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Introduction The design of manufacturing and service operations requires an adequate installation of capacity and the selection and specification of operating policies. In this rich field of research, queuing models are widely used to support such decisions and performance evaluations. Capacity can be installed mainly through two decisions, the number and the throughput of servers both affecting total capacity. Hereby, an important trade-off exists between the number and size of machines, i.e. a few large versus a larger number of small machines. The complexity of such a tactical decision further increases in a multi-stage system where capacity levels between stages need to be appropriately coordinated and costs for investments need to be further traded-off 2 with inventory and backorder costs whereby decisions need to correctly anticipate operational replenishment and workload control decisionsIn the majority of the available literature, processing rates can be set as continuous variables. In reality, however, there often exists a finite set of possible options which can be expressed as a predefined set of possible processing rates. The finiteness of manufacturing rates can be motivated either by available technologies, e.g. a machine can only run at certain speeds, requires certain batch sizes, etc. or by restrictions imposed by the workforce.

Regulations might require that a worker has to be compensated for a minimum number of hours and that working time is organized in full shifts (either 1, 2, or 3 per day) or a certain number of full working days. Furthermore, different workforce qualifications and the technology of automatic handling systems can also lead to a predefined set of processing rates.

If customer orders have a random due date, production can be organized according to a make-to-order (MTO) policy whereby the work release to the production system can be constrained with a work ahead window policy. The work ahead window states that an order is only released to the production system when its remaining time to due date is shorter than the work ahead window (see also [START_REF] Hopp | Factory Physics[END_REF]Spearman, 1996 or Jodlbauer, 2008 for details). The question of which technology option to choose and how much machines to invest into for minimizing overall costs in such a system is one continuously faced by production managers and therefore of practical relevance. For this reason, we investigate the influence of a predefined set of processing rates on the optimal capacity investment in an MTO production system with stochastic due dates, a work ahead window work release policy, and include finished-goods-inventory (FGI) and backorder costs. The resulting research questions are: 3 1) Under which conditions is a single machine policy at each stage optimal in an n-stage serial MTO production system with stochastic due dates?

2) What is the relationship between optimal capacity levels at consecutive levels in a multi-stage system?

3) What is the cost penalty of investing into more than one machine at each stage when processing rates have a continuous range? 4) What is the impact of predefined processing rates on overall costs in an MTO production system? 5) What is the impact of demand parameter uncertainty on capacity design?

The first two questions will be investigated analytically for the general n-stage serial manufacturing system whereas the remaining three questions will be answered numerically and we therefore restrict the analysis to a two-stage M/M/s system and exponentially distributed due dates. This manuscript extends Altendorfer and Minner, (2010) who show that the optimal planned lead time in a two-stage MTO production system is independent of the customer required lead time and that only a marginal cost increase is incurred if a work ahead window policy is applied instead of a planned lead time at each stage.

Building on these results, we address the trade-off between multiple machines and machine sizes and here especially on a predefined set of technologies rather than only allowing for a single machine with continuous processing rate at each stage.

Therefore, available queuing design models (for a review see [START_REF] Rao | Waiting line model applications in manufacturing[END_REF]) are extended by including random customer due dates, FGI as well as backorder costs, and workload is released to the system by a work ahead window policy.

A general condition for the single machine optimality at each stage is derived for an n-stage serial production system. We find that in a system with value added has no influence on the property that processing rates should increase towards the customer end of the line. For continuous processing rates, there is a considerable cost penalty to pay if more than one machine is invested. However, if only a set of predefined processing rates is available, these predefined processing rates have a significant influence on optimal costs and a numerical study shows that in this case more than one machine is optimal in a considerable number of test instances. Relating these findings to the TPS (Toyota Production System) philosophy to invest into small and simple machines, which in TPS is mainly based on maintenance, flexibility and machine failure arguments, shows that for predefined processing rates the cost premium paid in TPS can be rather small or the small machines invested can even be cost optimal. This finding, which cannot be derived in a continuous processing rate model, supports the application of TPS from an investment cost perspective. The paper is structured as follows. Section 2 provides a review of the related literature. In Section 3, the general n-stage model is introduced and expressions for WIP, FGI, and backorder costs for the two-stage M/M/s production system are developed in Section 4. Structural properties of optimal solutions are derived through a numerical example in Section 5 which illustrates the impact of predefined processing rates.

2.

Literature Review For make-to-stock (MTS) production systems, the optimal replenishment strategy minimizing inventory and backorder costs is a broadly discussed topic, see [START_REF] Silver | Inventory Management and Production Planning and Scheduling[END_REF] [START_REF] Zipkin | Foundations of Inventory Management[END_REF], both with an independent (exogenous) and dependent (endogenous) distribution of replenishment lead time. For MTO production systems, inventory balancing against backorder costs is discussed [START_REF] Yano | Setting Planned Leadtimes in Serial Production Systems with Tardiness Costs[END_REF], [START_REF] Buzacott | Safety Stock Versus Safety Time in MRP Controlled Production Systems[END_REF], [START_REF] Bertrand | Optimal work order release for make-to-order job shops with customer order lead-time costs, tardiness costs and work-in-process costs[END_REF] 2010), all of which address the topic of optimal planned lead time or optimal work ahead window. [START_REF] Crabill | A Classified Bibliography of Research on Optimal Design and Control of Queques[END_REF], [START_REF] Buzacott | Design of manufacturing systems using queueing models[END_REF] or more recently [START_REF] Rao | Waiting line model applications in manufacturing[END_REF] give an overview on the topic of queuing system design. Determining the optimal number and size of machines has been addressed in [START_REF] Brigham | On a congestion problem in an aircraft factory[END_REF][START_REF] Hillier | Economic models for industrial waiting line problems[END_REF][START_REF] Stidham | On the optimality of single server queuing systems[END_REF] all stating conditions or queuing system specifications where single servers lead to the optimal capacity and waiting time costs. [START_REF] Brumelle | Some inequalities for parallel-server queues[END_REF], [START_REF] Driscoll | An application of queueing theory to reservation networks[END_REF], [START_REF] Stidham | Pricing and capacity decisions for service facility: stability and multiple local optima[END_REF], [START_REF] Mandelbaum | On Pooling in Queueing Networks[END_REF], [START_REF] Chao | Several results on the design of queueing systems[END_REF], [START_REF] Scheller-Wolf | Necessary and sufficient conditions for delay moments in FIFO multiserver queues with an application comparing s slow servers with one fast one[END_REF] and [START_REF] Macgregor-Smith | Multi-server, Finite Waiting Room, M / G / c / K Optimization Models[END_REF] have focused on the optimal number of servers or optimal processing rates. These models mainly balance costs for waiting with costs of capacity. The majority finds that a single server queue leads to the optimal result when linear capacity costs and a continuous range of processing rate is assumed (see e.g. the fundamental paper of [START_REF] Stidham | On the optimality of single server queuing systems[END_REF] for quite general conditions).

Nevertheless, [START_REF] Mandelbaum | On Pooling in Queueing Networks[END_REF], [START_REF] Chao | Several results on the design of queueing systems[END_REF], [START_REF] Scheller-Wolf | Necessary and sufficient conditions for delay moments in FIFO multiserver queues with an application comparing s slow servers with one fast one[END_REF] and [START_REF] Macgregor-Smith | Multi-server, Finite Waiting Room, M / G / c / K Optimization Models[END_REF] have also shown that for certain queue specifications or certain changes in the objective function, multiple servers could be optimal.

Literature including backorder costs or a service level constraint in addition to the capacity and waiting time costs while optimizing the capacity investment for MTO and MTS manufacturing systems, is [START_REF] Angelus | Simultaneous Capacity and Production Management of Short-Life-Cycle, Produce-to-Stock Goods Under Stochastic Demand[END_REF], [START_REF] Bradley | Managing Capacity and Inventory Jointly in Manufacturing Systems[END_REF], [START_REF] Raman | Quantifying the Impact of Inventory Holding Cost and Reactive Capacity on an Apparel Manufacturer's Profitability[END_REF], [START_REF] Mincsovics | Integrated capacity and inventory management with capacity acquisition lead times[END_REF][START_REF] Mincsovics | Integrated capacity and inventory management with capacity acquisition lead times[END_REF][START_REF] Jodlbauer | Customer driven production planning[END_REF]Altendorfer, (2010). Most of these contributions analyze single machine or single-stage production systems with continuous capacity investment possibilities. General n-stage optimization problem

Model description and assumptions

We assume a manufacturing system with i=1,2,…,n stages numbered in reverse order from n (most upstream) to 1 (most downstream) as shown in Figure 1. Each stage i has i s (identical) parallel machines ( i s being integer).

Customers arrive to the manufacturing system according to a stochastic process with mean arrival rate λ. Each customer requests an individual due date that determines the non-negative random customer required lead time L. Let with random processing rate with mean µ i per unit of time of one machine at stage i.

The parameter µ i is assumed to be a decision variable restricted to a set of feasible values Ω . The capacity at each stage is therefore given by i i s µ which is assumed to be determined by an investment decision either including both the processing rate and the machine number or any of the two single variables. ,i c µ denotes the capacity cost per unit of installed capacity at stage i. W i denotes the random variable of production lead time at stage i needed for one order from arrival at stage i until its completion. All the orders with a customer required lead time being greater than X are transferred to an order list when they arrive at the production system and their release to the production system is triggered when their remaining time to due date becomes smaller than X.

Insert Figure 1 about here.

Let Y i denote the random WIP at stage i and c y,i the respective holding cost per order per unit of time stored at stage i. We assume a value added WIP holding cost structure, i.e. an increase after each processing step, , , 1

y i y i c c + ≥
. Let , 1 0

y n c + = ; i.e.,
holding costs for orders waiting in the order list before stage n are neglected. The accounting of WIP at stage i starts when the order is released to the buffer i and ends when the order is delivered to buffer i-1. Let G denote the random finished goods inventory and c f the respective inventory holding cost per order per unit of time.

Backorders B are charged a backorder cost c c per unit of time an order is late. C denotes the tardiness random variable of an order and I the random FGI lead time.

Minimizing expected WIP, FGI, backorder and capacity costs leads to optimization problem (1).

( ) [ ] [ ] { } { } , , 1 , , , 1 1 min and i i n n i y i y i f c i i i X s i i i i i E W c c E G c E B c s c s i s N µ µ λ µ µ λ + = = +   - + + + →   > ∀ ∈ ∑ ∑ % (1)
The WIP cost calculation in equation ( 1) is based on the relative WIP costs added per stage. The second line of (1) is the stability condition stating that utilization at each stage has to be lower than 100%. 

Model analysis

For a single stage as well as a serial production system, expressions for expected FGI and backorders without stochastic due dates are provided by [START_REF] Buzacott | Safety Stock Versus Safety Time in MRP Controlled Production Systems[END_REF] [START_REF] Yano | Setting Planned Leadtimes in Serial Production Systems with Tardiness Costs[END_REF]. [START_REF] Altendorfer | An analytical model for service level and tardiness in a single machine MTO production system[END_REF] and Altendorfer and Minner, (2010) extend these equations to include a random due date as follows:

[ ] ( )( ) ( ) ( )( ) ( ) ( ) ( ) ( ) 0 0 0 0 1 X X W L W L X X W L E I f X d f d f d f d F F d θ τ τ τ θ θ τ θ τ τ θ θ τ τ τ ∞ = - + - = - ∫ ∫ ∫ ∫ ∫ (2) [ ] ( )( ) ( ) ( )( ) ( ) [ ] ( ) ( ) ( ) ( ) [ ] [ ] ( ) ( ) 0 0 0 1 1 1 X W L W L X X X X W L L E C f X d f d f d f d E W F F d E I E W F d θ τ τ τ θ θ τ τ θ τ θ θ τ τ τ τ τ ∞ ∞ ∞ = - + - = - - - = + - - ∫ ∫ ∫ ∫ ∫ ∫ (3)
From the definition of the remaining production lead time (

1 i i j j W W = = ∑ % ) it follows that
the pdf of i W % is a convolution of the pdfs of all remaining production lead time values with 1 j W j i ≤ ≤ . Denoting the convolution between the pdf of stochastic variable

1 i W - % with the pdf of i W with ( ) ( ) ( ) ( ) 1 1 0 * i i i i t W W W W f f t d f t f t τ τ τ - - - = ∫ % % leads to: ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 2 3 * * *...* i i W W W W W f t f t f t f t f t = % (4)
For the general optimization problem, the following Proposition concerning the single machine optimality can be stated. ( ) ( ) ( ) ( )

1 1 0 0 0 0 and : 0 i i i i W W W W F F d F F d i θ θ τ τ τ θ θ τ τ τ - ≥ ∀ > ∃ - > ∀ ∫ ∫ % % % % (5) 
Proof see Appendix.

For a single stage M/M/s queuing system without considering a distribution of customer required lead time, [START_REF] Stidham | On the optimality of single server queuing systems[END_REF] shows that condition ( 5) is fulfilled and therefore the optimality of a single server. However, this does not hold in general. [START_REF] Brumelle | Some inequalities for parallel-server queues[END_REF] provides an example for a squared coefficient of variation of the processing time greater than 1 where condition ( 5) is not fulfilled. However, the definition in equation ( 4) shows that the condition is fulfilled for a series of M/M/s queues as discussed in the next sections. Proposition 1 is intuitive for a series of M/M/s queues since the single machine at each stage is exactly tailored to the customer order rate.

Proposition 2: For any manufacturing system consisting of a series of processing stages with single machines and capacity costs increasing in processing rate

( { } ( ) ( ) , 1 n i i i i C c µ µ ξ µ = = ∑ and ( ) 0 i i d d ξ µ µ > ) and non-increasing in stage ( , , 1 i i c c µ µ - ≥ ),
the optimal processing rate is non-decreasing towards the FGI (

* * 1 i i µ µ + ≥
) when WIP, FGI, backorder and capacity costs are minimized.

Proof see Appendix.

A managerial implication of Proposition 2 is that (if not overruled by sufficiently increasing capacity costs) it is always better to have a higher downstream capacity and that the integration of a customer required lead time distribution has no influence on that property. 

n i i i i C s s c µ µ = = ∑ ) which are non-increasing in stage ( , , 1 i i c c µ µ - ≥
), the optimal allocation of machines is nondecreasing towards the FGI ( * *

1 i i s s + ≥
) when WIP, FGI, backorder and capacity costs are minimized.

The proof is similar to the one for Proposition 2 and therefore omitted.

Proposition 3 shows that higher capacities should be kept towards the customer end of the production line not only for continuous processing rates but also for cases with a predefined machine size.

Proposition 4: For a manufacturing system consisting of a series of processing stages with parallel machines defined by { } { } ( )

; i i s
µ the cost for inventory, backorder and capacity as defined in equation ( 1) with ,

y k f y c c c = = are unimodal in i s .
Proof see Appendix.

Assuming that the condition , y k f y c c c = = has only minor influence on the unimodality and is rather a technical necessity for the proof, Proposition 4 can be applied to find a solution heuristic for the general optimization problem restricted to a predefined set of processing rates where ,

y k f c c ≠ .
The general form of the optimization problem as stated in this section can be applied to find optimal parameters for any kind of n-stage production system as long as the production lead time distributions for the n stages as well as the customer required lead time distribution are known. In the next section a solution heuristic for such a problem in a two-stage M/M/s production system is developed. Optimization problem for a two-stage M/M/s production system In this section a special case with two stages, M/M/s queues, exponentially distributed customer required lead time and a predefined set of processing rates Ω is discussed. This two-stage setting, chosen for simplicity of exposition, allows for closed form expressions. However, by convolution of production lead time distributions, this could be extended to general serial systems.

Following [START_REF] Altendorfer | An analytical model for service level and tardiness in a single machine MTO production system[END_REF], the implementation of a work ahead window in front of the production system modelled as M/M/1 queue still leads to a Poisson input stream into the production stage for an exponentially distributed customer required lead time, such that all properties of an M/M/1 queue remain valid.

Since the M/M/s queue still maintains a Poisson output stream (see [START_REF] Tijms | A First Course in Stochastic Models[END_REF] all equations developed in this section are exact.

The optimization problem (1) simplifies to:

[ ] ( ) [ ] ( ) [ ] ( ) ( ) ( ) 1 1 2 2 1 ,1 2 ,2 1 1 ,1 2 2 ,2 , , , , 0 1 1 2 2 1 2 1 2
1 min and ;

, and ,

y c y c f c X L c X s s E W c c E W c c E I c c F d c s c s c s s s s N µ µ µ µ λ λ λ τ τλ µ µ µ λ µ λ µ µ + + + + + + -- + + → > > ∈ Ω ∈ ∫ (6)
To solve the optimization problem, the distributions ( )

i W f t %
have to be calculated first.

According to [START_REF] Medhi | Stochastic Models in Queuing Theory[END_REF] the pdf of production lead time for an M/M/s queue can be stated as: 
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For equations ( 8) to ( 12) non-identical processing rates are assumed. The equations for identical processing rates and identical number of machines are delivered in the Appendix.

WIP, FGI and backorder calculation

Using equation (8) leads to the following expected production lead time values:

[ ] ( ) ( ) ( ) 2 2 1 i i i i i i i i m o o E W s µ ρ µ + = - - (9) 
Applying equation ( 8), the cdf of the overall production lead time follows as: 
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The expected value for tardiness can be calculated based on equations ( 3) and ( 11) as:

[ ] [ ] [ ] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( 
) 
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In Figure 2 WIP, FGI lead time, and tardiness are shown to illustrate their dependency on utilization, number of machines, and processing rates of machines.

Figures 2a,2c, and 2e show the influence of a different number of machines at stages 1 and 2. The number of machines at each stage is predefined and the processing rate is varied. The influence of predefined processing rates is depicted in Figures 2b,2d, and 2f. The processing rate is kept equal at both stages and the number of machines is varied.

The results from Figure 2a, 2c, and 2e show that an imbalance between the processing rates at the two stages which creates an imbalance in number of machines, leads to an increase in WIP, a decrease in FGI lead time and an increase in tardiness at the same utilization. values cannot be reached because of the relation between processing rate and order arrival rate. Nevertheless, higher processing rates lead to lower WIP, higher FGI lead time, and lower tardiness values at the same utilization.

Insert Figure 2 about here.

For the optimization problem (6) minimizing the FGI, backorder, WIP, and capacity costs when a set of processing rates are predefined, only the problem statement can be provided in explicit form; the solution has to be found numerically. For given capacity investment, Altendorfer and Minner, (2010) provide the following solution for optimal work ahead window: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 2 2 2 1 1 * 1 2 3 1 1 2 2 4 4 3 2 2 1 1 : 1 1 1 1 n c W f c X X c f c s X s X c X F X c c c e e t
µ µ µ λ µ λ µ µ µ λ µ λ - - - - - - = + - - ⇔ = + + - + - - -+ + - - - % (13)

Solution heuristic for the two-stage M/M/s optimization problem

In this section we propose a simple solution algorithm for problem (6) based on the two-stage M/M/1 problem and on Proposition 4. In the numerical example provided in the following section it is shown that this simple algorithm leads to good results when being compared to an enumeration scheme for finding the optimal solution.

Algorithm

Step 1: Calculate * 1 µ and * 2 µ of the two-stage M/M/1 problem with continuous processing rates (see Altendorfer and Minner, 2010). Step 2: Calculate the number of machines , i j s for each predefined processing rate j µ ∈ Ω and for both stages { }

1, 2 i ∈ by * , max ; i i j j j s µ λ µ µ       =                  
.

Step 3: For each processing rate j µ :

Calculate the cost term ( ) ( )

* * * * * 1, 2 2 1, 2 2
, , , , , , ,

j j j j C s s X s s µ µ µ µ , whereby * 2 1 s = from * 2 µ being calculated in the single machine case. If ( ) ( ) ( ) ( ) * * * * * * * * * * 1, 2 2 1, 2 2 1, 2 2 1, 2 2 1, , , , 1, , , , , , , , , , 
j j j j j j j j C s s X s s C s s X s s µ µ µ µ µ µ µ µ + + < then increase 1, j s until ( ) ( ) ( ) ( ) * * * * * 1, 2 2 1, 2 2 * * * * * 1, 2 2 1, 2 2 1, , , , 1, , , , , , , , , , 
j j j j j j j j C s s X s s C s s X s s µ µ µ µ µ µ µ µ + + > (14) 
is fulfilled and otherwise decrease 1, j s

* * * * * 1, 2 2 1, 2 2 * * * * * 1, 2 2 1, 2 2 1, , , , until ( ) ( ) ( ) ( ) 
j j j j j j j j C s s X s s C s s X s s µ µ µ µ µ µ µ µ - - > 1, , , , , , , , , , 
is fulfilled and set * 1, 1, j j s s = .

Select the values

( ) { } * * 1, 1
, j s µ Ω minimizing the cost function. * X is implicitly defined in equation ( 13).

Step 4: Redo the same procedure as in Step 3 for µ whereas when stage 2 is optimized, the optimal parameters for stage 1 from Step 3 are applied. Additionally, an efficient starting point for the optimal capacity search is included in the algorithm. Note that also all combinations of optimality candidates on both stages could be tested but this would lead to a considerable additional computational effort.

( ) ( ) ( ) ( ) * * * * * 1, 1 2, 1, 1 2, , , , , , , , j j 

Numerical example

Influence of machine size on optimal cost

The influence of different processing rates on the optimal costs for a production system with balanced capacities ( 1 2 µ µ = ) is investigated. The balanced case is chosen since the main observations are not influenced by that assumption but it reduces complexity. Table 1 shows the parameters for the four cases compared in this section. Case A is the basic scenario. Case B is a situation where capacity costs are low, in Case C the mean customer required lead time is very short and in Case D the tardiness penalties are very high.

Insert Table 1 about here.

Insert Figure 3 about here.

For these four cases the optimal costs and the optimal number of machines are numerically determined by solving the optimization problem (6) for processing rate values between 0.001 and 1.2. The calculation has been performed in Wolfram Mathematica 6.0. Figure 3 optimized, the optimal number of machines is highly dependent on the predetermined processing rates.

This observation illustrates the trade-off between economies of scale (recommending a single machine) and the requirement of capacity coordination between stages. It shows that for practical applications it is not always optimal to invest into only a single machine capable of handling all the customer demands. A lot of capacity can be wasted by this one big machine instead of having several smaller machines.

Observation 2: The range of optimal costs is a convex function with respect to the predefined processing rates. Very big and very small machines induce a high risk of incurring too high costs.

This statement is based on the difference between the highest and the lowest optimal costs when a certain range of processing rates is focussed. In Case A, the highest and lowest costs for a processing rate range between 1.0 and 1.2 is 1650 whereas it is only 715 for a processing rate range of 0.4 to 0.6 and it increases again to ∞ for a processing rate range of 0 to 0.2. Assuming a predetermined set of available processing rates, Observation 2 states that also small machines can fit with a high probability. This observation is supported by the results from Section 5.3 where 1875 test instances are compared applying 4 processing rate sets. In 38 % of the cases more than one machine is optimal at least at one of the two stages.

The result for Case B shows that the range of optimal costs as a function of the predefined processing rate reduces when capacity costs are lower. The Cases C and D confirm that the observations are robust to changes in mean customer required lead time and backorder costs. In Figure 4a, we assume three different machine sizes defined by three different available processing rates. In this case the smallest machine (lowest processing rate) leads to the lowest overall costs, which is consistent with Observation 2. In Figure 4b, there are 6 processing rates available. In this case the optimal processing rate is neither the smallest nor the largest one. As the example from Figure 4 shows, the optimal number of machines highly depends on the machine sizes available. This is true although the overall minimum is always found with one machine per stage when the processing rate can be continuously scaled as stated in Proposition 1.

Comparing Observations 1 and 2 with the TPS (Toyota Production System) philosophy to invest into small and simple machines shows that this philosophy can lead to a cost premium paid which is, however, smaller than expected based on Proposition 1.

Influence of machine number on optimal costs

For a set of test instances the optimal processing rate is determined for a predefined machine number. Therefore, we solve problem (6) under condition ( 13 . They account for a mean customer required lead time between 2 and 18 times that value which seems to be a feasible region for possible MTO situations.

Figure 5 shows that a considerable cost penalty occurs when more than one machine is implemented at both stages and the processing rate is a continuous optimization variable.

Insert Figure 5 about here.

Performance evaluation of solution heuristic

In this section the same problem instances as described in Section 5. For the overall 1875 test instances the optimal solution with continuous range of processing rates, the optimal solution applying the four processing rate sets, and the heuristic solution from Section 4.2 have been calculated. The optimal solution is found by enumeration of processing rates and number of machines under condition (13). In the current numerical example which is programmed in Wolfram Mathematica 6.0, the computation time reduction with the heuristic is 90%. The results in Table 2 indicate that the solution heuristic leads to good results. Only in a few cases the solution found deviates from the optimal one, but the average cost increase is negligible.

Influence of uncertain input rates

In real investment problems the customer order rate, i.e. the parameter λ, is uncertain at the time of investment. We assume that prior to the capacity investment decision only uncertain information about the input rate is available. In particular, the customer order rate follows a three point distribution with a low, medium and high expected respectively. After the investment the real input rate is observed and the optimal work ahead window is determined. For the two-stage case with equal processing rates at both stages and a continuous range of processing rates the optimization problem is:

( ) ( ) ( ) ( ) ( ) ( ) , , , , , , , , , , , , , min l 
m h l l l m m m h h h X X X s P C X s P C X s P C X s µ λ µ λ λ µ λ λ µ λ + + → (16) 
( )

C ⋅ is the cost function from equation ( 6) with a continuous range of processing rates.

The numerical results in Figure 6 Observation 3: The uncertainty in input rates has no influence on the single machine optimality property stated in Proposition 1. Uncertain input rates do not favour the investment of more than one machine if processing rates can be chosen continuously.

In this case, the cost functions with respect to the processing rate look similar to the ones presented in Figures 3 and4.

Observation 4: Arrival rate parameter uncertainty leads to a considerable increase in optimal costs and the optimal capacity invested increases.

Observation 4 is intuitive as variability increases when uncertainty of input rate increases and this variability increase has to be covered with additional capacity and additional costs for inventory and backorders. Even though this finding is linked in the current example to a symmetric structure in uncertainty we conjecture that an asymmetric uncertainty has no influence on that result in general. Furthermore, if the high input rate realizes, no possibility to reduce the input rate by rejecting customers is included in this setting which could be a field of further research.

A second experiment with a limited capacity decision postponement option is conducted for a predefined set of processing rates. When λ is uncertain, the technology, i.e. the machine size has to be decided. After observing the true customer order input rate, additional machines with the same processing rate can be added. This leads to the following optimization problem: where more than 1 machine is optimal are shown in Table 4:

( ) ( ) ( ) ( ) ( ) ( ) , , , , , , , , , , , , , , , min l 
m h l m h l l l l m m m m h h h h X X X s s s P C X s P C X s P C X s µ λ µ λ λ µ λ λ µ λ + + → (17) 
Insert Table 4 about here.

Observation 5: An increase in range uncertainty leads to a higher probability that more than 1 machine (with smaller processing rates) are optimal in comparison to a known customer order rate when only the machine type (processing rate) has to be decided under uncertainty.

For most of the processing rate sets, demand rate uncertainty leads to an increase of instances where more than 1 machine, however with a lower processing rate, is optimal. As a managerial insight, under demand rate uncertainty it is beneficial to invest into smaller machines if investment into additional machines of the same type is possible after observing the real customer order input rate.

Conclusion

We analyzed the influence of machine size on the optimal costs for WIP, FGI, backorders, and capacity. A general optimization problem for an n-stage production system is stated and explicit expressions for expected WIP, FGI, and backorders are developed for a two-stage M/M/s production system with exponentially distributed customer required lead time and a work ahead window order release policy.

For the n-stage production system a general condition for single machine optimality at each stage is provided and it is shown that in a system with value added Based on numerical examples we show that predefined processing rates have a considerable impact on optimal costs and analyze the penalty for investing into more than one machine when the processing rate is a continuous variable. A simple solution heuristic for the mixed integer problem of capacity investment and work ahead window optimization with a predefined set of processing rates is developed. For an experimental design including 7,000 test instances the heuristic shows close to optimal results with negligible extra costs. Additionally, we find that uncertainty about customer order rates prior to the investment decision leads to significant additional costs due to higher capacity investment. If additional machines of the same type can be added after observing the real customer order rate, smaller machines become more attractive as the range of uncertainty increases. ,,1 1 1
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by partial integration it follows: 
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 with respect to k s . However, it holds for any production system, since an additional machine can never increase production lead time and whenever the additional machine processes a job while others are waiting, the waiting time of the other jobs decreases. The serial setting of more than one processing stage does not change this property.

Derivation of expressions for two-stage M/M/s production system with identical processing rates and identical number of machines

For the calculations in Section 5, the expressions for expected WIP, FGI, and backorders are derived for a two-stage M/M/s production system with equal processing rates and equal number of machines at both stages.

With 1 2 1 2 1 2 , , s s s µ µ µ ρ ρ ρ = = = = = = it follows 1 1 1 1 1 1 1 2 2 s W W s e s e F f d m o o s e e m o o m o o s s s µ λ τ µτ τ µ λ τ µτ µ λ τ µτ τ θ θ µ µ λ µ µ λ µ λ µ µ λ µ - - - - - - - + - - + = = + + - - - - + + + -+ - -+ ∫ (27) 
From equation ( 5) and equation (2) the expected FGI lead time is: 
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Overall Costs

Optimal number of machines a) a) a) Case A)

1 machine is optimal 2 machines are optimal 3 machines are optimal 4 machines are optimal 1 machine is optimal 2 machines are optimal 3 machines are optimal 4 machines are optimal 

  -process (WIP) cost structure the distribution of customer required lead time

  the probability density function (pdf) of the customer required lead time, respective cumulative distribution function (cdf), and 1 / β its mean. The customer required lead time cannot be influenced by the production system and all customer orders are accepted. Customer orders are processed consecutively by the n stages of the manufacturing system following a first-in-first-served discipline. Each stage i consists of one shared buffer for waiting orders and i s identical parallel machines

  production lead time from arrival at stage i until its delivery to the FGI buffer. Orders are released to stage n of the production system whenever their remaining time to due date is lower than a predefined work ahead

Proposition 1 :

 1 For any manufacturing system consisting of a series of processing stages with parallel machines defined by { } minimize WIP, FGI, backorder and capacity costs as defined in equation (1) when the remaining production lead parallel machine system at each stage second order stochastic dominates the remaining production lead time of the single machine stage (see condition (5)).

  For any manufacturing system consisting of a series of processing stages with parallel machines, equal processing rates and linear capacity costs with respect to the number of machines at each stage (

  Figure 2b, 2d, and 2f show that whenever the processing rate is predefined, contrary to Figures2a, 2c, and 2e only certain utilization rates are the examples shown in Figure2b, 2d, and 2f, especially high utilization

  presents the results. The following observations can be made.Observation 1: Whenever different machine sizes with different processing rates are predefined and only the work ahead window and the number of machines can be

Figure 4

 4 Figure4shows the optimal number of machines for two different machine size

  ) with continuous processing rates for the balanced case (equations are provided in the Appendix). The test instances consist of all combinations of the following parameter sets: to reflect a broad range of relative cost structures and the β values are based on the unconstrained expected production lead time of a two-

  4, we conjecture that not only the number of values in a set of possible processing rates, but also their basic value, has a significant influence on costs. Therefore, two different µ -value schemes each with two different basic values are tested.

  and Figure 7 illustrate the influence of the range between l λ and h λ , and the influence of the order rate probabilities ( ) All cost factors are taken from Case A and the range parameters are shown in

  is solved for the test instanced from Section 5.3 with the simplification that a balanced production system is considered and that ,

  the distribution of customer required lead time has no influence on the property that processing rates should increase towards the customer end of the line.

  Figure 2. Influence of processing rate and number of machines on WIP, FGI lead time and tardiness.

Figure 3 .Figure 4 .

 34 Figure 3. Optimal overall costs dependent on machine size.

Figure 6 .

 6 Figure 6. Influence of uncertain input rate information on optimal costs.

Table 3 :

 3 Insert Table3about here.

  Influence of processing rate and number of machines on WIP, FGI lead time and tardiness.

	Case		c c		c f		c y,2	c y,1	c µ,1 = c µ,2 λ	β
	A				30	10		5	7.5	1,000 1	0.005
	B				30	10		5	7.5	250 1	0.005
	C				30	10		5	7.5	1,000 1	0.05
	D				100	10		5	7.5	1,000 1	0.005
	Table 1. Test cases		
	Overall Costs	5000 4500 2500 3000 3500 4000			F o r P e 18 20 16 4 6 8 10 12 14	Optimal number of machines
		2000	0	0.2	0.4	0.6 processing rate	0.8	1	0 2 e 1.2 r
									R
									e
									v i e
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									y

Table 2 .

 2 Figure 5. Cost increase for more than one machine at each stage. Performance comparison.

		20%							
		18%							
		16%							
	Cost increase in %	6% 8% 10% 12% 14%							
		4%							
		2%							
		0%							
		2	3	4	5	6	7	8	9	10
					Number of machines		
		Processing rate		Avg. cost increase	% of test instances	Avg. cost increase
		set					by proc. rate set	heuristic is optimal	by heuristic
		Case 1				3.2%			100%	0%
		Case 2				8.4%			95.9%	0.006%
		Case 3				0.6%			99.1%	0.001%
		Case 4				2.6%			99.7%	0.0003%
	Case			l λ		m λ		h λ
	Low range			0.95		1			1.05
	Medium range		0.90		1			1.10
	High range		0.80		1			1.20

Table 3 .

 3 Range uncertainty values.

Table 4 .

 4 Figure 7. Influence of uncertain input rate on processing rate and costs. Range uncertainty -optimality of more than 1 machine. random variable, cdf, and pdf of customer required lead time respectively β parameter of the customer required lead time distribution (1 / β is the mean customer required lead time)

		1,4 1.4										2800			
		1,35														
												2750			
		1,3 1.3														
												2700			
	µopt	1.2									Copt	2650			
												2600			
		1.1														
												2550			
		1.0										2500			
		30%	40%	50%	60%	70%	80%	90%	100%				30%	40%	50%	60%	70%	80%	90%	100%
					P(λ λ λ λm)										P(λ λ λ λm)
		constant		low range		medium range	high range				constant		low range	medium range	high range
							P	( ) ( ) l h P λ λ =	=	1	-	( ) 2 m P λ		
						% of cases where more than 1	average processing rate of machines
							machine is optimal						invested
						Case 1 Case 2 Case 3 Case 4 Case 1 Case 2 Case 3 Case 4
	Known λ				81.9% 65.9%	0.0%		0.0%	0.61	0.57	1.22	1.29
	Low variability in λ		81.8% 100.0% 0.0%		2.6%	0.62	0.31	1.23	1.26
	Medium variability in λ		82.2% 100.0% 1.6%		23.5%	0.58	0.32	1.24	1.06
	High variability in λ		82.6% 100.0% 69.4% 81.3%	0.49	0.32	0.61	0.50

Table 5 .

 5 List of Variables.

	Page 36 of 36
	F o r
	P
	e
	e r
	R
	e
	v i e
	w
	O n l
	y

http://mc.manuscriptcentral.com/tprs Email: ijpr@lboro.ac.

uk International Journal of Production Research

  

http://mc.manuscriptcentral.com/tprs Email: ijpr@lboro.ac.ukInternational Journal of Production Research

Appendix A -Proofs

Proof of Proposition 1

For any multi-machine production system with parameters { } { } ( )

µ , a single machine production system with the same capacity costs and parameters { } { } ( )

The superscript 1 indicates the system with a single machine at each stage. The WIP, FGI, and backorder costs in the single-machine system have to be smaller than in the parallel machine system:

which is the definition of second order stochastic dominance.

Proof of Proposition 2

Assume a set of different processing rates in a manufacturing system

. From the structure of equations ( 2) to (4) it follows that backorder and FGI costs are independent of the sequence in which these processing rates are allocated to the stages. Therefore, these costs can be omitted for the proof.

Comparing any unordered system, e.g.

( ) ( )

, leads to the following cost inequality:

!

Proof of Proposition 4

Restating the costs from equation (1) applying equation (3) leads to:

For any k s s = % from { } i s the following cost delta when increasing s % by 1 follows:

which can be rewritten as:

with , Based on the pdf of the overall production lead time its cdf is:

and the optimality condition (13) becomes (29)

Appendix B -List of Variables

The following Table 5 provides a summary of all variables.

Insert Table 5 about here.