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Abstract

We construct a non-formal deformation machinery for the actions of the Heisenberg su-
pergroup analogue to the one developed by M. Rieffel for the actions of R?. However, the
method used here differs from Rieffel’s one: we obtain a Universal Deformation Formula
for the actions of R™" as a byproduct of Weyl ordered Kirillov’s orbit method adapted to
the graded setting. To do so, we have to introduce the notion of C*-superalgebra, which
is compatible with the deformation, and which can be seen as corresponding to noncom-
mutative superspaces. We also use this construction to interpret the renormalizability of a
noncommutative Quantum Field Theory.
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1 Introduction

1.1 Motivations

Inspired by algebraic geometry, noncommutative geometry is a domain of mathematics which
finds its origin in the correspondence between geometrical spaces and commutative algebras.
More precisely, Gelfand’s Theorem establishes an equivalence between the category of locally
compact Hausdorff spaces and the category of commutative C*-algebras. In this way one can in-
terpret noncommutative C*-algebras as the defining data of noncommutative topological spaces.
From this point of view, the noncommutative extension of measure theory corresponds to the
theory of von Neumann algebras, while the extension of Riemannian differential geometry cor-
responds to the theory of spectral triples. Noncommutative geometry, with this very rich way
of thinking, has many applications in various areas of Mathematics and Physics [I].

A special class of noncommutative algebras, closely related to geometry, is provided by defor-
mation quantization of Poisson manifolds. Deformation quantization, initiated by Bayen, Flato,
Fronsdal, Lichnerowicz and Sternheimer [2], consists in introducing a noncommutative product
on the algebra of smooth functions C*°(M) on a Poisson manifold M which is a deformation
of the standard commutative product and which depends on a formal deformation parameter
0 (see [3] for the existence of such deformations). In the case of a symplectic Lie group G,
the deformed product can be given by a Drinfeld twist [4]. Since the algebra C*°(G) carries
a Hopf algebra structure, such a Drinfeld twist implements a Universal Deformation Formula:
it deforms the whole category of module-algebras of C*°(G)[[f]], the algebra of formal series of
functions on G.

At the non-formal level (i.e. if the deformation parameter 6 takes real values), one speaks
about strict deformation quantization. In the case of an abelian group G, Rieffel has exhibited a
universal twist on C°°(G) [5], which deforms also algebras on which G is acting. This procedure
has been extended to non-abelian Kéahler Lie groups [0, [7), §].

Quantum Field Theories (QFT) on noncommutative deformed spaces are a very interesting
area of study, as they could exhibit new physical properties at high energy level (for instance
the Planck scale [9]). On the Euclidean Moyal space (a deformation of R™), a new type of
divergence appears in the real ¢* QFT, called Ultraviolet-Infrared mixing. It is responsible
for the non-renormalizability of the theory, which is very problematic in a physical context. It
means that the Moyal deformation (which is universal for the action of R on C*-algebras, as
shown by Rieffel) is not universal for the ¢*-action: renormalizability is not preserved when
deforming.

However, Grosse and Wulkenhaar, by adding a new harmonic term to the scalar action, have
solved this problem of Ultraviolet-Infrared mixing: the resulting action is renormalizable to all
orders [I0], in the two and four-dimensional case. Furthermore, this theory with a harmonic
term has been mathematically interpreted within a superalgebraic formalism [11]. As we will
see in this article, the superalgebra involved in this interpretation corresponds to a deformation
of the Heisenberg supergroup.

Coming from another direction, Supergeometry is a mathematical theory in which the ob-
jects are spaces involving, besides the usual commuting variables, also anticommuting variables.
Supermanifolds, which are generalizations of usual manifolds to this anticommutative setting,
can be constructed in two different but equivalent ways: the algebro-geometric approach de-
velopped by Berezin, Kostant, Leites [12] [13], and the concrete approach of DeWitt [14] (see
[15,[16]). In both approaches, the algebra of functions on a supermanifold is a Zo-graded (super)-
commutative algebra. Note also that the development of this theory has been motivated by and
can be applied to theoretical Physics; it suffices to think of Supersymmetry or of BRST quan-



tization. Representations of the Heisenberg supergroup have been studied in the perspective of
geometric quantization [17, [18].

From the noncommutative point of view, since supergeometry leads to graded commutative
algebras, we could interpret noncommutative Zs-graded algebras as corresponding to “noncom-
mutative superspaces”. Such an interpretation has been used in [I1] for more general gradings,
but in a purely algebraic setting. Geometric tools like differential calculus and connections have
indeed been introduced for graded associative algebras, as well as Hochschild cohomology in
[19]. However, an analytical characterization in terms of operator algebras of the objects of
Noncommutative Supergeometry was still missing. Note that Zo-graded C*-algebras have been
extensively studied some time ago [20], 21], but we will see in this paper that we have to introduce
slightly different structures.

In this article we construct a non-formal deformation quantization of the Heisenberg su-
pergroup and establish a Universal Deformation Formula within this non-formal setting. The
structure of C*-algebras will be shown not to be adapted to this deformation, forcing us to
introduce the notions of C*-superalgebras and Hilbert superspaces, inspired both by operator
algebras and geometrical examples. The structure of C*-superalgebra turns out to be compat-
ible with the deformation, and can be seen as a definition of a “noncommutative topological
superspace” (from the noncommutative geometry point of view). We apply the deformation to
a certain class of compact supermanifolds and in particular to the supertorus. Finally, within
the context of QFT, we prove that the above deformation (with an odd dimension) is universal
also for the ¢*-action.

1.2 What is done in this paper

In section 2 we start with reviewing the basic notions of supergeometry. We then go on introduc-
ing the notion of a Hilbert superspace adapted to our needs and an associated C*-superalgebra.
The latter (C*-superalgebra) is up to our knowledge not in the literature, while there already
exist notions of Hilbert superspaces [22] but incompatible with our framework. We end by
focusing on the Heisenberg supergroup.

In section 3 we start with developing Kirillov’s theory for Heisenberg supergroups. We pass to
quantization within the setting of the Weyl ordering. We then introduce the functional symbol
spaces on which our oscillatory integral (within the Zs-graded context) will be defined. These
correspond to weighted super-versions of Fréchet-valued Laurent Schwartz B-spaces defined on
coadjoint orbits of the Heisenberg supergroup. Next, we use the oscillatory integral to prove
that Weyl’s correspondence extends to the required symbol spaces. Intertwining the operator
composition under a super-version of the Berezin transformation, we then end by defining our
Zo-graded symbolic composition product .

In section 4 we prove that the symbol regularity established in section 3 allows us to compose
smooth vectors of any given strongly continuous subisometric linear action of the Heisenberg
supergroup on a Fréchet algebra. The result of such a composition being again a smooth
vector, one gets an associative deformed product on the smooth vectors. The latter being
valid for every Fréchet algebra on which the Heisenberg supergroup acts, we call this abstract
composition product formula a universal deformation formula. Starting with a C*-superalgebra,
we then construct a compatible pre-C*-superalgebra structure on the deformed algebra of smooth
vectors.

In section 5 we use what we have done in section 3 and 4 to define a deformation theory of
compact trivial Heisenberg supermanifolds and focus on the case of the supertori. It is important



to note that the natural notion of supercommutative operator algebra corresponding to compact
trivial supermanifolds is indeed our notion of C*-superalgebra.

In section 6 we apply our construction to noncommutative renormalizable theories by showing
that our universal deformation formula produces the Grosse-Wulkenhaar model when applied
to the ¢*-setting, which is not the case for Rieffel’s (non-graded) construction. In other words,
replacing in the commutative ¢*-model the multiplication product by our graded deformed prod-
uct yields directly the Grosse-Wulkenhaar model without adding a harmonic term. This provides
an interpretation of the harmonic term responsible of the renormalization of this quantum field
theory.

2 Notions of Supergeometry

The Heisenberg supergroup is a supermanifold with a smooth group law depending on an even
symplectic form. In this section, we start giving, in subsection some basics about linear
superalgebra, and in[2.2]some properties of even symplectic forms on a superspace. The definition
of a supermanifold and smooth superfunctions is recalled in

We then proceed to introduce some structures adapted to the space L?(M), for a “trivial”
supermanifold M (a notion that will be defined) such as a scalar product and a Hodge operation.
Inspired by the space L?(M) equipped with these structures, we give a new definition of a Hilbert
superspace in and show some of its properties. From this definition of a Hilbert superspace
in mind, we introduce in the notion of a C*-superalgebra, which is adapted to describe
operators on a Hilbert superspace as well as the space L*(M) for a trivial supermanifold M.
This notion of a C*-superalgebra will be also compatible with the deformation. Finally, we recall
the definition of the Heisenberg supergroup, its Lie superalgebra, and its coadjoint orbits in [2.6

2.1 Linear superalgebra

We recall here some basic notions of linear superalgebra (see for example [15, [16] for more
details). We use in this article the concrete approach to Supergeometry, whose essence consists
to replace the field R of real numbers by a real supercommutative algebra.

Let A = Ay @ A; be a real supercommutative superalgebra such that A/N4 ~ R, where N4
is the set of all nilpotent elements of A. For instance, we can consider A = AV, where V is
an real infinite-dimensional vector space. We choose such a superalgebra A for the rest of the
paper and we denote by B : A — R the quotient map, which is called the body map.

Definition 2.1 e F is called a graded A-module if it is an A-module with decomposition
E = E(® E1, and such that Vi,j € Zo, A, E; C E;;.

e F'is a graded submodule of E if it is a A-submodule of E, F = Fy & F1, and Vi € Zo,

Proposition 2.2 Let E be a graded A-module and F a graded submodule of E. Then the
quotient G = E/F has a natural structure of a graded A-module: if 7 : E — G denotes the
canonical projection, then the grading is given by n(z) € G; < Jy € F : x —y € E;.

We recall that a graded A-module E is free if and only if it admits a homogeneous A-basis; it is
called of finite dimension if such a basis is finite. The number n of the elements in a basis does
not depend on the choice of a homogeneous basis, nor does the number p of its even elements.
We call dim(E) = p|(n — p) the graded dimension of E; it totally characterizes a free graded
A-module.



Remark 2.3 A graded submodule of a free graded A-module does not have to be free. However,
if it is free, it will be called a graded subspace. ¢

Proposition 2.4 Let E be a free graded A-module of finite dimension and let F' be a graded
subspace of E. Then F admits a supplement in E:

JF graded subspace of E, E =F @ F.

Moreover, E/F is a free graded A-module isomorphic to F'.

2.2 Symplectic superalgebra

In this subsection E denotes a free graded A-module of finite dimension dim E = m|n.
Definition 2.5 An even map w: E x E — A is said to be a symplectic form if it is:

e bilinear: Va € A, Vx,y € E, w(azx,y) = aw(z,y) and w(za,y) = w(zx, ay).

e superskewsymmetric: Vz,y € E, w(z,y) = —(—1)Ww(y, z).

e non degenerate: (Vy € F w(z,y) =0)= = =0. ¢
Proposition 2.6 Let w be a symplectic form on E. Then necessarily m is even and there exists

a homogeneous basis (e;, fj, 0k, m) of E (with 1 <4,j <%, 1<k <ny,and1 <1 <n_, the
elements e; and f; even and the elements 0}, and 1; odd) satisfying

w(es, fj) = 6ijs w(O, O ) = 20k, w(m, ) = =26,

and the other relations vanishing. The numbers ny and n_ depend only upon the symplectic
form and not on the particular choice of the basis. Note that we have in particularn =ny +n_.

0 I 0 0
. . . . -7 0 0 0
In this particular basis, the form w can be represented by the matrix 0o 0 2 o |

0 0 0 =21
where I denotes the unit matrix. In the sequel we will denote by wy the restriction of w to the
graded subspace generated by the even basis vectors and by w; the restriction of w to the graded
subspace generated by the odd basis vectors.

Definition 2.7 Let F be a subset of E. We define the symplectic orthogonal of F' as

orth(F)={z e E, Vye F,w(z,y) =0} ¢

Proposition 2.8 Let F' be a subset of E. The symplectic orthogonal of F' has the following
properties.

1. orth(F) is a submodule of E.
2. If F is a graded submodule of E, then orth(F') is one too.

3. If F is a graded subspace of E then the map ¢ : orth(F') — (E/F)*, defined by ¢(x) =
w(x,-), is an isomorphism.



PrROOF 1. Let 1,22 € orth(F). Then Yy € F, w(z + z2,y) = w(x1,y) + w(ze,y) = 0, and
Va € A, w(azy,y) = aw(z1,y) = 0.

2. Let x € orth(F'), with x = 29 4+ x1, where zg € Ey and 1 € E1. We want to show that
xo and x; are in orth(F').

Vyo € Fo, 0 = w(z,y0) = w(zo, yo) +w(z1,y0). Since w is even, we deduce that w(xg, yo) =
w(z1,y0) = 0. In the same way, one has: Vy; € F1, w(zg,y1) = w(x1,y1) = 0. It then
follows by linearity that Vy € F', w(zo,y) = w(z1,y) = 0.

3. ]?y Proposition if F'is a graded subspace of E, then there exists a graded sulgspace
F which is a supplement to F and E/F is a free graded .A-module isomorphic to F'.
Vy € E,Vz € F,Vx € orth(F), w(z,y + z) = w(x,y), so that ¢ is well-defined.
If x € Kerg, then = € orth(F') and Yy € E, w(z,y + F) = 0, so that = = 0.
For ¢ € (E/F)* we define 1) € E* by Vz € F, ¢)(2) = 0 and Yy € F, ¢(y) = ¢(y + F).

Let xy = fw(y), where 'w : E* — E exists since w is non-degenerate. Then, Vy € E,
V(y) = w(wy,y), and Vz € F, w(zy,2) = 0. We conclude that z, € orth(F) and ¢ =
¢(xy). Hence ¢ is an isomorphism and orth(F') is a graded subspace of E with the same
graded dimension as F. [ |

Definition 2.9 Let F be a graded subspace of E.

e F is said to be isotropic if F' C orth(F').

e F is said to be coisotropic if orth(F') C F'.

e F is said to be lagrangian if F' = orth(F').

e F is said to be symplectic if F' North(F') = 0. ¢
Proposition 2.10 Let w be a symplectic form on E and let F' be a maximal isotropic graded

subspace of E. Then there exists a homogeneous basis (e;, f;, 0k, m) of E satisfying Proposition
and such that the vectors

e, O +m, 1<i<F,1<k<min(ng,n_)

form a basis for F'. The graded dimension of F' thus is | min(ny,n_); F' is Lagrangian if and
only ifny =n_.

PRrROOF For n = 0, it was already known in the non-graded case. For the part w; of w corre-
sponding to the odd generators, we use the decomposition

G %)= 2000 )

to obtain the result. [}



2.3 Supermanifolds

We refer the reader to [14], 12, [15] [16] for a complete exposition on supermanifolds. We just
recall here some basic definitions.

We define the superspace R™™ = (A4y)™ x (A;)" by using the Zy-decomposition A = Ay®.A;
of the superalgebra A. Then R”I" ~ E for cach free graded A-module E with m even generators
and n odd generators. The body map can be trivially extended to B : R™"™ — R™.

Definition 2.11 A subset U of R™" is called open if BU is an open subset of R™ and U =
B~!(BU), namely U is saturated with nilpotent elements. The topology associated to these
open subsets is called the DeWitt topology. It is the coarsest topology on R™/™ such that the

body map is continuous. Endowed with this topology, a superspace is locally connected but not
Hausdorff. ¢

The following Lemma allows us to make a connection between R™? = (A4,)™ and R™ at the
level of smooth functions.

Lemma 2.12 To any smooth function f € C*°(R™) one can associate the function f:R™O
Ayg defined by the following prescription: Vo € R™0 = (Ag)™, with © = zo +n, zo = B(z) € R™
and n € R™O a nilpotent element, we have

fla)= 3 o flan,
aeNm

with the usual notations for the multi-index «. Note that the sum over « is finite due to the
nilpotency of n.

We can now give a characterization of smooth functions on superspaces that could be used
as a definition of such superfunctions.

Definition 2.13 Let U be an open subset of R”". A map f : U — A is said to be smooth
on U, which we will write as f € C*°(U), if there exist unique functions f; € C*°(BU) for all
ordered subsets I of {1,...,n}, such that V(z,£) € R™" (z € R™O and ¢ € RO"),

f(xvé-) = Z f[(:l:)é-ja
1

where ¢! denotes the ordered product of the corresponding coefficients. More precisely, if I =
{i1,... ik} with 1 <4y < --- < 4 < m, then ¢ = Hielgi =&, - &y - &i,- As a special case
we define ¢ = 1. We extend this definition in the usual way to functions with values in a
superspace. ¢

Definition 2.14 Let M be a topological space.

e A chart of M is a homeomorphism ¢ : U — W, with U an open subset of M and W an
open subset of R™"_ for m,n € N.

e An atlas of M is a collection of charts S = {p; : U; — W;, i € I} where | J;,c;U; = M and
Vi,j €1, piog; ! € C®(p;(UiNUj), Wio.

e If M is endowed with an atlas, we define its body as:

BM = {y € M, Jp; with y € U; and ¢;(y) € BW;},

and the body map B : M — BM on each subset U; by: By, = gol-_l oBo ;.



e Endowed with an atlas such that BM is a real manifold, M is called a supermanifold. The
condition on BM means that this space is in particular a second countable (or paracom-
pact) Hausdorff topological space, a condition that could not be imposed on M itself as
the topology is highly non-Hausdorff.

e Let M be a supermanifold. A function f on M is called smooth, and we write f € C*°(M),
if and only if for any chart ¢; in an atlas for M, f o goi_l e C>®(W;). ¢

Definition 2.15 A Lie supergroup is a supermanifold G which has a group structure for which
the multiplication is a smooth map. As a consequence, the identity element of the supergroup
has real coordinates (lies in BG), and the inverse map is also smooth. ¢

Batchelor’s theorem allows us to get a better understanding of a supermanifold. It says that
a supermanifold can be seen as a vector bundle over an ordinary (real) manifold.

Theorem 2.16 (Batchelor) Let M be a supermanifold of dimension m|n. Then, there exists
an atlas S = {y; : Uy — W;, i € I} of M such that transition functions (x;,&;) = (g¢j ©
npi_l)(mi,gi), fori,j €I, z;; € R™IO, &ij € RY" are of the form:

o§ = fx;) and &= gb(z:)Ef,
c=1
for each a € {1,...,m}, b€ {1,...,n}, and for f* and g° real smooth functions.

One can interpret the functions f® as transitions functions between charts of the manifold BM
and the functions g2 as the components of a matrix-valued function of B(U; NU;), which in turn
can be interpreted as the transition functions of a vector bundle £ of rank n on BM. Different
atlases satisfying Batchelor’s theorem give rise to equivalent vector bundles: the equivalence
class of the vector bundle £ is completely determined by the supermanifold M. Conversely,
to any vector bundle over an ordinary manifold one can associate a supermanifold in this way.
Moreover, the algebra of smooth functions on M is isomorphic to the algebra of smooth sections
of the exterior bundle of the vector bundle & — BM:

C®(M) ~T(/\ £).

Remark 2.17 As the proof of Batchelor’s theorem relies heavily on a partition of unity argu-
ment, it is not generally valid for complex supermanifolds. If it applies, one speaks of a split
complex supermanifold, but there do exist non-split complex supermanifolds. ¢

From now on, instead of looking at .4 valued functions, we will consider “complex” valued
smooth superfunctions, i.e., with values in Ac = AR C = A® i A. However, we will denote the
space of all complex smooth super functions still by C*°(M). Note that the complex conjugation
on Ac is given by: Va € A, VA € C,

aRN=a® N,

and satisfies: Va,b € Ac, a-b =a-b = (—1)llllp.g.

Lemma 2.18 Let M be a supermanifold of dimension m|n and U be an open subset of M.
Then, the smooth superfunctions C*°(U) form a complex Zs-graded Fréchet algebra.



PrOOF By Batchelor’s theorem there exists a vector bundle & — BU of rank n such that
C>®(U) =~ T°(A&y). Then, the property (xx) of p.230 of reference [23] applied to the bundle
\ Eu — BU ensures that there exists a frechetic Hausdorff topology on C°°(U). The Zs-grading
of C*(U) corresponds to the one defined by the exterior algebra in I'*°(A &) and is therefore
compatible with the product.

An explicit formula for the semi-norms used to construct the Frechet structure, equivalent
to formula (17.1.1) on page 227 of [23], is given by

psi(f)=sup [[(D"f)(2)]
z€BK,|v|<s

where K is a compact subset of a coordinate chart and where D" is a multi-derivation including
derivatives with respect to the odd coordinates. Taking derivatives with respect to the odd
coordinates and then restricting to the body of K implies that the odd coordinates are set to
zero. In this way one recovers the components fr of the function f as given in which are
the (local) components of the vector bundle A &y — BU. This explicit formula shows at the
same time that the Frechet structure does not depend on the particular choice for the vector
bundle &y — BU. [ |

Definition 2.19 In the sequel we will say that a supermanifold M of dimension m|n is trivial if
the vector bundle & — BM associated to M is (isomorphic to) the trivial bundle £ = BM x R".
This is equivalent to saying that M is isomorphic as a supermanifold to the direct product
M, x RO" where M, is the supermanifold of dimension m|0, which is completely determined
by BM. ¢

In the rest of this subsection M will denote a trivial supermanifold of dimension m|n. We
also assume that BM is endowed with a volume form, which we will use for integration. Then,
as for a superspace, we have an identification:

C®(M) ~ C*(BM) ® /\R",

and we define L?(M) = L?>(BM) ® A\ R", using the above identification.

Remark 2.20 In fact, the above definition of L?(M) is appropriate in the sheaf approach [12,
13], but not in the concrete approach: elements of these spaces are not defined as superfunctions
on M (Lemma does not apply to non-smooth functions). ¢

We now recall the definition of Berezin integral for odd variables: if f € C°°(M), then we
have

/ A f(2.€) = frv,.my ().

In this paper we will mean by integration on M (a trivial supermanifold) the process of Berezin
integration over the odd variables end usual integration (with respect to the volume form) on
BM. Note that it is the Berezinian and not the Jacobian which appears in the change of variables
formula in (super)integration (see [10]).

In order to relate (Berezin) integration on M with the space L?(M) defined above, we need
some structure. Let {#'} be a basis of R”. For any (ordered) subset I = {i1,...,ir} C {1,...,n}
(thus with 1 < 4; < --- < 4 < n) we define |I| = k to be the cardinal of I and we define
07 = N, 00 =0 A - NGk € AR™. For I = we define 0" =1 e N\°R* = R. For any two
(ordered) subsets I = {i1,...,4;} and J = {j1,...,j¢} of {1,...,n} we define (I, J) to be zero if

10



INJ # 0 and (—1) to the power the number of transpositions needed to put i1, ..., g, j1,- - -, je
into order if I N J = (). The quantity e verifies the relations

e(I,J) = (-DMWle(g 1),  e(l,JUK)=¢e(l,))e(I,K)if JNK = 0.

It follows that the product in AR™ is given by: /-7 = £(I,J)0'%/. Since the “products” #!
form a basis of A R™ when I runs through all (ordered) subsets of {1,...,n}, we can define a
supersymmetric non-degenerate scalar product by the formula

(07,07) = (1, 0) 501, (2.1)

which satisfies: (87,67) = (—=1)II/l(7 g},
We also introduce the Hodge operation: *67 = (1,01 )GCI , which allows us to deduce a
symmetric positive definite scalar product from the supersymmetric one:

(07.07) = (07, x07) = 5; ;. (2.2)

These scalar products can be extended in a natural way to L?(M) ~ L?(BM) ® AR™
The supersymmetric one corresponds to integration with the Lebesgue measure (with respect
to the volume form) and Berezin integration. And indeed, in the given identification we have

LXBM) @ AR" > f =32, fi®0" = f(z,§) = 32, fi(2)¢! € L*(M). Then for f,g € L*(M),

we have

(f9) = [ o de T (2. ) = Y =(1.1) [ deFitalags(a),

1

(f.9) = / Az de F(w, ) (k) (2, 6) = 3 / Az fr(@)r (z). (2.3)
I

The second scalar product, which is hermitian positive definite, allows us to define the L?-norm:

1= v/ (f, £)-

Lemma 2.21 For &,& € RY" and a a complex parameter, ia&-& € Ac ~ R0 @ C. So the
extension of the exponential function to this element is defined (see Lemma and we have:

et = 3 Ga)lI(-1) e,
J

where the sum is over all (ordered) subsets J of {1,...,n}.

2.4 Hilbert superspaces

There are many possibilities to define the notion of a Hilbert superspace [22]. We will use one
which is compatible with the description of the space L?(M) given in subsection for a trivial
supermanifold M (see Definition . We will see in the sequel that it is also compatible with
deformation quantization.

Let H = Ho D H1 be a complex Zs-graded vector space, endowed with a scalar productﬂ (,4)
such that H is a Hilbert spaceﬂ and (Ho,H1) = 0. Let J € B(H) be a homogeneous operator of
degree n € Zy satisfying, for all homogeneous = € H,

P a) = (=)l () = () (), (2.4)

Lthis scalar product is chosen left-antilinear and right-linear by convention.
2the scalar product (+,-) is therefore assumed to be hermitian positive definite.
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where J* is the adjoint operator of J with respect to the scalar product (-,-). Then the sesquilin-
ear product (-,-) on H defined by:

(@, y) = (J(),y), (2.5)

is non-degenerate and superhermitian: (x,y) = (—1)1*!I¥(y, z) for homogeneous z,y. Note that
the operator J is unitary for both scalar products.

Definition 2.22 A Zs-graded Hilbert space H, endowed with an operator J of degree n satis-
fying ([2.4), will be called a Hilbert superspace of parity n. We will denote it by (#, J,n). ¢

Example 2.23 e In subsection we have defined the space H = A R"™. If we endow it
with the Hodge operation J = %, and with both scalar products (2.1)) and (2.2)), it becomes
a Hilbert superspace of parity n mod 2; an orthonormal basis is given by (7).

e For M a trivial supermanifold of dimension m|n, the space L*(M) = L?*(BM) ® AR",
endowed with the operator J = ¢ and its two scalar products ({2.3)), is a Hilbert superspace
of parity n mod 2. ¢

Remark 2.24 Any Hilbert superspace of parity 1 is a Krein space (see [24]). ¢

PROOF For n = 1 we have J2 = id and J* = J, but also (Ho, Ho) = (H1,H1) = 0. Let us
define the spaces H4 = Ker(J —id) and H_ = Ker(J +id). Then any x € ‘H can be written as
v =xy+z_ withzy = 3(z+J(z)) € Hy and z_ = J(z — J(z)) € H_. For this decomposition

we have the equalities

<33+,.’E+> = %((xa$)+($a J(ﬂj‘)), <.’E+,[L‘,> :07
(-, 2-) = %(—(l‘,ﬂ?)—i—(x, J(z)), (x—,24) =0,
which shows that H is a Krein space. |

Remark 2.25 Let H = Ho® H1 be a Hilbert superspace of parity 0. Then, H, is a Krein space
and (Ho,H1) = 0. ¢

PROOF For n =0 we define Jo = Jj3, and J1 = Jjy,, which satisfy, Voo € Ho, V1 € Ha,

Jg(x0) = wo,  J§(w0) = J(z0), Ji (@) = —z1,  Ji(z1) = —Ji(z1).

It follows that Jy and J; are unitary, that Jy is selfadjoint and that J; is antiselfadjoint. Hence
both are diagonalizable: +1 and —1 are the eigenvalues of Jy corresponding to the decomposition
Ho = Hy ® Hy, and +i and —i are the eigenvalues of J; corresponding to the decomposition
Hy=H ®H].

More precisely, Vxg € Hg, Va1 € Hi, we have xg = xar + x5 and 77 = JJT + x;, with
zy = (o + J(20)) € Hy, x5 = 3(xo — J(x0)) € Hy, af = 3(x1 — iJ(z1)) € Hf and
zy = 3(z1 +iJ(z1)) € H. With these decompositions we can compute:

(xg,21) =0
(zg,2g) = 5((0,20) + (x0, J (20)), (zg,2q) =0,
(zg 2 ) = 5(— (w0, 20) + (z0, J (20)), (zg,29) =0,
(@, 2f) = §(= (21, 21) + (21, T (21)), (z},27) =0,
(a7, a7) = §((x1,21) + i(x1, I (21)), (a7, a7) =0,
which shows the result. |
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Remark 2.26 One can endow the space B(H) of bounded operators (continuous linear maps)
on a Hilbert superspace H with the following Zs-grading: f € B(H) is homogeneous of degree
i € ZoifVj € Zo f(MH;) C Hitj. Then B(H) is a Zy-graded algebra. ¢

PROOF Let us introduce the parity operator P: H — H by P = w9 — w1 (with m; the canonical
projection 7; : H — H;) or equivalently Pz = (—1)I*lz for all homogeneous z € H. It is a
bounded operator since its operator norm ||P|| can be shown to be 1. Then, for any f € B(H)
we define the maps f; : H — H, i =0,1 by

fo(z) = 3(f(2) + Pf(Pz)),  fi(z) = 3(f(z) — Pf(Pz)).

They satisfy f(x) = fo(xz) + fi(z) and f; maps H; into H;4;. It follows that fy, and f; are
bounded operators, so that B(H) is a Zs-graded vector space. It is straightforward to see that
the grading is compatible with the composition of operators. |

Proposition 2.27 Let (H,J,n) be a Hilbert superspace of parity n and let B(H) be the space of
its bounded (continuous linear) operators (with respect to the positive definite scalar product).
For any T € B(H), there exists a superadjoint TT € B(H) (with respect to the scalar product
(-,-)), i.e., Va,y € H,

(TH(2),y) = ()", T(y)).

An explicit expression is given by
TH(z) = (—1)FDUTH2DHT 2l e g (). (2.6)

Moreover, its operator norm satisfies: ||Tt|| = ||T*|| = ||T|| (where T* denotes the adjoint
operator with respect to the positive definite scalar product).

PROOF For any T' € B(H) we have the equality of degree |T*| = |T|, and Vx,y € H, (x,Ty) =
(T*z,y). Tt follows that we have (—1)"+DIEl( 22 Ty) = (=1)+HDUTIHIED(J27* 2 y), which
means that we have (Jz,Ty) = (—=1)+tDITl (JT*z y). By writing 2/ = J(z) (le. z =
(=1)(+Dlzl 7 (2")), we obtain the result. The unitarity of J gives the property on the oper-
ator norm. |

Definition 2.28 Let (H("),J;,n1) and (H®), Jo,n) be two Hilbert superspaces. By a mor-
phism of Hilbert superspaces between H() and H?® we will mean a continuous linear map
®: HD — HP of degree 0 satisfying: Va,y € HW,

ve,ye HY o (®(x),®(y)) = (z,y) and PoJ, = Jyod.

If a morphism ® exists, it is necessarily injective and the parities of #(!) and H must be equal.
Moreover, ® also is unitary with respect to the associated superhermitian scalar products (2.5
of HM) and H®:

Vo,y e HY o (B(2),B(y)) = (z,y). ¢

Proposition 2.29 Let (H(V, J;,n1) and (H®), Jy,ns) be two Hilbert superspaces.

e (construction of the direct sum) If the parities are equal, ny = ny = n, then the direct
sum: H =HDY @ HP, endowed with the homogeneous operator J = J, + Jo of degree n
is a Hilbert superspace of parity n.

13



e (construction of the tensor product) We will denote by H = H") @ H?) the completion of
the algebraic tensor product with respect to the scalar product given by

Vor,yr € HY Voo, pp € H® 0 (21 @ 29,1 @ 42) = (21, 1) (22, 2).

It is a Zo-graded Hilbert space with respect to the total degree. We can endow it with the
structure of a Hilbert superspace of parity n = nj +ng by defining the operator J € B(H)
of degree n by:

J(z1 @ x9) = (=1)mHEle2l g (21) @ Jy(an).

This operator satisfies the conditions (12.4)), and the associated superhermitian scalar prod-
uct has the following natural property:

(1 @ 22,91 @ y2) = (=1)172W K2y 1) (@, ).

PROOF A direct consequence of the conditions in Definition [2.22 |

2.5 C*-superalgebras

In this subsection we define the notion of C*-superalgebras, appropriate for deformation quan-
tization. To do so, we will in fact follow the example of the function space L°°(M) acting by
(usual) multiplication on the Hilbert superspace L2(M).

We start by recalling that, in the non-graded case, if BM is a smooth manifold endowed
with a volume form, then the map p : L>(BM) — B(L*(BM)), defined by

Vf e L®BM) Vo e L*BM) :  pus(p) = f, (2.7)
is an isometric C*-algebras morphism for the essential-sup norm |-||, of L*(BM).

Definition 2.30 e Let A be a complex Zs-graded algebra. By a superinvolution on A we
will mean a homogeneous antilinear map of degree 0 on A, denoted by T, satisfying

Va,be A : (aN\f=a and (ab) = (=Dllpf.qf,

If A is a Zo-graded Banach algebra, we will also require that ||a’|| = ||a|| for all a € A.

e A C*-superalgebra A is a superinvolutive Zy-graded Banach algebra which can be isomet-
rically represented on a Hilbert superspace (H,J,n) by a map p: A — B(H) of degree 0,
satisfyingﬂ p(a’) = p(a)' for all a € A.

e A morphism of C*-superalgebras is an isometric superinvolutive algebra-morphism of de-
gree 0 between two C*-superalgebras. ¢

Note that Remark and Proposition tell us that the algebra of bounded operators
on a Hilbert superspace satisfies the axioms of a C*-superalgebra.

A C*-superalgebra can be seen as a complete, closed for the superinvolution, graded subal-
gebra of a Zg-graded C*-algebra endowed with a continuous superinvolution, where the relation
between involution and superinvolution is of the type . Note that the subalgebra is not
required to be closed under the involution of the C*-algebra.

3where the T on the RHS is the superadjoint defined in Proposition w
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Remark 2.31 Using the notations of Definition [2.30} any C*-superalgebra A can be seen as
a subalgebra of the C*-subalgebra A of B(H) generated by p(A), J and the parity operator P
introduced in the proof of Remark Moreover, we have the following relations:

vI'e A, PT = (-1)TITP,

P2=1, P =1)"p, JP=pP"  J=JP ¢

Example 2.32 e Any C*-algebra A is a C*-superalgebra, whose even part is A and whose
odd part is {0}.

e The algebra A = AR"™ acting on H = AR”™ by multiplication: /-7 = (I, .J)8""7 (see
subsection and Example [2.23]) is a C*-superalgebra. Here we have the relations
OHt =0, (0D (07) =, T\ 1)O'N for I C J,
o' =1, (©H-e" =0,  J(O")-6"| = |0"*.
It follows in particular that the operator (67)* is not in the algebra A C B(H), only in
B(H).

e Copying to the case of a trivial supermanifold M of dimension m|n (see Definition
2.19) gives us amap p : L°(M) — B(H), where H = L?(M) (see Example. This map
u is an isometric representation of the supercommutative C*-superalgebra A = L*°(M).
One can show that the operator norm of u(f) (for f € L>(M)) on B(H) is given by

(O =D Il 1071 =D 1 f1ll o
I I

One can also show that u(f)t = pu(f) and ||f|| = ||f]|- ¢

Lemma 2.33 If ® : H1 — Hy is a Hilbert superspace isomorphism, then the map d: B(Hi) —
B(Hz) defined by B(H1) 2 T + ®(T) = ® o T o ®~Lis a C*-superalgebra morphism .

2.6 Heisenberg supergroup

Let E be a free graded .A-module of finite dimension m|n endowed with an even symplectic form
w. As in Proposition [2.6] we denote by wy and w; the restriction of w to the subspace generated
by the even, respectively odd, basis vectors.

Definition 2.34 The Heisenberg superalgebra associated to (E,w) is given by the .A-module
g=FE ® AZ, where Z is an even generator, and by the relations:

Ve,y e EVa,be A : [x+4+aZ,y+bZ] =w(x,y)Z.
It is a A-Lie algebra of dimension m + 1|n. Its center is given by Z(g) = AZ = ¢/, with
g =[g,9]- .

As in the non-graded case, the Heisenberg supergroup G is homeomorphic to the even part of
the Heisenberg algebra gg. Its group law can be computed from the Baker-Campbell-Hausdorff
formula:

1
Va,y € Eg Va,be Ay : (x4 aZ)(y+bZ) :x+y+(a—|—b—|—§w($,y))Z.
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G is a non-abelian group with neutral element 0+0Z and inverse given by: (z4+aZ)~! = —z—aZ.
Note that the Heisenberg supergroup as defined above is a particular case of “Heisenberg like
groups” treated in [I7].

We define a linear isomorphism from g to its (right) dual g*, denoted as z +aZ + *(x+aZ),
by the formula:

Ve,y€ EVa,be A @ (x4 aZ)(y+bZ) =w(x,y) + ab.

Using this isomorphism, the adjoint and coadjoint actions are given by the formula (with y € E,
beAandz € Eg,a € Aysoz+aZ € go = Q)

Adyaz)(y +02) =y +bZ + [z +aZ,y+bZ] =y + (b +w(z,y))Z,
Ad}, 0y +02Z) ="(y — bz +bZ).

It follows that the coadjoint orbit Oy = {Ady(, g € G} of ( = b(y +bZ) € Bg* is in bijection
(via the isomorphism °) with the even part Eq of the module E, provided b # 0. For b = 0, the
coadjoint orbit O is a single point.

3 Deformation quantization

To perform the deformation quantization of the Heisenberg supergroup, we adapt the general
method of [8] to the graded setting. First, in subsection by using Kirillov’s orbits method,
we associate to each coadjoint orbit Oy (with ¢ € Bg*) a unitary induced representation of the
Heisenberg supergroup. Note that the unitarity of the representation refers to the supersymmet-
ric scalar product, not the positive definite one. Using this induced representation, we define in
a first quantization map on the supergroup which is operator valued. The fact that we need
the odd Fourier transform in this definition is an important difference with the non-graded case
[8]. We then define a second quantization map, which associates bounded operators to functions
in LY(M) (with M a quotient of the supergroup). In [3.3| we give some details of the functional
spaces used in this theory; in particular we prove the existence of a resolution of the identity
and we give the definition of a supertrace.

Next we want to enlarge the quantization map on L'(M) to be defined also on B'(M)
(smooth functions all of whose derivatives are bounded), and to allow these functions to take
their values in a Fréchet space E. That is why we introduce, in Appendix [A] the symbol calculus
Br(M) and, in the notion of an oscillating integral which allows us to give a meaning to the
integral of non Lebesgue-integrable functions (using a phase and integrations by parts). With
this oscillating integral we extend inthe quantization map to B‘é (M), but the images are now
in general unbounded operators. However, for © = 1 and a Fréchet algebra A, this quantization
map on B4 (M) maps to bounded operators. Finally, in we define the deformed product on
B}A(M ) which corresponds to the composition of operators via the quantization map, and we
give some properties of this product.

3.1 Unitary induced representation

In order to construct a unitary induced representation of the Heisenberg supergroup using Kir-
illov’s orbits method [25], we let (o = ag’Z be a non-zero fixed element in g*, where we assume
that ag is real.

Definition 3.1 A polarization of (j is a maximal free graded Lie subalgebra b of g such that
d¢o (b x b) =0, where d¢, : g x g = A is defined by

Ve,ye EVa,be A b (x+aZ,y+bZ) = (Co, [+ aZ,y+bZ]) = apw(z,y). ¢
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In our case, any polarization b of (j is of the following form:
b=Wao AZ,
where W is a maximal isotropic subspace of E (see Proposition [2.10]). b is an abelian A-Lie

subalgebra of g and an ideal. Since it admits a (non unique) supplement ¢ in g (which we now
fix once and for all), the short exact sequence of graded A-modules

0 b g g/b 0

is split. Note that it is also a short exact sequence of A-Lie algebras. However, as such it is not
(necessarily) split (unlike the non-graded case), because, even though q is a graded subspace of
g, it is in general not a lagrangian subspace nor a Lie subalgebra.

We now define B = exp(bg) ~ by and Q = exp(qo) ~ G/B =~ qp and we note that @ is not a
subgroup of G. Let x : B = A¢c = A® C be defined by

Ywe WoVae Ay :  x(w+ aZ) = eow+a?) — giaoa,

It is a unitary character of B (BImyx C U(1)), canonically associated to (y. Let us construct the
representation of GG induced by x.

From now on we will assume that the odd dimension of B is zero, which means that wy is
positive definite or negative definite on the body of the space generated by the odd generators
of E (see Proposition [2.10). Thus, an element of B is of the form (w,0,a) with w € W and
a € Ay while an element of @ is of the form (z,£,0) with = an even linear combination of even
generators of ¢, and £ an odd linear combination of odd generators of q. Moreover, the map
@ x B — G given by group multiplication is a global diffeomorphism.

The group G acts on itself by left translations, and we look at the left regular action A on
the B-equivariant functions on G:

Co(G)P ={¢p:G— Ac C®, VYgeG,WbeB : ¢(gh) = x(b"")(9)},
Vg EG VP eC®(G)T 1 Np=Liap=0(g7")

Note that the space C°°(G)® itself is not invariant under the left regular action, because nilpotent
constants (coming from elements of GG) are not C'*° functions. However, tensoring with A4 gives
us the space C°(G)? ® A, which is invariant under the left regular action.

Proposition 3.2 The map \ : G x (C®(G)? @ A) — C®(G)P ® A is an action. When we
restrict the function Ay to Q@ C G, we get the following formula: Yg € G, ¥ € C*(G)5,

V(IO € Qa ] N
(Ag®)(qo) = eroletwolrmrowtyerl& gz — 1, &) — £,0)

where g = ¢-b, ¢ = (2,£,0) € Q, b = (w,0,a) € B and qy = (x0,&p,0). Remember that wy and
wy are the diagonal parts of w (see Proposition @)

Proor If ¢ = (x,£,0), b = (w,0,a) and gg = (x0, &, 0),

AP (g0) = @(b ¢ q0) = sﬁ(q_lqu’qalq(b_l)),

where quqq(b*l) =qy Lgp=1¢ gy € B because B is a normal subgroup of G. However, unlike
to the non-graded case, ¢~ !qo ¢ Q. In the above notation,

q g0 = (—z,—€,0)-(x0,&,0) = <—$ + o, =& + &o, %WO(_'I;’ To) + ;Wl(_£a£0)> = (g0 — q)-5,
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where 8 = (0,0, %wl(—ﬁ,&))). Indeed, wo(z,z9) = 0 since the part involving only the even
generators of q is lagrangian (with respect to the even generated part of g), see Proposition
But there is no reason that w;(&,&p) = 0, as q is not lagrangian. By taking this into account,
we obtain:

Agd(@0) = X(Cy1, ()8 )d (a0 — ),

. 1
and X(cqo_lq(b)ﬁ—l) — elao(atwo(z—z0,w)+3w1(£:80)) -

We already said that the group multiplication @ x B — G is a global diffeomorphism. It
follows that there is an isomorphism between C*°(Q) and C*°(G)®, which we will denote as
¢ — ¢, and which is given by ¢(q-b) = X(b_l)gb(q) (with ¢ € Q and b € B). Transferring the
action A to C*°(Q) we obtain an action U : G x (C®(Q) ® A) — C*(Q) ® A, which has, using

notation as above, the following explicit form:

~ iag(a+wo(z—z0,w)+ 2w ~
(01 (9)9)qo) = eioole+entomod+ a(€&0) gy — g). (31)

Now define D(Q) ~ D(BQ) ® AR", where n is the odd dimension of @, and D(BQ) is the
space of complex-valued functions on B(Q) with compact support. Using the expression , it
is not hard to see that D(Q) ® A is an invariant subspace of C™(Q) ® A under the action U.
In this way we obtain the following induced representation of G:

U:G— LaDQ)® A,

where L 4 is the space of A-linear maps. This induced representation is unitary for the super-
symmetric scalar product.

Proposition 3.3 For 3,9 € D(Q), one has: Vg € G,

U(9)3,U(9)) = (@,).

(U(g)cﬁ, f](g)@) _ /dxod&) e—iao(a+wo(x—xo,w)+%w1(Eéo))@(xo —x,& — £)
eiao(a+w0(95*xo7w)+%w1(&Eo))&(xo —x,& — £)

The quantity w; (&, &p) is even and thus commutes with all other terms. By a change of variables
Ty — o + x, & > & + & the result is obtained. |

We see that the induced representation U of the Heisenberg supergroup constructed with the
Kirillov’s orbits method is naturally unitary with respect to the supersymmetric scalar product
(+,+). This structure, and thus the notion of Hilbert superspace (see subsection appears to
be adapted for the harmonic analysis on the Heisenberg supergroup.

3.2 Quantization

In the sequel of this paper we will assume that we have chosen the particular homogeneous basis
of E described in Proposition This means in particular that we have wy(x,w) = z-w and
w1(&1, &) = 261-& for all (x4, &) € Q and all w € W. Adding a free parameter « to the (even
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and odd) Fourier transform, we obtain the following expressions for the Fourier Transform of
the function constant 1:

/dw eia0owo(@w) — 1007 § (1) (3.2)

iaq

Fal(éo) = /df e~ 2 awi(§80) — Tlangél,...,n}’

el : n(n+1)
where ry = (%) and 1 = (iap)"(—1)" 2 .

Let us now consider the A-linear map o : g — g defined by

Vee EVYae A : o(x+aZ)=—-c+aZ.

It is an involutive automorphism of g (and of G ~ gg). The pullback o* : C®(G)? — C>®(G)P is
defined by (¢*)(g) = $(0(g)) (for g € G and ¢ € C*(G)?P). Using the isomorphism C*(G)? =
C*(Q) we obtain an involution, denoted by the same symbol, o* : C*°(Q) — C*>°(Q). We then
introduce the operator ¥ = F,0* as o followed by an odd Fourier transform given by

Vo e CF(Q) Y(z0,6) € Q  : (X9)(wo,&0) = ’Y/d§1 6_#“(&’&)@(—170751),

where we interpret « as a free parameter and « as a fixed complex constant to be determined
later. This operator X satisfies the relations

Y2 = 42%ra™d
PP ECT(Q) : (23,%Y) = |y[Pria™(—1)"IPH (5 4y,

where n is the odd dimension of @ (or of E since we assumed B has no odd dimension).

By choosing v = % (this will be explained in Equation (3.12))), we have in particular

5 = (=1)"y (see Equation (3.2) for the definition of 79,71). Then, we denote r = y?r;a”, and
we obtain:

»? =1, uf=r3.

If we now define K C G as the subgroup invariant under o, K = G° = {g € G, o(g9) = g},
then, K = ApZ, and M := G/K ~ Ej is a supermanifold. With these preparations we can
finally define the quantization map Q : G — L4(D(Q) ® A) by

VgeG : Qo) =U(gxUg™).

Proposition 3.4 The explicit formula for the quantization map is given by:
(Q@b)@) (q0) = fy/dgl eiao(Zwo(iE*ffovw)+%w1(5760)*%6«)1(51,50)*%(04+1)w1(€,§1))95(2x —x0,&+&1),

for any ¢ € D(Q), ¢ = (2,£,0) € Q, g = (20,&,0) € Q and b = (w,0,a) € B. It has the
following properties:

1. Q is constant on the left classes of K.

2. For any g € G we have Q(g)" = r Q(g).
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PRrROOF 1. This is immediate, as the explicit expression for £2(¢-b) does not depend on a.
2. This is a direct consequence of the analogous property for ¥ and the unitarity of U. n

Let us now introduce the set M of all left classes of K: M = G/K, which is a trivial
supermanifold of dimension m|n (see Definition [2.19). By the point 1. of Proposition the
map () descends to this quotient, giving a map Q : M — L4(D(Q) ® A), which we will still
denote by the same symbol. If, for any x € M, we introduce the symmetry s, : M — M by
sz(y) = wo(x~1-y) for all y € M, then, (M, s) becomes a symmetric space, namely:

2 _ . _
s, = idy and s;5y5,; = Ssu(y)-

Proposition 3.5 For any a ¢ {—1,0}, the map Q : M — L4(D(Q) ® A) is a (twisted by r)
representation of the symmetric space (M, s), meaning that we have, for all x,y € M,

1. Q(z)? =rid.
2. Qx)Qy)Q(x) = r Qs2(y))-
Proor To show 1, it suffices to note that for g € = - K, we have

g)* =U(9)SU(g )U(9)2U(g7") =rid

The identity 2 is a direct computation using the expression of Proposition [3.4} [ |

Let us now “extend” the quantization map € to functions on M, by defining Q : D(M) —
LA(D(Q)® A) by

VfeD(M) Q(f):/Mdzf(z)Q(z).

For any ¢ € D(Q) and ¢y € Q, the explicit expression is given by

()2) ) =7 [ dedgduof(a.w
/dfl eiao(Zwo(I*ID,w)Jr%Wl(5750)*%m(51fo)*%(aJrl)wl(&El))@(gx — 20,4+ &1). (3.3)

Since ag € R* and since f has a compact support with respect to the variable x € BQ), it follows
that Q(f)® € D(Q). Contrary to the case of the map Q on M, where Q(x)@ does not lie in
D(Q) but only in D(Q) ® A, here there is no need to take the tensor product by A. This means
in particular that we can consider the quantization map as a map Q : D(M) — L(D(Q)). Note
that the degree of Q(f) (with respect to the Zy grading) is the same as the degree of f.

Lemma 3.6 For all f € D(M) there exists a constant Cy € R’ such that
Vo eD@) = (UNSQNP) < Cr(p,9)-
PrOOF Using formula (3.3) we compute:

Q2N =* [ drododadedu e € whde
e—iao(Qwo(x—wovw)-‘r%wl(5750)—%%(51750)—%(a+1)W1(€7§1))¢(2x — 20, €+ &)

%, /dx’d{'dw’f(x’,{',w’)d&
eiao(Qwo(w’*wovw/H%wl(5@&0)*%%(52760)*%(a+1)w1(5'752))()5(236/ — 20, + &),
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where *¢, is the Hodge operation with respect to the variable §. Expanding this formula and
integrating over the odd variables &, &', &1, & and &y gives us the formula

QNEUNG) = D Oé(flJz,Jl,Jz)/dwodxdex'dw/fh(%w)flz(l",w/)
In,13,J1,J2

€2ia0 (wo (2’ —z0,w")—wo(z—z0,w)) =

G, (22 — 0)Ps, (22" — x0).

where I3, I, Ji, Jo are subsets of {1,...,n} with some constraints between them that we do
not write explicitly, and «(1y, I, J1,J2) is a real number independent of f and ¢. Let us now
denote by |a| the supremum (maximum) of all |«a(1y, I2, J1,J2)|. By using the triangular and
the Cauchy-Schwartz inequalities, we obtain

QHBANE) < D |Oé|/dxdwdx'dw'lfh(fﬂ,w)flz(iﬁ',w')lll@l||2||95J2||2
I,12,J1,J2

< Z ’O"”fhHl”fb”l”@h||2H95J2H2

I11,12,J1,J2
But (¢,%) = ;[ @1ll3 > supy [[ @113, hence
Q)@ Qf)p) < Cr(p,0),
with Cr =321 1, 5 Ll fn el n

Corollary 3.7 The quantization map 2 : D(M) — L(D(Q)) can be continuously extended in
a unique way to a map

Q: LY(M) = B(L*(Q)),
where we recall that L?(Q) is a Hilbert superspace (see subsection .

PrROOF We have shown in Lemma that for any f € D(M), Q(f) is a continuous operator
on D(Q). Since D(Q) is dense in L?*(Q), we can extend Q(f) in a unique way to a bounded
operator on L*(Q). Moreover, if we denote by | f||; the norm of f € L'(M) = L'(BM) ® AR™

1l = ;/dewx)r =Sl

then it is immediate from the proof of Lemma [3.6] that the constant C} verifies C; < C2||f|[3,
with C? = > 5.5 lal. It follows that we have, for any ¢ € L?(Q),

V QS QH)E) < CV (@, ) fl1,

which means that €2 is a continuous map on D(M) for the topology of L'(M) and for the
operator topology of B(L?(Q)). Since D(M) is dense in L!'(M), we can extend ) in a unique
way to a continuous map: Q: L'(M) — B(L*(Q)). [ |

3.3 Preliminaries concerning functional spaces

We start this subsection with a result concerning Schwartz functions on ), where the space

S(Q) of these functions is defined (as usual) by S(Q) = S(BQ) ® AR™ with n still the odd
dimension of @) and S(BQ) the standard space of Schwartz functions (recall that BQ is a (real)
vector space).
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In the rest of this section, we will use the notation for the variables:

T€Qo, (€RM, ¢=(2,§)€Q, weW, z=(x,&w)eM, y=Bz,Buw)ecBM,
(3.4)
where we recall that M ~ M, x RO" ~ Q x Wy, Q ~ Q, x R%" and that the odd dimension of
W, is zero.

Lemma 3.8 For any ¢ € S(Q) and any (z,{,w) € M, we define the function P(,¢ ) =

U((x,€,0)-(w,0,0))@. Then, for any ¢ € L*(Q), the map (z,& w) — <g5(m7§’w),d~)> belongs to
S(M).

PrROOF We start with the computation

(Paew), V) = /dxodﬁoe_m‘)(w‘)(z_m’wHéwl(g’&)))@(ﬂﬁo — 2,8 — &)(x0, &)

= Z a(l, J, K)/dxoe_mowo(m_m’w)@I(CUOCU)I/JJ@OKK,

1,J,K

where, using notation as in the proof of Lemma we integrated over £y (and just as in the
proof of Lemma there are some constraints among I, J and K).
Let us now consider the quantity Z defined by

I:/ dxdw (D?x w)/dxoeiaowo(atxo,W)@I(xO —l')l/;J(LUO)) P(z,w),
BM ’

where P is an arbitrary polynomial function and £ a multi-index. If we can show that |Z| < oo,
then we will have proved the lemma, as it shows that the map (z,&,w) = (P(z.¢w); ¥) is
Schwartz. To do so, we start with the obvious observation that we have

= /dzdwdxo (D’(Bx w)ezaowo(xo’w)(,5](1’0)1/;](330 + x)) P(z,w).

We then introduce the operator O, = 1 +1w2 (1-4 Axo) which has the property O, (e iaowo(z0,w)) —

eiaowo(wo,w), simply because 8%6"“0‘*’0(“0’”) = zaowemo‘*’o(m’w). Inserting the k-th power of this
operator on the exponential and integrating by parts gives us:

_ / daduwdzg (D, e 0k (Grao)ids (o + 1)) P, w).

We then note that we have the equality

D(ﬁxﬂﬂ) (eiaowo(zo,w)Ol;O (qu(] (:L'O + :E))) —

1 ; = 0 7
5wy 2 b 0, ) 0 B ()30 o + ),
Vi

for multi-indices 7; (a finite sum) and functions b, (xo, w) which are bounded by a polynomial
in g and bounded in w. We thus can make the estimation

IZ| < Z/d:zdwdx 1024 géi(l),—l— 3025 )|’(971 pr(x )372373@ZJ(560+$)| )

This will be finite whenever k is greater than dim(BM) + 1+ d (d the degree of P in w) because
with such a k the integrand will be integrable in w and because the integrand is Schwartz in z
and xg. |
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Using the same notation and the same arguments, one can show that the function (r,&,w) —
(P(,6,w), %) also belongs to S(M). See also [§] for the analog in the non-graded case. Let us
now show that there exists a resolution of the identity in this context.

Theorem 3.9 (Resolution of the identity) There exists a constant C' € C* such that

VG e S(BQ) . VI eSQ)  YmeqQ - /M dz (o) @ular) = CI@IEHN ). (35)

PROOF By Lemma[3.§|the integrand is Schwartz on M, so the integral is well defined. Denoting
z=(x,&,w) € M and 1 = (21,&1) € Q, we then compute:

/M dmdédw <¢7(x,£,w) ) 1[}>35(x,§,w) (xla él)
- / dadédwdagdgge @00 (@ —row)+ 301 (&= (10 — 2 (20, &) B(1 — ).

Using Equations (3.2|) we then obtain

/M ded€dw (Bo.e.y D)P(oe) (@1,61)

= Tl(—l)n/dxdwdxod&)(ﬁo — &)l emiaowo@=row) G p, )
U(z0, 0)P(z1 — )
= rl(—l)”/dajdwdxoeiao“’o(mxo’w)tﬁ(:co — 2)ip(x0, &) P(x1 — 7).

Since fdwe_iaowo(‘”l_fco’w) = r02%5($1 — xp), we get the announced result:

/M dzdédw (B (e ), VYP(r ) (@1, €1) = C / dz@(z)@(z) (21, &1),
with C' = 7‘07“12%(—1)". |

For any ¢ € S(BQ) the map S(Q) — L?(Q) defined by

¢ ’_>/ dZSOZ QOZ7 > C”S"Hﬂ’?

is a dilation, hence continuous. It thus can be extended to L*(Q).

Note that the resolution of the identity only uses functions ¢ defined on the body of (). Note
also that for ¢ € S(BQ) and Vz € M, the function ¢, is even but that it may contain nilpotent
elements, and thus in general belongs to S(Q) ® A, not to S(Q). Note however that we have

VT € B(L*(Q)) , V¢ € S(BQ) , Y(z,w) € BM) : / AP e ) TPwgw)) €C. (3.6)

Definition 3.10 (Supertrace) Let ¢ € S(BQ) have a non-vanishing norm. We define the
trace-class operators as those (unbounded) operators of L*(Q), T € O(L*(Q)), satisfying

e S(Q) C Dom(T). Since S(Q) is dense in L%(Q), the adjoint T* of T with respect to the
positive definite scalar product exists.
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o S(Q) C Dom(T™).

o [daxdw | [dE(P(sew)> TP(rew)) is finite. Note that it makes sense due to Equation
(3.6). ¢

For T a trace-class operator, we then define its supertrace by

sTr(T) = !

= — dz {@,, Tp.,). 3.7
!I@IIS/M (32,7 (3.7)

Proposition 3.11 The supertrace has the following properties:
1. It is independent of ¢ € S(BQ) used (twice) in its definition.

2. If T1 and T3 are trace-class operators such that 1115 and 15T are also trace-class, then

we have
STI“(TlTQ) = (—1)|T1||T2‘ STI“(TQTl).

PrROOF 1. For T € BY(L*(Q)) and ¢, € S(BQ) we compute,

1 _ N
sTr(T) = e / dzdqo ¢:(q0)T¢=(q0)
2

1 Wi ~
— CHT%WH% /ddeOd21dQQ @2 (q0)%=, (2)TP2(q2) V-, (q0)

1
= 2002
Cllallzllll

1 5 S
= WHg/dZquQ V2 (02) T2, (g2)

= Wﬂ’g/ledQZ 1;21 (QQ)Tl/jzl (Q2)7

/ d21dgad=dao 32000 dan (@0)3- (a2)T sy (a2)

where we used Theorem successively with 1& and ¢. We also used that there exists
a superadjoint of T: the adjoint 7™ exists and has a domain containing S(Q), so as the
superadjoint T'f (see Proposition 2.27)).

2. To prove the second property, one uses exactly the same method as for the first: two
resolutions of the identity and the use of both superadjoints TlT and TQJr . |

Lemma 3.12 Let T € B'(L*(Q)) be an operator admitting a kernel, i.e. there exists a
measurable function K : Q x Q — C such that V¢ € L?*(Q), Yqo € Q, we have T (qy) =

fQ dq K(q,q0)%(q). Then its supertrace is given by

sTr(T) = C/qu K(q,9),

where C' is the constant defined in Theorem [3.9.
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3.4 Integration

We now consider a complex Fréchet space (E,|-|;) with its family of seminorms indexed by
j € N. We refer the reader to Appendix [A] for the definitions of a weight u, of the functional
spaces Dg(M), LL(M) and B (M), and of the E-valued integral. With these notions we observe
that, since LL(M) = LY (M )®E, the quantization map can be extended by the projective tensor
product [26]:

Q:LL(M) = B(L*(Q))RE.

We then attack the notion of the oscillating integral, which allows to integrate functions
which are not Lebesgue-integrable (for example functions in Bf(M) when p ¢ L'(BM)), by
using the phase and integration by parts. See also [§] in the non-graded case.

Theorem 3.13 The functional Dp(M) — E, called an oscillating integral and defined by

fi /M dzdedw e2@0w0@w) £z ¢ w), (3.8)

can be extended to a continuous linear functional B%(M) — E, for any weight . bounded by a
polynomial function.

Moreover, there is only one such extension which is continuous for the topology induced on
B(M) by the topoh()g)y of By (M) for any weight y > p bounded by a polynomial function

: ply) _

such that limy,| ) = 0.
PRrOOF For this result, we may assume, without loss of generality, that we have 2ag = 1, which
simplifies the notation.

o Let f € Dp(M). We will use the basis of Proposition so that wqg is given by the
expression wo(z, w) = zw (usual scalar product). If we define the operator O by

(0-&w) = (1= D) ( (2, 6w)) |

1—{—332—|—w2f

then, as in the proof of Lemma [3.8] an integration by parts gives

/ dzdédw e™0@®) f(z € w) :/ dzdeédw 0@ (OF. ) (z, €, w), (3.9)
M M

for any k € N. Moreover, it is not hard to show that there exists functions b* € BL(BM)

such that 1

OF = —
(14 22 +w?)k

Zba(x,w)Da.

e Since p is bounded by a polynomial function, there exists N € N and a constant C' > 0
such that V(z,w) € BM, u(z,w) < C(1 + 2? + w?)". Hence for any f € Bh(M) and
I={1,...,n}, we have

1

k
. D
|0 fr(z,w)|; < (14 22 + w?)k

D16 (@ w)[Cjarplw, w) < O'(1+ 2 + w?)NH,
«
with C’ a positive constant and C} 4,1 as in Definition It follows that O*-f € LL(M),

provided k — N > dim(BM )+ 1. As a consequence, the right hand-side of (3.8)) does exist
for f € B (M).
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. Slnce |Dfljy = Supye]BM{ ZI|D7D frw)l;} = |fljy+a, it follows that the map
B (M) — B (M) is contlnuous

e Let f € BL(M) and F € Biy(M). By using the Leibniz rule and the equality (f-F); =
> oscreld, Cg)fJch, we can compute:

|f-Flja = sup {72119& > eI iy y)Fer(y)li}

vesn 1y Jci
= J CI fj Y D% Fr; y)|;
o ) EI:’ Dg;d 2Dy fr(y) Dy ey ()1
1
< sup {0 D) £1()I| D% Fr ()]
yEBM{M(y (DQEI: o1 (1 y}
Da)yEIEBM K
< Z) |f’D(1) sup. Z| & FrW))} < (Z |Flps, 1Fljpg, -
D« oy

where we have used the Hopf algebra approach/notation of the Leibniz rule and the fact
that > ; |D(1) ()| < |f|Da This tells us that the product of functions map B (M) x

By (M) — Bhy(M) is contlnuous.

In exactly the same way one can show that the map B(’é,(M) x Bh(M) — B%“,(M) taking

the product of two functions is continuous. Moreover, from the above expression of OF,
p(z,w)
2)k

one deduces that the map O* : Bfy(M) — By, (+aftw
products and derivations.

(M) is continuous as it consists of

Let 4/ € L*(BM) be a weight and f € Bg(M) C LL(M). Then:

I/M dydsf(y, §)l; < /M dyd&|f(y,&)l; < /EM dylflian () = 1l 1 f152-

It follows that the integration map Bg (M) — E is continuous. By choosing p/(z,w) =
% € LL(M) and assuming that kK — N > dim(BM) + 1, we thus have shown that
the map Bl (M) — E given by

fro [ dudedw o (OF)a, w)
M
is continuous. Moreover, it is an extension of (3.8]) due to Equation (3.9)).

We now will prove that Bf(M) C adh (Dg(M)) when p/ > p is another weight

Bly (M)
bounded by a polynomial function and satisfying limy,_, u(( )) =0. For any f € B“ (M)
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and for any semi-norm | - |; pa on Bl (M), we have

£ - 1 y
o = s (e 3D )
1
<0 (Z D301 Dey 5 100 Fr )}
1,(D«

IA

5 sup (-5 3 Cop, Cop, S0 ()}
I

(Da)yeBM w(y)
< (;) Cpe, Cpg, | .03,

where | f|;, Da) isa semi norm of B“l( M). Moreover, |D 1),u| < C’Da Nz because p is a weight,

and D%, 4 < CDa L bhecause Dé) = is a term of the form ul tlmes a sum of products of

(M) o 2 f € Bi(M).
Now let x, : BM — [0,1] be a smooth function with compact support and taking the

(2) p

value 1 on the ball of radius p € N* in BM. Then the limit limp_mo( " Xp) = i is uniform
since lim ﬁ = 0. It follows that the sequence (ﬁxp f) in Dg(M) converges (for p — 00)
to 5 f. [ |

3.5 Extension of the quantization map

Lemma 3.14 If y is a weight bounded by a polynomial, then there exists a weight fi > p also
bounded by a polynomial such that

VfeBy(M), VyeBM : L)feBh(M),
where L, denotes translation over y.
PrOOF For any y,yo € BM we have
|DYLy fr(yo)lj = [LyD* f1(yo)l; = |D“fr(y + vo)lj < Cja,in(y + vo).

Moreover, there exists a weight i > p bounded by a polynomial such that for all y,yg € BM
we have u(y + yo) < fu(y)ii(yo). Note that fi is independent of y and yo. Then, introducing
C" = Cja,1fiy), we obtain [DLY fr(yo)l; < C'fi(yo). We thus have shown Ly f € Bp(M). ®

Theorem 3.15 Let pu be a weight bounded by a polynomial and 7 € D(Q). Then:
1. For any f € Biy(M) and z € M, the element (Q(f)7,7.) is well defined in E.
2. The map z — (U f)n,7;) is in Sg(M).
3. The linear map By,(M) — Sg(M) given by f — (Q(f)n,1.) is continuous.
4. For any y € BM, the map (Q(LZf)ﬁ,ﬁ.) is in Sp(M), and the map y — (UL f)7,7.) is

y
in BS (M

)(IBM ), where [i is the weight associated to p by Lemma |3.14

PROOF Remember that we use the notation (3.4) for the variables.
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1. As in the proof of Lemma we integrate over the odd variables and obtairﬁ (using the
change of variable z; — z1 + x0):

(Qf)i,72) = /Q dzodéo (Q(F)7) (@0, &) *e 7= (0, o)
— / daodéodadéydun Fla, €1, w1)dés

10 (2wo (21 —x0,w1)+5w1 (€1,60) — G w1 (€2,60)— “FF w1 (61,62))

1(2x1 — w0, &1 + &2) *¢, [eiGO(wO(x_x07w)+%wl(5’50))77(530 —x,& —9)| .

Q):) = D all,J, K, L) / dwodardwy fr(zy, wi)e 2000t (90, — )
I1,J,K,L

eiaowo(wfmo,w)ﬁK(xo o I)fL
= Z a(l,J, K, L) /da:odxldwl Fr(@1 + zg, wy )e 2200w @LU0E 90 50)
1,J,K,L
elaowo@=20W) p (g — el (3.10)

But 77 is bounded, zg — 7jx (z9—) is a smooth function with compact support, and (using
Lemma [3.14)) there exists a weight i independent of xy and bounded by a polynomial such
that (z1,w1) — fr(z1 + zo, w1) is in By (BM). Hence the function

(x1,w1) — /dl‘o F1(x1 + 0, w1 )77 (221 + 20)e20“0 @200 fe (10 — )

is in Bg (BM). By using Theorem we conclude that the element (Q(f)7,7,) belongs
to E (see Appendix [A] for the definition of the E-valued integral).

2. We now recall the definition of the operator O, 4,) used in the proof of Theorem
but in the variables (21, w1): O, ) f = (1 - ﬁA(Ilﬂm))(mﬁ' We insert the k-th

1 1 . . o
power of the operator (W)(l - QA(m,uu)) on the phase in (3.10) (on which it is

the identity) and we integrate by parts. This gives us terms involving factors of the form
Oéthwl)(ff 7). Just as in the proof of Theorem one can show that

Oéczl,wl)(fl(xl + o, w1)77 (221 + 20)) =

7 :
T e 2 0 ) i 20 )T )

for multi-indices ; (a finite sum) and bounded functions b, (xo, w). Now remember that,
in order to investigate the nature of the function (z,§,w) = z — (2(f)7,7.), we have to
investigate the coefficients (functions of x and w) with respect to an expansion into powers
of £&. What we thus have obtained so far, introducing the abbreviations f (x1 + zo,w1) =
82;1@1)]“1(;1:1 + o, w1) (which is in B(BM)) and 7)(2z1 + o) = 97;75(221 + 20) (which
is in D(BQ)), is that these coefficients are finite linear combinations of terms of the form:

b%(‘rlvwl)

_ U\FL YY) —2iagwo(z1,w1) £ ~ tagwo (z—z0,Ww)
e T1+x , W1 )N 2x “+xq)e ro—X).
(1 x% w%)k f( 1 0 1) ( 1 0) UK( 0 )

/ d:cgd:cldwl

“as before, we do not write the constraints between the subsets I, J, K, L.
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Let us now use the Operator Oy, for the variable z( just as in the proof of Lemma
Ozg = (1-% Awo) 1+ 17z (note that this is not an exact equivalent of the operator O, )

because here the function 1/(1 + w?) commutes with the Laplacian). As it acts as the
identity on the phase e?@0wo(x=20.) " we can insert the I-th power of it and integrate by
parts. We can also prove (just as before) the equality

OL, (f (21 + wo, w1)i(221 + ﬂ?o)ﬁK(xo —z)) =

Z c5, 000 f (@1 + w0, w1) 0221231 + 0) 0% ik (20 — ),

for multi-indices §; (a finite sum) and constants c;;. We now introduce yet another set
of abbreviation by writing F(z1 + o, w1) = 0% f(21 + 2o, w1) (which is in Bly(BM)),
©(2r1+x0) = 8537](2:1;1 +0) (which is in D(BQ)), ¢¥(zo—x) = 8507]1((3:0— ) (which is also
in D(BQ)) and b(x1,w1) = ¢5,by, (x1,w1) (which is in BYBM)). With these abbreviations
the coefficients of (Q(f)7,7.) with respect to the powers of the variables £ are finite linear
combinations of terms of the form:
I(z,w) = /dxodx1dw1 b(z1, w) e~ 2iaowo(@1,w1) giaowo (z—wo,w)
’ (L+2f + w1+ w?)f
F(z1 + zo, w1)p(221 + o) (0 — ).

To prove that (Q(f)7,7.) is a Schwartz function, we will show that the quantities |1pg|;
are finite, where P is any polynomial function on BM, § any multi-index and Ip g defined
as

Ipg = /dazde(:c,w)D'(wa)I(ﬂfvw)»

simply because a function is bounded if its derivative is integrable. We start by giving the
explicit expression of Ip g:

b(xy,wr) o
= p 1,1 2tapwo (z1,w1)
Ipg = /dxdwdxodxlde(x,w)D(x,w)((l T T w2)l€ owo (z1,w1

Next, as before, we write

B 1 tagwo (z—z0,w) _ —
D(x,w) (7(1 n w2)le Y(zo m))

1 i —Xo,w
T a7y S~ da(@ — w0, ) (g — )00 ETo),
A

with A a multi-index and d) a function bounded by a polynomial of degree |3|. Using this
expression we obtain

P(z,w)b(z1,w1)d)\(z — xo,w
O+ermWﬂ+wW

) €—2zaow0 (z1,w1)

Ipg = Z / dxdwdxgdardw;
A

ezagwo T=To,W (.731 + .’L‘(),wl)(p(le + :Eo)ai‘lﬁ(xo — (E)

It follows from Lemma 3.14| that | F'(x1+xo, w1)|; < ]F|] Ou(azl,wl)u(azo, 0), hence |F| % <

|F \%) By performing successively the changes of variables: zg — xg — 2x; and = —
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T — 2x1 — T, we obtain

w 1Az, wi)fi(wo, 0) P(xg — 221 — 2, w)|
(1427 +wi)*(1 +w?)!

b(21, w1 )dx(—221 — @, w)p(20) 0t ().

Ipgl; < Z / dzdwdzodeydw| F|%)

Using appropriate values for k£ and [, and because ¢ and ¢ are functions with compact
support, it follows that the above expression is finite, so that (Q(f)7,7.) is indeed a
Schwartz function.

3. From 2 we deduce that | (Q2(f)7,7.) |3 (which is bounded by terms of the same form but
with seminorms || . g0 see Appendix is bounded by terms of the form |f|;,, which
proves continuity.

4. If we replace f by Ly f in 3 and if we use u(y + o) < fi(y)fi(yo) (see Lemma [3.14), we

obtain:
V.5, < Z |f’] a?
(e}

where the sum over the multi-indices « is finite, and the C, are positive constants. |

Vv, 5,8 o (UL )7, 0.)

In the rest of this section we will no longer consider an arbitrary Fréchet space FE, but only
the particular case of a complex Fréchet algebraﬂ (A,]];)- We also assume that A is endowed
with a continuous involution denoted by a + @. On the space L?(Q)® A we will use the topology

defined by the seminorms | - | ") defined as

WeLA@ oA (6= | dodle) xedla)l},

where *¢ denotes the Hodge operation with respect to the variable { (see subsection . Its
completion will be denoted by L?(Q) ®(n) A where we added (h) to differentiate this completion
from other types of topological tensor products (see [26]).

A priori, for any f € Bfy (M), the map Q(f) is an unbounded operator from L?(Q) to
L*(Q) ®y A. Theorem shows that S(Q) € Dom(Q(f)). In fact, we will prove that
for p =1 (f € BL(M)), the map Q(f) is a bounded operator. We thus consider the space
L(L*(Q), L*(Q) ®(n)A) of continuous linear applications, endowed with the topology of bounded
convergence (see [27]).

Theorem 3.16 The quantization map
Q:BA(M) = LIL*(Q), L*(Q) @) A)
is continuous.

ProOOF First, note that (cﬁ, Q(f)qz) = (@, *Q()Y) = (=1)IPI D) (3 Q(f)e), so that it suffices

to consider (3, Q(f)) (¢ — (=1)IPI+1D) & 3 is a bijection). We then write z; = (4, &, w;) € M
and y; = (x;,w;) € BM and we denote by (-,-) the scalar product of functions on BM. With

5This means in particular that the product is continuous for the topology determined by the seminorms. We
do not assume that each seminorm is submultiplicative.
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these notations we use the resolution of the identity (see Theorem on (¢, Q(f)y) giving

. ~ 1 e e . e T
(5009 = g | 102206, s 2 ) (s )
2
a(l,J, K) N SN
= Z o2 dyldy?((ﬁh ny1)(ny1 ; Q(fJ)nm)(nyzv wK)a
1,0, K H ||2
where I, J, K are subsets of {1,...,n} with some unspecified constraints among them, where

a(l,J, K) is a real number, and where 7 is an element of S(BM ) with non-vanishing norm. We
then can make the following estimates:

a(l, J, K)
.00 < 3 2L g1yl o)1 Q) e )
[Tk 17115
(I, J, K)| o 0\’
<> ot £ 1) 2 </dy1dyz\(w,nyl)\Ql(nyl,Q(fJ)nyz)!j>
1,J,K C ||77||2

</ dyrdyz| (i ﬂ<fJ>ﬁy2>rjr<ﬁy2,¢K>|2> 2
(I, J,K)| 3 1
<2 ‘amunnz (/dy”(@f’f’yl)'Q) sup </dyz!(ﬁy1,9(fJ)ﬁy2)\j>

1,J,K

-y dyﬂ(ﬁyuﬂ(fj)ﬁm)\j)% (/ dy2\(ﬁy27¢K)!2)% (3.11)

Looking at the factor [ dyi|(@r, 7y, )|* we have

- -~ ~1121 ~ 2 ~N210 ~112
/ dyr| (31,7 = CI2IB 2 < O IlZIG12,

where we used the resolution of the identity just on BM (with another constant C”) and the fact
~12 ~ 12 ~ 7 ~1211.7.12
that ||¢]l; = > ; [|@r]l5- In the same way one can show that [ dys|(fy,, ¥x)* < C'||ill3]1¢ |5
Next, by definition of 7}, and €2, we have

(s Qi) = (g O )AL, £2)) = (1, UL, 1)),

Using point 4 of Theorem [3.15] we deduce that, for all j and for all polynomial functions v on
BM, there exists constants C!, > 0 (where « runs through a finite set of multi-indices) such that

|y > L)) Z ),|f|]cw

simply because i = 1 when g = 1. When we plug all these inequalities in (3.11)) we obtain
that, for all j, there exist constants C, > 0 (and remember, « takes values in a finite set of
multi-indices) such that

vfeBL(M), ¥, b e IAQ) ¢ |(2.0N) | <Y Callllylblolf1sa m
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3.6 Construction of the deformed product

First, we consider the space B{(M) which contains the constant function z — 1. We assume in
the following that the map € defined on this space (see Theorem [3.16]) is compatible with the
unit, i.e. (1) = 1. This corresponds to fix the constant v as

_ (="
T= rori(l+ a)” (3.12)

in the expression of © (3.3). Remember that o and r; have been defined in (3.2]).
Using the notation of the previous subsection with the Fréchet algebra A, we now introduce
the deformed noncommutative product.

Proposition 3.17 Using two independent parameters A and k, we define the bilinear map
*x: DA(M) X DA(M) — C*(M,A ® A) by
(fl *fQ)(Z) _ I{/dzleQ fi (Zl)f2(22)eQiao(wo(mg—z,w1)+wo(a:—:v1,w2)+w0(a:1—zg,w))
eZiaoM @@L wi(€ne)twn(€0) - (3.13)

for any f1, fa € Da(M) and any z € M, using the notation (3.4)). This map can be extended:

e to Schwartz functions x : SA(M) X SA(M) — Sa(M).
e to the symbol calculus * : By (M) x Bﬁ( (M) — Bfiﬂ/(M) by using the oscillating integral

with p and p' weights bounded by a polynomial and fi and ji’ the associated weights
according to Lemma

® as x: BX(M) X SA(M) — SA(M) and x : SA(M) x BK(M) — SA(M).
Moreover, in each case the extended bilinear map is continuous for the topologies involved.

Proor e By using the continuity of the undeformed product of A and operators O’;l and
O!, on the phase as in Theorem one finds that | [ dzP(z)Df(fl * f2(2))|; is bounded

w1
by a linear combination of seminorms of f; and f2 in Sa (M), for any polynomial function

P on BM and any multi-index 3. This proves the existence of the product fi x fs, the fact
that it is in Sa (M), and the continuity of *.

e By a change of variables, we can express the product as:
(fl * f2)(z) = /‘f/ledZQ fl (Zl _.I_ Z)fQ(ZQ + 2)62ia0(w0(w27w1)_w0($17w2)+>\w1(51752))‘

As we have the estimate |07(f1)s(x1 + z, w1 + W) < |f1|,£“3ﬂ(x1,w1)ﬂ(x,w), it follows

that |f; x fg|§.’1 ﬁﬂ ) is bounded by a linear combination of seminorms of f; and fs.

e This follows in the same way as the first extension. |
Proposition 3.18 If we choose the values A = —(O‘IO}F and K = - 29" " then the product
o(1+c)

defined in Proposition corresponds to the product of operators via the quantization map
Q:
Vi € By(M) Vfa € BA(M) : Q(fix f2) = Q(f1)Qf2),

In the sequel we will always assume that A and x have these values and we recall that ~y is given

by @13,

32



PROOF After some elementary computations, by using Equations (3.3) and (3.13]), we obtain,
for ¢ € S(Q),

Q(fy * f2)3(q0) = ’}/I{To/dfd21d22f1(21)f2(22)df5 100 (2wo (z1—0,w1)+2wo (T2 —271+20,w2))
¢100(20w1 (§,€1)+2Mw1 (€1,62)+22w1 (62,6) +3w1(€,60) — G w1 (€5.60) — 5 (a+1)w1 (€:65))

85(2372 - 21'1 + «Toaf + 65)7

and

Q(f1)Q(f2)<ﬁ(qO) _ (_1)71,72 / dfgdzleQfl (Zl)f2(22)d§4 eiao(2w0($1—xo7w1)+2w0(m2—2x1+x0,w2))
eiao(%wl(51760)—%401(53,{0)—%(Oé+1)w1(€1,§3)+ w1 (£2,61463) — Swi1 (6a,614€3) — 3 (a+1)wi (€2,€4))
P(2w9 — 21 + 0, 2 + £4)-

In the above expressions, we used the notation z; = (x4, &, w;) € M (for i = 1,2), £, &3, 84, &5 are
odd coordinates of M and gy = (x0,&p) € Q. It then suffices to apply the change of variables

(&,&) — (&3 = _éf + éﬁl +&5,8 = & + € — &), whose Berezinian is (—1)" (H_a) , to obtain
the result. ]

Note that if A is unital, then 1x1 =1 (of course for the given values of \, k,v). If « = 1,
the product is given by the formula

(fix f2)(z) = H/dzld@ f1(21) fo(z2) e~ 20z 22)tw(z,2)tw(z2))

which is a unified expression in the even and odd variables.

Proposition 3.19 If A is endowed with an involution (satisfying a-b = b-a), then:

Vi e By(M) Vo€ Ba (M) : Fixfo=(D)NIEE L ()t = ).

PrOOF This is a direct computation using the given expressions for the product (3.13)) and for
the quantization map (3.3)). [ |

Lemma 3.20 For f € B!y (M), with y a weight bounded by a polynomial, and for z; € M, the
operator Q(f)Q(z1) is trace-class (see Definition [3.10).

PrOOF For ¢ € §(Q) and z = (z,£,w) € M, an elementary computation gives

/df((f)z, ( 21 (pz Z ,3 I J K /d$0d$2dw2¢[(wo —x)fJ(xg,wg)
I1,J K
SBK(-TO — 4+ 20 — 2x2)62ia0(w0(12—xo,w2)+w0(m1—212+zo,w1)+w0(az1—m2,w)).
We then apply the same techniques as used in the proof of Theorem [3.15} using the operators
Oz,, Ow, and O, and applying the change of variables z — zg — z in

/dxdwy/dg(@z,ﬂ(f)fz(zl)@zﬂj,

we can insert arbitrary powers of —— and + —— into the above integral, allowing us to
wy

1+w2’ 1+ac
show that it is finite. [ |
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If one computes the supertrace (see Equation (3.7)) of the operator Q(f)Q(z1) (with f €
By (M) and z; € M), one finds zero. Therefore, we will twist the supertrace by an odd Fourier
transformation to define the Berezin transformation.

Definition 3.21 We define the Berezin transformation by sTr(Q(f)Q(z1)Fp), for f € By (M)
and z; € M. This expression makes sense because of Lemma Here Fj denotes the odd
Fourier transformation with parameter 5:

VP EeLN@ i Fpplano) = [ d e E5(0,0) (3.14)

Proposition 3.22 The Berezin transformation is equal, up to a numerical factor, to the iden-
tity. More precisely, if u is a weight bounded by a polynomial, then

a_ﬁ>n(—1)”'ff(Z1)~

1+«

VieBy(M) : sTe(Qf)Qz1)Fs) =m1 <

Corollary 3.23 e The quantization map 2 is injective on Bly (M), for any weight p bounded
by a polynomial.

e The product  : By (M) x BZ/(M) — Biﬁ,(M) is associative (needs Proposition and
the injectivity of ).

Example 3.24 We compute here the deformed product at low odd dimensions. On the right
hand side, the product f; x g; (for functions f; and g; of the even variables only) denotes the
usual Moyal deformed product (see (6.2))).

e For n = 1, we have for any f € S(M) the decomposition f(z,&) = fo(z) + fi(z)§. And
then the deformed product is given by the formula

(f*9)(@,&) = (foxgo)(x) +

@

aoli 1 S1ra) @)+ ((Joxgn)(@) + (fixg0) ()8 (3.15)

e For n = 2, we have for any f € S(M) the decomposition f(z,£) = fo(z) + fi(z)E! +
fo(2)€% + f3(x)€1€2. In this case the deformed product is given by the formula

2

(fxg)(w, &) = f0*90+%(1ij_a)2(f1*91 +f2*92)+6%2)(1a+a>4f3*93+ (foxg1+ fi*g0
- m&ﬁ *93 — f3*92))£1 + (fO*QQ + faxgo — m(ﬁg*gl - f *93))52

+ (foxgs+ faxgo+ fixga— fz*gl)glﬁﬂ (z).

Note that the algebra (S(M), ) has a (Zy)?-grading, which is isomorphic to the space
of quaternions H when the even dimension m is zero. This result can be generalized for
arbitrary n, as we will see in the next Theorem. ¢

Theorem 3.25 The product introduced in Proposition|[3.17 generates a Clifford algebra, when
restricted to the odd coordinates of M. More precisely, if S(M) is endowed with the deformed
product, we have the following isomorphism of graded algebras:

S(M) ~ Cl(n,C) ® S(BM),

where the grading of S(M) corresponds to the usual Zs-grading of Cl(n,C), and where S(BM )
is endowed with the Moyal product.
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PrOOF The proof of this Theorem will be given in Appendix |

Note that this result is already given at the formal deformation level in older papers (see
for instance [28], where the deformed algebra is isomorphic to a Clifford-Weyl algebra). If the
parameter « goes to 0, the part AR" in S(M) ~ AR" ® S(BM) remains undeformed while the
part S(BM) is endowed with the Moyal product.

Proposition 3.26 (Tracial identity) Let y and i/ be weights bounded by a polynomial and
let f € By (M) and g € B! (M) be such that f g € Ly (M). Then we have the equality

| asrsa@) = [ dzre6),

PROOF This follows from direct computation using the identities (3.2)) and the given value of
the coefficient k. |

Corollary 3.27 (Dp:1(M),*) is an associative Fréchet Za-graded algebra, endowed with the
integration as a supertrace: str(f) = [,,dz f(z) for f € D1 (M).

PrROOF We refer to Appendix [A] for the definition of Dyi(M). Since Dpi(M) C Dr2(M),
D11 (M) is an algebra for the usual supercommutative product. The deformed product is defined
on it and the tracial identity of Proposition [3.26] shows that this space is stable under the
deformed product. Moreover, the product is continuous for the topology of D1 (M). |

4 Universal Deformation Formula

The deformed product introduced in section [3] will allow to deform algebras A on which the
supergroup M acts, and the deformed product on A (or rather on the subspace of its smooth
vectors) will be called the Universal Deformation Formula (UDF). We first give in subsection
the conditions that an action of the supergroup on a Fréchet algebra A has to satisfy for the
UDF to be applicable, and we show that the smooth vectors of A for this action are dense in
A. Next we associate in to each smooth vector an element of B} (M). Using the deformed
product of section [3| we then construct a deformed product for the space of smooth vectors of A.
Finally, in from a C*-superalgebra A, we can complete the smooth vectors’ space endowed
with the deformed product, into a new C*-superalgebra.

4.1 Action of the Heisenberg supergroup

Recall that M = G/(ApZ) ~ R™" (see subsection . As ApZ C G is normal, M has a group
structure which turns out to be abelian: Vz,2' € M, z:2' = z + 2/
Now let A be a complex Fréchet algebra and let p: M x (A ® A) — (A ® A) be an action
of M, i.e.
po=1d and Vzi,20 € M, Dz .20 = P21 P29)

such that Vz € M, p, : (A® A) - A ® A is an A-linear algebra-automorphism. By writing
z = (y,€) and expanding into powers of & p(,¢)(a) = > ; py(a)&l for a € A, we assume also
that p is strongly continuous in the sense that

Vy e BM, VI, Vaec A, pyla)r€A
Vae A, p%: z+ p;(a)is continuous (for the DeWitt topology),
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and that p is subisometric:
3C >0, VYaec A, VI, Vj 3k, VyeBM, |py(a)r]; <Clalk.

Note that one could interpret p as an action of the Heisenberg supergroup G on A ® A with a
trivial action of K = AgZ. See [29] for the non-graded case.

Definition 4.1 The set A of smooth vectors of A is defined as

A*={ae A, z—p.(a)eC®(MARA)}. ¢

Proposition 4.2 The set of smooth vectors A is dense in A (for the topology of A).

ProoF e For any a € A and f € D(M), we define

a= / dzg f(ZO)pzo (a)
M

As we integrate in particular over the odd variables in zp, a belongs to A. And then, for
all z € M,

p-(@) = /M dzo f(z0)(~D)FHD p . (a) = /M dzo f(z0)(—1) D o (a)
= /M dzo £z z0)(~)AEHD (),

Since f € D(M), z+ ps(a) € C*°(M,A ® A) and a € A>.

e Now let x € D(BM) be such that [, dy x(y) = 1. If we define, for p € N*, the function x1
P
by x1(y) = p™x(py), then it gives us an approximation of the identity: x1(y) —=p—oo 0(y)-

p p

If we define f,(y, &) = x1 (y)eb"t with (y,€) € M, then f, € D(M) and the elements
p

ap = /M dyd€ fp(y, &)p(y.e)(a) = /B y dy x1(¥)p(y.0)(a)

have the property limy, o G, = p(0,0)(a) = a (in the topology of A) because p is strongly
continuous. For any a € A we thus have constructed a sequence (a,) of smooth vectors
converging to a. [ ]

4.2 Deformation of Fréchet algebras

With notation as in subsection and using the action of M, we will construct a deformed
product on A*°.

Lemma 4.3 For any smooth vector a € A, the map p® = z + p,(a) belongs to B (M).
PrROOF We start by recalling the definition of the set of bounded functions on M:

By (M) ={f € C®(M,A®A), VD", Vj, VI, 3C;5r >0, Yy € BM, |D’f1(y)|; < Cip1}-
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The differential operators D? can be realized as tensor products of vector fields on M generated
by elements of Bgo. We note D® = P with P € U(Bgo). Then, for any g = (h,&) € G and

X € Bgg, we have
~ d
Xg'pa = apgetx (@)|t=0 = pg(X'a)7

where X.a := %petx(a)h:o. In the same way, for P € U(Bgo), we find P,.p* = p,(P.q).
_ Since P € U(Bgo) does not contain odd variables, we have for any h € BG, Py.(p%7) =
(Ph.pa)[ = ph(P.a)I. And thus, Yy € BM,

|Pyp®rl; < sup {|Pup1];} = sup {|pn(P.a)1|;} < C|P.aly
heBG heBG

for C and a k coming from the subisometry of p. This shows that p® € B} (M).
It is immediate to see that Vy € BM, Va € A, VI, we have p,(a); € A, and thus p® €
Bl o (M). [ |

Corollary 4.4 (A®,-) is a Fréchet algebra for the seminorms

5 1
lalpy = sup {1 (" Dls} = 1%l
yeBM,I
with a € A and P = D, where P € U(Bgy).
PROOF Tt is straightforward to adapt the proof in [29] to the graded case. ]

Lemma 4.5 We have the following identities (using notation as before):

o Vf; € BL(M), Vz,20 € M, we have p.,((f1 x f2)(2)) = (pz(f1) * pz(f2))(2), where we
define p,,(f)(2) = pz (f(2)).

o Va,b € A®, Vz € M, we have (p®* p®)(2) = ((p-p®) * (p-p*))(0).
ProOOF This is a direct computation using the explicit form of the product . |
Proposition 4.6 Using the product x on B}L‘oo(M), we define a product x, on A> by:
Ya,b€ A® 1 ax,b:= (p”*p)(0).

This product is associative and (A, x,) is a Fréchet algebra. It is called the Universal Defor-
mation Formula (UDF) of the Heisenberg Supergroup for Fréchet algebras A.

PRrROOF By using successively the two identities of Lemma one can compute that we have,
Va,be A*® Vze M |

po(p® % £1(0)) = ((pop)  (p:6))(0) = (" % ") 2). (4.1)

We thus have, p(pa*pb)(o) = p® % pb. To prove associativity we write, Va, b,c € A®,
(axp b) %y ¢ = (p©" 7O s p)(0) = (p % p 5 p)(0),

where we used the associativity of the product (3.13)). [ |

37



4.3 Deformation of C*-superalgebras

Let A be a C*-superalgebra. It is in particular a Fréchet algebra so that we can use the results
of subsection [£.2] for A.

We will consider the minimal tensor product B(L?(Q))®A, which means the completion with
respect to the operator norm of B(L?(Q) ®H) if A is embedded in B(#). It is a C*-superalgebra
since L?(Q) ® H has the structure of Hilbert superspace (see Proposition .

We consider A ® A as a graded vector space for the total degree (sum of the degree of A and
the one of A) of this tensor product. Then, we can endow it with a product and a superinvolution

(see Definition [2.30)): Va,b € A, Vn,n' € A,

(@a@n)-(ben)=(~D"ab) @ m), (a®n)'=(a)an

Lemma 4.7 (B4 (M),*) is a graded associative algebra for the total degree: if f(y,&) =
do1 fri(w)&" with fr;(y) € Aj, then |fr;| = |I| +j. Moreover, the superinvolution on A
can be extended to a superinvolution for the total degree on By (M).

PRrROOF Due to Corollary we already know that (B} (M), ) is an associative algebra. It
is immediate to see that the product x given by is compatible with the total grading.
Since A ® A is endowed with a superinvolution (see the beginning of this subsection), we can
extend it to the graded algebra B (M) by defining: fT(y,&) = >0 frj(y)T¢l. Then, a direct

computation shows that Vf, g € By (M), (fxg)t = (=1)l/ll9lgt x f1, for the total degrees |f| and
|g| of the functions f and g. [ |

Proposition 4.8 The quantization map

Q: By (M) — B(L*(Q))®A
is a homogeneous superinvolutive injective continuous morphism of algebras of degree 0.
PROOF The norm on the algebra B(L?(Q))®A is given by

S, TU
)= sp LT
o wer2(Qam)o 12112l
We proceed here with the same philosophy as in the proof of Theorem [3.16] We first notice that

we can deal with the superhermitian scalar product. Then, we can make use two times of the
resolution of the identity. For ®, ¥ € L?(Q) ® H and f € By (M), it gives

I J, K N N - N
|< | _| Z 3 dyldy?((q)lvnyl)v (nyuQ(fJ)nyz)(ny2’\I’K)>H|
1,J,K C ” HQ
« I J, K
= 5 LTI (@1 ) s Q) L | s ) e
1,J,K C H ||2

which corresponds to the first line of Equation (3.11]). By using two analogous arguments:
_ 12 2 1201 5 112
/dylll(‘bzanyl)!i = C'lalzlles]” < Clallz el

(s Q) 71g0) | < ZC;| (

—
o=l
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where |f|o = supyepp D7 1D f1(y)]| o we arrive at the conclusion:
V[ €BA(M), VO, e Q) @H i [(@,9(/)¥)| < Call@I1]If]a,
o

which shows the continuity of 2.

Furthermore, the algebra-morphism property is given by Proposition [4.6] and the injectivity
by Corollary Proposition shows the superinvolutive property, whereas Equation
expresses the fact that € is of degree 0. ]

Let us now make the additional assumption on the action p: M x (A ® A) — (A ® A) that
it is compatible with the superinvolution and the total degree:

vae A (p) =pl) |p =al, (4.2)
just as we did for C*-superalgebra morphism in Definition [2.30

Lemma 4.9 With this additional assumption, the map p : (A%, %,) — (B} (M), *) defined by:
p:aw p% is a superinvolutive (injective) isometric morphism of algebras of degree 0.

PROOF Isometry is immediate from the definition of the seminorms on A® in Corollary
The algebra-morphism property can be shown in the following way: Va,b € A* Vz € M,

p(axyb) = p(p » p(0)) = (p" % p°)(2),
using Equation ({.1)). It follows that we have p™*? = p% x pb. [ |

Theorem 4.10 The map Qo p : (A®,x,) — B(L}(Q))®A is an injective superinvolutive
morphism of graded algebras of degree 0, and is continuous with respect to the Fréchet topology
of A>®. Using this map we can define the norm

lall, = 122"l

on A*. Denoting by A, the completion of A with respect to this norm, (A, *,, t H||p) isa
C*-superalgebra.

Proor This follows directly from Proposition Lemma and the fact that B(L?(Q))®A
is a C*-superalgebra. The isometry property of the superinvolution also holds:

(IT a a
vae A o la¥], = 20 = 1206 = 120" = lall,. u

The expression of the product x, given by Proposition together with the construction
of the deformed C*-superalgebra of Theorem [4.10] is called the Universal Deformation Formula
(UDF) of the Heisenberg Supergroup for C*-superalgebras.

5 The quantum supertorus

In this section we apply the UDF on some geometric examples. We first consider in subsection
.1 an action of the supergroup M on a compact trivial supermanifold X with certain conditions
on this action. This induces in a natural way an action of M on the C*-superalgebra C(X), which
we then deform into another C*-superalgebra but now non-supercommutative. As a particular
example we consider the case where BX is the 2-dimensional torus in 5.2
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5.1 Deformation of compact trivial supermanifolds

We consider a trivial compact supermanifold X = X, x Rl of dimension p|g (and thus X, is
a supermanifold of dimension p|0 completely determined by BX, = BX which is compact). We
also consider a smooth action 7 : M x X — X of the abelian supergroup M ~ R™" on X.
As we have the direct product X = X, x RO, any element u € X is a couple u = (v,n), with
v e X, and € RY. If we decompose an element z € M = R™" in even and odd coordinates
z = (y,€) with y € R™° and ¢ € R%™, we can decompose the two entries of 7, (u) € X, x ROl
with respect to powers of the odd coordinates as follows:

Va= (3, e M=R"" : mu= (o)), (n0)1E),

with (7,v)% ; smooth functions on BX xR™, such that (7,v)}; and (1,v)}; take values respectively
in BX and in RY. Due to parity, we must have in particular (,v)}; = 0 whenever i+|I|+]J| = 1.

We now make the additional assumption that V(I,.J) # (0,0) we have (r,v)}, = 0. We
thus have (7,v)%,¢n7 = (Tyv)gﬁ, which we will shorten to (,v)° € BX. This means that we
assume that the elements of the form (0,£) € M do not act on X,. We also assume that every
component (Tyv)}f (k€ {1,...,q}) of (ryv)}, is uniformly bounded in y.

We finally define C(X) ~ C(BX) ® AR? to be the completion of C*°(X) (complex super
smooth functions) with respect to the norm ||f|| = >, [|f1]lo (see Remark [2.20). Note that
C(X) does not correspond to the space of continuous functions X — A for the DeWitt topology.

Proposition 5.1 The algebra A = C(X) is a C*-superalgebra. If we denote by p: M x (A ®
A) = (A ® A) the natural action of M on A:

VielC(X),VzeM ,VueX : p(f)(u)=f(r,-1u) = f(r—,u) ,

then we have the inclusion C*°(X) C A, and Theorem applies, yielding a deformation
(Ap, *p, f, H||p) of A*°. The deformed product is given by the following explicit formula: for all
f9€ A%,

(f %p 9)(u) = & / dzrdzy f(7—zu)g(T-su)e?@ololrarnzwlmw) da @) o (5.1)

where k and \ are given by Proposition [3.18

PrOOF We first note that we have the inclusion C(X) C L*°(X) and that L*°(X) is a C*-
superalgebra multiplicatively represented on L?(X) (see Example. Since C(X) is a complete
subalgebra of L°°(X) which is closed with respect to the superinvolution (which here is complex
conjugation), C(X) is also a C*-superalgebra.

Next we check that the action p: M x (A ® A) — (A ® A) satisfies the conditions given in
subsections and Using notation as before we have: Vz = (y,§) € M, Yu = (v,n) € X,
VfeA,

p-(Nw) = 3 fie((m0)) ()b (-6))
K I1,J
= fr(ry0)”) IT D o)l (O 0™ (5.2)

K keK Iy, Jy

e Since 7 is an action, it follows immediately that we have Vz1,20 € M, p,, 42, = pz, P2, and
Po = id.
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e By definition of the product of functions we have:

Vi,jge A, Vze M Yue X : p.(f-9)(u)=(f9)(T—2u)= f(r—u)g(T—u) = p.(f)p:(9).

e Since T is smooth, since f € A, and because of (5.2)), the coefficient (a function!) of ¢ in
p=(f): py(f)r belongs to A for all y € BM and all I, and the map z — p.(f) is continuous
with respect to the DeWitt topology.

o VyeBM, VI,

oy (f III—ZHZfK 7)) TT D )i (=1l

keK Iy, Jx

where 3 is some integer depending on I, Ji, and where we have, for the summation, the
constraints | |,z [, = I and | |, cx Jr = J. Then,

1oy (f !<ZHfKH T D2 ) 1 e

keK Iy, Jy

Using that (T_yv)}f is uniformly bounded in y,v, I, J, k, we obtain the subisometry prop-
erty: there exists C' > 0 such that

VyeBM , VI, VfeA : |p (il <CY Ifxlle =CIfI-
K

e Careful inspection of (5.2) tells us that the non-vanishing terms must satisfy >, o (| 1] +
|Jx|) = | K|, which immediately implies that we have |p/| = |f]|.

e As the terms (T_yv)}f are real, we have pf = p/.

We thus have shown that all hypotheses needed for Theorem are satisfied: conditions on p
at the beginning of subsection as well as Equation . Hence we can construct a deformed
C*-superalgebra (A ,,*p, T, []l,)- Note that for f € C*°(X), the map z — p.(f) is smooth,
because the action 7 is smooth. |

0

Note that in the above proof, if each derivative of y — (7_,v)” is non-vanishing, the theorem of

composition of functions implies that A>* = C*>(X).

5.2 Deformation of the supertorus

Let us now consider the special case of the trivial supertorus X = T2", ie., the (unique)
compact trivial supermanifold of dimension 2|n such that BX = BX, = T? = R?/Z? and
X = X, x RO We will describe X by the global “chart” (v!,v?,n!,...,n") € A2 x AT with
periodicity conditions

(0" +1,0%, ) = (0", 0% ) = (v, 0* +1,7) .
On X we define an action of M = R2” by translations:

Ve=(y,§) e M , Yu=(v,n) eX : Tau=u+z=@wW+yn+§).

It follows that we have

(i = vty B =0 (0 = die
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for i,5,k € {1,...,n}, while all other terms vanish. Hence the conditions of subsection for
7 are satisfied. We thus can apply Proposition [5.1| to obtain that A = C(T?I") ~ C(T?) ® A\ R"
is a C*-superalgebra and that we have the equality A = C°°(T?") (note that each derivative
of y — v + y is non-vanishing). By defining the action p of M on A by p.(f)(u) = f(7—.u), we
thus can deform A into a noncommutative C*-superalgebra (A,,*,, T, |||l ). We will denote

the deformed algebra by 'I[‘Z'" and call it the quantum supertorus.

Let us now describe, for n = 1, 2, the deformed product of generators of COO(T2|"). Our first
observation is that C°°(T?) is generated by e*7™ and e*7™ (changing notation to = v' and
y = v?), because of the periodic conditions satisfied by elements of C*°(T?).

e The case n = 1: the generators are the functions e*7®, e?™ and ¢ € RO, A direct
computation shows that we have (up to a multiplicative factor and introducing 6 = 1/ay):
e2'L'Try * 62i7rz — 62i7r962i7r:p * €2i7ry7 é*é — 1’

62i7r:c *5 — g* e2i7rz7 62z’7ry *5 — g* €2i7ry.

e The case n = 2: here the generators are the functions e, ¢ and &,n € R%2. Using
the same notation as for the case n = 1, we obtain (again up to a multiplicative factor):

e217ry * eme 2171'962171':0 * eme’

=e Ex&=n*xn=1 &+n=-nxE,
€2i7rac *5 _ 6*622‘7@’ 62i7ry *f — 5*62i7ry’
e2i7r:c *1 = n*e%mn’ 62i7ry *x1n = n*€2i7ry.

6 An application to a noncommutative Quantum Field Theory

In this section we will re-interpret the renormalizability of a certain model of noncommutative
quantum field theory. After having introduced a trace in subsection [6.1] which we will need to
define an action functional, we interpret in the renormalizable action with harmonic term
[10] as a ¢*-action on a deformed superspace. We show that the universal deformation formula
is indeed universal for the ¢*-action with respect to renormalizability only if an odd dimension
is added to the space which is to be deformed.

6.1 A twisted trace

We have seen in Corollary that str(f) = [, dz f(2) is a supertrace on the algebra D1 (M).
Motivated by subsection and Proposition [3.22] we will twist this supertrace.

Proposition 6.1 The formula tr = %stro F1 (see (3.14)) defines a (non-graded) trace on the
algebra Dy (M). For f € Dri(M) the explicit expression is given by:

tr(f) = / dzdw f(x,0,w) . (6.1)
BM
Proor For f,g € Dri1(M) we compute, using Lemma

tr(f*g) =gk / dzd&o f(2)g(, &, w)e2i 0w (&)

n(nt1) | |71(1]=1)
2 + 2

=Y [ doduw fia,w)gs (o) (iagh) (-5,
I

It follows immediately that we have tr(f x g) = tr(g * f). [ |

Note however that the deformed product does not satisfy a tracial identity as in Proposition
[3.26] with respect to this non-graded trace.

42



6.2 The action of the noncommutative Quantum Field Theory

For several years there has been an increasing interest in noncommutative quantum field theories
as candidates for new physics beyond the existing theories of particles physics as the Standard
Model. In noncommutative quantum field theory one considers an action functional of fields on
a noncommutative space. In the case of the Euclidean Moyal space R} (which, in the context of
this paper, corresponds to the case with odd dimension zero), the product fxyg for f,g € S(R™)
is given by:

(f %0 9)(x) = / dydzf (y)g(z)es @tttz (6.2)

1
()™
where w denotes the standard symplectic form and where, as before we write ag = % Note also
that we have z,y, z € R™.

Since all derivatives are inner: d,¢ = [—4%,, ¢s, with T = Zw(z,-), the standard action on
this noncommutative space given b

2
S(¢) = /dﬂc(;(am) *0 (Oud) + M7¢*9¢+)\¢*9 ¢ %o P *g ¢)

can be reexpressed as:

; 2
56) = [ aa(3l1-57u o + S 1o + Ao o), (63)

where M and A are the parameters of the theory. This action is not renormalizable because of a
new type of divergence called Ultraviolet-Infrared (UV-IR) mixing. By adding a harmonic term
to the action, Grosse and Wulkenhaar solved the problem of UV-IR mixing: the action

2 2

5(0) = [ do(5(0,0) %0 (9.6) + - @0) %0 (30) + 25630 6 4 Aoxa 950 60 0)  (6:4)

is renormalizable at all orders in perturbation [10] in dimension m = 4. See [19] for an intro-
duction to the subject of renormalization of Kuclidean noncommutative quantum field theories.
There are several mathematical interpretations of the harmonic term (see [30] for a review), but
one of the most promising uses superalgebras [I1]. Moreover, it admits a geometrical interpre-
tation of the gauge theory [31], [32] associated to (6.4]).

Let us now provide some details on the interpretation exposed in [I1]. We define A = AgdA;
to be the Zs-graded complex algebra given by Ay = A; = My, where My is the Moyal-Weyl
algebraﬂ equipped with the following product:

Va,b,e,de My :  (a,b)-(c,d) = (axgc+ybxgd,axgd+bxgc), (6.5)

where + is a real parameter. In [I1] a differential calculus based on the graded derivations of A
was constructed, and the action , as well as its associated gauge action, has been obtained
in terms of this differential calculus.

However, there was no explanation to the construction of A. Here, we will show that it is a
deformation of R™'. Indeed, it can be shown that A is the universal enveloping algebra of the
complex Heisenberg superalgebra of dimension m+1|1: A = U(g). Then, the deformed product
of R™1 is given by (extended to polynomials), and up to a factor and a redefinition of ~,
it corresponds exactly to (6.5]).

SWe use the Einstein summation convention.
"the algebra of polynomials of R™ endowed with the Moyal product (6.2)
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Proposition 6.2 The action (6.4]) can be expressed in terms of the deformed product of RrR™I1
and of the trace (/6.1)):

2
(Z\ “Eam one 2 on? 4 A (6m) x (6n)]?). (6.6)

up to a redefinition of the parameters, and with n = a + b€, a,b € R.

PROOF One can easily verify that we have

ob2
[_Q%ﬂl Ol = @*0u + 200,06 + e o
2
(6n) % (6n) = (a + 2ab€ + 2629 ).

(1+a)?

Since one can show, by integration by parts, that [ ¢Z,0,¢ = 0 for a real field ¢, we obtain that
the action is given by:

292b4 _ _ M2
=a /dl” (0ud) %0 (0,.9) + m(%ﬁb) * (Tp9) + Ta?gb *g ¢

292b4
+A <1+ a4?1+a)4> G *0 @ *9 ¢ %o ¢> u

Let us analyze the consequences of this result. One can easily see that is exactly a

¢*-type action, as in , but now on the deformed superspace Rgﬂl_ The parameter n is the
most general element of L>°(R™/!), which is independent from the even variables. Hence 1 does
not add any degrees of freedom: the quantum field, as in the theory on R}, is ¢ € Dp:(R™).
To summarize, we can say that to renormalize the scalar theory on R}, one usually changes
the ¢*-action by adding a harmonic term (in (6.4)). In our approach, we do just the
opposite: the framework is changed by the addition of an odd dimension to the deformed space,
but the action is still the ¢*-action. It is a kind of universality for the renormalizable ¢*-action.
However, the right transition from the commutative setting to the noncommutative one then
should be the transition R" — lel

7 Conclusion

In this paper, after some recalls about supergeometry, we studied in section 2 the structure
of L?(M) and L*°(M), where M is a trivial supermanifold, which led us to introduce the
new notions of Hilbert superspaces and C*-superalgebras. These categories possess good and
consistent properties for operator algebras. We then computed the coadjoint orbits of the
Heisenberg supergroup G and find that a generic orbit is diffeomorphic to R™I"™.

We then built in section 3 an induced representation of the Heisenberg supergroup G by
using Kirillov’s orbits method, and we saw that the notion of Hilbert superspace appears to be
natural in the context of harmonic analysis on the Heisenberg supergroup. This representation
allowed us to define a quantization map, which is a graded generalization of the Weyl ordering,
and which is valued in operators on a Hilbert superspace. By using the oscillatory integral, we
could extend the quantization map to functional symbol spaces defined on the coadjoint orbits
of G (i.e. on Rm|n). Consequently, we defined a deformed product on these symbol spaces, which
corresponds to the operator product via the quantization map. It turns out that the space of
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Schwartz superfunctions on R™", endowed with this deformed product, is then isomorphic to
the tensor product of the (non-graded) Moyal algebra with the Clifford algebra Cl(n,C).

This non-formal deformation of the Heisenberg supergroup G provides also a universal de-
formation formula (UDF). We indeed considered in section 4 a strongly continuous action of G
on an arbitrary Fréchet algebra A. Then, the regularity of the product introduced in section
3 allowed us to deform the product of the vectors of A which are smooth for the action of G.
Moreover, the deformation is compatible with the structure of C*-superalgebra, but not with
the one of C*-algebra: from a C*-superalgebra A, one can construct a structure of deformed
pre-C*-superalgebra on the smooth vectors of A.

As a first application of our construction, we considered in section 5 a Heisenberg trivial
supermanifold X. We next defined a space of continuous superfunctions C(X), which carries a
structure of C*-superalgebra and on which G acts. Thanks to the UDF of section 4, we then
deformed the supermanifold X via its C*-superalgebra of functions. In particular, the example
of the supertorus is described.

As a second application, we reexpressed the renormalizable quantum field theory on the
Moyal space with harmonic term as a standard scalar action with our deformed product, on
the deformation of the superspace R™. This provides a better understanding of the origin
of this model with harmonic term. Moreover, our construction may also be applied on other
noncommutative spaces to exhibit renormalizable field theories.

A Functional spaces

In this appendix, we recall the notion of the space L} (M) [33], where (E,]|-|;) is a Fréchet
space (E,|-|;) with its family of seminorms indexed by j € N. We adapt it here to the type of
supermanifolds M considered in this article. Dg (M) will denote the space of smooth E-valued
functions on M. We also introduce the symbol calculus B (M) for M.

Definition A.1 Using notation previously introduced, we define the semi-norms:

fly = EIj/BM deduw| f1(z, w)];.

for f € Dg(M). Then, the space LL(M) can be defined as the completion of Dg(M) with
respect to these semi-norms (quotiented by the functions vanishing almost everywhere on BM).

For f € Dp(M) we define the integral [, dzf(z) € E™ (the algebraic dual of the topological
dual of E) by:

Voe B, | /M d2f(2),6) = /M a=(f(2), 8,

where (-, -) denotes in this context the duality bracket. As E is complete, this integral actually
belongs to E: [, dzf(z) € E. ¢

Proposition A.2 (see [33]) The integration map [ : Dg(M) — E is continuous for the topol-
ogy of LY, (M). Hence it can be extended in a unique way to LL(M). Since E is a Fréchet space,
this extension also takes values in E: Vf € L(M) : [,,dzf(z) € E.

Definition A.3 Let € C*°(BM,RY) be arbitrary.

e The space of u-bounded functions on M is defined as:

B%‘(M) = {f € OOO(M7 E®~A)7 VDaa V], VIa EICj,Oé,I > 07 Vy € BM? ‘Dafl(y)b < Cj,a,[,u(y)}'
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If we endow it with the seminorms
1
A% = sup {—— "D fr(y);},
f 1 yGBM{N(y)XI:l ()15}
then Bl (M) becomes a complex Fréchet space, isomorphic to B (BM) ® AR™. If no
confusion is possible, we will denote the norm | f];’g also by | flja-
e A function g € C*°(BM,R%) is called a weight if € Bg(M).
e The space of Schwartz functions [34] is defined by:
Sp(M) = {f € C®(M,E ® A), ¥D*, Vj, VI, Vv € Pol(BM), 3C; a1, > 0,
Vy € BM, [v(y)Df1(y)l; < Cjarw}-

If we endow it with the seminorms
flvge = sup {lv@)| > _ 1D fr(v)l;},
yeBM 7

where v is a polynomial function on BM, then Sg(M) becomes a Fréchet space, isomorphic
to Sg(BM) ® A R™. Note that we also could have used the seminorms:

s = /B dylvl) 10 i) ¢
I

Definition A.4 We define (see [34]) Dro(M), for 1 < p < oo, to be the space of complex
smooth functions whose derivatives all belong to LP(M). It is a Fréchet space when we endow
it with the seminorms:

Fpa =3 ( | d:cdw|Daff<sc,w>rp)p. '

1

Note that we have the the property: Drpr(M) C Drq(M) for p < g.

B Fine graded division algebras

In this appendix we recall the concepts associated to fine graded algebras (see [11], 19]). Let
I' be an abelian group, K a field, K* its multiplicative group, and A a I'-graded associative
K-algebra. We denote A = @ Aa-

Definition B.1 e A is said to be a graded division algebra if any non-zero homogeneous
element of A is invertible.

e A is called fine-graded if dimg(A,) < 1 for all @ € I'. If that is the case, the support of
the grading is defined as Supp(A) = {a € T', A, # 0}. ¢

The notion of a (Schur) multiplier will be useful to characterize fine-graded algebras.

Definition B.2 e A factor set is an application o : I' x I' — K* satisfying:

Va,B,yel' : o(a,B+7)o(B,7) =o(a, B)o(a+ B,7).
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e Two factor sets o and ¢’ are equivalent if there exists a map p : I' — K* such that
Vo, €T o', B) = o(a, B)p(a+ B)p(a) " p(B) .
The quotient of the set of factor sets by this equivalence relation is an abelian group, and
each equivalence class [o] is called a multiplier. ¢
Remark B.3 If I is finitely generated and K is algebraically closed, then a factor set o is

equivalent to the trivial factor set 1 if and only if o is symmetric. ¢

Proposition B.4 A fine I'-graded division algebra A is totally characterized by its support
Supp(A) which is a subgroup of ', and its factor set o : Supp(A) x Supp(A) — K* defined by:

eqa-eg =0o(a, B)eqts,

with o, 5 € Supp(A) and (ey) a homogeneous basis of A. Moreover, two fine I'-graded division
algebras are isomorphic if and only if their supports coincide and their factor sets are equivalent.

Example B.5 The complex Clifford algebras Cl(n,C) are fine (Zy)"-graded division algebras.
If we denote the generators by eg = 1, eq, ..., ey, then the relations are given by

(e)?=1, 1<p<n and epe;=—egep, 1<p<g<n.
The associated multiplier can be represented the factor set:

ool B)= [ (-1

1<p<g<n

for o, 8 € (Zo2)". ¢

PROOF (OF THEOREM In order to show the isomorphism S(M) ~ Cl(n,C) (when m =
0), it suffices to show that S(M) is a fine (Zy)"-graded division algebra whose associated factor
set is equivalent to the one of Cl(n,C) as described in Example To do so, we first observe
that we have

(f>9)(€) Zﬁ/dgldgz F(€1)g(&) e Qe E+6:9)

—f{/d&dgaszgmaiz: (6 + G+ 66)"

I,J
where ¢ = 4agA, and I, J are summed over subsets of {1,...,n}. We then use the identity
(a+b+e)f = Z ! APl ck—r—a
ociriy, Ptk —p —q)! ’

valid for complex numbers a, b, ¢, to express the coeflicient cy; of kfrg; in the above expression,
giving us

(& L)L £)P (62:€)1.

Crj = /d§1d€2§1§2 Z Z

k=0 0<p+q<kpq k P q)
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Now note that we have

(@&l =Y &g arer = Y Y gWlgh . gPg®

i15eenip L:|Ll=p ©
p(p—1) p(p 1)
Yo D () E g = Y (<) e,
L:|Ll=p © L:|Ll=p
where o is summed over all bijections from {1,...,p} to L. Using this, we get

C”:/ d6de Y S (i (1) ek e D ) K U K)

k=0 0<p+q<k K;
e(K1, K3)e(I, Ky U Ka)e(K1, Ka)e( Ky, Ky)gy 1o g[UFmRe ghaul
where the sum over the subsets K; are constrained by the conditions |K | =k —p—gq, |Ka2| =p
and |K3| = ¢, and where we used the definition of the product ehed = e(I, J)fIUJ. When we

perform the integration over &1 and &2, only the terms with K1 = C(TUJ), Ko = J\ (INJ) and
Ks =1\ (InNJ) contribute. If we denote d = |I N J|, then we finally obtain

SRR A1\ (107), J\ (I00)e(I 0T, (TU )\ (I'0.7)gdoNnD),

cry = (ie)""4(-1)
On the other hand, the multiplier associated to the Clifford algebra Cl(n,C) is given by
oci(I,J) = (_1)ﬁ{(i7j)EIxJ,i<j}’

for I,J C {1,...,n}. Using the fact that e(I,J) = (—1)HEGNEXL>5} whenever I N J = 0, we
deduce that

oer(1,J) = (—1)“ ST HIW o0\ (1), T\ (TN J)eI N J, (IUJ)\ (INJ)).

By choosing p(I) = (ic)%fn(—l)w, we obtain

VI ey =oa(l )p((TUD)\ (10 D)D)~ p()~ NI,
which shows, using Proposition that the (Zg)"-graded algebras S(M) and Cl(n,C) are
isomorphic. |
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