N
N

N

HAL

open science

Overalgebras and separation of generic coadjoint orbits
of SL(n,)

Amel Zergane

» To cite this version:

Amel Zergane. Overalgebras and separation of generic coadjoint orbits of SL(n,). 2012.

00710555

HAL Id: hal-00710555
https://hal.science/hal-00710555

Preprint submitted on 21 Jun 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-00710555
https://hal.archives-ouvertes.fr

OVERALGEBRAS AND SEPARATION OF GENERIC COADJOINT
ORBITS OF SL(n,R)

AMEL ZERGANE *

ABSTRACT. For the semi simple and deployed Lie algebra g = sl(n,R), we give
an explicit construction of an overalgebra g* = g x V of g, where V is a finite
dimensional vector space. In such a setup, we prove the existence of a map ® from
the dual g* of g into the dual (g7)* of g™ such that the coadjoint orbits of ®(¢), for
generic ¢ in g*, have a distinct closed convex hulls. Therefore, these closed convex
hulls separate ’almost’ the generic coadjoint orbits of G.

1. INTRODUCTION

In this paper, we prove that, for n > 2, the Lie algebra g = sl(n,R) admits an
overalgebra almost separating of dgree n, but g does not admit an overalgebra of
degree 2. More precisely:

There exist a Lie overalgebra g* = sl(n,R) x V and an application ® of degree n,
® : g* — g™* such that:

1. po ® = idy, where p is the canonical projection p : g** — g,

2. ®(Coad(SL(n,R))&) = Coad(GT)P(E),

3. if £ is generic, then Conv (®(Coad(SL(n,R)¢))) = Conv (®(Coad(SL(n,R))¢'))
if and only if Coad(SL(n,R))¢" belongs to a finite set of coadjoint orbits of
sl(n,R) (here: a singleton if n is odd, a singleton or a set of two elements if
n is even).

We identify (g*)* the dual of g™ with the space g* ® V*. The condition 1. means
O(&) = €+ ¢(€), where ¢ is a polynomial of degree n from g* to V*. We say that
(g%, ¢) is an overalgebra almost separating of g (of degree n).

But there is no separating overalgebra of degree 2, (g3, ¢), i.e there is neither a Lie
overalgebra g5 = sl(n,R) x V5 nor ¢ : g* — V' of degree 2 such that :

1. po® = idgy, if p is the canonical projection p : g3* — g%,

2. ®(Coad(SL(n,R))&) = Coad(GT)P(E),

3. if ¢ is generic then, Conv (®(Coad(SL(n,R)¢))) = Conv (®(Coad(SL(n,R))¢E'))
if and only if Coad(SL(n,R))¢" belongs to a finite family of coadjoint orbits.
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2 A. ZERGANE

Finally, we show that sl(4,R) does not admit an overalgebra almost separating of
degree 3.

2. DESCRIPTION OF ORBITS OF sl(n,R)

2.1. Invariant functions of sl(n,R).

Since the Lie algebra sl(n,R) is simple, we can identify the adjoint action and
coadjoint action of the Lie group G = SL(n,R). More precisely, we consider the non
degenerate bilinear invariant form on sl(n, R) defined by:

(X,Y) = Tr(XY).

Denote £ an element of the dual of sl(n,R) and X an element of sl(n, R).
The functions defined on the dual g* = sl(n,R) of the Lie algebra g by:

T(§) =Tr(¢"), 2<k<n
are invariant: Ty (g€g™") = T}(€) for all € and all g.

The ring of the polynomial invariant functions on C is C[T, ..., T,] (cf. [W]).

2.2. Description of 2 = {¢ € sl(n,R), #Sp(§) = n}.

This is classic. We recall this only for completeness.
Denote €2 the set of matrices £ of sl(n, R) which are diagonalizable on C and have
n distinct eigenvalues. The spectrum of this matrix & is

Sp(&) ={c1,...,¢r,a1 £iby, ... a5 £ibs, with ¢, a;, bj € R, b; >0, r+2s =n}.
Denote by (a,b) < (a’,V') the lexicographic order :
a<ad
(a,b) < (d',b) < (¢ or
a=a and b<¥.
We note also (the same if the eigenvalues are not stored in lexicographic order ) :

C1

a; b

D(ey, ... e ar +iby, ..o as +ibs) = b ay

We fix r and s such that r +2s =n. If r > 0, we put :

Zr,s = {D(cj,ak+ibk), L < Cyp < - < Cp, bk > O, (al,bl) < (a2,b2) < - - < (as,bs)}
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If » =0, we note :
Ear,s = {D<a’k +Zbk)7 bk > 07 <a17b1) < <a27b2) <0< (a37bs>}

and
Yo.s =D (ar +1iby), bp >0, (a1,b1) < (az,b) <--- < (as,bs)},
where
a; —b
by w
az by
D~ (ay +iby, ..., a;+ib,) = —by as
as by
—bs as

Finally, we put
+ — . .
U Yrs U (Eo,g U 207%) if n is even
r>0, r+2s=n

U Xrs if n is odd.

r>0, r+2s=n

Y=

The set €2 is invariant since the spectrum Sp(&) of £ coincides with the spectrum of
g&g~" = Ad(g)(¢) (g € SL(n,R)), or if we prefer, if C; is the characteristic polynomial
of the matrix £, then the adjoint orbit G - & of & is included in {{, such that C¢ =

Cﬁo}'
2.3. Adjoint orbits in (2.

Lemma 2.1.
For all matriz & in Q, the adjoint orbit G - & of the matrix £ contains a point of 3.

Proof.

Let £ be a matrix in €, ¢ is diagonalizable on C, with eigenvalues all distinct. If
Sp(€) = {c¢;, ar £ iby}, where the eigenvalues are ordered as above, ¢; < --- < ¢, and
(a1,b1) < -+ < (as,bs), by > 0,...,bs > 0, then there exist vectors E; € C" and
Fi, € C" such that £E; = ¢;E; and £F), = (ay, + iby) Fy.

Since ¢ is real, we can choose E; real (in R") and if we put Fj, = E, 051 +1E, o5
(E,4: are real), then we obtain a basis of R". If P is the basis change matrix , then
the matrix of ¢ is written in the new basis as follows :

& =PeP  =D(cy, ... cyay +iby, ... ag +iby).

1
a. If det P > 0, then there exists ¢ = ———=P, such that ¢ = ¢&¢~ ! and
Vdet P

g € SL(n,R). The adjoint orbit G - £ of the matrix £ contains a point of X.

b. If det P < 0 and r > 0, then we replace E; by F; = —F;. The matrix P
becomes P’ = D(—1,1,...,1)P, P¢P™' = P'¢P""! and det(P') > 0. As
above, the adjoint orbit G - ¢ of the matrix £ contains a point of X.
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c. If det P < 0 and r = 0, then we replace £y by E] = E, and Fy by Fj =
E). The matrix P becomes P’ = D(—1,1,...,1)P, PEP™' = P'¢P'~! and
det(P’) > 0. The adjoint orbit G - £ of the matrix £ contains the point
¢ =P¢P ™ =D (ay +iby, ..., a, +ibs) of X.

U

Lemma 2.2.
Y is a section for the action of SL(n,R) in €, i.e each orbit of Q) contains only a
single point of 2.

Proof.
Let & be an element in X and G - &, its orbit. If £ € G - § N X, then, since the
spectrum of £ is the same as £, and the order of eigenvalues is fixed, we obtain:
If r > 0 then £ = &. If r = 0, we have either £ = &, or
G-&NY ={& &} = {D¥(ar +ibg), D™ (ax + ibx) = gD ™ (ag +ibr)g ™'}

with det(g) = 1.

In the latter case, the sub eigenspaces Vece(Faop_1 + i FEo) and Vece(Eog_1 — iEay,)
are one dimensional. Thus, there exist a nonzero complex numbers 2y, ..., z; such
that :

g(Er +iEs) = 21 (B — iE,), and  g(Eop—1 +iFa%) = 2i(Fogp—1 + ilay), k> 1.
The matrix of ¢ is written in the basis of eigenvectors of the first matrix as follows :
0 =z
21 0

22

QuQ " = 2z

Zs

Zs

The determinant of the matrix QgQ ™" is negative or zero, which is impossible. There-
fore, £ = & and X is a section for the action of SL(n,R) on 2. O

Lemma 2.3.
Denote Q, s =G - X, 5. Let § € Q5.
L. Ifr > 0, {&, such that Ce = Cg,} is exactly the adjoint orbit G - & of .

2. Ifr =0, {&, such that C¢ = Cg, } is the union of two adjoint orbits G-§UG &y .

Now, show that €2 is dense. Let £ be an arbitrary matrix of sl(n,R). On C, we can
transform this matrix in Jordan form:

1. for each Jordan block J;(c) associated to the real eigenvalue c of €, there exist
vectors B}, ..., B! in C" such that £E} = cEj and, if t > 1, {E} = cE,+ E/ .
We can choose Ejt real.
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2. for each Jordan block Ji(a + ib) associated to the non real eigenvalue a + b,
with b > 0, we can choose vectors F}., ..., F} in C" such that ¢ F} = (a+ib) F};
and, if t > 1, EF) = (a+1ib)F} + F,z_l. The union of these families of vectors,
for all Jordan blocks associated to a + b, form a basis of the characteristic
subspace V' (a + ib) of £ associated to a + ib. The combined vectors F} form
a basis of the characteristic subspace V' (a — ib). In this basis, the matrix of
&|v(a—in) is also in Jordan form. As above, put Fy = Ej + iE}’, where Ej and
E}! are real vectors.

We arrange the eigenvalues of £ as above, then we obtain a real basis of R". On this
basis, £ is written as follows :

1 U

¢ =pept = —b; 0 vy

o ar b as b
= DZCLg(Ch---;Cra <_b1 al) ey <_bs ag))‘i‘

+ Overdiag(uy, . .., ur_1, (%1 1?1> ey (1)501 vo 1))

=D+ N.

Where P is a real matrix, Diag means that we place the cited sub matrices on
the diagonal, Overdiag means that we place the cited sub matrices on the second
diagonal, u; and v, are either 0 or 1.

Let now the real numbers zq,...,x, and yy, ..., ys all distinct such that x; +---+
Tr+2y1 + -+ 2y, = 0. Put:

A= D’ia’g(l‘la e ey Y1, Y1, - 7?/87?/8)7

and for all e > 0, &, = € + eP 'AP. For almost every e, the trace of & is zero

and & has n distinct eigenvalues. Then, & € € and for any norm on sl(n,R),
1€ — & || = ¢]|P~tAP||. This proves :

Lemma 2.4.
The set Q is dense in sl(n,R).
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Show that the set €2 is an open :

We use the implicit function theorem. Let & a matrix in 2. The characteristic
polynomial Cy, of & has n simple roots. If C¢,(a) = 0, then C{ (o) # 0.

If ¢; is a real eigenvalue of {, then we consider the map Fj : sl(n,R) x R — R
defined by Fj(§,z) = Ce(z).

If aj, + iby, is a non real eigenvalue of &, we note C¢(2) = Ce(x +iy) = Ae(x,y) +
iBe(z,y), where A¢ and By are real. Cg is a polynomial in z, then

0 0 0
52Ce(2) = 5 Cea) i Clz) =0,

for all z. Since a;, + iby is a simple root of C¢,, then

0
C&) (ak + ’Lbk) 7& 0.

0
—C¢, (ay + iby) — za

0 .
—C&) (ak + ’Lbk) 7

0z

ngo(ak +iby,) # 0 or 9

0
Therefore, we have either %Aio (ag+1iby) # 0 and a5 o

A£0 (CLk +

ib;) # 0 and ngo(ak +iby) # 0. In all cases,

ox
D(A&)?BEO) 0, Aﬁo 0 AEO _ 2 2
W< ar, br) = | 5 " Be. 0,Be (ar, bk) = (OxAg, (ar, bi))"+(0: Bg, (ax, br.))” # 0.

We define Fj : sl(n,R) x R> — R? by Fy (&, z,y) = (Ae(x + iy), Be(x + 4y)), then
JCLC(Fk)(&), ag, bk) # 0.

F.
The functions Fj, Fj are differentiable, then F;(&p,c¢;) = 0 and %(fo,cj) =
x

DF},
m(fo,ak,bk) # 0.

So, there exists an open U; (resp. Uy) of sl(n,R), containing &, and there is an
open V; of R containing c¢; (resp. Vj, of R? containing (ax,by)) and there are maps
fi :U; — V; (resp. fi: Uy — V},) such that

(Sax)erX‘/j} {(f,l‘)GUjXV}
<~

C¢,(cj) # 0. Similarly, Fy(&o,ax, bx) = 0 and

F;(&,2)=0 z = [;(§)
<res (g,x,y)ekaVk} . {(f,x,y)ekaVk)
P R zy) =0 (z,9) = frl&)

We replace as needed the open V,. by another open small enough such that
4 KAk
And we put U = ﬂ U,. U is an open containing {, and, for all £ in U, C¢ vanishes

T
at n distinct points (real or complex), then, U C .
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Lemma 2.5.
The set §2 is an open in sl(n,R).

3. sl(n,R) ADMITS AN OVERALGEBRA ALMOST SEPARATING OF DEGREE n

3.1. Separation of orbits of () by invariant functions.

This is also well known. Let { a n X n real matrix and C¢ its characteristic
polynomial. On C, we can put £ in Jordan form. We note z,...,z, the diagonal
terms of this Jordan form. Then :

Ce(X) = (=1)" det(£ — Xf) (X —21) (X —2)
:X”—(Z 14 Zzzz]X"2 o (=D)"2 2,

= X" - Ozn,anfl + Oén,QXn72 + -4+ (-1)”0{0

Therefore, using a formula due to Newton (cf. [W]), we have, for all k,

[
(—1)k+1 Z 21 Zig - 2 —Zz — Zzn (sz D+ (Z zilziQ)(sz*2)+...

i1<~~~<ik i1 j 11 <19 ]
+ - ( )k 1( Z Zil"'zik—1)(zzj)
1< <ig—1 J
or

(_1)k+1an—k = Tr(gk) - O‘n—lTT(g) + O‘n—QTT(gk_l) +oot (_1)k_1ak—1TT(§)'

This formula allows to express all o, as functions of the numbers Tr(¢7), and con-
versely, to express all Tr(¢*) as functions of the numbers «;.

Finally, we deduce that:
two matrices & and ¢ satisfying C¢ = Ce if and only if Tr(¢") = Tr(¢™%) for all
k=1,...,n

Proposition 3.1.

We keep all previous notations, in particular, 0 = U, y9.-0nS)- s 15 an open, dense
and invariant subset of sl(n,R). The orbits of Q will be called generic orbits. Let
50 € Qr,s-

L. If r > 0, {§, such that Ty(§) = Ti(&o) for all k = 2,...,n } is ezactly the
adjoint orbit G - &y of &,

2. If r =0, {&, such that T},(§) = Ty(&) for all k = 2,...,n } is the union of
two adjoint orbits G - (g U G - &;.

We say that the invariant functions 7}, separate almost the (co)adjoint generic or-
bits of sl(n, R).
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3.2. Convex hull of orbits of (2.

For n = 2, the convex hull of the orbits of 2 are well known (cf.][ASZ]). We deduce
that, forn = 2 :

Conv(G - D(—c,c)) =sl(2,R) (¢>0), and
Conv(G - DT (ib) UG - D™ (ib)) = sl(2,R) (b > 0).

For n = 3, we deduce that Q C Conv(G - D(cy, 2, ¢3)). Indeed, if ¢] < ¢, < ¢ such

that ¢} + ¢ + ¢4 = 0, then either ] # —2c3, or ¢y # —2c3. Suppose ¢ # —2cs, the

. . . . c1+c
other case is trained the same by exchanging the induces 1 and 2. Let ¢ = ¢} — L 5 2

and ¢y = —c} — c3. We write:
1

c1 5(61 — 2 cp+c (1
cy) 1 + 2 1/’
2 5(02 — )

then, there exist ¢ in [0, 1] and g € SL(2,R) such that :

/ Z
cy (4 cgtc (1 _ . [a B 1 -1
(F )= () ()= (o) romm ()

/
1
We deduce that the convex hull of G- D(¢y, 9, ¢3) contains cy with ¢ # cs.
C3
By the same argument, but with induces 2 and 3, we show that this convex hull
1
contains D(c, cy, ¢3). Let now o’ = —50’1, and b’ > 0, then :
1
/ (=) 1
(CQ c’): 2 Lo, +a’( 1)’
’ 5(03 — )
the convex hull of G - D(¢q, 2, ¢3) contains also
¢ 0
D(cy,ad" +1ib') = 0 V| +d 1
-0 0 1
c
On the other hand, we saw that a —b | belongs to G- D(c,a+ib). Therefore,
b a
c
if a # 0 then Conv(G - D(c,a + b)) contains the matrix a , with a # ¢. So,
a
‘
by our first argument, Conv(G - D(c,a + ib)) contains the matrix e with

a
¢, # ¢y # a # . Therefore, by the above, Conv(G - D(c,a + ib)) contains all (.
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. . . 0 0
If a =0, Conv(G - D(0,ib)) contains the matrices < D*(z’b)) and ( D(z’b))'
0

So, Conv(G - D(0,4b)) contains the matrix -1 . Finally, Conv(G - D(0, b))
1
contains all 2.
We have proved:

Lemma 3.2.
Ifn =3 and £ € Q, then Q C Conv(G - §).

If n =4, as above, Q C Conv(G - D(cy,...,c4)). We deduce by using the lemma
that for all d, ..., c,

D(cy, ¢y, cy, cy) € Conv(G - D(cy, 2, a + ib))

and also Q C Conv(G - D(¢y, ¢, a + ib)). It remains the cases D(ay + iby, ag + iby),
a; # 0 and D(iby,iby). In the first case, we saw that

€ G- D(ay +iby, az + ibs),
a9 —b2

by as
then

ay
“ 4 € Conv(G - D(ay + iby, ag + ibs)) and a; # as.
2

a2

By applying the calculation for n = 2, we deduce that D(ay,z,y,as) belongs to
Conv(G - D(ay + iby,as + iby)), for all x and y such that a; + 2 +y + ay = 0.
Therefore, Q C Conv(G - D(ay + iby, ag + ibs)).

For the latter case, we saw that, insl(2,R), the adjoint orbit of D(ib) is the set of
Y y:;z) with 22 — 2% —y? = b* and z > 0. Then, G - D(iby, iby)
contains a matrix as follows:

matrices (

-z - .
0 b | with 0<b; < 2.

—by O
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0 1
Combining this matrix with Lo 0 1| we obtain :
10
—r —Z
z
= € G- D(iby,ibs).
§ 0 —b, (l 1,% 2)
by O
b
If t = +1b , the matrix t& 4 (1 — t)D(iby, iby) is D(—tx, tx,i(1 — 2t)by) € Conv(G -
z 1

D(’ibl, ’lbg)) Or

Lemma 3.3.
Ifn=4 and £ € Q, then Q C Conv(G - §).

Proposition 3.4.
For all n > 2, the convex hull of the adjoint orbit of a point & in 2 contains €):

Q C Conv(G - €).

This convex hull is dense in sl(n,R).

Proof.

By induction on n > 4, suppose that, for all 2 < p < n, this property is true. We
consider D(c;, ay, + iby) € 3, 5, with 7 + 2s = n.

If r > 2, then n — 2 > 2, and we write:

1+ ¢

I

D(/ / /_'_-b/) + 2 01+C2 )
C3,...7C,r.7ak Z k _ 2 [n72

n_

Using the fact that s[(2,R) = Conv(G - D(¢},c,)) and by the induction hypothesis
for n — 2, we get Q C Conv(G - D(c;, a + iby)).
If r =1, we decompose D(cy, ax, + ibg) as : D(cy, ay + iby) =

/ /
D(c;, ay,+iby) = (D<CI’C2)

¢+ 2aq

I
/ -7/ / -1/ + 3 ’
D(aly +ibly, ..., al, + b)) _a+t2a
n—3
Then, a matrix D(c], ¢y, ¢y, az +1iba, . . ., a, +1ib,) belongs to Conv(G - D(cy, ay +iby,)).
Therefore, the first case applies, and we still get the result.

(D(C/l, a/l + ’lbl)

[n73
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If r =0, then s > 2, we decompose D(ay + iby) as : D(ay + iby) =

2&1 + 2(12
(D(a; + by, aly + ib)) E—
D(d, +ib,...,d, +ib)) " _ 2a; + 2a,
n—4
Then a matrix D(c], ..., d}, a3+ ibs,...,a, + ib,) belongs to Conv(G - D(ay, + iby)).
So, the first case applies, and this completes the proof of our proposition.

[n74

g

Corollary 3.5. sl(n,R) admits an overalgebra almost separating of degree n.

Proof.
g = sl(n,R) admits an overalgebra of degree n, given by :
gt =sl(n,R) x R"!
Qigt—g™, (X)) = (X, 0(X)) = (X, To(X), T3(X),..., Tu(X)).

Indeed, ¢ is polynomial, with degree n.
Moreover, we have for all £ in €,

Conv ((Coad(SL(n,R))E)) = Conv(Coad(SL(n,R))E) x (12(E), ..., Tn(&))
= 5[(71, R)* X (TQ(g)a s 7Tn(§))
Then ®(¢') belongs to this set if and only if Ty (&) = Tk (&) for all k, if and only if
Cg/ - Cg
We saw that if nis odd, {§’, such that Cy = C¢} is exactly the orbit Coad(SL(n,R))E
and, if n is even, {¢', such that Cy = C¢} is either the orbit Coad(SL(n,R))E, or,
if C¢ has only non real roots, the set {¢', such that C¢ = C¢} is the union of two
disjoint orbits. This proves that (g*, ¢) is an overalgebra almost separating of degree
n of sl(n, R).
O

4. OVERALGEBRA ALMOST SEPARATING OF DEGREE p OF A LIE ALGEBRA g

Definition 4.1. (Sem: direct product)
Let G be a real Lie group, V a finite dimensional vector space and (m,V') a linear
representation of G. Denote by Gt = G’ x'V the Lie group whose set G x 'V and low:

(9,0).(¢",v") = (99", v +7(g)v).
Its Lie algebra is gt = g’ x V', whose space g ®V and bracket :
[(Xv u)v (X/7 ul)] = ([Xv X/]a F,(X)u, - 71J(*X/)u)'

( 7' is the derivative of 7, @' is the representation of g in V).
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The exponential map is
e (X T
exp(X,u) = (exp X, Wu)
We also define the linear map ¢, : g — V, by ¢,(X) = 7'(X)u, for all u € V.
Then, the coadjoint action is realized in g** = g* x V* and defined by:

Coad (X, u)(&, f) = (Coad (X)§ +' ¢u(f), ='7'(X) ).

The group action is

Coad(g,v)(§, f) = (Coad(g)¢ +' vu('m(g™") f). w(g7") f)-
Denote by 7*(g) = n(g™").
Let & : g — g'”" be a map non necessarily linear. We assume that p o ® = id,
then @ is written ®(&) = (£, ¢(£)). ¢ is not necessarily linear.

Assume that ®(Coad(G)E) = Coad(GT)®(E), then : for all g in G and all v in V,
there exists ¢’ € G (¢’ = g, ,¢) such that
T (9)0(§) = ¢(Coad(g)S),
Coad(g)(&) + (b, 0 (9))B(&) = Coad(g")§ = Coad(g)(§) +" 1, © ¢(Coad(g')).

In particular, if X isin g, then 7" (exp(tX))(¢(§)) = ¢(Coad(g;)€). The continuous
curve t — 7 (exp(tX))(¢(§)) is drawn on the surface C = ¢(Coad(G)E), its derivative
at 0 is the vector 7'(X)¢(€). This vector belongs to the tangent space

Toe)(C) = ¢'(¢(£))(Te(Coad(G)E)) = ¢ (6(£))(Coad(g)s).
We have also, for the same g in G, vinV,and ¢’ =g, ,, € G,

Coad(g)(§) = (I =" 1, 0 ¢)(Coad(g)§).
We deduce that, if v = 0, then Coad(g)(&) = Coad(g,, o ¢) (&) and therefore 7(g)d(§) =
d(Coad(g)§). So:

Lemma 4.2.
¢ is an intertwining (non linear) between the coadjoint representation and the rep-
resentation w*.

If ¢ is polynomial of degree p, then ¢ is written :
P(§) = 01(8) + d2(§) + -+ - + 9 (),

with ¢ homogeneous of degree k.
Since ¢ is an intertwining, then ¢ o Ad, = 7*(g) o ¢, and for all k, ¢, 0 Ad, =
7(g) o ¢, i.e each ¢y is an intertwining.

On the other hand, for each k, ¢5(§) can be written
=b(§-...- &),
Pr(§) = br(§ §)

k
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where by, is a linear map from S*(g*) in V*. The map by, is also an intertwining, since
the action Coad® of G on S*(g*) is such that :

dr(Coad(g)€) = br.(Coad(g)¢ - . .. - Coad(g)¢) = (by, o Coad*(g))(€-...- ).
Put then:
Sp(e) =g" @ S*(g) & @ S(g"),
and
b: Sy(g*) — V™, blug +ve+ -4 v,) =bi(vy) + -+ by(vy).
Let U = b(S,(g”)). U is a submodule of V*, isomorphic to the quotient module

S,(g%)/ ker(b). Put then W = V/U*. W is a quotient module of the module V' such
that W* ~ U ( and then W ~ U*).

Lemma 4.3. B
If (g x V, @) is an overalgebra almost separating of g, then (g x W, ¢), where

P&) =bEl+E-E+--+E-...-8)

1s also an overalgebra almost separating of g.

Proof.

In the statement of this lemma, we identify W* with the submodule U of V*. With
this identification, if ¢ is the canonical injection of U in V*, then ¢(§) = 10 ¢(§). The
application ® becomes ®(&) = (£,100(&)) = (jo®@)(§) if j(&,v) = (§,(v)). Therefore

Conw (i)(coada g)) — j (Conw (¥(CoadG €))),

and C'onv (&D(CoadG §)> = Conv (&D(CoadG f’)) if and only if Conv (®(CoadG &)) =

Conv (®(CoadG €')). We deduce that (gxW, ¢) or, if we prefer, (gx(S,(g*)/ kerb)*, §)
is an overalgebra almost separating of g.

g

If g is semi-simple and deployed, then all its representations are completely re-
ducible. Therefore W* = S,(g*)/ kerb is isomorphic to a submodule of S,(g*) =
S,(g). In this case, W is isomorphic to a submodule of (S,(g))*. So, we consider the
application ¢ with values in S,(g), and ¢ becomes :

G(E) = bu(§) +-- -+ bp(E- .- &),

The application b becomes an intertwining of modules S,(g).

Corollary 4.4.

If g is a deployed and semi-simple Lie algebra, admitting an overalgebra almost
separating of degree p, and T a natural application from g = g* to S,(g) defined by :
TE) =E+E-E+---+E&-. .- &, then there exists an intertwining b of S,(g) such that
(g% (S,(g))",boT) is an overalgebra almost separating of g.
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5. THE CASE g = sl(n,R) AND p =2

5.1. The case g = sl(n,R).

We suppose now g = sl(n,R). Recall the usual notations (cf. [FH]).

sl(n,R) is a real simple algebra. A Cartan subalgebra b of sl(n,R), of dimension
n — 1, is given by the set of diagonal matrices & = D(cy,...,c,). With this Cartan
algebra, sl(n,R) is deployed. For H € b, we note L;(H) = ¢;, with L; +---+ L,, = 0.
We choose the usual system of simple roots, i.e the forms o; = L; — L1 (1 < i <
n — 1). The system of positive roots is the set of forms L, — L;, with i < j. If
e;j = (%rs) is the n X n matrix such that z,; = 0,;05;, then for all H in b,

(Ozi-l—"'—FOéjfﬁ(H)eij’ ifi<jy

EVR)
ad(H)eij = {

The fundamental weights are wy, = L1 +---+ Lg (1 < k < n—1) and the simple mod-
ules are exactly the modules noted I'y, . ,,_, of highest weight ajw; + - -+ + ap_1w,—1,
with ay, integer. Moreover, the dual of 'y, ., , is the module I'y, | .. (cf. [FH]).
Let X — X* be the symmetry operation relative to the second diagonal given by:
if X is the matrix (z;;), then X* is the matrix (zj;) with :

s __
Li; = L(n+1—5)(n+1-i)s

The operation s leaves the Cartan subalgebra invariant. For all weight w, put w®(H) =
w(H?). In particular, L; = Lyy1—; and wj = —wp,_;.
Moreover, s permutes the radiciel spaces, since €; = €11-j)(nt1-4), o1, if H belongs
to h and 7 < j,

[H, e = —(Lf — L3)(H)e;

s Cig -

We consider now the module S*(sl(n, R)) i.e the space of the sums Z Ny Xy

7777 k

i1 <<
...~ X;, on which sl(n,R) acts by the adjoint action ad defined by:
k
r=1

Lemma 5.1.
The space S*(sl(n,R)) is self-dual i.e (S*(sl(n, R)))* = S*(sl(n,R)).

Proof.

.....

..... An—1
a'dH('Ual...an,l) - (alwl + -+ an—lwn—l)(H)val...an,p a'deij ('Ual...an,l) - 0
Ifv= Z Niyooin Xiy - - X, 1s a vector of Sk(sl(n, R)), then v* = Z Nit i X
i< <, i <<

... X . Moreover, the map v + v is an involutive bijection : (v*)* =w.
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The vector v,, ,  is not zero and, for all H in b, and all 7 < j,

adH<chll...an_1) = _(alwl _'_ e + anflwn*1>s<H>,U21...an_1
= (ap—1w1 + -+ + arwp_1) (H)v,

at...an—1"
S _
adeij (Ual...an_1> - O

In other words,

O

Corollary 5.2.

If sl(n,R) admits an overalgebra almost separating of degree p, if T is the nat-
ural application of sl(n,R)* in S,(sl(n,R)) = (S,(sl(n,R)))" given by : 7(§) =
E+EE4-- €. -, then there exist an intertwining by of S*(sl(n,R)) (k=1,...,p)
such that (sl(n,R) x S,(sl(n,R)), Z broT) is an overalgebra almost separating of the

k

Lie algebra sl(n, R).

5.2. The case p = 2.

For k = 1 and k = 2, looking for the intertwining between S*(sl(n,R)*) and
(S*(sl(n,R)))".
For k = 1, the space of these intertwining is one dimensional and generated by F,
defined by :

(Po(§), X) = Tr(EX).

Therefore, any intertwining b, is written b; = agFy, with ag real. For k=2:

5.2.1. Decomposition of S*(g).
The module S?(g) is the sum of three or four irreducible modules, all of different
types. Recall the usual notations (cf. [FH]).

e The highest weight vector in S*(sl(n,R)) is

V20...02 = €1n-€in-
The weight of this vector is 2w; + 2w, = 2Ly — 2L,,. Then, we deduce the
existence of a simple module T'yy_ g2 of dimension (cf. [FH]):

n—1 . n—1 .
, 24n—i 2+j—144n—-1 n*tn—-1)(n+3)
dim I :|| || . = .
HiE 20..02 i, i e j—1 n—1 4

e Among the weight vectors of weight ws + w, o = Ly — L, + Ly — L, _1, and if
n > 3, there is one that is annulled by the action of €;;11), 1 <@ < (n —1).
This weight vector is :

V010...010 = €2n-€1(n—1) — €2(n—1)-€1n-
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We deduce then the existence of a simple module I'gig. 010 of dimension:
dim Coyp..010 =

G -1 I+ (G —-2) Y le(n—1)—i tFl4n—i  nin+1)

,11 j—1 11 j—2 g n—1—i g n—i 4(n—2)%(n—3)
n*(n+1)(n — 3)

B 4
If n = 3, ey is not in sl(3), and this dimension is 0. This sub module does
not appear.

e Among the weight vectors of weight w, +w,_1 = L — L, there is one that is
annulled by the action of e;;41), 1 <4 < (n —1). This weight vector is:

n 2 n
010...01 = E €1i-Cin — E g €jj-Cln-
i=1 j=1

Then, we deduce the existence of a simple module I'yy_ ¢; of dimension:
n—1 . n—1 .
) 14+n—1 1+5-12+n-1 9
dim T = ) ) =n‘—1.
mlo..01 Zl_! " — jl_[Q -1 n—1 n

e Among the weight vectors of weight 0, there is one that is annulled by the
action of €11y, 1 <@ < (n—1). This weight vector is:

V00...00 = 21 Z €ij-Cji + Z (e — €j5) (e — €55)

1<i<j<n 1<i<j<n

We deduce the existence of a trivial simple module I'gg_ o9 of dimension 1.
Therefore:
I'20..02 @ T1o...01 @ To10...010 @ Lo...0, if n >3
S%(sl(n,R)) =

La2 @ I'ii @ Loos if n = 3.
2(h2 _ 1 2 -1 2 1 .
since the dimensions, n (n2 ) _n (n 4)(n +3) +n2_1+n (n+ 4)(” 3)+1.

5.2.2. Intertwining of S*(sl(n,R)).
Let P, Py, Py and P, the intertwining defined from S*(sl(n,R)) in (S*(sl(n, R)))*,
such that, for all £, n € sl(n,R) and X, Y € sl(n,R) :
o (P(&(m), XYYy =Tr(XnY)+Tr(YnX),
o (P(&m), X.Y)=TrX)Tr(nY)+ Tr(&Y)Tr(nX),
o (P3(&m), X.Y)=Tr(nXY)+Tr(énYX)+Tr(n¢XY)+ Tr(nY X),
o (P(&m), XY)=Tr(&n)Tr(XY).
In particular, we have :

i P2(1)20...02) = P3(020...02) = P4(U20...02) =0, and <P1(020...02), 6n1-6n1> =1 7’é 0,
® P3(vo10..010) = Pa(vor0..010) = 0, and (Pa(vo10..010): €n2-€(n_1)1) = 4 # 0,

L P4(U10...01) =0, and <P3(Ulo...01), €n2-€21> # 0,

® Py(voo..00) 7 0.
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Thus, if n > 3, P, P, P; and P, are independent and, since the dimension of the
space of intertwining of S?(sl(n,R)) is 4, then any intertwining by is written :
by = a1 P + ao Py + a3 P + a4 Py, where a; are real constants.

If n =3, P, P; and P, are independent and, since the dimension of the space of
intertwining is three, then we can write :

by = a1 P, + a3P; + a4 Py, where a; are real constants.

Remark 5.1. First, recall that for gl(n,R), the forms (Ay, ..., Ap) = Tr(A;, ... A;,)
are the only invariant functions which generate K[End(V)™S*Y) (see [H-C]).
Remark that there are 24 possible products of 4 matrices, depending on the position
of the matriz in the product. If we take the trace of these products, then there are
only 6 distinct forms, since, for all Ay, A, Az, Ay € sl(n,R):
TT<A1A2A3A4) = TT(A2A3A4A1) = TT(A3A4A1A2) = TT<A4A1A2A3).
Since we are looking here to build symmetric forms in &, n and X, Y, there are only

4 symmetric forms obtained as product of traces of product matrices. These forms
are the 4 forms described above.

5.3. sl(n,R) does not admit an overalgebra almost separating of degree 2.
We have seen if sl(n, R) admits an overalgebra almost separating of degree 2, then
sl(n,R) admits an overalgebra of the form

& = (sl(n, R) > Sy(sl(n,R)), (¢ : &= b1 (§) + b2(E - £))),
with bl :(lopo and b2:a1P1+---+a4P4.

We assume that a such overalgebra almost separating & exists.

The generic orbits SL(n,R) - € are the orbits of the points £ of §2. Recall that :
SL(n,R) - & C {¢' €sl(n,R), Co = C¢}.

Thus, for all £ in Q and all v € Sy(sl(n,R)), we put ¢ = & +' ,(¢(£)) such that
Cg/ == Cg

Lemma 5.3.

If & is an overalgebra almost separating for sl(n,R), then for all £ of sl(n,R) and
all v of Sa(sl(n,R)), ¢ = &+, (d(€)) has the same caracteristic polynomial as & and
the same eigenvalues.

Proof. For any matrix £ of sl(n,R), and all ¢ > 0, there exists & in {2 such that :
1€ — &l <e.

Since & is in 2,

det(& + 4, ($(€)) — AT) = det(& — AI), YA, Vo
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If £ tends to 0, then, for all A,

det(§ +' ¥u(0(8)) — M) = det(§ — AI).
O

Theorem 5.4.
Forn > 2, sl(n,R) does not admit an overalgebra almost separating of degree 2.

Proof.
We have seen if sl(n,R) has an overalgebra almost separating of degree 2, there
exists an overalgebra &, with

¢(§) = aoPo(§) + (e Py + -+ asPy)(§ - €).
We will show that, if for all £ in 2, and all v in Sy(sl(n,R)), £ and ¢ = £+, (0(€))

have the same eigenvalues, then ag = a; = --- = a3 = 0, and that the function
d(&) = agPy(€ - €) does not separate the coadjoint orbits of sl(n,R), if n > 2.

Taking first v = U € sl(n,R). Then ("¢ (¢(€)),X) = aoTr(£[X,U]), and ¢ =
f_'_aO[Uv g]

Let U = ey + €en-1)2 and § = ey, + €3(n—1), thus

¢ = ap(—e11 — €22 + em-1)n-1) + €nn) + €1n + €20n—1)

and
det(¢ — A1) = (=A)"*(\? — ad)*.
Therefore, ¢ has the same spectrum as £ implies ag = 0.

Put now v = X. X, then a direct calculation gives :

2 21
e (B(E)) = 4ai[X, EXE] + 4arTr(EX)[X, €] + das[ X2, €%, if n > 3,
. 4ay [ X, EXE] + 4as[ X2, €7, ifn=3.

Choose & = ey, and X = e,;. & and X are nilpotent matrices : X* = ¢ = 0 and
we obtain :

ngella [X,ng] = €npn — €11, TT(SX) = ]-7 [Xag] = €npn — €11,
thus

t¢X.X(¢(€)) =

and, if we note ¢ = & +' ¥x.x(6(€)), then
_ n—2 2 9 .
det(¢C — AI) = (=) (N = (da J‘r4a2) ), ifn >3,
- )‘(AQ - (4Cl1)2), if n=3.

Since det(§ — AI) = (—A)", then we deduce that 4a; +4ay =0 if n > 3 and a; = 0 if
n = 3.

(4ay + 4as)(—e11 — €22 + €m-1)(n-1) + €nn), if n >3,
(n—1)(n—-1)

4(1,1(633 - 622), ifn= 3,
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Suppose now n > 3. We choose § = ey, +e(,—1) and X =t =€y +e(n—1)2. These
matrices are nilpotent and we obtain

£ =0, X = eq1 + e,
§XE = e + em—1), (X, EXE] = —e11 —egn + €(n—-1)(n—-1) T €nn,
Tr(¢X) =2, (X, €] = —en1 — e + e(n-1)(n-1) T €nn-
Therefore
"hx x(¢(€)) = (4ar + 8az)(—en — €22 + 1) (n—1) + €nn)
and

det(¢ — M) = (=N D(A2 — (4a; + 8ay)?)?.
Since det(§ — AI) = (—=A)", we deduce that 4a; + 8a; = 0. Thus, in all cases,
ap = ag = 0.

Choose now § = ej(p—1) + €(n-1)n and X =t ¢ = €n—1)1 + €n(n-1), then
X2 = €n1, §2 = €1n, [X27§2] = —€11 + €nn-
Therefore
"Wx2(4(€)) = daz(—e11 + enn)
and
det(¢ — M) = (=N "2 (\? — (4a3)?).
Hence, since det(é — AI) = (—\)", then az = 0.

Thus, we deduce that :
G(§) = ba(§.6) = aaPy(€.£) o (¢(§),U+ X.Y) = a,Tr(E*)Tr(XY).

But the overalgebra & is not separating, since, for all ¢ in [0,1], and all matrix
M = D(cy,...,c,) € sl(n —3,R), with |cx| > 2, we define the matrix

S+ VI 3P)
6 = St - VI=3R)

—t
M

For all ¢,
& €9, det(&) =t(1 —t%) Hck and Tr(€2) =2+ Zci
k k
i.e, for all ¢,
Conv (®(CoadSL(n,R)&)) = sl(n, R)* x {U + X -Y — ay(2+ Z c)Tr(XY)},
k
1
\/ga

therefore if t #

Coad SL(n,R)(&) # Coad SL(n,R)(£L).

L
V3
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1 1 2
Since t(1 — t?) < —(1 — =) = ——, det det (&1 ), thus & is not in the orbit
Coad SL(n, R)f%
O

Remark 5.2.
Recall that, if n = 2, the overalgebra (sI(2,R) x R, [ — Tr(€?)]) is an overalge-
bra almost separating of degree 2 of sl(2,R) (c¢f. [ASZ] where we use the function

det(€) = 5 Tr(€?).

Similarly, s(3,R) does not admit an overalgebra almost separating of degree 2 but
sl(3,R) admits an overalgebra almost separating of degree 3.

In this following section, we will show that s[(4, R) does not admit an overalgebra
almost separating of degree 2 or 3 but it admits one overalgebra almost separating
of degree 4.

6. THE CASEn =4 AND p =3

As above, we shall first find the explicit decomposition of S*(s[(4,R)).

6.1. Decomposition of S°(sl(4,R)).

We have seen that the module S3(sl(4,R)) is self dual. Then, if the submod-
ule Tg 000, appears in the decomposition of S?(sl(4,R)), the submodule Toyqpa, =
(Tayaza5)° appears also.

The module S*(sl(4,R)
tion of S*(sl(4,R)) ® sl(4
follows :

52(5[(4, R)) ® sl(4,R) = (I's03 + T'212 + T'o02 + T1o1) + (T'121 + Tao2 + Tior + T's11 + i)

+ 3(T'210 + Co12) + 2020 + 3101 + Togo-

) is a submodule of S*(sl(4,R)) ®sl(4,R). The decomposi-
,R) is given by Littlewood-Richardson’s rule (cf. [FH|), as

The highest weight vectors which appear in S?(sl(4,R)) are vag2, Vo0, V101 and
vooo. We deduce that there are 4 highest weight vectors in S*(sl(4,R)) which are
W303 = V202-€14, Wil = Vp20-€14, W02 = Vip1-€14 and wig1 = vggo-€14. These vectors
are the highest weight vectors for the simple modules I'5g3, I'121, I'ag2 and I'yg;.

In S*(sl(4,R)) @ sl(4,R), the highest weight vectors vy ® €14 — Vo20-€14, Vo1 @
€14 — V101-€14 and vogo ® €14 — Vooo-€14 appear also. The corresponding simple modules
of these vectors are, respectively, ['191, ['o02 and I'jp;. Since these vectors are not
symmetric, then their corresponding modules are not submodules of S?(s[(4,R)).
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The highest weight vector of I'3;; is e14 ® €13 ® €14 — €14.€13.€14 Which is not sym-
metric, then T'3;; does not appear in S?(s[(4,R)), and I';;3 does not appear also.
We conclude:

03 + Tio1 + Togo + Tior © S%(s1(4,R)).

The additional invariant space of (I'sgz + I'212 + T'agz + I'io1) in S?(s[(4, R)) has the
following decomposition, by using the dimensions :

S3(s1(4,R)) /(D03 + T'a1g + Taga + Cio1) = (Ta10 + Lo12) + Tior + Dooo-

Therefore :

S3(51(4,R)) = (T'303 + Ta12 + To02 + Tio1) + (T210 + Torz + Cio1 + Cooo)-
The highest weight vectors wsoz, w21, Wage and wqg; are:
W303 = €14-€14-€14,

Wi121 = €24.€13.€14 — €23.€14.€14,

Wap2 = €12.€24.€14 + €13.€34.€14 + %((611 — €39) — (€33 — €44)).€14.€14,
wio1 = 8(€12.€21.€14 + €13.€31.€14 + €14.€41.€14 + €93.€32.€14 + €34.€43.€14)+
+ 3(e11-€11-€14 + €29.€29.€14 + €33.€33.€14 + €44.€44.€14)—
— 2(e11.€22.€14 + €11.€33.€14 + €11.€44.€14 + €22.€33.€14 + €22.€44.€14 + €33.€44.€14).

Now looking for the highest weight vectors of the four remaining simple modules.

By Littlewood-Richardson’s rule, (I's19 4+ I'g12) appears in the tensorial product
F020 (029 FlOl where F020 is in 52(5[(4, R)), and FIOI is in 5[(4, R)

The highest weight vector of the module I'gyq is :
Vp20 = €24-€13 — €23.€14.
We deduce also two other vectors of I'gyy given by :
ade,v020 = (€44 — €22).€13 — €43.€14 + €23€12),
ad ey Vo20 = (634-613 — €24.€12 — (633 - 622)-614)-
Thus, there is a highest weight vector of I'y19, defined by :
Wa1p = €12.€24.€13 — €12.€23.€14 — €14.€43.€14 1 €13.€34.€13 + (644 - 633)-613-614-
Wa10 1S @ non zero vector and its weight is 4L, + 2L + 2L3 = 2w, + 2w3. Indeed :
CLd612U)210 = 0, ad623w210 =0 and CLd634U)210 =0.
Using the application s, the highest weight vector of the module I'y;9 is v3;, or :
Wo12 = €34.€13.€24 — €34.€23.€14 — €14.€21.€14 1 €24.€12.€24 + (611 - e22)-624-614-

It remains the modules I'19; and I'ygg which appear in the tensorial product I';g; ®
['101. The first factor is in S?(sl(4,R)), the second is in sl(4,R).
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There is a basis for the first factor defined by the following vectors :
, 1
€i; = €i1.€15 + €52.€25 + €;3.€35 + €j4.€45 — 5(611 + e + €33 + €44).€5.

In S?%(sl(4,R)) C T'1o1 ® 11, we have seen that the corresponding highest weight
vectors are:

1
V101 = €12.€24 + €13.€34 + 5((611 — €92) — (€33 — €44)).€14,

Vooo = 8 Z €j-€5i 1 Z (€ — €j5)-(eii — €j3)-

1<i<j<4 1<i<j<4

By replacing the first factor e;; by the factor €]
wig; and wogp ( wogo is not developed) :

;;» we obtain the highest weight vectors

Who, = 2€12(2e93.€34 + 2€21.€14 + (€20 — €11).€24 — (€335 — €44).€24)+

+ 2e13(2e32.€24 + 2e31.€14 + (€33 — €11).€34 + (€44 — €22).€34)+

+ (€11 — €22)(2e12.€24 + 2e13.€34 + (€11 — €22).€14—

— (€33 — €44).€14) — (€33 — €44)(2€12.€24 + 2€13.€34 + (€11 — €22).€14 — (€33 — €44).€14),
wWooo = 4(e19.€h + €]5.€21 + €13.€5, + €15.€31 + €14.€); + €401+

+ €93.€59 + €h3.€39 + €24.€)9 + €hy.Ca0 + €34.€)5 + €54.€43)+

+ (e11 — ex)(€ly — €35) + (en1 — e33)(€1y — €53) + (en1 — eaa) (€] — €ly)+

+ (€22 — €33)(€hy — €33) + (€22 — €aa)(€hy — €ly) + (€33 — €as) (€55 — €ly)-

6.2. Trace forms and intertwining of S*(sl(4,R)).

As for S%(sl(n,R), we know 12 trace forms. Denote by &, n and ¢ elements in
(sl(4,R))" = sl(4,R), and X, Y, Z elements in s[(4,R). The trace forms are the
following :

Ty =Tr(énCXYZ), T, =Tr(énXC¢YZ2), T3 =Tr(énXY(Z),

T, =Tr(XnY(Z), Ts =Tr(En¢X)Tr(YZ2), T =TrEnXY)Tr((Z),

T =Tr(XYZ)Tr(nC), Tz =Tr(XnY)Tr(CZ), Ty =Tr(nQ)Tr(XYZ),

Ty =Tr(EnX)Tr(CYZ), Tu =Tr(n)Tr(¢X)Tr(YZ), Ty =Tr(X)Tr(nY)Tr((Z).

Recall that, in the previous section, we calculated the 8 highest weight vectors of
the decomposition of 5*(s[(4,R)), i.e the free system

1 8\ __ !
(w yeee, W ) = (w3037w121,w2027w210,w012,w101,w101,w000)-

Let M the matrix with 8 rows and 12 columns whose entries are the numbers
'(Tl-(wk), (WM (i =1,. 3 12,k = 1,...,8) where the vector €;,;,.€j,i5-€jsis of S°(51(4, R))
is noted (s, ,-€iyjp-Cigjs) -
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We obtain, by using a symbolic computation program, the following matrix:

00036 00036 000 36
000 0 O0O0O0O 4 000 12
011 3 010 4 010 6
M— 004 0 040 4 0O0O0 6
010 0 010 2 0O0O0 6
112 0 232 2 004 6
100 0 0200 0O0O0 6
3300 0 030 0 900 6

The rank of this matrix is 8.

We extract the columns 1, 2, 3, 4, 5, 8, 10, 9, so we obtain the following intertwining.
Explicitly :

(P1(€n¢), XY Z) = Sym(Tr(En¢ XY 7)),
(Pa(énC), XY Z) = Sym(Tr(EnX (Y Z)),
(P3(&nC), XY Z) = Sym(T'r({nXY (Z)),
(Py(€n¢), XY Z) = Sym(Tr(EXnY(Z)),
(Ps(&n¢), XY Z) = Sym(Tr(En¢X)Tr(Y Z)),
(Ps(§nC), XY Z) = Sym(Tr(§XnY)Tr(CZ)),
(Pr(&n¢), XY Z) = Sym(Tr(EnX)Tr(CY 7)),
(Ps(&nC), XY Z) = Sym(T'r (EnC)Tr(XY Z)).

The notation 'Sym’ means that the expression is symmetrical in &, n, .

If NV is the sub-matrix of M, with 8 rows and 8 columns whose entries are { P;(w"), (w*)"),
1=1,...,8, then

00036 036 00
000 0 0 4 00
011 3 0 4 10
N — 004 0 0 4 00
010 0 0 2 00
112 0 2 2 00
100 0 0 0O 0O
3300 0 0 0 09

The rank of this matrix is also 8. Thus (Py, Py, Ps, Py, Ps, Ps, P;, Py) are independent.
Therefore:

Lemma 6.1.
The applications P; : S®(sl(4,R)*) — (53(5[(4,R)))* defined above, form a basis
of the space of intertwining of the module S*(sl(4,R)).
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6.3. sl(4,R) does not admit an overalgebra almost separating of degree 3.

Theorem 6.2.
The algebra s1(4,R) does not admit an overalgebra almost separating of degree 3.

Proof.
We have seen that if s[(4, R) admits an overalgebra of degree 3, then s[(4, R) admits
an overalgebra of the form

(sl(4,R) x S3(sl(4,R)), (by + by + b3) o 7).

In this case, b; are an intertwining, by = 0, (b2(£.1), X.Y) = aTr(En)Tr(XY) and bs
1s written :

oo

b3(§mC) =D _ ¢ Pi(€n.C).

g=1

Then, we choose v = X.X.X in S3(sl(4,R)) and we calculate ‘1, (P;(£.£.€)). Ex-
plicitly:

Pu(Pi(€.£.6)) = [X°,€7),
W (Pa(€.£.8)) = [XPE2X, €] + [XEX?, €7,
o (P(€.€.8)) = [XPEX, &% + [X X2, ¢,
"W (Pi(€.6.€)) = 3[XEXEX, €,
"W (P5(€.6.8)) =Tr (XZ)[X,S‘O’],
W (Ps(€.6.€)) = 2T (EX)[XEX, ] + Tr(EXEX)[X, €],
W (Pr(££.8) =Tr (éXQ)[X &+ Tr(€X)[X? ¢,
"y (Ps(€ .. 5)) =0.
Let £ = ey4, then &% = d ", (Pj(€.££)) =0, for j=1,2,3,5, 7.

Let now X = eyq + e4q1, then €X = ey and XEXEX = X — & = eyy.

So, we obtain i), (Py(£.£.€)) = —3(e1; — eqs) and ", (Ps(£.£.€)) = 3(enn — ew).
Thus, with same notations as above,
¢ =&+ 1u(6(8)) = 3(co — ca)(en — eaa) + ewa.
Therefore,
det(¢ — M) = A2(A\* — 9(cs — c4)?).

We deduce the relation cg — ¢4 = 0.

On the other hand, let X = ey — €41, then :
§X = —en, EXEX = ey, XEXEX = —ey,
XEX = ey, [X§X§X, f] = €11 — €44, X§X = €41,
[XfX, f] = —eq1 1 €44, [X> f] = €11 — €44, §X§X = €11.
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Thus, we get ‘b, (Ps(£.€.€)) = 3(e11 — eaq) and ‘b, (Py(£.£.€)) = 3(e11 — eqs). There-
fore, if ¢ = &£ +" ¥y (4(€)),

det(C — M) = A2(A2 = 9(cg + ¢4)%)

then ¢g + ¢4 = 0. This shows that ¢g = ¢4 = 0.

We choose now & = eq3 + esq, and X ="' € = eg; + eq3. Then:

X2 = €41, X2§2X = €43, [S,XZSQX] = €33 — €44, X§X2 = €41,
[, XEX?]) =en —ew, XX =eq, [ X%€X] =en—eu, XEX® =ey,
[S,ngXQ] = €11 — €33, X2§2X = €43, [XQSQX, f] = €44 — €33, X§X2 = €41,
[XgXQa 52] = €44 — €11-

We deduce that "), (P (£.£.€)) = e11 +e33 — 2eqq and "), (P3(£.£.£)) = 2e11 — €33 — €.
Therefore,

C=E+" (0(8)) = €13 + €34 + (c2 + 2c3)eq1 + (c2 — c3)ess — (202 + c3)eq

and
det(C - )‘[) = _)\<02 + 203 - )\)(CQ — C3 — )\)<—202 — C3 — )\)
Hence, the spectrum of ( is the same as &, i.e {0} implies ¢ + 2¢3 = 0, ¢5 — c3 = 0,

and 2¢o +c3 =0, 80 ¢ =3 =0.

Now, let € = ei5 + €14 + €34 and X =" € = e3; + eqy + ey3, then

52 = €14, X? = €41, §X2 = ey + es,
EX =ey +es, [fzaX] =e11 + €13 — €34 — €4, [&XZ] =e11 + €31 — €43 — €.
Thus,

“p(Pr(.£.€)) = 2e11 + €13 + €31 — €31 — €43 — 2€44
and, if ¢ = & +' ¥, ((€)),
det(¢C — M) = —A(=A* + A(5c2 + 1) + 262 + 2 + 2¢7).

Therefore, the spectrum of ¢ is the same as &, i.e {0} implies ¢; = 0.

Later, we choose & = €19 + €93 + €34 and X =" £, Then, 52 = e13 + €94, 53 = e,
X3 = ey41. Thus ", (P1(£.£€.€)) = e11 — eqy and the spectrum of ¢ = & 4+ 1, (4(€)) is
{0} implies ¢; = 0.

Finally, we choose another X = ey4 + e4; and we allowed & = e15 + €93 + e34. Then
X? = e + ey and € = ey — eqy. Therefore, ‘b, (P5(£.£.€)) = 2(e1; — eas) and
det(¢ — AI) = A* implies ¢5 = 0.

We finally get:
(0(6). U+ XY + X'Y".Z') = asTr(E)Tr(XY) + s Tr(E)Tr(X'Y'Z)).
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But we consider, for 0 < t < 1, the matrices

V1+t
¢, = 1+t
¢ 1—1¢

—V1-t

¢ is an element of Q for all t, Tr(¢2) = 4 and Tr(&}) = 0 for all . Although,
det(&,) = (1 — t*)?. Therefore, with the same argument as in a previous section, we
have, for all t,

Conv (®(Coad SL(4,R)&)) = (sl(4,R)) x {U+ X.Y + X' Y'.Z' — 4a,Tr(XY)}.

1
But, if t # 27 & is not in the orbit Coad SL(4, R)S%.

Thus, sl(4,R) does not admit an overalgebra almost separating of degree 3.

In fact, we think that the following conjecture is always true :

Conjecture 6.3. For alln, sl(n,R) does not admit an overalgebra almost separating
of degree n — 1, but it admits an overalgebra almost separating of degree n.

More generally, if g is a real and deployed semi simple Lie algebra and if k is
the greatest degree of the generators of the algebra of invariant functions on g, then
g admits an overalgebra almost separating of degree k. But g does not admit an
overalgebra almost separating of degree k — 1.

The hypothesis ‘g deployed’ is necessary. Indeed, we remark that s[(2, R) does not
admit an overalgebra almost separating of degree 1, but the Lie algebra su(2) admits
an overalgebra almost separating of degree 1 since its adjoint orbits are spheres which
are characterized by the closure of their convex hull.
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