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Summary : In this report, we study in a detailed way higher order variances and quadrature
Gauss Jacobi. Recall that the variance of order j measures the concentration of a probability close
to j points x; . with weight A; ; which are determined by the parameters of the quadrature Gauss
Jacobi. We shall study many example in which these measures specify adequately the distribution
of probabilities. We shall also study their estimation and their asymptotic distributions under
very wide assumptions. In particular we look what happens when the probabilities are a mixture
of points with measures nonzero and of continuous densities. We will see that the Gauss Jacobi
Quadrature can be used in order to detect these points of nonzero measures. We apply these
results to the decomposition of Gaussian mixtures. Moreover, in the case of regression we can
apply these results to estimate higher order regression.

Summary : Dans ce rapport, on etudie de facon détaillée les variance d’ordre supérieur et la
quadrature de Gauss Jacobi. On rappelle que la variance d’ordre j mesure la concentration d’une
probabilité autour de j points x; , avec des poids A; s qui sont déterminés par les parameétres de
la quadrature de Gauss Jacobi. On étudiera de nombreux exemples pour détailler différents cas
ou ces mesures précisent suffisament bien la répartition des probabilités. On étudiera aussi leur
estimation et leurs lois asymptotiques sous des hypotheses tres larges. On regarde en particulier ce
qui se passe lorsque les probabilités sont un mélange de points de mesures non nulles et de densités
continues. On verra que la Quadrature de Gauss Jacobi peut permettre de détecter ces points de
mesures non nulles. On appliquera ces résultats a la décomposition de mélanges gaussiens. De
plus dans le cas de régression on peut appliquer ces résultats a l’estimation de régression d’ordre
supérieur.

Key Words : Higher order variance, Gauss Jacobi quadrature, Central limit theorem, Higher
order regression. Gaussian mixtures.
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Chapter 1

Higher Order Variances

1.1 Introduction

Orthogonal polynomials have many interesting applications in Probability and Statistics. So they
have introduced higher order correlation coefficients and higher order variances (cf [1], [2], [4],
[5], [7], [6], [3]). They also have introduced new hypotheses for the central limit theorem (cf [3]).
One can also obtain the distributions of quadratic forms, Gaussian or not Gaussian, and simple
methods of calculation of these laws (cf [8]).

Higher order variances have been introduced in [6] and [7]. They generalize the classical
variance. Thus, variance of order 1 measures of concentration of a probability close to a point :
the expectation. Variance of order j measures the concentration close to j points which are the
roots of the j-th orthogonal polynomial.

Notations 1.1.1 let X be a random variable defined on (2, A, P). Let m be the distribution of
X. Let P; be the j-th orthogonal polynomial associated to X such that Pj(z) = > 1_qa;z" with
Qg5 = 1. ~

We set ng* = dim{L*(R,m)}. Let © C N such that P;(z) exists. We denote by P; the j-th
orthonormal polynomial associated to X if there exists.

Remark that if m is concentrated close to n{* points where n{* < oo, © = {0,1,...,n7*}.
If not, © = N if all moments exists, and © = {0,1,.....d} if [|z[*¢"L.m(dz) < oo and
J |22 m(dx) = oco. In this case, P; exist if [ |z[*".m(dz) < occ.
For example, Py = 1, P(z) = x — E(X) where E(.) is the expectation,
Py(z) =2 — ————=—(x — M) — My,
where My = E(X?) .

Now we know that the zeros of P; are real (cf th 5-2 page 27 [10])

Proposition 1.1.1 Let j € ©. Then, the zeros of 15j are distincts and real. We denote them by
Tjs, §=1,2,.....].

For example, if j=1, 1 ; = E(X). If j=2,

Ms — My M.
o = 3 1Mo

1
2(My — M2) — 2

2
Mgy — My Mo
—— | —4M> .
(i) -

We recall theorem 5.3 of [10].



Proposition 1.1.2 Suppose that, for all j € ©, x; ; < x; 41 for each s=1,2,...,5-1. Then, for all
J+1€0, 211, <xjs < Tjp1,s41 for each s=1,2,....5.

Now the roots of orthogonal polynomials have stronger properties : the Gauss-Jacobi Quadra-
ture.

Theorem 1 Let j € ©. There exists a single probability m? concentrated over j distincts points
such that [ x9.m(dx) = [ x9.m?(dzx) for ¢=0,1,...,2j-1.
Moreover, the j points of concentration of m? are the j zeros of P; : x5, s=1,...,5, and the

probabilities \j s = m? ({z;}) check \j s = [¢i(z).m(dz), where ¢(x) = % when IBJ’

is the derivative of Pj .

Proof The most simple way in order to prove this theorem is to use proof of [7]. It shows that
the \;,’s are the only solution of the system of Cramer Y 7_, A\ Py(x;+) = 40 for q=0,1,....j-1.
The proof is more complicated than the classic proofs. But it has the advantage of treating also
the case j = ng".

If we do not suppose j = ng’, one can use classical proofs : they are in paragraph 6 page 31 of
[10] or in theorem 3-2 and formula 3-8, page 19-23 of [11]. Then, if j = n{*, one can use the proof
of theorem 2. W

J _ (z—mj2)(x—x;3)...(T—T; ;) : o g2 _ _T—Tao
For example ¢ (z) = CTRE | Crw ey W s E In particular, if j=2, /5 (z) = e and
—x My — M, —
g%(x) — _T7%21  Therefore Aoq = 27r2.2 ond Ao g = Mm%
T2,2—T2,1 ’ ’ T2,1—T2,2 ’ T2 2—T2 1

Recall that the A; ;s are called Christoffel numbers

Now, we complete the definition of Gauss Jacobi quadrature by defining higher order variances.

Definition 1.1.2 Let j € © . We call variance of order j, and we note it by UJQ» or oj(X)?* or

oj(m)? the real 0% = [ |Pj|*.dm .

Remark that 13j = 0jP;. Moreover, o, (X)? = My — M} is the classical variance. Now, if j=2,
o2 = My — (Ms—M; M3)* M2
2 — M4 My— M2 2 -
Then, variance of order j measure the concentration close to j distinct points.

Theorem 2 Let j € © . Then, o; =0 if and only if m is concentrated in j distincts points which
are the zeros of P; : the x;+’s. Moreover the probability associated at each x;+ is equal at \j+. In
this case, j = nj* < oo and P; =0 in L*(R,m) .

Proof we use the two following lemmas : they are proved in 4-2 and 4-3 of [4].

Lemma 1.1.1 Let p € N*. Let m’ be a probability on R. Then the two following assertions are
equivalent.

1) dim(L*(R,m’) = p.

2) There exists 2 = {x1,%2,.....,2p} C R, Card(ZE) = p such that m/(zs) = As > 0 for all
se{l,2,..,p} and Y P_ As =1, i.e. m/ =3P A\b,..

Lemma 1.1.2 Let t € N*, such that t < nZ*. Then, the set {27}, j=0,1,...,t, ¥J € R[X] is a set
linearly independent of L?>(R,m).

Proof of theorem 2 If o; = 0, 15j =0 in L*(R,m). Then, m is concentrated on the j roots
z;s of P; = 0. Now it is not concentrated on j-h point, if not dim{LQ(R, m)} = j — h and
1,z,22,....,27 "1 would be linearly dependent. Therefore oj—n = 0. But it is not the case : if



not o; would not be defined.

Now we know that %(xj,t) = 0k,¢. Therefore, A\ = fﬁi(x)m(dm) =m{{z;r}). W

The Bienayme-Tschbichev Inequality allows to specify more this concentration.

o

AN

Proposition 1.1.3 Let e >0 . Then, P(\]53| >e€) <

N

€

In particular assume that ajz is small enough. Let w such that |Pj(X(w))| < e. Then, there
exists s such that X(w) — «; s is small enough. Then, the variance of order j measures the
concentration of a probability close to j distincts points.

Then, they generalize the classical variance which one can call variance of order 1. Indeed,
classical variance measure the concentration close to expectation. For the variance of order j,
the roots of Pj plays this role. Moreover we know the weight associated : the A;;’s. All these
properties justify well the name of variances of higher order.

1.1.1 Some examples

We'll look at some example. We will see that the results tally what it was expected intuitively
about higher order variances parameters and Gauss Jacobi quadrature.

Remark 1.1.3 In the figures of this section, the graphs are not normalized. Indeed, we put on the
same figure the densities and weights of Gauss Jacobi, which is normally impossible. Indeed if we
show only the densities, the densities of the measure concentrated on the x;.’s should be infinite.
This means that the y-axis is only there to give information on the order of size: it should not be
taken into account for exact calculations.

The x-azxis is correct.

In spite of this remark, the following figures are clear enough to get an idea of density and
weight \;; ’s of various probabilities.

Remark 1.1.4 The higher order variances transformed by homothety can give very different fig-
ures since it depend on the moments which can become very large or very small. We can not
properly use the higher order variances in order to know the concentration unless it is first carried
out a normalization.

For example, a normalization can may be given by considering the number H‘;—;” which repre-
sents the sinus of the angle formed by the polynomial 7 and the subspace spanned by polynomials
of degree strictly less than j.



Figure 1.1: 9, =0.8691, 0.1473, A2 ;= 0.5944, 0.4056, 03=0.0037

Figure 1.2: x9,=0.8698, 0.1257, X\2,=0.5647, 0.4353 , 05=0.0034

Figure 1.3: 25,=0.8447, 0.1893, \y,=0.5606, 0.4394, ¢2=0.0044



Figure 1.4: z5,=0.8261, 0.2090, \y,=0.5582, 0.4418, o3= 0.0048

Figure 1.5: x5,=0.8109, 0.1948, \y,=0.5309, 0.4691, 03=0.0044
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Figure 1.6: 22;=0.7917, 0.2183, A2 :=0.5298, 0.4702, 05=0.0045

Figure 1.7: Uniform distribution, x5;=0.7887, 0.2114, X2 ;,=0.5000, 0.5000, 05=0.0056

Note again that although the variance of order j is small, 0]2 can measure not a good concen-
tration close to j distinct points. For example, the classical variance of a Gaussian distribution
may be small. So we have a concentration around 0. This leads that some following variances will
be small. But we cannot speak about a concentration around several points.

2

In fact, there seems that this is the first variance o5 small when we take the sequence 012, i=

1,2, ... which may indicate a concentration around j points.

Gaussian mixtures

Now, we have examples of Gaussian mixtures.

11
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Figure 1.8: z2,=0.7089, 0.2365 , A2 ;=0.4889, 0.5111, p?, 63=0.0038

—\

. . . . . . .
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1.9: z5,=0.7360, 0.2813, Ay,=0.3130, 0.2126, 03=0.1554

Figure 1.10: Distribution N(0,0.1), x5 ,=0.6568, 0.3433, \2;=0.5000, 0.5000, c3=0.0011
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Figure 1.11:

Figure 1.12:

Figure 1.13:
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T2 4=2.0330, -1.0330, A,=0.5000, 0.5000, 03=3.6200
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29,,=2.0330, -1.0330, Ay .= 0.5000, 0.5000, 02=3.6200
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Figure 1.14: x,=2.4700, -0.9381, A5,=0.6409, 0.3591, 02=9.8473
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Figure 1.15: 5,=2.1416, -1.0216, A5,;=0.6916, 0.3084, 02=3.1403
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01

Figure 1.16: z5,=2.1179, -1.0924, A, ,=0.6212, 0.3788, 03=3.2614
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Now we shall study the variances of order j for mixtures of j Gaussian components.

09r
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6 8
Figure 1.17: 02=1658.9
0.7
0.6
05
0.4
0.3
0.2r
0.1
98 -6 -4 -2 6 2 4 6 8

Figure 1.18: 02=2704.8

1.1.2 Some properties of Gauss Jacobi Quadrature

Concentration points of a probability can be detected using various properties of the Gauss Jacobi
Quadrature. First, the most important of these properties is the Stieltjes-Markov Inequality.

Proposition 1.1.4 Let Fx be the distribution function of X. Then, for all k €1,2,..,7,

Z )\j,s < Fx(a?j’k — 0) and Z )\j,s > FX(mj,k + O) .

T4 s<Tjk Zj,s<Tj K

These results are proved pages 26-29 of [11] equation 5.4. For example, in figure 1.27, we have the
distribution function of m and m/7.

This result means that if F'x has a point of discontinuity z;r < zo < Zjk+1 : Fx(zo + 0) —
Fx(zg —0) = b > 0, i.e. m(xg) = b. As this discontinuity is between two roots, we thus find
>\j,k + >\j,k+1 > b for all j-

Now we will give a condition under which we have the convergence of distributions : m/ Lm
(th 1.1 page 89 of [11]).

15
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Figure 1.19: 02=2704.8
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Figure 1.20: 07=92.0874
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Figure 1.21: 02=26.9485
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Figure 1.22: 03=7.4576
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Figure 1.23: 03=7.3208
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Figure 1.24: ¢3=27.1092
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Figure 1.25: 03=93.1528
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Figure 1.26: 02=306.6277
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Figure 1.27: Stieljes-Markov Inequality
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Theorem 3 We suppose that there is not other random variable T , T # X m-almost surely,
such that E{T"} = E{X™} for n=0,1,2,...

Let f € LY(R,m). Assume that there exists A > 0, B > 0 and s € N such that |f(z)| <
A+ Bz?5. Then,

Limj_ oo / f(x)m? (dz) = /f(x)m(dx) .
One can specify the speed of convergence in the following way (Theorem 4.4 page 110 of [11]).

Theorem 4 Assume that X € [—1,1] has a absolutely continuous distribution function Fx such
that F(z) < \/% for all x € [-1,1]. Then, for all =1 < xg < 1,

/j: m? (dx) = /:0 m(dx) + O(%) .

Now if the probability is enough regular, the weight \; ;’s converges regularly to 0 (cf Lemma
3.1 page 100 and remark page 101 of [11]).
Theorem 5 Assume that X € [—1,1] and that |%§X@)| <M < oo. Then, A\ji = O(%)
We can specify this result in the following way (Theorem 6.8 page 254 of [11]).

Theorem 6 Assume that X € [—1,1]. Assume that there exists a polynomial T(x) such that
Fi(z) > 7(x)? for all z € [—1,1]. We suppose Fx(z) is absolutely continuous in [—1,+1] where
7(x) does not vanish. Assume that, for all x, y € [-1,1],

[Fx (x) = Fx (y)| < K|z —y]?

is satisfied for a 0 < p <1 and for all z, y € [-1,1]. Then,

1 1
— == +0@'") when p <1,
Nk T L=z Fy (@)

1 1

— + O(log(j)) when p=1.

Nk T Fi(wp)
Now if the distribution of X is enough regular, distances of successive roots x; ; converges to
0 (Theorem 5.1 page 111 of [11]).

Theorem 7 Assume that X € [—1,1]. Assume that 0 < M’ < |%§X(y)| < M < oo holds for
T,y € [c,d]. Let x;p < xjrs1 be two successive zeros of Pj(x) such that xjk, Tjk+1 € [c+e€,d—¢]
where € > 0.

Then, there exists two positive numbers c1(€) > 0 and co(€) > 0 depending only on m, ¢, d,
and € such that

Cl(.e) < Tjkt1— Tjr < CQ(.G) .
J J

This means that the distance of the roots is of the order of 1/j if the Lipschitz condition is checked
by F'x. We can specify this result in the following way (Theorem 9.2 page 130 of [11]).

Theorem 8 Assume that X € [—1,1]. Assume that Fi(x) > 0 for all x € [-1,1]. Let us denote
by N(©1,02) the number of z; 1 € [cos(©1),cos(O2)]. Then,

N(©1,0,) _ O, — 6
J T .

limj‘}oo

These theorems in particular means that if there is no point g such that m({z¢}) > 0, the
distribution of roots and weights is enough regular. As this is not the case if m({zo}) > 0, it will
detect the existence of those discontinuities by a way enough simple.

19



1.1.3 Other results

At first, we have the following property.

Proposition 1.1.5 Let j € ©. Then O'(Pj(X)) = 0. Moreover, if j <nf', o(P;(X)) = 1.
Now, the variance of order j is is invariant by translation.

Proposition 1.1.6 Let a € R. Let m, the translated probability : mq(B) = P(X +a € B) . For
each j € 0, the (j+1)-th orthonormal polynomial associated at m, is Pj(x — a) . Moreover, let

Ty, @ g, T 4, the zeros ofP( —a) , Nj 1, N9y Aj 5 be the weights of associated Gauss-

Jacobi Quadrature, and 0’ % be the variance of order j associated at m,. Then, xj7s =Tjs+a,

/A _ 2
ANis = Ajys andcrjfaj.

In order to prove this result, it is enough to remark that [ Pj(z — a)Py(z — a).ma(dz) =

P m(dz)
Now recall how to calculate practically the variance of order j.

Proposition 1.1.7 Let j € ©. Then,

J—1
0]2_ = My, — Zﬂjz',s where B = /ijs(x).mdx.
s=0

Proof We have .
j—
=Y E{X/P(X)}Pu(x) .
5=0

Therefore,

o2 = / ( ZE{XJP )}Ps(x)>2m(dx)
_ / 2¥m(dz) — 2 / xj(z_:E{XjPS(X)}PS(x)>m(dx)+ / (ji]E{XjPS(X)}PS(x))Qm(dx)

- /:c2jm(dx) - 2]Z_:1E{XJ'PS(X)}2 +JZ_:]E{Xsz(X)}2 .
s=0 s=0

The following proposition results from the Gram-Schmidt Process

Proposition 1.1.8 The real o; is the distance in L?(R,m) of the polynomial x — 27 to the sub-
space of L*(R,m) spanned by the polynomials of degree more little than j-1. Moreover, the mini-
mum of [ [(l’*tl)(x*tg)...(l’*tj):l2.m(d$) when (t1,ta, .....,t;) € R is reached for (t1,t2, .....,t;) =
(21,252, s 55) and is equal to o7

Now note that there cannot be more than two roots in an interval of measure zero.

Proposition 1.1.9 It can not be three successive roots T < Tjep1 < Tjsy2 Such that P{X €
[),5, Tj,s+2)} = 0 if Ajs11 > 0.

Proof By Stieljes Markov inequality, we know that >
D o<asp Nivs = Fx (@, 4+ 0) . Then,

a:j,5<wj,k+2 Ajvs S FX(Ijvk"I‘Q - 0) a’nd

0= Fx(wjkt2) — Fx(vjx) = Fx(zjry2 — 0) — Fx(zjx +0)

> Z Z Njs =Nt >0. 1

Tj,s <Tj, k42 Tj,s STk

20



1.1.4 Theoretical Examples

At first, we recall the results on Jacobi polynomials associated to the Beta distribution (cf page
143 [10)).

Proposition 1.1.10 We suppose that X has the density

$a71(1 _ x)bfl

if 0 <ax <1. We denote by jj“b and (U?b)2 the orthogonal polynomials and associated variances.

Then, ' _ _
b di (xa—l—Q—J (1 _ x)b—l—‘r])
dxd

(—1y Fla+b+5-1)
T(a+b+2j—1)

(ab)2_ Tla+ )T+ )T (a+b+75—1)(45)
- Bla,b)T(a+b+2j—1)2(a+b+2j —1)

Jib(x) = (1 - x)

Now, we study Legendre polynomials. (cf page 143 [10]).

Proposition 1.1.11 We suppose that X has the uniform distribution on [0,1]. We denote by Eej
and ajz the orthogonal polynomials and associated variances. Then,

- 1S CH-DHG+DY)

Lej(z) = % g i J T
(04)2 _ (j!)4)

! [(2)1]2(25 +1)

With the normal distribution we use the Hermite polynomials (cf page 145 [10]).

~ Goo—z2
Proposition 1.1.12 Let H;(z) = e d (flm ) the Hermite orthogonal. We suppose that X has

the N(m,o?) distribution. We denote by H;”"Q and (0}”"2)2 the orthogonal polynomials and
associated variances. Then,

cmo?, o (=1)io7 p (T —m
Hj (J,‘) - 2j/2 H]( 0_\/5) )

(037"””2)2 = jlo? .

At last we have the Laguerre polynomials (cf page 144 [10]).

Proposition 1.1.13 We suppose that X has v(a,p) distribution (a > 0), i.e. X has the density

a

p

I(a)

We denote by f/?p and (O’;p)Q the orthogonal polynomials and associated variances. Then,

e Prga i f ¢ > 0.

fﬂp(a:) = 7(_1.)j xt e —dj (xa_l-‘_,je_pw)
J Pl dxd

ap2_j!F(a+.j)
= T

21



Chapter 2

Estimation

We will see that one can easily estimate the higher order variances and the Gauss Jacobi quadra-
ture. We can also obtain their asymptotic distributions. We will study this problem under the
weakest possible assumptions. For this reason, we first recall some properties of empirical orthog-
onal functions.

2.1 Empirical Orthogonal functions

In order to define empirical orthogonal functions in the general case, at first we need to define
orthogonal functions. We do this under the most general assumptions possible.

2.1.1 Notations

Notations 2.1.1 Let (Q, A, P) be a probability space. Let he N* and A = (Ag, Ay, .....,Ap) € RH!
be a random vector defined on (2, A, P) . We assume that E(A?) < +oo forallj €0,1,...,h. We
assume that Mg, A1, ....., Ay, are lineraly independent in L?(Q, A, P) .

Under the previous assumptions, the A;’s can be orthogonalized by using the process of Gram-
Schmidt.

Theorem 9 Let p be the distribution of A. Let <,> and |.| be the scalar product and the norm of
L3R ). Let x0, X1, .-, X1 be h+1 real variables. We set X = (X0, X1, -+, Xn) and we identify
x; and the function x — x;. For all x € R"1 we set A_1(x) = A_1(x) =0,

-1
and,for h Z ] Z Oa AJ(X) =Xj— Z < XjaAs > A.S(X)a
s=—1
_ Aj(X)

A = 7
=14

Then, for all (j,5') € {0,1,...,h}* , [[A;Ajdu = 0;; where &;j is the Kronecker Delta.
For example, if Ag =1, then Ay =1, and 4 (x) = %X%“) where 02(.) is the variance.
Now the function flj are completly defined by the matrix of variances covariances.

Lemma 2.1.1 For all j € {0,1,....,h} , we set flj(x) = Z{:o ajexe - Then, there exists rational
functions ;¢ and n; such that, for all random vector A , and for all (j,t), a;; = wj’t({TnS)} and

||AJH2 :nj({TT7S}): 0 S T S S S]; when Tr,s :E{ATAG} ’ 0 S T S S S] .
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In particular,orthogonal polynomials are completly defined by the moments.

Now, one can estimate the A; under weak assumptions.

Proposition 2.1.1 Let {Ay }oen , Ao, = (Ag,o,Az’l, ....7A4,h) € R be a sequence of random

vectors such that (1/n) 35, Ny Ag 2 B{A’A} where M’ is the transpose of the matriz M.

For all n € N*, we denote by p, the empirical measure associated at the sample {Ag }o=12, n-
We denote by <, >, and ||||,, the scalar product and the norm of L*(R"*! u,). For all n € N*
and for all x € RM1 we set A, (x) = A™,(x) =0,

Jj—1

and, for h>j >0, AT(x) =x; = Y <Xj AL >n AL(X),

s=—1

AT(X) e dn

0 if |47 = 0.

A (x) =

Then, for all (j,7') € {0,1,...,h}? , JATAY dpn, = 050 if [|A™||, # 0 for s=0,1,...,maz(j,j’).

Notations 2.1.2 For all j € {0,1,...,h}, we set fl? = A; + Zi:o ajsAs and AT = A; +
1—0 0} As and we define the matrices &" and o™ by &" = {{a},}} (. s)e{01.....n)> and o =
{of sefon,nyz byalt,=a}, =0if s> j .
~ . ~ - i—1 ~
Remark that a7, = 0, i.e. A% = A; + 371" a7

sS

A, .
Now the fl? ’s are estimators of the flj.

Theorem 10 With the previous notations o™ 2 0 and &" 2 0. Moreover, if {A,} is IID, a™ “3 0
and & “% 0.

Now, in order to obtain asymptotic distributions of o™ and &™, we need to use stochastics
70(.)” and "o(.)” (cf [9] page 8, section 1.2.5).

Notations 2.1.3 A sequence of random variable X,, is bounded in probability, if, for every e > 0,
there exists M. and N such that P{|X,| < M.} > 1 —¢€ for all n > N, . Then, one writes
X, =0p(1).

Moreover, we write X,, = Op(Z,) for two sequences of random wvariable X,, and Z,, if
X,/ Zy, =O0p(1) and X, = 0p(Zy) if Xn/Zn 2 0.

In the vector case, we define the stochastic o, and O, by the following way. For example, we
denote (Zn.0y Zn s ey Znp) = 0p(¢p(n) ™) if Zys = 0p(¢p(n)™1) for all s=0,1,...,h, and we do the
same for Op.

In particular, X,, = Op(1) if X, <4 X (cf also Problem 1.P.3 of [9]). Then, the following result
allow to know asymptotic distributions of A”.

Theorem 11 Let ¢(n) > 0 be a real sequence such that ¢(n) — oo as n — oo. Assume E{A%} <
oo for all s=0,1,..,h. We suppose that

@ [ [ALAL] —E{NA} = 0,(1) .
/=1
Then,

a™ =e" +op(g(n)7)
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where €" = {{ [ Ts-dpin}}i0)e 10,1, 0p2 with Tis(X) = —Ai()As(X) if s < i, Tialx) = =200
if s=i, and J; s =0 if s > 1.
Moreover,
" =é&" + op(p(n)™1)

where é* = {{[ uﬁi,s~d/¢n}}(i,s)e{0,1,.‘.,h}2 with jijs(x) = —fli(x)As(X) if s < i, and jm =0 if
s> 1.

This result is remarkable because by elementary properties of orthogonal functions, o', =
J AP Asdp it i < s and o, = [ A} Aidp — 1.

2.1.2 Proofs

At first, we introduce the following notations.

Notations 2.1.4 For all (i,s) € {0,1,...,h}*, we set &, = & | = oy, = a}_; = 0.
We set A = (Ao, A1, ..., Ap), A" = (AF, AT, ..., A}). For all i € {0,1,.. ,iz}, we set [A[;=
(A—15A07A17 ..... 7A'L—1); [An[Z: (Aﬁl,Ag,A?7 ..... 7A?71)7 5[,:7' = ( 107 21, ..... &Zh) 5 and [Oén[z:
{{a?,s}}(j,s)e{o,l,....,i—1}2-

With these notations, the following result is easily proved.

Lemma 2.1.2 Under the previous notations , &' = (Qfg, @'y, &1 1,0,....,0).  Moreover
(A") = A" +a"A. .

On the other hand, A; = (sz [idm) ( A[i)’, AP = xi— ([ xa[A"[idmy, ) ([A™[), ([A™) =
([A[)" + [o"[:([A[:)" and A" A+ ap(A) = A + Aday)

We deduce the following lemma

Lemma 2.1.3 For alli € {0,1,...,h}, the following equalities hold :

@) A = Aot ([ xaldlidm — [ xalAldmn) (41 = ([ xlAldm) (o™l (a" ) (46

.......................................................... - (/XZ[A[den)([a"[z)/[a"[z([A[l)’ 5

) / AP A%dm,, = / A Aydm, + a7 ( / A'Aydmy,) + ( / A Admy,) (@) +a ( / A'Admy,) (@)

o) Ifi#s, offy =y if |A7]ln # 0, of'y = 0 if [|A?||n = 0.

A12_[|A™]|2 . ~ . ~
apy = Al e Az, £ 0, a2, = =1 if | 47| =0,

(AN AR ) 1A ]
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Proof of theorem 10 We prove by recurence on i that &', and o' converge in probability
to 0 for every s € {—1,0,1,...,h}.

If i=-1, the result is obvious : a?; ; =a"; ; = 0.

Now, we suppose that, for every all (s,¢) € {—1,0,1,...,a — 1} x {—1,0,1,.. h} agy 2.

By our assumption, [ x;[A[;dm,, 2 J Xxi[A[;dm. Then, by lemma 2.1.3-a, &' 2 0and a ag 20.

Now, [ A;Asdm, = [ A;Asdm. Then, by 1emma 2.1.3-b, we deduce ||A?|],, 2 [|4;]].

Since Ag, A1, ...., A, are linearly independent, ||A4;]| # 0. Let g be the function g(a)=1/a if
a # 0, and g(0)=0. Then, g(H;l?Hn) L | Al (cf page 24 [9]). Therefore, if s < i, by lemma
2.1.3-c oz”_g(||A |[n)az, = 0.

’LS

We prove similarly that o;'; 2.

We prove the convergence with probability 1 by the same way. H.

In order to prove theorem 11, we need the following lemma which one proves by means of
elementary properties of sequences of random variables (cf [9] chapter 1).

Lemma 2.1.4 Let K,,, Z, and Z} be three sequences of random variables defined on (€, A, P)
such that ¢(n)Z, = Op(1), ¢(n)Z: = Op(1) and K,, > K € R.

Then, ¢(n)KZ, = Op(1), ¢(n)K,Z, = Op(1), ¢(n)Z, + ¢(n)Z}: = Op(1), and K, Z, =
KZ, +op(p(n)~1).

Moreover, Z, 2 0 and K,Z, 2 0.

Finally, Z,27 = K, Z,ZF + op(¢(n) ™) = KZ,Z* + op(¢p(n)~!) = op(p(n)~1).

Now we can prove the following properties

Lemma 2.1.5 Under the assumptions of theorem 11, ¢(n)ai, = Op(1) for all (i,s) € {-1,0,1,...
., h}2.

Proof We prove this lemma by recurence on i. If i=-1, the result is obvious : a”; ; = 0.

Let i € {0,1,...,h}. We suppose that, for every all (s,t) € {—1,0,1,....,i—1} x {-1,0,1,..., h},
p(n)ag, = Op(1).

Therefore, ¢(n)[a"[;= Op(1). Moreover, ¢(n)( [ xi[Alidm, — [ xi[Alidm) = O,(1 (lemma
2.1.4) and [ xi[A[;dm,, 2 [ xi[Alidm. Then, by lemma 2.1.4 and 2.1.3-a, qb( Jal, = Op,(1), i
et = 0,0 ~

Therefore, if s < i, by by lemma 2.1.4 and 2.1.3-c, ¢(n)af, = ¢(n)g(||A}||n) a7, = Op(1).

Moreover, by lemma 2.1.4, ¢(n )(f(Az)zdmn — | Aq|? ) = O (1) Therefore, by lemma 2.1.4
and 2.1.3-b, ¢(n)(|\/~1f||% - ||14L||2) = 0,p(1). We deduce ¢(n)aj; = Op(1). B

We deduce the following lemma.

Lemma 2.1.6 Under the assumptions of theorem 11, ¢(n)a?, = Op(1) for all (i,s) € {0,1, ..., h}>.

Proof By lemma 2.1.3-b, ||/~1:’\|n 2 H/LH Then, if i # s, and if n large enough, by lemma 2.1.4,
(b(n)d;fs = qS(n)HA?Hna}fs = Op(1). Moreover, if i=s, ar,=0 1

We deduce the following lemma

Lemma 2.1.7 Under the assumptions of theorem 11, ¢(n fA”A"dmn o(n) ffliflidmn 2.
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Proof By lemma 2.1.3-b,

/ ArArdm, = / A Aydm, + a7 ( / A Aydmy,) + ( / A Admy,) (@) + a2 ( / A'Admy,) (a5)"
Now, A = (Ao, Ay, ..., Ap) and &7 = (&}, &7y, oy @51, 0,0,....,0). Then, gb(n)df(fA’/Ldmn)
=y p(n)a?, [ AsAidm, 5 0 because (n)al, = Op(1).

By the same way, (b(n)(ffiiAdmn) (amy 20.
Moreover, a7 > 0. Then, ¢(n)a? ([ A'Adm,) (&) = 0. &

Now we can prove the fundamental theorem.
Proof of first equations of theorem 11. Let af = (o}, aj'y, ..., afly ), Le. A = A;+af A’
and A? = A, + A(a?)’. Then,

< AN AT >, = /AiAsdmn—&—oz?(/A'Asdmn) + (/AiAdmn)(oz?)’—|—a?(/A’Admn)(a?)'

= /AiAsdmn + ozfjs(/AsAsdmn) + a’;i(/AiAidmn) + op(qi)(n)*l) (cflemma 2.1.4)

= /AiAsdmn + ol 4+ al; +op(p(n)") (cflemma 2.1.4) .

Then, 1 = [ AjAidm, + 20} ; +0p(¢(n) ") and 0 = [ A;Agdmy, + ol +op(p(n) ') if s <i. W

Proof of second equations of theorem 11. If i > s,
ap, = [[APlnad s = A} [nl— [ AiAsdmy4op(p(n)~1)] where ¢(n)[ [ A;Asdm,—0] = O,(1). Now,
by lemma 2.1.4, [|A?[|, [ AiAsdmy, = || Ai]| [ AiAsdm, +o0p(6(n) ") = [ AiAsdm, +o0y(¢(n) ™).
|

2.1.3 Asymptotic distribution

It is easy to deduce from theorem 11 the asymptotic distributions of A™ and A™. For example if
Ay is TID and if E{A}}) < oo, on can apply the CLT. For example, if s < i, \/n [ A;A;dm,, has
asymptotically a normal distribution. Then, \/n{{a},}} has asymptotically a normal distribution.
Then, it is enough to apply classical theorems in order to deduce the asymptotic covariance of

vii{ai 1}

2.2 Estimation of higher order variances

We will deduct from the previous results estimators of Gauss Jacobi Quadrature and of Higher
order variances.

At first, we need empirical orthogonal polynomials.

Notations 2.2.1 Let j € N such that P; exists. Let {X}een , X¢ € R, be a sequence of random
variables such that (1/n) Y p_, X; 5 E{X*} < oo for all s € N,
For alln € N*, we denote by m,, the empirical measure associated at the sample {X¢}o=12, n-

Under these conditions the assumptions of the proposition 2.1.1 hold.
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Proposition 2.2.1 Let h € Nx. We set {A¢}oen , Ao = (X7, X}, ..., X]'). Then,
(1/n) > ApAe B E{A'A} .
=1

Proof We know that a sequence of random vectors Y, Lyif P{‘Yn —Y| < a} — lasn — o0
for every a > 0. Donc, P{|Yn—Y| > a} = P{B{|Yn—Y| < a} = l—P{’Yn—Y| < a} —1-1=0.

One can choose in R"*1 the maximum norm : ||(zg, 71, ....
convergence in probability of Ay means that

y2n)|| = Mazs—o1,... n(J2s]). Then,

P{||(1/n) > Ae—E{A}|| > a} = P{Maz.—o1.. 1|(1/n) Y X; —E{X*}| > a} — 0.
=1 =1

Let a > 0. Then, for all € > 0, for all s € {0,1,..., h}, there exists N such that if n > Ny,
P{|(1/n) >, X§ —E{X*}| > a} < ¢/(h+1).
Now, if n > Ma = Mazs=o1,... n(Ns),

n n

P{Maz,|(1/n)> X} —E{X"}| > a} < P{U, |(1/n) ) X; - E{X"}| > a}

=1 =1
<> P{|(1/n) > X7 —E{X"}| > a} < (h+1)(e/(h+1)) =

(=

That prove that 2, Ay % E{A,}. We deduce that (1/n) >;_; AjA, 2> E{A’A} by changing
hin 2h. B

Then, we can define empirical orthogonal polynomials.

Notations 2.2.2 Let {P]"}j:(),l,“’h and {Pj"}jzo’lwh be the family of orthogonal polynomials
such that, for all i < h, PM(x) = A(1,x,22,...,2") , PM(z) = A1, z,22, ..., 2").

Notations 2.2.3 We set Pj(x) = S2/_,a;at, Pi(z) = YI_ya 2! and Pl (z) = I 0@t
Pn( ) = i 0@ 1t

Then, the pi”’s are the orthogonal polynomials associated to the empirical measure m,,.
Proi)osition 2.2.2 Under the previous notations, Pl(m) = Ai(17x,x27 wnz), Py(x) = Ai(1, 7, 22,
e ).

Moreover, there exists N such if n > N, {P/*}i=01,..,» i the family of orhonormal polynomials

of L2(R,my) and {P}izo1..n is the family of orthogonal polynomials of L*(R,m,) such that
aj; =1.

We deduce from theorem 10 that P} is an estimate of P;.
Proposition 2.2.3 Foralli < h, P = P, —|—Zl ! aj Py and Pl = Pi"‘Zi:o af (P, where, for

all (5,8), &% 20 and aj 2.0. Moreover, for all (Z s) ap
if X, is IID.

and o' ¢ converges almost surely to 0

S S

Now, one can define empirical Gauss Jacobi Quadrature and empirical variances of order j.

Notations 2.2.4 Letj € N. We denote by( ™2 the variance of order j of m,, by T, X gy ey T

R Y]
the zeros of Pj” by A7, A7 A7 the wezghts of Gauss Jacobi quadrature, if these numbers

i g1 75,20 0 g,
exists. If not, one defines theses variables by 0.
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a2 . .. . 2 oagn (MRE—MPMY)?
Remark that (o])® is the classical empirical variances. Moreover (§)* = M} — R vigriota

(M3)? , where M} is the empirical moment of order j.

Clearly, these estimators converges almost surely if X, is IID. More generally, the following
proposition holds.
Proposition 2.2.4 Under the previous assumptions, o7 2 oj . Moreover, for all j=1,2,..,h, for

all s=1,2,..,5, =7 2 Tjs and A7 LN Aj,s » respectively. These estimators converges almost surely

yS

if Xy is IID.
Proof Clearly a7 2 a; 4 and aj %, a; . Then, by theorem page 24 of [9], 9(a3 o, a7 15 ey @l ;)
2 9(@j,0,@j1; -, @y ;) if g is continous with P-probability 1. Then, for example, z7 2 Tjs -

One prove the almost sure convergence by the same way H.

In order to study asymptotic distributions, we will suppose assumptions as those of theorem
11 (cf also section 2.1.3). But they can be complicated. Also in order to simplify we assume from
now that X, is IID.

Notations 2.2.5 We suppose now that {Xs}een , X¢ € R, is an IID sequence of random vectors
such that Xo = X and E{X*"} < co.
For alln € N*, we denote by <, >, and || || the scalar product and the norm of L*>(R"*t m,,).

Indeed, for example we want to know the asymptotic distributions of empirical variances. But if
we keep the hypothesis of Theorem 11, we assume then that @ (>0 [ALA] —E{A’A}] 2 a
where G is a random vector. This can give assumptions and notations too complicated (e.g.
Ap = (X0, X}, ... X}]')). So we just give the results in the IID case. But the reader can easily
obtain the same type of results under weakest hypotheses, for example under the strong mixing
assumption.

Now, by the CLT, one can apply the result of section 2.1 with ¢(n) = /n

Lemma 2.2.1 Under the previous assumptions , & = " + o, (n_1/2) and " = e" + o, (n‘l/Q)

Indeed, clearly, by the CLT, % (>0 [ApAr] — E{A'A}] 2, @ where G is a random vector
such that G ~ N(0,C). Then, assumptions of theorem 11 hold.

At first, one generalizes the result about the asymptotical distribution of empirical classical
variance.

Theorem 12 Under the previous assumptions, \/(n) [(0}1)2 — 0]2] has asymptotically a normal

distribution with mean 0 and variance E{Pj(X)4} —oj .

Proof: By lemma 2.1.7, \/ﬁ( Ik P}lﬁ’;l.dmn —f ﬁjﬁj,dm) has asymptotically the same distri-

. 5D 2\ _ o Pi(Xo) B (Xe)—o] ‘o
bution as \/n( [ P;Pj.dm, — o) = Dot — Then, it is enough to use the Central

Limit Theorem. W

We obtain now the asymptotical distribution of the estimators of Gauss Jacobi Quadrature.

Theorem 13 For all s=1,2,...,j, we set 7, = xj s+ . Then, Vn{nsts=1,.; has asymptotically
a normal distribution with mean 0 and covariance matriz {Gs,t}(s,t)e{l,Q,“.,j}Q where

{ (02 Py, ) PO (O] [ 2028 Pulas) P (O (X)) }

Pj(x,s) Pj(;,0)

Gsr =E

)
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This theorem is deduced from the following lemma by using the CLT.
Lemma 2.2.2 For all s = 1,2,...,7,

-~ [»p 5 w(Z5,5) Po(t) ). mn op(n=1/2).
"= | O P Put0) )+ op(a™7)

Proof We prove this lemma for s=1. First, one proves that \/n 1, is asymptotically normal.
By notations 2.1.2, we know that

Jj—1
Pl = Pj+> ay,P,.
v=0

Therefore, because Pjn(a:zl) =0,

7j—1
Pj(x?@) = - Zd}l,vpv(m?,l) .
v=0
Therefore, \/ﬁlsj(acyl) = Vn(a} —zj1) (2% — x52)....(xF, — 7 ;) is asymptotically normal.
Moreover (27 —x;2) " "....(x] | —2;,;) " converges almost surely to (z;,1 —2j2) ' (@51 —x55) "
Therefore,by the theorem of page 19 of [9] \/n(z”; — x;1) is asymptotically normal, i.e. \/n 1 is
asymptotically normal.
By the same way, one proves that \/n s is asymptotically normal for s=23,....j.

Now one can prove the lemma. Indeed, one can write the following equalities :

Pj”(x) = (Jf—.]?j,l —771)(.1‘—$j72—772) ...... (.13—3;‘]‘7]' —nj)

= i = 250) (@ = zj)e (@ — 255-1) +op(n7 1)
by lemma 2.1.4. Therefore,
pjn(xj,l) = *771(.%]',1 - l’j72)($j71 — CEjvg) ...... (a:j,l — xj,j) + op(nfl/z) — 7771}5;_(3%,71) + op(n71/2) )

Now, by theorem 11,

j—1
Pi(xjn) = Pilwja)+ Y a7, Pul))
v=0
j—1
= Zd;vpv(xj 1)
v=0
j—1
= > ( - /Pjpvdmn)Pv(xj,l) +0,(n"Y2).
v=0

We deduce the lemma. B
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Theorem 14 Let j € N such that ]E{~X4j} < oo . For all s=1,2,....7, and for all u=1,2,..,5, we
set Lg(x) = L) ond hs (x) = PJ—(QJ)) We define D; by

T—Tj,s u (z—zj,s)(z—2ju

J xjs E L, s Fu i
D: = _12 ( (:v{]s)( B E{h;(X)}> (L(fvj()P’(LgJ

Pu(x

Lj,s E L ! s
L 1

Then, \/ﬁ{)\;{s — Ajsts=1,...; has asymptotically the normal distribution with mean 0 and co-
variance matriz {Os 4 h1<s1<; where

O _E{[ ZDS X)B;(0)] [tn(3) + SDZPH(X) P ()] } — N
u=0

This theorem is deduced from the following lemma by using CLT.

Lemma 2.2.3 Forall s € {1,2,..,5} ,

/e M (dt) /(ZDS (t)P;(t )mn(dt) +o0,(n"Y?) .

Proof We prove this lemma for s=1. We simplify L!(¢) in L(t) and Al in h, : L(t) =
(t*Z'jvg)(tfSCjﬁ)....(f*Ij’j) 3 hg(t) = (t*ll?j;;)(t*SCjA)....(t*Ij’j) y hg(t) = (t*IjVQ)(tf
Tj4)....(t — x;;) etc. Moreover, we set L"(t) = (t — x7,)(t — a7 5)....(t — 27 ) .

We know that

)\j,l = /El m(

_ Szt - %,) (t —z;,5)-m(dt)
(zj1 —zj2)(@51 — 253)- (251 — j5)

_ JL(t)-m(dt)

B (x] 1)

and that

Al = / 0} (x).m (do)
— S = alo)(t —aly)..(t — aF;).mn(dt)
(7} Tj1— 32)( i1 $23)(z21 ‘Tj,j)
_ B {t)ma(dh)
n (x;ll)

By proposition 2.2.4, we deduce easily that [ L"(t).m,(dt) and L () converge almost surely
to [ L(t).m(dt) and L(z;1) , respectively. Therefore,
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\n N J L™ (t).my,(dt) B JL(t)
J,1 Tl T L"(.’I} ) L(.’L‘ )
7,1 J)1

JL™(t).my,(dt) — [ L(t).m(dt) N J L(t).m(dt) JL(t)
Ln(afy) Ln(z?)) L(zj.)

[ LMt)mu(dt) — [ L(t).m(dt) [fL HL”( i) L(xj,l)] A
- L(zjn) N L(zj1)? o)

if \/(n)[ [ L™(t).my(dt) — [ L(t).m(dt)] and Va[L™(z)) — L(z;,1)] are asymptotically normal.
Then, we prove this result now. Indeed

/ L7 (). (dF) — / L().m(dt)

= /(tfxzz)(tfng)....(tfxzj).mn(dt) - /(tijyg)(tfxj73)....(tij7j).m(dt)

= /(t—.’Ej’g)(t—l'j’3)....(t—l'j’j)‘[mn —m](dt)
— /(t —2;3)(t —xj4)....(t — x;,;).my(dt)

= /L(t)'[mn—m](dt) — E{ha(X)} — mE{h3(X)} — oo = nE{R;(X)} + 0p(n”'?)

By the same way,

L™(a7) — L(zj1)

= (2}, —afo)(@]y —als). (2] — 2] ;) — (zj1 —252) (251 — 258)- (T — 255)
= (2] —w52) (@] —53) (2] —255) — (251 —x52) (w51 — 253) (T — 255)
- 772(95?1 - xj,S)(xgl,l - xj,4)~-~($?71 —zj)
— m3(@fy —@i2) (@] — xja). (2] —xj5)

= (w51 —w52) (w51 —258)(Tin —x55) — (251 —x52) (@51 — 253) (T — 255)

m(j1—253) (x50 — Tj4) (21 — 25,5)



+ m(win—x2)(Tin — xj4)(Tj1 — T55)

B TN

+ mzj1—2i2)(z0 — 2j3).(Tj1 — 255-1)

= Mz — xy8) (@i — ja) (350 — T55)

— w3 — @) (T — @) (Ti0 — 55)

— iz — i) (T — 253) (T — xj5-1) + op(n

= m [hg(l‘j’l)—l—...ﬁ-hj(l'j’l)] — nghg(xj’l) — ...

Therefore,

n
/\j,l - )‘j,l

J L(t).[my, — m](dt)

1/2)

— nihi(xj1) + Op(n_l/z) .

L(zj,)
E{e(X)}  E{hs(X)} _nE{hJ(X)}
2 L(x])l) 3 L(x]’l) ........... ¥ L(x],l)
- m Hi:{(ii)f))j [hg(.ﬁj)l) + hg(aﬁjJ) + ...+ hj(l‘%l)}
+ ﬂghz(xj’l)E{L(X)} F o +77jh](xj71) {L(X)} + p(n_l/Q)

L(zj1)?

f(t - .Z‘j)g)(?f — .Z‘j,g)...(t

— 2j,5):[mn —m](di)

(1 = 252) (w51 = 258)- (w50 = 25,5)
—m IEL{(iE)l())Q} [hz(l‘j,l) + hg(l'j,l) + ...+ hj(l‘j,l)]
1 [ ho(a; ) E{L(X)} '
+ n2L(9L‘j,1) _ L(ij) E{hQ( )}
1 [hg()E{L(X)}
BT I : L(zj1) s}
E OO UPTRRTURPPPRR
1 hj(2i)E{L(X)} ) o, (n=1/2
* ") L(zj1) U ol )
_ /&@Hmmwmwm
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- ( [ P03 PP .mn<dt>> B, ez (1) et B
“u=0 . 3\, Zj,
+ </ ~j(t) :Zpu(xj)Q)Pu(t): mn(dt)> Tia. )1]5/( ) hQ(J?jz():IEE{I)’(X)} _ E{hg(X)}]
u=0 3,15\ Lj2 J;1
+ (/ ~j(t)_zpu($j 3)Pu(t) mn(dt)> L( 1)1p,( 3) hS(xj,g()E{I)’(X)} —E{hg(X)}‘|
Tu=0 Tj,10) 455, Zj,1
+ N ........ J,1 .................................................. 1 . (m I)E{L(X)}
+ </Pj(t)[ZPu(wm)Pu(t)} My, (dt) )P : J’L( ") E{hj(X)}]
u=0 3.1 5\T5,5 Zj,1
+ Op(n_l/z)
_ S L@).[mn — m](dt)
L(l‘jJ
_ (/Pj(t)[ Pu(w;1)Pu(t)] .mn(dt)> IEL{(iﬁX))B} [ha(@1) + e + By (50)]
u=0 J,1
O [xs (bl ) B{L(X)} Py () 5
S AVIINC B0} 7 | PR )

We deduce the lemma. B
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Chapter 3

Detection of points of
concentration

3.1 Introduction

The Gauss Jacobi quadrature can allow to detect the concentration points of a probability. For
example let X be a random variable with a uniform density on [0,1] except at one point xg where
it has a nonzero measure : P{X = z¢} = b > 0. Then the Gauss Jacobi quadrature will help to
detect this point and its weight. This will be true for several points of nonzero measure. This is
also the case for probabilities with concentrations in certain points, i.e. near certain points, the
probability is very close to a Dirac measure.

3.1.1 Complement of the results of section 1.1.2

The results of section 1.1.2 show that in the case of sufficiently smooth density, the distance of
successive roots x; s converge to 0 and the same is true for weight A; ;. We can ask ourselves what
happens when X has a density of this type except at one point xo where it has a nonzero measure
: P{X =xp} =b > 0. We can easily have a first answer thanks to Stieltjes Markov’s inequality.
But for further details, it seems difficult to get them quickly by mathematical theorems. Then the
simplest is to make simulations.

That’s what we did: in all simulations which we have made, we found that the properties of
Section 1.1.2 remain true except near points of nonzero measure. That is to say that, generally,
ZTjs+1 —Tjs — 0and A; s — 0 as j — oo.

But it is quite clear that it will be different for the points closest to g such that P{X =z} =
b > 0. Indeed, suppose that two consecutive roots check x;, < xg < k41 with P{X = z¢} =
b > 0. Then, by Stieljes Markov inequality,

Y NS F(zjp—0) and Flzjpa+0)< Y A

Tj,s<Tjk Tj,s <Tj k+1

Therefore,
F(zo+0) = F(zo - 0) < F(zj 511 +0) = F(zjx —0)

<D M= D N =Nk Ak -
5, s<Tj k41 Tj,s<Tjk

Therefore, Aj 1,4+ Aj x+1 > b. This means that there will always weights which are not too small
even if j is large.

In fact, in some simulations which we have made, we found enough frequently some weights
Ajk; — bas j — oo. Moreover, z; k41 ~ To Ou ZTjk; ~ To and xj k41 — Tk — 0 as j — oo.
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So it seems that in many cases, in order to find the non-zero measure in a point and its weight,
it suffices to find the roots Tj k; close to a zy and weights Aj,kj ~ b.
This is what will confirm the following examples.

3.1.2 Example 1

In this example we chose a probability mixing a continuous density and a point xg such that
P{X = ¢} > 0. The continuous density is that of a Gaussian mixture centered in -3, -1, with
standard deviation 1, 2. The Dirac measure is located in xg = 4. The weights of the two Gaussian
density and of the Dirac measure (in -3, -1, 4) are the weights 2/9, 4/9, 1/3.

We have calculated the z7,’s and the A7,’s empirically, i.e. we used a sample of this mixture
Gaussian. The histogram of the empirical density is represented in Figure 3.1. Note that in this
one, it is simultaneously represented the curve of the density of mixture Gaussian and the non-
zero measure in xg = 4. In order that graphs are consistent, it would be required that the Dirac
measure is infinite. It’s impossible. Also, one has been obliged to adopt the following convention.

Convention 3.1.1 In Figure 8.1, the abscissae and ordinates do not represent the actual values
of the empirical density nor the probability of the value in xo = 4: it is the only to give an idea of
the distribution of probability.

In this report, we’ll keep the same convention for representing any figure which has both a
density and a measure m({xo}) > 0.

0.8

0.6

0.4

0.2

0 I I I L I I L L I
0 100 200 300 400 500 600 700 800 900 1000

Figure 3.1: Gaussian mixture in -4,-3 and Dirac measure in 4

Variances We study first the variances of higher order. We find the following table.

1 2 3 4
11.0370 | 63.0308 | 453.1219 | 2354.33

J
o

e Il

As a matter of fact, one sees that these variances tell us nothing about the concentration in 4.
Also, in order to compare, we also calculated the variances of the Gaussian mixture alone (without
the point of concentration 4). We find the following table.

=1 2 3 1
o7 || 3.2234 | 24.5524 | 290.0836 | 1208.25
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This shows that the study of variances does not tell us much about point of concentration.
Even the variance of order 2 of the Gaussian mixture does not clearly indicate the concentration
around two tops, which should be the case for a Gaussian mixture with two components.

Note that the variances are even smaller when we removed the point of concentration. In fact,
this is normal because the probability will stop to be close to 0 in 4 and moments will be bigger.

So generally, we can not use the variances of higher order to teach us the existence of a measure
m({zo}) > 0 mixed with a probability which has a continuous density. But we will see that this
is not the case with the parameters of the Gauss Jacobi quadrature.

Gauss Jacobi Quadrature Indeed, the points and weights of Gauss Jacobi quadrature allows
to detect the concentration in the point xyp = 4. Indeed, the parameters of the Gauss Jacobi
quadrature are given by the following tables.

1 2 3
T1s -0.2274 | O 0
Tos 3.4109 -3.2730 | O
T3s 3.9011 -4.8453 | -1.7292
T4s -6.3918 | 3.9776 | -3.3357 | -0.4282 | 0O
Tss -7.7252 | 3.9960 | -4.5646 | -2.2141 | 0.6129
T6s -8.7553 | -5.6417 | 4.0051 | -3.2739 | 1.7758 | -0.9448 | 0
T7s -9.5629 | -6.5870 | 4.0981 | 3.8168 | -4.1424 | -2.0990 | 0.3619
T35 -10.2119 | -7.4893 | 5.7010 | 3.9945 | -5.0952 | -3.1244 | 1.1844 | -1.1042
T9s -10.6159 | -8.2123 | 6.2676 | -5.9674 | 3.9995 | -3.9839 | 1.8163 | -2.2345
T10s || -10.8087 | -8.6956 | 6.4217 | -6.6345 | -4.7074 | 4.0022 | -3.0406 | 2.5305
T11s || -10.8938 | -9.0235 | 6.4882 | -7.1783 | -5.3689 | 4.0106 | 3.6130 | -3.7158
T12s || -10.9303 | -9.2567 | 6.5310 | -7.6459 | -5.9684 | 4.6708 | 3.9965 | -4.3445

OO O =
O O D Ut

(s} Hen) Hen) Hev) Hen) Rop)
[en] Nl Newl Nen) Nen) N

O OO OO OO

9 10 11 12
Tos -0.2326 | 0 0 0
Z10s || -1.3096 | 0.6104 | O 0

T11s || -2.1612 | 1.4062 | -0.4045 | O
T12s || 1.9751 | -2.8888 | -1.3550 | 0.3182

1 2 3 4 )

Al,s 1.0000 | O 0 0 0
A2s 0.4557 | 0.5443 | O 0 0
0

A3, 0.3658 | 0.1791 | 0.4551 | O
A, 0.0317 | 0.3454 | 0.3893 | 0.2336 | O
6,5 0.0052 | 0.3383 | 0.1696 | 0.3761 | 0.1108 | O
A6,s 0.0011 | 0.0557 | 0.3333 | 0.3348 | 0.0431 | 0.2320 | O
A7s 0.0003 | 0.0176 | 0.1909 | 0.1529 | 0.2029 | 0.3218 | 0.1137 | O

A8.s 0.0001 | 0.0050 | 0.0002 | 0.3375 | 0.0821 | 0.3057 | 0.0579 | 0.2116
Ag,s 0.0000 | 0.0016 | 0.0000 | 0.0296 | 0.3355 | 0.1943 | 0.0298 | 0.2817
A10,s || 0.0000 | 0.0007 | 0.0000 | 0.0123 | 0.1010 | 0.3337 | 0.2708 | 0.0138
A11,s || 0.0000 | 0.0004 | 0.0000 | 0.0055 | 0.0484 | 0.3210 | 0.0175 | 0.2019
A12,s || 0.0000 | 0.0002 | 0.0000 | 0.0026 | 0.0232 | 0.0008 | 0.3351 | 0.1223

OO OO O

OO O OO

(o) Hen) Hev) Hen) Rew) New) No'o)
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A9.s 0.1273 | 0 0 0
Ao,s || 0.1954 | 0.0723 | O 0
A11,s || 0.2453 | 0.0383 | 0.1217 | O
Ai2,s || 0.0208 | 0.2452 | 0.1740 | 0.0756

This shows that the measure nonzero in xy = 4 with a weight 1/3 implies roots close to 4 and
weights close to 0,333 while the other roots and weights are much more varied.

Note that some weights are close to 0. This is due to properties of the pure Gaussian (without
Dirac measure) or to that of Gaussian mixtures: compare with the examples in the following
sections 3.1.3 , 3.1.4, 3.1.5 , 3.1.6 (N(0,1) distribution) and 3.1.7, 3.1.8, 3.1.9 (mixture of uniform
distributions).

In order to better appreciate these results, in the following table, we shall group together the
roots close to 4 and the associated weight by using the following convention.

Convention 3.1.2 In the tables giving the two roots around points x, with measures m({zs}) > 0,
we are only interested by the roots with significant weight. When there is an alone significant weight
we put a 0 for the following weight and we did the same thing for root.

There are then for the roots close to x=4 and the associated weights the following table.

Il ik | ikt | Ak | Akt
3 [ 3.9011 [ 0 0.3658 | 0
4 39776 | 0 0.3454 | 0
5 | 3.9960 | 0 0.3383 | 0
6 | 4.0051 | 0 0.3333 | 0
7 | 4.0981 | 3.8168 | 0.1909 | 0.1529
8 | 3.9945 | 0 0.3375 | 0
9 | 3.9995 | 0 0.3355 | 0
10 | 4.0022 | 0 0.3337 | 0
11 | 4.0106 | 0 0.3210 | 0
12 [ 3.9965 | 0 0.3351 | 0

By Stieljes Markov’s inequality, we know that the weight at x = 4, checks Ajx + Ajx41 >
P{X =4} when z; 1 <4 < Zj g41-

So we see that there is a weight of about 0,333 concentrated around 4: indeed, P{X € [4 —
a,4+ a]} < A\jx + Ajr+1 where a is small enough .

Remark 3.1.3 One can find practical problems for calculating the elements of the Gauss Jacobi
quadrature. Indeed, it is known that the computation of orthogonal polynomials P; can be difficult
when j increases a little. This is because the moments become very large or very small depending
on the case. The accuracy of calculations becomes delicate and one can sometimes find values
enough distant of real values. A fortiori, it is even more true for the Gauss Jacobi quadrature.

3.1.3 Example 2 : Gaussian standard case

We study now the standard Gaussian case : without measure concentrated at a point. We will
see that for the first roots, it appears significant weight at x = 0. In order to make it to vanish,
we have to choose root and weight of large enough order.

Therefore around x = 0, we find the roots and weight following.
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i mie | @ik [Nk | Ak
3 [ 0.0075 [0 0.6709 | 0
4 | 0.7816 | -0.6968 | 0.4410 | 0.4671
5 | 0.1057 | 0 0.5309 | 0
6 || 0.7879 | -0.4427 | 0.3657 | 0.4449
7 |[0.1651 | 0 0.4348 | 0
8 | 0.6528 | -0.3623 | 0.3280 | 0.3803
9 [[0.1216 [ 0 0.3645 | 0
10 || 0.5370 | -0.3207 | 0.2945 | 0.3265
11 |[ 0.0905 | 0 0.3148 | 0
12 ][ 0.4472 | -0.2924 | 0.2643 | 0.2844

This shows that, at the beginning, the weight around 0 decreases slowly although there have
no points of nonzero measure.

However the roots are well distributed, but associated weights may be almost zero. For example
for j = 12, we have the following table.

[ =125 [[ 4.3503 | 38.1757 [ -3.5296 | -3.0934 [ 2.6400 [ -2.4636 | 1.9207 [ -1.7602 | 1.1829 -1.0183 0.4472 -0.2924
[ 12,5 [| 0.0001 | 0.0013 | 0.0003 | 0.0022 [ 0.0095 [ 0.0132 [ 0.0451 | 0.0596 | 0.1479 | 0.1722 | 0.2643 | 0.2844 |

3.1.4 Example 3

One takes a standard normal curve with a point of concentration 0 and weight 1/4 for N(0.1) and
3/4 for the point of concentration with the nonzero measure at x = 0 : m({0}) = 3/4.

Because the results of the standard Gaussian case, it is not surprising that the weight close to
0 does not tend fast enough to the weight of the point of concentration.

Note that the roots x; where j is odd have a single point with a strong concentration and
that the roots of even order have two points around 0. This result is normal: it is due to the
symmetry with respect to 0.

J Tk Tikt1 | Ajk Aj k41
3 0.0060 0 09172 | 0
4 0.3908 | -0.2998 | 0.4297 | 0.5438
5 0.0003 0 0.8873 | 0
6 -0.2835 | 0.2572 | 0.4546 | 0.4960
7 0.0005 0 0.8649 | O
8 0.2334 | -0.1870 | 0.4169 | 0.5079
9 0.0033 0 0.8472 | O
10 || 0.2094 | -0.1355 | 0.3655 | 0.5388
11 || 0.0039 0 0.8335 | O
12 || 0.2048 | -0.0921 | 0.2920 | 0.5946

Regarding the other roots and weights, we find similar results to those of the Gaussian case:
the roots are well distributed and the other weights are lower (which is normal because you have
to remove the weights near x = 0) .

Finally, we see that the weight around x = 0 decreases slowly and we have to take j bigger
than 12 in order that the weights associated approaches 0.75.
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3.1.5 Example 4

Now, we take a weight for the Dirac measure smaller than in the previous example. One takes a
mixture of N (0,1) and of a point of concentration in x = 0 with weight 1/2 for N (0,1) and 1/2

the point of concentration : m({0}) = 1/2.

J Tk Tikt1 | Ajk Aj k41
3 -0.0000 | O 0.8294 | 0

4 0.4661 | -0.4574 | 0.4665 | 0.4732
5 0.0018 0 0.7574 | O

6 0.3627 | -0.3392 | 0.4297 | 0.4524
7 0.0014 | O 0.7126 | O

8 0.2766 | -0.2730 | 0.4126 | 0.41789
9 -0.0037 | O 0.6783 | 0

10 || -0.2351 | 0.2049 | 0.3739 | 0.4124
11 || -0.0028 | O 0.6523 | 0

12 || -0.1813 | 0.1788 | 0.3752 | 0.3757

As previously, we see that the weight around 0 decreases slowly.
In order to find weight approaching the normal weight (0.5), we have to use orthogonal poly-
nomials of bigger order. For example if j = 23, there is a root and a weight \; 11 = 0.5827.

3.1.6 Example 5

In this example, we take two points of concentration in -4 and 4 and a Gaussian mixture centered
-1,0 with standard deviation 1, 2. The respective weights in x=-4,4,-1,0 are 0.2, 0.4, 0.2, 0.2 :

m({—4}) = 0.2 and m({4}) = 0.4.
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Figure 3.2: Two points of nonzero measure in 4 and -4

Then, one has the following table.
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bl %k Tik | ik | Ajw

5 || 4.2142 | -3.9737 | 0.2936 | 0.2150
6 || -3.9986 | 3.5103 | 0.2059 | 0.3375
7 || 4.0160 | -4.0258 | 0.3095 | 0.1917
8 || -3.9430 | 4.4904 | 0.2079 | 0.1772
9 || -3.9913 | 3.9020 | 0.2066 | 0.3032
10 || -4.0001 | 4.1900 | 0.2032 | 0.2394
11 | 3.8007 | -4.0082 | 0.2796 | 0.1983
12 [ 4.0488 | -3.9490 | 0.2668 | 0.1756
12 | 4.0051 | -4.0087 | 0.2108 | 0.2087

In this table, we do not give two roots around each points of concentration, but the roots close
to 4 and -4. Of course, the weight A;; and A; ;s are the associated weights.
This shows that the roots approach slowly 4 and -4. Moreover the weights associated converge

slowly.

3.1.7 Example 6

We choose mixtures of two uniform distributions and of two points of nonzero measures. We choose
uniform mixture on the intervals [-2, -1], [3/4, 3/2] and the points -3, 2 , as having a non-zero
measure. The weights associated with these intervals and in points -3, 2, of nonzero measure are

respectively 0.2, 0.4, 0.2, 0.2.
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Figure 3.3: Two points with a nonzero measure

b ik Tk Ajike Ajk!

3 -2.8337 | 1.6785 | 0.2724 | 1.6785
4 -2.9880 | 1.9522 | 0.2072 | 1.9522
) -2.9973 | 1.9812 | 0.2021 | 1.9812
6 -2.9998 | -1.8015 | 0.2002 | 1.9980
7 -3.0000 | 1.9993 | 0.2000 | 1.9993
8 -3.0000 | 1.9999 | 0.2000 | 1.9999
9 -3.0000 | 2.0000 | 0.2000 | 0.2000
10 || -3.0000 | 2.0000 | 0.2000 | 0.2000
11 || -3.0000 | 2.0000 | 0.2000 | 0.2000
12 || -3.0000 | 2.0000 | 0.2000 | 0.2000
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We note that the concentration points (-3,2) appear much more distinctly than in the previous
example.

We note also that the roots are almost all concentrated on the intervals of uniform mixing,
i.e. on the interval [-2, -1] and [3/4, 3/2] : for example the roots of Pj5 are : -3.0000, 2.0000 and
-1.9621, -1.8077, -1.5662, -1.291, -1.0662 and 1.4613, 1.3114, 1.0914, 0.8704, 0.7396,

This specifies proposition 1.1.9 according to which there may not be three successive roots
Tk < Xjpt+1 < Tj k42 such that P{X € [xj,k,ivj,k+2]} =0 if /\j71€+1 > 0.

This shows that the points of concentration and weight appear clearly : they are the roots and
weights associated close to points with a nonzero measure.

3.1.8 Example 7

One chooses two uniform mixtures on [-2, -1] and [3/4, 3/2] and a non-zero measure in x=0 with
respective weights 0.4, 0.4, 0.2,

3
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Figure 3.4: One point with a nonzero measure

Xj.k )\j,k
-0.0520 | 0.2055
0.0560 | 0.2048
-0.0103 | 0.1991
0.0050 | 0.2009
-0.0018 | 0.1996
10 || 0.0004 | 0.2001
11 || -0.0003 | 0.1999
12 || 0.0000 | 2.0000

©| 00| | & ot

In this example, the points of concentration and weight appear clearly: they are the roots near
x=0 and the weights associated from a certain j.

Moreover as in the previous example, the roots are almost all concentrated on the intervals of
the uniform mixture, i.e. on the intervals [-2, -1] and [3/4, 3/2]: for example the roots of P are :
0.0000 and -1.9742, -1.8658, -1.6833, -1.4546, -1.2165, -1.0445 and 1.4754, 1.3722, 1.2014, 0.9927,
0.8071 .
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3.1.9 Example 8

We choose uniform distributions on connected intervals and a point of nonzero measure located
inside of their supports. Then we take an uniform mixture of the intervals [-3.0], [0,0.750] and a
non-zero measure in -1 with weights, respectively 0.3, 0.5, 0.2.

7
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Figure 3.5: One point with a nonzero measure

Roots close to -1 and the associated weights are given in the following table.

i Tk Tiktr | Njk | Ajkyr
) -1.0055 | O 0.3157 | O
6 -1.3163 | -0.7185 | 0.1797 | 0.2035
7 -1.0081 | O 0.2852 | O
8 -1.2715 | -0.8540 | 0.1320 | 0.2036
9 -1.0145 | O 0.2650 | O
10 || -1.2385 | -0.9095 | 0.2067 | 0.0755
11 |[ -1.0156 | 0 0.2521 | 0
12 | -1.2521 | -0.9544 | 0.0695 | 0.2228
13 |[ -1.0389 | 0 0.2234 | 0
14 || -1.0308 | O 0.2310 | O
15 |[ -0.9705 | 0 0.2273 | 0
16 || -1.0026 | -0 0.2422 | 0

The points of concentration and weights appear clearly: they are the roots close to x=0 and
the weights associated from a certain order.

3.1.10 Conclusion

The Gauss Jacobi quadrature can effectively detect the points with a non-zero measure. It suffices
in many cases to see near which points, the weights A; s are greater than a certain limit. But
because we can calculate the orthogonal polynomials only until a finite order, it may also mean
that the probability is concentrated near a given point, but in a measure weaker than the Dirac
measure.
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Chapter 4

Application : mixtures

We will apply the previous results to find the different components of a Gaussian mixture. In
order to do this, at first we need some properties.

4.1 Some properties
At first we introduce the type of mixtures that we will study.

Notations 4.1.1 Let Y be a real random variable. We assume that there exists p € N such that
Y = Zle 82y, where Z, — z. = ope. ~ N(0,02), z. € R, where the 5, are random variables
such that 6, = 0 or 1, >F_, 8, =1, and where (81,02, ....,0,), €1, €2, ..., €, are independent.

We assume that the z,.’s , r = 1,2, .., p, are distincts. We set P(6, = 1) =gq, forr=1,2,...,p.

Because Z, = z, + 0,6, then Y =52 6,(z + 0r6,) =D 0 _ 82+ > 0_, 6,006,

One want to estimate the z, ’s and ¢,.’s by using Gauss Jacobi Quadrature. Unfortunately,
the Gauss-Jacobi quadrature of Y does not give the z, ’s and ¢,’s directly. Indeed, let us denote
by yp,s and /\;),s , the zeros and the weights of orthogonal polynomials associated to Y. Then,

generally, y, s # zs and A}, ; # gs.
It is true only when o,(Y) =0 .

Proposition 4.1.1 We denote by {Q]} the familly of orthogonal polynomials associated with
S 6z o Qi(2) = Yol_objezt where bj; = 1. Then, the z.’s are the zeros z,, of Qp .

Moreover, let £5(2) = % . Then, q, = [ €3(2).ms(dz) for r = 1,2.....,p where mg is the

distribution of S =>"_, 6,2,.

Therefore, we have to use the Gauss Jacobi Quadrature not of Y but of S = Y7_ 6,z,.
Therefore, we need to know moments of Zle 6rzyr . In this aim, one has the idea to use "negative
variance” of Gaussian ( cf Section V-2, page IV-28, [5]) .

Indeed, recall that this naming is based on the following property(cf lemma 1.1, (viii) [8])

Proposition 4.1.2 Soit G ~ N(0,02), U ~ N(0,1) and e ~ N(0,1) three independent random
variable. Then, for all g € N,

E{[c+v]"} =E{[Vo =1}

Proof Let hj(z) = )+ Zj;(l) gj’sxj be the j-eme Hermite orthogonal polynomial. Then, one

S

know that h;(x) = E{(iU + z)’ } (cf Théoréme 1-4, page IV-7, [5], lemma 1.1, (ii) [8], [13], [12]).
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Then, by using this property, one prove this proposition (cf [5], [8]). B.

Then, iU+G behaves like a Gaussian distribution with variance negative if 02 < 1. Now, if
02 > 1, we find a usual Gaussian distribution. If 2 = 1, the probability is concentrated in 0.

To use the negative variances in order to solve our problem, we will first prove the following
property which is a consequence of proposition 4.1.2.

Proposition 4.1.3 Let U ~ N(0,1) be a random variable independent with (31,92, ....,0p) and
(€1,€2,....,€p). Then, for all ¢ € N,

P
{(Z 5tZt —+ o€t +’LSU) } = ]E{(Ts)q} ,
t=1
where Ty = > 1_, 6(2e + \/07 — s%€r).

Proof We have

p

q
E{(;(ss(zs + 0'568)) }
:E{ Z j1'q'jp'(5{1(z1 +0’161)j16%2(32—|—o’262)j2 __________ 5§p(zp+ap€p)jp>}
Jit....+tIip=q

!
= {% (6?(21 +01€1)7 4 05(22 + o2€2)? + oo + 01 (2 + apep)q)}

= E{ ((5(11(2:1 —+ Ulﬁl)q —+ (53(22 —+ 0'262)q =+ ..... + (5;(2’}7 —+ 0p6p)q) }

= E{éf(zl + 0161)‘1} + E{ég(ZQ + 0262)’1} F o + E{ég(zp + O'pép)q}
= E{(Sl (21 + Ulel)q} + E{62(22 + 0262)‘1} T + E{(Sp(zp + Up€p)q}
= q1E{(2’1 + 0161)‘1} + QQE{(ZQ + 0262)‘1} F o + qp]E{(zp + apep)q}

where ¢; = P{d; = 1}.

Therefore,
P

if ((Z&S(zs +o.e,) +isU)' }

= IE{ i(j’s iés (zs + 0365)) (isU)9~ }
5=0 s=1

- zq: cE{( zp: Bz + 0ve0)) " JE{ (i50)7~"

s=0 s=1

= zq: C; {qlE{(zl + 0'161)8} + qu{(ZQ + 0262)5} + o + qu{(zp + apep)s}]E{(isU)qfs}

=3 Gk {(e1 + 0160 JB{ (D)} + e+ 3 CayE (2 + 0y VB G150
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= lhE{ [(z1 + 01€1) + (isU)]q} F oo + qp]E{ [(zp + opep) + (isU)]q}
= qlE{ [(z1 4+ \/o? — 52 6)]Q} F s + qp]E{ [(zp 4 /02 — 6)](1}

where € ~ N(0,1).
Indeed,

IE{ [o2€2 + (isU)]q} = ]E{sq [(02/s)e2 + iU]q} = qu{ [(02/s)e2 + iU]q}
= qu{[ (02/8)? =1 e]q}

(by proposition 4.1.2)

:E{sq[ (02/3)2—1e]q}:E{[s (0’2/8)2—16}(1}:1}3{[ o3 — 52 e]q}.

Therefore,

M=

E{[21 + ores + (is0)]* } = B{

S

Cozilore + (z'sU)]q_S}
= i C;'zf]E{ [o161 + (isU)]q_s} =

> Cyzt E{[\/O’%—S2 e)]q_s}
:E{Zngf [\/o? — 52 e)]qis} :E{[(zl +1/0? — 52 e)}q} :

M- L

Il
o

q
Now we have seen above that E{ ( S bs(zs + Uses)) } =>4, nt{(zt + Utet)q}.
Then, replace o; by y/o? — s2. Then,

E{(iét(Zt +4/o? — 8263))q} = int{(zt +4/0? —526t)q} .

Then, we can use the previous property in order to find the various parameters o, z, and
gr. For example, if o, = o for r=1,2,....,p, ]E{[Y + iaU]q} = E{Sq} (if not, if s = mingoy, Ty
have the same moments as a degenerate Gaussian mixture, i.e. with a standard deviation of one
component which is equal to zero). Therefore if we choose s = o, Y +isU has the same moments
as S = Zle 0r2r. Then its variance of order p will be null. Therefore, we can find s = o by
studying the variances of order p of isU + Y. When o is obtained, it suffices to calculate the
parameters of the Gauss Jacobi quadrature which will be the associated the z,’s and g¢,.’s.

If all the oy’s are not identical, we will apply the results of Chapter 3 to Y+isU.

Now, in order to make our calculations, we need also the following properties.
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Proposition 4.1.4 Let Z;, s=1,2,...,p, be some p random variables independent of (91, ....,0p).
Then, the random variable 6121 + ...... + 6,2y has the density g = q1 fz, + ...... + qpfz, where the
fz.’s are the densities of the Z;’s.

Proof We know that
....... ¢ 7}
=B {7 T} B () B (e )
= 5,1 {0} 4 Bypuy {9222} 4+ By oy {10070}
=Es—1{€"?} + Es,—1 {2} + ... +Es 1 {e%r)
= E{1,(61)e %} + E{1,(85)e™ %2} + ...... + B{1,(5,)e"" % }
— B{11(5:) }E{e" %} + E{11(6,) }E{e"?} + ...... + B{1;(5,) }E{ "%

= P{6; = 1}E{e" 7'} + P{6 = 1}E{e" 7} + ..... + P{6, = 1}E{e*%}
= qlE{eitzl} + QQE{eitZz} o n qu{eith}

=E{e"[q1 fz,(z) + ...... + qpfz,(x)]dz} . W

Proposition 4.1.5 If the Z;’s are Gaussian, the random variable 6121+ ...... +0,7Z, is completely
determined by its moments.

Proof Indeed, E{e!l1Z1Ft0Z]} = giE{e*Z1} + goE{eitZ2} + ... + gpE{e"?} where
the Z;’s are Gaussian. Therefore we can write each E{e”zp} as a convergent serie which is
function of Gaussian moments. Therefore the characteristic function is completely determined by
the moments.

4.2 First application to mixtures

4.2.1 Method

At first, we show how one can find the various parameters of a Gaussian mixture when o, = o.
Notations 4.2.1 In this section 4.2, we assume that o2 = o2 for all v € {1,2, ..., p}.

Then, we can use the negative variances of Gaussian distributions in order to obtain the
parameters of the mixture. Indeed, we have the following proposition.

Proposition 4.2.1 Under the previous assumptions, Y = 0_, 8,2, + o€y where eg ~ N(0,1).
Proof We know that Y =Y"_ 6,2, + (XF_, 0,¢-)0.

a2
By proposition 4.1.4, Y-, ,¢, has the density ¢ fz, (z)+...... +apfz,(x) = [q1+...... +qp) e\/277:2 =
7w2/2
e
Ver

Then, Y =32 6,2, + (X0_, 0p6,)0 = 30 6,2, + 0€o where €g ~ N(0,1). W

One is therefore in case the variable S = >""_, 6,2, is disturbed by a Gaussian noise ce. We
will see that it is easy to find the parameters of this mixture by using the variances of higher order.
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Indeed, assume that we want to estimate the z;’s and ¢;’s. We can estimate the moments of S
by using negative variances because

P

B{ (0 + e +is0)'} :E{(éat[zt +vmm2q))'}

t=1

It is thus enough find s such that 0? = s? : in this case, the moments of Y 7_, (6:2; + o€r) + isU
have a variance of order p which is equal to zero. Indeed, it is the variance of order p of S which
is concentrated in p distinct points.

Then, to find s such that 0% = s? is easy. Indeed, if we take s increasing from 0, > 7_, (6:2¢ +
o€t) +isU has the same moments as the real random variable Ty = > 1_, (2 + Vo — s% ). We
can then calculate the variance of order p of Ts. When it vanishes, we know the s is reached.
Then we know the parameters searched s = ¢ and also the z,.’s and ¢,’s by using Gauss Jacobi
quadrature.

Concretely, if we take s more and more large, variance of order p decreases to 0 and then
becomes negative. Then, it is not difficult to find s = o by calculating the variance of order p for
any value of s.

4.2.2 Examples

First example Suppose we have a sample y, , £ = 1,2,.....,10000, of Y. Suppose that Y is
a mixture of Gaussian components centered at [-2,0,3], with standard deviation 0.722 and with
weights 1/6, 2/6, 3/6. Then, one calculate the variance of order 3 of T for some values of s. In
order to calculate the moments of Y + isU we need a sample y; + isuy of Y+isU. In order to do
this, it is enough to add any pseudo-random sample u, of N(0,1).

In the first figure 4.1 we have the graph of the variance of order 3 when s varies from 0 to 1:
we take 03 defined in SectionA.1.4 by replacing the moments M; of X by the empirical moments
of Y+isU.

The red curve represents the imaginary part. Indeed, for a sample we must take into account
the imaginary part because it can be not exactly zero: we have a sample of X +isU and not the
exact distributions.

Anyway, this figure shows that the variance vanishes near s = 0.72.
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Figure 4.1: Variance of order 3 of T
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Second Example In figure 4.2, the blue curve represents the real part of the variance of order 3
of a sample of X + isU when X is a Gaussian mixture of components centered in -2,0,3, of standard
deviation 1,1,1 of weight 1/6, 2/6, 3/6 when s varies from 0 to 1. The red curve represents the
imaginary part. We see that the variance vanishes near s = 1.

200

100

-100

-200

-300

—-400 -

-500

Figure 4.2: Variance of order 3 of T

To calculate o, we’ll take a curve defined over a smaller interval near the point where s = o.
In the figure 4.3, then we represent the same curves for intervals much smaller. This allows to
conclude that sg = o = 0.996.

0 L L L L L L L
0.96 0.97 0.98 0.99 1 1.01 1.02 1.03 1.04

Figure 4.3: Variance of order 3 of T

With the moments, we can then estimate the parameters of the Gauss Jacobi quadrature.
We estimate the roots by -1.9735, 0.0653, 3.0232 (instead of -2,0,3) with weights 0.1776, 0.3274,
0.4950 ( instead of 0.1667, 0.3333, 0.5000).

Because these parameters were obtained for a sample of the given law, we will compare this

result with a new simulated sample. In the figure 4.4 it has been plotted in red the original curve
obtained by histogram estimation (function "hist” of Matlab). In blue, we represent the curve
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obtained from the simulation of a distribution of a mixture which has the estimated parameters.

Thus we understand that we can assume that the parameters obtained by this estimation are
quite correct

900
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400
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Figure 4.4: Histograms of theoretical and estimated mixtures

4.3 Second application to mixtures

4.3.1 Presentation

We have seen how to apply Proposition 4.1.3 when Y = >*_ §,[2, + o¢,]. Now we will apply
this result when the o, ’s are different.
Then, by proposition 4.1.3, we know that

B (S0 + e+ i)'} ~B{ (Sl ot = )}

Therefore, if s2 = MinT:L__,’p(Uf)7 Ty = Y7 (6:2 + ore) + isU has the same moments as
a Gaussian mixture with p components, including one degenerate, i.e. with a point of nonzero
measure in z;, where afa = Min,—1,. p(c?) : P{Ts = 2z;,} = q¢: > 0. So we find s by applying a
method of the same type as that described in chapter 3. Then, in order to find this point z;, we
use the properties of the Gauss Jacobi quadrature instead of those of the variances of order p.

It then suffices to apply the method described in Chapter 3 in order to find the point of
concentration z;, its weight ¢; and its variance o?.

After we removed the points corresponding to the Gaussian component of the mixture and we
start again.

In order to show how we had to proceed, we will study an example.

4.3.2 Example

One chooze a sample with size 100000 of a Gaussian mixture with components centered in -3,0,2,
with standard deviation 1, and with weights 0.4, 0.3, 0.3. (cf figure 4.5).

4.3.3 Calculation of the first standard deviation

The first standard deviation which we can know by using the Gauss Jacobi quadrature is the
smallest standard deviation. Indeed, adding io:U, we find that the moments of Y + io;U are the
same as those of a real random variable having a point of concentration.
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Figure 4.5: Gaussian mixture with components centered in -3,0,2

Now, for a sample, this is only estimation obtained thanks to a complex random variable.
Then, it is not quite sure that all the moments are real. We must take the real part since the
imaginary part of the moments tend to 0 as the sample size tends to oo.

Therefore one estimates the moments and then the elements of the Gauss Jacobi quadrature
with different s. In this report, we’ll do it for s = 1/5 and s = 1/4.

Study of s=1/5 For simplicity, in this section we denote always by \; s and ;s the weights
and the roots of the Gauss Jacobi quadrature associated with the sample of the random variable
Y + isU, that is to say that the theoretical probabilities have the same moments as Y7_, 8, (z, +

o2 — g2 e,,). Then, for s=1/5, we have the following tables.

1 2 3
21, || -0.6021 |0 0
To. || -3.1159 | 1.3471 | 0
735 || -3.9540 | 1.8420 | -1.1128
21, | -4.6964 | -2.9009 | 2.0039 | -0.1215 | 0

5. || -5.1886 | -3.5613 | 2.0427 | -1.6815 | 0.2911
Te.s | -5.6402 | -4.1587 | -2.6969 | 2.0721 | 0.9964 | -0.3988
@7, || -6.0472 | -4.6755 | -3.3621 | -1.9065 | 2.1145 | 1.5975 | -0.0231 | 0
w5 || -6.4284 | -5.1461 | -3.9369 | -2.6990 | 2.1680 | 1.8255 | -0.9921 | 0.1971
Zo. | -6.7533 | -5.5361 | -4.4093 | -3.2956 | 2.2072 | 1.9006 | -2.1171 | 0.4523
7105 || -6.9618 | -5.8040 | -4.7501 | -3.7108 | -2.6261 | 2.2346 | 1.9395 | -1.2471
T11. || -7.0993 | -6.0243 | -5.0521 | -4.0767 | -3.0758 | -2.0081 | 2.3790 | 2.0854
T2, || 71747 | -6.1922 | -5.2991 | -4.3857 | -3.4654 | -2.5049 | 2.9729 | 2.1919
T13. || -7.1992 | -6.2764 | -5.4498 | -4.6123 | 3.1542 | -3.7849 | -2.9287 | 2.2038
T1a || -7.1980 | -6.2709 | -5.4370 | -4.5881 | 3.1361 | -3.7446 | -2.8661 | 2.2019
715 || -13.2195 | 7.4003 | -7.1993 | -6.2765 | -5.4493 | -4.6105 | 3.1619 | -3.7812

T16,s || -7-2320 | -7.2320 | -6.3839 | -5.5899 | -4.8075 | -4.0369 | 3.1403 | 3.1403

OO O =~
O OO Ot

o|o|o|o|o|o

(o] Ren) Hen] Hen] Nenl) Nen) JN|
[en] Ren) Hen] Hen] Hen] Hen) 0 o]
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9 10 11 12 13 14 15 16
T9,s -0.4043 | 0 0 0 0 0 0 0
Z10,s || 0.8678 | -0.0280 | 0 0 0 0 0 0
211, || 1.7481 | -0.4754 | 0.3394 | O 0 0 0 0
T12,s || 1.8889 | -1.3269 | 0.5672 | -0.1748 | O 0 0 0
Z13,5 || 1.9050 | -2.0216 | 0.7431 | -0.7594 | 0.0334 | O 0 0
T1a,s || 1.9019 | -1.9129 | 0.6214 | -0.0497 | -0.0497 | -0.4318 | O 0
Zis,s || -2.9226 | -2.0126 | 2.2042 | 1.9056 | 0.7514 | -0.7462 | 0.0413 | O
T16,s || -9.2426 | -2.4225 | 2.2181 | 1.9230 | -1.4819 | 1.0409 | -0.3944 | 0.2726
1 2 3 4 S 6 7 8

Als 1.0000 | 0 0 0 0 0 0 0

A2s 0.4367 | 0.5633 | 0 0 0 0 0 0

A3,s 0.2217 | 0.3860 | 0.3922 | O 0 0 0 0

A, s 0.0681 | 0.2982 | 0.3104 | 0.3233 | O 0 0 0

As,s 0.0229 | 0.2239 | 0.2874 | 0.2073 | 0.2585 | O 0 0

6,5 0.0065 | 0.1172 | 0.2389 | 0.2632 | 0.1220 | 0.2522 | 0 0

A7s 0.0017 | 0.0502 | 0.2032 | 0.1563 | 0.2128 | 0.1126 | 0.2632 | O

A8,s 0.0004 | 0.0181 | 0.1253 | 0.2016 | 0.1415 | 0.1678 | 0.1262 | 0.2191
Ag,s 0.0001 | 0.0064 | 0.0650 | 0.1757 | 0.0976 | 0.2040 | 0.1388 | 0.1358
A1o,s || 0.0000 | 0.0027 | 0.0346 | 0.1322 | 0.1724 | 0.0729 | 0.2217 | 0.0904
Ai1,s || 0.0000 | 0.0012 | 0.0176 | 0.0886 | 0.1658 | 0.1132 | 0.0108 | 0.1950
A12,s || 0.0000 | 0.0006 | 0.0093 | 0.0555 | 0.1356 | 0.1448 | 0.0000 | 0.1099
A13,s || 0.0000 | 0.0004 | 0.0059 | 0.0352 | 0.0000 | 0.0994 | 0.1425 | 0.0986
A14,5 || 0.0000 | 0.0004 | 0.0061 | 0.0373 | 0.0000 | 0.1047 | 0.1463 | 0.1005
A15,5 || -0.0000 | -0.0000 | 0.0000 | 0.0004 | 0.0059 | 0.0354 | 0.0000 | 0.0999
A16,s || -0.0000 | 0.0000 | 0.0003 | 0.0038 | 0.0229 | 0.0735 | -0.0000 | 0.0000

j 9 10 11 12 13 14 15 16

Ag,s 0.1767 | 0 0 0 0 0 0 0

Ao,s || 0.0545 | 0.2187 | 0 0 0 0 0 0

A11,s || 0.1016 | 0.1490 | 0.1572 | O 0 0 0 0

A12,s || 0.1913 | 0.0718 | 0.0929 | 0.1882 | O 0 0 0

A13,s || 0.2006 | 0.0955 | 0.0548 | 0.0858 | 0.1814 | 0 0 0

A4, || 0.1994 | 0.0918 | 0.0911 | 0.0099 | 0.0120 | 0.2003 | O 0

A1s,s || 0.1428 | 0.0949 | 0.0982 | 0.2009 | 0.0535 | 0.0872 | 0.1808 | O

A6,s || 0.1267 | 0.1172 | 0.0861 | 0.2100 | 0.0572 | 0.0251 | 0.1334 | 0.1437

Now we recapitulate the results for roots close to 2 and the weights associated.
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2.1145 | 1.5975 | 0.2128 | 0.1126
2.1680 | 1.8255 | 0.1415 | 0.1678
9 2.2072 | 1.9006 | 0.0976 | 0.2040
10 || 2.2346 | 1.9395 | 0.0729 | 0.2217
11 || 2.0854 | 1.7481 | 0.1950 | 0.1016
12 || 2.1919 | 1.8889 | 0.1099 | 0.1913
13 || 2.2038 | 1.9050 | 0.0986 | 0.2006
14 || 2.2019 | 1.9019 | 0.1005 | 0.1994
15 || 2.2042 | 1.9056 | 0.0982 | 0.2009
16 || 2.2181 | 1.9230 | 0.0861 | 0.2100

b ®jgo | Tjgot1 | Mo | Adjot1
3 1.8420 | O 0.3860 | 0

4 2.0039 | O 0.3104 | O

5 || 2.0427 | 0 0.2874 | 0

6 20721 | 0O 0.2632 | 0

7

8

By Stieljes Markov’s inequality, we see that there is a weight of about 0.3 concentrated around
2. Indeed, let \; j, and Aj o1 and x5 50, Tjjo+1, Tjjo < 2 < Tj jo+1, be the weights and the roots
associated around 2. Then, P{G3 € [2—a,2+a]} < Ajj, + Ajjo+1 Where G5 represents the third
Gaussian component when a is small. Now there is no perfectly correct point in order to identify
it. We see only that it seems that there is a concentration close to 2.

This is normal because s is not well chosen. Indeed, at this point 2, we have a Gaussian
distribution with a variance of about 1/16 — 1/25 = 0.225 . This means that the probability is
mainly concentrated on an interval of length 0.2 around 2. In order to be sure there are no points
of nonzero measure, we should therefore consider the P; where j is greater than 16. But the fact
that there is no concentration points x;s seems enough accurate in order to indicate that for s =
1/5, there is no point of nonzero measure.

Study of s=1/4 For s=1/4, we have the following tables.

] 1 2 3

71, | -0.6021 | 0 0

Tos || -3.1124 | 1.3408 | 0

T3, | -3.9413 | 1.8229 | -1.1275
Ti, | -4.6980 | -2.9385 | 1.9695 | -0.1865 | 0
T5, | -5.2363 | 1.9932 | -3.6727 | -2.0133 | 0.0862 | 0

Tes || -5.0896 | -4.2653 | -2.8746 | 1.9991 | -0.9214 | 0.2928
T7, | -6.1204 | -4.8151 | -3.5750 | 2.0010 | -2.2863 | 0.5220 | -0.3507
Tss || -6.6569 | -5.4122 | -4.2570 | 2.0014 | -3.1082 | -1.8523 | 0.6346 | -0.1903
To, | 44.9122 | -6.6532 | -5.4092 | -4.2543 | 2.0014 | -3.1058 | -1.8497 | 0.6351
T10.s || -7.0150 | -5.7824 | -4.7133 | -3.6697 | -2.5791 | 2.0658 | 2.0143 | -1.1356
T11.s || -7-1355 | -5.9331 | 1.9053 | 1.9053 | -4.9239 | -3.9265 | 2.0012 | -2.8875
T12.s || -7.2054 | 3.1253 | 3.1253 | -6.0623 | -5.1399 | -4.2139 | -3.2681 | 2.0019
T1ss || -7.2129 | -6.0833 | -5.1832 | -4.2808 | 3.5464 | -3.3681 | 2.2172 | 2.2172
T11s || -9.4594 | -7.2232 | -6.1087 | -5.2331 | -4.3565 | 2.9473 | 2.9473 | -3.4813
T15.5 || -7.1460 | -7.1460 | -6.2943 | -5.4456 | -4.6159 | -3.8111 | -2.9820 | 2.8109
T16.s || -7.1096 | -6.6096 | -6.6096 | -5.6843 | -4.8616 | -4.0829 | -3.2883 | 2.7362

O OO =~

OO O Ut
jen] Nen) Hen] Hew] Bop}

jev] Ren) Hen] Hew] Nenl Hen) BN

jen] el Hen] Heu] Nen) Hen] Ren] o o}
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9 10 11 12 13 14 15 16

T9,s -0.1896 | 0 0 0 0 0 0 0
Z10,s || 0.9556 | 0.0315 | 0 0 0 0 0 0
Z11,s || -1.7116 | 0.6040 | -0.1993 | O 0 0 0 0
T12,s || -2.2752 | 0.8774 | -0.8637 | 0.0661 | O 0 0 0
z13,s || 1.9999 | -2.4191 | -1.2108 | 0.5951 | -0.1226 | O 0 0
T14,s || -2.5807 | 2.0062 | 1.5700 | -1.5540 | 0.3870 | -0.3131 | 0 0
Zi5,5 || 2.8109 | 2.0691 | 1.9616 | -2.1131 | -0.9498 | 0.5362 | -0.1068 | O
Ti6,s || 2.7362 | 2.3039 | 1.9923 | -2.4793 | -1.5876 | 0.7108 | -0.4781 | 0.1401

1 2 3 4 ) 6 7 8
Als 1.0000 | O 0 0 0 0 0 0
A2, 0.4363 | 0.5637 | 0 0 0 0 0 0
A3, 0.2222 | 0.3899 | 0.3879 | O 0 0 0 0
Ad,s 0.0651 | 0.2953 | 0.3203 | 0.3193 | O 0 0 0
A5, 0.0187 | 0.3062 | 0.1997 | 0.2010 | 0.2745 | O 0 0
A6,s 0.0050 | 0.0976 | 0.2359 | 0.3017 | 0.1549 | 0.2050 | O 0

A7 0.0011 | 0.0359 | 0.1723 | 0.2999 | 0.1735 | 0.1162 | 0.2011 | O

A8, s 0.0001 | 0.0085 | 0.0818 | 0.2994 | 0.1918 | 0.1192 | 0.0820 | 0.2171

A9, s -0.0000 | 0.0001 | 0.0086 | 0.0821 | 0.2994 | 0.1918 | 0.1189 | 0.0819

A10,s || 0.0000 | 0.0027 | 0.0363 | 0.1374 | 0.1724 | -0.0565 | 0.3533 | 0.0912

A11,s || 0.0000 | 0.0016 | -0.0000 | 0.0000 | 0.0228 | 0.1063 | 0.2996 | 0.1762

A12,5 || 0.0000 | 0.0000 | -0.0000 | 0.0009 | 0.0130 | 0.0711 | 0.1521 | 0.2987

A13,5 || 0.0000 | 0.0008 | 0.0115 | 0.0632 | 0.0000 | 0.1412 | 0.0000 | -0.0001
A14,s || -0.0000 | 0.0000 | 0.0007 | 0.0099 | 0.0549 | -0.0000 | 0.0000 | 0.1281

A1s,5 || -0.0000 | 0.0000 | 0.0004 | 0.0055 | 0.0336 | 0.0946 | 0.1395 | -0.0000
A16,5 || 0.0000 | 0.0001 | 0.0000 | 0.0030 | 0.0204 | 0.0702 | 0.1256 | 0.0000

9 10 11 12 13 14 15 16
Ag,s 0.2171 | 0 0 0 0 0 0 0
Ao,s || 0.0366 | 0.2265 | 0 0 0 0 0 0
A11,s || 0.0968 | 0.0879 | 0.2088 | 0 0 0 0 0
A12,s || 0.1317 | 0.0364 | 0.0890 | 0.2071 | O 0 0 0
A13,s || 0.3007 | 0.1379 | 0.0680 | 0.0797 | 0.1970 | O 0 0
A4, || 0.1409 | 0.2922 | 0.0137 | 0.0675 | 0.1309 | 0.1613 | O 0
A1s,5 || 0.0000 | 0.0942 | 0.2084 | 0.0992 | 0.0619 | 0.0848 | 0.1779 | O
A16,s || 0.0001 | 0.0048 | 0.2967 | 0.1195 | 0.0570 | 0.0414 | 0.1092 | 0.1521

Then, for the roots close to 2 and the associated weights we have the following table.
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b ®jgo | Tjgot1 | Mo | Adjot1
3 1.8229 | O 0.3899 | 0
4 1.9695 | O 0.3203 | O
5 || 1.9932 | 0 0.3062 | 0
6 1.9991 | O 0.3017 | O
7 | 2.0010 | 0 0.2999 | 0
8 2.0014 | O 0.2994 | 0
9 | 2.0014 |0 0.2994 | 0
10 || 2.0658 | 2.0143 | 0.3533 | 0.0912
11 || 1.9053 | 2.0012 | 0.0000 | 0.2996
12 || 2.0019 | O 0.2987 | 0
13 [ 2.2172 [ 1.9999 | 0.0000 | 0.3007
14 || 2.0062 | 0 0.2922 | 0
15 || 2.0691 | 1.9616 | 0.0942 | 0.2084
16 || 2.3039 | 1.9923 | 0.0048 | 0.2967

Conclusion Finally, we see little difference between the results s = 1/5 and s = 1/4 if we confine
ourselves to use the Markov Stieljes inequality. In order that the result appears more clearly, we
must in fact take orthogonal polynomials of degree greater than 16.

On the other hand, the number of weights close to 0.3 concentrated in a single root near 2 is
much more important. In the simulations made otherwise, this is what is significant.

Estimation

In the previous tables, we have give the results only for two values of s. But in fact, in order to
find the first s = o3, the point of concentration and the associated weight, we had to repeat this
operation a larger number of times. Finally, by repeating many times this type of calculation we
find that the best estimation for the concentration point is z3 = 2.02 + 0.01. It is indeed at this
point that the roots are as close to a break as in the case above.

The calculation of s is a little more imprecise: we find o3 = 0.25 + 0.02. About the weight, it
is estimated to be close to g3 = 0.3 + 0.03.

As a matter of fact, we should study more in detail the behavior of the Gauss Jacobi quadrature
close to the points of nonzero measure for more certainty. One can also take orthogonal polynomials
of degree higher than 16.

The weight can also be refined during the removal of elements of 3-th Gaussian component (cf
after). This too should be clarified.

Note however that, for this example, these estimates are rather correct.

4.3.4 Suppression of the first Gaussian component

We therefore estimated the parameters of the first Gaussian component. To find the second using
the same technique, one must first eliminate points coming from the first component. There are
various techniques possible. One chose to use a simple technique by eliminating N3 = ngs points
where n = 100000 is the size of sample. Normally N3 is a good estimation of the number of points
coming really from the first Gaussian component.

In order to eliminate the points of the first Gaussian component, we choose the following
method. We know there are about a point of the sample coming from that component in a
partition of R in N3 intervals whose the Gaussian probability of each is 1/N5. One can then
choose to remove the point nearest point of the middle of each interval.
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This is what we do in the following Matlab program.

function y = RepartGauss(N,Esp,sigma)
L=1/N;

if N/2 — fiz(N/2) >0

for k=1:fix(\N/2)

Mm(k) = sqrt(2)*sigma*erfinv(2*k*L);
end

Im = fliplr(Mm);

M=[Im,Mm];

M=[-Im,0,Mm];

end

if N /2-fix(N/2)==

for k=1:N/2

Mm(k) = sqrt(2)*sigma*erfinv(2*(L/2+(k-1)*L));
end

Im = fliplr(Mm);

M=[Im,0,Mm];

M=[-Im,Mm];

end

y=M-+Esp;

function y=VarSuppresDeUnEchGauss(X,N,Esp,sigma)
DD=size(X);

n=DD(2);
M=RepartGauss(N,Esp,sigma);
E=1:0;

for k=1:N

A=1;

j=0;

Mini=min(abs(X-M(k)));

while A==

=+

if abs(X(j)-M(k)) ==Mini
Re=X(j);
X=[X(1:}-1),X(j+1:m)];

n=n-1;

A=0;

end

end

end

y=X;

The result obtained is provided in Figure 4.6. In this figure 4.6, in a sample of n = 100000 we
have delete ngz = 29500 points supposed to belong to the first Gaussian component. The graph
is the function histogram of Matlab (hist).

Note that these graphs can be used to better determine the weight, that is to say the size of
the sample which has to be removed. Indeed, the curve has peaks on his right incompatible with
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Figure 4.6: Suppression of the normal component centered in 2

a Gaussian mixture with two components.

Then, one can try another weight close to the estimation which we got. For example, if one
removes only 30150 point we have the graph of Figure 4.7.
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Figure 4.7: Suppression of 30150 elements of the normal component centered in 2

If we remove 30500 points we have the graph of Figure 4.8.
This kind of results can eventually allow us to refine the choice of s.

4.3.5 Estimation of the second Gaussian component

Then, we have eliminated the first Gaussian component. Thus we can apply the same method as
before to find the second one.

The theoretical points of concentration which we must find are -3 and 0 and the weights
(0.4,0.3) * (1000/705) = (0.5674,0.4255): indeed, if you remove a component, the weight change.

Then we proceed as before. For example, for s = 1/2, we find the following tables.
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Figure 4.8: Suppression of 30500 elements of the normal component centered in 2

1 2 3 4 5) 6 7 8
T1,s -1.6913 0 0 0 0 0 0 0
T2,s -3.4429 -0.1445 | 0 0 0 0 0 0
T3, -4.0317 -2.1841 | 0.1523 | O 0 0 0 0
Ta,s -4.5255 -2.9674 | 0.9399 | -0.2487 | O 0 0 0
T5,s -5.0765 -3.7960 | -2.5014 | 1.4345 | -0.0680 | O 0 0
26,5 11.2814 -5.0631 | -3.7812 | -2.4895 | 1.4424 | -0.0658 | O 0
7 0.9211 0.9211 | -5.1013 | -3.8404 | -2.5575 | 1.3459 | -0.0921 | O
28,5 -9.6775 -5.2213 | -4.0607 | 1.4925 | 1.4925 | -2.9102 | -1.6563 | 0.0201
T9.s -8.0995 -5.5455 | -4.4788 | -3.3913 | -2.2586 | 1.6054 | 1.6054 | 1.3315
Z10,s || -7-3226 -7.3226 | -5.1064 | 2.1558 | 2.1558 | 1.6360 | -4.0071 | -2.9664
T11,s || 28.6401 -7.3263 | -7.3263 | -5.1077 | 2.1546 | 2.1546 | 1.6344 | -4.0087
Ti2,s || -7.2111 -6.9217 | -6.9217 | -5.2096 | -4.0926 | -3.0460 | -1.9959 | 3.1344
T13,s || 18.8979 -7.2508 | -6.9393 | -6.9393 | -5.2043 | -4.0896 | -3.0438 | -1.9941
T14,s || -7.0392 -7.0392 | -5.9610 | -5.9610 | -5.0132 | -3.9360 | -2.9025 | -1.8360
T15,s || -922.2582 | -7.0391 | -7.0391 | -5.9609 | -5.9609 | -5.0132 | -3.9360 | -2.9025
T16,s || -7-1775 -7.1775 | -6.3276 | -6.3276 | -5.3557 | -4.3760 | -3.4468 | -2.4124
9 10 11 12 13 14 15 16

29,5 -0.0528 | 0 0 0 0 0 0 0

Z10,s || -1.9245 | -0.0187 | 0 0 0 0 0 0

11,5 || -2.9682 | -1.9263 | -0.0188 | 0 0 0 0 0

T12,s || 1.9661 | 1.9661 | 1.5180 | -0.0240 | O 0 0 0

Z13,s || 3-1862 | 1.9736 | 1.9736 | 1.5239 | -0.0238 | O 0 0

Tia,s || 2.4317 | 1.7740 | 1.7740 | 0.7133 | 0.7133 | 0.0070 | O 0

Z15,5 || -1.8359 | 2.4318 | 1.7740 | 1.7740 | 0.7131 | 0.7131 | 0.0070 | O

T16,s || -1.6254 | -1.6254 | 3.1937 | 2.8374 | 1.7779 | 1.7779 | 1.2243 | -0.0470
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1 2 3 4 ) 6 7 8

Al,s 1.0000 | O 0 0 0 0 0 0
A2,s 0.4690 | 0.5310 | O 0 0 0 0 0
A3, 0.2653 | 0.3141 | 0.4207 | O 0 0 0 0
Ads 0.1093 | 0.3954 | 0.0839 | 0.4114 | O 0 0 0
A5, 0.0426 | 0.1789 | 0.3295 | 0.0391 | 0.4098 | O 0 0
0

A6, 0.0000 | 0.0431 | 0.1833 | 0.3246 | 0.0383 | 0.4107 | O
A7.s -0.0002 | -0.0002 | 0.0388 | 0.1741 | 0.3300 | 0.0448 | 0.4127 | O

A8, 0.0000 | 0.0275 | 0.1339 | 0.0091 | 0.0091 | 0.2852 | 0.1349 | 0.4002
A9, s 0.0001 | 0.0073 | 0.0961 | 0.1930 | 0.2671 | -0.0008 | -0.0008 | 0.0457
A1o,s || 0.0001 | 0.0001 | 0.0295 | -0.0003 | -0.0003 | 0.0361 | 0.1501 | 0.2109
A11,s || 0.0000 | 0.0001 | 0.0001 | 0.0295 | -0.0003 | -0.0003 | 0.0360 | 0.1497
A12,5 || 0.0005 | 0.0002 | 0.0002 | 0.0174 | 0.1558 | 0.1897 | 0.2136 | 0.0001
A13,s || -0.0000 | 0.0004 | 0.0002 | 0.0002 | 0.0187 | 0.1535 | 0.1929 | 0.2111
A4, || 0.0001 | 0.0001 | -0.0001 | -0.0001 | 0.0361 | 0.1551 | 0.2204 | 0.1651
A1s,5 || 0.0000 | 0.0001 | 0.0001 | -0.0001 | -0.0001 | 0.0361 | 0.1551 | 0.2203
A16,s || 0.0000 | 0.0000 | -0.0000 | -0.0000 | 0.0139 | 0.0912 | 0.1677 | 0.2891

9 10 11 12 13 14 15 16
A9, 0.3924 | 0 0 0 0 0 0 0
A10,s || 0.1867 | 0.3871 | O 0 0 0 0 0
A11,s || 0.2112 | 0.1868 | 0.3873 | 0 0 0 0 0
A12,6 || 0.0000 | 0.0000 | 0.0389 | 0.3835 | O 0 0 0
A13,5 || 0.0001 | 0.0002 | 0.0002 | 0.0378 | 0.3847 | O 0 0
A1a,s || 0.0023 | 0.0012 | 0.0012 | -0.0030 | -0.0030 | 0.4247 | O 0
A1s,5 || 0.1652 | 0.0023 | 0.0012 | 0.0012 | -0.0030 | -0.0030 | 0.4246 | O
A6, || 0.0076 | 0.0076 | -0.0001 | 0.0007 | -0.0009 | -0.0009 | 0.0566 | 0.3675

Then, we find for the roots close to 0 and the associated weights the following table.

Il Zjige Tjjot1 | Ao | Njgot1
3 [[1.8420 |0 0.3860 | 0
4 2.0039 0 0.3104 | O
5 | 20427 |0 0.2874 | 0
6 2.0721 0 0.2632 | 0
7 || 521145 | 1.5975 | 0.2128 | 0.1126
8 2.1680 1.8255 | 0.1415 | 0.1678

9 2.2072 1.9006 | 0.0976 | 0.2040
10 || 2.2346 1.9395 | 0.0729 | 0.2217
11 || 2.0854 1.7481 | 0.1950 | 0.1016
12 || 2.1919 1.8889 | 0.1099 | 0.1913
13 || 2.2038 1.9050 | 0.0986 | 0.2006
14 || 2.2019 1.9019 | 0.1005 | 0.1994
15 || 2.2042 1.9056 | 0.0982 | 0.2009
16 || 2.2181 1.9230 | 0.0861 | 0.2100

Calculation of the last Gaussian component

We must find the 3rd Gaussian component which is centered in -3 by our assumption and close
to -3 by our estimates. In order to do this, it suffices to suppress the second Gaussian compo-
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nent. For this, we apply the same method as in order to suppress the second Gaussian component.

In Figure 4.9, we have removed 28905 terms of the second Gaussian component among the
70500 terms remaining.
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Figure 4.9: Suppression of 28905 terms of the second Gaussian component

In Figure 4.10, we have removed 30000 terms of the second Gaussian component among the
70500 terms remaining.
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Figure 4.10: Suppression of 30000 terms of the second Gaussian component
It remains only to estimate the parameters of a single Gaussian component, which is very easy.

Final Estimation

By applying the method described here, we therefore found for the different Gaussian components.
z3 =2.024+0.01, 25 = 0.03+£0.01, 2, = —3.02 £ 0.01.
03 =0.254+0.01, 02 = 0.50 £ 0.01, o7 = 1.01 £ 0.02.
g3 =0.3£0.03, g2 =0.3+0.03, ¢ = 0.4£0.02.

Conclusion

So we have relatively good results especially when you consider that these results can be refined
by a more detailed study of negative variances and of properties of the Gauss Jacobi quadrature
and also of the method of removal of a Gaussian component.

Therefore in some cases this method can give good results for the calculation of Gaussian
mixtures.

Of course, one may want to compare this method with other methods to find the Gaussian
components, that is to say, essentially, the EM algorithm : by applying it to the sample which we
have just estimate, it was found.
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z3 = 21, Z9 = —0.2 et zZ1 = —2.99.
03 = 026, 09 = 049, g1 = 0.98.
g3 = 0.28, g2 = 0.31, ¢1 = 0.39.

So, in this case, our method gives result best than those of the EM algorithm.

Of course, all this should be clarified. But that is not purpose of this report which is to show
the potentialities of the higher order variances and of Gauss Jacobi quadrature.
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Chapter 5

Higher Order Regression

One application of the higher order variances is the introduction of higher order regression.

5.1 Notations and theorems

5.1.1 Notations

In order to introduce these, the easiest way is to cite a case we have actually a higher order
regression.

Notations 5.1.1 Let (X,Y) € R2? be a random vector such that E{|XPY?'|} < oo for all, p,
p’ € N. One supposes that there exists p € R tel que Y = S(X) + e where S(X) =>"_, §sfs(X)
where §; = 0 or 1, Y7 8, =1, where € ~ N(0,1) and where (81, ds,...., §,) , € and X are
independent. We set P(6;=1) = qs pour s=1,2,...,p. Moreover, we denote by m the distribution
of X.

Assume that f, € L*(R,m) for s=1,2,...,p. Assume that f,(x) # fs(x) for m-almost all x and
s#£S’.

Clearly, one can call curves © — fs(x) regression curves of order p. Indeed, the knowledge of the
curves ¢ — fs(z) and of the weights ¢, allow to predict better the behavior of Y than a classical
regression would make.

In this section, we shall show quickly how these curves can be found by applying the properties
of the Gauss Jacobi quadrature and of variances of higher order. We will develop these points in
details later.

If 0 = 0, generally the variance of order p of conditional probability is equal at zero. Then, we
introduce the following notations.

Notations 5.1.2 Let pu* a regular version of the conditional probability of Y given z. We suppose
that E{Y??} < co. We denote by {Qf} , j=0,1,...,p, the family of orthonormal polynomials of
ue @;(y) =y + d;?_lyj_1 + o+ diy +df , and by Y&, Yr ..., YL, the zeros of Q; . We
denote by (05)2 the associated variance of order p and by A\j 1, A} o,...., Ay, the associated weights
of Gauss-Jacobi quadrature. Moreover, we denote by {Q;f}, j=0,1,...,p, the family of orthonormal

polynomials of u”.

Then, the following property is a consequence of the properties of orthogonal polynomials.

Proposition 5.1.1 Let Qxy be the probability of (X,Y). Let w(y?) = >2_,y*gs(z) be the or-
thogonal projection in L*(R?,Qxy) of (z,y) — yP onto the subspace generated by (x,y) —
D yirs(x) where yory(z) € LA(R%, Qx.y).

S
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We suppose that, for all t=1,2,....p, (y5 )7 € L?(R,m). Then, for m-almost all =,

) =yP —Zy 9s(@) = [y — yially — vl o)y —v2 ] -

Proof By definition of the orthogonal projection and of the orthogonalization process of Gram-
schmidt, for m-almost all x, [ ([y — y2 ]y — yZ o[y — yﬁp])z./ﬂ(dy) is the minimum of [ ([y —

k1 (2)][y — k2(2)]... [y — kp(x)])z./ﬂ(dy) when (ki (x), k2(2), ..., ky(z)) € RP.

Therefore, [ [ ([y;y;",l][yfygg} ..... [yfy;p])Q.um(dy).m(d:c) is smaller than [ [ ([y—k1(2)][y—
Ba @)y — kpl)]) 2 (dyym(d) whem [y — ks (2)]ly — a(@)] [y — hp(2)] € L2(R2, Qv ).

Now, the minimum of [ [ (y? — Y72 y°rs (x))Q.,uf” (dy)m(dz) when SP" yory(z) € L2(R%, Qx y)
is reached for the orthogonal projection in L?(R? Qx,y) of (z,y) — yP onto the subspace
spanned by (z,y) — Zé o ¥°rs(x) and it is reached also for (k1(x), ..., kp(z)) = (Yp 15 Ypp)

ly — k1 (@)]ly — k2 ()] ly — kp(@)] = 9P = Y2 P gs(z) . @

5.1.2 Properties
If 0 = 0, generally, (07)* = 0.

Proposition 5.1.2 We suppose o = 0. Then, (0%)? = 0 for m-almost allx € R, i.e. E{Q"’”( )2} =
0. Moreover, y5 . = fs(x) for s=1,2,....p and q; = A}, , for s=1,2,.

Remark that if ¢ = 0 and if r4(z0) = r¢(zo) for a (t,s) such that t # s, (02°)? does not exists.
But, in this case, (0,2, )2 =0.

Now recall how to compute the A7 ,’s

Proposition 5.1.3 Let (*(y) = % . Then, \j ;= = [02(y).u"(dy) for s=1,2,..

Moreover, if 0 =0, qs = \j, ; = E{¢X(Y)} for s=1,2,....p

e W F (@) (4 Fs (@)oo (4 Fp ()
For example, if ¢ = 0, 6(y) = (= ) (@ - f @) (h @ @) -

For example, suppose that p=2 and that oo = 0 : ¢ = A3, and g2 = AJ,. Then, Y —
ALY = f2(X)) = 0 and E{(Y — fi(X)2(Y — f>(X))*} =0,

More generally E{(Y — f1(X))?(Y — f2(X))?} is the minimum of E{(Y —k1(X))?(Y —ka2(X))?}
when ks, € L?*(R,m) for s=1,2. It is also the minimum of E{(Y? — r(X)Y — s(X))?} when
r and s are functions of L?(R,m) : the minimum Sy = E{(Y? — r(X)Y — s(X))?} holds for
r(z) =r*(z) = fi(x) + f2(z) and s(z) = s*(2) = —f1(2) f2(2) -

Now, this minimum measures the distance L? between (z,y) — y? and the subspace spanned

by (z,y) — r(z)y + s(z) when r,s € L?(R,m). Therefore, r*(x)y + s*(z) is the orthogonal
projection of (x,y) — 3 onto the subspace spanned by r(x)y+ s(x).

5.1.3 Method of computation
At first, we prove the following result in the same way that the proposition 4.1.3.
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Proposition 5.1.4 Let U ~ N(0,1) be a random variable independent with (1,92, ....,0p), X,
and (€1, €2,....,€p). Then, for all g € N,

E{ (zp:(§tft(X) + o) + isU>q} _ IE{TS(X)q}

t=1

where
To(X) = a[(fo(X) +/o} — s> &)] .

Then, it is enough easy to calculate the parameters of higher order regression by using the same
method as in section 4.2.

For example suppose that we know the conditional density for all x. Then, in the theoretical
case, it suffices to calculate s for some x and the associated measure p®.

Then, if for example we can calculate the conditional moments, then we shall calculate the
polynomials @7 and then the roots y, ; and weight A7 .. Otherwise, we can calculate the roots
and weights in some points x and they are continued by continuity if this hypothesis holds. One
will do the same in case of estimation.

5.2 Examples : regression of order 2

Now we study some examples of regression of order 2. In the following figures we have the
graphs of the regression of order 2, empirical or not, when X € [0,1], f1(X) = cos(nX) — 3 and
f2(X) = 25in(10(X +V2)) +3, Y = Z(X) + o¢, with for weights ¢; = 1/4, ¢o = 3/4, and with
o =1 (figures 5.1, 5.4) , 0 = 2 (figures 5.2, 5.5), o = 4 (figures 5.3, 5.6).

Figure 5.1: 0 =1
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Figure 5.2: 0 =2

Figure 54: 0 =1
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Figure 5.5: 0 =2
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Figure 5.6: 0 =4
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Appendix A

Variance of order 3

In order to better study the variances and the regression of order j, it is useful to have the exact
formulas for the parameters for the first j. Here we give these parameters in case j = 3.

A.1 Elementary calculations

A.1.1 Some formulas

We know that

_ My — MM
X 2 3 1 2
P2 (‘/'U):x_ M27M12 (x Ml>_M2)
2 (M3 — My M) 2
02:M47 M2_M12 7M2
f(2) = (r —zj2)(@ —xj3)...(z = 25,;)

(i1 — xj2) (@51 — j3)(Tj0 —255)

A.1.2 Polynomials
By the Gram Schmidt Process,

j—1
Pj(z) = 27 — ZE{XjPS(X)}PS(a:) .
s=0

Therefore,

Py = 2® —E{X®P,(X)} Py (x) — E{X°PL(X)} Pi(x) — E{X*Py(X)} Po(x)

Ms — %A%(M4_M3Ml)_M3MQ My~ MsM,

g9 g1

Mz — My M-
. [M5 — MyMOL (M, — My M,) - M3M2] {x
Ms— My Ms)?
My — BB — M3

o M= MMy

— M) — M-
MQ—M% (fI) 1) 2
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My — MsM,;

— M) — M.

Ms — %%(M4 — M3My) — M3M,

3
=z° — = T
M,y — 4(]\/[}0};2]\_4}\4]\?2) - M3
Mg —M; M.
. [ — MM (01, — MyMy) = Mab| ap, — v, g, o gy M= Mo,
M,y — 7(]\43;\/[_21&[]1\4]\?2)2 - M3 My — M} My — M7
[ M5 — Mo (M — MyMy) — Ms My
+ My — M; .

_ (MM Mz)” _
M, — G M3

A.1.3 Weights
We know that

(x —x32)(x — 23,3) (x —371)(r — 23,3)

B(x) = 0B(z) =
) (w31 — w3.0) (w31 —w33) 2(2) (v32 —x3,1)(T32 — 73,3)
03 _ (v — 3:3,1)(:6 - $3,2)
3(z) = .
(33 —3,1) (733 — 732)
Therefore,
y = Mo [ga +@0]Ms + aa02s
1 —
(173,1 - $3,2)($3,1 - 1?3,3)
ey — My — [x31 + x33] M1 + 23,1233
3,2 =
(32 —x31)(232 — 733)
Ao o — My — [x31 + 232 M1 — 231232
3,3 =

(37373 - 303,1)(303,3 - 3?372)

A.1.4 Variance of order 3
By proposition 1.1.7, we know that

j—1
GJQ_ = My, — 25]2_78 where B = /ijs(m).mda:.
s=0
Therefore, for j=3,

1 Ms — M M-
- 3 _ 30,2 3 14V12 _ _
B2 = /x Py(z).mdx = - /x [x Mo ME (x — M) M2:| .m(dx)

(M5 — %%(sz — MsM,) — M3 M|

02
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Moreover,

B31 = /x?’Pl(:c).mdx = /x3 [z — My]/o1.mdx =

01

and
ﬁg’o = /.’E3P0(l')md$ = Mg .
Therefore,
_ 2
2 [Ms — %(sz — M3My) — M3 Ms,] [My— M3M1]2
03 - 6 — _ -
M- SRR g e

70

— M2 .



71



Bibliography

LANCASTER H. O. (1960) Orthogonal models for contingency tables. Developments in statistics. Academic
Press, New York.

BLACHER R. (1993) Higher Order Correlation Coefficients. Statistics 25, 1-15.

BLACHER R. (1995) Central limit theorem by polynomial dependence coefficients. Journal of computational
and applied mathematics 57, 45-56.

BLACHER R. (1983) Indicateurs de dépendance fournis par le développement en série de la densité de prob-
abilité. These 3 Cycle, Université Joseph Fourier de Grenoble. Hal archives ouvertes : http://tel.archives-
ouvertes.fr

BLACHER R. (1990) Quelques applications des fonctions orthogonales en probabilités et statistiques, These
de I'université Joseph Fourier, Grenoble 1. Hal archives ouvertes : http://tel.archives-ouvertes.fr

BLACHER R. (1984) Coefficient de correlation d’ordre (i,j) et variances d’ordre i. Rapport de recherche 463,
Laboratoire TIM3 IMAG, Université de Grenoble.

BLACHER R. (1984) Coefficient de correlation d’ordre (i,j) et variances d’ordre i. Symposium International de
Bar Le Duc, Polynomes orthogonaux et applications, Springer Verlag, 1171, 475-486.

BLACHER R. (2003) Multivariate quadratic forms of random vectors. Journal of multivariate analysis 87, 2-23.

SERFLING R.J. (1980) Approximation theorems of mathematical statistics. Wiley, New York

[10] CHIHARA. (1978) An introduction to orthogonal polynomials Gordon and Breach, New York

[11] FREUD Geza. (1971) Orthogonal polynomials. Pergamon Press

[12] HIDA T. (1980) Brownian motion. Springer, Berlin

[13] SZEGO G. (1959) Orthogonal polynomials. Americal Mathematical Society, Providence.

72



