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ABsTRACT. In this paper we investigate well-posedness for the problem wu; + divep(u) = f
on (0,T)xQ, Q C RN, with initial condition u(0,-) = up on © and with general dissipative
boundary conditions (u) - v € B,z (u) on (0,T)x 9. Here for ae. (t,z) € (0,7)x09Q,
,B(t,z)() is a maximal monotone graph on R. This includes, as particular cases, Dirichlet,
Neumann, Robin, obstacle boundary conditions and their piecewise combinations.

As for the well-studied case of the Dirichlet condition, one has to interprete the formal
boundary condition given by B by replacing it with the adequate effective boundary condition.
Such effective condition can be obtained through a study of the boundary layer appearing
in approximation processes such as the vanishing viscosity approximation. We claim that the
formal boundary condition given by 8 should be interpreted as the effective boundary condition
given by another monotone graph 3, which is defined from 8 by the projection procedure we
describe. We give several equivalent definitions of entropy solutions associated with ,é (and
thus also with 3).

For the notion of solution defined in this way, we prove existence, uniqueness and L' con-
traction, monotone and continuous dependence on the graph 8. Convergence of approximation
procedures and stability of the notion of entropy solution are illustrated by several results.

Keywords: scalar conservation law, boundary-value problem, entropy solution,
vanishing viscosity limit, formal boundary condition, effective boundary condition,
maximal monotone graph, strong boundary trace, L' contraction, well-posedness,
convergence of approximations
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1. INTRODUCTION

While there exists an extensive literature on the Cauchy and Cauchy-Dirichlet problems for
scalar conservation law u; + div p(u) = 0, other initial-boundary value problems have received
very few attention. This is the purpose of this paper to define a notion of entropy solution
for a wide class of boundary conditions that we call dissipative boundary conditions; to justify
this definition through convergence of natural approximation procedures; and to establish well-
posedness results for the so defined entropy solutions.

1.1. Dissipative boundary conditions for conservation laws. Let 2 be an open domain
in RN with Lipschitz boundary, N > 1, and T > 0. We consider the following initial-boundary
value problem for a scalar conservation law:

up +dive(u) = f in Qr :=(0,T)xQ
(H%B(UOa 1) uli=0 = uo in Q
u(z)(u) == @(u)-v(x) € By z)(u) on ¥:=(0,T)x0Q.

Here ¢ : R — R¥ is locally a continuous function (for the sake of simplicity, the reader
may assume that ¢ is Lipschitz continuous, although most of our results hold without this
assumption); ug € L>=(f2); and f is a measurable function on Q1 with f0T||f(t, oo () < oo

Further, in , the unit outward normal vector on 0f) is denoted by v, and the
boundary condition is prescribed (formally) in terms of 8 that is a map from ¥ to the set B of
all mazimal monotone graphs on R. Clearly, some measurability assumption is needed on the
map 3 : (t,z) € ¥+ Bt € B. In the sequel, we always extend ;) to a maximal monotone
graph from R to R and require the following:

(1.1) for all k € R, (t,z) — inf B 4y (k) and (¢, ) — sup Bt ) (k)

' are measurable R-valued functions wrt the Hausdorff measure on X..

This encompasses different classical boundary conditions. For instance, the graph B ) =
{uP(t,z)} x R prescribes the Dirichlet boundary condition “u = u” on ¥”; the graph Bit,z) =
R x {—g(t,z)} prescribes the condition “—(u)-v(z) = g” that we will call Neumann conditionf]
by analogy with the Neumann boundary conditions for the general convection-diffusion problems
of the kind u; — diva(u,Vu) = f. It is also easy to include the more general conditions of the

kind Au+ (1-X)(—¢(u)-v) = g, A € (0,1), conditions that interpolate between the Dirichlet and
the Neumann ones (these are known as Robin conditions in the convection-diffusion context).

8the condition —¢(u)-v(z) = 0, often encountered in the modelling practice, is also called zero-fluz condition
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To give one more example, the (bilateral) obstacle boundary conditions “u™ < u < uM on X7
correspond to the graph

Biey = ({u™(t,2)} xR7) U ([u™(t,2), u™(t,2)]x{0}) U ({u™(t,2)} xRT).
For the sake of simplicity, the reader may consider

Bty (r) = Bz (r—u” (t,2)) — g(t,z) with u® € L*(3), g € L¥(X)

(12) and with a maximal monotone graph ﬂ?m) such that /6?t,w)(0) >0

this contains the aforementioned cases and, e.g., the case of mixed Dirichlet-Neumann boundary
conditions.

In the context of parabolic problems u; — div a(u,Vu) = f, it is well known that the boundary
conditions of the kind B ) (u) + a(u,Vu) - v(z) 3 0 lead to the L' contraction property (see
e.g. [36] for a study of the associated stationary elliptic problem; see also [3]); that’s why we
call these conditions dissipative boundary conditions. It is customary to interprete the physically
admissible weak solutions (called entropy solutions since the founding work [19] of Kruzhkov)
of a scalar conservation law as limits of the vanishing viscosity approximation that, in our case,
would take the form

ui — div (—p(u®)+eVu®) = f,  u|i=o = uo,
1.3) { ¢ (—p(uf) )=1f lt=0 = uo

(Bt () + (—p(uf) + V) - v(@)) [ g )ex 3 0.

Then it is clear that the boundary condition in (H., g(uo, f)]) is the formal limit of the dissipative
boundary condition B ) (u®) + (—¢(u®) +eVu®)-v(x) 3 0in (L.3) (here we should assume some
regularity of By ,y in (¢,2) in order that a solution u® exist; for instance, for the Dirichlet BC
case we need u” € L?(0,T; H~/2(99)) ). Moreover let u®, 4° be solutions of problem (T.3)

with the same dissipative boundary condition and with data ug, f and g, f, respectively. The
L' contraction property holds under rather weak restrictions on 2 and ¢ (see, e.g., [25 [H]):

us(t,-) —a*(t, )Ly < lluo — dollLr) + IIf — f||L1(Q)-

Provided the L'(Qr) compactness of the sequences (uf)., (). with e — 0 is known, it is
inherited at the limit € — 0. Therefore we expect that the boundary condition satisfied at the
limit is also a dissipative one.

But what is this limit boundary condition as € — 0 in ? The compactness of (u), in
LY(Q7) gives no information on convergence of u° on the boundary, the term eVu® - v(x) on the
boundary becomes singular as € — 0, therefore passage to the limit in boundary conditions is by
no means straightforward. As a matter of fact, in general

the boundary condition “@(u) - v(x) € B(1q)(u)” is not the correct limit
obtained from the boundary conditions B . (u®) + (—@(u®) +&Vu®) - v(x) > 0.

The Dirichlet condition case discussed below is a well-known illustration of this fact.

1.2. Classical results on the Dirichlet case. Within the whole variety of dissipative bound-
ary conditions, only the Dirichlet case received much attention in the framework of conservation
laws. The celebrated result of Bardos, LeRoux and Nédélec [9] states that the Dirichlet condition
“u = uP on ¥” should be seen as a formal condition; and that it must be interpreted by stating
that the trace (yu)(¢,x) of u at a point (¢,2) € ¥ belongs to the subset I(¢,z) of R defined in
terms of u” (¢, ) and of the function r +— ¢, (,)(r) = ¢(r)-v(z) as follows:

I(t,l’) = {Z € R| sign (Z - “D(tv@)(%@u(z) (Z)_Qou(m)(k)) >0

(1.4) Vk € [uP(t,x) A z,uP(t,x) V 2] }
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Here and in the sequel, A (respectively, V) denotes the min (resp., the max) operation. We
denote by H the N—dimensional Hausdorff measure on 3.

The effective boundary condition
(1.5) (yu)(t,z) € I(t,z) H"-a.e. on %

is known as the BLN condition; in this paper, we will use the reformulation of the BLN condition
in terms of a mazimal monotone (sub)graph. Such graph interpretation was first made explicit,
for the Dirichlet case, by Dubois and LeFloch in [I6] (see in particular [16] Fig.1.1]).

The functional framework of the paper [9] is the space L>°(0,T; BV (Q2)) (actually, the solutions
belong to the space BV (Qr)). There are two good reasons for that. Firstly, the BV in space
regularity of u guarantees the existence of a trace yu of u on 3, necessary in order to give sense to
the BLN condition. Secondly, uniform in € BV estimates on the solutions of the approximating
problems are available, for BV data ug and «” and for Lipschitz continuous flux function
. Bardos, LeRoux and Nédélec show that for the above data and flux, there exists a unique
L>(0,T; BV(Q)) entropy solution of the conservation law satisfying (pointwise on ) the BLN
boundary condition; and that this solution is the limit of the vanishing viscosity approximation.

More recently, Otto in [26] 27] (see also [24]) provided a formulation suitable for merely L>
data ug and u”; Porretta, Vovelle [33] and Ammar, Carrillo and Wittbold [2] extended the
definition and results to the framework of L! data (see the papers for the precise assumptions
on uP) and merely continuous flux function ¢, in a bounded domain Q. The L! framework
requires an appropriate notion of solution; in [33] 2] the notion of renormalized solution from
[10] was used. In the Otto formulation, existence of a (strong) boundary trace yu of u on X is
not assumed; a BLN kind condition is reformulated in terms of weak normal boundary traces of
¢(u) and of the associated boundary entropy fluzes F(u;u®”, k) (the existence of the weak traces
is a relatively simple consequence of the fact that v is a Kruzhkov entropy solution of the scalar
conservation law inside (0,7)xQ ). We refer to [26] 27, 24] and to [39] B3], B7] for details and
results related to the approach of Otto.

1.3. Strong traces of entropy solutions on the boundary. Although the definition of
[26] 277] and the aforementioned generalizations were a remarkable step forward in the study of
boundary value problems for conservation laws, it was possible to bypass the use of weak traces
and the associated boundary entropies’ techniques of [26] 27]. Indeed, for the sake of simplicity
let us start with the following flux non-degeneracy assumption:

(1.6) Ve € RV\{0} Vc € R the Lebesque measure of the set {z|&-¢(z) = ¢} is zero.

Using the approach of kinetic solutions (see [23,[32]), Vasseur in [38] has shown that for ¢ regular
enough,

(1.7) under (1.6), any L* Kruzhkov entropy solution in Q7 admits a strong trace yu on X.

The non-degeneracy assumption on ¢ is typical for the "compactification properties" in the
theory of kinetic solutions, see Perthame [32] and references therein. As pointed out by Vasseur,
gives sense to the pointwise BLN condition for general L*° entropy solutions, and
not only to solutions corresponding to BV data; thus the weak trace technique of Otto [26], 27]
is bypassed (yet for general (¢, x)-dependent flux ¢, the approach of [26] 27] remains the most
powerful; see in particular the results of Vallet [37]). Further results in the spirit of were
obtained by Kwon and Vasseur [22] for the case N = 1 (see also [0 [35] where we treat the
case of a flat boundary using a hint due to Panov). To the authors’ knowledge, the strongest
generalization of is the result of Panov [30] obtained using the technique of parametrized
families of H-measures (see also [29] B1]); Panov drops all regularity assumption on ¢, and, in



BOUNDARY-VALUE PROBLEMS FOR CONSERVATION LAWS 5

a sense, he also drops non-degeneracy assumptions of the kind (|1.6)). Because of its importance
for our paper, we should make the latter statement more precise:

e (upon rotating axes and localizing around a point z* of the boundary)
the boundary 952 is represented by the graph of a Lipschitzﬁ function g on W, i.e.,

oNU ={(g('),a') [ 2" e W}, QNU ={(w0,2) | z0o =y +g(z'), 2’ € W,y € (0,h)}

for some neighbourhood U of x*, some neighbourhood V of zero in RN~!, and some
h > 0; further, the unit exterior normal field (I/(g(x’), x’))w,ew is lifted inside Q N U by

the formula v(zg,2') = m(—l, Vg(2')) (the field is constant in zg € [0, h));
g(z

e for x € QN U, consider the singular mapping Vip, ) : 7+ fOT |©'(s) - v(z)|ds on R
(notice that the mapping is independent of xg, and it depends on z’ continuously)
e then for any u € L°°(Qr) that is a Kruzhkov entropy solution in Qr, there exists

(1.8) esslimy o Vio, (o) (u(t,y + g(2'),2")) = (Wepu () (0)) (¢, 2) in L'((0,T) x W),

where z := (g(z'), 2) is a generic point of UNAQ; recall that v(y+g(z'),2’) = v(g(z'), z’).

Statement is actually a re-interpretation of the localization property that appears in the
proof [30, p.571] of Panov; we use it to give a sense to pointwise formulations of boundary
conditions, in the same vein as Vasseur in [38]. If for all £ € R\ {0} the function 7 ~ ¢(r) - &
is non-constant on any interval (this is a weaker version of (1.6 typical for the technique of
parametrized H-measures, see [29, [30, [31]), then Vo, (a0) is an invertible function (which means
that strong trace yu exists). If ¢ is not a BV function, one can use another singular mapping
instead of the map 7 — [ [¢'(2)-v(x0)| dz (which is not well defined), e.g.,

F being the union of all the intervals

Veu@)(r) :/0 L (s) ds, where the map s — ¢(s) - v(z) does not vary.

Remark 1.1. By the definition of the singular mapping, Vo, )(-) has the properties of, first, be-
ing monotone non-decreasing; and second, of being constant on the same intervals where v, (4 (-)
is constant. Therefore o(r)-v(x) = @, (y) 0 Vip,(z) with some continuous function @, ;) : R — R.
As a consequence of (L.8), there exists the strong trace yp(u) - v(z) (with the same meaning as
in (L.8)) which is equal to @, () (YVip,(x) (u)).

In the same way, one can represent the projections on the direction v(x) of the semi-Kruzhkov
entropy fluzes

(1.9) q* (u, k) = sign ™ (u — k) (p(u) — (k)
with the help of continuous functions Qf(x)(', -) of two variables:

Hence for a couple u, @i of entropy solutions, it follows that a strong trace of ¢*(u, @) - v(z) exists
and can be represented as Qf(m)(vwol,(m)(u), nyga,,(x)(ﬁ)). The same is true for the Kruzhkov
fluzes:

’ with q := q+ +q, Qu(z) = Qj(w) + Q;(w)-

PWhile the setting of Panov [30] is C! regular domains, the author indicates that the generalization to Lipschitz
and, more generally, Lipschitz deformable boundaries in the sense of [15] is straightforward
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1.4. Interpretation of a general boundary condition. The Bardos-LeRoux-Nédélec con-
dition , is generally recognized as the correct interpretation of the Dirichlet bound-
ary condition; this is justified in particular by convergence of vanishing viscosity or numerical
approximations of the boundary value problem (see Vovelle [39]), considered as quite natural
approximations. Observations of viscous or numerical boundary layers explain how the formal
boundary condition v = u” on ¥ transforms into the effective boundary condition ,.

The strong trace result of [38] was used by Biirger, Frid and Karlsen in [II] in order to
give sense to the formal zero-flux boundary condition (in our terminology, this is the Neumann
boundary condition with g = 0) in the particular but important case ¢(0) = 0 = ¢(1). Under this
assumption and for [0, 1]-valued initial data, the zero-flux boundary condition for us+div ¢(u) = 0
can be understood literally (see [11]) (in the sense that the problem is well-posed and solutions
are limits of the vanishing viscosity approximation).

Let us stress that in general, also for the zero-flux boundary condition “¢(u)-v = 0” a boundary
layer would form in approximate solutions, and this formal zero-flux boundary condition would
transform into some different effective boundary condition. For a simple example, consider the
zero-flux problem for the transport equation u; + u, = 0 on [0,1]; as in [9], arguing along
characteristics one sees that the zero-flux condition (that reads “u = 0” because ¢ = Id) at the
right boundary x = 1 must be merely dropped.

It is the purpose of this paper to provide a natural interpretation for a general dissipative
boundary condition (formally given by a family 3 of maximal monotone graphs 3(; ;)(-)) under
the form of an effective boundary condition. Most generally, this effective boundary condition
can be written under the form

(1.12) HN-a.e. on %, the couple (’yV(pl,u, <p(ny<puu)-V) lies in the graph 5(15@,)(-) ) (V(pl,)_l,

with § to be defined, and with the notation 4V, u := (vVgo,,(m) (u)) (t,x).

To clarify the essence of the condition , consider the case where Vi, (,y = I'd can be taken
(recall that this is the case if holds). Then means that (yu)(t,z) € Dom B(t,z)(')§
and from the definition of B in Sectionwe will see that this automatically includes the equality
B(t,x)(vu(t,x)) = p(yu(t,z)) - v. Thus the condition “p(u) - v(z) = B(t7x)(u) on ¥” can be
understood literally as a pointwise equality; this is why we call it effective boundary condition.
Notice that condition takes the form “(vVp,u)(t,x) € Vi, (I(t,x)) a.e. on X7, ie., it
prescribes some set I(t,x) of possible trace values of u on the boundary. Recall that the BLN
condition has the same form.

The effective BC graph B(t,x) featuring in ([1.12)) will be characterized in Section [2| as:

B(t,z) is the “closest” to B ) mazimal monotone subgraph
(Az) of the graph {(r,o(r)-v(z))|r € R} that contains all the points of crossing
of B(t,z) with the graph of the function ¢, () = ¢-v(x).

For simplicity, let us look at the case where ¢ is a C'' function; then the monotonicity of B(m)
means that the domain of the graph contains either isolated points r € R such that ¢(r)-v(z) €
Bty (1), or intervals where ¢'(-)-v(x) > 0. Therefore heuristically, (1.12) can be understood as
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follows (assume for simplicity that yu exists):
Fiz a point (t,x) € ¥; denote 4 := (yu)(t, ), ¢u = Pu(a), and B ) = B. Then
- either the boundary condition is satisfied literally in the sense that (4, p,(@)) € B;
(Bs) or cpf,(ﬂ) > Of i.e., the char'acteristics. at the po?nt (t,x) ‘
associated with the expression u; + div p(u) exits the domain

(in which case it is natural to ignore the boundary condition).
In the latter case, the flux ¢, (@) is as close to B(@) as possible.

In view of the description of (3, the interpretation of the formal BC “¢, (@) € 5(a)” as

“o () = B (@)” can appear as a rather natural one. Yet the only convincing justification we can
think about would be in terms of approximation. Namely, we should use the formal boundary
condition given by [ on one of the approximation schemes that are well-established in the context
of conservation laws (such as the vanishing viscosity approximation or approximation with a
monotone consistent finite volume scheme); pass to the limit in the sequence of the approximate
solutions; and identify the boundary condition satisfied at the limit. If this can be achieved only
for some restricted class of “regular” data ug, f, graphs S or fluxes ¢, then a further justification
can be provided by a passage to the limit from the “regular” problem (where the correct BC is
already identified) to the general problem.

1.5. Former results and a summary of the paper. Beyond the Cauchy-Dirichlet problem
described in Section and the “simple case” of the zero-flux problem treated in [I1], we are not
aware of works on initial-boundary value problems for conservation laws.

The present paper develops the approach initiated in the thesis [35] of K. Sbihi; see [6] [7].
The graph B (in a different, but equivalent representation, see Section was introduced in
[6, 35]. The passage from § to B was justified in [6) 35] in the case of a flat boundary, of non-
degenerate in the sense flux ¢ and for quickly growing at infinity, (¢, z)-independent graph
B. A combination of vanishing viscosity method and nonlinear semigroup methods were used
in this argument. Notice that the technique of [6l [35] is rather restrictive because it is based
upon a strong compactness on the boundary of the sequence of approximate solutions. In [7],
the definition of B was further supported through an argument of monotone dependence on 3; a
notion of measure-valued (or entropy-process) solution was introduced, in order to simplify the
convergence analysis for different approximation methods.

Let us give an outline of the paper. Proposition [3.1] and Theorems are its main results.

In Section 2] we discuss in detail the properties and different characterizations of the projected
graph B; this long section can be omitted by a reader convinced by the heuristic arguments of
Section[I.4] and not interested in details of some proofs. In Section[3|we provide several equivalent
definitions of entropy solutions, sub- and super-solutions for the formal problem .
These definitions lead, in a rather straightforward way, to uniqueness, comparison and continuous
dependence results proved in Section [f] under minimal restrictions on 3 and .

In the existence part of the paper, several restrictions on the behaviour of ¢ and 3 are needed
for ensuring boundedness and compactness of sequences of approximate solutions. The L
bounds require quite technical assumptions (see the beginning of Section which guarantee
existence of constant sub- and super-solutions; we suggest that the arguments related to L>°
bounds be skipped in the first reading.

In Section [5] we give a short but somewhat artificial proof of existence of entropy solutions
(namely, we use not S but the projected graphs B to construct approximate solutions). In
Section @ we discuss in length the pertinence of the use of 3. First, we justify the appearance of
the effective boundary condition using the vanishing viscosity parabolic approximation recalled
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in the Appendix. Second, we give several stability results for entropy solutions on the hyperbolic
problem , with a focus on stability with respect to different approximations of
the BC graphs 3. Corollaries and examples of Section [6] cover a wide spectrum of situations
encountered in practice.

Section [7] contains further refinements. First we improve the existence results in the one-
dimensional case, dropping most of the assumptions on ¢ and S with the help of the BV,
estimates due to Biirger, Karlsen, Garcia and Towers [12] 13]. Note that the original argument
of [12] [13] was devised for numerical approximations; here, we prove its analogue for viscosity
approximations, which is of interest on its own. Second, following Eymard, Gallouét and Herbin
[18] we present a notion of entropy-process solution that is useful in order to prove convergence of
approximations with only weak compactness properties; it can be exploited under the additional,
quite restrictive assumption that an entropy solution exists already.

2. THE EFFECTIVE BC GRAPH

Throughout the section, we fix a point (¢,2) € ¥. We are given a maximal monotone graph
B(t,z) on R and a continuous function ¢, (,) on R; the associated “semi-Kruzhkov” entropy fluves
(more precisely, their normal components) are defined as

(2.1) qf(w)(z7 k) := sign (2 — k) (¢ (2) — o) (k).

2.1. Preliminaries: undershoot and overshoot sets, increasing envelopes. Let us start
with a series of definitions and notation.

Definition 2.1.

(a) For a closed sub-interval I of R, introduce the upper increasing envelop e+ (I;-) and
the lower increasing envelope ¢ (I;-) of @, (z) on I by setting, forr € I,

(2.2) o (I;r) :==inf{e(r) | ¥ > @, (x) and 1 is non-decreasing on I},
(2.3) oo (I;r) == sup{¥(r) | ¥ < ¢p,(x) and ¥ is non-decreasing on I}.

(tV':E)

ngz) = {Z € R| sup B(t,r)(z) > Pu(x) (Z) }»
D(ityw) = {Z € R| inf B(t,x)(z) < L)Ol/(:v)(’z) }7
also introduce the crossing se D?t,w) = {T ER| @u2)(r) € Biray (1) } = Da,x) N D(_ta:)'
(c) Subgraphs of the graph of v, () are defined as the graphs of restrictions v, z)|E of Vv ()
on different subsets E of R. Among these, we distinguish monotone subgraphs char-
acterized by the property ¢, )(a) < @y (b) for all a,b € E with a < b. Finally,
those monotone subgraphs that do not possess a nontrivial extension (within the class of
monotone subgraphs) are called maximal monotone subgraphs of the graph of ¢, (z).
(d) Denote by B, the set of all maximal monotone subgraphs of the graph of ¢, (5. Denote

by IB%?W) the set of all elements of B, which domain contains D(()t’x)ﬂ.

(b) Define the overshoot set D « C R and the undershoot set Dy, CR bzﬂ

It is easily seen that 2’ I; ), respectively oz (I;-) is a non-decreasing function that is continuous and which
y P Yy ¢ g
graph lies above (respectively, below) the graph of ¢, (;)[1-
A1 definition (2.4), we actually extend B, ) to a maximal monotone graph from R to R, so that Bty (2) is
never empty but it may de reduced to {+oo} or to {—oco}. With this convention, R = D(t o) Y P2y
€Indeed, D?t ) is the set of crossing points of B(; ) with the graph of ¢, (4.
ft follows that for any u € ]B?t,z)’ {(z,00@)(2) | 2 € D?t,r)} CuC{(z 00 (2) | z € R}.
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e) Denote by B, (respectively, by BY, the set of all maximal monotone graphs on R
(t,z)
obtained as extensions of elements of B, (respectively, of B?t,;v)'

(f) Define the monotone function g(t’m) on R as the closest to By ) element ofIBT?t’w).

The notion of “the closest” in the latter definition should be made precise: indeed, we now
show that the definition of B(; , is correct, interpreted as the extremality property (2.5).

Proposition 2.1. The function g(t,m) is correctly defined, in the sense that

there exists l:j’v(tvm) S IBT()M) that realizes, simultaneously for all z € R,

BY,

2.5
(2:3) (t.z) of the distance dist(1i(z) , Brr,)(2)).

the minimum over all i €

Furthermore, g(t,z) can be expressed in terms of the upper (respectively, lower) increasing en-

velopes of the graph of ¢, () on the connected componentfﬂ I of D(Jg ) (respectively, of D(; w)):

(2.6) E(m) = (UI{(Z, ¢, (I;2))| I is a connected component of D(_t,x)} )

U ( LJI{(,Z7 ¢ (I;2)) | I is a connected component of Dz;w)} )

PROOF : By definition on the class IBT%@), I’S’V(t,z)|D?t1z) coincides with (P”@)'D?t,z)' Let I be a
connected component of D?;I) or of D(_t,m); the endpoints of I are either infinite or belong to
D?t,w). Therefore, we only need to make explicit the definition of g(w) on the interior of I; and
for a proof of we can consider z € I separately for every connected component I of D(?m)
or of D(_m). To be specific, consider I C Dé’x). From , one easily sees that

(2.7) o) <@ (I;-) < B on 1.

Every function w € IBT% ) is constant on each interval where it does not coincide with ¢, (;), while

@F(I;-) and B are monotone on these intervals. Thus from (2.7) it follows that
(2.8) VEEBY, H<¢i(l;)<B on I

Now, one easily checks that the family {z|; | & € IBT& - 0;
it possesses a greatest element that we call ¢). This element is the restriction of B .y on I.

Iildeed, from (2.8), for all @ € IBB?M) one has in particular 7 < @ < B. Therefore we can set
Bt,zy|r == %, and (2.5) gets verified for all z € I.
We have seen in (2.8) that By ,)|r = ¢ < ¢f(I;-). The function 1 is non-decreasing and

its graph lies above @, ,)|r by (2.7); thus according to (2.2)), 1 > ¢ (I;-). Therefore g(m)h

coincides with o} (I;-), for every connected component I of D; ) Or of D(_t )" This yields ({2.6).
o

)} is stable by the sup operation; therefore

8First, it easily follows from the continuity of ¥y (c) and the intermediate value theorem that for each p € By
there exists a unique extension g € B;. The graph i is actually the graph of a single-valued continuous function
on R; moreover, on every connected component (a,b) of the set {z € R| fi(2) # ®,(5)(2)} the function 71 takes
the constant value equal to the value of ¢, () on {a,b} NR.

W et us recall that I is a connected component of K C R if I is an interval and moreover, for all interval J
such that I C J C K, one has J = 1.
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2.2. Definition and equivalent characterizations of B.
Definition 2.2. The graph B(t,x) is the part of g(t’x) contained within the graph of ¢, (4)-

It is clear from the above definition that B(t,z) € ]B%(()m). Namely, B(t,z) is a maximal monotone
subgraph of ¢, (,) containing the crossing points with B ,). Moreover, the unique extension
E(t,x) of B(t’m) to a maximal monotone graph on R satisﬁ. Thus Definition is a precise
expression of , in view of the extremality property (2.5).

Notice that, according to , B(t,z) intervenes in the construction of B(t,x) uniquely through

the sets D(ji o) that gather the points z € R such that £(B(¢4)(2) — @u()(2)) NRY # 0.

Remark 2.1. The operation 75z that transforms the maximal monotone graph B ) into the
mazimal monotone graph B ) is a projection on B,. Indeed, we have P2 =P, and Pylp, =
Id. With a slight abuse of notation (the graph B(t,x) = B(taz)|Dom,{§(t ) being monotone but not

necessarily mam'mal we will say that the operation ~ : B 4y = B,z 18 a projection.

Let us give alternative characterizations of B(t,w). Recall that B(t,w) is a subgraph of the graph
of (), thus it is fully characterized by its domain.

Proposition 2.2. The domain of the graph B(t’x) given by Definition can be equivalently
defined by any of the following properties:

(i) In terms of the semi-Kruzhkov entropy fluzes (2.1), one has

DomfB. = {z€R| (Vke Dy, ¢, (2k) >0) & (Vk € Df, ) af(z,k) >0) }.

(ii) For z € R, denote ﬁ(_t;)(@u(x)(z)) =t [mg(2), My.2)(2)]; this is a non—emptﬂ closed
interval of R. Notice that z < M0y (2) (resp., z > M 2)(2)) for z € D(_t’w)\D?t’w)
(resp., for z € Dg w)\D?m)). With this notation, we have

DOmB(t,z) = D?t,ac)
U {ze€ D(;’I)\D?t’x) | Pu(z) (k) = Qu(a)(2) VEE [z, mn(2)] }
U { S D?;@)\D?t,x) | Sau(m)(k) < SOV(QZ)(Z) Vke [M(tvw)(z)’ Z} }

Remark 2.2. Characterization (i), in its spirit, goes back to the idea of Carrillo [14] further
developed by Ammar, Carrillo and Wittbold |2, for the case of the Dirichlet problem. In [14],

uP = 0 and thus B(t,x;-) = {0} x R; therefore D(it 0 = R* in this case. In [2)], Bty =

{uP(t,2)} x R and thus Doy = (—o0,uP(t,z)], D?; 5 = [uP (t,z),+00). Further, notice that

for the Dirichlet boundary condition, inf B(;}x)(WV(I)(Z)) =uP(t,z) = sup ﬁ;lm (Pu(a)(2)). Thus
we see that characterization (i) is precisely the Bardos-LeRouz-Nédélec set (1.4]). Representation
(ii) of B,y is therefore a generalization of the BLN condition; it appeared in the previous works
[35] and [6l [7] of the authors (see in particular [0, formula (4)]).

PROOF : Throughout the proof, we write 5&&) := Dom B(t,r) = {z eR| g(tyz)(z) = Ou(a) (z)}

iActuaully7 uniqueness of solutions to the boundary value problems with dissipative boundary condition encoded
by a graph 8 stems from the monotonicity of 8 only. Existence may depend on how wide is the domain of 5. In
the sequel we will see that the monotone graph B , while it is not maximal, leads to existence and uniqueness for
the problem in hand.

Jwe mean that B(t@) is extended to a maximal monotone graph on R



BOUNDARY-VALUE PROBLEMS FOR CONSERVATION LAWS 11

(i) Let us assume that z € ZND?M). Consider, e.g., k € D(; ) according to (2.5)) in this case we
have @, () (k) > g(t’x)(k). Then

qu_(z7 k) = Sign_(z - k)(spu(m)(z) - Qov(x)(k)) > sign” (Z - k)(g(t,fb)(z) - g(t,x) (k)) >0

by the monotonicity of g(t,x)~ The case k € D(;,z) is analogous.

Reciprocally, assume that for all k € D(im) one has ¢F(z,k) > 0. For the sake of being
definite, assume that z belongs to a connected component I of D(J;x). Let k € I, k < z; by
assumption we have o, ;)(k) < ¢, ;) (2) for all such k. Keeping in mind the characterization
in Proposition we see that o (k) = @, (k) if and only if k € lNDE)W). It follows that @
verifies @ (k) < ¢, (4)(2) for all k € I, k < z. By the definition of the upper increasing envelope
¢, this exactly means that ¢, (,)(2) = ¢ (2). Hence z € lND(()t’I).

(ii) The case z € D(()t o) is trivial. Let I be the connected component of the complementary of

(t 2) that contains z; for the sake of being definite, assume that I C D( ) Then from the
monotonicity of B, ,) we have

(2.9) o (z) (k) < sup Br,z) (k) < Bit,z)y(Mt,2)(2) 2 @uiz)(2)

for k € IN(—o0, M(; z)(2)). By the characterization ([2.6) of B(t syonl,ze D(t )ﬂI if and only
if 0, (2)(k) < @uz)(2) for all k € I, k < z. Taking into account (| -, we can reformulate this as
follows: z € ﬁ?m) N I if and only if, firstly, [M; ,)(2), 2] C I and secondly, ¢, )(k) < 0y ) (2)
for all k € [M( ;)(2), 2]. This justifies the statement of (ii). o

2.3. Order and metric structure on B,. Fix z € 9. Recall that B,, is the set of allinaximal
monotone subgraphs of ¢, (,); B is the set of all maximal monotone graphs of R and B, is the

subset of B obtained by extension (which is unique) of elements B € B, from Domf to R
Let us define an order relation and a distance for maximal monotone graphs under study.
They are most naturally defined on B,.

Definition 2.3. For g1,l§2 € B, define the uniform distance
d,(B',B?) := |B' — B*|| o = supg |B' — B2
Define the order relation “ >, ” on B, by:
B bt B2 if B > B2 pointwise on R.
Since every § € B, possesses a unique extension B% € B,, we can define d, and =, on
B, by writing, e.g., dy (B, 3%) := d,(B',B?). Further, every 3 € B gives rise to the projection

B .= xﬂ on B,. Thus we can extend d, to a semi-distance on 3 € B; and we can extend =,
to a binary relation on B by assigning B =, B> whenever P, B s P, B.

In Sections[4] we will use these definitions in combination with the following lemma.

Lemma 2.1. One can represent the distance d,(-,-) by the formulas

(2.10) (8", 5%) = sup, e sign (b — a)(B' (a) — B*(b)) ) )
= sup{sign (b — a) (¢, (a) — ¢, (b)) | a € Dom(BY), b e Dom(ﬁQ)}.
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One can express the relation 3t =, (3% through the formula d; (31, 32) =0, where

d; (B, 5%) := sup, ez sign ~ (b — a)(B' (a) — B*(b)) = sup{(B'(a) - B*(b))” | a > b}

(2.11) = sup{(¢u(a) — ?V(b))_ |a € Dom(ﬁl),~b €~Dom(ﬁ2)7 a > b}
= Sup{ (Qj(m) (av b))i ‘ ae V‘Pu(w)Dom(ﬁl)v be V@u(m)Dom(ﬂz)}a

where we have used the singular mapping Vip, () and the notation of Section @
PROOF : On the one hand, from the monotonicity of [5;27 we have
sup, pep sign (b — a) (B (a) — B*(b)) = sup, yep sign (b — a)(B'(a) — B(a) + B*(a) — B2(b))
< |B'(a) = B*(a)] < IB' = B%|loo = du(B", B°).

On the other hand, consider a = k and b,, = k + %, then b, = k — % in the left-hand side of the
above expression, with n — co. Using the continuity of B% we get for all k£ € R,

B (k) — B (k)| < supq per sign (b — a)(B' (a) — B*(b)).

Hence we derive the first equality in . Further, recall that B’ is constant on each connected
component of the complementary of Dom 3¢, while gi|D0m Gi = Y pom i this implies the second
equality in (2.10]).

In the same way, we justify the first three equalities in . The last equality in is
evident from the definitions of Vi, (,) and Q) o

v(z)*

3. NOTION OF SOLUTION

Let us start with the following notation. Given (3 ,) € B, in the previous section we have

constructed its projection 5@,1-) € B,.. Then we write
D(_t,ga) = {k) eR ‘ B(t’m)(k‘) < Pu(z) (kj)} = D(_t,w)U Dom B(t,z);
D ) = {k eR ‘ B(t,x)(k) > Qoy(x)(k)} =D} U Domg(t,ac);

(t,x (t,z)
D?t,w) = Dom fB(; 2) = D(_t,w) NnDF

(t71:).
Recall that D, D(Jg 2) and D(()t,x) are the undershoot, the overshoot and the crossing sets for

(t,z)

the graph f(; , given the normal flux ¢, (,; similarly, D(; ) ﬁ(t 2)

and E?t,m) are the undershoot,

the overshoot and the crossing sets for the projected graph B, ,). These sets appear as sets of
boundary traces of entropy sub-solutions, super-solutions and solutions, respectively, according
to the definitions we now give.

Note the following localized version of the celebrated definition of entropy solution due to
Kruzhkov [19]. Recall that ¢*(-,-) are the semi-Kruzhkov entropy fluxes defined by (1.9).

Definition 3.1. Let é\T be an open subdomain of Qr = (0,T) x Q. A function u € L“(é})
is called entropy solution of problem wu, + div(u) = f, uli=o = uo if for all k € R, for all

¢eD(Qru({oyxn)’

sy [ : | =0t = v - [ w-b¥e0. < | ' [ st -pre

If only the sign “plus” (respectively, “minus”) is chosen in (3.1), then u is an entropy sub-solution
(respectively, an entropy super-solution) in Qr.
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Notice that entropy solutions, sub- and super-solutions are quasi-solutions in the sense of
Panov (see [30]). This implies that the boundary traces in the sense of Section used in the
definitions of the next section, do exist.

3.1. Equivalent definitions of entropy solutions, sub-solutions, super-solutions. Now
we include the boundary condition into the definition. We need one more notation:

(3.2) SE(k) = {(t,z) € S|k € D}

In order to describe simultaneously the key features of entropy solutions, we gather a series of
equivalent definitions in the following Definition and Proposition.

Proposition 3.1 (Definition of an entropy solution). Let u € L>®(Qr).
If any of the below items (i)-(iv) is satisfied, u is called an entropy solution of problem (H, g(uo, f))-

Indeed, the assertions (i)-(iv) are equivalent:
(i) The function u verifies the entropy inequalities with § € D([0,T) x Q)" moreover,
for HV -a.e. (t,z) € X, the strong trace YV, (zyu belongs to the set VWV(z)D?M)-
(ii) The function u verifies the entropy inequalities ([3.1) with & € D([0,T) x Q)+, moreover,
Jor HN -a.e. (t,x) € 5, the strong trace YV, (z)u verifies
(33) Vk € D?t,g;) Qu(z) (FYVQOV(w)u7 V‘py(z)k‘) >0
Here, according to , Qu(z) Tepresents the mormal component of the Kruzhkov en-
tropy flux q(u, k) = sign (u — k)(p(u) — (k).
(iii) The function u verifies the entropy inequalities with & € D([0,T) x Q)*, moreover,
for HN-a.e. (t,x) € X, the strong trace YV, (zyu verifies

(34) Vk € DGy Qo) (WVbu(a)ts Vo k) = 0
Here, Qf(z) are defined by (|1.10)).

(iv) The function u verifies the up-to-the-boundary entropy inequalities with remainder term:
Vk €R V€€ D([0,T) x Q)"

(3.5) /OT/Q(—(U — k)E & — g5 (u, k) - VE) — /Q(uo — k)E¢(0,)
= /OT/Q sign = (u— k)f € + //z C A (B, (k) = %(m)(k))jF E(t, ).

Here, Cy is a constanﬁ that depends on ||ul|eo and on k.
Moreover, if the sets YF (k) in (3.2) are regular enough in the sense thaﬂ

for a countable dense set of values of k,
the spaces D(X%(k)) are dense in L* (X% (k)),

then (i)-(iv) are also equivalent to

(3.6)

(v) The function u verifies the following up-to-the-boundary entropy inequalities:

Vk € R V€€ D(0,T) x Q)" such that Elmty) =0
(3.7) Y PN , B CvEen Tini_
/O/Q( (u— k%€ — q* (u, k) - VE) /Q(uo B)*£(0,) S/o/gsg (u—k)fE

kTruncation by C} is needed in order that the right-hand side be finite. Indeed, recall that we have extended
B(t,z) to an R-valued graph.

IThis is a kind of separation property for ¥ and the complementary sets X\ X is is satisfied in many practical
situations, but it fails e.g. in B(; ) = {uP (t,2)} xR (the Dirichlet case) with u” that is the characteristic function
of a Cantor set of positive measure.
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Remark 3.1. Let us provide a few comments to the different items of Proposition[3.1] and their

use for establishing well-posedness for problem in the setting of entropy solutions.

(a) Inequalities are multi-valued; but, approximating k from below and from abowve, it is

enough to require that holds in its less restrictive version, i.e., with (inf B 5 (k) —
©u(z)(k))™ and with (sup B 4 (k) — vu(w) (k) T, respectively, in the right-hand side.

(b) Definition (i) is a straightforward interpretation of the formal BC (encoded by B(; ) as

the effective BC encoded by the projection B(t@) of B(t,z)- Indeed, recall that E?t 2) is the

domain of B(t,r)-

(¢) Definition (i) of entropy solutions encrypts, in a rather direct way, the dissipative nature
of the boundary condition expressed by B(t,x)' Combination of items (i) and (ii) leads to
an immediate proof of uniqueness, comparison and L' contraction for entropy solutions.

(d) Ezplicit use of boundary traces in Definitions (i), (%) makes it delicate to establish ex-
istence. Indeed, one of important features of a definition should be the stability of the

notion of entropy solution under Llloc convergence in Q. FExistence arguments for Defi-
nitions (i), (%) were devised in [35] [6] but they are quite restrictive (namely, they require
strong compactness of boundary traces on X, which is not implied by a mere L}OC(QT)
convergence).

(e) “Traceless” definitions (iv) and (v) by global entropy inequalities (cf. [7] for a different
version of Definition (iv)) are clearly stable under L}, convergence.

(f) Definition (v) is reminiscent of those of Carrillo [14], Ammar, Carrillo and Wittbold [2].
Yet in full generality, (v) cannot be used e.g. when X have a fractal nature. Definition
(iv) is a way to bypass the subtlety of the simultaneous choice of k and & imposed in [14];
the idea is to incorporate a remainder term that vanishes, on parts of the boundary, for
particular choices of k.

(g) Finally, definition (iii) provides a link between (i)-(ii) and (iv)-(v): it uses both traces
and the “D* vocabulary”. This definition can be put in correspondence with the pointwise
interpretation by Rouvre and Gagneuz [34] of the Carrillo boundary condition.

The following proposition defines entropy sub- and super-solutions of problem (H, g(uo, f))-

Proposition 3.2 (Definition of entropy sub- and super-solutions). Let u € L (Qr).
If any of the below items (i)-(iv) is satisfied, u is called an entropy sub-solution of problem

(Hy,(uo, f)). Indeed, the assertions (i)-(iv) are equivalent:
(i) The function u verifies the entropy inequalities (3.1)) with the sign “plus” and § € D([0,T)x

), £ > 0, moreover, for HN -a.e. (t,x) € X, the strong trace YV (ayu lies in chy(x)D(; )
(ii) The function u wverifies the entropy inequalities (3.1) with the sign “plus” with & €
D([0,T) x Q), & > 0, moreover, for HN-a.e. (t,z) € %, the strong trace YVeou(zyu

verifies
(3.8) Vke D i Qf i (WVeuwyu, Vioumk) > 0.

(i) Item (i) holds with k € ng’l) (in the place of k € ﬁ(tx)) in (3.8).

(vi) The function u verifies the up-to-the-boundary entropy inequalities with remainder term
Vk e R V€€ D([0,T) x ), £ >0,

T
(3.9) /0 /Q(—“;_ £ = a7 (k) VE) - /Q<uo — K0, )
< /0/QsignJr(ufk)fEJr//ECk/\(ﬁ(tw)(k),%(x)(k))*g(tyx).

Here, Cy, is a constant that depends on ||ul|s and on k.



BOUNDARY-VALUE PROBLEMS FOR CONSERVATION LAWS 15

Further, exchange the signs “plus” and “minus” in the above properties: they remain equivalent,

and if any of them is satisfied, u is called an entropy super-solution of problem (H, g(uo, f))-

The proof of Proposition uses the same tools as the one of Proposition given below;
we omit the details.

Remark 3.2. A function u is an entropy solution of problem (H, g(uo, f)) if and only if it is

both entropy sub- and super-solution of the problem.

3.2. Proof of the equivalence of different definitions. Before turning to the proof, let
us state the key technical lemma that allows for a use of strong traces defined in the way of

Section [L.3

Lemma 3.1. There exists a sequence (&,)n of Lipschitz functions on Q such that 0 < &, < 1,
Enloa =1, & — 0 on Q as n — oo, and for all ¢ € D([0,T) x Q), for all k € R there holds

im ( / (1= B (€6)s = % (0.)- T (662)) = [ (w0 = )% (€6,)(0.)

(3.10) "
:_nh—{r;o/ /fq u, k) - an——/ SQV(QC) Voot V%(z)k)

and

(3.11) nlgrgo// (u,k)-V(E(1-£,)) // (u,k)-VE— //g@y(z) YW (m Ve k)

Proor : For n € N, the function fn is defined almost explicitly. Firstly, a partition of unity
(x")M, on Q is used such that supp x° C Q and for i = 1..M, supp x* C U’ where U’ is an open
set of the kind considered in Section [L.3] Then for each ¢ = 1..M, in the local coordinates of U;
as described in Section [[.3] we take the functlon

mh(@o,a’) == n (% — (@0 - g'(a)”
(the function g° being associated with the neighbourhood U?). Then we assign
Mo
§n 1= Zi:l X' T
Clearly, it only remains to justify and .
Notice that V&, = Zf\il Vil + Zf\il X' Vrl and the first term in the right-hand side
vanishes as n — oo, while the second one permits to make appeal to the strong normal traces of

Vi, (o, u- Indeed, by construction V},(-) is aligned with the field of normals v(-) lifted inside U*;

it is supported on {0 < y = zg — ¢g*(2') < L} and its absolute value is ny/1+|Vg(z’)[?. The
limit of the expression

T
/ &' q* (u, k) - Vil
0 Ut

v T , ,
= n/ (/ X g (ulty +g' (@), 23), k) - v(zo,2') (V1+ Vi |2dtd$))
0 o Jwi
(here W is a boundary neighbourhood corresponding to U?, see Section exists and equals
/ SX Qy(z ’YVLPV(E)U’ V%,(w) k)

according to Section and because (\ /14 |Vgi(a! )|2dtdx) is precisely the surface measure on
the boundary ¥. Then by a straightforward passage to the limit, both (3.10)) and (3.11)) hold. ¢
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PROOF OF PROPOSITION (3.1} Throughout the proof, we use the following notation. If a point
(t,x) € 3 is fixed, we set V := 7V, (,yu, then pick (arbitrarily) @ € [Vga,,(w)]’l(‘?). We also use
the sequence (£,), of Lemma [3.1]

Notice that all the definitions contain entropy inequalities . We concentrate on the

equivalence of the complementary properties related to the boundary condition.
(i) = (ii) The claim is straightforward, by the definition ) of Qy @) and the monotonicity of

the graph of ¢, )|50 -
(t,2)

(ii) = (i) This implication is a consequence of the maximality of the graph 5@@) as a monotone
subgraph of ¢, (z). Thanks to (3.3), we have sign (@ — k)(¢,()(@) — @i (k) > 0 for all k €

(t ) thus, ¢, ;) is monotone not only on D( 2) but also on u U D?t’m). Thus @ € D? ) and

(t,x
Ve Vo, () D(t,:r:)’ which proves (i).

(i) < (iii) This equivalence follows from Proposition i).

(i) = (iv) As a preliminary step, we assess the following property (see [35] [6]): for all k£ € R, for

all € € D([0,T) x Q)F

(3.12) / / (= R)F& = g™ (u ) - VE) - /(uo—k)iﬁ(o )
| //Q (z) (YW@, Voumk) &(t, z).

Indeed, taking (by approximation) for the test function in a nonnegative function £ €
D([0,T) x Q) multiplied by the truncation (1 — &), we get 1| from (3.11) of Lemma

It remains to justify, using the information that o € D?M), that
:F
(313) - Q:Vt(w) ('YVAP,,(L)U V#Pu(l k) = qy(z) (u k) < Ok A (ﬂ(t,w)(k) - Qou(m)(k))

The upper bound of the left-hand side of ([3.13) by Cj := 2max{|¢(z)| | |z| < k + [Jullo} is
evident. Further, if k € D(t 1) then we already know that (i) implies (3.4)), which gives

(3'14) 7Qu(m) ('YVAPV(L)U VAPV(JL k) <0< (ﬂ(t,w)(k) *@V(z)(k))$,

proving ([3.13)) for this case. Let us study the remaining values of k.
For the sake of being definite, let us consider k € D(t ) k < u; then the goal is to estimate
V(gc) (u, k) from above by Ry := (ﬁ(t o) (k) — apy(m)(k))_. Consider the four possible cases.

—If @,(2) () > @y (2)(K), there is nothing to prove because —q, M )(u k) <0 < Ry.
- If 6(15,9:)( ) < (pu(m)( ) < @u(m)(k)a then

_qj(x) (’&‘7 k) = Pu(x) (k) Sou(z)( ) < Sou(z)( ) - B(t,x) (k) = (ﬁ(t,z)(k) - %(m)(k)y = Rk~

—-Ifae D( 2) then ¢, ;) (%) > B(t,) () and from the monotonicity of B, ,), we do have

_qj’(z) (ﬂ’ k) = (pu(r)(k) — Pu(z) (ﬂ) < Pu(x) (k) ﬂ(t z)( ) < qu(z)( ) - /B(t’l‘)(k) = Ry.
— The last caseis @ € D(J;m), k€ D(;,z)’ and @, () (%) < Bt,) (k) < @u(a)(k); let us show thaﬁthis
is impossible. Indeed, in this case there exists k¥’ € (k, 4] that belongs to D'(J o) Then k' € D?w)

according to the definition of this set. Yet also u € DY by the definition of D( +2) and the

()’
monotonicity of ¢, )50 , we infer
()

6(t1r)(k/) > @V(z)(k ) < 901/(90)( ) < B(t m)( )
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This contradicts the monotonicity of 3 ;) because k < k'.
(iv) = (iii) It is enough to justify inequalities . We work with mollifying sequences (£%),
on ¥ (extended smoothly inside €2) that are supported in an a-neighbourhood of some o € ¥;
as a — 0, £“ concentrates to the Dirac measure supported at o.

Fix k € R and consider e.g. o = (t,x) € (k). Almost every point of X7 (k) is its point of
density (see, e.g., [17]), which means in particular that, for HN-a.e. o € ZF(k),

(3.15) lim / Ci A (Broy (k) — ooy ()~ €2(t,2) = 0.

Indeed, the integrand in the right-hand side is bounded by C} and by the definition (3.2)), it is
zero for (t,z) € X7 (k).
Now we generate inequalities (3.4)) by taking the test functions £%&,, (with (&), constructed

in Lemma . Using consequently (3.10)), @ and m, we infer
;r(;p) (VV%@“ Voo )|(t z)=0 = _oléi_% // £ QJF 'YV (o) U V%(T)k)

=it ([ (- e - 0 6) - [ (0K 0.)
< lim / / Cic A (Biasa (k) — iy ()™ € (1) = 0.

Similarly, the case o € ¥~ (k) leads to the inequality —Q;(E) (’yV%(m)u, V%mk) |l(t,2)=0 < 0.
(iv) = (v) Inequalities (3.7) are immediate from (3.5)).
&. i) Actually, we rather prove (iii). Under the assumption that there exists a mol-

hfylng sequence (€%), on ¥ that concentrates at ¢ € L*(k) and, moreover, that is identically
zero on ¥\ ¥ (k), we can repeat the proof of the above implication “(iv) = (iii)”. A sufficient
condition is the density of D(X*(k)) in L'(X*(k)). Moreover, this assumption is needed only
for a countable dense set of values of k: indeed, the proof of the implication “(iii) = (i)” can be
rewritten so that it use only a dense subset of values of k satisfying . Thus, is enough
to derive the trace condition in (i). o

4. UNIQUENESS, COMPARISON, CONTINUOUS DEPENDENCE
Following the ideas of [20] 211, 25] [{], introduce the “uniqueness condition”
(4.1) either €2 is bounded, or N =1, or ¢ is locally Hélder continuous of order 1 — %

In the classical case of a locally Lipschitz continuous flux ¢ this assumption holds automatically.

The following result contains uniqueness of an entropy solution for problem (H, 5(uo, f))), L*
contraction and comparison property with respect to the initial datum wug and the source term
[, and a comparison and stability property with respect to the choice of B )(-).

Theorem 4.1. Assume (4.1)). Let u' be an entropy sub-solution for Problem (H, g (u, f1));
let u? be an entropy super-solution for Problem (Hy, g2(u3, f?)). Then for a.e. s € (0,T),

@2) [ =y < [ ) / | s (= / | By By

In particular, ifuy < ul a.e. onQ, f* < f% a.e. on Qr and ifﬂ(t ) Za 5(t 2) HN -a.e. on %, then

u! <u? a.e. on Qr. In particular, there exists at most one entropy solution to (H, s(uo, f)).
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Note that, whenever ¢ is locally Lipschitz continuous, we can localize the contraction property
using the finite speed of propagation, following Kruzhkov [19].

ProOOF : Consider the case of a bounded domain 2. We apply the Kruzhkov doubling of
variables argument inside the domain to deduce the Kato inequality: for a.e. s € (0,7, for all

£ €D(Q),
@3) [ -yt [ wimudeo. / / ) Ve +signt (ul—u?) (f1— ) €).

Now we take £ = 1 —¢&, with (&), constructed in Lemma and let n — co. Since there exists
a strong normal boundary trace of q¥ (u1,uz) expressed in the way of Remark in Section
we find the inequality

[ =y < [ i) //s1gn (ul =) (f'—1?)
-/ / Q) (W) (1), 1 Vipu ) (42)).

It remains to show that —Qj(x)(vVgp,,(z)(ul), YWy () (u ) <d; (ﬁ ,ﬁ(t I)) pointwise on (0,7 x
0f). This is true because whenever the term on the left is non—zero we have

with some @' > @2 such that

Vou(a) (ﬁl) =YV, () (ul) € Vgou(x)ﬁ’(t, x) and Vgo,,(x)(ﬁQ) = nygoV(x)(uQ) € chy(x)f)*(t, x)

(here we have used the trace properties of entropy sub- and super-solutions, see Proposition i)).
Thus Pu(z) (ftl) > Bl(t7w) (111), (py(w)( ) < BQ(t )( ), so that the right-hand side of (4.4]) fulfills

~(Pua) (@) = o (@) < —(BY (g (@) = B0y (@2)) < d (BL1.0), B2 (1))

where we have used the definition of d;; and the fact that a* > .

For the case when 2 is unbounded, in the same way we get the up-to-the boundary Kato
inequality, i.e., inequality with a test function & € D(Q). Assuming either that N = 1, or
that N > 2 and ¢ is locally Holder continuous of order 1 — % we use the techniques known for
scalar conservation laws with infinite speed of propagation (see, e.g., [20, 21} [5]), and eventually

deduce (4.2). S

5. EXISTENCE: A FORMAL PROOF

In this section, we establish existence on an entropy solution but we take for granted that
the formal BC, encrypted by the graphs f, z)) should be replaced by the boundary condition

expressed with the help of their projections B (tz) = wﬁ (t,z)- Sectlon@ contains a longer but
more convincing discussion of the problem of existence and convergence of approximations.

For general graphs g satisfying the measurability assumption , we cannot hope for ex-
istence of a bounded solution (it is enough to consider, e.g., the situation where unbounded
Dirichlet data are imposed: in this case, one needs the notion of a renormalized solution, as used
by Porretta, Vovelle [33] and by Ammar, Carrillo and Wittbold [2]). We control the L> norm
of solutions or approximate solutions by assuming existence of a rich enough family of simple
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(constant in space) sub- and super-solutions to the problem. Namely, we require that one of the
two following assumptions be fulfilled: either

51 f =0, and there exist (A, )men, (A )men € RE such that AZ — 400

(5.1) asm — oo and for H'-a.e. (t,z)€X, for all m € N AiED(M),

or

(5.2) the measures of the sets A := {k e RE |k € ﬁ( for H™-a.e. (t,z) €X} are infinite.
Note that (5.2)) is ensured by the following:

(5.3) JA for HY-ae.(t,x) €L (—o0, —A] C 5(_”) and [A,+o00) C D(t )"

Remark 5.1. Given a formal BC graph 3, it is not immediate to check whether , (5.1), or
(5.2) hold. Let us give sufficient conditions.

Firstly, by definition we have D(j; 2 C l~)(i , where ng )7 TEsP- D(; 2) is the overshoot (resp.,
the undershoot) set defined in Section @Y D(it z) are computed directly from the relative posmons

of the graphs B o) and o, (zy. Thus replacing D( 2) by D( ) in each of the assumptions ,
(B3], or (5.2), we get stronger but easier-to- check restrictions (cf. [6,17]).

Secondly, if there exists C > 0 such that for a.e. x € 0Q each of the functions @, (z)|(—oo,c] and
Pu(a)|[C,4+00) 18 either non-decreasing or non-increasing, then it is easily checked that assumption

(5.3) (and thus also (5.2))) holds.

Assume in addition that the limit flux ¢ is genuinely nonlinear in the sense
(5.4) V= € RYT1\{0} Ve € R the Lebesque measure of the set {z|Z - (2, (2)) = ¢} is zero.

Notice that the latter assumption implies (L.6f), in particular the singular mapping Vip,(,) can
be taken to be Id in this case.

The main result is the following theorem.

Theorem 5.1. Assume that ¢ satisfies (4.1)), (5.4)). Let ug € LDO ) and fo [1£ (&, ) loo dt < 0.
Assume that 3 satisfies (1.1) and any of the assumptions (5.1)), (b . Then there emsts a unique
entropy solution of problem (H, g(uo, f)])-

PROOF : Uniqueness is contained in Theorem [£.I} For proving existence, we _exploit the
vanishing viscosity method in which we use directly the projected graphs B(t,z) = mﬁ(t z)- We
apply two results that are justified in the sequel. Firstly, we construct approximate solutions
u® by the vanishing viscosity method, using Proposition (see also Remark [9.2)) of Appendix.
Indeed, k + B 4 (k) =: b(t, z; k) being a continuous function for fixed (¢,z) € %, from (L.1)
we deduce that the map b on ¥ x R is Carathéodory. Because Proposition requires that b
be bounded, we pick some value M > 0 depending on ||uglleo + fOT 1 £(t,)||oo dt and on (AL),,
or A* in the assumptions (M is chosen as a priori bound of |u|/~, to be justified later). We
proceed by truncating ¢ and By, ;) as follows: e.g., under assumption (5.1)) we take m such that
[A;,, Al D [-M, M] with M = ||ug||~ and take the convention that
(5.5) ¢ is constant on (—o0o, A;;] and on [A;, +00) (equal to p(AlL), respectively),
. g(t,a:) is constant on (—oo, A, ] and on [4;}, +00) (equal to E(w) (AL), respectively).
Therefore we get existence of vanishing viscosity approximations (u®). corresponding to the
truncated graphs. B

Let us stress the fact that, because A,j,i S D(j;w), truncation (|5.5)) does not change the fact

that lfi’v(m) is a maximal monotone subgraph of ¢, ;). For the same reason, the truncated graphs
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¢ and B fulfill assumption with the same sequences (A ),,; hence by Proposition ii)
the solutions obey an L™ estimate that does not depend on the truncation level chosen in (5.5).

Now we can exploit Theorem [6.1]stated and proved in Section[6.1] Its assumptions (6.1)—(6.3))
are fulfilled: indeed, notice that we have required the genuine nonlinearity property (5.4]) that
implies compactness (see, e.g., [29, B1]) and that B are bounded by Max| 4~ 4+ |o| due to the

truncation convention (5.5). We deduce existence of an entropy solution w to the truncated
problem (H, g(uo, f)). Yet we have also ensured that |ullcc < M, therefore the constructed

solution u also solves the original problem (H, g(uo, f)) (before the truncation (5.5))). This ends
the proof. o

6. JUSTIFICATION OF THE EFFECTIVE BOUNDARY CONDITION

The goal of this section is to provide evidence in favor of the interpretation of the
effective boundary condition. As it was already stated in the introduction, a natural way to
justify a notion of solution is to see problem (H, 5(ug, f)|) as the limit of a family of problems for
which the notion of solution is unambiguous: one derives the solution notion from passage-to-
the-limit arguments. In this section, we do it in two complementary ways, following the general
idea of our previous works ([6] and [7], respectively).

Firstly, in Section [6.1] we rely on the classical notion of weak solution to parabolic problems
with additional viscosity term, vanishing at the limit. The entropy formulation of is
obtained as a singular limit formulation: indeed, the limit problem looses its parabolic character.
Unfortunately, for a practical application of this technique we will need several restrictions on
the behaviour of 5 and ¢. To separate the technical details from the key idea of the proof,
we assume, without comment, that approximate solutions possess uniform bounds and a strong
compactification property. Notice that the techniques of Section [6.1] are very different from the
ones of the preceding works [35] [6], where we also needed the difficult-to-ensure compactification
assumptions on the sequence of approximate solutions on the boundary.

Remark 6.1. Although the arguments of |35, [6] are less general, they have the advantage of
showing quite explicitly how the projected graph B (in its characterization |6, formula (4)], equiv-
alent to the characterization of Proposition (m)) appears from 3.

In a sense, with [6l, formula (4)] one can “observe” the formation of the boundary layer (see

[35] for details). The arguments we use in the present paper are more indirect; they lead to the
characterization of Proposition [2.9(i), via the formulation (3.5).

Secondly, in Section we consider approximations of (H, g(uo, f)) by purely hyperbolic

problems of the same type (but with possibly different data and non-linearities) and exploit the
stability and comparison principle of Theorem in order to extend the entropy formulation “by
heredity”. This allows, e.g., to concentrate on the case of smooth and/or compactly supported
initial data, that may be useful in the context of a locally Lipschitz flux ¢ (cf. Section . For
the Dirichlet or obstacle condition, we can approximate the boundary data either pointwise or
using the Lusin theorem. For a less evident application, one can approximate a general graph [
by a bi-monotone sequence of graphs ™™ satisfying the assumptions of the previous section (by
bi-monotonicity, it is meant that 3% decreases as § | 0 and increases as A | 0). In this way we
can justify the use of the projected graph E for the homogeneous Neumann boundary condition
(whereas the justification in the way of Section does not work in this case); see [7].

6.1. Convergence of the vanishing viscosity approximation. Let us provide a basic con-
vergence argument for the vanishing viscosity approximation (without any additional regulariza-
tion or approximation of data and nonlinearities).
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We make the following a priori assumptions on data and nonlinearities of problem (|1.3):
For all € € (0,1) there exists a weak solutio uf € L*(0,T; HE (Q)) of (L.3),

(6.1) moreover, the family (v/Vu®). is bounded in L} ([0,T] x Q);

(6.2) There exists u € L>°(Qr) and a sequence &, decreasing to zero as m — 0o
' such that v — w in L} ([0, T] x Q) as m — oo.

(6.3) There exists G € L},.([0,T] x 99Q) such that

|b5(t,2)| < G(t,x) for HN-a.e. (t,x) € ¥, uniformly in e € (0,1),

where 0°(t, ) € B(;2)(u®(t,)) is the value realized in the multi-valued boundary condition of
(1.3) (namely, b°(t,x) := Y (p(u®) — eVuF) - v(x), the right-hand side having the meaning of the
weak normal boundary trace of the divergence-measure field (p(u®) — eVu®), see [I5]). Writing
Bty (us(t, ), we actually use the restriction u®|x of u® on the boundary, understood in the
sense of traces of Sobolev functions.

Theorem 6.1. Assume that ug, f and o, B are such that (6.1)),(6.2) and (6.3) hold. Then u is
an entropy solution of problem (H, g(uo, f)).

Remark 6.2. In practice, (6.2)) can be fulfilled as a compactness property. In this case, let us
suppose that the uniqueness condition (4.1)) of Theorem holds. Then from the uniqueness of
the accumulation point u we deduce that the whole family u® converges, as € — 0, to the entropy

solution of (Hy,g(uo, f)])-

PROOF : It is classical (see e.g. Carrillo [14]) to deduce from the weak formulation of the
Kruzhkov entropy inequalities with D([0,T) x §) test functions (i.e., entropy formulation
inside the domain). One readily passes to the limit in this entropy formulation using the property
and the uniform L?  bound on /eVu® contained in assumption . In our case, the
delicate issue is to pass to the limit in the up-to-the-boundary entropy formulation of . Our
goal is to deduce the characterization of entropy solution.

To this end, we reproduce the arguments of [14], but we now take £ € D([0,T) x Q), £ > 0.
We multiply by the test function H,(u® — k)§, where H,, is a Lipschitz regularization of
sign ™ (the case of sign ~ is similar) such that H/,(r) = 119 )(r). In addition, we substitute
the term o(u®) in by ¢(uf) — ¢(k), which results in the “new” boundary condition

(p(u®) = (k) — eVu©) - v(x) € Brrw)(u7) = Pu(a) (k).
Using the chain rule in time (see, e.g., [1} 28]), using in addition [I4, Lemma 1] to make disappear
the term lim, o+ [, (¢(u) — p(k))H},(u® — k)¢, dropping the positive term e H, (u® — k)|Vus|?,
at the limit o — 0T we derive the “parabolic up-to-the-boundary entropy equality”

T
(6.4) /O/Q(—(usfkﬁ&qur(uE,k)ng) f/Q(uofWg(o,-)

T
< —/2sign+(u8—k‘)(b5(t,x)—apl,(z)(k‘))g —6/0 /Qsign+(u5—k)Vue -V¢

with some b°(t,z) € B(;q)(u®) satisfying (6.3). Recall that we have assumed that f = 0, the
general case being similar. In the right-hand side of (6.4), by the monotonicity of 3; ;) we have
the multi-valued inequality

(6.5) —sign ¥ (u"—k) (b (t, )~ 0o () (k) < (Bir,a) (k) = 0w o) (k)

Mgee Appendix for a precise definition of a weak solution
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fulfilled pointwise on Y. Here, the quantity in the right-hand side can be infinite, which makes
problematic the localization arguments. Under assumption (6.3 (see Remarks 6.7| for com-
ments and generalizations) the left-hand side of (6.5]) is upper bounded by the L ([0, T] x 99)

loc

function defined by Gy (t,z) := G(t,x) + |p(k)|. Letting ¢ — 0T, from the L] . convergence
assumption (6.2) we deduce

ATA(_(U_k)+€t—q+(u,k)-V )_/52(“0_16)+f(07')

T
< / Gt ) A (Be.ay (K)— guoy (K)) €.
0 o0

Now, since u is an entropy solution inside the domain, we can use the strong normal boundary
trace ’yqj'(z)(u, k) of g™ (u, k) and generate it with the help of the sequence (&), of Lemma
The positive test function £ being arbitrary, we deduce

’Yq:_(x)(uak) < Gk(t7x) A (/B(Lw) (k)_@u(w)(k’))7 HN_a“e' on X

(the inequality holds at the Lebesgue points of the left- and right-hand sides). Now notice that
we can provide a more precise upper bound for the left-hand side: taking

Cy = 2max{|p(2)| | 2] < k + [lulloc} = g7 (1, )|,

(6.6)

we have |q:'(z) (u, k)| < Cy pointwise, so that

(6.7) V() (W k) < C A (Bioay (k) =0y (k) ™

Combining the entropy inequalities inside the domain (namel with £ replaced by £(1—&,),
3.1]

with boundary cut-off functions (&, ), constructed in Lemma/|3.1]) with (3.11]) and (6.7]), we finally
deduce (3.5). o

The simplest example combining Proposition and Theorem is the following:

Example 6.1. Assume that ¢ satisfies and . Assume that B fulfills the analogues of
assumptions or with E(itz) replaced by D(im) (this makes the assumptions stronger, see
Remark . Assume that the graphs B, ») are single-valued uniformly bounded on R functions.

Then for all viscosity parameter € > 0 solutions u® of the parabolic problem exist; more-

over, u® converge, as € — 0, to the unique entropy solution of (H, g(uo, f))-
The justification of this example is contained in the proof of Theorem

Several comments are of order: indeed, we need to discuss generalizations and further applica-
tions of Theorem First, consider the existence and compactification assumptions (6.1]),(6.2).

Remark 6.3.

(i) As we show in Appendiz, the existence assumption is verified e.g. in the case where
B(t,z) are monotone continuous functions having R for their domain. But this assumption is not
a necessary one. F.g., existence for the Dirichlet problem for is well known, for regular
enough bounded Dirichlet data u®. If the lack of regularity (in (t,z)) of the family (B,z)) (t.x)es
does not allow for existence of a solution u®, replacing 8 with a regularized graph 3¢ (e.g., the
Yosida regularization can be used, pointwise in (t,x)) one can easily generalize the convergence
result of Theorem [6.1]

(ii) Property is ensured in the case where, firstly, the flux ¢ is genuinely non-linear in the
sense ; and secondly, a uniform L estimate on the family (u®)c is available.

(iii) According to Proposition [9.9(ii) (see also Remark [9.9), uniform L estimates on u® are
available in the case of (9.18) hold. These assumptions exclude important cases. Indeed,
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for (e.g., homogeneous) Neumann and Robin boundary conditions it is easy to get existence of
u®; but uniform L bounds may require additional restrictions on @: see e.g. the work Birger,
Frid and Karlsen [I1] on the Neumann BC case.

(iv) Without L™ estimates, the issue of convergence of vanishing viscosity approximations be-
comes quite delicate. FE.g., in the case of homogeneous Neumann boundary conditions the family
(u®)e may be unbounded, and nevertheless converge pointwise to a limit w € L>®(Qr).

In the present paper, we limit our investigation to the case where uniform L% bounds (com-
ing from constant sub- and super-solutions) are available. We leave the study of more delicate
situations to a future work.

Further, assumption (6.3) is made in order to simplify the proof of Theorem [6.1]and also because
it is enough for the existence result of Theorem Assumption ([6.3)) is of technical nature;
unfortunately, it cannot be completely bypassed. We make several comments on (6.3]).

Remark 6.4. Assumption is trivially satisfied whenever the graphs B .y are uniformly
bounded; it also holds if u® are uniformly bounded and for all M > 0, the sets B 5)([—M, M])
are bounded uniformly in (t,z) € 3. A different situation where holds is when the sequence
(b°)c is convergent in L*(X) (or even in L}, .([0,T] x 0)). This was actually the case under the
restrictions imposed in our previous works (see |35, [0] ).

Remark 6.5. Assumption can be replaced by the equi-integrability assumption on (b%)..
Indeed, setting G5(t,x) := |b°(t, x)| + |o(k)|, we get with G5, in the place of Gy. The equi-
integrability assumption implies that the family of functions (Gi(t, x) A (ﬁ(t’m)(k:)—@y(m)(k))_)
weakly converges to an L, ([0,T] x ) function that we denote By. The proof of Theorem 6.1
leads to the inequalities

(6.8) /OT/BQ €7, (u, k) < /OT R

for non-negative continuous compactly supported functions & on ¥. Moreover, 'yq;r(w)(u, k) < Ck,
therefore *yq:'(z)(u, k) < Cp A Br < C A (Bit,a) (k) —@0u(a) (k)™ pointwise on 3.

Remark 6.6. In view of practical application of Theorem (which is a conditional result)
it would be much useful to replace the domination assumption (6.3)) on (b). by the mere L},
boundedness assumption

T
(6.9) / / [6°(t, )| < constk uniformly in e € (0,1), for all compact K C 9.
0 Joonk

E.g. for the case where p(0) = 0, B 5)(0) > 0 and 0 is in the interior of Dom B4 4, the bound
1s satisfied automatically. Indeed, under these restrictions, along with the existence result
for us (see Proposz'tion and Remark in Appendiz) there comes a uniform estimate

T
// b (¢, x)u®(t,x) < constg.
0 Jaonk

Due to the monotonicity of By 4, follows readily, while s mot guaranteed.

With in hand the approach of the preceding remark can be applied, but with a locally finite
measure replacing the L. function By. Unfortunately, starting from with By a measure
the localization argument cannot be continued (see [8, Example 2]).

Remark 6.7. Yet in many important cases, (6.3) is not needed; it can be bypassed whenever the
set of finite values of By 4 (k) is reqular enough.
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Indeed, introduce Sif := {(t,x) € & | sup(£8,2)(k)) < +oo}. For instance, assume that for
a dense set of values of k,
S’ff = Ezfoo U(UMENE]:EM) where HN(E,;%OO) =0,

(6.10) the sets Eki)M are open in' X and (B(s,2) (k) — o) (k)T < M on EI;EM'

Under this assumption, we can simply localize inequalities (6.4) using test functions & such that
&|s is supported in E,_,, and then apply (6.5) in the situation where its right-hand side is finite.
Then we directly get

HN-a.e. on S, = {(t,x)| (Bit,a) (k) = @u(ay (k)™ # +oo}

being understood that we have qj(w) (u, k) < Ck on the complementary of this set. This establishes

(6.7) and complements the proof of Theorem [6.1] with assumption (6.3)) replaced by (6.10)).

Such modification of Theorem can be applied, e.g., to Dirichlet or obstacle problems
under mild regularity assumptions on the boundary data. Indeed, the existence result for the
Dirichlet problem is well known, as well as the uniform L°° bound on w®. Assumption
of Theorem [6.1] is circumvented in the way of Remark [6.71 To be specific, for the Dirichlet
graphs B ) = {uP(t,z)} x R property is fulfilled for continuous and even for piecewise

continuous u” (yet it is not fulfilled in the case of “fractal” data u®).

Example 6.2. (¢f. Bardos, LeRoux and Nédélec [9] and Vasseur [38])

Assume that Q is bounded, ¢ satisfies (b.4), and ug € L>(Q2). Assume that 8 is the Dirichlet
graph corresponding to a piecewise continuous datum uP € L(0,T; H'/2(0Q)) N L>®(X).
Then for all viscosity parameter € > 0 solutions u® of the parabolic problem (1.3|) exist; then

u® converge, as € — 0, to the unique entropy solution of (H, g(uo, f)).

Analogous results hold for the case of obstacle boundary conditions with piecewise continuous
data u™,uM € L2(0,T; H/2(09)) N L>(%).

6.2. Stability of the notion of entropy solution. Let us consider a sequence of problems
of the kind associated with data ), f° and nonlinearities ¢°, 3% (here ¢ is a
parameter; for the sake of being definite assume that § is positive and converges to zero). We
assume that there exist associated entropy solutions u?; we want to deduce an entropy formulation
for an accumulation point u of u°, assuming ad hoc convergence of ug, f9,¢%, 3% to some limits
ug’ f67 9067 /86'

In the three paragraphs § below, we will demonstrate three different kinds of
heredity for the notion of entropy solution: the one coming from compactification of (u%)s (due to
a genuine nonlinearity assumption on the flux ¢); the one coming from monotone approximation
procedures; and the one where the L! contraction property of Theorem makes (u’)s a Cauchy
sequence. Because we now treat of a hyperbolic problem, the boundary condition can be encoded
either by the formal BC graphs S ) (via formulation ) or by the projected graphs B(t,z) =
73JJ B(t,2) that directly describe the effective BC. We will exploit the two possibilities.

In §[6.2.1] we will need a notion of convergence of maximal monotone graphs. Let us take the
following:

) . . . 5 . 5
(6.11) Biew) = Brewy asd =0 if liminf B o) (k) < By (k) < lim sup 5t ) (k)
at every point k of continuity of S (k).

This assumption is satisfied, e.g., if B?t r) are the Yosida approximations of 3 , (Yosida approx-
imation is a classical way for regularizing maximal monotone graphs; see, e.g., [36] and §16.2.1)).
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A different notion of convergence of (% can be given in terms of the distance d, between the
projected graphs P, [(°; it is used in § and the corresponding order relation is exploited in
§[6.2.2}

Throughout the section, we assume that

(6.12) IM >0 ||u®]|ee < M uniformly in 4.

(in particular, ||ud|s and fOT |£2(t, -)||o dt should obey uniform in § bounds). In order to enforce
the L™ estimate (6.12)), we actually assume that either (5.1]) or (5.2)) is fulfilled (with 6-dependent

f and the sets D(it z))'

Lemma 6.1. Assume (4.1).
(i) Assume ||ud||oo and fOT £ (t, )|oo dt are bounded uniformly in & and assumption (5.2) holds
with A* independent of 6. Then (6.12) holds.

(ii) Assume that ||ul|lec is bounded uniformly in & and assumption (5.1) holds with (AL),,
independent”] of 6. Then (6.12)) holds.

The lemma is shown by using the comparison principle of Theorem and the appropriate
sub- and super-solutions of problems (Hs gs (ud, f°)) that stem either from assumption
(constants AF are used) or from assumption (in this case, the construction described in
Remark [9.2]is used).

6.2.1. Heredity by compactness. In this paragraph, let us assume the following properties:

ud converge to up in L}, (), f° converge to f in L}, (Qr),
(6.13) ©° converge to ¢ uniformly on every compact interval of R,

and for HN-a.e. (t,z) € %, Bgt 0 B(t,z) in the sense (6.11]).
(note that it is enough to assume relative compactness of (u’)s and of (f°)s).

Proposition 6.1. Assume the data ul, f°, %, 3° converge in the sense . Assume or
hold with A or (AL),, that are suitable for ¢°,3° simultaneously for all § > 0. Assume ¢
is genuinely nonlinear in the sense , and assume that holds.

Assume ||[ud|ls is uniformly bounded; in the case assume fOT £ (t, )|l dt is uniformly
bounded. Consider a family (u)s of entropy solutions of (Hys g (ud, £2)). Then there eists
an accumulation point u of (u’)s, as § — 0, and u is an entropy solution of the limit problem

‘;‘ U(),f '

PRrROOF : First of all, the uniform L°° bound follows by Lemma Then L}, relative
compactness of (u%)s is a consequence of the convergence of ¢° to ¢ and of assumption
(see, e.g., [29, BI] and [23]). It remains to pass to the limit in the entropy formulation for
H s s (ug, f‘;); to do this, we pick the up-to-the-boundary entropy inequalities written for
u®. Let us focus on the case of the entropies (- — k)*; the case of (- — k)~ is analogous. Passage
to the limit in the left-hand side is straightforward, using . Thus we only have to establish
that, for £ € D(X),

lim inf f 9 s
(6.14) lgn—}(? //E Che A (ln ﬂ(t,a:)(k) @V(w)(k‘)) £

< //2 Ck: A (lnfﬂ(t,m) (k) - (pu(z)(k)) f

M This assumption can be generalized; e.g., it is enough that c¢,, < :I:A,j,[{‘s < Cp, with ¢, — 00 as m — oo.
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(see the first point of Remark |3.1] . Recall that Cj, may depend only on k, ||u’||o and a local
bound of |¢?|, thus we can take Cy independent of §. Consequently, the dominated convergence

theorem for (6.14) can be used.
According to Lemmabelow, convergence ([6.11]) of 3% does imply that for a.e. k& € R, there

holds inf Bft’x)(k) — inf By ) (k) for HN-a.e. (t,2) € ¥ as § — 0 (the convergence takes place in
R). Since ¢°(k) tends to ¢(k), the left-hand side integrand in (6.14)) converges H"-a.e. to the
integrand of the right-hand side. This justifies (6.14) for all £ € R except, may be, for a set of
measure zero. Because the left-hand side of (3.5)) is continuous in k, one readily extends (3.5) to
all k € R. This ends the proof. o

Lemma 6.2. Under assumption (L.1), a.e. point k € R is a continuity point of B ) simulta-
neously for HN -a.e. (t,z) € X.

ProoF : Consider the [0, +oo]-valued map 0(t, x; k) := sup B »)(k) —inf B 5 (k); it is measur-
able on ¥ xR due to (L.1). Indeed, by (1), for all £,c € R, my(c) := {(t,z) € X| inf By ) (£) > c}
is an HV-measurable subset of 3, thus my(c) x [¢, +00] is measurable on X x R wrt to the measure
HYN ® pu where p is given, for instance, by j([a, b)) := arctan b — arctan a. Now, due to the lower
semicontinuity of the map £ + inf B, ,)(¢), the sets {k | inf 5(t x)(k) > ¢} are open. Therefore

{(t,z; k)| inf By 2y (k) > c} = U X [€, +00],

which is a countable union of measurable sets. Hence it is measurable on ¥ x R wrt HY ® pu,
thus (¢, 2; k) = inf B ;) (k) is measurable.

Now, for all o = (t,z) € X, 0(t,7;-) is zero p-a.e on R due to the monotonicity of B ).
Applying the Fubini-Tonnelli theorem, we see that [ ([, 6(c; k) dHY (o)) dpu(k) = 0. Thus for
a.e. k € R, the function 0(-; k) is zero H"-a.e. on ¥, which was to be proved. o

Now let us give an application of Proposition to a Yosida-like approximation of 3.

Example 6. 3 Assume that © satisﬁes 4.1) and (5.4). Assume that 8 fulfills the analogues of
assumptions (5.2)) or with D w) replaced by D(i75 2) (this makes the assumptions stronger).
Then entropy solution u of is the limit of u®, where u® are limits of the vanishing

viscosity method applied to problems (Hcpﬁ‘s (ug, f)) with B° the approzimation (6.15) of B that
we describe below.

Indeed, consider, e.g., the case where ) holds with D(j; 2) in the place of lND(i , and fix

m € N such that ug takes values in [A;,, A*] Then there exist b% (t,2) € B..)(AL) such that
bl (t, ) > oy (AY) and by, (t, ) < @, ) (A;,). Without loss of generality, we may assume that
+bf (t,x) > 0 (otherwise we can modify § without changing the effective BC graph B in the
interval [A,,, A}'], as in the case of truncations (5.5)). We can use the result of Theorem [6.1] for
the case of single-valued continuous graphs £°, § > 0, defined as follows:

+
(6.15) B = {(z,b)| = + 6b+j+ 5zr eﬁ (b) + 6b};
(here we have skipped the parameters (t,z) € ¥ and the truncation parameter m). Approxima-
tion ensures the convergence property - It is inspired by the Yosida approximation
g% = (ﬁ 4+ 6I)~1, but by construction, it has the additional property that 8 (Ak) = b.

Therefore AX € D(iti for all (t,2) € ¥; hence we can use the truncation convention (|5.5)) simul-

taneously for all 6. Applying Proposition we deduce that solutions u’ of (H, 5.5 (uo, f)) (u®

being obtained via Theorem converge to the unique entropy solution of (H.
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6.2.2. Heredity by monotonicity. In this paragraph, let us assume the following properties:

@ = forall §, u ls—ouo, f° lssof,

6.16
(6.16) and for HN-a.e. (t,z) € %, ﬁ?t,w) Zo B f0<d<a

The case where ug T650 UQ, f‘S 150 f and ﬁ?t 2) Js—0 (in the sense =, ) can be considered in

the same way. In this paragraph, we will work with projected graphs gft 2) in the place of Bfm).
By Definition we have g?m) > gf‘t 2) pointwise on R, if 0 < § < «. Therefore it is

automatic that, for a.e. (¢,x), B?t,:c) T Wiy as 6 — 0, with some non-decreasing function
VU (;,») which could possibly be infinite. Under the assumptions we take, we can truncate ¢,
B (which means that, e.g., is assumed) without changing the solutions u’. It follows
that W . is finite because bounded by [[¢[loc < oco. Finally, recall that for all § > 0, g?t,x)
is a continuous monotone function that is constant on every connected component of the set
{k e R| g?t’z)(k) # oo (k)}. Tt is easy to see that this structure is inherited by passage to a

monotone limit, therefore in the sequel we will write 5@,@ in the place of .
The compactness of (u?)s is automatic from its monotonicity, the monotonicity being ensured
by the comparison principle of Theorem [£.1] We have

Proposition 6.2. Assume the data ug, f2, 3% converge monotonically, in the sense . As-
sume or hold, with (AL),, or A* that are suitable for ©°,3° simultaneously for all
6 > 0. Assume that holds.

Assume ||ud|loo is uniformly bounded; in the case assume fOT 1 £2(t, )loo dt is uniformly
bounded. Consider a family (u’)s of entropy solutions of (Hy s (ud, £%)). Then there exists a

limit w of u®, as § — 0, and u is an entropy solution of the limit problem (H, 5(uo, f)) with the
graph 3 given by By z) = B o) = lims o B?t)m).

PrOOF : The uniform L* bound (6.12) follows by Lemma By Theorem and due to

the monotone convergence assumption (6.16) on the data, we deduce that u® < u® a.e. on Qr
for 0 < 6 < a. Thus u := lims_,qu® is well defined a.e. on Q7 (one can start by considering
a sequence (0,,), decreasing to zero; at the very end, we find that u is an entropy solution of
(H, 5(uo, f)), which ensures the uniqueness of an accumulation point of (u°)s).

As in Proposition [6.1], we readily pass to the limit in the left-hand side of the entropy formu-
lation written for u’. In the right-hand side, we can choose to write

(g?t,z)(k) - Qou(ac)(k)):': in the place of (ﬁ?t,a:)(k) - Spu(ac)(k))q:

Indeed, u?, being the entropy solution corresponding to B(t,z), is also the entropy solution corre-

sponding to the graph g?t ) (both graphs lead to the same admissible traces set ﬁ?t :v))' Then
by the monotone convergence theorem we readily pass to the limit in the right-hand side of
inequalities (3.5) written for u°. The proof is complete. o

Remark 6.8. It is easy to check that for all x € 9 the projection P, on B is an order-
preserving operator. Therefore the monotonicity property of ﬁft 2) in the sense of the relation
= 1s implied by its monotonicity in § in the pointwise (multi-valued) sense. In this case the limit

u of Proposition is also an entropy solution of (Hy, s(uo, f)) with the graph B ) obtained
as limgs_,q ﬂft 2) (the limit here is in the sense (6.11))).

The following example complements Example[6.3] The corresponding existence claim eventu-
ally attains the same generality that the result of Theorem
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Example 6.4. Assume that ¢ satisfies (4.1) and (5.4). Assume that 8 fulfills (5.2)) or (5.1)).
B,)\)

There exists a family of bi-monotone graphs ( 550 which satisfies the assumptions of

Ezample . The entropy solutions u®> (that can be constructed, e.g., in the way of Example|6.5
of the associated problem (H, gs.x(uo, f)) converge to an entropy solution u of (Hy g(uo, f)) as
0, A tend to zero.

Indeed, assume, e.g., that 3 satisfies (5.1). We approximate 3 by 8%* := f+01, [—1/5,1/A]; Where

Ol4p) (the subdifferential of the indicator function of [a, b]) is the obstacle graph corresponding
to the interval [a, b]. This ensures that

B (k) = 400 > @, () (k) for k> 1/X and B (k) = —00 < @, (s (k) for k < —1/8,

so that (—oo, —1/6] € D% and [1/X,+00) € DP°2 for all (t,2) € ¥. Thus % fulfills the

(t,z)
assumptions of Example
Furthermore, whenever
(6.17) -1/0 € Dy, and 1/ e ng)m),

as in the localization procedure in the proof of Theoremwe see that g?t’AI) = ”ﬁm ﬁ?t”;) coincides

with g(w) in the interval [—1/§,1/A]. Due to assumption 7 we can construct sequences of
parameters ¢ and A going to zero and satisfying . Moreover, due to solutions u%*
constructed in Example take their values within some fixed interval [—M, M].

By construction, (ﬁ?t”w))(bo decreases as ¢ | 0 for every A > 0; and (,Bfif;))Aw increases as
A 10 for every 6 > 0. As § — 0, we can use Proposition [6.2] to infer that u®* 15_0+ u®* and
u®? is the entropy solution associated with the graph % := g + Ol(—oo,1/n)- As A — 0, using
the analogue of Proposition we deduce that u®* |+ u, moreover, u is the unique entropy

solution of problem (H, g(ug, f)). Exchanging the order of passage to the limit, we also get
ud Lo+ w20 50+ u. By the squeeze lemma, we infer that u>* — u as (6,A) — (0,0).

6.2.3. Heredity by L' contraction. In this paragraph, let us assume the following properties:
@ =g forald, u)—uy—0 inL'(Q), f°—f—=0 in LY(Qr),
and for HV-ae. (t,2) €S, du(B .y, Bue)) = 0asd —0

(tVz) ’

(6.18)

with d,(5° Bit,e)) = da (B?m)7 B(t,z)) given by Definition The practical interpretation of

(t,x)
the above convergence is therefore,

(6.19) g‘(sm) = ﬁzﬂfm) — g(t,z) = ﬁzﬁ(m) uniformly on R.
The convergence of (u®);s follows by the L' contraction principle of Theorem We have

Proposition 6.3. Assume the data u, f°, 3° converge in the sense (6.18). Assume that (5.1) or
(5.2) hold, with (AE),, or AT that are suitable for ©°,3° simultaneously for all § > 0. Assume

that (4.1) holds.
Assume ||[ud||oo is uniformly bounded; in the case (5.2) assume fOT IIf(t, ) loo dt is uniformly
bounded. Consider a family (u’)s of entropy solutions of (Hy s (ud, £2)). Then there exists a

limit u of u%, as & — 0, and u is an entropy solution of the limit problem (H, 5(uq, f))-

PROOF : As in Propositions [6.116.2) the L>° bound (6.12]) is immediate. To continue, from
inequalities (4.2]) of Theorem [4.1| we deduce

N (G NI RtIRSy A NIAST AR A AN )
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By the triangular inequality (recall that d,, when used on B, is a distance) and the convergence
properties we see that the right-hand side of tends to zero as max{d,a} — 0. Thus
by the Cauchy criterion, (us)s converges in L°(0,T; L*(Q2)), as § — 0, to some limit u. Then
u fulfills . Indeed, the passage to the limit in up-to-the-boundary entropy inequalities
written for u° is straightforward. In particular, in the right-hand side we can substitute 3°(k) by

B9 (k); the latter expression converges to B(k), due to (6.19). We conclude using the dominated
convergence theorem. o

A trivial application of (6.3)) is, approximate the initial data ug and source data f. Let us give
another application which is suitable, e.g., for approximation in the sense of the Lusin theorem
of merely measurable Dirichlet or obstacle boundary data by continuous in (¢, z) data:

Example 6.5. Assume that (5.1)) or (5.2) hold, with (AF),, or AT that are suitable for ©°,3°
stmultaneously for all 6 > 0. Assume that (4.1]) holds.
Assume that 8° — B in the following sense:

(6.21) the H™ measure of the set Rs := {(t,z) € ¥ | ﬁ?t,z) # Bty } vanishes as § — 0.
Then solution u’ of problem (Hy g5 (uo, f)) tends, as 6 — 0, to a limit u that solves problem
(He.p(uo, f)))-

This result follows readily from Proposition indeed, wg,f being fixed, (6.21)) gives (6.18]).

The next application, that complements Example uses pointwise approximation of the
obstacle problem (the case u™ = u™ of the obstacle problem yields the Dirichlet problem).

Example 6.6. In the setting of Example in the place of (6.21) assume that 3° is the obstacle
graph

Blray = {ug"(t,2)}xR7) U ([uf (¢, 2), w3 (t,2)] x{0}) U ({uj (t,2)} xRY).

Assume that u* and u} obey uniform L> bounds and converge H™ -a.e. on ¥ to limits u™ and

uM | respectively. Then solutions u® of problem (H, gs(uo, f)) converge to a limit u that solves

problem (H, 5(uo, f)) with the obstacle graph B corresponding to u™ uM.

The proof is straightforward, taking into account the following lemma:

Lemma 6.3. Assume 3°, B are obstacle graphs corresponding to ug’, u™ and uf;w, uM that take
values in some compact subset I of R. Let wy, : RT — R is the modulus of continuity of ¢ on
I. Then for all (t,xz) € & there holds d(3°, B) < w, (max{|uf* — u™|, [udl —u™M|}).

The proof relies on the fact that gfm)(z) and E(t’z)(z) coincide except when their values fall
within one of the two strips
S™ = () ([min{u™, ug"}, max{u™,ug"}]) and SM .= gou(x)([min{uM,uy},max{uM,uf;M}]);
then d,(8°,8) = |B?, ., — g(t,x)Hoo is less than or equal to the width of the strips, which does

(t.2)
not exceed w,, (max{|uf” — u™|, [u}! — uM|}).

7. FURTHER EXISTENCE AND CONVERGENCE RESULTS

Here we explore convergence of approximations in two complementary directions. In Sec-
tion we discard the genuine nonlinearity assumption and exploit BVj,. estimates for
proving compactness. This technique is limited to one-dimensional case (with a simple gener-
alization to half-space or strip domains). In Section we set up a framework for studying
measure-valued (entropy-process) solutions, so that to replace the strong compactness in Lzloc of
sequences of approximate solutions by their weak-* compactness in L*°.
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7.1. The one-dimensional case: existence via BV,. estimate. The technique of this sec-
tion relies upon translation arguments for proving localized BV estimates. It goes back to
Biirger et al. [12] [I3] where the idea was introduced in the context of finite volume numerical
approximations.

Theorem 7.1. Assume that = [0,+00) and ¢ is locally Lipschitz continuous. Let  be a
mazximal monotone graph on R, independent of t € (0,T). Then for all ug € L>=((0,+0c0)) there

exists an entropy solution of (Hy g(uo, f)) with f =0.

Remark 7.1. In the case of a single boundary point x and of a t-independent graph 3, assumption
is automatically fulfilled. Indeed, in this case we can drop the subscripts (t,x); the points
+00 are accumulation points of the sets D= because otherwise we have, e.g., @, > B on [M, 400),
which contradicts the mazimality of B.

PROOF : According to Proposition [6.3] it is enough to prove the theorem for a dense subset
of data in L'. In order to recover existence for general L> data, we can use Proposition
applied to a bi-monotone data approximation. Uniform L* bounds are ensured by and the
assumption f = 0, due to Remark Substituting £ by B as in Section [5} we may assume that
[ is bounded.

Thus we pick uy € C°(2) with compact in RT support, and such that ug = kg = const
on some interval (0,7n). Existence of a solution u° to the parabolic regularized problem
follows by the results of [35] B6]; we can also apply Proposition from Appendix. Therefore
assumptions , of Theorem hold, and it remains to guarantee in order to apply
Theorem and conclude the proof.

To this end, we extend u® continuously by wug for ¢ < 0; notice that for ¢ < 0, the so extended
function u® satisfies u§ + p(u®),; = eus, + r(z) where

(7.1) x> p(ug)e — e(Uo)zn

is an L>°(R)NL!(R) function, by the assumptions on ¢ and ug. Moreover, we can choose ko € l~)0,
which means that ¢, (ko) = B(ko). Therefore the so extended function u° is an entire solution
(i.e., a solution defined for ¢ € R) of problem

{ uf — div (—p(uf)+eus) = r(z) D<o,

(7.2) ~
(B(uf) + (—p(u) +u5) - (1)) ]z=0 = 0.

Now, the key fact is that we can control the L' time translates of u® by a linear modulus of
continuity, because solutions of (7.2) verify the L' contraction principle that can be shown, e.g.,
as in [28] or a in [I4] (we only have to take into account the unusual boundary condition):

@) [lEw-we-n< [lao -+ | /}R F o — 7 Ty rcolds = 7 rllz1.

Therefore u¢ € BV (0,T; L*(0,+00)), with a uniform in € bound. Then we can use the idea of
[12, Lemma 4.2] and [I3, Lemma 5.4]: for a > 0, using the mean-value theorem for each £ > 0
we can find a contour (0,7") x {¢*} with 0 < ¢® < @ such that TotVaru® along these contours
is uniformly bounded by % The variation of ug is also bounded, therefore using the classical
estimate of Bardos, LeRoux and Nédélec [9] for the Dirichlet problem for viscous conservation
law (with boundary datum given by the values of u° on our contour), we get the bound

C
(7.4) TotVar u5|{(t,z) |t€(0,T), z>a} < P
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with C that only depends on uy and on the Lipschitz constant of . With the Cantor diago-
nal argument, we deduce compactness of (u¥). in L},.((0,T) x (0,+00)). Combined with the
aforementioned uniform L bound on w¢, this finally proves (6.2). o

7.2. Entropy-process solutions. As soon as existence of an entropy solution is established]
and the uniqueness assumption is fulfilled, we can prove convergence of, e.g., vanishing
viscosity approximations without the genuine nonlinearity assumption (though we still
need a uniform L estimate). To do so, it is enough to adapt the device of measure-valued
solutions; here, we use the version called entropy-process solution due to Gallouét et al. [I§].

Definition 7.1. Let p € L>®(Qrx(0,1)). Then p is called an entropy-process solution of problem
H, g(ug,0) if p verifies the following up-to-the-boundary entropy inequalities with remainder term
(which is, in general, multi-valued):

Vk € R V¢ € D([0,T) x Q)+ /// k) e — ¢ (u(a), k) - VE)
- / (w0 — K)*€(0,) < / Cic A (Breay (k) — ooy () T £t ).
Q >

Here, CY; is a constant that depends on ||u||c and on k.

(7.5)

Proposition 7.1.

(i) Let p be an entropy-process solution of Hy, g(uo,0). Then it verifies the entropy-process
inequalities

(76)  VkeR /// 56— (1)) V) = [ (w0 = B*€(0.) <0

with € € D([0,T) x Q)F, moreover, for HY -a.e. (t,z) € ¥, the weak normal boundary trace of
the flux verifies

(7.7) ke DE (/0 ot (@), k) da y(.)) (t,z) > 0.

(ii) Let i € L>®(Qr x (0,1)) such that p satisfies (7.6),(7.7). Then for HN -a.e. (t,x) € ¥, the
weak normal boundary trace of the flux verifies

- 5 1
(7.8) k€ DY, ) =Dom Birey Yo (/O a(p( ), k) da - y(.)) (t,z) > 0.

(#i) Let € L (Qr x (0,1)) such that u satisfies (7.6),(7.8)). If, in addition, (4.1]) holds, then

w coincides with the entropy solution u in the sense p(; ) = u(-) a.e. on Qr x (0,1).

Notice that, although we do not prove directly the equivalence of Definition and any of
the formulations (7.6]),(7.7)) and (7.6)),(7.8]), such equivalence holds whenever an entropy solution
exists and it is unique.

PROOF

(i) Inequalities (7.6)) are immediate from the definition of an entropy-process solution. In order
to deduce ([7.7), one proceeds as in the proof of the claim “(iv) = (iii)” in Proposition
The only difference is that, while using the analogue of (3.10]), one replaces the (strong) trace

Q) (Werioy s Vipuy k) by the (weak) trace 3, (o ¥ (u( ), k) da - v(-) ) (t, ).

OLet us stress that neither for conservation laws in the whole space, nor for the Dirichlet problem (see, e.g.,
Vovelle [39]) this assumption is not needed.
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(i) Assume, for instance, that k € D(t@). Let us show that holds for this value of k. It is
enough to prove separately with q and ¢~ in the place of ¢; moreover, the first of the two
inequalities is already contained in since k € D(t ) Set kg := Sup{/-s <klke D(_t,z)}; note
that ky may take the value —oco. In order to prove the statement, it is enough to get

(7.9) Y (/01 q (u(a),k) da-V(~)) > Y (/01 ¢ (u(:;a), ko) dox - V(-)) at the point (¢, )

(indeed, the latter quantity is nonnegative by (7.7) because kg € D(; ) recall that D(; 2) is a
closed set). Because k € Dom B(t,x)v by Proposition (ii) we have

(710) (py(w)(li) < (py(z)(k}) for all k € (ko, k)

The idea of the proof is the following: we have g (u(a), k) = —@,)(1(a)) + @u@)(k) > 0
whenever p(a) € (ko, k), and therefore

(7.11) /Oq<u<a>,k>da-u=/[( )<k]qy<u<a>,k>da+/ 45 (@), k) da+0

(ko <p(e) <k]
1
2/ q, (1(a), ko) da +0 :/ g (u(a), ko) dov - v.
[1(er) ko] 0

Here we have used that holds at the point (¢,2) but not necessarily at every point. We
want to write down an inequality of the kind in a neighbourhood B; N of (¢, ), and then
take weak traces at the point (¢,2). In order to do so, we use an e-approximate inequality of the
kind for (s,y) € QN Bs with Bs a 0-sized neighbourhood of (¢, z), and with ¢ vanishing
as ¢ vanishes. This is possible due to the continuity arguments. Indeed, a generic point of X is
a point of approximate continuity of the normal field; thus we can write (in the place of )
that @, () (k) < @u() (k) + ¢ for K € (ko, k) and for a set of points (s,y) € Bs \ Cs such that
meas(Cys)/meas(Bs) — 0 as 6 — 0. Taking the weak trace, we get with the additional term
(—¢) on the right-hand side. Then, letting § go to zero, we see that is justified and the
proof is complete.

(iii) The proof is analogous to the one of Theorem except that it is based on the doubling
of variables (inside the domain) for entropy-process solutions. As in [I8, 89], for entropy-process
solution p and an entropy solution u corresponding to the same data, we get the Kato inequality
analogous to (4.3):

(7.12) V¢ e DO //m —u|(t) €da < — /// ) - Ve dao.

Assume for simplicity that €2 is bounded (other cases will exploit & € D() that is then sent to
the limit 1, as in |20, 211 [5]). We simply take £ = 1 — &,, with the construction of Lemma as
in the proof of (3.11)), we deduce at the limit n — oo,

(713) [ [ wer-uiaa <~ [ [ o [ atuta). - vy do

Transforming the right-hand side of (7.13)), using the existence of strong trace vV,

t 1
) [ - aa<— [ [ [ et V@), Vo)
0
__//'Yw/ QV@) Wu(w)ﬂ( ) V%,(,) )da~

oy U We get
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Yet, according to the characterization Proposition (1) of u, Yo, u € Domﬁ(m) in a generic

point of ¥; thus using (7.8]) (notice that one can replace g(u(a), k)-v(z) in (7.8) by the expression

Quz) Vi, oy 11(@), Vi, k) we readily find that the right-hand side of (7.14) is non-positive. It

follows that p(«) — u is zero a.e., which ends the proof. ©

Corollary 7.1. In the assumptions of Theorem[6.1], drop the genuine nonlinearity assumption
(5.4]) but suppose that there exists an entropy solution of problem (H, g(uo, f)). Then the con-

clusion of the theorem still holds.

For the proof, it is enough to use the device of nonlinear weak-* convergence, following [18, [39],
to derive the entropy-process formulation (7.5)) along the lines of the proof of Theorem One
concludes using Proposition [7.1|i)-(iii).

CONCLUSION

We investigated the issue of definition, justification and uniqueness of entropy solutions to
scalar conservation laws with nonlinear dissipative boundary conditions. Although existence of
entropy solutions and convergence of approximations are addressed in much generality, technical
restrictions we had to impose leave place for a future work, e.g., exploiting the notions of renor-
malized entropy solutions ([I0, B3] [2]) and of weak boundary traces and boundary entropy-flux
pairs ([27]), as it was done for the Dirichlet problem.

APPENDIX: EXISTENCE FOR THE VISCOSITY REGULARIZED PROBLEM

In this paper, we establish existence of entropy solutions of (H, g(uo, f)) via construction of
approximate solutions (in most cases, we need a multi-step approximation). Therefore we have

to start with some basic existence result to produce approximate solutions; this is the purpose
of the present Appendix. Existence results of this kind were already established by the second
author and Wittbold in [36] (see also [35]), for the case of t-independent graph 3 such that
0 € 5(0). Other results can be found in [4].

Here we follow a different strategy (in the place of the convex analysis and nonlinear semigroup
methods of [36] [35], we use the Galerkin scheme and time compactness arguments), in the context
that suits more our needs. Consider the following parabolic problem (for simplicity, we set f = 0):

(9.15) { ug — div (—p(u)+eVu) =0,  uli=p = uy,
b(t, w3 u) + (—p(u) + &Vu) - v(z) = 0

where b is a Caratheodory function (single-valued b(¢, z; -) replaces the maximal monotone graph
6(t,z))7 more precisely

for all z € R b(-,-;u) is measurable,
and for a.e. (t,z) € ¥ b(t,z;-) is a continuous strictly increasing function.

Moreover, we assume that b is bounded:

sup  |b(t, z; )| < +o0.
(t,x)€X, z€R
The parameter ¢ in (9.15)) could be removed by a scaling argument, but we keep it in order to
state an e-independent L estimate on u® that is needed in order to generate a limit of the
sequence (u®)., as € — 0.
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Proposition 9.2.

(i) Under the above assumptions, suppose in addition that ¢ is bounded on R. Then there exists
a solution u® to problem (9.15): namely, u® € L*(0,T; HL .(2)) and for all £ € D([0,T) x Q)

(9.16) /OT/Q —ué; — /Quof(O, )+ /OT/Q(—t,o(u)+€Vu) -VE + AT - b(;u) ¢ =0.

Moreover, \/eVue is bounded in L?(0,T; L? .(Q)) uniformly in e € (0,1).

loc

(ii) Under the assumption that, upon a modification of b on a subset of X of zero HYN measure,

there exist (A, men, (A} )men C RE such that AE — +oo

(9.17) as m — 0o and for all (t,z) € X, for allm € N +b(t,z; AL) > :I:cpy(x)(Ai)

we have, uniformly in € > 0, the estimate ||u¥|lococ < M with M that depends on ||uglleo and on

(AE),, in assumption (9.17).

Remark 9.2. For non-zero f, existence is shown in the same way. In property (ii), hypothesis
(9.18)  A* .= {k e RE | & b(t, x5 k) > ¢,y (k) for all (t,z) € T} are of infinite measure

can be assumed in the place of (9.17), and the bound M would depend on ||uo||oo, fOT I1f(t, ) |loo dt
and on the sets AT in assumption .

In the place of a constant in t and x sub- and super-solutions, in this case we construct
supersolutions of the kind M= (t) taking values in A* and such that £M=(-) are non-decreasing,
with £M™*(0) > |Jug||oo and with the absolutely continuous part of the derivative £(M*) (t) that
is greater than or equal to || f(t,")||co on (0,T).

PRrROOF : For the proof, it is enough to use the Galerkin method, which we expose briefly in
order to focus on the difficulties induced by the non-linearities ¢ and b.

In the case (2 is bounded, picking an orthonormal basis (v;);ey in H'(Q2), we construct u,, €
CL([0,T);span{vy, ..., v,}) as a solution to the ODE system obtained from by substituting
u by the unknown function w, (¢, ) = Y ., ¢;(t)v;(x), substituting ug by its projection ug, on
span{vy,...,v,}, and testing it with £(t,z) = v;(z)u(t), ¢ = 1,...,n, p € D([0,T)). Local
existence of a solution follows from the Cauchy-Peano theorem. Taking w, itself for the test
function, with p(t) approximating 1ljo 4 (¢) we find
(9.19)

1 s 8 1 1
7/ ui(s, )+ / / (5|Vun\2 — o(un) ~Vun) +/ b(+; up ) uy = f/ ug,n < 7/ ug.
2 Ja 0JQ 0 Joa 2 Jo 2 Jo

Thanks to trace inequalities and the boundedness assumptions on ¢ and b together with the
L bound on ug we get an L?(Q7) estimate on Vu,,. Such estimate precludes the blow-up and
guarantees the global in time existence of u,,. For the case of unbounded domain, the mere L*>°
bounds on wg, ¢, b are not sufficient: thus we have to localize the estimate taking e.g. the weight
n(z) = exp(—c|z — x¢|) for some x¢ ¢ Q. In this case, we work in the weighted H' space and

use weighted trace inequalities; as an outcome, we get an L?(0,T; L?, (€2)) bound on u,,.

Thus we have, in addition, the uniform in n estimate of Vu,, in L*(0,T; H}, .(2)). We extract a
subsequence weakly convergent to a limit u®, and pass to the limit in the formulation. To this end,
the a.e. convergence of u,, to u° is needed in order to pass to the limit in the nonlinearity ¢(uy,). It
is obtained by translation techniques in time, following [I]. Indeed, assume for simplicity that
is bounded (otherwise we use exponentially decreasing in x weights, as above). We “integrate” the
weak formulation from ¢ to t+0t, then test it with & = w,, (¢+9t) —u,, (¢) (this corresponds to
taking well-chosen test functions in the formulation written for u,, and with test functions
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¢ € D([0,T);span{vy,...,v,})). Using the Fubini theorem, the aforementioned L?(0,T; H'(2))
bound on u,, the trace inequality and the L bound on ¢(u,) and b(+; u,), we deduce that

-5t )
/ |un (t + 6t) — un(t)|” < const 6t.
0

The estimate of the space translates being trivial due to the L*(Q7) bound on Vu,, by the
Fréchet-Kolmogorov compactness criterion we conclude to the L'(Q7) convergence of u,, (if Q is
unbounded, we use weights n and get L' ((0,7); L;,.(€2)) convergence). The limit being unique in
D', it is identified with u.; extracting a further subsequence, we may assume the a.e. convergence
in Q7. Finally, (b(-;uy)), being bounded, it converges weakly-* in L>°(X) to some limit that
we denote by b°. Now for all i, we can take v; as a test function and pass to the limit in the

Galerkin formulation; we find that

(9.20) //—uagt /uof // +5Vu V£+/ /mb6 £E=0

for all £ € D'([0,T) x Q) (this is obtained by density). It remains to identify b° with b(-; u®),
which is done using the monotonicity of b(t, z;-) and the classical Minty argument.

To do so, for the sake of simplicity assume that Q is bounded (for the general case, one has to
replace the test functions u®, u, below by truncated test functions u®n, u,n with an exponentially
decaying weight 7). Comparing the Galerkin formulation for w, (with test function w,) and the
weak formulation for u® (with test function u¢, taken by density), using the Fatou lemma
to ensure that ||u®(T, ')H2L2(Q) < liminf, o |Jun (T, -)||2L2(Q), we can eventually write

T T T T
(9.21) / / b u® + 5/ / |Vuf|? > limsup</ / b(+; up )up + 8/ / \Vun|2)
0 Joa 0 Ja n—oo Mo Joo 0 Ja

Due to the weak lower semicontinuity of the L? norm, we infer

T T
(9.22) / / b u® > limsup/ / b+ U ).
0 Jog n—oo Jo JoQ

Here we are in the following setting: wu,|s converges to uf|s in L?(X) weakly (this is due to
the trace inequalities); b(-;u,) converges to b° in L>(X) weakly-* (and thus, in L?(X) weakly,
because we have assumed that 02 is bounded); moreover, z — b(+; z) is monotone and inequality
holds. In this setting, the Minty argument applies (see, e.g., [1} 28] B6]) which allows to
conclude that b° = b(-;u®) a.e. on X. Thus becomes , and the proof of existence is
complete.

(ii) Now using (9.17), take AZ satisfying A, < —|uoll~ and ||U0Hoo < A+ due to (9:17),
the constants A, and A} are sub- and super-solutions to problem ({9 , respectlvely. The
result stems from the comparison principle for weak solutions, sub- and super—solutions of
using, e.g., the technique of [T4]. It conmsists in taking H,(u® — Al )¢ (with H, the Lipschitz
regularization of sign ™ function as used in the proof of Theorem with ¢ € D([0,T) x Q)
As in the proof of Theorem [6.1] we deduce the Kato inequality

‘/O/Q( —ATE //g (uF =A%) (—p(u) + pl(A%) + £Vu7) - VE < 0.

We let € converge to e~! and prove that (u® — A} )T <0 ae. (if Q is unbounded, we use (4.1))
as in [25] B]). A uniform upper bound for u¢ is proved; the lower bound by A is analogous.
Notice that the technique we've used exploits assumption (4.1); yet it is possible to bypass
this assumption. Indeed, by approximation one can always construct solutions satisfying the
above L bound. To this end, one can, e.g., substitute the original problem by the problem
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set up in (0,7T) x (2 N Br) where By is the ball of radius R centered at the origin; the part

" =1(0,T) x 0Br N Q of the boundary can be supplemented with the homogeneous Dirichlet
boundary condition. Then existence of solutions ug in the space L*(0,T; Hj »(€2)) of functions
that are zero in (0,T) x (2 \ Bg) is proved by the same Galerkin method. Notice that the
constants A are still sub- and super-solutions of this modified problem; Br being bounded,
assumption is automatically satisfied and the L° bound on up is valid. Finally, convergence
of ug to a limit u® is established with the same tools as in the proof of (i). o

Remark 9.3. While estimating Vu® in L? , for the sake of simplicity we have assumed that b

loc?
s bounded and thus we have not exploited the monotonicity of b in these estimates. Actually,
it is enough to assume, e.g., that b(t,x;0) is bounded; in addition, estimate brings an
L}, ([0, T] x 0Q) estimate of the product (b(+;u,) — b(+;0)) upn(-) > 0, which is inherited at the
limit w,, — u®. Similarly, instead of the uniform bound on ¢ we could assume inequalities of the

kind | [; ¢(s)ds| < C + signz (b(t, x; 2) — b(t, 2;0)).
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