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Abstract

Let T be an ergodic automorphism of the d-dimensional torus T?. In the spirit of Le Borgne [10], we
give conditions on the Fourier coefficients of a function f from T¢ to R under which the partial sums
foT+ foT?+---+ foT™ satisfies a strong invariance principle. Next, reinforcing the condition on the
Fourier coefficients in a natural way, we obtain explicit rates of convergence in the strong invariance
principle, up to n'/*logn.

1 Introduction

We endow the d-dimensional torus T¢ = R¢/Z¢ with the Lebesgue measure \, and we denote by
E(-) the expectation with respect to A. As usual, the L” norm of a f from T¢ to R is denoted by
11l = (E(£17)177.

For d > 2, let T be an ergodic automorphism of T?, and let f be a function from T to R such
that E(f?) < co and E(f) = 0. In [10], Le Borgne has proved that if the Fourier coefficients (cx)yxeza
of f are such that, for § > 2 and every integer b > 1,

IklZ>b|0k|2 < Rlog™"(b),  where k| = max il (1.1)

then the partial sums process
[nt]

{ZfoTi,te[o,l]} (1.2)

properly normalized, satisfies both the weak and strong invariance principles. More precisely, Le
Borgne has introduced in [10] an appropriate o-field Fy such that Fo C T~1(Fp), for which the
quantities ||E(f o T*|F)||2 and || f o T=% —E(f o T~%|F)||2 can be controlled for any positive integer
k. The weak and strong invariance principles follow then, by applying Gordin’s result (see [8]) and
Heyde’s result (see [9]) respectively.
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In Theorem 2.1 of this paper, we show that the weak and strong invariance principles still hold
for functions f satisfying (1.1) with 8 > 1 only, and we give a multivariate version of these results.
For the weak invariance principle, this follows from an improvement of Gordin’s criterion, which was
already known in the univariate case (see [7]). For the strong invariance principle, this will follow
from a new criterion for stationary sequences, presented in Theorem 4.1 of the appendix. Note that
the condition (1.1) with 6 > 1 is satisfied if, for a positive constant A,

d

1
2
C <A| | for some a > 1, 1.3
o= i1 (14 ki) log' (2 + |ks) (1.3)

improving on the condition a > 2 given by Leonov in 1969 (see [11], Remark 1). Note that Leonov
has also given a condition in terms of the modulus of continuity of f in L2

The strong invariance principle means that, enlarging T¢ if necessary, there exists a sequence of
independent identically distributed (iid) Gaussian random variables Z; such that

k k
su 0Tt — Zi‘ = o(n'/?(loglogn)'/?) almost surel ,as n — oo. 1.4
S ;f ; (n'/*(loglogn)'/?) y (1.4)

It is also possible to exhibit rates of convergence in (1.4), provided that we reinforce the assumption
(1.1). This has been done recently, thanks to a general result giving rates of convergence in the
strong invariance principle for partial sums of stationary sequences. More precisely, let p €]2,4] and
g = p/(p —1). We have proved in Theorem 2.1 of [6] that if there exists R > 0 such that for every
integer b > 1,

2
-2
Z lex]? < Rlog™%(b) for some 0 > b= : (1.5)
and ; A
Z lex|? < Rlog™?(b) for some 8 > P , (1.6)
k| >b p

then the strong approximation (1.4) holds true with an error of order o(n'/?(log n)*+1)/2) fort > 2/p.
A condition on the £2 norm of (ck)xezae seems appropriate in this context, since this £9-norm dominates
the IL” norm of f, which is required to be finite to get the rate o(n'/?) in the iid situation.

If we assume that the Fourier coefficients of f are such that,

d

1
] < A 5 , (1.7)
iI;[l (1 + [Ki) log" (2 + |Ki)

then the conditions (1.5) and (1.6) are both satisfied provided that a > (p* — 2)/(p®> — p). Now,
considering (1.3), one can wonder if & > 1 in (1.7) is enough to get an approximation error of order
o(n*/?L(n)) in (1.4), where L(n) is a slowly varying function. The main result of this paper, Theorem
2.2 below, shows that the answer is positive.

2 Invariance principles for ergodic automorphisms of the torus

Let us first recall some probabilistic notations. A measurable function f : T¢ — R™ (with coordinates
fis-y fm) is said to be centered if every f; is integrable and centered. Such a function f is said to
be square integrable if every f; is square integrable. Now, for every centered and square integrable



functions f,g: T¢ — R™ (with f = (f1,..., fm) and g = (g1, ..., gm)), we define the covariance matrix
Cov(f,g) of f and g and the variance matrix Var(f) by

COV(f, g) ( (fzgj))z j=1,..., , and Var(f) = COV(f, f) .

Let us now recall some facts about ergodic automorphisms of T<. A group automorphism 7" of T¢
is the quotient map of a linear map 7 : R — R given by T( ) = S.z (. being the matrix product),
where S is a d X d-matrix with integer entries and with determinant 1. Any automorphism 7" of
T? preserves the Lebesgue measure A. Therefore (T%, B(T¢), T, \) is a probability dynamical system
(where B(T4) stands for the Borel o-algebra of T4).

This dynamical system is ergodic if and only if no root of the unity is an eigenvalue of the matrix
S associated to 7. In this case, we say that 7' is an ergodic automorphism of T¢.

An automorphism 7' of T¢ is said to be hyperbolic if the matrix S associated to 7' admits no
eigenvalue of modulus one. With the preceding characterization of ergodic automorphisms of T¢, it is
clear that every hyperbolic automorphism of T¢ is ergodic. Ergodic automorphisms of T¢ are partially
hyperbolic but not necessarily hyperbolic (an example of a non-hyperbolic ergodic automorphism of
T? can be found in [10]).

In the next Theorem, we give weak and strong invariance principles for the partial sum process
(1.2) of R™-valued functions.

Theorem 2.1. Let T be an ergodic automorphism of T¢. For any j € {1,...,m}, let fi: T¢ - R be
a centered function and assume that its Fourier coefficients (ck j)kezae Satisfy the following condition:
there exists a positive constant R such that for every integer b > 1,

Z ;12 < Rlog™"(b) for some 6 > 1. (2.1)
Ik|>b

Let f=(f1,--., fm) : T* = R™. Then the series ¥ =Y, ., Cov(f, f o T*) converges, and

Tim. nVar(Zf o Tz) -3, (2.2)

In addition,

1. The process {n~1/? Zy;q foTi tel0,1]} converges in D([0,1],R™) equipped with the uniform
topology to a Wiener process {W (t),t € [0,1]} with variance matriz Var(W (1)) = 3.

2. Enlarging T¢ if necessary, there exists a sequence (Zi)i>1 of iid R™-valued Gaussian random
variables with zero mean and variance matriz Var(Zy) = X such that

sup Zf oT" — ZZ ’ =of 1/2(10g10gn)1/2) almost surely, as n — oo.

1<k<n ! i

When m = 1, it is also possible to exhibit rates of convergence in (1.4) provided that we reinforce
Condition (2.1).

Theorem 2.2. Let T be an ergodic automorphism of T¢. Let p €]2,4] and q := p/(p — 1). Let
f:T% = R be a centered function with Fourier coefficients (cx)xeze satisfying the following conditions:
there exists a positive constant R such that for every integer b > 1,

Z lex|? < Rlog™%(b) for some 6 > 1, (2.3)
|k|=b



and

Z lex|> < RV~ for some ¢ > 0. (2.4)
k|>b
Then the series
o> = E(f.f o T) (2.5)
keZ

converges absolutely and, enlarging T¢ if necessary, there exists a sequence (Zi)i>1 of #id Gaussian
random variables with zero mean and variance o such that

k k
sup Zf oT" — Z ZZ-‘ = o(nl/p logn) almost surely, as n — oo. (2.6)
i=1

lsksn 52 i=1

Observe that if (1.7) holds with o > 1 then (2.3) and (2.4) are both satisfied, so that the strong
approximation (2.6) holds. However Theorem 2.1 in [6] and Theorem 2.2 above have different ranges
of applicability. Indeed, let v > 1, and define ¢ = £77/7 if k = (2£,0,...,0), cx = —£/7 if
k = (—2£,0,...,0) for £ € N, and ¢, = 0 otherwise. Let now b and 7 be positive integers such that

27—l « b < 27. Since
1
q _ -
SUEE) e
k| >b e>r
it follows that A; (logb)1 =7 < 2opkizp lex|? < Az (log b)1=7 (where \; and )y are two positive constants).
Similarly A; (logb)'=27/9 < ks lcxl® < Ao(log b)1=27/4_ In this situation, the conditions (1.5) and
(1.6) are both satisfied provided that v > 1+ (p? — 2)/(p? — p) whereas condition (2.4) fails.
To prove Theorem 2.2, we shall still use martingale approximations as done in [6], but with the
following modifications: Condition (2.4) allows us to consider a non stationary sequence X; = f,oT",
where the functions f; are defined through a truncated series of the Fourier coefficients of f. For the

partial sums associated to this non stationary sequence, the approximation error by a non stationary
martingale can be suitably handled with the help of Condition (2.3).

3 Proofs of Theorems 2.1 and 2.2

As in [6], we consider the filtration as defined in [12, 10] that enables to suitably approximate the
partial sums Y ;" f o T by a martingale. To be more precise, given a finite partition P of T, we
define the measurable partition P§° by :

vz e T, Pge(z) = (| T*P(T*(2))
k>0

and, for every integer n, the o-algebra F,, generated by

vieT!, PX,(z):= (| TFP(T*(@) =T (P (T"(z)).

k>—n

These definitions coincide with the ones of [10] applied to the ergodic toral automorphism 7!, We
obviously have F,, C F,+1 = T~'F,. Note that the sequence (f o T%);>; is non adapted to (F;);>1.
In what follows, we use the notation E, (f) = E(f|F,).



3.1 Proof of Theorem 2.1

According to Theorem 4.1 and Remark 4.3 given in Appendix, it suffices to verify that condition
(4.35) is satisfied. Therefore, it suffices to verify that for any j € {1,...,m},

logn logn
Eo(f;oT™ < d i —E,(f; < 00. 3.1
7%;)711/2(10g;10gn)1/2H o(fj0T")ll2 < 00 an gnl/Q(loglogn)l/ZHfJ (fi)ll2 < o0 (3.1)

But, according to the proof of Propositions 4.2 and 4.3 of [6] (see also [10]), for any f; satisfying (2.1),

1B (fi)ll2 + [If — En(fi)ll2 < n™%2.
Since 6 > 1, (3.1) is satisfied. O

3.2 Proof of Theorem 2.2

Let f : T — R be a centered function with Fourier coefficients (ck)xez«. For every nonnegative
integer m, we write

fm = Z cpe2 k) (3.2)
[k[<m
Notice that if f satisfies (2.4), then
If = fmlla < Rm~¢/2, (3-3)
and if f satisfies (2.3), then
1f = Fmlly < R(log(m))=*¢=77. (34)

According to the proofs of Propositions 4.2, 4.3 and 4.4 of [6], there exist ¢ > 1 and v, A € (0,1)
such that, setting b(n) := [y~ "], we have

Sup (HE—n(fm)Hp + Hfm - En(fm)llp) <L A" (3-5)

m<b(n)
(according to (4.50), (4.51) and (4.53) of [6]), and

sup sup  sup  |[E_n(finfm o TY) —E(fimfm o T)|p2 < A" (3.6)
NZ>cn m<b(n) £€{0,...,n}

(according to (4.61) and (4.62) of [6]). Moreover, according to the proof of Propositions 4.2 and 4.3
of [6], we have, for any f satisfying (2.3),

SUD ([En(fn)llp + i = Ba(fin)llp) < 00 @12, (3.7)

and
[E—n()llp + 1 f = Ea(f)llp < 0~ 0®=D/P. (3.8)

In addition, according to the proof of Proposition 4.4 of [6], there exists a positive integer ¢, such that
for any f satisfying (2.3) and (2.4),

max [[E-nc(SE(f)) = E(SF(f)lpje < n® 2@=0/P, (3.9)

1<k<n

For any f satisfying (2.4), using the arguments developed in the proofs of Propositions 4.2 and 4.3
of [6], we infer that there exists 8 € (0, 1) such that

SH>I>1(||E—n(fm)||2 + 1 fm = En(fm)ll2) < B, (3.10)



and
IE_n(H)llz + IIf —En(f)ll2 < 6" (3.11)

Let us write Py(-) = Ey(-) — E¢—1(-). Now, let a be a positive real such that a¢ > 3 — 2/p. We then
define

d; :zzpl (flOTk) , X7 = f1oT,
kez

and, for every j > 0 and every ¢ € {27 +1,..., 271}
dz = ZP@ (f[?aj] e} Tk) , X; = f[2aj] o Te.
k€

For every positive integer n, we define

n

M(f) =Y d; and Si(f) =Y X7
(=1

=1
The conclusion of Theorem 2.2 comes from the three following lemmas.
Lemma 3.1. We have |S,,(f) — S:(f)| = o(n*/P(logn)) almost surely.
Lemma 3.2. We have |S:(f) — Mz (f)| = o(n'/?(logn)) almost surely.
Lemma 3.3. The conclusion of Theorem 2.2 holds with M} (f) replacing Sy (f).

Proof of Lemma 3.1. For any nonnegative integer j, let

k427
e *
Dj:= sup Z (Xe—X))|.
ISk<2) 0y oj 4y

Let N € N* and let k €]1,2"]. We first notice that D; > |Z?:21j+1(Xg — X/)|, so if K is the integer

such that 261 < k < 2K then

K-1
Sk — S| < |X1 - X7|+ > D;.
7=0
Consequently, since K < N,
N-—1
 fnax 1S, — S5| < |X1 — X7| + ZO Dj. (3.12)
‘7:

Therefore, by standard arguments, Lemma 3.1 will follow if we can prove that D; = o ( j2i/ p) almost

surely. This will hold true as soon as

Z 10,13 < oo for some ¢ € [1,p) (3.13)
244/p j4 v ’

Jj=>1

We shall verify (3.13) for ¢ = 2. Notice that

k427
1Dl = sup | D0 (= fae) o TY||, <20 = izl
1Sk<27 0y o511 2




Hence, by using (2.4), | D;||3 < 2%27¢%7 which together with the fact that a¢ > 2 — 2/p implies
(3.13) with ¢ = 2, and then Lemma 3.1. O

Proof of Lemma 3.2. Without loss of generality, we assume that § < (p?> —2)/(p(p —1)). Following
the beginning of the proof of Lemma 3.1, Lemma 3.2 will be proven if (3.13) holds with D; defined
by

k+27

Dj= sup | > (X;—dj)|. (3.14)
1Sk<27 7y oitq
With this aim, setting, for every k € {1,...,27},
k k427 _
Rj,k = Z (f[Qaj] 9 Te — Z Pg (f[gaj] 9 Tm)) = Z ()(2K - d;f) 9 T_2 5
=1 meEz (=23 +1
we first observe that
J
IDsllp = || sup [Rixl| <2730 27 7Ryl (3.15)
1<k<2J P o

(where for the inequality we have used inequality (6) in [15]). Now, according to the proof of Propo-
sition 5.1 in [6] with X; = fi2as) 0 T* and using again stationarity, we get that for any integer & > 0
and any integer N > 2%,

N-1

max Ryl < 3 18- Mo+ 3= iz = Eel el
(=1

(ZH Z (fize9 OTZH) (ZH Z Pi(figes) 0T~ eH) . (3.16)

m=1 {¢>m+N m=1 {¢>m+N

Let us first consider the case where [2%7] < b(2¥). Starting from (3.16) with N = 2% and using the fact
that || P—e(fl20))llp < 2 E—¢(fi209))llp and that [|Pe(fi2ei)llp < || fl205) = Ee—1(fi2057)||p, we get that

2k 2k 1
1<ma<x HRJ mHP < Z IE_. f[2<w ||p + Z Hf[2aj] — Eo(f 2‘*]])”1@
=1 £=0
+ 252 N Ee(fpea)llp + 252 D Ml frzea) — Belfi200)lp -
0>k 41 £>2k

Therefore, taking into account the upper bound (3.7) for the two first terms in the right hand side,
and the upper bound (3.5) to handle the two last terms (since [227] < b(2¥)), we derive that

max || Ry, < 280 —0¢=D/P) (3.17)
1<m<2

(recall that 6(p — 1)/p < 1). On the other hand, starting from (3.16) with N = 2[2*?/2] and using
Lemma 5.1 in [6], we get that

2[2kP/2) 2[2kP/2)
a1 Bymllp < > IE—efeillo+ D Ifi2ei = Eelfzen)llp
(=1 (=0
k2 [E—¢(fzes)llp | nye [ fizes) — Ee(fizoa)llp
2> DY o -
£>[2v0/2) £>[2v0/2)



Therefore, it follows from (3.7) that

) (kp(1—-6(p—1)/p))/2
1§H'rlna§XQk | Rjmllp < 2 . (3.18)
Let
€ = o~ (log(y™))/(l0g2)] and jo = (log2)~(log j — log C). (3.19)

Clearly, if jo < k then [2%/] < b(2F). Therefore using the upper bound (3.18) when k < jo and the
upper bound (3.17) when k > jo, we get that for any positive integer j

jp/2

J
2_k/pHR‘ k” < B . 9
kZ:O 3,25 1lp ]1/pj0(p71)/2

since 0 < (p* —2)/(p(p — 1)). Now, since 6 > 1, it follows that

J
L _ p
S (Y2 R ay) <o
k=0

Jj=1

From (3.15), this implies that (3.13) holds with D; defined by (3.14) and ¢ = p. This ends the proof
of lemma 3.2. O

Proof of Lemma 3.3. Let M, = Y., d; where dp = dy o T* with dy = >, Po(f o T"). Notice
that the upper bound (3.8) and the fact that 6 > 1 imply in particular that

S PR ()l < oo and 370 VP f — Ba(f)lly < o0,

n>1 n>1

and then that ), ., [|[Po(Xy)[[, < oo (use for instance Lemma 5.1 in [6] to see this). Therefore
> kez 1Po(Xk)|l2 < oo. Using (4.2) of Lemma 4.1, we get that

150 (f) = Mall2 = o(v/n) . (3.20)

From (2.2) of Theorem 2.1, we know that n=1(|S,,(f)|3 converges to o2. Tt follows from (3.20) that
o2 =n"1E(M?) = E(d3).
We shall prove now that
1My = Myll2 = O(n'/?). (3.21)
Let N be the positive integer such that 2V=1 < n < 2¥. Since M} — M, is a martingale, we have

that
N—1 2/+1

1M = M3 =D B((dj —de)®) <E((d} —di)*)+ > > E((dj —dp)?). (3.22)

=1 =0 =23 4+1

By stationarity, for any ¢ € [29 + 1,2/t NN we get that

d = della = 1> Po((f = frzes)) 0 T2
iE€EZ
ST = fenll+ D NP-ilf = faella+ Y IP(f = fraon)ll2-

i>27+1 §>27+1

According to (3.3) _
If = faesll2 < R27C9/2. (3.23)



On the other hand, by Lemma 5.1 in [6],

S P-i(f — fpeplla < Y ETPIE . (f = fron)l2

i>20+1 k>2i

and

SRS = frenllz < D> ETV2F = frpon + Ba(f — fizon)ll2-

i>20+1 ke>2i
Using the estimate (3.10) and (3.11), it follows that
> (IP=i(f = fren)lla + 1P=i(f = fipea)ll2) = O(B”) . (3.24)

i>2i+1
Combining the upper bounds (3.23) and (3.24) with the fact that a{ > 3 —2/p, it follows that
[ — dello < 277~/ P

Using this estimate in (3.22), we obtain that || M; — M,||3 < n?/?, proving (3.21).
Now, let us recall Theorem 2.1 in [13] (used with a,, = n?/?(logn)): if there exists a finite constant
K such that
sup [|di ||, < K, (3.25)
k>1

and if
> (B((d;)°|Fiz1) — B((d)?)) = o(n*?(logn)) a.s., (3.26)

i=1

then, since E((M;)?) ~ no?, enlarging T? if necessary, there exists a sequence (Z})e>1 of independent
*\2
Ty

Gaussian random variables Wlth zero mean and variance E(Z;)? = E(d})? = (0})? such that
k
sup |M} — Z ZE‘} = o(nl/p(log n)) almost surely, as n — co. (3.27)
1<k<n —1

Let (dx)k>1 be a sequence of iid Gaussian random variables with mean zero and variance o2, inde-

pendent of the sequence (Z;)¢>1. We now construct a sequence (Zg),>1 as follows. If o} = 0 then
Zp = 0y, €lse Zy = (o/0})Z}. By construction, the Z,’s are iild Gaussian random variables with mean
zero and variance o2. Let Gy = Z,— Z ; and note that (Gy)¢>1 is a sequence of independent Gaussian
random variables with mean zero and variances Var(Gy) = (o — o})?. Notice now that

—Var(zc) > (ldillz = 1z l12)* < 1M — M3

i=1

From the basic inequality

2

)<2€Xp( ;2),
v’ll

and the fact that by (3.21), v2 < n?/?, it follows that for any & > 0,

k
ZnilP(lrglkaé( ZGz} > enl/p(logn)) < o0,

n>1 - i=1

IP’( max
1<k<n

i=1




showing that maxi<g<p | Zle Gi| = o(n'/?(logn)) almost surely. Therefore starting from (3.27), we
conclude that if (3.25) and (3.26) hold then Lemma 3.3 does; namely, enlarging T¢ if necessary, there
exists a sequence (Z;)¢>1 of iid Gaussian random variables with zero mean and variance o2 such that

k
_ ZZZ’ = o(n'/P(logn)) almost surely, as n — oco.

sup
1<k<n

It remains to show that (3.25) and (3.26) are satisfied. We start with (3.25). Notice that ||df||, <
> ez IP-k (f1) || and that, for every j >0 and every £ € {27 +1,..., 2711},

Id7 1l < > IP-k(frzei)) -
keZ
By Lemma 5.1 in [6],
D NP-k@)lp < Dk VPIE-k(9)llp + Dk Pllg — Er(9)llp
kez k>1 k>1

with constants non depending on g. Hence, using the estimate (3.7) and the fact that 8 > 1, we get
that, for every j > 0 and every £ € {27 + 1,...,2/71}  there exists a constant K non depending on j
such that ||d}]|, < K. This ends the proof of (3.25).

To prove (3.26), we proceed as follows. Following the beginning of the proof of Lemma 3.1, we
infer that (3.26) will be proven if we can show that

2940
Dj:= sup (B((d;)21Fim1) — E((d})?)| = 0(j29/7) a.s.. (3.28)
1<e<2i b
== 1=274+1
This will hold true as soon as
D512/
j=>1

For any j fixed and any i € Z, let dj; = >, ., P; (f[QM] o Tk). By stationarity

l
Z(E(d?,ilﬂfl) -E
1=1

IDsllp2 = || sup

E)[,
1<0<2i (J’ ) p/2

Observe now that, for any j fixed, (d;;)icz is a stationary sequence of martingale differences in LP.

Let .
M, = Z dji.
=1

Applying Theorem 3 in [16] (since 1 < p/2 < 2) and using the martingale property of the sequence
(M n)n>1, we get that

S B | Fo) — E(M

/2
Y o 2oz \”
E( sup \Z —E@))||7) < 202, 1)+ (Z ) B p/z> |

1<4<29 k=0

Using the fact that ||d3 ||,/2 = [|dj1]|2 < K where K does not depend on j, the convergence (3.29)
will be then proven if we can show that

1 j—1 B p/2
> (2 B (M)~ BOMZ ) ya) < oo
k=0

j>1

10



According to the arguments developed in the proof of Theorems 3.1 and 3.2 in [6] (see (3.19) and
(3.20) of [6]), since (M x)r>1 is a sequence of martingales, we infer that this last convergence will be
satisfied as soon as there exists a positive integer ¢ such that

1 J p/2
3 W(Z2—2k/p"E,cgk(Mﬁ2k) —E(Mj%Qk)Hp/Q) <. (3.30)
k=0

Jj=21
We shall prove in what follows that this convergence holds as soon as c is chosen in such a way that

(3.9) holds true.
For any positive integer n, let

Sj,n = Z f[QQj] o Té and R],’Il = S‘%n — M],n .
=1

n

We first write that

I cor (M7 50) = B(M0)llp/2 < IE—cor (S5 06) — E(SS0)llp/2
+ 4||E752k (Sj,QkRj,Qk)Hp/Q + 2||R‘712k ||?) . (331)

Let jo be defined as in (3.19). Using the upper bound (3.18) when k < jo and the upper bound (3.17)
when k > jo, we get that for any positive integer j,

i -
—2k/p 12 _Jg
;02 13122(2& 1.mll, < 42/ j6(p=1)’

since we can assume without loss of generality that 6 < (p?> — 1)/(p(p — 1)). Now, since 6 > 1, it

follows that ‘
1 ’ —2k/p 2\ P/2

On an other hand, ¢ being chosen such that (3.9) holds true, the upper bound in (3.9) together with
the fact that 6 > 1, implies that

J J

—2k/p 2 N _ 2 —2k/p92k(1-0(p—1)/p) _

];)2 1§na§2k ||E—02k (S_],m> E(Sj,m>Hp/2 < ];)2 2 O(1> .

Therefore,

> L(iz—zm max [|[E_.x(S7,,) — E(S7,,)]| )W < oo (3.33)
/2 —c28\F4,m 3m/ilp/2 : )

1<m<2k
>1 k=0 =m=

Starting from (3.31), and taking into account (3.32) and (3.33), we then infer that (3.30) will hold
true if we can show that

1 : —2k/ p/2

Z T/Q(Z2 pHE—czk(Sj,szjzk)Hp/Q) < 00. (3.34)

=17 V=0

With this aim, we use Inequality (3.24) in [6] (taking n = 2*, u,, = [Qk/z]7 r = ¢2%). Therefore,
||E7521€ (SjgkRj,Qk)Hp/Q < 2k/4(||EO(Sj12k)H2 + ||Sj12k' - EQk (Sj,2k)H2)

+ m:{QkIggi([Qk/z]} HRJ‘,mH?o + 2k/2(||E—[2k/2] (Sj26)ll2 + [[Sj,28 — Egry[ar/2) (Sj20)2)

T et (53n) = E(SS)llpr2 +2° D [1Po(fraieg o T2+ (3.35)
S le|>2k

11



By stationarity,

2" 2k —1
IEo(Sj2¢)ll2 + 1,25 — Ban(Sj26)ll2 < D IE—e(fseplla + D Il frzse) — Eel flsm)ll2-
=1 =0
Hence by using (3.10),
2k/4(||EO(Sj12k)||2 + HSijk - Egk (5}21&)”2) << Qk/4 . (336)

Using again (3.10) and the stationarity, we get that

IE_ /21 (S5,26 )2 + (15,26 — Borypors2] (S 2x)[I2

2k 2k 1
k/2
<Y B sz (Frre)ll2 + D i) — Bporrzppe(Fraiep)lla < 827
= =0
Therefore
2572 (| B_gr/21 (S0 )12 + 115,20 — Eon g arr21(S;.20)l2) = O(1). (3.37)

On an other hand, using again (3.10) and the stationarity,

> P (frza o T2 < D (1B e(fzsa) 2 + Il fizse) — Bem1(frae))ll2) < 5,

6| >2k >2k

which implies that
26 N " [ Po(fizse) 0 T2 = O(1).. (3.38)

le]=2k

Starting from (3.35) and taking into account the convergence (3.32) and (3.33), and the upper bounds
(3.36), (3.37) and (3.38), we then derive that (3.34) holds. This ends the proof of (3.26) and therefore
of Lemma 3.3. O

4 Appendix

Let (Q,.A,P) be a probability space, and T : Q — € be a bijective bimeasurable transformation
preserving the probability P. Let us denote by | - |,, the euclidean norm on R™ and by < -, - >,, the
associated scalar product. For a o-algebra Fy satisfying Fo C T—1(Fy), we define the nondecreasing
filtration (F;)icz by Fi = T~4(Fo). Let F_oo = Niez Fr and Foo = /oy Fi. For a random variable
X with values in R™, we denote by || X ||p.m = (E(|X[2,))!/? its norm in LP(R™).

In what follows X is a random variable with values in R, and we define the stationary sequence
(Xi)iez by X; = X o T% We shall use the notations Ex(X) = E(X|Fk), Eao(X) = E(X|Fu),
E_o(X)=E(X|F-x), and Px(X) = Ex(X) — Ex_1(X).

The aim of this section is to collect some results about invariance principles for stationary se-
quences that are non necessarily adapted to the underlying filtration. We start with a martingale
approximation result. The estimate (4.2) of Proposition 4.1 below is a generalization of Item 2 of
Theorem 1 in [15] to the multidimensional case and to the case where the variables are non necessarily
adapted to the filtration under consideration. The convergence (4.3) is new. Notice that the proof
of the next lemma is based on algebraic computations and on Burkholder’s inequality. Burkholder’s
inequality being also valid in Hilbert spaces (see [2]), the approximation lemma below is then also
valid for variables taking values in a separable Hilbert space, H, by replacing the norm | - |,, by the
norm on H, let say | - |5.

12



Proposition 4.1. Let p € [1,00[ and p’ = min(2,p). Assume that E_..(Xo) = 0 almost surely, that
Ew (Xo) = Xo almost surely, and that

ZHPO ”pm < 0. (4.1)
€L

Let dy =) ;cq Po(Xi), My, = i dooT" and Ry, := S, — M,. For any positive integer n,

Rallf < 32 (3 IRX) ) (4.2)

k=1 |e|>k

In addition,

— (/P 4
H max. |Rk|me o(n'?) asmn — oo. (4.3)

Remark 4.1. The constant appearing in (4.2) depends only on p and not on (Q, A,P, T, Xo,Fo).

Proof of Proposition 4.1. It will be useful to note that P;(X;) = P,_;(Xo) 0o T7 = Py(X;—;) o T"
almost surely. The following decomposition is valid:

Bao= (=20 R0W) =30 30 RXG) - 33 AXy)
k=1 j=1 k=1j>n+1 k=1 j=0
= Eo(Sn)— Y Pu(X5) + Sn = En(Sn) = > Pu(X ). (4.4)
k=1j>n+1 k=174=0

Applying Burkholder’s inequality for multivariate martingales, and using the stationarity, we obtain
that there exists a positive constant ¢, such that, for any positive integer n,

Hi Z Pp(X;) pj <cpZH Hzl <CPZ(Z”PO ||pm) , (4.5)

k=1j>n+1 k=1 j>n+1 k=1 j>k

and

Xy re) <ol [Srx) oY (SIRE Jha) - 46
’ ’ j>k

k=1 ;>0 k=1 j>0 k=1

On an other hand, since E_oo(Xo) = 0 almost surely, we have Eo(Sn) = > ;5o P-k(S5) almost
surely. Hence by Burkholder’s inequality for multivariate martingales together with stationarity, there
exists a positive constant ¢, depending only on p such that

B (S < e S 1Pl < 0 S (S 1P (X))

k>0 k>0 (=1
n—1 k+n
<o (X 1P Eln) 46X (X 1Ko ln)”
k=0 €>k+1 k>n  f=k+1
n—1 p/ k+n
<03 (X 1Pln) e X 1P Eln) XS 1P
k=0 £>k+1 i>n+1 k>n b=k+1
n—1 ’ ’
p p
<o (D IP-elX) )+ D 1P-e(Xo)llpm)
k=0 (>k+1 >n+1

13



Therefore

oSl < 2603 (1P X)) (4.7)

k=1 [(>k

We handle now the quantity ||S, — En(Sn)Hgim. Since Ex (Xo) = Xo almost surely, we first write that
Spn—En(Sn) = 2 j>ny1 Pr(Sn). Hence, applying Burkholder’s inequality for multivariate martingales
and using the stationarity, we infer that there exists a positive constant ¢, depending only on p such
that

1Sn = En(Su) b < ¢p Y I1PL(Sn)]

p,m—cp Z (ZHPk Xo)lp,m )

k>n+1 k>n+1 =
k—1 k—1 p/
S (X 1)+ X (X 1Pl
k=n+1 {=k—n k>2n+1 {f=k—n
<o (SIPEn) +a( X 1P a) ¥ S 1P
k=1 >k i>n+1 k>2n+1f=k—n
n p/ p/
<eo > (IR ) +eon( 3 IPXo)llpim) -
k=1 >k 0>n+1

Therefore "
’ P’
180 = En(Sa) 5m < 26 > (D2 I1PAX0)lpm) - (4.8)
k=1 >k
Starting from (4.4) and taking into account the upper bounds (4.5), (4.6), (4.7) and (4.8), the in-
equality (4.2) follows.

We turn now to the proof of (4.3). Let r be some fixed positive integer. Since M) = Zle dooT?
and dog o T =" _, P;(X;), the following decomposition holds:

JEZ
k k r+i k k
Re=) Xi=) > PX)-) > P Z Z (4.9)
i=1 i=1b=—r—i i=1 0>r+i+1 i=1 £>r+i+

Applying Burkholder’s inequality for multivariate martingales and using the stationarity, we infer that
there exists a positive constant ¢, depending only on p such that, for any positive integer n,

> 5 rs [ 2eX] © el <on( 1800 @)

i=1 0>rt+itl P i=1 (>rtitl >+l

max
r<k<n

since P;(X;) = Py(X¢_;) o T%. Similarly

k; ’ ’
p p
max |30 30 R0 | <en( X IR )hm) (4.11)
i=1£>r4it1 j2rtl
We write now that
k k r+1 k k r+i r+1
YX-Y Y PE) =YX - YA - AL, (1
i=1 i=1f=—r—i i=1 i=1 =1 i=1 =0

14



The following decomposition holds

k r+i k—r r+1 k r+1
SN RPX)=D > P(X)+ DY D P(X)
i=1 ¢=1 i=1 ¢=1 i=k—r+1 =1
k k—r k+r
= Li>o—r Pi(X0) +Z Z 150 Pi(Xy). (4.13)
=1 i=1 =1i=k—r+1
Now,
k k—r r k—r k k—r
Z 1z>€ r z X@ = Pl(X€)+ Z Z Pl(Xé)
=1 i=1 (=1 1=1 b=r+1i=L—7
= Ex—r(Sr) — Bo(Sy) + B (Sk — S Z Eor1(Xe)
l=r+1
k
=Ei—r(Sk) —Eo(S) — Y Erro1(Xe), (4.14)
l=r+1
and
k+r k k k+r k
SIDSIETIN AN Sl ST AN Sl S e
=1 i=k—r+1 =1 i=k—r+1 b=k+1i=0—1
k+r
= Ex(Sk) — Er—r(Sk) + B (Skar — Sk) — D Beor1(X)
=k+1
k+r
= B (Skr) —Baer(S) = D Eer1(Xe). (4.15)
=k+1

Therefore starting from (4.12), and considering the decompositions (4.13), (4.14) and (4.15), we get
that

k r+1i k+r k r+i
REDY Z = Sk — Bi(Sktr) +Eo(Sr) + Y By 1(Xy) ZZP(X,Z). (4.16)
1=1 i=1 b=—r— l=r+1 i=1 £=0

The decomposition (4.9) together with the upper bounds (4.10), (4.11) and (4.16) imply that

Cn( 3 1RO )"+ s, 15k~ EaSkerl I} + 1RSI

p

max |Ri|m
r<k<n

l7]>r+1
k+r p/ k r+i
max E Eg r—1(X0) ’ + || max E E ’H (4.17)
r<k<n “ p r<k<n =1 =0

Applying Burkholder’s inequality for multivariate martingales and using the stationarity, there exists
a positive constant ¢, depending only on p such that, for any positive integer n,

k r+e ’ n r4+1i ’ o
L) 9 LS HEES 9l ) SLIC [IEES 910 DILIC I STIE
=== =0 i=1 (=0 ’ i=1  j>i
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To handle the fourth term in the right-hand side of (4.17) we proceed as follows. Since E_(X,;) =0
almost surely, we first write that

Er—ro1(Xe) = i Pp_i(Xe) .

j=r+1
Then
k+r o k+r
max E Egﬂn,l(X@’ < max E Py (Xg)’
r<k<n . r<k<n m
- T A=r+1 j=r+1 l=r+1
Let now

U; = HPO(Xi)Hp,m; CT = Z Uj and o = Cr_lul

i>r+1
By using the facts that for any p > 1, z — 2P is convex and that «; > 0 with ZiZTH a; = 1 and
writing 3 a; = >_; aj(a;/a;), we obtain that

k+r k+r

ZEéTlXZ‘H ZalpE(Trgnggn ZPe]Xe‘).

j=r+1 l=r+1

max
r<k<n

Applying Burkholder’s inequality for multivariate martingales and using the stationarity, we infer that
there exists a positive constant ¢, depending only on p such that, for any positive integer n,

k+r n+r
p ’
max | 3 Py(X0)| [ <ep Do 1P (XD < epn P
l=r+1 l=r+1
So, overall
k+r » / - / 00
max | Ee,r,l()@]m < (e Z alPuP = (cyn)P/” (_Z 1Po(X)]| ) . (4.19)
{=r+1 j=r+1 j=r+1

We handle now the second term in the right-hand side of (4.17). We first write that
Sk — Ek(SkJﬂ«) =85, —8,_, — Ek(Sk+r — Skfr) + Sp_ — Ek(Sk—r) . (4.20)

Let o
Vo= > Xi— Y E(X
i=—(r—1) i=—(r—1)

With this notation,
Sk — Sk—r — Ex(Sksr — Sk—r) = Yr 0o T".

Hence, for any positive real A,

p
max ‘Sk —Sp_, — Ek(Sk-i-r Sk_,_)‘me < 2P AP 4 QPH T?}?é(n |K‘1‘Yr‘m>A o Tk"””i

r<k<n
<2047+ 2P n ||V, Ly, s allh -

Since [|Y;||p,m < K, where K, is a constant depending on r, we get that

p/
=0. (4.21)

max |Sk7Sk T*Ek(SkJﬂa Sk77~>|m »

N 1
lim limsup —
r<k<n

A—=0 psco N
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We deal now with the term || max,<g<n |Sk—r — Ex(Sk—r)|mlp- Since Es(Xo) = Xo almost surely, we
have that, almost surely

k—rfl—k—1 —k k—r —r—1
SENCITIRED S SR o) SUSTIRES S Sl
=1 j=—o0 j=—o00 £=1 j=—k+1l=k+75+1
Therefore
—r k—r —r—1 k—r
2 e Bkl € 30 o [So P06 ¢ 30w | 3 P00
j=—00 = j:7n+1 l=k+j+1
—-r —r—1
<
SRS SLNET I S | SN0
j=—o00 j=—n+1 l=r—n
—r—1 k+j
DI 3 DIR 0 INCE
j=—n+1 l=r—m
Let u; = || Po(X:)|lpm, Cr = > ;. wi and a; = C;'u,. As before, using the facts that for any p > 1,

x — 2P is convex and that «; > 0 with Zi—:rfoo «a; = 1, we obtain that
H max

k—r - k—r
P 1—p P
x| 2P0 < 30 o B max [Py ).

j=—00 = j=—o00 =

Applying Burkholder’s inequality for multivariate martingales and using the stationarity, we infer that
there exists a positive constant ¢, depending only on p such that, for any positive integer n,

< e (S 1nel,)” (4.23)

j=—o0 — = ¢=1 i>r

With similar arguments, we derive that

—r—1 r 1 k+j
p
| X > P, [l 2 | 3R] [
j:*ﬂ —”’ n j—*n —”’ n
QCnp/p( Z | Po(X ) . (4.24)
1=r+1

Starting from (4.22) and considering the upper bounds (4.23) and (4.24), we get that

max |Se-r ~Ex(Si—r)ln| <0 ST IR(K )] (4.25)

r<k<n
i>r

From the decomposition (4.20) together with (4.21) and (4.25), it follows that

max Sk — Ex(Skr) ImH <07 S Po(X i)l + o(n'/?). (4.26)

r<k<n
i>r

Starting from (4.17) and considering (4.18), (4.19), (4.26) and the condition (4.1), we derive that

r<hzn |Rk|mH <n'l” Z 1 Po(X )| pym + o(n/P") + r1/P"
jlzr
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(with the decomposition of (4.18) in >, 4+ """ ) which, combined with (4.2) and Condition (4.1),
implies that

+

p

i (Rl <5 4017 3 R + o0 7).

S H max |Ri|m r<k<n
- 71>

‘ max
1<k<r

1<k<n

Letting first n tend to infinity and next r tend to infinity, (4.3) follows. O

Starting from Proposition 4.1 one can prove the following theorem concerning the weak and strong
invariance principles for non-adapted sequences.

Theorem 4.1. Let Xo be a zero mean random variable in L2(R™) and Fy a o-algebra satisfying
Fo CT YFy). Foranyi € Z, let X; = XooT" and F; = T~ (Fy). Let Sy, = X1+ -+ X,,. Assume
that T is ergodic, that E_o(Xo) = 0 almost surely, and that Eo(Xo) = Xo almost surely.

1. Assume that

D N Po(Xn)l2m < 00 (4.27)
nez
Then n=Var(S,) converges to
C'=> Cov(Xo, X). (4.28)
keZ

In addition the process {n=/2Sp,,t € [0,1]} converges in D([0,1],R™) equipped with the uni-
form topology to a Wiener process {W (t),t € [0, 1]} with variance matriz Var(W (1)) = C.

2. Assume that

1 Po(Xn)ll2,m + [ Po(X—n)ll2,m
T og n([[ Fo(Xn)ll2, +||1/20( Mom) _ (4.29)
= (loglogn)

Then, enlarging the probability space if necessary, there exists a sequence (Z;);>1 of tid Gaussian
random variables in R™ with zero mean and variance matriz Var(Z;) = C given by (4.28), such
that

nlog log n)1/2) almost surely, as n — oo. (4.30)

sup ZXO oT? —

1<k<n | =
i=1

Remark 4.2. The weak invariance principle (Item 1 of Theorem 4.1) still holds if T is not ergodic,
but in that case the limiting distribution is a mizture of Brownian motion (this has been proved in [7]
when m = 1). This weak invariance principle can be also extended to separable Hilbert spaces, with
the appropriate covariance operator. In the adapted case (i.e. Xo is Fo-measurable), the non ergodic
Hilbert-valued version of Item 1 has been proved in [4].

Proof of Theorem 4.1. Let S, 1 = {z € R™ : |z|,, = 1}. For a matrix A from R™ to R™, let
|Alm = sup,es,, , |Az|m. By stationarity n~'Var(S,) = n~' 37, _,,(n — |k])Cov(Xo, Xy). Hence
n~'Cov(Sy) converges to C provided that Y, ., |Cov(Xo, Xi)|m < 0o. Since E_(X}) = 0 almost
surely and E(X) = Xj almost surely, it follows that X3 = >, , Pi(X) almost surely. Moreover
Cov(P;(Xo), P;(Xy)) =0 for i # j. Hence,

Cov(Xo, Xi) = ZCOV Pi(Xk)),
i€Z
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and consequently |Cov(Xo, X&)|m < > ez [IPi(

3 Cov(Xo. Xl < 30 S 1B X0l P = (3 1B lom) < o0

keZ kEZ €L €L

5 (Xk)||2,m - By (4.27) it follows that

which proves the convergence of n=1Var(S,,) to C.

Let now do = >, Po(X;). Since (4.27) is assumed, do belongs to L?(R™). In addition
E(dyp|F-1) = 0 almost surely. Let d; := dy o T* for all i € Z. Then (d;);cz is a stationary ergodic
sequence of martingale differences in L2(R™). Let

M, = "d; and Ry := S, — M,
i=1

Using (4.27), it follows from (4.3) of Lemma 4.1 that

2
} max. |R;€|WH2 =o(n). (4.31)
Since n~!Var(S,) converges to C, it follows that Var(dg) = C. Therefore, Item 1 of Theorem 4.1
follows from the weak invariance principle for partial sums of stationary multivariate martingale
differences in IL?(R™) (see [4] for the non ergodic Hilbert-valued version) together with the maximal
martingale approximation given in (4.31).

We turn now to the proof of Item 2. According to Theorem 3.1 in [1] (that is the generalization of
the Strassen’s invariance principle [14] for real martingales with ergodic increments to the multivariate
case), enlarging the probability space if necessary, there exists a sequence (Z;);>1 of ild Gaussian
random variables in R with zero mean and covariance Var(Z;) = C such that

sup Z dooT? —

= nlog log n)1/2) almost surely, as n — oo.
1<k<n ! 1=

Therefore the strong approximation result (4.30) will follow if we can show that
|Ry|m = o((nloglog n)1/2) almost surely, as n — oo. (4.32)

Since R, = >, (f — do) o T", (4.32) will follow by Theorem 4.7 in [3] if we can prove that

3 [ Bonll2 < o
3/2 172 :
n /2(loglogn)t/

Using (4.2) of Lemma 4.1, this last convergence will hold provided that

. 2\ 1/2
(Zh (i I2uC )) . (4.33)

n3/2(loglogn)1/2

>,

n>3
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Notice that

(ZZ:1 (Zmzk ||P6(X0)H2,m) 2) v

D

= n3/2(loglogn)t/2
—k/2 —1/2 z 12
< 272008 k)2 (D2 (SR 2am + I Po(X-0)ll2m) ) )
k>2 j=1 £>j
—k/2 —1/2 Ly 2\ 1/2
<27 2008 k)2 (32 (3 (IR(XD)llaim + IPo(X-0)ll2m)) )
k>0 j=0 0>2i

Now, using the subadditivity of =+ z'/2, it follows that (4.33) will be satisfied as soon as

k
> 27k 2 (log k)72 > " 292N " (| Po(Xe)l2m + [ Po(X—)]|2.m) < 00,
k>2 j=0 £>23

which holds as soon as (4.29) does (changing the order of summation in »Z,>°,>7;). This ends the
proof of Item 2 of Theorem 4.1. [

For the sake of applications, we now give sufficient conditions for (4.27) and (4.29) to hold.
Remark 4.3. The condition (4.27) is satisfied if we assume that
1 1
> — 75 [Eo(Xn)ll2.m < 00 and > 731 Xn = Eo(X ) [2,m < o0, (4.34)
n>1 n>1
and the condition (4.29) holds if we assume that

logn logn
Eo(Xn)|l2,m d g X_p —Eo(X_pn)|l2,m < o0
;nl/Q(loglogn)l/QH 0(Xn)l2.m < o0 an e n1/2(10g10gn)1/2” of )z, 00

(4.35)

The proof of the remark above is omitted since it uses exactly the arguments developed to prove
Remarks 3.3 and 3.6 in [5] (see Section 5.5 of [5]). Notice that the conditions (4.34) or (4.35) imply
clearly that E_o(Xo) = 0 almost surely and that Eo(X() = X, almost surely.
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