Lemma A.1, H%(R?) N L1 (R?, (1 + |z|?) dx) is compactly embedded in H!(R?), which in turn is
continuously embedded in Lg(R?), and we infer from [20, Lemma 9] that

(Frer9m) = (fo9)  in Lo(6,t; H(R?, R?)),

which can be improved to (4.13) by using (4.15). Observing next that the right-hand side of
(4.18) does not depend on §, we realize that it follows from (4.18) that, after possibly extracting
a subsequence and using a diagonal process, we may assume that (f,g) € Lo(0,t; H*(R?;R?)) and
that (4.14) holds true.

It remains to check that (f(t),g(t)) belongs to Ko for all ¢ > 0. Owing to (4.12) and (4.15), we
readily obtain that f(t) and g(t) are both nonnegative and in H'(R?). In addition, (4.12) and (4.18)
imply that (fr, (t), gr, (t))r>1 converges towards (f(t), g(t)) in Li(R?;R?) from which we deduce that
If(®)]l1 = |lg(®)|s = 1. Using once more (4.18), this convergence also guarantees that both f(t) and
g(t) belong to Ly (R2, (1 + |x|?)dx). Consequently, (f(t),g(t)) € Ky for all t > 0 and the proof of
Lemma 4.3 is complete. O

Proof of Theorem 1.1. Let us first check that the functions (f,g) constructed in Lemma 4.3 enjoy
the regularity (i) and (ii) stated in Theorem 1.1. The boundedness and integrability properties (i)
follow at once from (4.15) and (4.18) by Lemma 4.3. We next use (4.12) to pass to the limit & — oo
in (4.16) and obtain

1F () = £(s)ll2+ lg(t) = g(s)ll2 < Clt = s[/10 for all (s,t) € [0,00)%, (4.19)

which gives the assertion (ii) of Theorem 1.1.
We now identify the equations solved by (f, ¢). For that purpose, we use relations (3.1) and (3.2)
to obtain, for N > 1, ¢t € [N7,(N + 1)7), and ¢ € C§°(R?),

(N+1)T
\ L0 - eas+ [T [ 18+ Bo) (V) + fr Vet +bg,) - VE] dods

Do -
n=1
and

(N+1)T
‘ [o®-g)gdo+ [ [ AU+ 90 div(arVE) + e g0 T+ g.) - V) dods
R2 T R2

D200 & -
< I S g . (@21
n=1
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Let now ¢ > 0 be fixed. Before passing to the limit 7 — 0 in (4.20) and (4.21), let us point out
that, owing to (4.15) and (4.18), we have for all integers v > 1 and 7 > 0 with (v + 1)7 <t +1,

(v+1)7
/ /R2 [A(Afr + Bgr) div(f;VE) + fr V(afr + bgr) - VE] dx ds

(v+1)7
< / (AL 2 + BIAg ) [ F L 1Elwe

+ 1 frll2 IVElloo (allVrll2 +b[Vgrll2)] ds
<C(L+t) V7 ll€llwe, (4.22)

and

(v+1)7
[ 80 00 div(er 99 + e, T+ 9) - VE dods

(v+1)7
S/ [(1AFN2 + 1Agrll2) [lg- | €]z,

+cllgrllz IVElloo (IVfrll2 + [ Vyrll2)] ds
<C(L+1) V7 llgllwe, - (4.23)

We fix § € (0,t). For each k > 1, there are integers Ny and vy such that ¢ € [Np7g, (Ng + 1)7%)
and § € [Tk, (v + 1)73). In virtue of (4.2), (4.20), and (4.22) we obtain that, for £ € C§°(R?),

/ () — o (6)) Eda
R2

t
+ / / [A(Af, + Bgr,) div(f;, V&) + fr.V(af;, +bgs ) - V& dxds
§ JR2
<ID%loe Y WS (f2, 127
p=1

(V417
N / / IA(AS,, + Bgy) div(fs, V) + fo V(afs, +bgr,) - V€] da ds
) R2

_|_

(Np+1)7%
/ / [A(Af, + Bgr,) div(f, V&) + fr. V(afs, +bgr,) - V& dzds
t R2

<Cy 7 [ D?ellow + CL+1) v7x lllwz
<C+1) [€lwe V. (4.24)

Let us now pass to the limit 7, — 0 in (4.24). We note that the convergences (4.13) and (4.14)
guarantee that

A(Af,, +Bgr) Vi, — A(Af + Bg) Vf in Li((6,t) x R%;R?),

. , (4.25)
A(Afr + Bgr,) f[r, = A(Af+ Bg) f in L1((0,t) x R),
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while (4.13) implies

fro Viafs, +bgr) — f Viaf +bg) in Li((0,t) x R%;R?). (4.26)
We then let k — oo in (4.24) and use (4.12), (4.25), and (4.26) to conclude that

/ () — £(5)) £du + / / A(Af + Bg) div(fVE) + f V(af +bg) - V€] dzds = 0
R2 ) R2

for all ¢ € C§°(R?). By Lebesgue’s dominated convergence theorem and (4.19) we may let 6 — 0
and thus obtain the first identity of (1.7). The second identity of (1.7) follows in a similar way,
starting from (4.21) and (4.23).

Let us now prove (1.8). We fix ¢t > 0, 6 € (0,¢) and take k > 1 sufficiently large so that 7, < ¢
and ny > 1 such that t € [ng7g, (ng + 1)7%). It follows from (4.10) and (4.15) that

t (np+1)Ty
/5 Dy (f7.(5), gr, (s)) ds S/ [Dri(fr,(8): 9r, (8)) + (b= a) |V fr (5)]3] ds

+la=t) [ IVL oI ds
<H(fo) = H(fn,(t)) + B (H(g0) — H(g, (1)) (4.27)

5 ) (ng+1)T% )
+lb—al / IV fr ()3 ds + / IV £ (3)]3 ds
Tk

<H(fo) — H(f(t)) + B (H(g0) — H(gr, (1)) + C [b—aé.
Now, on the one hand, we infer from (4.13) and (4.14) that

liminf/é Dit(fo. (), g (5)) ds :liminf/6 (Dt (fr (), g () + (b — @) [V £ I3] ds

k—o00 k—o00

+Jim (a=) [ IVEL @)1 ds
> / [Du(f(s),9(5)) + (b— a) IV F]3] ds
)

t t
la=t) [IVI@)Bds = [ Duls(s).90s)) ds.
On the other hand, it follows from (4.4), (4.12), and (4.15) by classical arguments that
Tim H(f, () + BH(gs, (1) = H(F(1)) + BH(g(t)).

see [13] for instance. Thanks to these two properties, we can pass to the limit & — oo in (4.27) and
obtain

/5 Dru(f(s),9(s))ds < H(fo) = H(f(t)) + B (H(g0) — H(g(t))) + C |b—al & (4.28)

for all § < t. By the monotone convergence theorem and the assertion (i) of Theorem 1.1 we may
let § — 0 in (4.28) and end up with (1.8).
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In order to obtain the last estimate (1.9), we deduce from (3.34) and (4.9) that, if ¢ > 6 > 0 and
k is sufficiently large (so that 7, < ¢), then

2(fo, 90) = /; <waf,c

the functions wy, and wg, being defined in (4.7) and (4.8), respectively. Since & is bounded from
below by Lemma 2.1, we infer from (4.29) that (wy, )i and (wg,, )i are bounded in Ly((d,00) x

2 2
2 t+B ngTk 2

) ds + 26 (f+, (), g1, (1)) | (4.29)

R%;R?) for all § > 0. Therefore, after possibly extracting a subsequence and using a diagonal process,
we find vector fields Vy and Vj in Ly ((0, 00) x R?;R?) such that

(wak,ngk> — (V},V,) in La((d,00) x R%;R?) for all § > 0. (4.30)

Owing to (4.12), (4.15), and (4.30), we can first perform the liminf & — oo in (4.29), then take the
limit as  — 0 with the help of the monotone convergence theorem in the resulting inequality, and
thus arrive at

t
2E(fo; 90) 2/0 (VI3 + BIVl3) ds +2E(£(8),9(t)) forall ¢>0. (4.31)

It remains to identify the terms Vy and Vj. To this end, we remark first that (4.15) ensures that
(\/fr )k and (/G )k are bounded in Lo (0, 00; L4(R?;R?)), which implies, together with (4.29),

that the sequences (j, )i and (jg,, )i defined by jy, = \/fr, wy, and jg, = /g7 w,, , k> 1, are
bounded in Ly (8, 00; Ly/3(R?;R?)) for all § > 0. Since Ly(6, 00; Ly/3(R?)) is a reflexive space, there
are vector fields Iy and I, in Ly (0, 00; Ly /3(R? R?)) and a subsequence of (7);, (not relabeled) such
that

(jka , jg,k) — (If,1,)  in L(8,00; Ly3(R%R?)) for all § > 0. (4.32)
Combining (4.12), (4.30), and (4.32) gives
I;=+/fV; and I,=,/gV, ae in (0,00) x R%. (4.33)

Consider now a test function Z € C§°((0,00) x R?;R?). For each k > 1 and n > 1, we choose as
test function

(n+1)7,
{(m):/ =E(s,z)ds, rcR?,

Tk

in (3.32) for (f7:, g7 ) and find, since (f-,, gr,) is constant on [n7y, (n + 1)7):
(n+1)7‘k ) _ _
/ /R2 [A(Afr, + Bgr,) div(f;, =) + fr, V(afs, +bgs, ) - =] dzds
NnTg

(n+1)7g
:/ / Jfr, - Bduds.
nTy R2

Summing up the previous identity with respect to n > 1 gives

| [ 185 + Bon) v, 2) 4 o, Vet +b07) - deds = [ [ Gy oz deds
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for k large enough (such that supp(Z) C (73,00) x R?). Due to (4.13), (4.14), and (4.32), we can
pass to the limit as k — oo in the above equality and find

/OO/ [A(Af + Bg) div(fZ) + f V(af + bg) - Z] dxds:/oo/ I;-Ededs,
0 Jr2 0 Jr?
that is,
I} = —V(fA(Af + Bg)) + A(Af + Bg)Vf + fV(af +bg) inD'((0,00) x R%;R?).  (4.34)
A similar argument allows us to deduce from (3.33), (4.13), (4.14), and (4.32) that
Iy = =V(9A(f +9)) + A(f +9)Vg +¢cgV(f +g) in D'((0,00) x R%;R?). (4.35)

Collecting (4.31), (4.33), (4.34), and (4.35) gives the last assertion of Theorem 1.1 and completes
its proof.

O

APPENDIX A. AUXILIARY RESULTS

It is well-known that H'(R?) is not compactly embedded in Lo(R?) due to the non-compactness
of R? but that compactness can be restored by an additional decay at infinity as in the following
lemma:

Lemma A.1. The spaces H'(R?) N L1(R?, |x|? dx) and H?*(R?) N L1(R2,|z|? dx) are compactly
embedded in Ly(R?) and H'(R?), respectively.

Proof. Let (hi)g>1 be a bounded sequence in H'(R?) N Ly(R?, |z|? dz). Without loss of generality,
we may assume that there is a function h € H'(R?) such that hy — h in H'(R?). Furthermore, the
Rellich theorem guarantees that (hyp, )x>1 is relatively compact in La(Dy) for all integers N > 1,
where Dy is the open disc centered in zero and of radius N and hyp, the restriction of hy to
Dy. We may then extract a subsequence, denoted again by (hj)r>1, such that (hy)g>1 converges
(strongly) towards h in Ly(Dy) for all N > 1.

First, for each N > 1, we have that

Sup{/ e ||:17|2dx} > hm/ By (2 ||x|2d:17—/ Ih(z)] |22 da,
Dy
so that h € L1(R?, |z|? dx). Next, we have
Mk—m@s/ (o) = @) dat [ [~ @) de
Dy R2\Dx
1
<[ M -n@Pde s [ (- D@ o
Dy

R2\Dy

s/’um— B (@) da

, 1/2 5o
+——(/rhk— rmwm) e — B2,
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Since H'(R?) is continuously embedding in L3(R?) and the function h belongs to H'(R?) and
L1(R?,|z|* dx), there exists a constant C such that

e — B2 < / (e — (@) Pde+ S forallk>1and N> 1.
Dy N
Letting first k — oo and then N — oo, we conclude that (hy)r>1 converges towards h in Lo(R?)
and thus that H'(R?) N Li(R?, |z|? dz) is compactly embedded in Lo(R?).

Consider now a bounded sequence (hy)k>1 in H2(R?) N Li(R?,|z|?dz). Owing to the previ-
ous result, there exist a subsequence, denoted again by (hj)r>1, and a function h € H 2(R?) N
L1(R?,|z|? dx) such that (hj)r>1 converges towards h strongly in Lg(R?) and weakly in H?(R?).
Since

lwllz < C uwlls ol we HAR?),

a simple interpolation argument then gives that (hj)r>1 converges towards h strongly in H1(R?)
and completes the proof. O

The next result was used in the identification of the Euler-Lagrange equation for the minimizers
of the minimization problem (2.1).

Lemma A.2. Consider h € H'(R?), ¢ = (¢1,(2) € C(R%;R?) and, for e small enough, define
(e = id+e(, jo = det(D(.), and he := (ho (ZY)/(j- o (). Then, there is ec > 0 such that
((he = h)/e)cc(oe,) s bounded in Ly(R?).

Proof. Let us first consider the case h € C'(‘]X’(RQ). Then, for £ small enough,

. h 2
”ha_hH%:/ ‘haOCE_hOCEP ]Edw:/ — —ho(| Jedx
R2 R2 | Je

1—j.)?
|h|? ﬂ dx +2 / |h—ho(l” je da.
R2 Je R2
Recalling that j. =14 & div( + o(e), we have

1 .

L<i<2 and 1l <20y < (A1)

for € small enough, and we realize that

(1 —jc)
nf? 378 dz <16 [IC[[fyy, I3 €

€

Next, using once more (A.1),

1 2
2 /]Rz \h—ho(|* j. do <4e® /11%2 </0 |Vh(z +es¢(z)) - ((x)] ds> dx

1
ﬁﬁ/mmﬁjwmw@wwa

Vh|?
qgwwy// _IVAE
R2 Jes © Css

<822 I I1Vh2
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for sufficiently small e. Combining the above inequalities gives the claimed boundedness of (h.—h)/e
in Ly(R?) for £ small enough.
The general case h € H'(R?) next follows by a density argument. O

We finally recall some well-known estimates for the functional H defined in (1.4), see, e.g., [13,
Lemma A.1].

Lemma A.3. Let h be a nonnegative function in L1(R?, (14+22) dz)N Ly(R?). Then hlnh € Ly (R?)
and there exists a positive constant Crp such that

(1]
2]
3l
(4]
[5]
(6]
7]
18]
9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

/ h(z) |Inh(z)|dx < Cy +/ h(x)(1 + |z|*) dx + ||h||3, (A.2)
R2 R2
H(h) > —Cy — /Rz h(x)(1 + |z[?) dx. (A.3)
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