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Abstract

We aim at obtaining a prognostic on the survival time adjusted on covariates in a high-
dimensional setting. Towards this end, we consider a conditional hazard rate function that does
not rely on an underlying model and we estimate it by the best Cox’s proportional hazards model
given two dictionaries of functions. The first dictionary is used to construct an approximation
of the logarithm of the baseline hazard function and the second to approximate the relative
risk. Since we are in high-dimension, we consider the Lasso procedure to estimate the unknown
parameters of the best Cox’s model approximating the conditional hazard rate function. We
provide non-asymptotic oracle inequalities for the Lasso estimator of the conditional hazard risk
function. Our results are mainly based on an empirical Bernstein’s inequalities for martingales
with jumps.

Keywords: Survival analysis; Conditional hazard rate function; Cox’s proportional hazards
model; Right-censored data; Semi-parametric model; Nonparametric model; High-dimensional
covariates; Lasso; Non-asymptotic oracle inequalities; Empirical Bernstein inequality

1 Introduction

We consider the problem of determining the prognostic factors among a large number of covariates
for the survival time. For example, in Dave et al. [13], the considered data relate 191 patients
with follicular lymphoma. The observed variables are the survival time, that can be right-censored,
clinical variables, as the age or the disease stage, and 44 929 levels of gene expression. In this
high-dimensional right-censored setting, the goal is to predict the survival from follicular lymphoma
adjusted on the covariates. To adjust on covariates, the most popular semi-parametric regression
model is the Cox’s proportional hazards model (see Cox [12]) : the conditional hazard rate function
of the survival time T given a the vector of covariates Z = (7, ..., Z,)" is defined by

>\0(t7 Z) = aO(t) eXp(BgZ>7 (1>



where Bo = (o, , ..., B0,)" is the vector of regression coefficients and «y(t) is the baseline hazard
function. The unknown parameters of the model are B¢ € R? and the functional parameter ag. If
one is only interested in assessing the effects of the covariates, one would consider the Cox’s partial
log-likelihood. Cox [12] has introduced this partial log-likelihood to estimate B without having to
know «g, when the number of covariates p is less than the sample size n (p < n). Our objective
in this paper is different : we are interested here in obtaining a prognostic on the survival time
adjusted on the covariates (see Gourlay [15] and Steyerberg [23]). As a consequence, we want to
estimate the complete conditional hazard rate function \y and thus, we will rather consider the total
log-likelihood.

An estimator typically used in a high-dimensional setting is the Lasso estimator. It has been
introduced by Tibshirani [24] and widely studied since then with consistence results (see Meinshausen
and Biithlmann [20]), variable selection (see Zhao and Yu [32], Zhang and Huang [29]) and estimation
results (see Bunea et al. [9, 10]). The Lasso has been mainly studied in a high-dimensional additive
regression model of the form

Y = f(2Z) + =, 2)

where f is the unknown regression function and w a noise term. In this model, in order to estimate f
with the Lasso estimator, a classical method consists in introducing a dictionary Fyy = {f1, ..., fur}
and assuming that f is well estimated by a linear combination of the form

M
fg = Zﬁjfj’ Wlth ,3 in RM
j=1
The parameter 8 has to be estimated with the Lasso procedure by minimizing an ¢;-penalized
criterion. In the case of the additive regression model (2), the Lasso estimator of f is obtained by
minimizing the ¢;-penalized least squares criterion

M
fa, =2 Prif; with B, = arﬁgﬂé}}}n{HY — [s(Z)I[5 + T1IBIL}
S

J=1

where T" is a tuning parameter and ||.||,, the usual empirical quadratic norm. In this paper, we are
interested in non-asymptotic oracle inequalities for the Lasso that allow to compare the performances
of an estimator f; obtained without a priori knowledge of the true function f, to those of the best
approximation fz of f in the dictionary for all n. Our aim is to state an oracle inequality of the form

1f3, = FIF < (1+) it {I1fa = FI + Temar}

with ¢ > 0. The quantity ¢, s is a variance term of order y/log M/n or log M/n depending on
whether the rate of convergence of the estimator to the true function is slow or fast respectively.
Several contributions deal with establishing non-asymptotic oracle inequalities for the Lasso in an
additive regression model (see Bunea et al. [9], Bickel et al. [6], Massart and Meynet [19] among
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others). In this setting and under "the restricted eigenvalues assumption", Bickel et al. [6] have
stated a fast non-asymptotic oracle inequality. They provide prediction results, i.e. on fBL — f, and

estimation inequalities, i.e. on B — Bo, in the linear case (f(Z) = Bt Z). Massart and Meynet [19]
have also obtained non-asymptotic oracle inequalities for the Lasso in an additive regression model
via the application of a single general theorem of model selection among a collection of nonlinear
models.

In the setting of survival analysis, the Lasso procedure has been first considered by Tibshirani
[25]. Nevertheless, few results exist on the Lasso estimator in the Cox’s model. Antoniadis et al.
[3] have established asymptotic estimation inequalities in the Cox’s proportional hazard model for
the Dantzig estimator, which is similar to the Lasso estimator (see Bickel et al. [6] for a comparison
between these two estimators). In Bradic et al. [7], asymptotic estimation inequalities on B . — Bo
for the Lasso estimator have been also obtained in the Cox’s model. However, in practice, one can
not consider that the asymptotic regime has been reached : in Dave et al. [13], for example, the
expression levels of 44 929 genes and survival information are measured for only 191 patients. Some
non-asymptotic results have also been established in survival analysis. Gaiffas and Guilloux [14] have
proved non-asymptotic oracle inequalities for an additive hazards model. Recently, Kong and Nan
[17] have established a non-asymptotic oracle inequality for the Lasso in the Cox’s model

M
Xo(t, Z) = ap(t)el®o®) with fs =" Bo;fi-
j=1

However, since Kong and Nan [17] have used the Cox’s partial log-likelihood to estimate Bg, the
obtained results are on 81 — B and on f3, — I's, and the problem of estimating the whole conditional
hazard rate function )\ is not considered, as needed for the prevision of the survival time.

There are two main motivations in the present paper. First we address the problem of estimating
Ao regardless of an underlying model : we opt for an agnostic approach, see Rigollet [21]. Secondly
we aim at obtaining non-asymptotic oracle inequalities. As we provide oracle inequalities for the
conditional hazard rate function, we reach the announced goal of obtaining a prognostic for the
survival adjusted on the covariates.

More precisely, we consider two finite families of functions Fy, = {fi, ..., fu} with f; : R — R,
j=1,..M and Gy = {0,...,0n5} with 0, : R, - R, k=1,..., N, called dictionaries. We aim at
estimating \g by the best approximating Cox’s model constructed with functions of the dictionaries :
Ao will be estimate by a function of the form

Non(ts Zi) = aq(t)el> @) for (B,v) € RY x RY (3)

with
N M
log iy = Z%ek and f5 = Zﬁjfj-
k=1 j=1
Our goal is not to estimate the parameters of an underlying 'true’ model but rather to construct an
estimator that mimics the performance of the best Cox’s model, whether this model is true or not.



We propose to estimate 8 and -« simultaneously with the Lasso method using the full log-likelihood,
with a weighted ¢;-penalization for each parameter.

Towards this end, we will proceed in two steps. First we start with assuming that Ay verifies
No(t, Z;) = ap(t)efo%) where o is a known baseline function. If we take fy(Z;) = BgZi, we obtain
the Cox’s model. In this particular case, the only nonparametric function to estimate is f, and we
estimate it by a linear combination of functions of the dictionary ;. In this setting, we obtain the
first non-asymptotic oracle inequalities for the Cox’s model when «y is supposed to be known.

In a second time, we consider the general problem of estimating the whole conditional hazard
rate function \g. We state non-asymptotic oracle inequalities in terms of both empirical Kullback
divergence and weighted empirical norm for our Lasso estimators. These results are obtained from
an empirical Bernstein inequality. The empirical processes to be controlled involve martingales with
jumps, whose predictable variation are not observable. We establish an empirical version of Bernstein
involving the optional variation, which is observable. This allows us to define a fully data-driven
weighted /;-penalization.

The paper is organized as follows. In Section 2, we describe the framework and the Lasso pro-
cedure for estimating the conditional hazard rate function. We also present in this section the
estimation risk we choose to work with and its associated loss function. In Section 3, the first oracle
inequalities are obtained in the particular Cox’s model with known baseline hazard function. In this
section, we give some prediction and estimation inequalities. In Section 4, non-asymptotic oracle
inequalities with different convergence rates are given for a general conditional hazard rate function.
Section 5 is devoted to the empirical Bernstein’s inequality associated to our processes. Proofs are
gathered in section 6.

2 Framework and estimation procedure

2.1 Framework

We present our procedure and establish the oracle inequalities in the general setting of counting
processes. Towards that end, for i = 1, ..., n, let IV; be a marked counting process and Y; a predictable
random process in [0, 1]. Let (£2, F,P) be a probability space and (F);>o be the filtration defined by

Fi=0{Ni(s),Yi(s),0<s <t Zyi=1,..,n}

Let A;(t) be the compensator of the process N;(t) with respect to (F)i>0, so that M;(t) = N;(t)—A;(t)
is a (F;)i>o-martingale.

Assumption 1. N; satisfies the Aalen multiplicative intensity model : for all t > 0,
t
Mi(t) = [ Nols, Zi)Yils)ds, (4)
0

where \g is an unknown nonnegative function called intensity and Z; = (Z; 1, ..., ZZ-m)T € RP is the
Fo-measurable random vector of covariates of individual i.
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This general setting, introduced by Aalen, see Aalen [1], embeds several particular examples as
censored data, marked Poisson processes and Markov processes (see Andersen et al. [2] for further
details).

Remark 1. In the specific case of right censoring, let (T;)i=1,., be i.i.d. survival times of n in-
dividuals and (C;)i=1,..n their i.i.d. censoring times. We observe {(X;, Z;, ;) }iz1,..n where X; =
min(T;, C;) is the event time, Z; = (Z;y,..., Zip)" is the vector of covariates and 0; = Lin<c,y is
the censoring indicator. The survival times T; are supposed to be conditionally independent of the
censoring times C; given the vector of covariates Z; = (Zi1,..., Zip)" € RP fori=1,...n. With
these notations, the Fy-adapted processes Yi(t) and N;(t) are respectively defined as the at-risk pro-
cess Yi(t) = Lix,>¢ and the counting process Ni(t) = 1yx,<i5,=1y which jumps when the ith individual
dies.

.....

The estimation procedure is based on the independent and identically distributed (i.i.d.) data
(Z;, Ni(t),Yi(t),i =1,...,n,0 <t <7), where [0, 7] is the time interval between the beginning and
the end of the study.

2.2 The estimation criterion and the loss function

Let Fay = {f1, ..., fu} where f; : RP = R for j =1,..., M, and Gy = {61, ...,0n} where 0, : R} - R
for k =1, ..., N, be two finite sets of functions, called dictionaries, where M and N are large (typically
M >>n and N >> n). The sets Fj; and Gy can be collections of basis functions such as wavelets,
splines, step functions, etc. They can also be collections of several estimators computed using different
tuning parameters. We assume that the unknown )y can be well approximated by a function defined
for all B in RM and ~ in RY by

Noor(t, Z) = o (£)eP %) (5)

where

log oy = Z’Ykek and fz = Zﬁjfy

7j=1
By Jacod Formula (see Andersen et al. [2]), the log-likelihood based on the data (Z;, N;(t), Y;(t),1 =
1,..,n,0 <t <7)is given by

Co(Ms.) = —%z:j{/ log(As., (t, Zi))dNi() / )\g,ytZ)Yi(t)dt}. (6)

We propose an estimation procedure based on the minimization of this empirical risk. To this
estimation criterion, we associate the empirical Kullback divergence defined for all B in R™ and ~
in RY by

R Ass) = 3 [ 0g Ol 20) ~ 108 (s (0, Z00)) Mt Zo)Yi(o)

_ %z | Qult, 20) = a8, Z0) Vit (7)



We refer to van de Geer [27] and Senoussi [22] for close definitions.

Remark 2. The loss function K, is similar to the classical Kullback-Leibler information for density.

Indeed, the term
log )\0 t, Z; ))
Z’i }/; )
Z/ <log )\,B'y t Z)) )\O(ta ) (t)dt

would correspond to the usual Kullback for density if \o(t, Z;) and \g(t, Z;) were densities. However,
since the hazard rate function is not a density, we have a residual term in our Kullback divergence
defined by the second term of K, .

Proposition 1. The empirical Kullback divergence Kn()\o,)\gﬂ) is monnegative and equals zero if
and only if Ag~ = Ao almost surely.

We also introduce :

e the weighted empirical norms defined for all function h on [0, 7] x R? by

13
il = J L [t zopando) )
i=1
where A; is defined in (4). Notice that, in this definition, the higher the intensity of the process
N; is, the higher the contribution of individual ¢ to the empirical norm is.
e the empirical sup-norm ||.||, « for any A function on [0, 7] x R?
hlloe = max|(r, 2]

te [0}}

We assume that dictionaries F; and Gy are chosen such that the two following assumptions are
fullfiled.

Assumption 2. For all j in {1,..., M},

[ fillnoo = max [f;(Z;)] < oo (9)

1<i<n

Assumption 3. For all k in {1,..., N},

[10k||o = max |0x(t)| < o0. (10)
tel0,7]

To connect the empirical Kullback divergence (7) and the weighted empirical norm (8), we intro-
duce the following assumption :

Assumption 4. There exists > 0 a numerical positive constant such that, for all 8 in RM and ~
in RN
[[1og Agy —10g Ao[|n.a < s (11)



This assumption is classic (see e.g. van de Geer [28] or Kong and Nan [17]). This assumption
means that the candidate functions are in a "neighborhood" of the true function.

Remark 3. An alternative of Assumption 4 would be
[[Tog As A llnco < 11, V(B,7v) € RM x RY

and
|| log Aol |00 < 00.

However, in this case, we could not consider conditional hazard rate functions that vanish at a point,
for example hazard rates from the Weibull family that vanish when t = 0.

Proposition 2. Under Assumption 4, there exist two positive numerical constants p' and p” such
that for all B € RM and v € RY

#I11og Agry —log Aoll7 x < (Ao, Ags) < 1] log As, = 1og Aol |7 1. (12)

This proposition will allow to deduce, from an oracle inequality in empirical Kullback divergence,
an inequality in weighted empirical norm.

2.3 The Lasso estimation procedure

We consider a weighted Lasso procedure for estimating 8 and ~. The Lasso estimators of 8 and -~
which minimize the ¢;-penalized empirical likelihood are defined by

(Br.4z) = argmin {C,(As,) + pen(B) + pen(v)}, (13)
(B,7)ERM xRN

with
M N
pen(B) = > w;|B;| and pen(y) = > dxlyxl-
k=1

=1
The weights w; and the §; are positive data-driven weights suitably chosen (see Equations (16) and
(17)) and are respectively of order

where Vn( f;) and fznvt(ek) are the "observable" empirical variance of f; and 6y, respectively, given by
~ 127 T
V) = -3 [ (5(20)2anis) (14
i=1

and

A

Ruft) = 13- [ 00Ls) FaN(s). (19
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The Lasso estimator of \g is then defined by
I3, (Z;
)\BLv;YL = Q5 (t)ﬁ’ ﬁL( )>

with

N M

10g g, = Z ﬁk,Lek and fBL = Zﬁj,ij'
k=1 j=1
Usually, the Lasso estimator for 8 is defined by

M
Br = argmin{C,(\s,) + T 315},

BeRM j=1

So the Lasso penalization for 8 corresponds to the simple choice w; = I' where I' > 0 is a smoothing
parameter. The idea of adding some weights in the penalization comes from the adaptive Lasso,
although it is not the same procedure. Indeed, in the adaptive Lasso (see Zou [33]) one chooses
w; = |B;|7* where j; is a preliminary estimator and a > 0 a constant. The idea behind this is to
correct the bias of the Lasso in terms of variables selection accuracy (see Zou [33] and Zhang [31] for
regression analysis and Zhang and Lu [30] for the Cox’s model). The weights w; can also be used
to scale each variable at the same level, which is suitable when some variables have a large variance
compared to the others.
The data-driven weights are defined for j =1,..., M and k =1,..., N by

z+14logM + 0, . (f;)

x4+ lo M—l—!@w ) A

w; :cl,a\/ & ’ (fJ>Vn(fj) +Co [1f5l .00 (16)

n n
and
+log N+ (61) +1+logN+7 (6

5k:c’1,aJy BN busl®) o 00) + o5 BN L Oy

n n
where

e r>0,y>0,¢>0and e >0 are fixed

o (,.(f;) and f;y(Qk) are small technical terms coming out of our analysis :

2enVi(f;) + 8e(4/3 + &)l f;112 o )
— Ve

i ) = ¢ylogl
lnz(f;) = cologlog ( A(eco — 2(4/3 + €))%

and

A 2enRR,, (01) + 8e(4/3 + ' )yl|0k] |2
g;,ywk):c;loglog(e” (0) +8e(4/3 + <y k||n,oov€>’

Aeco — 2(4/3 + ) )10k] I3 oo
where ¢, > 1, ¢, > 1, ¢g > 0 and ¢}, > 0 such that ecy > 2(4/3 + ¢)c, and ec, > 2(4/3 + €')c).

8



e ¢, =4V/1+cand e = 2\/2 max(co,2(1 +¢)(4/3+¢)) +2/3,

° c’LE, =4y/1+ ¢’ and 0/2,5/ = 2\/2 max(cp, 2(1 +¢)(4/3 4+ ¢€)) + 2/3.

We have introduced the main notations that we will use in the following to present and prove our
theorems.

3 Oracle inequalities for the Cox’s model when the baseline
hazard function is known

As a first step, we suppose that the conditional hazard rate function satisfies the following general-
ization of the Cox’s model

Xo(t, Z;) = ap(t)elol %), (18)

where «q is the known baseline hazard function and fy a regression function. In this context, only
fo has to be estimated and )\ is estimated by

. (Z;
Mg (t, Zi) = ao(t)elsn#)

and .
Br = arg min{C,(Ag) + pen(B)}.

BERM
In this section, we state non-asymptotic oracle inequalities for the prediction loss of the Lasso in
terms of the Kullback divergence. These inequalities allow us to compare the prediction error of
the estimator and the best approximation of the regression function by a linear combination of the
functions of the dictionary in a non-asymptotic way.

3.1 A slow oracle inequality

In theorem below, oracle inequality in the Cox’s model with slow rate of convergence is stated.
This inequality is obtain under a very light assumption that only concerns the construction of the
dictionary ;.

Theorem 1. Consider Model (18) with known ay. Let w; be defined by (16) and for all B € RM,
M
pen(B) = Y wjlBl.
j=1

Let A be some numerical positive constant and x > 0 be fized. Under Assumption 2, with a probability
larger than 1 — Ae™", then

En(ho, Ag,) < inf (Ky(Xo, As) +2pen(B)) - (19)

BGRM



Note that, this is a prediction result on the conditional hazard rate function. This non-asymptotic
inequality in prediction is a new result in the case of the Cox’s model. On the other hand, the w;
are the order of y/log M/n and the penalty term is of order ||3||14/log M /n. This variance order is
usually referred as a slow rate of convergence in high dimension (see Bickel et al. [6] for the regression
model, Bertin et al. [5] and Bunea et al. [11] for density estimation).

3.2 A fast oracle inequality

To obtain a fast oracle inequality, an additional assumption is required. We present here the result
obtained with the restricted eigenvalue condition, introduced in Bickel et al. [6]. First, let us
introduce further notations :

A = D(B1, — B) with D = (diag(w;))1<j<u,
X = (fj(Zi>>i,j7 with ¢ € {1, ,n} andj € {1, ...,M},

1
G, = —XTCX with C = (diag(Ai(7)))1<i<n.

"=
In G,,, the covariates of individual i is re-weighted by its cumulative risk A;(7), which is consistent
with the definition of the empirical norm in (8).
Let also J(B) and J() be the sparsity sets of vectors 8 € RM and v € RY respectively defined
by
JB)={j€e{l,...,M}:5;#0} and J(v) ={k € {1,..., N} : v # 0},

and the sparsity indexes are then given by

M N

[J(B)] =D 15,201 = Card{J(B)} and |J(7)| = Y Ly, 20p = Card{J(v)}.
j=1 k=1

For J C {1,..., M}, we also introduce the notation B ; to define the vector B restricted to the space

J:(By);=p;itje Jand (By); =0if j € J® where J*={1,.... M} \ J.

Assumption 5 (Restricted eigenvalue condition RE(s, ¢g)). For some integer s € {1,..., M} and a

constant ¢y > 0, we assume that G, satisfies :

b'G,b)"/?
0 < k(s,co) = min min M
JC{1,..,M}, beRM\{0}, [|bs]]2
[JI1<s  lbyelli<collbsllx

This assumption is a key hypothesis on the weighted Gram matrix G,,. The restricted eigenvalue
assumption has been introduced in Bickel et al. [6] for the additive regression model. It ensures
that the smallest eigenvalue restricted to the sparse set is strictly positive, namely G,, verifies a
kind of "restricted" positive definiteness, which is only required for the vectors b satisfying

b1 < collby]1- (20)
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It is one of the weakest assumption on the design matrix. See Biithlmann and van de Geer [8] and
Bickel et al. [6] for further details on assumptions required for oracle inequalities.

Theorem 2. Consider Model (18) with known oy and let w; be defined by (16). Let A > 0 be a
numerical positive constant, x > 0, ¢ > 0 and s € {1, ..., M} be fized and denote

4
ap =3+ c and kK = K(s, ap). (21)

Under Assumptions 2, 4 and Assumption RE(s, ag), with a probability larger than 1 — Ae™7", the
following inequality holds

|J(B)I<s

(g} (22

K?Z 1<<M

where C((, 1) > 0 is a constant depending on ¢ and 1.

This oracle inequality is the first non-asymptotic oracle inequality in prediction for the conditional
hazard rate function with a fast rate of convergence of order log M/n in the Cox’s model.

Thanks to the relation (12) between the empirical Kullback divergence (7) and the weighted
empirical norm (8), we can deduce the following corollary :

Corollary 1. Under the assumptions of Theorem 2, with a probability larger than 1 — Ae™™,

1/ (B)|

[log A5, —log Ao|[5 4 < (14¢) { | log Mg — log Aol[7 5 + C/(Ca,u/)T( max w-)2}, (23)

inf <] j
BERM 1<j<M
IJ(B)I<s

where C'(C, p') is a positive constant depending on ¢ and '

Note that for ag supposed to be known, this oracle inequality is also equivalent to

/(8]

K2 Ci<j<m Y

£, = Jollna < (140 giééfM {Hfﬁ_fOHiA-i-C/(C,u') ( max w»)2}. (24)

|J(B)|<s
We get a non-asymptotic oracle inequality in weighted empirical norm, which compare the prediction
error of the estimator and the best sparse approximation of the regression function by an oracle that

knows the truth, but is constrained by sparsity. This inequality is comparable to the one obtained
in Bickel et al. [6] in an additive regression model under a similar restricted eigenvalue assumption.

11



3.3 Particular case : variable selection in the Cox’s model

We now consider the case of variable selection in the Cox’s model (18) with fo(Z;) = Bg Z;. In this
case, the functions of the dictionary are such that fori =1,...nand j=1,...,p

i(Z;) = Z, ,
and then )
f8(Z;) => 8,2, = B* Z;.
i=1

Let X = (Z; j)1<i<n be the design matrix and

Ao = Br — Bo, Jo = J(Bo) and |Jo| = Card{Jo}.

Our goal here is to obtain non-asymptotic inequalities for prediction on X B¢ and for estimation
on Bo.

Theorem 3. Consider Model (1) with known og. Let w; be defined by (16) and denote

max w;
1<j<p

by = 4— —1 and k' = K(s,b).

min wj
1<j<p

Let A be some numerical positive constant and x > 0 be fized. Under Assumptions 2, 4 and RE(s, by),
with a probability larger than 1 — Ae™%, then

A 4 |Jol
| X (BL — Bo)llzx < W?(gj’éwﬁz (25)
and L+t
A =+ bo |Jo
I[BL — Bol|1 < % ?(gjggjwj). (26)

This theorem gives non-asymptotic upper bounds on the loss. The first inequality of this theorem
is an inequality for prediction with a rate of convergence in log M /n, while the second one is a result
in estimation on By — Bo.

4 Oracle inequalities for general conditional hazard rate

In this section, we consider a general conditional hazard rate function \y. Oracle inequalities are
established under different assumptions with slow and fast rates of convergence.

12



4.1 A slow oracle inequality

The slow oracle inequality for a general conditional hazard rate is obtained under light assumptions
that concern only the construction of the two dictionaries Fy; and Gy.

Theorem 4. Let B > 0 be a positive numerical constant and z > 0 be fired and Assumptions 2, 3
be satisfied. Then, with probability larger than 1 — Be™?

K,( Mo, Az, 5 ) < inf  {K,(Ao, \s) + 2pen(B) + 2pen(v)}. (27)

BLP/L - (,B,’Y)ERIWXRN

In this inequality, pen(5) is the order of ||8||11/log M /n and pen(-y) the order of ||7v||14/log N/n.

In Bertin et al. [5], for estimating a density function, different dictionaries of size of order n are
proposed. We expect that the choice of N of order n would be suited for estimating the baseline
hazard function. For such a choice, the leading term in Inequality (27) in high-dimension (M >> n)

is of order ||B||11/log M/n. In this case, we obtain a non-asymptotic oracle inequality with a slow
rate of convergence of the order of y/log M/n.

4.2 A fast oracle inequality
Let us give the additional notations. Set A be

A = D <§/L N 5) € RM+N with D = diag(wl, c Whr, 51, ceny 5N)
T —

Let 1yxn be the matrix N x N with all coefficients equal to one,

X(t) = {(fj(zi))l<i<n 1nwn(diag(Or(t)))1<hen

1<G<M

O (1)...0x (1)
_ X’ € Rx(M+N)

01(1)...0n (1)
and
Gu = [[ X () C(0)X ()t with & = (ding(Nolt, Z0)Yi(0) hicr.

Assumption 6 (Restricted eigenvalue condition RE(s, ¢o) for the matrix G,,). For some integer

s€{l,...M + N} and a constant ¢y > 0, we assume that G,, satisfies

bTG,b)/>
0 < &(s,c) = min min %
JC{1,...M+N}, beRM+N\ {0}, 11bs]]2
[7]<s [1bsell1<collbs|l1

13



The RE condition on the matrix G, is quite strong because the block matrix involves both
functions of the covariates of IFj; and functions of time which belong to Gp. This is the price to pay
for an oracle inequality on the full conditional hazard rate function. If we had instead considered
two restricted eigenvalue assumptions on each block, we would have established an oracle inequality
on the sum of the two unknown parameters ay and f; and not on Ag.

Theorem 5. Let w; and & be defined by (16) and (17) respectively. Let B > 0 be a numerical
positive constant, z >0, ( >0 and s € {1,..., M + N} be fized, and denote

ax {wj, 0}

ro = (3 + §max (\/|J(B)|, ¢|J(7)|>> lfﬁv{—w(s} and & = &(s,ry). (28)
1<<m ATk
1<k<N

z

Under Assumptions 2, 3, 4 and Assumption RE(s,rq), then with probability larger than 1 — Be™

Balods, o) S 040 it Rl dan) + CC )

BERM ~ecRN <
max(|J(B8)],|J(v))<s 1<k<N

max(|J(,?)2|,|J(')’)D max {w?, 67 }’

and
[[logho —log As, + |7

<+Q int o {llogd — logasl s + O ma {u?, 02},

max(|J(8)|,|J(v)])
BERM NcRN R? 1<j<M

max(|J(B)[,|J(V))<s 1<k<N

(30)
where C(C, 1) > 0 and C'(C, 1) > 0 are constants depending only on ¢ and 1.

We obtain a non-asymptotic fast oracle inequality in prediction. Indeed,

2 log M log N
(max{wj,ék}) zmax{og ’og },

1<j<M n n
1<k<N

namely, if we choose Gy of size n, the rate of convergence of this oracle inequality is then of order
log M /n. This inequality compares the unknown conditional hazard risk to the best Cox’s model
obtained by estimating the baseline hazard function and the vector of parameters by Lasso estimators.
Such inequality allows to predict the survival time throughout the conditional hazard rate in a high
dimensional setting. This is a new approach of the problem.

14



5 An empirical Bernstein’s inequality

In this section, we present two empirical Bernstein’s inequalities that are the key results in proving
our oracle inequalities.

Using the Doob-Meier decomposition N; = M; + A;, we can easily show that for all 8 € R™ and
for all v € RY

A

Cn()‘BL,ny - Cn(ABm/) = kn()‘Ov AEL,@L) - Rn@\o’ Aﬂ,w) + (ﬁL - 7)TVTL,T + (IBL - ﬂ)T"?n,n (31>

where
Nnr = %Z: /0 ’ F(Z,)dM;(t), with f= (f1,.... fu)T (32)
Vs = %i /0 " G()AM(t), with @ = (01, ..., 0x)". (33)

The main part of the proofs of the theorems relies on the control of the centered empirical
processes My and v, . We then introduce the jth coordinate (respectively the kth coordinate) of
the processes m,, - (respectively v, ) in ¢ :

Mnt(fj) = %i/ot fi(Zi)dM;(s
vni(60) = %Z; /0 0 (5)dMi(s).

We define the predictable variations of n,(f;) and v, () by

1TL

Vai(f5) =n <nu(fj) >= ;Z 2 Xo(t, Z;)Yi(s)ds,
Ros(0) = 1 < vn(0) >i= %2";/ Vho(t, Zi)Yi(s)ds.

and the optional variations of n,.(f;) and v, ,(6x) by
t

=23 [ zoyans),
=13 [ Bel)Pani(s

=1 0

nt(.fj) =n 77n f]

}A%nt(b)k) =N l/n Hk

:IH 3|>—‘

The optional variations can be seen as estimators of V,, ,(f;) and R, +(6x) respectively. The following
theorem is close to Theorem 3 in Gaiffas and Guilloux [14] proved for the Aalen additive model. See
also Hansen et al. [16].

15



Theorem 6. For any numerical constant ¢, > 1, ¢, > 1, >0, ¢ >0 and ¢y > 0, ¢ > 0 such that
eco > 2(4/3 +€)cp and ecy > 2(4/3 + €')¢), the following holds for any x >0, y >0 :

n,x\.Jj 1 En,x 7 —x
B[l 2 cnnf g, e, LBy T oo g

Y+ é/n,y(ek)
n

X 1+ (6
Ructt) + & T gy T < e o

P 1vnel00)] 2 J
where

2enVy,o(f;) + 8e(4/3 + €)z|| f;112 .
dleco —2(4/3+e)e)llfill2 e )7 T =L

2enﬁ’n,t(9k) + 8e(4/3 + &)yl 04| |gzoo v |
Aech — 2(4/3 + &) )10k| 12 o ’

@nx(fj) = ¢y loglog (

0, ,(6) = ¢;loglog (

and where
c1e=2V1+c¢, Coe = 2¢/2max(co, 2(1 + €)(4/3 + €)) + 2/3,
e, = 8+ 6(log(1+2)) "> k™,
k>1
4. =2/1+e, ¢y = 2¢/2max(co, 2(1 + €)(4/3 + €)) + 2/3,
cgacl =8+ 6(log(1l+¢)) Cle .
k>1

This empirical Berntein’s inequality hold true for martingales with jumps, when the predictable
variation is not observable.
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6 Proofs

6.1 Proof of Proposition 1

Following the proof of Theorem 1 in Senoussi [22], we rewrite the empirical Kullback divergence (7)
as

_ )‘5,’7<t7 ZZ)

— 1 T
Kn()\o, )\577) = —Z log )\O(t, Zz) — log )\577(15, Zz) — (1 ’
nizl 0 )\0<t7 Zz)

)|ott. oy
L [ g altZ)

= 0&Z) — log ——"—~ — 1| \g(t, Z;)Y;(t)dt.
n;/o [6 o8 No(t, Z;) olt, Z)i(?)

Since the map t — e —t — 1 is a positive function on R, we deduce that

elogM )\g’py(t, ZZ)

o s Gz Y
0\l, &g

except for A\g, = Ag. Thus Kn(fo, fs) is positive and vanishes only if (log A\g — log A\s)(t, Z;) = 0
almost surely, namely if A\g = g, almost surely. O

6.2 Proof of Proposition 2

To compare the empirical Kullback divergence (7) and the weighted empirical norm (8), we use
Lemma 1 in Bach [4].

Lemma 1. Let g be a convex three times differentiable function g : R — R such that for all t € R,
lg"(t)] < Sqg"(t), for some S > 0. Then, for allt >0 :

" "
95(20) (=5t + St—1) < g(t) — g(0) — ' (0)t < 95(20) (5" — St —1). (36)
This Lemma gives upper and lower Taylor expansions for some convex and three times differen-
tiable function. It has been introduced by Bach to extend tools from self-concordant functions (i.e.
which verify |¢”(t)] < 2¢”(t)*/?) and provide simple extensions of theoretical results for the square
loss to the logistic loss.
Let h be a function on [0, 7] x R? and define

G(h) = —% i /0 "og(h(s, Z:))dAi(s) + % 3 /0 " (s, Z:)Yi(s)ds.

i=1

Consider the function g : R — R defined by ¢(t) = G(h + tk), where h and k are two functions

17



defined on RP. By differentiating GG with respect to t we get :

! 1 - T 1 - T S i S i
g (t) — _EZ/O k(& Zi)dA,-(s) + Ez/o k(& Zi)eh( 1 Zs)+thk( ,Zz)yi(s)ds’
=1 =1

1
90 = =3 [ (kls, 20))2e ALY, (5)ds,

i=1

1 m
91 = 3 [ (k(s, Z)) BB (5)ds.

Il
—_

)

It follows that
19" ()] < [[Elln.00g” (2)-
Applying Lemma 1 with S = ||k||,.0o we obtain for all t > 0,
g"(0)
[1F[7 00

Take t = 1 and h(s, Z;) = log \o(s, Z;) and k(s, Z;) = log A\ (s, Z;) — log X\o(s, Z;), and introduce
the two following functions

g"(0)
[F[13 o0

(=Ml 1]k, — 1) < (1) = 9(0) — ¢'(0)t < (efFlhmoe — ][k 00 — 1).

—t _ t__
R T A S B Rl ey
12 t2
We obtain
G(log Ag) — G(log Ag) — ¢'(0) > ¢"(0)®([] log A,y — 10g Ao||n,00) (37)
and
G(log Ag ) — G(log o) — ¢'(0) < g"(0)W(|[log As, — 10g Ao |n,00)- (38)

Now straightforward calculations show that g’(0)=0 and

/0= 13 [ (08 s — log o) (s, Z) (o
= |[log Agy — log Aol |2 -
Replacing ¢'(0) and ¢”(0) by their expressions in (37) and (38) and noting that
G(log Ag,) — G(log M) = Ku(No, Agsy),
we get
Kn(Ao; Ag) = (1108 Agy =108 Aol ln,oo) [ 108 As., = 10g Mol |7 o

and
Kn(Xo, Agy) < U([]1og gy — 10g Ao |n,c0) ] 10g Mgy — log Ao |2 4

18



According to Assumption 4,
|[log Ag.y — log Ao|[n,cc < 4.

Since ® (respectively W) is decreasing (respectively increasing) and bounded below by 0, we can
deduce that

O(|[log Ag,y —10g Ao|ln,00) = (1)
and

U([[log Agy —10g Aolfn,c0) < W(p).
Take p/ := ®(pu) > 0 and p” := ¥(u) > 0 and conclude that

1 |log Mg, —log Mo 4 < (o, Asy) < 1[[10g Mgy —log Aol [7 -

6.3 Proof of Theorem 6

The proofs of (34) and (35) are quite similar, so we only present the one of (34). To prove (35), it
suffices to replace 1, .(f;) by the process v, () throughout the following. Let us denote by U, , and
H;(f;) the equations

Unilf;) = %z:/ot H,(f;)dMi(s) and Hy(f;) == ﬁj()”

Since H;(f;) is a bounded predictable process with respect to Fi, U,(f;) is a square integrable
martingale. Its predictable variation is given by

ﬁn,t(fj):n<U fj >t—_ / f] )
and the optional variation of U, (f;) is

Gua ) = nlUAE)) = 3 [ (5(Z0)Panits).

The proof relies on the three following steps :
Stepl : We prove first that

200n4(f5) 2 + < Uni(f5) < w] =
ovn 3”

P|Unalf) 2

Step 2 : Step 2 consists in replacing ¥,,,(f;) by the observable ¥,,,(f;) in Step 1. It follows that

BlUnih) 2 2/ 0nh) + (22 (2 +3) +3) 50 S dnally) <] <37 (39)
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Step 3 : Finally, Step 3 is devoting to remove the event {v < ¥, ,(f;) < w} from Inequality (39)
to finish the proof.
Step 1 : Let

Sualf) Z/ < >dA()and¢(a:):ex—x—1.

From van de Geer [27], we know that

Wani(f5) = expAUn(f5) — Sxe(f5)) (40)
is a supermartingale, so that, from Markov Inequality, for any A, x > 0, we obtain
g :
vt 2 24504 5] < o (a1)

We then introduce three properties :
1. ¢(xh) < h?¢(z) for any 0 < h < 1 and x > 0;

)\2

for any A € (0, 3);

3. Igéi{l/b (1 i)\b)\ + ;) = 2y/ax + bz, for any a, b,z > 0.

With a = 2 and b= — let A, be defined by
2n 3n

A, = argmin ( a + x)
= arg mi =
,\e%o 1) \1—bA A

These three properties entail the following embeddings

(U 2 2254 00st) < 0} = {0 2 g2 i) <
{0t = XL 1) 4 5 Dt <
- {Umt(fj) > S*ijfj) + ;—w,ﬁn,t(fj) < w}. (42)

This leads to the standard Bernstein’s inequality (see Uspensky [26] or Massart [18] for the classical
Bernstein’s inequality and van de Geer [27] for the Bernstein’s inequality for martingales)

2wx T Y
Un,t(fj) > o + B—H,ﬂn,t(fj) <w| <e .

20



By choosing w = ¢o(z + 1)/n for some constant ¢y > 0, we obtain

P[Un,t<fj>z(¢E+ Herl n,t<fj>sM]Se—$. (13)

n

This inequality says that when the variance term ¥,.(f;) is small, the sub-exponential term is
dominating in Bernstein’s inequality. For any 0 < v < w < +00, we have

QWﬁn,t(fj)x

un

{ Unal) 2 |2+ 3—n} N {v < dailfy) < w).

{U.5) 2 o O < () <}

It follows

200, (f))r = Yy
#—i—%,v<ﬁm(fj)§w] <e® (44)

P|Unilf) 2

which ends up the proof of Step 1. X
Step 2 : We aim at replacing ,,(f;) which is non observable by the observable 4, :(f;) in
Equation (44). Let us denote by U, .(f;) the quantity

Onalfs) = Dnal ) = Dnelf) = 7 i [ (anis) - anis))
Z ) () Pa).

The process U, (f;) is a martingale and hence, again from van de Geer [27], exp(AU,.(f;) — Sxs(f;))

is a supermartingale with
S0l =3 [ o(SH2)ante)

Now, writing again (42) for U, ,(f;) and using the same argument as in Step 1, we obtain

B{16005) — 0na)l = P ) 4 2] < e (45)
and
B[10,0087) — D)1 2 (22000 T ) < o] <20 (46)
If ,.,,(f;) satisfies
o)~ sl ) <[220 IDT 2 (47)
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then, it satisfies

2wy, . (f;)z n x

Unt(f) < ﬁnt(fﬂ) + un 3n’

Thanks to the fact that A < b+ vaA entails A < a+ 2b for any a, A,b > 0, taking A = 9,,,(f;),

2 A
a=""and b= Unt(f;) + i, we obtain
un 3n

1%Aﬁ)§2&MQQ+2Cﬁ+%>£. (48)

v n

If 9,,.(f;) satisfies Inequality (47), we also have

20054 (fj)x LT

wn 3n’

ﬁn,t(fj) < ﬁn,j +

Applying Inequality (48) in the previous inequality, we get

2wx

Dal(f3) < Vnalf) + J o (et 25 5)0) 5

4dwx A dwr fw  1I\=z T
< , it , ahatad Ehad T Bl T
_mxm+¢mamm+¢ ( +Q +5

vn \v n
A 4
once again using that A < b+ VaA entails A < a + 2b with A = 9,,(f;), a = 2T and
un
oz /w 1\ =z x )
b= ﬁn7t(f])\/ﬁ<; + g)g + %, we obtain
A 1 wi/w 1 20\ x
sty <0y 2L w22 (2 1) 1 2)2 4
,t(fy) = ,t(fy)"‘ 3"‘ v v "‘3 + v /n ( 9)
We now deduce from Inequality (48) that
2w, (fi)r } { N 2w, (f))r }
APy i CIACK Vil < el
{Unatty) < =200 4 A 0 L) = dna(f)] < | =204 2
wx ~ w/w 1 N\ zx
N < 9,/22 : Z(Z 42 i B O
. {Un’t(f]) =2 vnﬁ"’t(f]) + (2 v <v + 3) * 3)71} (50)

Using (44) and (46), we finally obtain

BlUnih) 2 2/ 0+ (22 (2 +3) +53) 50 <ol o] <3 (1)
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Step 3 : It remains to remove the event {v < 9, ,(f;) <w} in (51). For k > 0, set

1
T e,

Vi = Co

and use the following decomposition into disjoint sets :

{ﬁn,t(fj) > cox/n} = U {Uk < ﬁn,t(fj) < Uk+1}- (52)

k>0

Instead of considering the event {v < ¥,,,(f;) < w}, we calculate the probabilities on {0, .(f;) > vo}
and on its complementary to finally get the expected probability. According to (51)

T A x
P[Un,t(fj) > Cle Eﬁn,t(fj) + 02,557 v < Uni(f) < vpgr| < 3e77, (53)

with

cre=2vI+ceand c. =2\/(1+2)(4/3+¢) +1/3.

Set for some constant ¢, > 1,

¢ = ¢yloglog <M \/e>.

Vo
On the event

2(14+e)0n(fi)(x +0) N T+ £}
n 3n

Dy = {|1§n,t(fj) - ﬁn,t(fj” < \/
applying (48) with Y —14eand replacing x by x + ¢, we have
v

Ini(f5) < 20n0(f;) +2(4/3 + 5)% + w log log (M y 6).

Vo
We now use the fact that loglog(z) < x/e — 1 for any x > e, and since ecy > 2(4/3 + ¢)c, we get

€Co

Inelfs) < 2(4/3 +¢)ce

(zﬁn,t(fj) +2(4/3 4 ¢) )

T
n

Combining the last inequality with (50), we obtain the following embeddings :

} N Dn,é,s

Ot (f3) (x4 1) 47
\/ n i n }’

n 3n

(i) <[ LT DB D 2

{vnur) < (55)
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where

{=c log log <

From (52), we have

A~ A,

Un(fj)(x +0) x+/

P|:Un,t(fj) Z Cl,e\/ + Coe

n

k>0

Then, we write

x+ /0
" » Uk < ﬂn,t(fj) < Ugg1

S Z P|:Un,t(fj) Z Cl,e\/ﬁn7t(szl(x il E) + Coe

14
Uk < Una(fj) < vk

2eny ,(f;) + 2e(4/3 + )z
eco —2(4/3 +¢)ey \/6)'

el > 0

A

A~

2T :U",t(fj) > 01,5\/19”’t(fj7)1(x + )

k>0

A,

ua(fi) (@ + 1)

x +
+ Coe
n

14
Dy pes i < Uni(f5) < Uka

A

k>0

N

[ x +
:ZP Un,t(fj) > Cl,a\/ n +02,e

A

+2Pbm%ny%¢mAMW+@+@ﬁ

k>0 n

C
where Dm e

[ O (f3) (@ + 1)
ZP_Un,t(fj) > Cl,s\/ n

k>0

x4/
7D7c7,,f757 Vg < ﬁn,t(f]) S Vk+1

x4+l
+ 02,577 v < Unt(f) < Uga

21+ al F) @+ 0)

Y

is the complementary of D, ;.. Applying (55), we get

A

x4+l
Uk < ﬁn,t(fj) < Ugg1

<SR[ 2 ;

k>0

+ Z P chz,f,ea vV < ﬁn,t(fj) < Vk+1

k>0

Gathering (44) and (46), we finally obtain

]P)[Un,t(.fj) > Cl,e\/ n

3(6—x + Z 6—(:2—1—0( loglog(vj/vo))>

J1

IA

3(1+ (log(1 + )™ Y j )¢,

j>1

24
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3n

x—l—@

C2,aT> Uni(f5) > vo

(56)



According to (43), we get

= ' - ,
P[Un,t(fj) = Cl,e\/ﬁn’t(fjil(z ) + Cs,ez +n i q (4 + 3(log(1 +¢))~ Z]‘Cl>e ,

7>1

where ¢35, = \/2 max(co,2(1 +¢)(4/3 +¢)) + 1/3.
Now it suffices to multiply both sides of the inequality

x+£ x+1+é
Gpi(fj) + c30———

by [ filln,co = _nax |f]( ;)| to end up the proof of Theorem 6.

.....

Uni(fj) > c1e

6.4 Proof of Theorem 1
By definition of B 1, for all § in R™, we have

Cu(Ag,) + pen(Br) < C(As) + pen(B) VB e RM.
Applying (31) when «p is known, we obtain

A

Ka(Mo,Ag,) < Ka(Xo, Ag) + (Br — B) 1, + pen(B) — pen(By).

It remains to control the term (B L —B) ' Nnr. Set

A= D {imartir <2},

where the weights w; are given by (16). On A, we have

M

M
|(BL—,3)T77n,T|§Z—| AL — B Z BL_

j=1

M
Since pen(8) = ij|ﬁj|, for any B in RM we get
j=1

Ka(ho,Az,) < Jnf, (Kn(Xo, Ag) +2pen(B)) .

It remains to bound up P(A) by applying Theorem 6
c - wij
P(A) < 3 P(Im(f)| > )

J=1

S 03,5,056_m
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Consequently, by taking A = ¢ .,, we conclude
P(A) >1— Ae™®,
which ends up the proof of Theorem 1. O

6.5 Proof of Theorem 2
We start from Inequality (57) and the fact that on A4

R M
|(BL — Z ?] (B —
It follows that
— M W ~ — M N N
Koo, Ag, )+ 3]\(/32 = B)il < Kn(Xo, Ag) + D w;(1(BL = B)i1 + 18] = 1(BL);)-
j=1 j=1

On J(B)°, |(BL — B);| + 18] — |(BL)]\ =0, so on A we obtain

—_— M . A — A
Rl Ag,) + 3 L1(Be = 8] < Faldos ) +2 3 wyl(Br - )1 (59)
j=1 J€J(B)

We apply Cauchy-Schwarz Inequality to the second right hand side of this inequality to get

Ralho:Ag,) + 30 218 = )il < KD, As) +2/1( > wilf—p (6
=1

JjeJ(B

With the notations A = D(8;, — 8) and D = (diag(w;))1<j<m introduced in Subsection 3.2 , we
can rewrite Inequality (59) as

N 1 N
Ki(Aoy Az, ) + §||A||1 < Kn(Aos Ag) +2[[As (61)
and Inequality (60) as
KXo, A3,) < KXo, Ag) + 2/ 1T(B)|l|A 55 ]2- (62)
We then consider two cases -
2[|A sl < (Kn(Ao, Ag) (63)
and N
CKn(Xo, Ag) < 2[|Ag - (64)
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In Case (63), the result of the theorem follows immediately from (61). So we focus on Case (64). We

introduce the event -
Ai = {CKu(Ao, Ag) < 2[[As)l]1}-

On AN A;, applying (61) we get that

1
WNh§4(1+Z>HAAmW7

so by splitting A = A jg) + A jg)e, we finally obtain

4
1As@)ellh < (3+ Z) A
For A'= DA = BL — B, we have

max w;
a0l < (3 4\ 1<i<m A/
J(B)elll = + = : ,|| J(ﬁ)”l'

Thus, under Assumption RE(s, ag), with

4 1r<n%}1{\/.rwj
ap = (3 + —> =I= and k = K(s,ap),

we infer that

with

ATGLA! = Dy, I)(Z)A ()

T 2
/ (log(ao(t)eff’L(Z" ) — log(ao(t)efé(zi))) (1)
= log A, — log Asllna

Using the fact that
1As@lle < max w;l| A2,

Inequality (62) becomes
Kp (Mo, Ag,) < Ka(Xo, Ag) +2 |J(ﬂ)|(lma>§wwj)ﬁ_1|| log Ag, —10g Ag||n,

< K (Ao, Ag) + 24/|J max w] ||log)\ —log Aol |na + [[1og Ao — log Agl|n.a)-
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Now we apply Proposition 2 which compares the empirical Kullback divergence and the weighted
empirical norm. It follows that

R0 g,) < R hs) + 2B sy (5o O rs,) + Va0 ).

2 ol
We now use the elementary inequality 2uv < bu? + % with b > 1, u = /|J(B)|( max w;)—= and v

1<SjsM /il

being either \/ffn()\o, Ag,) or \/ffn()\o, Ag). Consequently

~ ~ K2 1~ 1~
Hence,
1\ = 1\ = G K2
(1= 5) Ko x) < (14 5) Kalho.2o) + 2607 (8) (g ) -
and - 2 )
- + 1~ ok~
R Ag,) < g Kb 2a) + 257 1B o)
2 ) , b? ) ,
We take b = 1 + Z and we introduce C((, ) = QM a constant depending on ¢ and p'. It

follows that for any 8 € RM :

R Ag,) < (1+ O{ RalDo, As) + CLC, )T (B)] e )72 .

1<j<M

Finally, taking the infimum over all 8 € RM such that |J(8)| < s, we obtain

R Ag,) < (1+Q) inf {Fao,As) + CLCH)IT(B)I( i o272 .

BERM 1<<M
|7 (B)I<s
O
6.6 Proof of Corollary 1
To prove the corollary, it suffices to use Proposition 2 and to rewrite the previous proof with
po HA+Q)+p"
P+ —p"
O
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6.7 Proof of Theorem 3

We start to prove Inequality (25) of Theorem 3. In (60), we take 8 = B,,. Consequently K, (Ao, \g) =
0 and by applying Proposition 2 with A(t, Z;) = ao(t)e?o % and Mg, (8, Zi) = ap(t)ePLZ | we obtain
that, on A

1W||BYZ; — BLZi||? A+Z“f|m—ﬁo|j <2Y wil|Br - Boly- (65)

J€Jo

From this inequality, we deduce two other inequalities. The first one is obtained by noting that
1BLZi — BG Zill a = [| X Aol|}: 4, with X = (Zij)1<i<n and Ag = B — Bo,

1<j<p

WX Dollnn <27 wjlBe = Bol; < 2y/1o | maxw;l| Ao l2; (66)

j€Jo

where Jy = J(Bo). From (65), we also have

p
> wilBr = Boly <4 wylBr — Boly,
j=1

j€Jdo

and we obtain

1@13 wj||Aol|1 < 4maxw]HA0J0||1

We then split |[Aol1 = [|Aoull1 +[|Aosgll1 to get

max w;
18011 < (4522 = 1) A0y, 1 (67
min w;
1<5<p
max w;
Set by := 4—2="— — 1, and apply Assumption RE(s, ay) to write
rn;n_ag
1<j<p
2
1 X Aolf7 4 = 7] Ao, (68)
where K’ = K/(s,by). According to (66), we conclude that
: 2 11X Aollna
WX Bol2 0 < 24/ ol 2 20l
which entails that
AfJo] 2
1X(Br = Bo)llia < (maxw;)

,u’2f<,’2 1<j<p

Let us come to the proof of Inequality (26) in Theorem 3. Combine Inequality (66) and Assump-
tion RE(s, by) to write

2
1K Aol < 24/|J0] maX%HAOJon,
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and hence

2
[[Aglla < max wj. (69)

According to (67) and thanks to Cauchy-Schwarz Inequality, we have

[[Aol[1 = [[Aosll + [[Aoellt < (14 b0)|[Aoyll1 < (14 bo)y/|Joll|Aosll2;

where
max w '
1<5<p

-1

by = 4—
Il’llIle
1<5<p

A VAP,
H 0H1 < |0|maxw]',

(L+bo)/I o] — ww™ 15=p

From (69), we get

and finally I
; J,
18] < 8= | 0,|2 max w;
min w; p/K'“1<i<p
1<j<p

6.8 Proof of Theorem 4
The proof is very similar to the one of Theorem 1. We start from (31), (32) and (33), and write
Ka(M, Az, 5,) < Kn(ho, Asy) + (A2 — %) s + pen(y) — pen(9r)
+ (Br = B) 1.+ + pen(B) — pen(Br). (70)
We apply Theorem 6 to events A and B defined by
M N
Wy 5k
A= i) = 2} and B= (Y {wr 001 < 5},
! 2 _ 2
to control the terms (81 — 8) M. and (7 — ) Vp,r. We have respectively from (34) and (35) that
P(A) < c3ece™" and P(B) < ¢ e

Hence
P((ANB)°) =P(A°UB°) <P(A°) + P(B°) < csee”” + 307" < Be™,

with B = c3c, + ¢, and z = min{z,y} > 0 fixed. On AN B arguing as in the proof of Theorem
1, with probability larger than 1 — Be™*, we have

kn()\(b )\BLfAYL> S kn<)\07 )\B,’Y) + 2 pen(ﬂ) + 2 pen(V)
Theorem 4 is thus proved. O
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6.9 Proof of Theorem 5
We start from Inequality (70). On AN B

(B = 87 < 3 105 = 3] e 33 =) "wr] < 35151 =
and therefore
K, (>\07>\5L% +Z 5L— \+Z (G —~
SKn()\Oa)\B,’y )+ 2 Z w;|(Br — B);] +2 > 6kl — )kl (71)

JEJ(B) keJ ()

We then apply Cauchy-Schwarz inequality to the second right-term of this inequality and obtain
S
Ko(d0, A, 5,) +Z (B — 8 )j|+25|(%—7)k

JGJ(B keJ ()

If we set A =D (@L B 5) and D = (diag(ws, ..., war, 01, ..., ), Inequality (71) is rewritten as :

YL —
— 1 - — -
Kn(Ro, Mgy s) + SIANL < KaRo, As) + 2[1Aug).00 1, (73)
where A ;) 7(y) = <(@ = Blas ) In the same way, Inequality (72) becomes :
(A = Y) s
R0 Ag, 2,) < oo Aa) + e (ITB) AT 18 508,060 (74
We then consider two cases ~ -
2[|A )7l < (KXo, Agy) (75)
and - _
(KXo, Asy) < 20[Ag)00m)]1- (76)

In Case (75), Inequality (29) in Theorem 5 follows immediately from (73). In Case (76), let us denote
by A; the event
Ar = {CKa(M0, Ap) < 2[[A )01}

On ANBnN.A;, we deduce from (73) that

180 <4 (14 2w (VITB AT ) 1B
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By splitting A = AJ(B)J(.,) + AJ(B)C,J(V)C, we infer that

- 8 -
181000+l < (3 + g max (V18] \/|J(7)|)> 185815001

fA' =D A= <’?L_’8>,then
YL —

(3 + ?max (\/U ), \/U )) lgjgr]\i’llngNiwj: i

1<j<M1<k<N

=>J >V LS >

A 38y 107 A 8),500) 1.

Now, we apply RE(s, rg), with

To= <3 * % e (\/|J(’B)|’ \/|J(7>|>> 1<]<IA141711I1<I€<N§:‘: i

=J >V, A s >

to get that
R2||A so)0m3 < ATGLA!

with
ATG,A" = ||log\;, 5, —log Ag, 5 o

and & = R(s,ry). Since

A J(8),0)|2 < nax {Wg>5k}||A J8),J(v |25

1<k<N

Equation (74) becomes

Roaho: X5, 5,) < Kalho Aas) + Amax (VITB)AITO)) 1858100l

< Kn()\(]u )‘B) + 4 max (\/|J(/8)|7 \/"](7)‘) 1%%}1%4{%" 6/6}"‘" H IOg ABL AL lOg )‘B,'yHn,A-

1<k<N

Since [[logA; » —log Ag|lna < [|logAs - —log Xo||na + || log Ao — log Ag~|]n,a, We obtain that

BL,AL BL,AL

f[?"()\o’ )\BLWL)
< Kn(>‘07 >‘577>

+amax (VI ITON) v {687 (1108 A, 5, — 108 Nollna + 11108 o = 108 Ags )

1<k<N
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We now apply Proposition 2 and write

f[?"()\o’ )\BLWL)

<R )+ e (TTB. T i, G 8 (R0 )+ VR ran) )

1<k<N

2
. . 2 VP B ' .
Using again 2uv < bu”+ 2 with b > 1, u = 2max (\/|J(,B)|, \/|J('7)|) 122;}}(‘4{%, and v being

1<k<N
cither /K, (Ao, Ajp4) OF VEn(Xo, Ag), we obtain

~—1
R

PR A

K} i

-2

. — ’R
R0 Mg ) € oo R ) + Somass((7(8) 1700) ) (s .03 )
1<k<N
1~ 1~
+ gKn()\o, Agpan) T gKn()\o, Agy)-
Hence,
1\ — 1\ — 2,’%—2
(1= 3) Ko di) < (14 ) Falho s + 8max((B)], 170 (e . 03)" =
1<k<N
and
~ b+1—~ b2 2R3
Kn(Ro, Ag,5,) < 37 Bn(Ro, Agy) + 83— max(|J(B)], |J(’Y)|)(1§;3§J{Wj, 5k}> o (77)
1<k<N
2 , ~ b’ .
We take b =1 + Z and we introduce C((, ') = SW a constant depending on ¢ and /. For
/(b —

all (B,7) in RM x RY, we obtain

Rl 43, 5,) < (14 OfFalh0, ) + CC iy max( (B, 1)) (max (6 ) 72

Finally, taking the infimum over all (3,v) € RM x RY such that max(]J(8)|,|J(7)|) < s, we obtain
Inequality (29)

Rl Ngya) < (140)int R0, X 4O ) max(I (B, 176D, fey,063) 572

BERM ~ecRN
max(|J(B)[,|J (7)) <s 1<kLN

(I+Qu + " .

To prove Inequality (30), it suffices to apply Proposition 2 and to take b = in
L+ —p"

(77).
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