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The basic stratum of some simple Shimura varieties

Introduction

Let S be a Shimura variety of PEL-type. These Shimura varieties are moduli spaces of Abelian varieties with additional PEL-type structures. Consider the reduction modulo p of S and, for each point x in S modulo p consider the rational Dieundonn ḿodule D(A x ) Q of the Abelian variety A x corresponding to x. These Dieundonné modules are isocrystals, and we are interested in them up to isomorphism. When x ranges over the points of S modulo p, the isomorphism class of D(A x ) Q ranges over a certain finite set B(G Qp , µ) of possibilities. For b in B(G Qp ), let S b ⊂ S be the closed subvariety consisting precisely of those Abelian varieties whose isocrystal is equal to b. The collection {S b } b∈B(G G Q ,µ) of subvarieties of S is called the Newton stratification of S. We study the action of the Frobenius operator on the ℓ-adic cohomology of the varieties S b , and, additionally, the action of the Hecke algebra of G on these spaces.

In this article we consider a restricted class of certain simple PEL type Shimura varieties, and take b to be the basic element of B(G Qp , µ). We establish a relation between the cohomology of the corresponding basic stratum of the Shimura variety S modulo p and the space of automorphic forms on G. We show that the space of automorphic forms completely describes the cohomology of the basic stratum as Hecke module, as well as the action Frobenius element.

Let us now give the precise statement of the main result. Let D be a division algebra over Q equipped with an anti-involution * . Write F for the center of D. We assume that F is a CM field and that * induces complex conjugation on F and that D = F . We assume that F is a compositum of a quadratic imaginary extension K of Q and a totally real subfield F + of F . We pick a morphism h 0 of R-algebras from C to D R such that h 0 (z) * = h 0 (z) for all complex numbers z, and we assume that the involution x → h 0 (i) -1 x * h 0 (i) on D R is positive. Then (D, h) induces a Shimura datum (G, X, h -1 ). Let K ⊂ G(A f ) be a compact open subgroup of G and let p be a prime number such that Sh K has good reduction at p (in the sense of [27, §6]) and such that K decomposes into a product K p K p where K p ⊂ G(Q p ) is hyperspecial and K p is sufficiently small so that Sh K is smooth. Let Sh K be the Shimura variety which represents the corresponding moduli problem of Abelian varieties of PEL-type as defined in [START_REF] Kottwitz | Points on some Shimura varieties over finite fields[END_REF]. We write A(G) for the space of automorphic forms on G. Let ξ be a irreducible complex algebraic representation of G(C), and let f ∞ be the Clozel-Delorme function at infinity corresponding to the representation ξ. We assume that the prime number p splits in the field K. Let B be the basic stratum of the reduction of the variety Sh K modulo a prime p of the reflex field lying above p, and let F q be the residue field of E at p. We write Φ p ∈ Gal(F q /F q ) for the geometric Frobenius x → x q -1 . Let L be the restriction to B Fq,ét of the ℓ-adic local system associated to ξ on Sh K,Fq,ét [27, §6]. Let f ∞p be a K p -spherical Hecke operator in H(G(A p f )), where A p f is the ring of finite adèles with trivial component at p. Finally we work under a technical simplifying condition on the geometry of the variety B. Let b ∈ B(G Qp , µ) be the isocrystal with additional G-structure corresponding to the basic stratum. The group G(Q p ) is equal to Q × p × GL n (F + ⊗ Q p ) and the set B(G Qp ) decomposes along the irreducible factors of the algebra F + ⊗ Q p . Therefore we have for each F + -place ℘ above p an isocrystal b ℘ ∈ B(GL n (F + ℘ )). The condition on b is that the only slope in b ℘ which could occur with multiplicity > 1 is the slope 0, i.e. we assume that for each F + -place ℘ that if b ℘ is étale or simple as object in the category of isocrystals with additional GL n (F + ℘ )-structure. Under these conditions we have the following theorem Theorem 0.1 (see Theorem 3.13). The trace of the correspondence f p∞ × Φ α p acting on the alternating sum of the cohomology spaces ∞ i=0 (-1) i H i ét (B Fq , ι * L) is equal to (0.1)

P (q α )     π⊂A(G) dim(π)=1,πp=unr. ζ α π • Tr(f p , π p ) + ε π⊂A(G) πp = St. type ζ α π • Tr(f p , π p )     .
for all positive integers α. The condition that π p is of Steinberg type means that for every F + -place ℘ above p that (1) if the component of the basic isocrystal at ℘ is not étale (i.e. has non-zero slopes), then π ℘ is a twist by an unramified character of the Steinberg representation of GL n (F + ℘ ); [START_REF] Arthur | A trace formula for reductive groups. I. Terms associated to classes in G(Q)[END_REF] if the component at ℘ is étale (all slopes are 0), then the representation π ℘ is unramified and generic.

The symbol ε ∈ Z × in Equation (0.1) is a sign equal to (-1) (n-1)#Ram + p where Ram + p is the set of F + -places ℘ dividing p such that the isocrystal b ℘ is not étale. The number ζ π is a certain Weil-q-numbers whose weight depends on ξ C (see Lemma 3.11 for the precise statement). The symbol P (q α ) is a certain polynomial function, see Definition 3.12 and the discussion below this definition.

To give a flavor of the form of the function P (q α ) let us give it in this introduction under two additional simplifying hypotheses. Let n be the positive integer such that n 2 is the dimension of the algebra D over the field F . By the classification of unitary groups over the real numbers, the group G(R) induces for each infinite F + -place v a set of non-negative numbers {p v , q v } with p v + q v = n. Let us assume in this introduction that p v = 0 for all v except for one infinite F + -place v 0 . Secondly we assume that p splits completely in the field F + , then there is a polynomial Pol ∈ C[X], such that P (q α ) is equal to Pol| X=q α . Our condition on the basic isocrystal corresponds to the condition that the number p v 0 is coprime to n (see Subsection §3.2). Write s for the signature p v 0 . The polynomial P (q α ) is equal to the evaluation of the polynomial (0.2)

q α s(n-s) 2 X α i 1 X α i 2 • • • X α is ∈ C[X ±1 1 , X ±1 2 , . . . , X ±1 n ],
at the point X 1 = q 1-n 2 , X 2 = q 3-n 2 , . . . , X n = q n-1

2 . In the sum of Equation (0.2) the indices i 1 , i 2 , . . . , i s range over the set {1, 2, . . . , n} and satisfy the conditions

• i 1 < i 2 < i 3 < . . . < i s ; • i 1 = 1;
• If s > 1 there is an additional condition: For each subindex j ∈ {2, . . . , s} we have i j < 1 + n s (j -1). In the case of Harris and Taylor [START_REF] Harris | The geometry and cohomology of some simple Shimura varieties[END_REF] the polynomial Pol(q α ) is equal to 1 (the basic stratum is then a finite variety).

Let us comment on the strategy of proof of Theorem 3.13. The formula of Kottwitz for Shimura varieties of PEL-type [START_REF] Kottwitz | Points on some Shimura varieties over finite fields[END_REF] gives an expression for the number of points over finite fields on these varieties at primes of good reduction. The formula is an essential ingredient for the construction of Galois representations associated to automorphic forms: The formula allows one to compare the trace of the Frobenius operator with the trace of a Hecke operator acting on the cohomology of the variety. In this article we truncate the formula of Kottwitz to only contain the conjugacy classes which are compact at p. Thus we count virtual Abelian varieties with additional PEL-type structure lying in the basic stratum. The stabilization argument of Kottwitz carried out in his Ann Arbor article [START_REF] Kottwitz | Shimura varieties and λ-adic representations[END_REF] still applies because the notion of p-compactness is stable under stable conjugacy. After stabilizing we obtain a sum of stable orbital integrals on the group G(A), which can be compared with the geometric side of the trace formula. Ignoring endoscopy and possible non-compactness of the variety, the geometric side is equal to the compact trace Tr(χ (Section 1), which is a problem that we solve only partially in this article (hence the conditions on the basic isocrystal).

One expects that a formula such as in Equation (0.2) can also be obtained for other Shimura varieties associated to unitary groups. However, such a formula will certainly be more complicated: We already mentioned that the above statements concerning the trace formula are too naive for more general unitary Shimura varieties. If the group G has endoscopy, then the spectral side Tr(χ

G(Qp) c
f, A(G)) has to change into a sum of truncated transferred functions acting on automorphic representations of endoscopic groups (cf. [11] [35]). If furthermore the Shimura variety is non-compact, then additional problems occur. In the formula of Kottwitz for the number of points on a Shimura variety another sum should be included, indexed by the parabolic subgroups of G, and various étale cohomology spaces should be changed to intersection cohomology (cf. [START_REF] Morel | On the cohomology of certain noncompact Shimura varieties[END_REF]). Leaving these complications for future work, we assume that the Shimura variety is such that the problems do not occur: We work in the setting of Kottwitz in his Inventiones article [START_REF] Clozel | On limit multiplicities of discrete series representations in spaces of automorphic forms[END_REF] where the Shimura variety is associated to a division algebra. In this case the Shimura varieties are compact and there is essentially no endoscopy, hence the truth of the naive formula and hence the word "simple" in the title of this article.

The above formula is established in Section 3. In Subsections 4.1 and 4.2 we use the formula to deduce two applications, in the first we express the zeta function of the basic stratum in terms of automorphic data, in the second application we derive a dimension formula for the basic stratum. In the first Section §1 we carry out the necessary local computations at p to derive the explicit formula for the polynomial P (q α ) in Equation (0.2). In Section §1 we also prove a vanishing result of the truncated constant terms of the Kottwitz function due to the imposed conditions on the basic isocrystal (Proposition 1.10). This result is the technical reason for the simplicity of the formula in Theorem 3.13: without the conditions on the basic isocrystal, Equation (0.2) is more complicated and involves a larger class of representations at p. In Section §2 we apply the Moeglin-Waldspurger Theorem to determine which smooth irreducible representations of the general linear group can occur as components of discrete automorphic representations at finite places of a number field. This result is important for the final argument in Section 3.

We end this introduction with a discussion on upcoming work. We are working on the generalization of our main Theorem 3.13 to more general Shimura varieties of PEL type and of type (A). Furthermore the same strategy can be used to study the basic stratum of the variety at primes where the group G Qp is unramified, but the prime p is inert (instead of split) in the quadratic imaginary subfield of F . At least at the split primes the non-basic Newton strata b ∈ B(G Qp , µ) may be attacked as well using this method. However, explicit results require computation of the Jacquet modules (π p ) N where P = M N is the standard parabolic subgroup of G(Q p ) corresponding to the centralizer M b in G Qp of the slope morphism ν b of b. These Jacquet modules have not been computed yet in the current literature. Theorem 3.13 has a simplifying condition on the isocrystal in the basic stratum. This is precisely the case where the only representations at p that contribute to the cohomology are essentially 1 the Steinberg and the trivial representation. The argument in Section 3 gives also a result without the condition on the basic isocrystal. In that case a large class of "rigid" representations π p contribute to the basic stratum, and it is not hard to write down precisely which of them contribute (see §2). However, a new challenge is to compute the analogue of the function P (q α ) considered above. This computation seems difficult to us and we have not yet obtained a satisfactory formula, but we do have an unsatisfactory formula which could for example be implemented in a (slow) computer program to yield expressions similar to Theorem 3.13 for the number of points in more strata.

We hope to return to the above ideas in forthcoming work. In this section we compute the compact traces of the functions of Kottwitz against the representations of the general linear group that occur in the cohomology of unitary Shimura varieties.

1.1. Notations. Let p be a prime number and let F be a non-Archimedean local field with residue characteristic equal to p. Let O F be the ring of integers of F , let ̟ F ∈ O F be a prime element. We write F q for the residue field of O F , and the number q is by definition its cardinal. The symbol G n denotes the locally compact group GL n (F ). If confusion is not possible then we drop the index n from the notation. We call a parabolic subgroup P of G standard if it is upper triangular, and we often write P = M N for its standard Levi decomposition. We write K for the hyperspecial subgroup GL n (O F ) ⊂ G. Let H(G) be the Hecke algebra of locally constant compactly supported complex valued functions on G, where the product on this algebra is the one defined by the convolution integral with respect to the Haar measure which gives the group K measure 1. We write H 0 (G) for the spherical Hecke algebra of G with respect to K. Let P 0 be the standard Borel subgroup of G, let T be the diagonal torus of G, and let N 0 be the group of upper triangular unipotent matrices in G.

We write 1 Gn for the trivial representation and St Gn for the Steinberg representation of G n . If P = M N ⊂ G is a standard parabolic subgroup, then δ P is equal to | det(m, n)|, where n is the Lie algebra of N . The induction Ind G P is unitary parabolic induction. The Jacquet module π N of a smooth representation is not normalized by convention, for us it is the space of coinvariants for the unipotent subgroup N ⊂ G. For the definition of the constant terms f (P ) and the Satake transform we refer to the article of Kottwitz [20, §5]. The valuation v on F is normalized so that p has valuation 1 and the absolute value is normalized so that p has absolute value q -1 . Finally, let x ∈ R be a real number, then ⌊x⌋ (floor function) (resp. ⌈x⌉, ceiling function) denotes the unique integer in the real interval (x -1, x] (resp. [x, x + 1)).

Let n ∈ Z ≥0 be a non-negative integer. A composition of n is an element (n a ) ∈ Z k ≥1 for some k ∈ Z ≥1 such that n = k a=1 n a . We write ℓ(n a ) for k and call it the length of the composition. The set of compositions (n a ) of n is in bijection with the set of standard parabolic subgroups of G n = GL n (F ). Under this bijection a composition (n a ) of n corresponds to the standard parabolic subgroup

P (n a ) def = g 1 * . . . 0 g k ∈ G n g a ∈ G na ⊂ G n .
We also consider extended compositions. Let k be a non-negative integer. An extended composition of n of length ℓ(n a ) = k is an element (n a ) ∈ Z k ≥0 such that n = k a=1 n a .

1.2. Compact traces. In this subsection we work in a slightly more general setting. We assume that G is the set of F -points of a smooth reductive group G over O F . We pick a minimal parabolic subgroup P 0 of G and we standardize the parabolic subgroups of G with respect to P 0 . A semisimple element g of G is called compact if for some (any) maximal torus T in G containing g the absolute value |α(g)| is equal to 1 for all roots α of T in g. We now wish to define compactness for the non semisimple elements g ∈ G. We first pass to the algebraic closure:

An element g ∈ G(F ) is compact if it is semisimple part is compact. A rational element g ∈ G is compact if it is compact when viewed as an element of G(F ). Let χ G c be the characteristic function on G of the set of compact elements G c ⊂ G. The subset G c ⊂ G is
open, closed and stable under stable conjugation. We wish to make the following remark: Let M be a Levi subgroup of G and let g be an element of M ⊂ G. The condition "g is compact for the group M " is not equivalent to "g is compact for the group G". We need the two notions and therefore we put the group G in the exponent χ G c to clearly distinguish between the two.

Let f be a locally constant, compactly supported function on G. The compact trace of f on the representation π is defined by Tr(χ G c f, π) where χ G c f is the point-wise product. We define f to be the conjugation average of f under the maximal compact subgroup K of G. More precisely, for all elements g in G the value f (g) is equal to the integral K f (kgk -1 )dk where the Haar measure is normalized so that K has volume 1.

Let P be a standard parabolic subgroup of G and let A P be the split center of P , we write ε P = (-1) dim(A P /A G ) . Define a P to be X * (A P ) R and define a G P to be the quotient of a P by a G . To the parabolic subgroup P we associate the subset ∆ P ⊂ ∆ consisting of those roots which act non trivially on A P . We write a 0 = a P 0 and a G 0 = a G P 0 . For each root α in ∆ we have a coroot α ∨ in a G 0 . For α ∈ ∆ P ⊂ ∆ we send the coroot α ∨ ∈ a G 0 to the space a G P via the canonical surjection a G 0 ։ a G P . The set of these restricted coroots α ∨ | a G P with α ranging over ∆ P form a basis of the vector space a P . By definition the set of fundamental roots

{̟ α ∈ a G * P | α ∈ ∆ P } is the basis of a G * P = Hom(a G P , R) dual to the basis {α ∨ a G P } of coroots.
We let τ G P be the characteristic function on the space a G P of the acute Weyl chamber,

(1.1)

a G+ P = x ∈ a G P | ∀α ∈ ∆ P α, x > 0 .
We let τ G P be the characteristic function on a G P of the obtuse Weyl chamber,

(1.2) + a G P = x ∈ a G P | ∀α ∈ ∆ P ̟ G α , x > 0 .
Let P = M N be a standard parabolic subgroup of G. Let X(M ) be the group of rational characters of M . The Harish-Chandra mapping 2 H M of M is the unique map from M to Hom Z (X(M ), R) = a P , such that the q-power q -χ,H M (m) is equal to |χ(m)| p for all elements m of M and rational characters χ in X(M ). We define the function χ N to be the composition τ G P •(a P ։ a G P )•H M , and we define the function χ N to be the composition τ G P •(a P ։ a G P )•H M . The functions χ N and χ N are locally constant and K M -invariant, where K M = M (O F ).

Lemma 1.1. Let P = M N be a standard parabolic subgroup of G. Let m be an element of M , then ) where P ranges over the standard parabolic subgroups of G.

(1) χ N (m) is equal to 1 if
Proof. This is the Corollary to Proposition 1 in the article [START_REF] Clozel | The fundamental lemma for stable base change[END_REF].

Remark. Proposition 1.2 and Proposition 1.3 are true for reductive groups over non-Archimedean local fields in general.

We record the following corollary. We have a parabolic subgroup P 0 ⊂ G such that

P 0 = P 0 (F ). Let I ⊂ G(O F ) be the group of elements g ∈ G(O F ) that reduce to an element of the group P 0 (O F /̟ F ) modulo ̟ F . The group I is called the standard Iwahori subgroup of G. A smooth representation π of G is called semi-stable if it has a non-zero invariant vector under the subgroup I of G.
Corollary 1.4. Let π be a smooth admissible representation of G such that the trace Tr(χ G c f, π) does not vanish for some spherical function f ∈ H 0 (G). Then π is semi-stable. 2 In the definition of the Harish-Chandra map there are different sign conventions possible. For example [START_REF] Arthur | A trace formula for reductive groups. I. Terms associated to classes in G(Q)[END_REF] and [START_REF] Harish-Chandra | Harmonic analysis on reductive p-adic groups[END_REF] use the convention q χ,H M (m) = |χ(m)|p instead. Our sign follows that of [START_REF] Waldspurger | La formule de Plancherel pour les groupes p-adiques (d'après Harish-Chandra)[END_REF]. In the article [START_REF] Clozel | The fundamental lemma for stable base change[END_REF] there is no definition of the Harish-Chandra map but we have checked that Clozel uses our normalization.

Proof. (cf. [16, p. 1351-1352]). By Proposition 1.3 the trace Tr( χ N f (P ) , π N (δ

-1/2 P
)) is nonzero for some standard parabolic subgroup P = M N of G. The function χ N f (P ) is K M -spherical, and therefore π N (δ

-1/2 P
) is an unramified representation of M . In particular the representation π N has an invariant vector for the Iwahori subgroup I of M . The Proposition 2.4 in [START_REF] Casselman | The unramified principal series of p-adic groups. I. The spherical function[END_REF] gives a linear bijection from the vector space (π N ) M (O F ) to the vector space π I . Therefore the space π I cannot be 0. Proof. We may assume that f ∞p is of the following form. Pick some g ∈ G(A p f ) and put K g := K p ∩ gK p g -1 . Then we get the Hecke correspondence Sh K ← Sh Kg → Sh K from Sh K to itself, where the first arrow Sh K ← Sh Kg is induced by multiplication with g and the second arrow Sh Kg toSh K is the convering map for the inclusion of K g in K. By the main theorem of [START_REF] Van Dijk | Computation of certain induced characters of p-adic groups[END_REF] we have

(1.3) Tr G (χ Ω f, π) = Tr M ((χ Ω f ) (P ) , ρ).
We prove that the functions χ Ω •(f (P ) ) and (χ Ω (f

(P ) )) in H(M ) have the same orbital integrals. Let γ ∈ M . Then the orbital integral O M γ (χ Ω • (f (P ) )) equals O M γ (f (P ) ) if γ ∈ Ω

and vanishes

for γ / ∈ Ω. By Lemma 9 in [START_REF] Van Dijk | Computation of certain induced characters of p-adic groups[END_REF] we have

O M γ ((χ Ω (f ) (P ) )) = O M γ ((χ Ω f ) (P ) ) = D(γ)O G γ (χ Ω f ),
where 

D(γ) = D M (γ) -1/2 D G (γ)
G γ (χ Ω f ) is equal to O G γ (f ) = D(γ)O M γ (f (P )
) for γ ∈ Ω and the orbital integral is 0 for γ / ∈ Ω. Therefore, the orbital integrals of the functions χ Ω • (f

(P ) )
and (χ Ω f (P ) ) agree.

Recall Weyl's integration formula for the group M : for any h ∈ H(M ) we have

(1.4) Tr(h, ρ) = T 1 |W (M, T )| Treg ∆ M (t) 2 θ ρ (t)O t (h)dt,
where θ ρ is the Harish-Chandra character of ρ and where T runs over the Cartan subgroups of M modulo M -conjugation, and W (M, T ) is the rational Weyl group of T in M , see [12, p. 97] (cf. [8, p. 241]). The right hand side in Equation (1.4) depends only on the orbital integrals of the function h. Thus, two functions h, h ′ ∈ H(M ) with the same orbital integrals have the same trace on all smooth M -representations of finite length. Therefore the Mtrace Tr M ((χ Ω f ) (P ) , ρ) of the function (χ Ω f ) (P ) against ρ is equal to Tr M (χ Ω (f (P ) ), ρ). By combining Equation (1.4) with Equation (1.3) we obtain the proposition.

1.3. The Kottwitz functions f nαs . From this point onwards G is the general linear group.

Let n and α be positive integers, and let s be a non-negative integer with s ≤ n. We call the number s the signature, and we call the number α the degree. Let µ s ∈ X * (T ) = Z n be the cocharacter defined by (1, 1, . . . ,

1 s , 0, 0, . . . , 0 n-s ) ∈ Z n .
We write A n for the algebra

C[X ±1 1 , . . . , X ±1 n ] Sn . The function f nαs ∈ H 0 (G) is the spherical function with S G (f nαs ) = q αs(n-s)/2 ν∈Sn•µs [ν] α = q αs(n-s)/2 I⊂{1,...,n},#I=s i∈I X α i ∈ A n
as Satake transform (cf. [START_REF] Kottwitz | Shimura varieties and twisted orbital integrals[END_REF]). When n, α, s ∈ Z ≥0 are such that n < s, then we put f nαs = 0.

Definition 1.6. Let X = X e 1 1 X e 2 2 • • • X en n ∈ C[X ±1 1 , . . . , X ±1 n ] be a monomial. Then the degree of X is n i=1 e i ∈ Z.
We call an element of the algebra C[X ±1 1 , . . . , X ±1 n ] homogeneous of degree d if it is a linear combination of monomials of degree d. These notions extend to the algebras H 0 (G) and

A n via the isomorphism H 0 (G) = A n and the inclusion A n ⊂ C[X ±1 1 , . . . , X ±1 n ]. Lemma 1.7. Let f ∈ H 0 (G) be a homogeneous function of degree d. Then f is supported on the set of elements g ∈ G with | det g| = q -d .
Proof. (cf. [1, p. 34 bottom]). The function f (P 0 ) is supported on the set of elements t ∈ T with

| det t| = q -d . Let χ be the characteristic function of the subset {g ∈ G | | det g| = q -d } ⊂ G.
The Satake transform (χf ) (P 0 ) is equal to χ| T • (f (P 0 ) ). The function χf is equal to f by injectivity of the Satake transform.

By taking f = f nαs we obtain in particular:

Lemma 1.8. The function f nαs is supported on the set of elements g ∈ G with | det g| = q -αs .

Proof. The Satake transform S G (f nαs ) of the Kottwitz function f nαs is homogeneous of degree αs in the algebra A n .

Lemma 1.9. Let P = M N be a standard parabolic subgroup of G corresponding to the composition (n a ) of n. Let k be the length of this composition. The constant term of f nαs at P is equal to

(1.5) (sa) q α•C(na,sa) • (f n 1 αs 1 ⊗ f n 2 αs 2 ⊗ • • • ⊗ f n k αs k ) ,
where the sum ranges over all extended composition (s a ) of s of length k. The constant

C(n a , s a ) is equal to s(n-s) 2 -k a=1 sa(na-sa) 2 .
Remark. In the above sum only the extended composition (s a ) of s with s a ≤ n a participate: If s a > n a for some a, then f naαsa = 0 by our convention.

Proof. (cf. [START_REF] Morel | On the cohomology of certain noncompact Shimura varieties[END_REF]Prop. 4.2.1]). Let I a ⊂ {1, 2, . . . , n} be the blocks corresponding to the composition (n a ). If I is a subset of the index set {1, . . . , n}, then we write X I for the monomial i∈I X i ∈ C[X 1 , X 2 , . . . , X n ] in this proof. Taking constant terms is transitive and the constant term of a spherical function is spherical. Therefore it suffices to prove that both f nαs and the function in Equation (1.5) have the same Satake transform. We compute

(sa) q α•C(na,sa) k a=1 S G (f naαsa ) = (sa) q α•C(na,sa) k a=1 q α sa(na-sa) 2 I⊂Ia,#I=sa X α I = q α s(n-s) 2 (sa) k a=1 I⊂Ia,#I=sa X α I = q α s(n-s) 2 (sa) I X α I (I ⊂ {1, . . . , n}, ∀a : |I ∩ I a | = s a ) = q α s(n-s) 2 I⊂{1,...,n},|I|=s X α I .
This concludes the proof.

1.4. Truncation of the constant terms. In this subsection we compute the truncated function χ G c (f

(P )
nαs ). This result is crucial to determine which representations of G contribute to the cohomology of the basic stratum of Shimura varieties associated to unitary groups. 

(P ) nαs ) is equal to (1.6) χ G c (f (P ) nαs ) = q α•C(na,sa) • χ Gn 1 c f n 1 αs 1 ⊗ χ Gn 2 c f n 2 αs 2 ⊗ • • • ⊗ χ Gn k c f n k αs k ∈ H 0 (M ),
where s a = s d • d a for all a ∈ {1, 2, . . . , k}, and the constant C(n a , s a ) equals s(n-s)

2 - k a=1 sa(na-sa) 2 .
Proof. By Lemma 1.9 the truncated constant term χ G c (f

(P ) nαs ) is a sum of terms of the form χ G c (f n 1 αs 1 ⊗ • • • ⊗ f n k αs k )
where (s a ) ranges over extended compositions of s. To prove the Proposition we describe precisely the extended compositions with non-zero contribution. Thus assume that one of those terms is non-zero; say the one which corresponds to the extended composition (s a ) of s. Let m be a semisimple point in M at which this term does not vanish. Let m a ∈ G na be the a-th block of m, and let m a,1 , . . . , m a,n 1 ∈ F be the set of eigenvalues of m a . The element m is compact not only in the group M , but also in the group G, and therefore the absolute value |m a,i | is equal to the absolute value |m b,j | for all indices a, i, b and j. In particular the value | det(m a )| 1/na is equal to | det(m b )| 1/n b . By Lemma 1.8 the absolute value of the determinant det(m a ) is equal to q -αsa . Therefore the fraction sa na is equal to the fraction s b n b for all indices a and b. We claim that the fraction sa na equals s n . To see this, we have n b sa na = s b for all indices a, b, and thus 

(1.7) n s a n a = (n 1 + n 2 + . . . + n k ) s a n a = s 1 + s 2 + . . . + s k = s, which proves the claim. We have d s • s a = d s • n a • s n = d n • n a . Because n a • s n = s a is
(i ) The function χ N f (P ) nαs ∈ H 0 (M ) is equal to (sa) q α•C(na,sa) • (f n 1 s 1 ⊗ f n 2 s 2 ⊗ • • • ⊗ f n k s k ) ,
where the sum ranges over all extended compositions (s a ) of s of length k satisfying

s 1 n 1 > s 2 n 2 > . . . > s k n k . (ii ) The function χ N f (P ) nαs ∈ H 0 (M ) is equal to (sa) q αC(na,sa) • (f n 1 αs 1 ⊗ f n 2 αs 2 ⊗ • • • ⊗ f n k αs k ) ,
where the sum ranges over all extended compositions (s a ) of s of length k satisfying

(s 1 + s 2 + . . . + s a ) > s n (n 1 + n 2 + . . . + n a ),
for all indices a strictly smaller than k.

Proof. Let H i for i = {1, 2, . . . , n} denote the i-th vector of the canonical basis of the vector space a 0 = R n . The subset ∆ P of ∆ is the subset consisting of the roots α n 1 +n 2 +...+na for a ∈ {1, 2, . . . , k -1}. For any root α = α i | a P in ∆ P we have:

(1.8) ̟ G α = (H 1 + • • • + H i - i n (H 1 + H 2 + • • • + H n ))| a P .
Let m be an element of the standard Levi subgroup M . By Lemma 

| det(m 1 )| • | det(m 2 )| • • • | det(m a )| < | det(m)| n 1 +n 2 +...+na n
for all indices a ∈ {1, . . . , k -1}. We determine the function χ N f (P )

nαs . Let m = (m a ) be an element of M . Assume m lies in the obtuse Weyl chamber (cf. Equation (1.9)). Let (s a ) be an extended composition of s. Besides the condition χ N (m) = 0 we assume that (f

n 1 αs 1 ⊗ f n 2 αs 2 ⊗ • • • ⊗ f n k αs k ) (m) = 0. By Lemma (1.8) the absolute value | det(m a )| is equal to q -saα
for all indices a. By Equation (1.9) we thus have the equivalent condition

(1.10) (s 1 + s 2 + . . . + s a ) > s n (n 1 + n 2 + • • • + n a )
for all indices a ∈ {1, . . . , k -1}. We have proved that if the product of the obtuse function χ N with the function ( nαs is the same: Instead of using Equation (1.9), one uses that χ N (m) equals 1 if and only if |α(m)| < 1 for all roots α ∈ ∆ P . Therefore the element m lies in the acute Weyl chamber if and only if

f n 1 αs 1 ⊗ f n 2 αs 2 ⊗ • • • ⊗ f n k αs k ) is non-zero,
(1.11) | det(m 1 )| 1/n 1 < | det(m 2 )| 1/n 2 < • • • < | det(m k )| 1/n k .
This completes the proof.

1.6. Computation of some compact traces. In this subsection we compute compact traces against the trivial representation and the Steinberg representation.

Definition 1.12. If π is an unramified representation of some Levi subgroup M of G then we write ϕ M,π ∈ M for the Hecke matrix of this representation. We recall the definition of the Hecke matrix. For an unramified representation π of G there exists a smooth unramified character χ of the torus T and a surjection Ind G P 0 (χ) ։ π. Fix such a character χ together with such a surjection. Let T be the complex torus dual to T . We compose any rational cocharacter F × → T (F ) with χ, and then we evaluate this composition at the prime element ̟ F . This yields an element of Hom(X * (T ), C × ). The set Hom(X * (T ), C × ) is equal to the set X * ( T ) ⊗ C × = T (C). Thus we have an element of T (C) well-defined up to the action of the rational Weyl-group of T in M . This element in T (C) is the Hecke matrix ϕ M,π ∈ M .

Proposition 1.13. Let f ∈ H 0 (G) be a spherical function on G. Let St G be the Steinberg representation of G. The compact trace Tr(χ G c f, St G ) is equal to ε P 0 S T ( χ N 0 f (P 0 ) )(ϕ T,δ 1/2 P 0
).

Proof. By Proposition 1.3 we have

Tr(χ G c f, π) =

P =M N ε P Tr( χ N f (P ) , (St G ) N (δ -1/2 P
)).

The normalized Jacquet module (St G ) N (δ

-1/2 P
) at a standard parabolic subgroup P = M N is equal to an unramified twist of the Steinberg representation of M (cf. [3, thm 1.7(2)]). Assume that the parabolic subgroup P = M N ⊂ G is not the Borel subgroup. Then the representation St M of M is ramified while the function χ N f (P ) is spherical. The contribution of P thus vanishes and consequently only the term corresponding to P 0 remains in the above formula. The Jacquet module (St G )N 0 is equal to 1(δ P 0 ). This completes the proof.

Lemma 1.14. Let P = M N be a standard parabolic subgroup of G which is proper. Let f ∈ H 0 (G) be a homogeneous spherical function of degree coprime to n. Then χ G c f (P ) = 0.

Proof. Write s for the degree of f . Let (n a ) be the composition of n corresponding to P . We may write

χ G c = χ M c χ G M as functions on M , where χ G M ∈ C ∞ (M ) is the characteristic function of the set of elements m = (m a ) ∈ M = k a=1 G na such that (1.12) | det m 1 | 1/n 1 = | det m 2 | 1/n 2 = • • • = | det m k | 1/n k .
We claim that χ G M f (P ) = 0. Let m = (m a ) ∈ M be an element such that f (P ) (m) = 0 and χ G M (m) = 0. Thus Equation (1.12) is true for (m a ). Let s a be the integer such that | det m a | = q -sa . From Equation (1.12) we obtain that sa na = s b n b for all indices a and b. We have s 1 + s 2 + . . . + s k = s. Use the argument at Equation (1.7) to obtain sa na = s n for all indices a. We find in particular that n a s n is an integer. Because n and s are coprime this implies that n a = n, i.e. that P = G. This completes the proof.

Proposition 1.15. Let f ∈ H 0 (G) be a homogeneous function of degree s. Assume s is prime to n. The compact trace Tr(χ G c f, 1) is equal to

ε P 0 Tr(χ G c f, St G ).
Proof. For the trivial representation 1 of G we have the character identity 1 =

P =M N ε P ε P 0 Ind G P (St M (δ -1/2 P
)) holding in the Grothendieck group of G. By the Proposition 1.5 we have

Tr(χ G c f, Ind G P (St M (δ -1/2 P ))) = Tr(χ G c f (P ) , St M (δ -1/2 P )).
By Lemma 1.14 we have χ G c f (P ) = 0 if P is proper. The statement follows.

Example.

In this example we deduce the formula that we gave in the introduction (see Equation (0.2)). We claim that the polynomial S T (χ N 0 f

(P 0 ) nαs ) in the ring C[X ±1 1 , X ±1 2 , . . . X ±1 n ] is equal to the polynomial q α s(n-s) 2 X α i 1 X α i 2 • • • X α
is where the indices i 1 , i 2 , . . . , i s in the sum range over the set {1, 2, . . . , n} and satisfy the conditions (1) i 1 < i 2 < i 3 < . . . < i s ; (2) i 1 = 1; (3) If s > 1 then for each subindex j ∈ {2, . . . , s} we have i j < 1 + n s (j -1). The verification is elementary from Equation (4.3) but let us give details anyway. Let (s i ) be an extended composition of s of length n with s i ∈ {0, 1} for all i and assume that the monomial

M (s i ) := X αs 1 1 X αs 2 2 • • • X αsn n occurs in S T (χ N 0 f (P 0 )
nαs ) with a non-zero coefficient. We have (1.13)

s 1 + s 2 + . . . + s i > s n i
for all i < n. Define for each subindex j ≤ s the index i j to be equal to inf{i : s 1 +s 2 +. . .+s i = j}. With this choice for i j we have

M (s i ) = X α i 1 X α i 2 • • • X α is .
Equation (1.13) forces i 1 = 1 and for all j ≤ s -1 that i j+1 -1 is equal to the supremum sup{i : s 1 + s 2 + . . . + s i = j}. Consequently j > s n (i j+1 -1) for all j ≤ s -1. By replacing j by j -1 in this last formula we obtain for all j with 2 ≤ j ≤ s the inequality

i j < 1 + (j -1) n s .
In the inverse direction, starting from this inequality for all j together with the condition "i 1 = 1" we may go back to the inequalities in Equation (1.13). This proves the claim.

Example. We have

Tr(χ G c f nα1 , 1) = 1 Tr(χ G c f nα2 , 1) = 1 + q α + q 2α + . . . + q α(⌊ n 2 ⌋-1) .

Discrete automorphic representations and compact traces

We introduce two classes of semi-stable representations, the Speh representationds and the rigid representations which are certain products of Speh representations. Then we deduce from the Moeglin-Waldspurger classification the possible components at p of discrete automorphic representations in the semi-stable case.

Let x, y be integers such that n = xy. We define the representation Speh(x, y) of G to be the unique irreducible quotient of the representation

| det | y-1 2 St Gx × | det | y-3 2 St Gx × • • • × | det | -y-1
2 St Gx where the product means unitary parabolic induction from the standard parabolic subgroup of G n with y blocks and each block of size x. A semi-stable Speh representation of G is, by definition, a representation isomorphic to Speh(x, y) for some x, y with n = xy. We emphasize that we did not introduce all Speh representations, we have introduced only the ones which are semi-stable.

A smooth representation π p of G is called semi-stable rigid representation if it is isomorphic to a representation of the following form. Consider the following list of data

• k ∈ {1, 2, . . . , n};
• for each a ∈ {1, 2, . . . , k} an unitary unramified character ε a : G → C × ; • for each a ∈ {1, 2, . . . , k} a real number e a in the open (real) interval (-1 2 , 1 2 ); • positive integers y, x 1 , x 2 , . . . , x k such that n y = k a=1 x a , then we form the representation

Ind G P k a=1 Speh(x a , y)(ε a | • | ea ),
where P = M N ⊂ G is the parabolic subgroup corresponding to the composition (yx a ) of n and where the tensor product is taken along the blocks of M = k a=1 G yxa . We remark that these representations are irreducible.

Theorem 2.1 (Moeglin-Waldspurger). Let F be a number field and let v be a finite place of F . Let π v be the local factor at v of a discrete (unitary) automorphic representation π of GL n (A F ). Assume that π v is semi-stable. Then π v is a semi-stable rigid representation.

Remark. Let π v be a semi-stable component of a discrete automorphic representation, as considered in the Theorem 2.1. Then using the definition of rigid representation we associate, among other data, to π v the real numbers e a in the open interval (- 1 2 , 1 2 ) (see above). The Ramanujan conjecture predicts that the numbers e a are 0. This conjecture is proved in the restricted setting of Section §3 where we work with automorphic representations occurring in the cohomology of certain Shimura varieties. Therefore the numbers e a , which a priori could be there, will not play a role for us.

Proof of Theorem 2.1. By the classification of the discrete spectrum of GL n (A F ) in [START_REF] Moeglin | Le spectre résiduel de GL(n)[END_REF] there exist

• a decomposition n = xy, x, y ∈ Z ≥1 ; • a cuspidal automorphic representation ω of GL x (A F ); • a character ε : GL n (A F ) → C × ,
such that after twisting by ε, the representation π is the irreducible quotient J of the induced representation I which is equal to Ind

GLn(A F ) Px(A F ) ω| • | y-1 2 , . . . , ω| • | 1-y 2
. In this formula the induction is unitary and P x = M x N x ⊂ GL n is the standard parabolic subgroup of GL n with y-blocks, each one of size x × x. By applying the local component functor [32, prop 2.4.1] to the surjection I ։ J we obtain a surjection

I v ։ J v . The component at v of I v is simply Ind GLn(Fv ) Px(Fv) ω v | • | y-1 2 , . . . , ω v | • | 1-y 2
. The representation ω v is a factor of a cuspidal automorphic representation of GL x (A F ) and therefore generic 3 . From this point onwards we work locally at v only, so we drop the GL n (F v )-notation and write simply G n . By the Zelevinsky classification of p-adic representations [START_REF] Zelevinsky | Induced representations of reductive p-adic groups. II. On irreducible representations of GL(n)[END_REF] any generic representation is of the form is unitary. We assumed that π v is semi-stable. Therefore ρ is semi-stable and cuspidal, and therefore a one-dimensional unramified character. This implies that σ a is equal to St Gn a (ε a ) for some n a ∈ Z ≥0 and some unramified unitary character ε a of G na . Thus σ is equal to St Gn

σ 1 | det | e 1 × σ 2 | det | e 2 × • • • × σ k | det | e k
1 (ε 1 )| det | e 1 × • • • × St Gn k (ε k )| det | e k .
For the representation I v we obtain

I v = ω v | det | y-1 2 × • • • × ω v | det | 1-y 2 = (σ 1 | det | e 1 × • • • σ r | det | er ) | det | y-1 2 × • • • × (σ 1 | det | e 1 × • • • σ r | det | er ) | det | 1-y 2 = k a=1 σ a | det | ea+ y-1 2 × • • • × σ i | det | ea+ 1-y 2 .
For each i, the representation [START_REF] Fargues | Cohomologie des espaces de modules de groupes p-divisibles et correspondances de Langlands locales[END_REF]. Therefore π is a Speh-representation; say x and y are its parameters. The character formula of Tadic [37, p. 342] expresses π as an alternating sum of induced representations:

σ a | det | ea+ y-1 2 × • • • × σ a | det | ea+ 1-y 2 has Speh(x a , y)(ε a | det | ea
| det | x+y 2 u(St x , y) = w∈S ′ y ε(w) y i=1 δ[i, x + w(i) -1] ∈ R (for notations see [loc. cit]
). The compact trace on all these induced representations vanish unless they are induced from the parabolic subgroup P = G. This is true only if the representation δ[i, x + w(i) -1] is the unit element in R for all indices expect one, i.e. if (x + w(i) -1)i + 1 = 0. After simplifying we find that w(i) = ix for all indices i except one. Make the assumption that y > 1. Then clearly, if x > 1, the number ix is non-positive for the indices i = 1 and i = 2. It then follows that w(i) is non-positive for i = 1 or i = 2. However, that is impossible because w is a permutation of the index set {1, 2, . . . , y}. The conclusion is that either y = 1 or x = 1. But then π is the Steinberg or the trivial representation.

The basic stratum of some Shimura varieties associated to division algebras

In this section we establish the main result of this article.

3.1. Notations and assumptions. As explained in the introduction, we place ourselves in a restricted version of the setting of Kottwitz in the article [START_REF] Kottwitz | On the λ-adic representations associated to some simple Shimura varieties[END_REF]. We start by copying some of the notations from that article. Let D be a division algebra over Q equipped with an anti-involution * . Let Q be the algebraic closure of Q inside C. Write F for the center of D and we embed F into Q. We assume that F is a CM field and we assume that * induces the complex conjugation on F . We write F + for the totally real subfield of F and we assume that F decomposes into a compositum KF + where K/Q is quadratic imaginary. Let n be the positive integer such that n 2 is the dimension of D over F . Let G be the Q-group such that for each commutative

Q-algebra R the set G(R) is equal to the set of elements x ∈ D ⊗ Q R with xx * ∈ R × . The mapping c : G → G m,Q defined by x → xx * is called the factor of similitude.
Let h 0 be an algebra morphism h 0 : C → D R such that h 0 (z) * = h 0 (z) for all z ∈ C. We assume that the involution x → h 0 (i) -1 x * h 0 (i) is positive. We restrict h 0 to C × to obtain a morphism h from Deligne's torus Res C/R G m,C to G R ; we let X be the G(R) conjugacy class of h. The triple (G, X, h) is a Shimura datum and the triple (G, X, h -1 ) is also a Shimura datum. We work with the second datum, which is different from the first by a sign 4 . Let µ ∈ X * (G) be the restriction of h ⊗ C :

C × × C × → G(C) to the factor C × of C × × C × indexed by the identity isomorphism C ∼ → C.
We write E ⊂ Q for the reflex field of this Shimura datum (see below for a description of E). We obtain varieties Sh K defined over the field E and these varieties represent corresponding moduli problems of Abelian varieties of PEL-type as defined in [START_REF] Kottwitz | Points on some Shimura varieties over finite fields[END_REF].

Let p be a prime number where the group G Qp is unramified over Q p , and the conditions of [27, §5] are satisfied so that the moduli problem and the variety Sh K extend to be defined over the ring O E ⊗ Z p [loc. cit.]. We assume that the prime p splits in the field K. Let K ⊂ G(A f ) be a compact open subgroup, of the form K = K p K p , with K p ⊂ G(Q p ) hyperspecial (coming from the choice of a lattice and extra data, see [loc. cit., §5]). Furthermore, we assume that

K p ⊂ G(A p f ) is small enough such that Sh K /O E ⊗Z p is smooth [loc. cit, §5]
. Fix an embedding ν p : E → Q p . The embedding ν p induces an E-prime p lying above p. We write F q for the residue field of E at the prime p.

Let ξ be an irreducible algebraic representation over Q of G Q and let L be the local system corresponding to ξ ⊗ C on the variety Sh K,O E p . Let g be the Lie algebra of G(R) and let K ∞ 4 The reason for this sign is that the formula conjectured by Kottwitz in the article [START_REF] Kottwitz | On the λ-adic representations associated to some simple Shimura varieties[END_REF] turned out to be slightly mistaken. When Kottwitz proved his conjecture in [START_REF] Kottwitz | Points on some Shimura varieties over finite fields[END_REF] he found that a different sign should be used. However he did not change the sign in the conclusion of his theorem, rather he introduced it at the beginning by replacing h by h -1 . We follow the conventions of Kottwitz because we refer to both articles constantly.

be the stabilizer subgroup in G(R) of the morphism h. Let f ∞ be a Clozel-Delorme pseudocoefficient [START_REF] Clozel | Pseudo-coefficients et cohomologie des groupes de Lie réductifs réels[END_REF] so that the following property holds. Let π ∞ be an (g, K ∞ )-module occurring as the component at infinity of an automorphic representation π of G. Then the trace of [START_REF] Kottwitz | On the λ-adic representations associated to some simple Shimura varieties[END_REF]p. 657,Lemma 3.2]). Let ℓ be an auxiliary prime number (different from p) and Q ℓ an algebraic closure of Q ℓ together with an embedding Q ⊂ Q ℓ . We write L for the ℓ-adic

f ∞ against π ∞ is equal to the Euler-Poincaré characteristic ∞ i=0 (-1) i dim H i (g, K ∞ ; π ∞ ⊗ ξ) (cf.
local system on Sh K,O E p associated to the representation ξ ⊗ Q ℓ of G Q ℓ .
Because p splits in the extension K/Q, the group G Qp splits into a direct product of general linear groups:

(3.1) G Qp ∼ = G m,Qp × ℘|p Res F + ℘ /Qp GL n,F + ℘ ,
where the product ranges over the set of F + -places above P . Observe that we wrote ' ∼ =' and not '='. The choice of an isomorphism amounts to the choice of, for each F + -place ℘ of an F -place ℘ ′ above ℘. Recall that we have embedded K into C and that F = K ⊗ F + . Therefore, we have in fact for each ℘ such an ℘ ′ . We fix for the rest of this article in Equation 3.1 the isomorphism corresponding to this choice of F -primes above the F + -primes above p. We write T Qp ⊂ G Qp for the diagonal torus. Observe that the group on the right hand side of the above equation has an obvious model over Z p ; we will write G Zp for this model, and we assume

K p = G Zp (Z p ).
The field E is included in the field F . We copy Kottwitz's description of the reflex field E (cf. [26, p. 655]). Consider the subgroup consisting of the elements g ∈ G whose factor of similitude is equal to 1. This subgroup is obtained by Weil restriction of scalars from an unitary group U defined over the field F + . Let v : F + → R be an embedding and let v 1 , v 2 be the two embeddings of F into C that extend v. We associate a number n v 1 to v 1 and a number n v 2 to v 2 such that the group U (R, v) is isomorphic to the standard real unitary group U (n v 1 , n v 2 ). The group Aut(C/Q) acts on the set of Z-valued functions on Hom(F, C) by translations. The reflex field E is the fixed field of the stabilizer subgroup in Aut(C/Q) of the function v → n v .

We write V (F + ) := Hom(F + , Q). We identify V (F + ) with Hom(F + , Q p ) via the embedding ν p , and also with Hom(F + , R) via the inclusion F + ⊂ R. In particular V (F + ) is a Gal(Q p /Q p )-set and a Gal(C/R)-set. For every F + -prime ℘ above p we write V (℘) for the Galois orbit in V (F + ) corresponding to ℘.

We have embedded the field K into C, and thus each Gal(C/R)-orbit in V (F + ) contains a distinguished point, i.e. for each each embedding v : F + → C we have a distinguished extension v 1 : F → C. We write s v for the number n v 1 . We define s ℘ := v∈V (℘) s v . We define Unr + p to be the set of F + -places ℘ above p such that s ℘ = 0, and Ram + p to be the set of F + -places above p such that s ℘ > 0. We work under one additional technical assumption: We assume that for every ℘ ∈ Ram + p the number s ℘ is coprime with n.

3.2.

Isocrystals and the basic stratum. Write A K for the universal Abelian variety over Sh K and λ, i, η for its additional PEL type structures [27, §6]. Let L be the completion of the maximal unramified extension of Q p contained in Q p . Then E p,α is a subfield of L. We write σ for the automorphism of L which acts by x → x p on the residue field of L. We write V for the D opp -module with space D where an element d ∈ D opp acts on the left through multiplication on the right on the space D. Let x ∈ Sh K (F q α ) be a point. The rational Dieundonné module D(A K,x ) Q is an (E p,α /Q p )isocrystal. The couple (λ, i) induces via the functor D( ) Q additional structures on this isocrystal. There exists an isomorphism ϕ : [27, p. 430], and via this isomorphism we can send the crystalline Frobenius on D(A K,x ) Q to a σ-linear operator on V ⊗ E p,α . This operator on V ⊗ E p,α may be written in the form δ • (id V ⊗σ) where δ ∈ G(E p,α ) is independent of ϕ up to σ-conjugacy. We also have the L-isocrystal D(A K,x ⊗ F q ) Q = D(A K,x ) L which induces in the same manner an element of G(L), well defined up to σ-conjugacy. Let B(G Qp ) be the set of all σ-conjugacy classes in G(L) from [START_REF] Kottwitz | Isocrystals with additional structure[END_REF]. This set classifies the L isocrystals with additional G Qp -structure up to isomorphism.

V ⊗ E p,α ∼ → D(A K,x ) Q of skew-Hermitian B- modules
In the articles [START_REF] Rapoport | On the classification and specialization of F -isocrystals with additional structure[END_REF] and [START_REF] Kottwitz | Isocrystals with additional structure[END_REF] there is introduced the subset

B(G Qp , µ Q p ) ⊂ B(G Qp ) of µ Q p - admissible isocrystals.
The point is that if an isocrystal arises from some element x ∈ Sh K (F q ) then this isocrystal is always µ Q p -admissible. The set B(G Qp ) can be described explicitly as follows. We have

G Qp = G m,Qp × Res F + Qp /Qp GL n,F + Qp which induces the decomposition B(G Qp ) = B(G m ) × ℘|p B(Res F + ℘ /Qp GL n,F + ℘ ).
Write µ ℘ for the component at ℘ of the cocharacter µ. Fix one ℘|p. There is the Shapiro bijection [28, Eq. 6.5.3]

B(Res F + ℘ /Qp GL n,F + ℘ , µ ℘ ) = B(GL n,F + ℘ , µ ′ ℘ )
where the right hand side is the set of σ [F + ℘ :Qp] -conjugacy classes in GL n (L) and µ ′ ℘ is defined by

µ ′ ℘ def = v∈V (℘) (1, 1, . . . , 1 sv , 0, 0, . . . , 0 n-sv ) ∈ Z n .
There is an unique element b ∈ B(G Qp ) with the property that, for each ℘, the corresponding isocrystal b ′ ℘ in B(GL n,F + ℘ , µ ′ ℘ ) has precisely one slope (i.e. b is basic). This slope must then be s℘ n because the end point of the Hodge polygon of µ ′ ℘ is (n, s ℘ ). The component of b at the factor of similitude is the σ-conjugacy class equal to the set of elements x ∈ L × whose valuation is equal to 1. Lemma 3.1. We have (n, s ℘ ) = 1 if and only if the isocrystal V ℘ is simple.

Proof. We have V ℘ = V m λ where V λ is the simple object of slope λ = s℘ n . In case s ℘ and n are coprime this simple object is of height n; otherwise its height is strictly less than n, and it therefore has to occur with positive multiplicity.

The isocrystal b introduced above characterises the basic stratum B ⊂ Sh K,Fq as the reduced subscheme such that for all points x ∈ B(F q ) the isocrystal associated to the Abelian variety A K,x is equal to b. The variety B is projective, but in general not smooth 5 .

The Hecke correspondences on Sh K may be restricted to the subvariety ι : B ֒→ Sh K,Fq and we have an action of the algebra H(G(A f )) on the cohomology spaces H i ét (B Fq , ι * L). Furthermore, the space H i ét (B Fq , ι * L) carries an action of the Galois group Gal(F q /F q ) which commutes with the action of H(G(A f )).

The function of Kottwitz.

Let α be a positive integer. Let E p,α /E p be an unramified extension of degree α. We write φ α for the characteristic function of the double coset

G(O Ep,α )µ(p -1 )G(O Ep,α ) in G(E p,α ).
The function f α is by definition obtained from φ α via base change from G(E p,α ) to G(Q p ). We call the functions f α the functions of Kottwitz ; they play a fundamental role in the point-counting formula of Kottwitz for the number of points of the variety Sh K over finite fields. In this section we give an explicit description of these functions f α of Kottwitz. Definition 3.2. Let ℘ be an F + -place above p. We write V α (℘) for the set of Gal(Q p /E p,α )orbits in the set V (℘), and V α (F + ) for the set of Gal(Q p /E p,α ) orbits in the set V (F + ). If v ∈ V α (F + ) is such an orbit, then this orbit corresponds to a certain finite unramified extension E p,α [v] of E p,α . Let α v be the degree over Q p of the field E p,α [v], we then have

E p,α [v] = E p,αv .
Remark. Let v be an element of V α (℘), then the number s v is independent of the choice of representative v ∈ v.

Remark. Observe that if F + is Galois over Q, then all the Galois orbits in V (F + ) have the same length.

Proposition 3.3. The function f α is given by

f α = 1 q -α Z × p ⊗ ℘|p v∈Vα(℘) f GLn(F + ℘ ) nαvsv ∈ H 0 (G(Q p )),
where the product is the convolution product.

Proof. We have the Gal(Q p /Q p )-set V (F + ) = Hom(F + , Q p ). This Galois set is unramified and we have an action of the Frobenius σ. The Galois set V (F + ) decomposes: V (F + ) = ℘|p V (℘), where V (℘) := Hom(F + ℘ , Q p ). We have

F + ⊗ E p,α = ℘|p (E p,αv ) #Vα(℘) .
Because p splits in K we have K ⊂ Q p ⊂ E p,α and therefore

(3.2) G(E p,α ) = E × p,α × ℘|p v∈Vα(℘)
GL n (E p,αv ).

Recall that, by the definition of the reflex field, if two elements v, v ′ ∈ V (F + ) lie in the same σ [Ep:Qp] -orbit, then s v = s v ′ . Thus, with respect to the decomposition in Equation (3.2) we may write

φ α = 1 p -1 O E p,α ⊗ ℘|p v∈Vα(℘) 1 GLn(O E p,αv ) • µ v (p -1 ) • 1 GLn(O E p,αv ) ∈ H 0 (G(E p,α )),
where

µ v is the cocharacter (µ sv ) [Ep,α v :Ep,α] ∈ X * (Res Ep,α v /Ep,α G n m ) = Z n•[Ep,α v :Ep,α]
. The explicit description of f α now follows by applying the base change morphism from the spherical Hecke algebra of the group G(E p,α ) to the spherical Hecke algebra of the group

G(Q p ) = Q × p × ℘|p GL n (F + ℘ )
. This completes the proof.

3.4. An automorphic description of the basic stratum. Let ι be the inclusion B ֒→ Sh K,Fq . For each positive integer α and each f ∞p ∈ H(G(A p f )) we define the constant

T B (f p , α) def = ∞ i=0 (-1) i Tr(f ∞p × Φ α p , H i ét (B Fq , ι * L)).
We write f for the function f ∞p f α f ∞ in the Hecke algebra of G and similarly for χ G(Qp) c f even though the truncation occurs only at p.

We first give an automorphic expression for the trace T B (f p , α) for all sufficiently large integers α. Proposition 3.4. There exists an integer α 0 depending on the function f p such that T B (f p , α) equals Tr(χ

G(Qp) c f, A(G)) for all α ≥ α 0 .
Proof. The main theorem of the article [START_REF] Kottwitz | Points on some Shimura varieties over finite fields[END_REF] gives an equation of the form (3.3)

x ′ ∈Fix Φ α p ×f ∞p (Fq) Tr(Φ α p × f ∞p , L x ) = | ker 1 (Q, G)| (γ 0 ;γ,δ) c(γ 0 ; γ, δ)O γ (f ∞p )T O δ (φ α ) Tr ξ C (γ 0 ),
the notations are from [loc. cit], see especially §19. We restrict this formula to the basic stratum B by considering on the right hand side only basic Kottwitz triples. In this context basic means that the stable conjugacy class γ 0 in (γ 0 ; γ, δ) is compact at p, or, equivalently that the isocrystal corresponding to δ is the basic isocrystal in B(G Qp , µ). The elements x ′ ∈ Fix Φ α p ×f ∞p (F q ) in the sum in the left hand side of the Equation then have to be restricted to range over the set of fix points Fix B Φ α p ×f ∞p of the correspondence Φ α p × f ∞p acting on the variety B. Everything else remains unchanged. This follows from the arguments of Kottwitz given for the above equation (cf. [loc. cit, §19]). From Fujiwara's trace formula [15, thm 5.4.5] we obtain

T B (f p , α) = x ′ ∈Fix B Φ α p ×f ∞p (Fq) Tr(Φ α p × f ∞p , ι * L x )
for α large enough; say that this formula is true for all α ≥ α 0 . Note that in Fujiwara's statement the integer α 0 depends on the correspondence and the sheaf L.

To any σ-conjugacy class δ ∈ G(E p,α ) we associate a conjugacy class N (δ) in the group G(Q p ) defined up to conjugacy by δσ(δ)

• • • σ α ′ -1 (δ) (cf. [1] [21, p. 799]). The element δ ∈ G(E p,α ) is called σ-compact if its norm N (g) is a compact conjugacy class in G(Q p ). Let χ G(Qp) c
be the characteristic function on G(Q p ) of the subset of compact elements (cf. §1.2). We let χ G(Ep,α) σc be the characteristic function on G(E p,α ) of the set of σ-compact elements. Consequently T B (f ∞p , α) is equal to

| ker 1 (Q, G)| (γ 0 ;γ,δ) c(γ 0 ; γ, δ)O γ (f ∞p )T O δ (χ G(Ep,α) σc φ α ) Tr ξ C (γ 0 )
where (γ 0 ; γ, δ) ranges over all Kottwitz triples. Kottwitz has pseudo-stabilized this formula:

τ (G) (γ 0 ;γ,δ) κ∈K(I 0 /Q) α(γ 0 ; γ, δ),s e(γ, δ)O γ (f ∞p )T O δ (χ G(Ep,α) σc φ α ) Tr ξ C (γ 0 )• • Vol(A G (R) 0 \I(∞)(R)) -1 , (3.4)
see [START_REF] Kottwitz | Shimura varieties and λ-adic representations[END_REF]Eq. (7.5)]. By the base change fundamental Lemma (see [START_REF] Clozel | The fundamental lemma for stable base change[END_REF] and [START_REF] Kottwitz | Base change for unit elements of Hecke algebras[END_REF]) the functions φ α and f α have matching stable orbital integrals (the functions are associated). By construction of the function χ G(Ep,α) σc this is then also the case for the truncated functions χ G(Ep,α) σc φ α and χ G(Qp) c f α . The group G arises from a division algebra and therefore the group K(G γ 0 /Q) is trivial for any (semisimple) element γ ∈ G(Q) [26, Lemma 2]. Let γ ∞ be a semisimple element of G(R). Then the stable orbital integral SO γ∞ (f ∞ ) vanishes unless γ ∞ is elliptic, in which case it is equal to Vol(A G (R) 0 \I(R)) -1 e(I), where I denotes the inner form of the centralizer of γ ∞ in G that is anisotropic modulo the split center

A G of G [26, Lemma 3.1]. Consequently Equation (3.4) is equal to the stable formula τ (G) γ 0 SO γ 0 (f ∞p (χ G(Qp) c f α )f ∞ ).
By the argument at [START_REF] Kottwitz | On the λ-adic representations associated to some simple Shimura varieties[END_REF]Lemma 4.1] the above stable formula is the geometric side of the trace formula for the group G and the function χ

G(Qp) c f ; therefore it is equal to the trace of χ G(Qp) c
f on the space of automorphic forms A(G) on G. We have obtained that T B (f p , α) equals Tr(χ G(Qp) c f, A(G)) for all α ≥ α 0 . Definition 3.5. We call a smooth representation π p of G(Q p ) of Steinberg type if the following two conditions hold: (1) For all F + -places ℘ above p we have

π ℘ =    St GLn(F + ℘ ) ⊗ φ ℘ ℘ ∈ Ram + p Generic unramified ℘ ∈ Unr + p
where φ ℘ is an unramified character. [START_REF] Arthur | A trace formula for reductive groups. I. Terms associated to classes in G(Q)[END_REF] The factor of similitude Q × p of G(Q p ) acts through an unramified character on the space of π p . Lemma 3.6. Let π be an automorphic representation of G. Then π is one-dimensional if the component π ℘ is one-dimensional for some F + -place ℘ above p.

Proof. Assume π ℘ is one-dimensional. By twisting π with a character we may assume that π ℘ is the trivial representation. Let H ⊂ G(A f ) be a compact open subgroup such that π H = 0. We embed π in the space of automorphic forms on G. Then elements of π are complex valued functions on G(A). The group U ⊂ G is the unitary group of elements whose factor of similitude is trivial, and this group U arises by restriction of scalars from a unitary group U ′ over F + . Let SU be the derived group of U ′ . Then SU is a simply connected algebraic group over F + . We may restrict the automorphic representation π of G to obtain a representation of the group SU (A F + ) (which is reducible in general). Let h ∈ π be an element, then h is a complex valued function on G(A F + ) invariant under the groups SU (F + ), H and also under the group SU (F + ℘ ) because π ℘ is the trivial representation. By strong approximation for the group SU we see that SU (A F + ) acts trivially on h ∈ π H . Thus SU (A F + ) acts trivially on the space π. Therefore π is an Abelian automorphic representation of G and thus one-dimensional. f, π) = 0. We base change π to an automorphic representation BC(π) of the algebraic group K × × D × . Here we are using that D is a division algebra and therefore the second condition in Theorem A.3.1(b) of the Clozel-Labesse appendix in [START_REF] Labesse | Cohomologie, stabilisation et changement de base[END_REF] is satisfied (cf. [18, §VI.2] and [START_REF] Shin | On the cohomological base change for unitary simultude groups[END_REF]). In turn we use the Jacquet-Langlands correspondence [START_REF] Vigneras | On the global correspondence between gl(n) and division algebras[END_REF] (cf. [18, §VI.1] and [START_REF] Badulescu | Global Jacquet-Langlands correspondence, multiplicity one and classification of automorphic representations[END_REF]) to send BC(π) to an automorphic representation Π := JL(BC(π)) of the

Q-group G + = Res K/Q G m × Res F,Q GL n,F .
The transferred representation Π is discrete and θ-stable, which means that Π is isomorphic to the representation Π θ obtained from Π by precomposition G + (A) → G + (A) → End C (Π) × with θ. Because Π is a subspace of the space of automorphic forms A(G + ) it comes with a natural intertwining operator A θ : Π ∼ → Π θ induced from the action of θ on A(G + ) (here we are using that multiplicity one is true for the discrete spectrum of G + ). The group We prove a lemma before finishing the proof of Proposition 3.7.

G + (Q p ) is isomorphic to G(Q p ) × G(Q p
Lemma 3.8. Assume that π is infinite dimensional and that Tr(χ

G(Qp) c
f α , π) = 0. Then the transferred representation Π is cuspidal.

Proof. We use the divisibility conditions on n and s ℘ to see that Π is cuspidal: Because of these conditions, the Proposition 2.2 implies that the component π ℘ of π at the prime ℘ is an unramified twist of either the trivial representation or of the Steinberg representation if ℘ lies in the set Ram + p , i.e. if the basic isocrystal is not étale at ℘. The trivial representation is not possible by the Lemma 3.6 and the assumption that π is infinite dimensional. There is at least one ℘ such that b ℘ is not étale (thus Ram + p = 0), and therefore the discrete representation Π is an unramified twist of the Steinberg representation at some finite F + -place. By the Moeglin-Waldspurger classification of the discrete spectrum, the G + (A)-representation Π must be cuspidal.

Continuation of the proof of Proposition 3.7. If the prime ℘ ∈ Unr + p is such that the basic isocrystal at ℘ is étale at ℘ then the function χ

GLn(F + ℘ ) c
f ℘ is simply the unit of the spherical Hecke algebra, hence unramified, and therefore π ℘ is an unramified representation; because π ℘ occurs in a cuspidal automorphic representation of G + (A) the representation π ℘ is furthermore generic by the result of Shalika [START_REF] Shalika | The multiplicity one theorem for GLn[END_REF]. By Lemmas 3.6 and 3.8 there are the following possibilities for π. Either π is one-dimensional and the component π p is unramified, or π is infinite dimensional, and the component π p is of Steinberg type. We have proved that T B (f p , α) is equal to

(3.6) π⊂A(G) dim(π)=1 Tr(χ G(Qp) c f, π) + π⊂A(G) πp = St. type Tr(χ G(Qp) c f, π),
where both sums range over the irreducible subspaces of A(G).

The main theorem is now essentially established, we only need to expand the above sums slightly further using the calculations that we did in the first two sections.

We define a number ζ πp ∈ C for the two types of representations at p that occur in Equation (3.5): those of Steinberg type and the one-dimensional, unramified representations. Definition 3.9. Assume that π p = 1(φ p ) is unramified and one-dimensional. We define

(3.7) ζ πp def = φ c (q) ℘∈Ram + p φ ℘ (q s℘ ) ∈ C × ,
where φ c is the character by which the factor of similitude acts on the space of π p . Assume that π p is of Steinberg type. Then for all ℘ ∈ Ram + p we have π ℘ ∼ = St GL n (F + ℘ ) (φ ℘ ) for some unramified character φ ℘ of F +× ℘ . Let φ c be the character by which the factor of similitude of G(Q p ) acts on the space of π p . We define ζ πp again by Equation 3.7. Definition 3.10. Let π be a ξ-cohomological automorphic representation of G. The center Z of G contains the torus G m . We may precompose the central character ω π of π with the inclusion A × ⊂ Z(A) to obtain a character A × → C × . Let w ∈ Z be the unique integer such that the composition

(3.8) A × -→ C × |•| -→ R × >0 is the character || • || w/2 .
Lemma 3.11. Let π be a ξ-cohomological automorphic representation of G which is either unramified and one-dimensional, or of Steinberg type at p. Then ζ π is a Weil-q-number of weight w/n.

Proof. Let φ ℘ be the character of GL n (F + ℘ ) as defined in Equation 3.9. Let ω π be the central character of π. Then ω π,℘ = φ n ℘ for all ℘ ∈ Ram + p , and at the factor of similitude of G(Q p ) we have ω π,c = φ n c . Thus, the number ζ πp is an n-th root of the number (3.9)

η πp := ω c (q) ℘∈Ram + p ω π,℘ (q s℘ ) ∈ C × .
Thus, to prove that ζ π is Weil-q-number, it suffices to prove that η πp is a Weil-q-number. The central character ω π is a Grössencharakter of the center Z ⊂ G. The center Z of G is the set of elements z ∈ F × ⊂ D × such that the norm of z down to F +× lies in the subset

Q × ⊂ F +× . Because π is ξ C cohomological we have ω π,∞ = ξ -1 C | Z(R)
. Let U Z ⊂ Z be the subtorus consisting of elements in F × whose norm to F +× is equal to 1. We have an exact sequence µ 2 U Z × G m,Q ։ Z of algebraic groups over Q, where the injection is the embedding on the diagonal and the surjection is the multiplication map ϕ : (u, x) → ux. We may restrict the character ω π of Z(A) to the group U Z (A) × A × and we obtain in this manner a character ω π,1 of U Z (A) and a character ω π,2 of A × .

The component at p of the mapping ϕ : U

Z (A) × A × → Z(A) is the identity mapping U Z (Q p ) × Q × p = F +× Qp × Q × p -→ F +× Qp × Q × p = Z(Q p ). Let K 1 ×K 2 ⊂ U (A)×A × be a compact open subgroup such that ω π,1 is K 1 -spherical and such that ω π,2 is K 2 -spherical. The group U (Q)K 1 \U (A) is compact and therefore the product ℘∈Ram + p ω π,℘ (q s℘ ) ∈ C × ,
(cf. Equation (3.9)) is a Weil-q-number of weight 0. The group Q × K 2 \A × is non-compact and thus ω π,c (q) is a Weil-q-number whose weight is w, where w is defined in Definition 3.10. This completes the proof. Definition 3.12. We write P (q α ) for the trace Tr c (χ

G(Qp) c f α , 1).
In general P (q α ) is not a polynomial in q α , it depends on α in the following manner. The explicit description of the function f α from Proposition 3.3 shows (3.10)

P (q α ) = ℘∈Ram + p Tr   χ GLn(F + ℘ ) c v∈V (℘) f GLn(F + ℘ ) nαvsv , 1   .
The traces in the product in Equation (3.10) are computed in Subsection 1.6 (see Proposition 1.15).

Remark. In general the function P (q α ) is not a polynomial in q α . The number c ℘,α depends on the class of α in the group Z/M Z, where M is large such that the algebra F + ⊗ E p,M is isomorphic to a product of copies of E p,M . For the α that range over the elements of a fixed class c ∈ Z/M Z there exists a polynomial Pol c ∈ C[X] such that P (q α ) = Pol c | X=q α .

Theorem 3.13. The trace of the correspondence f p × Φ α p acting on the alternating sum of the cohomology spaces

∞ i=0 (-1) i H i ét (B Fq , ι * L) is equal to (3.11) P (q α )     π⊂A(G) dim(π)=1,πp=unr ζ α π • Tr(f p , π p ) + (-1) (n-1)•#Ram + p π⊂A(G) πp = St. type ζ α π • Tr(f p , π p )     .
for all positive integers α.

Proof. Assume that α ≥ α 0 . In Proposition 3.7 we established that

T B (f p , α) = π⊂A(G) dim(π)=1,πp=Unr
Tr(χ

G(Qp) c f, π) + π⊂A(G) πp= St. type
Tr(χ

G(Qp) c f, π).
Let π be an automorphic representations which contributes to one of the above two sums. We have Tr(χ

G(Qp) c f, π) = Tr(χ G(Qp) c f α , π p ) Tr(f p , π p ).
For π p there are two possibilities: (1) π p is one-dimensional, (2) π p is of Steinberg type. In the first case we have Tr(χ

G(Qp) c f α , π p ) = ζ α π • P (q α
). In the second case we have Tr(χ

G(Qp) c f α , π p ) = ζ α π • ℘|p Tr(χ GLn(F + ℘ ) c f ℘ , St GLn(F + ℘ ) ).
By Proposition 1.15 we have Tr(χ

GLn(F + ℘ ) c f ℘ , St GLn(F + ℘ ) ) = (-1) n-1 Tr(χ GLn(F + ℘ ) c f ℘ , 1) and therefore Tr(χ G(Qp) c f α , π p ) = ζ α π • (-1) (n-1)•#Ram + p • P (q α ).
Thus Equation (3.11) is true for all α ≥ α 0 ; observe that it must then be true for all α > 0. This completes the proof.

Applications

In this section we deduce two applications from our main theorem. We first deduce an expression for the zeta function of the basic stratum in terms of the cohomology of a complex Shimura variety. In the second application we deduce an explicit formula for the dimension of the variety B/F q .

4.1. The number of points in B. Let I p ⊂ K p be the standard Iwahori subgroup at p. We use Theorem 3.13 to deduce a formula for the zeta funcation of B in terms of the cohomology of the complex variety Sh K p Ip (C).

Corollary 4.1. We have

#B(F q α ) = | Ker 1 (G, Q)| • P (q α ) •   1(φp) ∞ i=0 (-1) i ζ α π dim H i (Sh K p Ip (C), L)[1(φ p )] + (-1) (n-1)#Ram + p πp St. type ∞ i=0 (-1) i ζ α π dim H i (Sh K p Ip (C), L)[π Ip p ]   (4.1)
for all positive integers α. The numbers ζ π are roots of unity whose order is bounded by n • # (Z(Q)\Z(A f )/(K ∩ Z(A f ))).

Proof. Take f ∞p = 1 K p and ξ C the trivial representation of G C . By the Grothendieck-Lefschetz trace formula, the Theorem 3.13 provides an expression for the cardinal #B(F q α ) for all positive integers α: Remark. Note that #B(F q α ) is (for sufficiently divisible α) a sum of powers of q α . This suggests that B may have a decomposition in affine cells as in the case of signatures (n -1, 1); (n, 0), . . . (n, 0).

#B(F q α ) =P (q α )    π⊂A(G) dim(π)=1,π∞=1
Example. Assume, on top of the running conditions from subsection 3.1, that D is a quaternion algebra over its center F and that this center is quadratic imaginary over Q. In this case E = Q and U (R) is the standard unitary group U (1, 1). The variety Sh K is a smooth projective curve, and the basic stratum B ⊂ Sh K,Fp is a finite étale variety. If we take α sufficiently divisible then we have B(F p ) = B(F p α ). After simplifying, Corollary 4.1 states that the cardinal #B(F p ) equals 2 • ep(Sh K (C))ep(Sh K p Ip (C)), where ep(X) is the Euler-Poincaré characteristic of the complex curve X:

ep(X) def = dim H 0 (X, Q) -dim H 1 (X, Q) + dim H 2 (X, Q).
This suggests a result for Sh K similar to the geometric description of Deligne and Rapoport [START_REF] Deligne | Les schémas de modules de courbes elliptiques[END_REF] of the reduction modulo p of the modular curve X 0 (p).

A dimension formula.

In this subsection we show that the dimension of the variety B/F q can be deduced from Corollary 4.1. The strategy is to look for the highest order terms in the combinatorial polynomials that describe the compact traces on the representations that occur in the cohomology of B.

Proposition 4.2. The dimension of the variety B/F q is equal to

℘∈Ram + p   v∈V (℘) s v (1 -s v ) 2 + s℘-1 j=0 ⌈j n s ℘ ⌉   .
Proof. The Galois group Gal(F q /F q ) acts through a finite cyclic group on the set of geometric components of the variety B/F q . In particular the α-th power of the Frobenius does not permute these components if α is sufficiently divisible, say divisible by M ∈ Z suffices. Assume from now on that M divides α. Then each irreducible component of the variety B F q α is a geometric component. Pick a component of maximal dimension and inside it a dense open affine subset. By Noether's normalization Lemma this affine subset is finite over an affine space A d F q α where d is the dimension of B. Thus the number of F q α -points in B is a certain constant times q αd plus lower order terms. From Equation (4.1) we obtain a formula of the form #B(F q α ) = P (q α ) • C where C is a complicated constant equal to a difference of dimensions of cohomology spaces.

There are two ways to see that the constant C is non-zero. First Fargues established in his thesis [START_REF] Fargues | Cohomologie des espaces de modules de groupes p-divisibles et correspondances de Langlands locales[END_REF] that the basic stratum is non-empty, and thus the constant C is non-zero. Second, we sketch an argument for non-emptiness of B using Theorem 3.13. Use an existence theorem of automorphic representations (for example [START_REF] Clozel | On limit multiplicities of discrete series representations in spaces of automorphic forms[END_REF]) to find after shrinking the group K at least one automorphic representation π of G contributing to the sums in Theorem 3.13. By base change and Jacquet-Langlands we can send any such automorphic representation to an automorphic representation of the general linear group (plus similitude factor). By strong multiplicity one for GL n the contributing automorphic representations of G are determined up to isomorphism by the set of local components outside any given finite set of places. Therefore we can find a Hecke operator f p which acts by 1 on π p and by 0 on all other automorphic representations contributing to Equation (4.2) (which are finite in number). The trace of the correspondence f p × Φ rα p acting on the cohomology of the variety B is then certainly non-zero. In particular the variety has non-trivial cohomology and must be non-empty. Therefore the constant C is non-zero.

For the determination of the dimension we forget about the constant C. By increasing M (and thus α) if necessary we may (and do) assume that the E p,α -algebra F + ⊗ E p,α is split. Then, by Proposition 3.3 we have

f α = 1 q -α Z × p ⊗ ℘|p v∈V (℘) f GLn(F + ℘ ) nαsv ∈ H 0 (G(Q p )).
We make the formulas for the compact trace of f α on the trivial representation and on the Steinberg representation explicit. Fix a ℘ and write f ℘ for the component of the function f α at the prime ℘. Write z := #V (℘). The Satake transform S T ( χ N 0 f

(P 0 ) ℘
) is equal to the polynomial (4.3) q α z v=1 sv (n-sv ) 2 • • • X α(t 1n +t 2n +...+tzn) n in the ring C[X ±1 1 , X ±1 2 , . . . , X ±1 n ]. In the above sum, for an index v given, the symbol (t vi ) ranges over the extended compositions of the number s v of length n with the following properties:

(
(C1) for each index i we have t vi ∈ {0, 1}; (C1) define for each i the number t i to be the sum t 1i + t 2i + . . . + t zi , then we have (4.4)

t 1 + t 2 + • • • + t i > s ℘ n i,
for every index i ∈ {1, 2, . . . , n -1}.

The highest order term of the polynomial P (q rα ) corresponds to extended composition (t i ) of s defined by the equalities

t 1 + t 2 + t 3 + . . . + t i = i s ℘ n + 1
for all i < n. This extended composition gives the monomial

q α v∈V (℘) sv (n-sv ) 2 X α 1 X α ⌈ n s℘ ⌉ X α ⌈2 n s℘ ⌉ • • • X α ⌈(s℘-1) n s℘ ⌉
of the truncated Satake function S T ( χ N 0 f

(P 0 ) ℘ ) ∈ C[X * (T ℘ )].
We evaluate this monomial at the Hecke matrix of the T ℘ -representation δ By summing over all ℘ ∈ Ram + p we see that the dimension of the variety B is equal to

℘∈Ram + p   v∈V (℘) s v (1 -s v ) 2 + s℘-1 j=0 ⌈j n s ℘ ⌉   .
This completes the proof.
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 15 integral, the number n a d n = s a d s is integral as well. This implies that the composition (n a ) (resp. (s a )) is obtained from the composition (d a ) := (n a d n ) by multiplying with n d (resp. s d ). The functions χ N f (P ) nαs and χ N f (P ) nαs . Let P = M N be a standard parabolic subgroup of G. The functions χ N f (P ) nαs and χ N f (P ) nαs occur in the formulas for the compact traces on smooth representations of G of finite length (see Proposition 1.2 and Proposition 1.3). For later computations it will be useful to have them determined explicitly. Proposition 1.11. Let P = M N be a standard parabolic subgroup of G, and let (n a ) be the corresponding composition of n. Write k for the length of the composition (n a ). The following statements are true:

  then the extended composition (s a ) satisfies Equation (1.10) for all indices a < k. Conversely, if the extended composition (s a ) satisfies the conditions in Equation (1.10), then any element m of M with | det(m a )| = q -saα satisfies χ N (m) = 1. This completes the proof of the proposition for the function χ N f (P ) nαs . The proof for the function χ N f (P )

  where the σ a are square integrable representations and the e a ∈ R lie in the open interval (-1 2 , 1 2 ). The σ a are equal to the unique irreducible subquotient of a representation of the form ρ×ρ| det | 2 ו • •×ρ| det | k-1 where ρ is cuspidal and where the central character of ρ| det | k-1 2
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 22 ) as (unique) irreducible quotient. Thus we obtain a surjection I v ։ k a=1 Speh(x a , y)(ε a | det | ea ). The representations Speh(x a , y)(ε a ) are unitary and because |e a | is strictly smaller than 1 2 it is impossible to have a couple of indices (a, b) such that the representation Speh(x a , y)(ε a | det | ea ) is a twist of Speh(x b , y)(ε b | det | e b ) with | det |. By the Zelevinsky segment classification it follows that the product k a=1 Speh(x a , y)(ε a | det | ea ) is irreducible. By uniqueness of the Langlands quotient the representation J v is isomorphic to the product k a=1 Speh(x a , y)(ε a | det | ea ), as required. Let π be a semi-stable rigid representation of G = GL n (F ) where F is a finite extension of Q p . Let f be a homogeneous function in H 0 (G) of degree s coprime to n, then the compact trace Tr(χ G c f, π) vanishes unless π is the trivial representation or the Steinberg representation. Proof. Assume that Tr(χ G c f, π) is non-zero. By Proposition 1.5 the compact trace of χ G c f (P ) against the representation k i=1 Speh(x i , y)(ε a |•| ea ) is non zero. The truncated constant term χ G c f (P ) vanishes if the parabolic subgroup P ⊂ G is proper (Lemma 1.
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 37 For all α ≥ α 0 the trace T B (f p , α) is equal to where both sums range over the irreducible subspaces of A(G).Proof. Fix throughout this proof an automorphic representationπ ⊂ A(G) of G such that Tr(χ G(Qp) c

  ) and the representation Π p is isomorphic to π p ⊗ π p . We have Tr(χ G(Qp) c f α , π p ) = 0. Therefore π p is semi-stable by Corollary 1.4. For each F + -prime ℘ the component π ℘ is equal to a component Π ℘ ′ for some (any) F -place ℘ ′ above ℘. As the representation Π is a discrete automorphic representation of the group G + (A) the component π ℘ = Π ℘ ′ is a semi-stable rigid representation by the Moeglin-Waldspurger theorem (Theorem 2.1).

  ζ α φ • dim (π p ) K p    + + (-1) (n-1)#Ram + p P (q α ) π ∞ ) is the Euler-Poincaré characteristic ∞ i=0 (-1) i dim H i (g, K ∞ ; π ∞ ).The representation ξ at infinity is trivial; therefore the component at infinity of the central character of any automorphic representation contributing to the sums in Equation (4.2) is trivial as well. Thus the numbers ζ α π ∈ C × are roots of unity. The first part of the statement now follows from the formula of Matsushima [5, Thm. VII.3.2]. The bound on the order of the roots of unity ζ π follows from the proof of Lemma 3.11.
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  and only if for all roots α in the set ∆ P we have |α(m)| < 1;(2) χN (m) is equal to 1 if and only if for all roots α in the set ∆ P we have |̟ α (m)| < 1. Let π be an admissible G-representation of finite length, and let f be an element of H(G). The trace Tr(f, π) of f on the representation π is equal to the sum

	Proposition 1.2. P =M N Tr M,c χ N f	(P ) , π N (δ P -1/2	) where P ranges over the standard parabolic subgroups of
	G.		
	Proof. For the proof see [8, prop 2.1]. Another proof of this proposition is given in [9, p.
	259-262].		
	Proposition 1.3. Let π be an admissible G-representation of finite length, and let f be an
	element of H(G). The compact trace Tr(χ G c f, π) of f on the representation π is equal to the sum P =M N ε P Tr M χ N f -1/2 (P ) , π N (δ P

  t 1i ),(t 2i ),...,(t zi ) X α(t 11 +t 21 +...+t z1 ) 1 X α(t 12 +t 22 +...+t z2 ) 2

This follows from the results in[START_REF] Shalika | The multiplicity one theorem for GLn[END_REF], combined with the method in[START_REF] Jacquet | Automorphic forms on GL(2)[END_REF], see the discussion on the end of page 172 and beginning of page 173 in the introduction to[START_REF] Shalika | The multiplicity one theorem for GLn[END_REF].

The only cases where we know it is smooth is when it is a finite variety.
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