N

N

Super Poincaré and Nash-type inequalities for
Subordinated Semigroups
Patrick Maheux, Ivan Gentil

» To cite this version:

Patrick Maheux, Ivan Gentil. Super Poincaré and Nash-type inequalities for Subordinated Semigroups.
2011. hal-00709358v1

HAL Id: hal-00709358
https://hal.science/hal-00709358v1

Preprint submitted on 18 Jun 2012 (v1), last revised 20 Oct 2014 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00709358v1
https://hal.archives-ouvertes.fr

Super Poincaré and Nash-type inequalities for
Subordinated Semigroups

Ivan Gentil * Patrick Maheux

June 16, 2012

Abstract

We prove that if super Poincaré inequality is satisfied by an infinitesimal generator — A
of a symmetric sub-markovian semigroup then it implies a corresponding super Poincaré
inequality for —g(A) with any Bernstein function g. We also study the converse statement.
We deduce similar results when the assumption of super Poincaré inequality is changed
by a Nash-type inequality. In particular, we prove that if D is a Nash function for A then
go D is essentially a Nash function for g(A). Our results apply to fractional powers of A
and log(I + A) generalizing results of [B-M] and [W1]. We provide several examples and
settings of applications.

Key words: Super Poincaré inequality, Nash-type inequality, Sub-Markovian semigroup,
Subordination in the sense of Bochner, Bernstein function, Super Poincaré Profile.

AMS 2010: 39B62, 47D60, 26A33, 46T12.

Contents

1 Introduction and main results 2

2 Proof of main Theorems 7
2.1 Super Poincaré inequality versus semigroup decay and Nash-type inequality 7
2.2 Proof of Theorem 1.1. . . . . . . . . . .. . ... . .. . .. ..., 11
2.3 Proof of Theorem 1.2. . . . . . . . . . . . . . . 12

3 Application to ultracontractivity of subordinated semigroups 13

4 Examples of Settings 14
4.1 The Euclidean space . . . . . . . . . . . ... e 14
4.2 The Riemannian setting . . . . . . . . .. ... .. . L. 16
4.3 The hypoelliptic setting . . . . . . . .. .. . L o 16
4.4  The Ornstein-Uhlenbeck operator . . . . . . . ... ... ... ... .... 17

*Institut Camille Jordan, Université Claude Bernard Lyon I. 43 boulevard du 11 novembre 1918. 69622
Villeurbanne cedex. France. gentil@math.univ-lyonl.fr

tFédération Denis Poisson, Département de Mathématiques, Université d’Orléans. Rue de Chartres. B.P.
6759 - 45067 Orléans cedex 2. France. patrick.maheux@univ-orleans.fr



5 Study of ¥(A) with ¥ convex 18

6 Asymptotic behavior of g(A) 21
7 Functions of the Laplacian on R" 21
8 Appendix on Legendre transform 23

1 Introduction and main results

Let (T})i>0 be a symmetric sub-markovian semigroup on L?(X, ) with (X, u) a o-finite
measure space i.e (T})s>0 is a strongly continuous symmetric contraction semigroup on L?
such that for any ¢t > 0 and f € L?,

0<f<1=0<Tif <1

The semigroup (7});>0 is said markovian if 73(1) = 1. This semigroup extends as a
contraction semigroup on each LP, 1 < p < 4o00. The infinitesimal generator —A on
L?() of (T})¢0 is defined by
T f —
—Af = lim M
t—0+ t

on the domain T
D(A) :={f € L*: lim of =
t—0+
The quadratic form (Af, f) associated to A is a Dirichlet form (see for instance [J]). The
operator A is self-adjoint and non-negative with dense domain in L?. Let us denote by

(,.) the inner product on L?(X, u) and ||.||, the LP-norm with respect to .

exists in L?}.

We shall say that A satisfies a super Poincaré inequality if, for any f € D(A) N L,

113 < r(Af, f) + B IR >0, (1)

holds true for some function 5 : (0,4+00) — (0,4+00). More generally, we say that A
satisfies a (rg,r1)-super Poincaré inequality if (1) holds for r € (rp,r1) with 0 < rg <
r1 < +oo (see examples below Theorem 1.2). Note that we can always assume that [ is
non-increasing by considering what we shall call the super Poincaré profile B, (< 3) of A
defined, for any r > 0, by

Bp(r) = sup{[| f|3 — r(Af. f) : f € D(A)N LY || f]ls < 1} (2)

See applications of this notion of profile below Proposition 2.1. The assumption S is non-
increasing is not essential for some of our results.

We shall say that A satisfies a Nash-type inequality if, for any f € D(A)N L*,

1B DAFIE) < (Af, £, [IfIh <1, (3)

holds true for some non-decreasing function D : [0, +00) — |

0,400). We shall call D a
Nash function for A. It is well known that the inequalities (1)

and (3) are essentially



equivalent (see Proposition 2.2).

We now briefly recall some definitions and some facts about the subordination of semi-
groups in the sense of Bochner.

A Bernstein function g is a smooth function g : (0,4+00) — (0,400) such that the
derivatives ¢(™ satisfy, for any n € N, (—=1)""1¢("(s) > 0,5 > 0. There exists a convolu-
tion semigroup of sub-probability measures (v )0 on (0, 400) with density (n/)i>0 with
respect to the Lebesgue measure ds such that the Laplace transform of v is given by:

+oo +oo
/ e dv!(s) = / e (s)ds = e 9@ 2 > 0. (4)
0 0

There is one-to-one correspondence between g and ()¢, see ([J] p.177, [B-F]).

Despite the fact that we shall not use this representation, we recall that all Bernstein
functions g can be written by Lévy-Khintchine formula

g(x) = a+bx+/ooo(1 — e MYdy(\) = a + bx + J(z) (5)

with a,b > 0 and v a positive measure on (0,+0c) such that [ 1%\ dv(\) < oo. The
triplet (a,b,v) is uniquely determined by g (See Theorem 3.9.4 in [J] p.174)). We have
a = g(0) = 0 if and only if 1/ is a probability measure for any ¢ > 0. For instance
with @ = b = 0, the Lévy measure associated to g(z) = 2z with a € (0,1) (resp.
g(z) = In(1 + x)) is given by dv(\) = ﬁ)ﬁl*a d\ (resp. dv(\) = % d\).

Now, let (E)) A€[0,4-00) D€ the spectral resolution of the non-negative self-adjoint oper-
ator A and VU : [0, +00) — R any measurable function. The operator W(A) is defined on
L? by the formula

+oo
W(A)f = / W) dE(N) f
with domain oo
D(W(A)) = {f € L2 / W2 AEMN S, ) < oo},

We shall set (V(A)f, f) = +oo when f ¢ D(¥(A)). When ¥ has real non-negative
values, the operator W(A) is non-negative and self-adjoint on L?. It defines a symmetric
semigroup of contractions on L? by the spectral formula:

—+o00
e VAW = / YN AEN)f, fe L2
0

Let us denote e ¥(4) by T for a fixed operator A. When ¥ = g is a Bernstein function,
it can be easily shown that the semigroup (77 );~0 satisfies also the so-called subordination
formula

“+oo +0o0
T = /0 Tsdv)(s) = /0 Tsnf (s)ds. (6)

Among many examples of Bernstein functions, we are interested at least by the fol-
lowing ones:



i. The fractional subordinator (one-sided a-stable process): g(x) = =%, > 0, (0 <
a < 1). Then g(A) = A®.

ii. The Gamma subordinator: g(zx) = log(l + x). Then ¢g(A) = log(/ + A) where [
denotes the identity operator on L?.

iii. The generalization of the previous example: g(x) = [log(1 + z%)]” with 0 < a,v <
1. So, g(A) = [log(I + A%)]7. When v = 1, g is called the geometric a-stable
subordinator (see | D.

iv. Elementary functions gy(z) = 1 — e ** A\ > 0. Then g\(A) = I — T).

For a recent study of the case (ii): see [S-5-V].
We have the inclusion D(A) C D(g(A)) and, for any f € D(A),

SN =+l + | S~ T v, (7)

(see | |. Example 11.6 where our A is their —A). Weset J(A)f = [[°(f—T\f)dv ().

Throughout all the paper, we shall always assume implicitly that the functions f are
in the domain of the operator under consideration. If not, we set (g(A)f, f) = +o0.

We now state the main results of this paper.

The first main result says that if super Poincaré inequality is satisfied by an infinitesi-
mal generator —A of a symmetric sub-markovian semigroup then it implies a correspond-
ing super Poincaré inequality for —g(A) with any Bernstein function g. More precisely,
we have:

Theorem 1.1 Let (T})i>0 be a symmetric sub-markovian semigroup with —A as infinites-
imal generator. Assume that A satisfies the following super Poincaré inequality

113 < r(Af, f) + BT >0, (8)

for some function § : (0,400) — (0,+00). Then for any Bernstein function g, the
infinitesimal generator g(A) satisfies the following (ro,r1)-super Poincaré inequality

1113 < r(9(A) . f) + Bo(mII 11T, (9)

wher@ 59(’,”) = /8 (m), re (T07T1) ’LUZth o = m and r = g(0+)

Note that by (5), g is either strictly increasing and g~! is defined from (g(0%"), g(+00))
into (0, +00) or g is constant and (rp,r1) is empty. The Bernstein function g is bounded
if and only if b = 0 and v is a bounded measure (see [J] p.174). If ¢ is not bounded i.e.
g(+00) = +oo then we have g = 0. If g(07) = a = 0 then r; = +o00. But ifa = g(0%) > 0
then we have the obvious spectral gap inequality:

1B < Sa(A)f. ).

In other words,

1113 < r(g(AVf, £) + Bg(r)II fIF with By(r) =0, 7 € [1/a, +00).



So, in any case we can consider that r; = +o0.

The second main result is similar with Nash-type inequality assumption. Moreover,
we prove that if D is a Nash function for A then g o D is essentially a Nash function for
g(A). More precisely, we have:

Theorem 1.2 Let (T})i>0 be a symmetric sub-markovian semigroup with —A as infinites-
imal generator and g be any Bernstein function. Let D be a function from [0,400) to
[0,+00) and set
B(r) =sup (x — raD(z)) € (—o0, +00].
x>0
Assume that 3(r) is finite for any r > 0. If the following Nash-type inequality holds true
for A,

IAIEDAIf1E) < (Af ), [1fIh <1 (10)
i. Then g(A) satisfies a Nash-type inequality of the form
1113 D (1F113) < (9(AVF f), IfIl <1, (11)

where Dy () = SUP,¢(rg ) <% -1 (ﬁ(%)) , x>0 and(ro,r1) = (ﬁ, ﬁ).

it. Moreover, assume that g is a bijection from [0,+00) to itself and B : (0,4+00) —
(0, 400) is a decreasing differentiable bijection. Then we have

17113 it;lif(l = ) (9o D) HIFR) < (9(AF, ), NIfll <1, (12)

and, for any x >0,

il;lf(l —p ) (goD)(p'x) < Dy(x) < go D(x),

where g o D denotes the composition of the functions g and D.

For a discussion of properties of D as a function of 8 and conversely 8 as a function
of D, independently of the operator A: see Appendix (Section 8).

Our approach simplifies and generalizes the proofs of the main results of [ | and
[W1]. The inequality (12) also clarifies the constants obtained in [3-M] for the fractional
powers A®. With the same arguments of proof, we can replace ||f||; in Theorem 1.1 and
1.2 by any non-negative functional ®( f) satisfying ®(7;f) < ®(f),t > 0. We can also gen-
eralize our results in Hilbert spaces as in Wang’s paper [\W1]. But we shall not give details.

In particular, our results apply to several important examples. We provide a short list
of couples (g(A), By) just below:

i. Fractional powers. If g(A) = A® with 0 < a < 1 then B4(r) = ﬁ(ri), r > 0,
(improving constants given in [W1]).
ii. Gamma subordinator. If g(A) = log(I + A) then Biog(r) = B ((61/7" -1, r>o.

iii. Generalized geometric stable subordinators. If g(A) = [log(I + A%)]” with 0 < a,y <
1 then

By(r) = 8 ([e@ﬁ - 1] ) >0



iv. Random walks. If g(A) =1 — T\ = I — e~ with A > 0 then

The same super Poincaré inequality for the generator By = I —T) (A > 0) can also be
deduced by a different route: see (iii) of Proposition 2.1 below.

Many others Bernstein functions can be considered. For instance, g(z) = Py g(x) =
\/a?arctan(%) with A > 0 (See p.204 of [J]). Already with theses functions, we can con-
struct infinitely many Bernstein functions because if g and h are Bernstein functions then
g o h is a Bernstein function (Cor. 3.9.36 of [J]). For instance, ¢1(x) = [log(1 + z)]¢,
g2(x) = log(1 + 2%), g3(z) = [log(1 + 2®)]* with a,a’ € (0,1) (see Chapter 15 of the
recent book | ] for a long list of examples of Bernstein functions).

The paper is organized as follows:
In Section 1, we describe the setting of our study and we state the main theorems.

In Section 2, we prove the main theorems of Section 1. More precisely:

In Section 2.1, we first recall that the super Poincaré inequality for A is equivalent to
the decay for the corresponding semigroup (7}):~0. We also show with (iii) of Proposition
2.1 that the decay of the semigroup is nothing else than the super Poincaré inequality for
I — T;. This is exactly the inequality obtained by Theorem 1.1 for elementary functions
g(z) =1 — e . We apply this fact to determine the super Poincaré profile of the gener-
ator I — e~ with A the Laplacian on R™.

Also in Section 2.1, we recall that a Nash-type inequality is essentially an optimized
version of a super Poincaré inequality. This allows us to deduce Theorem 1.2 from Theo-
rem 1.1.

Sections 2.2 and 2.3 are devoted respectively to the proof of Theorem 1.1 and 1.2 for
g(A) with g a Bernstein function using the preparatory Section 2.1.

In Section 3, we briefly apply our results to study the eventual ultracontractivity prop-
erty of subordinated semigroups.

In Section 4, we provide several examples of settings where our results apply: 1) the
Laplacian on the Euclidean space, 2) the Laplace-Beltrami operator on some complete
Riemannian manifolds, 3) some hypoelliptic operators on Lie groups and 4) the Ornstein-
Uhlenbeck operator on the Euclidean space.

In Section 5, we study the same results as in Theorem 1.1 and 1.2 concerning Nash-
type and super Poincaré inequalities but for W(A) with ¥ convex. For these two type
of inequalities, we use spectral representation of the generator. From these results, we
deduce converse implications of Theorem 1.1 and 1.2 by noting that the inverse of a Bern-
stein function is a convex function.

In Section 6, we revisit the spectral gap in LP for g(A) using the approach by subor-
dination as in Theorem 1.1.



In Section 7, we prove super Poincaré inequalities for g(A) with A the Laplacian on
R™ for a larger class of functions than Bernstein functions. Our tool is Fourier analysis
as used in the original paper by J.Nash [\N]. The afferent Nash-type inequalities can be
deduced. The results are similar to Theorem 1.1 and 1.2 .

We conclude this paper by an Appendix in Section 8. It concerns the Legendre trans-
form which is underlying in the equivalence between Nash-type inequalities and super
Poincaré inequalities through the functions § and D. We weaken the usual conditions on
B and D of the N-functions theory, (see [R-R] p.13), more adapted to our situation. We
provide examples used in Section 4.

2 Proof of main Theorems

2.1 Super Poincaré inequality versus semigroup decay and
Nash-type inequality

We recall some known result used in the proof of Theorem 1.1 and 1.2.

For the proof of Theorem 1.1, we use in a crucial way the following result of F-Y. Wang
namely the equivalence between Super Poincaré inequality for A and the exponential decay
of the associated semigroup (73):>0 (see [W2] p.230 or [W4] Lemma 3.3.5, see also [W3]
p.3 and [W4] p.50 for extended results). This is the analogue of the equivalence between
the usual exponential decay of a semigroup and Poincaré inequality. We recall the proof
of this proposition for completeness and, additionally, we show (iii) that is the exponential
decay of T; turns out to be the super Poincaré inequality for the operator I — T;. This
operator is related to the elementary Bernstein function g;(x) =1 — e *.

Proposition 2.1 Let (T})i>0 be a symmetric sub-markovian semigroup with infinitesimal
generator —A. Let B : (0,+00) — (0,+00) be some function. Then the three following
inequalities are equivalent:

i. For any f € D(A)N L and r > 0,
113 < r(Af )+ B (13)
ii. For any f € L>N LY, t >0 andr > 0,
ITLf1B < e MIAIB + (1= 723 |11 (14)

ii5. For any f € L>NLY, t >0 andr > 1,

1113 ST((I—Tt)f,f)JrB( : 1)> 17112 (15)

log(1+4 =

The exponential e=2!/" in (14) is suitable to deal with Laplace transforms (4) and this
is the key point of our paper. This allows us to easily transfer (14) from A to g(A).

During the proof, we can notice that the equivalence between (13) and (14) holds for
any fixed a = r > 0 and fixed b = (r) > 0. In particular, if (13) holds on some interval



(ro,71) then (14) also holds on the same interval (rg,71) and conversely.

The inequality (15) corresponds exactly to (9) for the elementary functions gy(x) =
1 — e (t = \) for any A > 0. The equivalence between (13) and (15) is particularly
interesting in terms of relationships between the super Poincaré profiles for the generators
A and By = I — T) for any fixed A > 0 (see (2) above for the definition of the profile).
If B,(s),s > 0 is the super Poincaré profile of A and 'yl(,)‘) (r),r > 1 is the super Poincaré
profile of By then they correspond by the formulas

Ny g [ A
Tp (T)_ﬁp<10g(1+7il)>77“>1

Bp(s) =2 (14 =1)7), s >0,

For instance in the Euclidean setting, the optimal Nash inequality (21) below provides
the super Poincaré profile for the Laplacian A, namely f5,(s) = C), s~™/2 with the best
constant C), given by (22). Thus, the super Poincaré profile of B) is explicit and given by

or equivalently

1 n/2
A —n/2
%())(T):(jn)\ / (10g[1+r_1]> ,r>1.

We have the following interpretation in terms of random walks.
For fixed A > 0, the kernel h) of the operator Ty can be seen as a probability transition
of a discrete random walk (Xj), on R"™ given by P(Xy11 = 2, X = y) = ha(z —y) =
2
W exp(— ‘xZﬂ ), z,y € R"and k € NU{0}. The operator By = I—T) is the generator

of the continuous-time Markov semigroup Qg)‘) = e tBr = ¢t Z@O %Tm obtained by
convolution with the following probability transition

A _ tF
oV =e tZHhkA
k>0

where hg = g (J4 is the Dirac mass at a € [0, +00)). This semigroup QE)‘) is subordinated
to the heat semigroup e *2 by the Poisson semigroup with jumps of size A defined on

[0,400) by v = 3400 e G in (6) (see [1] p.180).

Proof: Equivalence between (i) and (ii). Let H(t) = 2/7||T;f||3 for t > 0, fixed 7 > 0
and f € D(A) N L'. We have

t t
10 - 10 = [ #wau= [ 20 (LTSI~ (ATTh) )

By applying (13) to T}, f and because T}, is a contraction on L', we deduce

16— 110) < 250151 ([ au).

This proves (14) for f € D(A)N L. For the general case, let f € L2N L! then there exists
fu (u > 0) such that f, € D(A) and f, converges to f in L' and L? as u — 0% (e.g.

fu = %fou Tsfds)‘



Conversely, let 7 > 0 be fixed and f € D(A)N L. The inequality (14) can be rewritten

T 2 2 —Zt/ril 1— —2t/r
1%l ~ 111 ( . )HfH%Jrﬂ(r)HfH? (; )

We conclude (13) by taking the limit as ¢ goes to 0.

as

Equivalence between (ii) and (iii). Assume that (ii) holds i.e.

(Tef, ) = Ty 113 < e IAIB + (L — e )80 [1£113

for any t,r > 0. It is equivalent to

(L= e MIfI3 < (f = T, /) + (1= e M)B(r) [ F11F-
Let g(x) = gi(x) = 1 — e . The last inequality reads as

1

1£113 < m(gt(/l)f, £+ B IFIR.
1

. _ . _ 1 _ t
Fix t > 0. Let p > 1, choose r > 0 such that p = Gy e = (U~ Tea(tr L)

This yields (1, 00)-super Poincaré (15) for the operator I — T} as expected. The converse
is clear. m

Now we recall that super Poincaré and Nash-type inequalities are essentially equivalent
under natural conditions on 5 in (1) and on D in (3). This result is more or less well
known but we formulate the relations between S and D implicitly in terms of Legendre
transforms (for a detailed discussion: see appendix Section 8).

Proposition 2.2 Let A be a non-negative self-ajoint operator on L?.

1. Assume that the following super Poincaré inequality holds true

I3 < r(Af )+ BIIfIE f € D(A), r>0. (16)

for some function B : (0,+00) — (0,+00). Then

IFIEDAIFIZ) < (Af, ), feD(A), fFAO0(fllh <1 (17)

where D(z) = sup;~q (tf M) € (—oo0,+00], © > 0. The function D is non-

T

decreasing, finite on the set (0,sup F) where F = {||f|3, f € D(A) N LY, ||f]1 < 1}
and D(+00) = +00.

it. Conversely, suppose Nash-type inequality (17) holds true for A and for some function
D :[0,400) — R. Set

B(r) = 21;13 (x —rzD(z)) € (—o0, +o0]. (18)

Then super Poincaré inequality (16) is satisfied.



This proposition is in the spirit of Theorem 3.1 and Section 5 of [\W2], see also Proposition
3.3.16 of [W4]. A much closer formulation can be found in [ |, Proposition 2.1.

Note that if F of Proposition 2.2 is unbounded above as a subset of R then D(z) is
finite for any = > 0. For many examples, 8 is a non-negative non-increasing function
and satisfies 8(07) = +oo, lim,_,g+ t8(1/t) = 0 which implies that D(x) is finite for any
x > 0, non-negative, continuous and non-decreasing (see appendix Section 8 for details).
Note also that we can always consider in (17) that D is non-negative by replacing D by
D, =sup(0, D) because A is a non-negative operator.

Remark 2.3 i. Usually Nash-type inequality is written in the following form

(see [C]) but the equivalent expression (17) is more appropriate to deal with the
Bernstein functions g(x) = 2%, a € (0,1) as shown in [B-)M] and more generally for
any Bernstein functions by Theorem 1.2 above.

it. In the second statement, the assumption on the functional (Af, f) can certainly be
relaxed because only the existence of the function  (which depends of this functional)
is crucial for the proof.

iti. In some cases, it appears that we can pass from D to 8 and [ to D with no loss (up to
multiplicative constants). For instance with the classical example D(x) = cx”,v > 0
(see appendix Section 8). In general, this is not the case.

Proof: (i) Assume super Poincaré inequality (16) holds true. For any ||f||1 < 1, f # 0,
f € D(A) and any r > 0, we easily deduce

118 (5 - ) < (ar.)

roorlIfl13

Taking the supremum over r > 0, we conclude (17). Note that D is automatically finite on

the subset F \ {0} of R since in that case (Af, f) < +oo for any f € D(A). On one hand,

the set F is not empty since it contains 0. On the other hand, if f € F and A € (0,1)

then Af € F. Hence (0,sup F) C F and D is finite on (0,sup F). It is easily proved that

D is non-decreasing using the fact that 8 > 0. Moreover, for any x,t > 0, we have
tB(1/t)

D(z) 2t — ————=
(=) -

Therefore, liminf D(x) > ¢ for any ¢t > 0 that implies lim D(z) = 4o0.
T——+00 T——+00

(ii) By definition of 3, one has for any x,r > 0,
z  B(r)

T T

Let x = ||f||2 (with f # 0). So, for fixed r > 0,

2
|ﬂ2._i5w)§Hf%lXHﬂ@)

By (17), the last term is bounded by (Af, f) when ||f||1 < 1. Hence,

2
7B _ 1500y < (ag. )

< aD(x)

10



which is super Poincaré inequality (16). This concludes the proof of the proposition. n

Note that when §(r) = 400 for some r > 0 then (16) is trivially satisfied and the proof
is also valid. For properties of  defined by (18): see appendix Section 8.

2.2 Proof of Theorem 1.1

We suppose that g is non-constant (if not there is nothing to prove since (rg,r1) = ).
Assume super Poincaré inequality (8) holds true. By Proposition 2.1, the inequality (14)
is satisfied. Now by symmetry and semigroup property of (7});>0, this inequality (14) can
be written as

ITfIB = (Taef, ) < e NFIB + B 11T (1 =€), £ >0.

Let s > 0 and set t = s/2. We deduce for any > 0 and s > 0,

(Tof, HIIE < eI fI13+ Ba) | £IF (1 —e/T).

By the subordination formula (6) and Fubini, we get for any ¢,7 > 0, f € L' N L? and
any Bernstein function g,

arn= [ annaie < ([ e ans) s

o ([ e mane).

By the Laplace transform of the sub-probability v/, we get
(TP 1, 1) < e UINAIE+ B [[FIRA —e70), ¢ > 0,0 > 0.
Changing ¢ by 2t and using symmetry and semigroup properties of (T} ), we obtain

1T F115 < e 290 £[15 + B(r) [|FIF (1= 7290/, ¢ > 0,7 > 0.

Now let p € (ro,71) := (m, Wlﬂ)' Since r —» m is a bijection from (0, 4+00) onto
1 1

(ro,71), there exists a (unique) r > 0 such that p = g/ e T = RV and

1
72718 < P11 + 5 (= gps ) IR = 09),

We conclude (9) by applying (ii) = (i) of Proposition 2.1 with g(A4). Theorem 1.1 is
proved. &

Note that we do not need the existence of the density of the measures v{ nor additional
properties of the function .

An attempt have been made by the authors to use Lévy-Khintchine formula (7) with

(iii) of Proposition 2.1 to proved Theorem 1.1 and 1.2. But the authors fails in this task.
Furthermore, our method shows that this approach can be avoided by direct subordination.
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2.3 Proof of Theorem 1.2

Proof of (i). We assume that A satisfies Nash-type inequality (10). By (ii) of Proposition
2.2 and the definition of 3, we get super Poincaré inequality: for any f € D(A) N L1,

1115 < r(Af, £) + BIFIR, 7 >0,
We now apply Theorem 1.1 and deduce super Poincaré inequality (9) for g(A) i.e.

1113 < r(9(A) f, f) + Bo(MII 11,

with fy(r) = (W), r € (ro,r1) = (g(joo), g(éﬂ)‘ Now, we conclude by applying (i)
of Proposition 2.2.

Proof of ().
From the next lemma which compares D, and g o D and (i), we immediately deduce
the inequality (12).

Lemme 2.1 Let g : (0,400) — (0,400) be a bijective continuous increasing concave
function (e.g. bijective Bernstein function), D and D, defined as in Theorem 1.2 with 3
a decreasing differentiable bijection from (0,400) to itself. Then for any x > 0 and p > 1,

(1—p "goD)(p~'x) < Dy(x) < go D(x).

Proof: To simplify our discussion, we set V(t) := 5(1/t), V4(t) := B4(1/t) = ﬁ(g%(t))
for t > 0. So, D(z) = sup;~q (t — V(1)) and Dy(z) = sup,sq (t — LV,(t)) for & > 0. As
a consequence of the assumptions 8(0%) = +oo, we have that D and D, are well defined
and finite on (0, +00).

Let uw > 0. Since g is a bijection from (0, +00) to itself, there exists a unique ¢ > 0
such that 1 = g%(t) i.e t = g(u). Thus Dy can be written as

Dya) =sup o) (1= 1)

u>0 z

Since D = D;4 and by continuity of g, we get

goD(z) = sup g(u[l—v(u)]>.
{u>0:V(u)<z} T

Let a =1—V(u)/x. Because V > 0, it is sufficient to consider a € (0,1). By concavity
of g and ¢(0) = 0, we have ag(u) = ag(u) + (1 —a)g(0) < g(au). Thus we conclude
Dy(x) < go D(x) for any x > 0.

Now, we prove the lower bound on Dy. From the very definition, we have for any

2> 0,
Dy(x) > g(u) (1 - V(“)> .

X

By the assumptions on (, the function V is a differentiable increasing bijection from
(0, 4+00) to itself. Fix > 0. For p > 1, we set u = V~1(p~1x). It yields

Dy(z) > (1—p ") g(V ' (p~ ).

12



Fix y > 0. The supremum defining D(y) = to — %V(to) exists and it is attained at
some point tyg > 0 which is characterized by 1 — %V(to) - %OV’ (to) = 0. It implies that
y = V(to) +toV'(to) = V(to) because V' > 0. Finally, we get to < V~!(y). Since V > 0,
we deduce D(y) < to < V~1(y). Thus g(D(y)) < g(V~(y)) for any y > 0. Now set
y = p~ 'z and obtain the expected lower bound

Dy(z) = (1—p~")(go D)(p ).

The proof is completed. 1

3 Application to ultracontractivity of subordinated
semigroups

Recall that a symmetric semigroup (T} );>0 of contraction on L? and L! is ultracontractive
if for any t > 0,

T2 fll2 < b f]l1 (19)

for some non-increasing function b : (0, +0c0) — (0, 400) with b(0") = +00. We have also
mentioned in the preceding section that ultracontractivity implies super Poincaré (1) with

B(r) = b*(r/2).
By interpolation and duality, the property of ultracontractivity is equivalent to

[T flloo < a(®)[|f]l1, t>0, (20)

for some non-increasing function a : (0, +00) — (0, 400) with a(07) = +oo. More pre-
cisely, from (19) we get a(t) < b%(t/2) and from (20) we obtain b(t) < \/a(t). In a general
framework, it also implies the existence of a heat kernel h;(x,y) uniformly bounded in x
and y by a(t) (see for instance [D]).

If by(t) := 0+°° b(s)n{(s)ds < +oo for any ¢ > 0 then the semigroup (7}) is ultracon-
tractive because

+o00
e 1], < /O ()| T o ds < ( /O

—+00

(s (5) ds> 171l

But unfortunately, to check this condition is rather hard because the densities n/ are not
well known apart from the case of g(x) = /z (see [J] p.181). A way to overcome this
difficulty is by considering Nash-type inequalities. For that purpose, we recall a result due
to T.Coulhon. The author deduces ultracontractivity bounds from Nash-type inequality
under some integrability condition (see [('] and also [M1]). For applications we have in
mind, we restrict his result to our setting.

Theorem 3.1 Let (T})i~0 be a sub-markovian semigroup with (non-negative) infinites-
imal generator A. Assume that there exists a non-decreasing function © : (0,400) —

(0, +00) satisfying the following Nash-type inequality

O(IfI13) < (A ), Ifllh <1,

13



If [~ @‘i(:fc) < 400 then (T})i>o is ultracontractive and for any t > 0,

T flloe < a@®)[f[l, ¢>0,

where a(t) is the inverse of the function s — [ gits.

We apply this result to the eventual ultracontractivity of the subordinated semigroup (7})
and give a sufficient condition on D, of (11) to get ultracontractivity from a Nash-type
inequality satisfied by A.

Corollary 3.2 Under the assumptions and notations of Theorem 1.2, let’s assume that

[ de:(m) < 4o00. Then (T}) is ultracontractive and for any t > 0,

1T flloe < ag(®)l|f1]2

dx
zDg(z)

where ay is the inverse function of s — fs

Proof: Apply Theorems 1.2 and 3.1.

It is clear that (7});~0 can be ultracontractive but not (77) for some Bernstein func-
tions g. For instance, let A = A be the usual Laplacian on R™. In that case, Nash

inequality has the form (10) with D(x) = cz?™. Let g(r) = log(1+7). Then [~ degx(x) 2

[ W = +o0. This is obtained from the inequality go D(x) > Dy(z) of Theorem

1.2 (ii). Now by a direct computation, we can show that (7) is not ultracontractive for
small ¢ > 0, see (23) below for details.

4 Examples of Settings

Here, we give examples of settings where our main results apply. The list is clearly not
exhaustive.

4.1 The Euclidean space

Let A = =", % be the usual Laplacian on R™. The profile of the super Poincaré

inequality can be deduced from the optimal Nash inequality obtained in [C-1]. Let N,, be
the best constant in Nash inequality,

1 2+4
A" < @af.f), Nl <1
n
By Proposition 2.2, this is equivalent to the following super Poincaré inequality,
IF1 < (AL, ) + Cor ™ 2IIFIE, 7 >0, (21)
with
2(nN,)™/?

Thus (1) is satisfied with the super Poincaré profile 8,(r) = C,r~? and (3) with
D(x) = Nin:cQ/”. See [C-1] for a description of the constant N,,.

14



To simplify the presentation of our results, we shall assume that the Bernstein function
g is a bijection from (0,+0c0) to itself. By applying (ii) of Theorem 1.2, we get for any

p>1, )
SA=p B g (287 0 IFI™) < (A, ), Ik < 1.

Ezamples of Bernstein functions.
i. Let g(x) = 2. We obtain for the fractional power of the Laplacian A%, 0 < a < 1,

1

m( —*)I\f||2+4a/” < (A ), |Iflh < 1.

By optimizing over p > 1, we deduce

Lo [IF11374" < (A1, 1), 1flli<1

1 _ (2 )2a/n
with Lna = 2%~ Nn a@z-ﬁ-%w,
See | ] for such a result in the general setting of sub-markovian symmetric semi-

groups but with a different approach. Note that the constant L, , is explicit but
probably not optimal. Indeed, we get a better constant if we apply Theorem 1.1
with g(x) = 2%

A3 < r(A%f, )+ Ca28 D5 I fI, >0,
with C, as above . By applying (i) of Proposition 2.2, we get

Ko lFI27" < (A%, ), |IfIh < 1.
with

—2a

Ko = <n—f2a> 227 (<%+1>C ) iR

By the relationships connecting N,, and C,,, we have that L, , < K, o (equivalent

to the trivial inequality n2s < (n+ 2)%“). We postpone to Section 7 the study
of super Poincaré inequalities for a larger class of functions of the Laplacian using
Fourier analysis tools. But with this approach, the best constants are lost.

ii. Let g(x) = log(1 + z). The geometrically stable operator log(l + A) satisfies

1

30— IA1 1og (14 N 1AI") < os(T+ )1 ). IIfIl < 1.

To estimate Dy with g(x) = log(1 + z) is not a pleasant task. So, we prefer to state
this explicit inequality for each parameter p > 1.

Note that, in general, the eventual ultracontractivity can be proved for e %(2) directly

by the formula,
_ 1 _ 2
le 9™ 12_,, = /R e 2t9(%) gy,

(2m)"
Applied to g(x) = log(1 + z), this leads us to
S _ o0
||etlos(I+A)) 12 — [Sn 2| / A4+rH7 2y < 400 iff t > % (23)
0

Thus this semigroup is not ultracontractive for 0 < ¢t < n/4. But note that it satisfies
super Poincaré and Nash-type inequalities.
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4.2 The Riemannian setting

The following example is taken from [W?2] Cor.2.5. Let M be a connected complete Rie-
mannian manifold with Ricci curvature bounded from below. Assume that the boundary
OM is convex or empty. For V € C1(M), we assume Z = || M e~V(*) dz is finite and define
the probability measure p by du(z) = Z~'e~V(*®) dz where dz is the Riemannian volume
measure. Let A = A+VV, Ais (essentially) self-adjoint on L?(p) (with Neumann bound-
ary condition whenever M is nonempty). Set p(x) = p(z,0) the Riemannian distance
function to a fixed point 0 € M. Consider V = —ap®, @ > 0 and § > 1 then super
Poincaré (1) holds true with

B(r) = exp [c (1+ T_A)} (24)

with A = §/[2(0 — 1)] and some constant ¢ > 0. Moreover, super Poincaré (1) also holds
if V.= —explap],a > 0 with A = 1/2 in (24). Theorem 1.1 applies: for any Bernstein
function g, super Poincaré (9) holds true for g(A) with 34(r) given in Theorem 1.1. Nash-
type inequalities can be deduced for g(A) from super Poincaré by Theorem 1.2. Our
results generalize the particular case of the fractional powers g(z) = 2%,0 < a < 1 treated
in [W1].

4.3 The hypoelliptic setting

Here, we consider sub-laplacians on Lie groups of polynomial growth. Let G be a connected
Lie group of polynomial growth of index D and (Xi, Xo,..., X;) be a system of left-
invariant vector fields satisfying Hormander’s condition with local dimension d. We assume
d < D. The sub-laplacian L = — ", XZ2 generates a semigroup e tF with kernel p;
satisfying for all n satsifying d < n < D,

—tL ‘1
su z,y) =|le < )
x,yepGpt( y) =l oo < /2
(See [ ]). Hence, super Poincaré inequality holds true

C
1718 < #Lf. )+ sl t>0.

and our results applies to g(L) for any Bernstein function g with 8(t) = cot~"/2. We
now discuss in this context the four examples of Bernstein function g introduced below
Theorem 1.1. We provide asymptotic behaviors of f,4(r) when r tends to 0 and r tends to

~+00.
i If g(x) =2%,0 < a <1 then By(r) = 745, r > 0.

rn/2a

ii. If g(x) = In(1 4 2) then By(r) = co (Y7 — 1)"/2, > 0.

co €% as r— 0,
By(r) ~ !
CO smyz @S T —> +00.

1} n/2a

iii. If g(z) = [In(1 +2%)]7, 0 < o,y < 1 then By(r) = ¢ [e(l/”)l/V - , > 0.

a5 (1/m)t +
cp €2a as r— 0T,
By(r) ~ {

corn/#%w as r — +00.
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n/2
} , r>1.

iv. Let > 0. If g(s) = 1 — =% then f(r) = ;2 [In(1+ 1))

n/2

£ ln(i)] as r— 17
~ n/2 |: r—1 )

By(r) @

n7z s T — +00.

(rt)

Note that this discussion with this family of Bernstein functions is always valid when A
satisfies super Poincaré inequality with 8(t) = cot—™/2.

4.4 The Ornstein-Uhlenbeck operator
Let A= L = A + 2.V be the Ornstein-Uhlenbeck operator define on L?(R"™,~) with the

gaussian measure v(dz) = (27)""2e~ 2 dx. Tt is well known that Gross’ inequality is
satisfied

[ Prosl11fl) v < (££.1)
with (£1,1) = [ [V S .

It is also well known that we can deduce super Poincaré inequality. We recall the
arguments. For any f € L' N L? such that ||f||1 = 1, we have by Jensen’s inequality:

11110 1fll2 < [ F1o8(11/ 11l v
By renormalization, this inequality is also satisfied when || f||1 < 1. This yields

1f1310g [1f1l2 < (LF, f).

Using the relation zy — V™! < zlogz for any y € R, we deduce

FI13 < L f)+ —etl!flll, t>0.

On the other hand, Poincaré inequality deduced from Gross inequality, trivially implies
I1£113 < (Lf, f) +|f]]3. Together, the preceding inequalities leads to the following formu-
lation of super Poincaré inequality

1113 < LS, )+ BWIIfIT, ¢ >0, (25)
with B(t) = £et,0 <t <1and B(t) = 1,t > 1.

Our Theorems 1.1 and 1.2 apply in this case. For instance, we obtain by Theorem 1.1
i. Forany 0 < a < 1,
1
ta

—1/a
ot UIAR o<t <,

1B < ees, )+ 5

and
FI13 <tLef )+ IfIE t>1
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ii.
1

! 21/t 2 1
S Lo b
2e3 (el/t_l)e ||f||17 0<t<

IF113 < t(log(I + L), f) + log 2

and
1

IFI2 < t(og(I + L)f, )+ |IfI2, t> o

1/t_
1 2el/t—1/t

we have Biog(t) ~ 5.5 as t goes to 0.

Similar inequalities can be written for the cases (iii) and (iv) considered in Section 1. This
is left as exercices. Of course, the discussion is not limited to these cases just above.

5 Study of V(A) with ¥ convex

It is useful to deduce super Poincaré or Nash inequality for W(A) when A satisfies such
inequality and W is convex. The reason is that the inverse function of a concave increasing
function is convex and increasing. For instance, Bernstein functions. Of course, ¥(A) may
not generate a sub-markovian semigroup (e.g. with W(A) = A? in R?). But it doesn’t
harm too much as far as the generator W(A) is concern. In what follows, we study the
following converse implication. Assume that g(A) satisfies super Poincaré or Nash-type
inequality then deduce a similar inequality for A.

Let (E)), A > 0 be the spectral resolution associated to A and v : [0,00) — [0, 00) be
a measurable function. We define 1/(A) on its domain D(1)(A)) C L? as in the Section 1.
In particular, we have on their respective domains the following representations:

+o00 +oo Foo
uu¢v=/‘ AﬂEJJ%(ﬂﬁf%=/ a“duhﬁﬁ,nmaz/' d(Erf, 1),
0 0 0
(See | ] Thm.11.4).

Proposition 5.1 Assume that A is a non-negative self-adjoint operator satisfying Nash-
type inequality (3). Then for any non-negative non-decreasing convex function ¥ with
U (0) =0, we have

115 (2o DY(IFIB) < ((A)f, ). Ifll < 1. (26)

Note that such result can be generalized in the framework of Hilbert space H with
the norm ||f||1 replaced by another control ®(f), f in some subspace of H, satisfying
properties as defined in [W4].

Proof: Write equivalently Nash-type inequality (3) as follows. For any f € D(A)NL!

and HfHQ = 17
1
D(— ) < (Af,
Qum)g(f”

Since W is non-decreasing, we get

1
17113

won) (1) <UIALIL.
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Now, by functional calculus and Jensen inequality applied to the probability measure
d(ENf, f) (e ||fll2=1), we get

“+o00 (9]
W[(Af,f)]=W< / Ad(EAf,f))S /O+ W) d(Erf, ) = (U(A)f. f).
Thus
(w0 D) (W> < (WAL P, flla=1, f € D(A)N L

Under the assumptions on ¥, there exists A\g > 0 and k > 0 such that, for any A > A\g: kA <
V() which implies D(¥(A)) C D(A). Now, by reversing the process of normalization from
L? to L', it yields for any f € D(¥(A))N L,

1113
/113

Since ¥ o D is non-increasing, we deduce (26) for || f|[1 < 1 and conclude the proof. n

1718 (¥ o D) ( ) < (WA, f).

In the second part of this section, we deal with the case of super Poincaré inequalities
generalizing the arguments of [W1] used for A% « > 1.

Theorem 5.2 Let ¥ : (0,4+00) — (0,+00) be a non-decreasing conver function. Assume
that W*(x) 1= Supyc(0,4.00)(*y — ¥(y)) is a bijection from (0,+o00) to (0,+00) and that B
is a non-negative self-adjoint operator satisfying: for any f € D(B)N L' and t > 0,

1113 < t(BF, f) +v@OIIf I (27)

for some function v : (0,4+00) — (0, +00). Then U(B) satisfies for any f € D(¥(B))NL*
andt >0,
1113 < t(U(B)f, f) + e @) fIF (28)

with vy (t) = infocecq %7 (5t(\11*)_ (%))
In particular, if U(z) = z'/* with o € (0,1) then yy(t) < Ly,

Proof: From the very definition of ¥*, we have Young’s inequality i.e. for any y,s > 0,
ys < U(y) + ¥*(s). Let y = (Bf, f) with f € D(B), we obtain for any s > 0:

s(Bf, f) S W((BF, f)) + ¥*(s).

Assume that || f||2 = 1. By spectral representation of B and by Jensen’s inequality with
¥ as convex function, we have already seen that

0<U((Bf,f) < (¥(B)S f)-

By (27), we have for any t,s > 0 with ||f||2 = 1,

L < ts(Bf. f) +~(ts)|IfI[3-

Combining the above inequalities, it yields for f € D(¥(B)):

1< t(U(B)f, f) + 1T (s) +(ts)l| f[F.
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Let £ € (0,1). Since ¥* is a bijection, for any fixed ¢ > 0, there exists s > 0 such that
e=1—1tU*(s) Le. s = (U*)"1(1=£). Thus we obtain

e SH(W(B)f, f) + (H(T)7H (A —e)t™)) IIfIR.

Changing t by et and dividing by e, we get for any ¢ > 0, ¢ € (0,1) and ||f||]2 = 1,

L)+ () (F5) ) Ik

et

We conclude (28) by changing f by f/||f||2 and by taking the infimum over ¢ € (0,1).

1
We now prove the last statement. Let W(z) = 2'/%, we have ¥*(s) = ¢, s« with
¢o = (1 — a)aT-2. By a simple computation, it yields for any ¢ € (0, 1),

1— e
ko€ ( E) t“]
g

with ko = a=*(1 — @)*!. Choosing ¢ = a, we conclude vy (t) < 2~(¢).
The proof is completed. 1

1

) <
w()_gv

For the case g(z) = 2%, the function obtained in [W1] is given by Fu(t) = 2v(%).
Since 7y is usually decreasing and v(0") = +oo, the result above is sharper up to a mul-
tiplicative constant. We notice that ||f||2 plays no particular role in the proof. So, it can
be replaced by some functional ®(f) and L? by a general Hilbert space as in [W1].

Now we make the connection between Bernstein functions and convex functions. As-
sume that g is a Bernstein function. Since g is non-decreasing and concave, ¥ = ¢! is
non-decreasing and convex. Hence, Theorem 5.2 allows us to prove a converse to Theorem
1.1 about super Poincaré inequalities. Thus applying Theorem 5.2 with B = g(A), we

get:

Corollary 5.3 Let g be a bijective Bernstein function and A be a non-negative self-adjoint
operator. Assume that W = g~ satisfies the conditions of Theorem 5.2 and that for any
f €D(g(A)NL' and any t > 0,

1113 < t(g(A)f, ) +v@IIFI- (29)

Then for any f € D(A) and any t > 0,

I£115 < t(AF. f) + e @)IIfI] (30)

with vy given as in Theorem 5.2.

Corollary 5.3 is sharp in the particular case g(z) = %, « € (0,1). Indeed, assume that A
satisfies super Poincaré inequality (1) for some §. By Theorem 1.1, g(A) satisfies super
Poincaré inequality (29) with v = 3, given by (9). Now take ¥(z) = '/ in Theorem
5.2, it gives back that A satisfies super Poincaré inequality with 3(t) = vy (t) < Ly =
é B(t). In this case, Corollary 5.3 is essentially an optimal converse of Theorem 1.1 up to
the multiplicative constant é
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6 Asymptotic behavior of g(A)

We briefly revisit the relation between the asymptotic behavior of g(A) and the asymptotic
behavior of A in terms of Poincaré inequality (equivalent to a bound on the bottom of the
spectrum). The proof uses arguments of Theorem 1.1. We obtain Poincaré inequality in
L? for g(A) starting from the same inequality for A. The first result is certainly known
for Poincaré inequality in L2. See | ] for recent results on the subject on LP.

Proposition 6.1 Assume that (1})i>0 is a symmetric Markov semigroup and has a spec-
tral gap on LP(X, p) in the following sense

T f — u(H)llp < e MC(f), t>0, (31)

for some X € [0,+00) and some positively homogeneous functional C(f). Then for any
Bernstein function g with g(0) = 0, we have

T2 f = ()l < e N C(f), t>o0. (32)

For instance with C(f) = [|f — u(f)}p, see [C-C-1]. For p = 2 and C(f) = ||f —u(f)]l2
the interpretation of (32) in terms of spectrum is well known. Indeed, (31) is equivalent
to Poincaré inequality

If = w(DIE < S(Af. f)rz, | € D(A).

>| =

Then similarly for g(A), we deduce:

I =PI <

Similar results can be written in the LP-setting for 1 < p < 4o0.

~—

Proof: Let f such that u(f) = 0. Then u(Tsf) = p(T¢f) = 0,s > 0 because Ts and
T¢ are symmetric Markov semigroups. Let g be a Bernstein function. We have for any
t>0,

+oo
Hﬁf—wﬁm=Hﬂ7m=HA W () Tof dsll,

—+00

+oo
g/’ ﬁ@mnﬂuwscmﬂ/’ 7 (s)e ds < e NC(f).
0 0

This concludes the proof. n

7 Functions of the Laplacian on R"

Here, we give a direct proof of super Poincaré inequality for g(A) with g a Bernstein
function and A the usual Laplacian on R™. In fact, g need not be a Bernstein function.
The constants are certainly not optimal. The proof follows the original idea used for the
Laplacian in the paper by J. Nash [N].
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We use the following definition of Fourier transform Ff(z fR" Ye~ Y dy. Let
A= -1, 2 So, F(Af)(x) = [¢>Ff(x). The functlon g(A)f is deﬁned by its

Fourier transform
F(g(A)f)(x) = g(|=[*)Ff(x), z € R™.
The domain of g(A) is defined by

D(g(A) = {1 € 12+ [ lallaP)PIFf@) P do < +oc).
We denote by wy, the volume of the unit ball of R” and set ¢, = (27)™"

Theorem 7.1 Let g : [0,+00) — [0,400) be a non-decreasing functwn such that g(0) =
0. We define the function g on [0,+00) by g~ (u) = sup{s = 0: g(s) < u} € [0, +00].
Then we have

i. For anyt >0 and any f € D(g(A)) N LY(R"),

17112 < t(g(A )ff)+ﬁ< e )>HfH1 (33)

with B(t) = ¢pwnt 2.
ii. For any f € D(g(A)) N LY(R™) with ||f|]1 < 1,

[1F113 Dy (11 £13) < (9(A)£ ),
with Dy(x) = supsg (t —Lepwy [g%(t)]”ﬂ).

When g is unbounded and ¢(0) = 0, the function ¢ (¢) is well defined and finite for
any t > 0. It is clear that g~ is non-decreasing. When g is an increasing bijection from
[0, +00) to itself, we have g = g~!. The function f,(t) := ﬁ( ST ) in (33) is sim-
ilar to By(t) in (9) when g is invertible. If we assume that g is bounded then g(A) is a
bounded operator and S4(t) = 400 when ¢t < 1/||g||oo. In that case, the inequality (33) is

meaningful only for ¢ > 1/||g||oc. Note that this restriction already appears in Theorem
1.1 when g is bounded.

Proof: Let f € D(g(A)) N L! and ¢ > 0. By Plancherel formula,

1718 =cn [ 1F7P)da

:cn/ FF2() dm+cn/ Ff() dz (34)
{zeR™:1 <tg(|z|?)}

{zeR™:1 > tg(|z|?)}
1
< Cnt/R g(|z)FfPP () da + co || FfI1% V({z € R™ : g(|z?) < -

where V() is the Lebesgue measure of the set 2 C R"™. Now, since ¢g(r) < u implies
r<g7(u) and ||F flloc < ||f]l1 , we deduce for any ¢ > 0,

1B < t(9(AL, )+ eal IRV ({2 € R 2ol < /g7 ()}

This concludes (i).

We prove the second part by applying Proposition 2.2 with 3 (t) = chwp [g_’ (t‘l)]n/ 2,
This completes the proof. n
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8 Appendix on Legendre transform

In the first part of this section, we are interested to discuss the properties of D directly
from the properties of 8 independently of the set F defined in Proposition 2.2. In the
second part of this section, reversing the role of 8 and D leads to a similar discussion.
The conditions introduced here are usually satisfied in the applications.

Lemma 8.1 Let 8 be a non-negative function defined on (0,+00) and set

D(z) = Stglg (t — iﬁ(l/t)) € (—oo,+o0], z>0.

i. If limy_,o+ t5(1/t) = 0 then D is non-negative. This condition is satisfied if (3 is
bounded above at infinity, in particular if B is non-increasing.

ii. If B(0T) = +o0 then D(z) is finite for any x > 0. Moreover, the function x — xD(x)
is conver, non-decreasing on (0,+00) and D is continuous.

Proof:

i. Assume that lim, o+ t3(1/t) = 0 then D(z) > lim, o+ (t — £3(1/t)) = 0 for any
xz > 0. Obviously, if 8 is bounded above at infinity (e.g. non-increasing) and non-
negative then lim, ,o+ t5(1/t) = 0.

ii. Assume 3(0") = 4o00. Fix z > 0 then there exists ¢, > 0 such that for any ¢ > t,,
x < B(1/t). So, t —LB(1/t) <0 when t > t,. If 0 < t < t, thent — LB(1/t) < t,
since (3 is non-negative. Therefore D(x) < t, and D(x) is finite. Now, the function
x — h*(z) = zD(z) = sup;~q (tz — tF(1/t)) is convex on (0, +00). Consequently, h*
and D are continuous.

The proof is completed. B

Now, we study properties of 8 in terms of D defined as in Theorem 1.2. Natural
conditions on D comes from the previous lemma. The discussion is similar.

Lemma 8.2 Let D : (0,400) — R be a fixed function and set
B(r) =sup (x — reD(z)) € (—o0, +00].
>0

i. If imy_, 4o D(x) = +o0 and D is non-negative then [(r) is finite for any r > 0,
convez, continuous and NoON-iNcreasing.

it. If im0 xD(x) = 0 then (B is non-negative.
s

The proof is similar to Proposition 8.1. The reason of this fact is apparent below.

Let 8 and D as in Proposition 8.1. Note that h*(x) := zD(z) = sup;~q(tz —tp(1/t)) is
the Lengendre transform (or complementary function) of h(t) = t8(1/t) thus the afferent
theory applies. See for instance | | p.6 for a discussion about Young functions and p.13
for the specific class of N-functions. Usually h is obtained from A* by the same formula
ie. h(t) =sup,so(te —h*(z)),t > 0. In that case, we recover the definition of 5 in terms
of D in Lemma 8.2 by the formulas §(¢t) = th(1/t) and D(x) = h*(x)/x. Here are some
examples of couples of N-functions. They appear as asymptotics of functions 5 or D of
our examples in Section 4. Let 1 < p,q < 400, 1/p+1/q=1.
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L (ha(t), hi(z)) = (& /p, x7/q).
ii. (ha(t),hi(z))=(e! —t—1,(1+2)In(1 + z) — ).
iii. (hs(t),h3(z)) = (L +t)In(1 +1¢) —t,e* —x —1).

iv. hy(t) =€ — 1, h}: no explicit form.

But one can prove that hj(z) ~ z (In a:)l/p as ¥ — +oo and hj(x) ~ ¢, x? as x — 01 with
q
1/p+1/g=1and ¢ = (p—1) (%) :

Of course, in applications, functions like ¢1h(cat), ¢; > 0 should be considered or
functions having asymptotics of this type. Indeed, in practice h is not exactly an N-
function but often close to such function. Fortunately, it doesn’t cause much trouble in
practice. This justifies the interest of both propositions just above. Now, we mentioned
some cases where the asymptotics of these functions really appear in our applications.
Recall the relations 3(t) = th(1/t) and D(x) = h*(x)/x.

i. For hi(t) = cot? then we get Bi1(t) = & where v =p—1> 0 and D(z) = co ¢ with
I/p+1/g=1land g=1+ ;. Such cases correspond in Section 4.1 to the fractional
Laplacian A% on the Euclidean space and to Section 4.3 with L% where L is a sum

n

of vector fields satisfying Hormander’s condition and v = 5=. For all these cases:
2

D(z)=czxn.

ii. The function ha(t) = e! —t — 1 leads to Ba(t) ~ tet ast — 0% and Ba(t) ~ o as
t — +oo. This situation is realized up to multiplicative constants by the Ornstein-
Uhlenbeck operator in Section 4.4 as far as the local behavior (i.e. ¢t — 01) is

concerned. In that case, D(z) ~ Inz as © — 4o0.

iii. The function h3(t) = (1+¢) In(1+¢)—t gives B3(t) ~ In(1/t) ast — 0F. Using results
of Section 7 with n = 2, we set A = g(A) > 0 with g(y) = /4" — 1, y > 0. This
provides an example of positive operator such that the super Poincaré inequality
(33) is satisfied with (t) = In(1 + 47r2t) t >0 and D(z) ~ 4%26’3*1 as r — +o00.
We also have D(z) ~ 72z as x — 0.

iv. For the function hy(t) = e — 1 with 1 < p < 400, we deduce B4(t) ~ ~ tei = B(t)
l 1

ast — 0T and ¢! 9)@ B( ) < e# when ¢ € (0,1). Examples with such behavior

are given in the Riemannian setting of Section 4.2 with p = 7( 56-T) where 1 < 0 < 2

n (24). In that case, D(z) ~ (Inz)*? as & — +o0. Note that it is a general fact
that the behavior of 5(t) as t — 0" determines the behavior of D(x) as * — +oc
and conversely.

It will be interesting to know if there exists an operator A satisfying super Poincaré
inequality with () ~ thg(1/t) ~ In(1/t) as t — 0" and (Af, f) a Dirichlet form.
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