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Eshelby’s tensor fields and effective conductivity of composites
made of anisotropic phases with Kapitza’s interface thermal
resistance
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Eshelby’s results and formalism for an elastic circular or spherical inhomogeneity embed-
ded in an elastic infinite matrix are extended to the thermal conduction phenomenon with
a Kapitza’s interface thermal resistance between matrix and inclusions. Closed-form expres-
sions are derived for the generalized Eshelby’s interior and exterior conduction tensor fields
and localization tensor fields in the case where the matrix and inclusion phases have the most
general anisotropy. Unlike the relevant results in elasticity, the generalized Eshelby’s conduc-
tion tensor fields and localization tensor fields inside circular and spherical inhomogeneities
are shown to remain uniform even in the presence of Kapitza’s interface thermal resistance.
With the help of these results, the size-dependent overall thermal conduction properties of
composites are estimated by using the dilute, Mori-Tanaka, self-consistent and generalized
self-consistent models. The analytical estimates are finally compared with numerical results
delivered by the finite element method. The approach elaborated and results provided by the
present work are directly applicable to other physically analogous transport phenomena, such
as electric conduction, dielectrics, magnetism, diffusion and flow in porous media, and to the
mathematically identical phenomenon of anti-plane elasticity.

Keywords: Eshelby problem; Eshelby tensor; Kapitza interface thermal resistance;
Interfaces; Anisotropy; Composite materials; Conductivity; Micromechanics; Thermal
transports.

1. Introduction

Most of the studies dedicated to estimating the effective properties of inhomoge-
neous materials from their local phase properties and their microstructure adopt
the assumption that the interfaces between the phases are perfect. In the context
of thermal conduction, a perfect interface is a material surface across which the
temperature and the normal component of the heat flux are both continuous. In
practice, many situations occur where the assumption of perfect interface is inap-
propriate. Frequently, a thermal resistance appears at the interface between the
constituent phases, so that the heat flux remains continuous but the temperature
suffers a jump.

The thermal interface resistance in liquid helium was first observed in 1936 by
Kurti et al. [27] and Keesom and Keesom [26] and then systematically studied
in 1941 by Kapitza [25]. The presence of an interfacial thermal resistance, called
hereafter Kapitza’s thermal resistance, was also shown experimentally at solid /solid
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interfaces by many other researchers (see e.g. Swartz and Pohl [43, 44], Challis
[6], Stoner [40] and Cahill et al [5]). In fact, in physics and materials science, the
Kapitza thermal interface resistance has been recognized to be of a great theoretical
and practical importance. Applications concern, for example, the development of
microelectronic semiconductor devices which need an efficient heat dissipation.
Another example is related to the interface of high thermal resistance which can
be applied to elements requiring a good thermal isolation such as those in jet
engine turbines. To achieve a high thermal resistance, metal-ceramic composites
and multilayered systems are currently used for these applications.

The effect of thermal resistance interfaces on the effective conductivity of com-
posites was the subject of many studies (see, e.g., Benveniste and Miloh [4], Ben-
veniste [2], Hasselman and Johnson [21], Lipton and Vernescu [30, 31|, Torquato
and Rintoul [41], Cheng and Torquato [8], Nan et al. [34], Hashin [18], Dunn and
Taya [11], Hatta and Taya [22, 23]). However, all of these works are limited to the
case where the phases constituting the composite are isotropic.

The present work is concerned with the effective conductivity of composites con-
sisting of a matrix in which circular inclusions in the two-dimensional (2D) case or
spherical inclusions in the three-dimensional (3D) case are embedded via interfaces
exhibiting Kapitza’s thermal resistance. It has the following two objectives:

(i) First, it aims at deriving the closed-form expressions for the generalized
Eshelby’s interior and exterior conduction tensor fields and for the local-
ization tensor fields in the general case where the materials constituting the
matrix and the inclusions have the most general thermal anisotropy, i.e., or-
thotropy. In contrast with the results presented by Hashin [19], Qu [36] and
Zhong and Meguid [46] for Eshelby’s elastic inhomogeneity problem with
the linear spring-layer interface which is the elastic counterpart of Kapitza’s
thermal resistance interface model, our results show that Eshelby’s thermal
conduction tensor fields inside the circular or spherical inclusion are uni-
form. This uniformity makes it possible to transform the circular or spheri-
cal inhomogeneity problem into an equivalent circular or spherical inclusion
problem and thus to preserve Eshelby’s formalism even in the presence of
Kapitza’s thermal interface resistance. The temperature gradient and heat
flux localization tensors can then be obtained and expressed compactly in
terms of Eshelby’s tensors.

(ii) Next, it has the purpose of estimating the effective conductivity of compos-
ites under consideration by using the derived expressions of the localization
tensor fields for extending some well-established micromechanical schemes
to situations where the interface resistance cannot be neglected.

The paper is structured as follows. In Section 2, the constitutive laws of the
constituent phases of composites under investigation, the interface model with
Kapitza’s thermal resistance and the general form of the effective thermal conduc-
tion behavior are specified. Section 3 is dedicated to deriving the size-dependent
Eshelby’s and localization tensor fields in the context of thermal conduction in
the presence of Kapitza’s interface thermal resistance. In Section 4, closed-form
expressions are obtained for the effective conductivity moduli by using the dilute,
Mori-Tanaka, self-consistent and generalized self-consistent schemes, respectively.
In Section 5, the Kapitza thermal interface resistance and inhomogeneities size
effect on the effective conductivity of composites are numerically discussed and
illustrated; in addition, the closed-form solutions obtained are compared with the
results provided by the finite element method (FEM). In section 6, a few concluding
remarks are provided.
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2. Local constitutive laws

The composite under investigation consists of circular or spherical inclusions em-
bedded in a matrix via imperfect interfaces. Let  be the domain of a 2D or 3D
Euclidean space R¢ (d = 2,3) occupied by a representative volume element (RVE)
of the composite and let 92 be the boundary of 2. The subdomains of §2 inhab-
ited by the inclusions and the matrix are denoted by Q1) and Q3| respectively.
The interface between QM) and Q@ and its unit vector directed from QM) toward
Q®) are designed by I' and n (see Fig. 1b). In a system of Cartesian coordinates
{z;} associated to a right-handed orthonormal basis {f;} (1 < ¢ < d), the matrix,
referred to as phase 2, and inclusions, denoted as phase 1, are assumed to be indi-
vidually homogeneous and have the linear thermal conduction behavior described
by an anisotropic Fourier’s law

q? =K® .e® or e = HO . g, (1)
where K@ and H® | with i = 1 or 2, stand for the thermal conductivity and
resistivity second order tensors of phase i, which are symmetric, positive definite
and in general orthotropic. '

The intensity field e is related to the temperature field T by
e = —vrl). (2)

In the case of stationary thermal conduction without heat source, the heat flux
field g¥ must fulfill the energy conservation equation

V.-q® =o. (3)

In addition, the interface I' between the matrix and inclusions is described by

Figure 1. Two- and three-phase configurations: (a) matrix/interphase/inclusion composite; (b) ma-
trix/inclusion composite with imperfect interface exhibiting the Kapitza thermal resistance.

an imperfect interface model with Kapitza’s thermal resistance. According to the
latter, the normal component of the heat flux q(x) is continuous across I, i.e.
qV(x) - n(x) = q?¥(x) - n(x) for any x € . At the same time, the temperature
field T'(x) is in general discontinuous across I' and its jump is related to the normal
component of the heat flux field by either of the following interface conditions
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holding on I':

6(n)(T(2) — T(l)) =—-qV.n=-q?  n, (5)

where o and § = 1/« stand for the Kapitza thermal resistance and joint conduc-
tivity of I, respectively, and depend in general on n.

Next, to clarify the physical background and validity domain of the interface
model with Kapitza’s thermal resistance used here to describe I', we consider two
configurations in Fig. 1. In the three-phase one (Fig. 1a), a representative volume
element ) consists of a finite number of inclusions Q) embedded in the matrix
phase Q@ via the interphase Q). The interface between Q1) and Q) and the
one between 22 and Q) are assumed to be perfect, and the thickness h of Q)
is uniform and very small in comparison with the minimum size of the inclusions.
In the two-phase configuration (Fig. 1b), Q) is replaced by a thermally resistive
surface of zero thickness located at the middle surface I' of the interphase, and the
inclusions and matrix are extended up to the middle surface I'. By using asymptotic
expansions, the jump conditions that the imperfect interface I' has to verify for the
two configurations to be physically equivalent between themselves within an error of
order 0(h) were derived first by Sanchez-Palencia [37] and Pham Huy and Sanchez-
Palencia [35] in a particular case and then completed by Miloh and Benveniste
[32], Hashin [18] and Benveniste [3] in the general situation. More precisely, when
the interphase with thermal conductivity tensor K () is assumed to be weakly
conducting, namely || K® ||<| K® || and || K®) ||<|| K® ||, then the conditions
that the imperfect interface I' must satisfy are exactly those characterizing the
imperfect interface model with Kapitza’s thermal resistance described above. The
corresponding Kapitza thermal resistance of I' can be expressed in terms of K ()
and h as follows (see Benveniste [3]):

a(n) = ———~—. (6)

In what follows, we make the assumption that K(®) is circularly or spherically
orthotropic (see e.g. Dryden [10]; Chen [7]), so that k; = n- K(®) . n is constant.
Then, it is immediate from Eq. (6) that

h
o= (7)

is independent of n.

Finally, at the macroscopic scale, the composite under consideration is assumed
to be statistically homogeneous. The corresponding effective thermal behavior is
characterized by

Q=K. E or E=HY.Q (8)

where K¢/ and H¢// are the effective thermal conductivity and resistivity second-
order tensors, Q and E denote the macroscopic heat flux and intensity fields. More
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precisely, the macroscopic intensity field E and the heat flux field Q are defined as

1

190 Joo
1
2] Jaq

E= T (x)v(x)dx, 9)

Q (q - v)xdx, (10)

where v(x) is the outward unit normal vector to 9Q2 and |2 denotes the volume
or area of the domain 2 according to the case (3D or 2D) which is concerned. As
in the classical case of perfect interfaces, the macroscopic heat flux field Q defined
by (9) is equal to the volume or surface average of the local counterpart q(x) over
Q, ie.,

1
Q- /Q a(x)dx = (q), (11)

where (o) is the volume or surface average of quantity e over the domain 2. How-
ever, due to the fact that the temperature field suffers a jump across I', the macro-
scopic intensity field E defined by (9) is not simply the volume or surface average
of the local counterpart e(x) over {2 but given by

B = ()~ o [ 11200 = T (oln(x)dx. (12)
or equivalently by
E— () + ﬁ [ ala () -n(0ln(x)dx (13)

Thus, compared with the classical case, new terms due to the Kapitza interface
thermal resistance appear in both Eqs (12) and (13).

3. Generalized Eshelby’s formalism

3.1. Integral formulation

Now, let V be a subdomain of a 2D or 3D domain 2 made of a homogeneous
material with thermal conductivity and resistivity tensors denoted by K° and HO,
respectively. The boundary of V' and its unit outward normal vector are denoted
by 0V and n. The interface I' between the subdomain V' and the remaining part
of Q is not necessarily perfect. If a heat-free (or an eigen) intensity field e*(x) is
prescribed over V', the induced heat flux field q(x) is related to the intensity field
e(x) produced by e*(x) through Fourier’s law

qa(x) = K°-e(x) + q*(x) (14)
with x € Q\ I" and
q'(x) = K" e"(x). (15)

With the help of the thermal result analogous to the Maxwell-Betti reciprocal
theorem of elasticity, we can derive an integral representation of the temperature

http://mc.manuscriptcentral.com/pm-pml
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field T'(x) due to the prescribed heat-free intensity field e*(x) as follows:

K / T(y)G iy — %) — T(y)Gly —x)lni(y)dy
oV

0 » [ T(x)forx eV,
_Kij /V ej,i(Y)G(y —x)dy = {O for x € Q\ V. (16)

Hereafter, the subscript ¢ following a comma denotes the derivative with respect
to yi; G(y — x) represents the Green’s function giving the temperature at a point
x produced by a unit point heat source at a point y in an infinite domain. More
precisely, G(y — x) is the solution to the equation

K)Gij(y —x) = 8(y — x), (17)

where § is the Dirac delta function.

3.2. Generalized Eshelby’s conduction tensor fields

In this subsection, we are interested in the thermal counterpart of the well-known
Eshelby’s elastic inclusion problem [12, 13] while accounting for imperfect interface
effects. Indeed, the domain §2 described above in the last subsection is now assumed
to be infinitely extended and the heat-free intensity e*(x), which plays a role similar
to the eigenstrain tensor in elasticity, is distributed within a subdomain w of €
and vanishes outside w (Fig. 2). The interface I" between the inclusion w and the
external medium has the outward normal vector n and is assumed to exhibit the
Kapitza thermal resistance.

Figure 2. The Eshelby’s conduction problem for the thermal conduction phenomenon consisting of a
subdomain w embedded in an infinite medium € , subjected to a uniform heat-free intensity €® within w
and vanishing outside w.
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When the domain V is taken to be the inclusion w, applying the integral formu-
lation (16) and using the divergence theorem yield

T(x) = Kj; /F {T(y)G (y —x) = Gy =x)[T;(y) + €j(y)]}ni(y)dy

4 Kioj / e;f(y)GJ(y — x)dy, for x € w. (18)

Here I'™ denotes the inside part of the interface between the inclusion and the
external medium, i.e. the limit of a surface inside w tending to I'. For the points
outside the inclusion w, it follows from Eq. (16) together with the divergence the-
orem that

0= —Kj; /F {T(y)G iy —x) + Gy =x)[T;(y) + €j(y)]}ni(y)dy
- KZQj / e (y)Gi(y —x)dy, forx € Q\ w. (19)

Next, if V' is taken to be the exterior domain of w, i.e. V' = Q\w, from the integral
formulation (16) and by taking into account the fact that the Green function G(y —
x) and the temperature field T'(y) are equal to zero for y € 992, we can show that

0=K5 [ [T0G, 5 -%) - G - 0T, middy  (20)

for x € w. Here, I'T is the outside part of the interface I' as opposed to I' . For the
points exterior to the inclusion w, we derive from Eq. (16) the temperature field
outside the inclusion as follows:

70 =K [ TG,y —x) - Gy =0T, mydy ()

for x € Q\ w.

Due to the fact that the normal component of the heat flux field q(x) is continu-
ous across I', subtracting Egs. (20) and (19) from Egs. (18) and (21), respectively,
leads to the temperature field both inside and outside the inclusion

T(x) = — K /F TG 5 (y — X)ns(y)dy + KO / e (y)Galy —x)dy, (22)

where [[T(y)]] = T(y") — T(y~) with y© € I'" and y~ € I'". Correspondingly,
the resulting intensity field components both inside and outside the inclusion are
given by

em(x) =~ T _ o JIEONGnly = mity)ay

0T

+ K [ G0)Ganly —x)dy. (23)

Moreover, by using the interface condition Eq.(4), the intensity field components

http://mc.manuscriptcentral.com/pm-pml
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can be rewritten in the following equivalent form

en) = K5 [ e50)Gmly =)y
+aRSKY, [ Gy —mn)(erly) — )y, (20

Now, let us show that if the heat-free intensity e* is uniformly distributed within a
spherical or circular inclusion, i.e. e*(x) = x*(x)e” with the characteristic function

X¥(x) of w defined by

w 1 for x € w,

X (X)_{Oforxgéw, (25)
then the intensity field given by Eq.(24) inside the inclusion w is, as in the case
of perfect interfaces, independent of the position x. To this end, we first compute
the right members of Eq. (22) and Eq. (24) for a constant intensity field e(x) = e“
within the inclusion.

In the important special case where w is a spherical or circular inclusion of radius
R, substituting n;(y) = y;/R for any y € I" into Eq.(24), using the divergence
theorem to transform the second integral of Eq. (24) and accounting for the fact
that

Gy —x)  9G(y —x)

= = 26
the resulting intensity components are given by
e (x) = KOl / G im(y — x)dy + RK%KSTMZ-ij(x)(e;" —ed),  (27)
for x € w. Here,
ON;is(x)
Mijms(x) = _# + 6istj(X)a (28)
with
62
Ni S = - Sd ) 2
109 = 5 [ Gty ~ ey (29)
32
Dpi(x) = ——— | Gy —x)dy. 30
100 = 5o [ 6=y (30)

Next, it is shown in the appendix that when w is an ellipsoidal or elliptical inclusion
and when x € w, then N,,j;(x) and D,,;(x) are polynomial functions of degree 1
and 0 in terms of the position vector x. Thus, the tensor M(x) with the components
M;jms(x) given by Eq.(28) is uniform inside w and equal to a constant tensor M,
i.e. M(x) = M“ when x € w.

As a consequence, the intensity field is constant within the inclusion and the
components e} are identical to %, for any x inside w. Thus, for any x inside w, we
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1 have

2

3

4 ) = K} [ Ganly =)y + SREKS M, (e — ). (31)

5 w

? This last equation can be recast into

8 _

9 e’ =8%.¢e° (32)

10

11 with

12 N N

13 Qw __ w0 v w01 e - 20 L v L w0

" S —[I—RK.M K" [S RK.M K"]. (33)

15

16 Here, S“ stands for the classical Eshelby’s conduction tensor inside w without

17 interface effect while S¥ is defined as the Eshelby’s conduction tensor inside w

18 with Kapitza interface thermal resistance; I is the second-order identity tensor.

19 Indeed, the classical Eshelby’s conduction tensor fields both inside and outside w

32 with perfect interface are, in general, given by (see, e.g. Le Quang et al. [28])

22

23 S(x) = </ V&®VG(y — x)dy> ‘KO (34)

24 w

25

26 Using the definition (30), the classical Eshelby’s conduction tensor field S(x) can

27 be determined via the tensor D(x):

28

29 Sij(x) = Dim(x) K}, (35)

30

g; Thus, the general solution to equation (24), both inside and outside w, can be

33 written as

34 _

35 e(x) = S(x) e (36)

36

37 where the tensor S(x), called thereafter Eshelby’s conduction tensor field with

38 Kapitza interface thermal resistance, is defined as:

39

jg S(x) = S(x) + %KO :M(x) - K- [S¥ — 1], (37)

42

43 where S¥ is given by Eq. (33).

44 Eq. (37) shows that the Eshelby’s conduction tensor S(x) with Kapitza’s interface

32 thermal resistance is uniform inside the inclusion w but varies outside the inclusion

47 w. Note that S(x) depends not only on the geometry of w and the material thermal

48 anisotropy as in the case of perfect interfaces but also on the interfacial thermal

49 resistance parameter o and the inclusion size K. When o = 0 or when the size

50 R of the heterogeneity is very large, the imperfect interface effect disappears or

51 becomes negligible so that the expression (37) of S(x) reduces to the formula (34)

52 of the classical Eshelby’s conduction tensor.

53 The elastic counterpart of Kapitza’s interface thermal resistance model is the

54 well-known spring-layer imperfect interface model. When the latter is adopted in

gg studying a spherical inclusion embedded in an isotropic matrix, Hashin [19] , Qu

57 [36] and Zhong and Meguid [46] have shown that the Eshelby’s elastic tensor S(x)

58 is in general a quadratic function of the position vector, so that it is not uniform

59 inside the spherical inclusion.

60
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The results derived above for Eshelby’s thermal conduction tensor S(x) with
Kapitza’s interface thermal resistance hold for any thermal anisotropy. In order to
obtain the explicit expression of S(x), we now consider the most important special
case where the 2D or 3D infinite body €2 consists of an isotropic material whose
thermal conductivity tensor takes the form K® = koI with kg being a positive
scalar.

By using (35) with D, (x) given by Eqs. (A-43) and (A-44) for the 3D case or by
Eqgs. (A-55) and (A-56) for the 2D case, the classical Eshelby’s conduction tensor
field reads

S0 = 760+ (1L~ 3 ST x %) (39)
where
,o:%:%, == (39)

By substituting Eq. (38) into Eq. (37) with D,,;(x) and Ny,;;(x) determined in
the appendix, Eshelby’s conduction tensor field with Kapitza’s interface thermal
resistance in the case of an isotropic medium is obtained as

09 = (g1 ) D+ (1 )2 (F1-xox).

d+ (d-1)a d+(d—-1)a \d
(40)
where the dimensionless parameter & is defined by
ak?
= 41
a=" (11)

From a dual point of view, we now consider the conjugate Eshelby’s conduction
problem where a heat-free flux is uniformly distributed within a spherical or cir-
cular inclusion, or equivalently q*(x) = x“(x)q" (see Fig. 3). The general heat
flux field solution, both inside and outside the inclusion w, can be determined via
the conjugate Eshelby’s conduction tensor field with Kapitza’s interface thermal
resistance, denoted by C(x), such as

q(x) = C(x) - a". (42)
It can be shown that C(x) is related to S(x) by
C(x) = K" S(x) - H” + y“(x)L. (43)

This equation indicates that, as expected, the conjugate Eshelby’s conduction ten-
sor C(x) with Kapitza’s interface thermal resistance is also uniform inside w, i.e.
C(x) = C¥ for x € w with

CY=-K’- S H+1. (44)

In particular, when the interface between the inclusion and the exterior medium
is perfect, i.e. @ = 0 or when the size R of the inclusion w is very large, we obtain
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Figure 3. The conjugate Eshelby’s conduction problem concerned with a subdomain w embedded in an
infinite medium Q and subjected to a uniform heat-free flux equal to q° within w and vanishing outside w.

from Eq. (43) the classical conjugate Eshelby’s conduction tensor
C(x) = K- S(x) - H® + y“(x)I (45)
and the classical conjugate Eshelby’s conduction tensor inside the inclusion reads
CY=-K". s H'+1I (46)

In the particular case where the 2D or 3D infinite body 2 is made of an isotropic
material, by substituting the expressions of S(x) and S(x) given by Eqgs. (40) and
(38) into Egs. (43) and (45), respectively, we obtain the expressions for the conju-
gate Eshelby’s conduction tensors with and without Kapitza’s thermal resistance
effect:

060 = (s ) 100 — (= b) (J1- %)

(47)

cl = () 000 - (-G (JToxex). @y

3.3. Generalized localization tensor fields

Now, consider a 2D or 3D infinitely extended matrix €2 with the thermal conduc-
tivity and resistivity tensors, K® and H’, in which an inclusion (or more precisely
an inhomogeneity) w made of another material with the thermal conductivity and
resistivity tensors denoted by Kt and H®)| is embedded. As before, the interface
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I'" between matrix and inclusion is assumed to exhibit the Kapitza thermal resis-
tance. On the boundary 0€2 of 2, the following homogeneous heat flux boundary
condition is prescribed

a(x) - v(x) = q” - v(x), (49)

where x € 09, v(x) is the outward unit normal to 9 and q° is a constant heat
flux field.

Similarly to the results obtained in the previous subsection for the Eshelby’s
conduction tensor with Kapitza interface thermal resistance, we proceed to
show that the heat flux and intensity fields are uniform within the spherical or
circular inhomogeneity i.e. q(x) = q* and e(x) = HM . ¢* for any x € w. For

q@e).v=q"v qeQ).v=q’v

f; I' (Kapitza interface
thermal resistance)

n
\” o~
N

/o mo o \
/ q=(C.'q" '\

(8]

/ \
@*= KH-H)G— et
\ -(C [0} ); (1(1)

f; I (Kapitza interface f, perfect interface

thermal resistance)

(B) ©

Figure 4. Decomposition of the initial heterogeneity problem into three Sub-problems (A), (B) and (C)
with g% being the uniform heat flux solution field of the initial heterogeneity problem within w.

this, we decompose the inhomogeneity problem under consideration into three
Sub-problems, denoted as A, B and C (see Fig. 4). Each Sub-problem and its
solution are presented in detail as follows.

a) Sub — problem A
This Sub-problem is concerned with the determination of the heat flux solution

field within the infinite homogeneous matrix €2 subjected to the homogeneous flux
boundary condition (49) on its external surface 92. Clearly, the corresponding
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heat flux solution field q((x) is provided directly by

aW(x) =q’ (50)
for any x € .
b) Sub — problem B

Sub-problem B consists in computing the heat flux field within the infinite
heterogeneous matrix medium €2 with the thermal conductivity and resistivity
tensors, K and HY, in which the sub-domain w made of the same material as
the matrix and surrounded by the interface I' with Kapitza’s thermal resistance
is subjected to a uniform heat-free flux field q* = (C¥)~! . q¥. Applying the
conjugate Eshelby’s conductivity tensor fields obtained in Section 3, the heat flux
field is provided by

a?(x) = C(x) - (€)' - g (51)
where x € (2.
c¢) Sub — problem C

In this problem, the sub-domain w embedded in the infinite homogeneous
matrix medium € is formed of the same material as the matrix, with the thermal
conductivity and resistivity tensors, K® and HY, and the interface between w and
the external medium is assumed to be perfect. Then, we subject w to uniform
heat-free flux field q* = —K°- (H®M —HO) . q¥ — (C¥)~! . q*. Due to the fact that
the interface is perfect, the heat flux solution field q(©) (x) can be determined via
the classical conjugate Eshelby’s conductivity tensor field by

q“(x) = -C(x)- K- (HY —-H") - q* - C(x) - (C*) " - q” (52)
with x € €.
Finally, by applying the superposition principle, the heat flux field of the inho-

mogeneity problem is given by

a(x) = qV(x) + 4P (x) + 49 (x)
=q’+C(x) (€)' q* - C(x)- K- (HV - H) . q* - C(x) - (C*) ! - ¢*

where x € (2.
When x € w, we have q(x) = q“. Introduction of this relation into Eq. (53)
allows us to calculate g as follows:

q° =B q’, (54)

where B%, called thereafter the localization tensor for the inhomogeneity w, has
the expression

B =[C¥- (C¥)'+c¥ K- (HY —H) !, (55)

with C* and C¥ given by Eqgs. (46) and (44), respectively.
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After obtaining the expression of q“, the heat flux field q(x) in Eq. (53) for both
inside and outside w can be calculated by combining equations (54) and (55) with
(53), so that

q(x) =B(x) - q’ (56)

where B(x), named the localization tensor field with Kapitza’s interface thermal
resistance, is given by:

B(x) =1 - {C(x)-K’- (HY - H’) +[C(x) - C(x)] - (C*)"'} - B (57)

where B*, C(x), C(x) and C¥ are provided by Eqgs. (55), (45), (43) and (44).

In the important particular case where the matrix and inclusion phases are both
isotropic, their thermal conductivity and resistivity tensors are given by K° = koI,
H° = 1/kI, KM = kT and HY = 1/k 1 with kg and k; being two positive
scalars. Then, the localization tensor field B(x) has the simple expression

_ dk;
B(x) —
&) = - Do+ hia

y dplko + k(@ —1)] (1 2 QR
(1= () {1 + (do_ 1)Eko Thd (El(d) —x® x>} (58)

)Ix“’(X)

where & is defined by Eq. (41). Remark that, if &
known classical localization tensor field B(x).

0, B(x) reduces to the well-

4. Effective thermal behavior

Starting from the results obtained in the previous two sections, we will derive in
this section the closed-form expressions for the effective conductivity of composites
accounting for the effects of the Kapitza interface thermal resistance between the
matrix and inclusion phases following the dilute, Mori-Tanaka, self-consistent and
generalized self-consistent schemes. For more details about these schemes in the
case of perfect interfaces, the reader can refer to the review papers of Hashin
15, 17].

4.1. Dilute distribution model

Assuming that the interaction between the inhomogeneities of the composite de-
scribed in Section 2 is neglected, a dilute distribution of inhomogeneities is adopted
to estimate the effective thermal conductivity or resistivity tensors, K¢/ or H¢f/,
respectively. For this purpose, we first let 2 be subjected to the homogeneous heat
flux boundary conditions given by Eq. (49).

Under boundary condition (49) and owing to the fact that the normal component
of heat flux is continuous across the interface between the matrix and inclusions
phases, the macroscopic heat flux defined by Eq. (10) is obtained by

Q={(q)=q" (59)

Within the framework of the dilute distribution model, the interaction between
the inhomogeneities is omitted and, accounting for the results obtained for the
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1 localization tensor fields in Section 3, it can be shown that the heat flux and
é intensity fields inside the inhomogeneity w are uniform and given by
4 _
5 q = [ (€)1 + o KO HO - HE) g, (60)
6
7
8
9 e — gD .M 61
10 € a (61)
11 . )
12 Here, K and H® are thermal conductivity and resistivity second-order tensors
13 of phase i, respectively. The conjugate Eshelby’s conduction tensors without and
14 with interface effects, C¥ and C¥, inside w are respectively given by Egs. (46) and
15 (44) taking into account Eqs. (33) and (34) with K° = K® and H? = H®),
16 From Eq. (59), the volume or surface averages of the heat flux and intensity fields
ig in the matrix phase are given by
19 _ _ _
20 q(2) = Cy l(q() - Clq(l))7 (62)
21
22
23
24 e =H® .gq®, (63)
25
g? where ¢; and c¢g = 1 — ¢; are the volume or surface fractions of the inclusion and
28 matrix phases, respectively. The macroscopic intensity field can be obtained from
29 Eq. (13) and is given by
30 N
31 E=ceée" +ce® 4 01—(_](1). (64)
32 R
33
34 Unlike the classical case where the matrix-inclusion interface is perfect, the macro-
35 scopic intensity field given by Eq. (64) is not simply the volume or surface average
36 of the different contributions over the domain 2. More precisely, a new term due
37 to the discontinuity of both temperature field and normal component of the inten-
38 sity field across the Kapitza interface I' is added in Eq. (64). By introducing Egs.
38 (60)-(63) into Eq. (64) and by identifying the resulting expression with Eq. (8), we
j 1 obtain the expression of the effective thermal conductivity tensor
42 ~
43 KPP = (H® 4+ ¢ [HD —HO® + %I] JJeY ()t ev - KA L HD - @)
44
45 (65)
46
a7 It is interesting to note that when o = 0, the expression (65) of K reduces to
48 the well-known formula without interface effects. In the particular case where the
49 matrix and inclusion phases are isotropic and have the thermal conductivities ko
50 .
51 and ki, respectively, Eq. (65) leads to
52 L

dlks — k kike /R -

gi RPD _ g, {14 _Crdlke — k1 + akiky/R] (66)
ce k1 + (d — 1)k2(1 + Oékl/R)
g? where kPP is the effective thermal conductivity of the composite for the dilute dis-
58 tribution model. The expression (66) for the effective thermal conductivity allows
59 us to recover the formula derived by Benveniste and Miloh [4].
60
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4.2. Mori-Tanaka model

To account for the interaction between the heterogeneities, the Mori-Tanaka model
is now applied. In this model, under the boundary conditions written as in Eq.
(49), the heat flux field in the matrix and far from the inclusions is assumed to be
uniform and equal to Q. Consequently, the heat flux and intensity fields inside the
inhomogeneities w are obtained by using Egs. (60) and (61) with q° being replaced
by Q. Thus, this yields

gV = [C¥ . (C) L+ v K®. (H(l) — H(2))]*1 -QY, (67)

o — g . g, (68)

where the conjugate Eshelby’s conduction tensors without and with interface ef-
fects, C¥ and C¥, inside w are respectively provided by Egs. (46) and (44), taking
into account Eqs. (33) and (34) with K° = K® and H® = H®. Concerning the
matrix phase, the volume or surface average intensity and heat flux fields are given

by
g2 =qQ° & —H®.Q. (69)

Due to the fact that Q = (q) = q”, we can express QU in terms of the macroscopic
heat flux field as follows

Q’=L.q¢" (70)
with
L={¢[C" (C*)'+cC¥ - K®.HY -H) 41" (71)

By substituting Egs. (67)-(71) into Eq. (64) and by identifying the resulting equa-
tion with Eq. (8), the effective thermal conductivity tensor is given by

KMT _ (HO 4 %1 —oHD —H® ¢ %I] Ly L (72)

In the special case where the matrix and inclusion phases are isotropic and have
the thermal conductivities ko and ki, respectively, we obtain from Eq. (72) the
effective thermal conductivity of the composite for the Mori-Tanaka model

d[ks — k1 + akika/R) !
? kicrd + co[(d — 1)ka(1 + ak1/R) + k] (73)

We notice that this expression for the effective thermal conductivity is identical to
the one given by Benveniste [2]. Moreover, it is easy to check that when the volume
or surface fraction of the inclusion is small enough (¢; < 1), Eq. (73) giving the
effective thermal conductivity of the composite for the Mori-Tanaka model reduces
to the one obtained by Eq. (66) for the dilute distribution model.
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;— 4.3. Self-consistent model

3 As for all estimate schemes for the effective thermal behavior of the composite, it is

4 necessary to determine the volume or surface average of the intensity and heat flux

5 fields inside the inhomogeneities. In the self-consistent model, the intensity and

? heat flux fields inside each inhomogeneity are estimated by embedding this inho-

8 mogeneity in a fictitious infinite medium which has unknown effective properties.

9 By using the expression for the solution of the localization problem for thermal

10 conduction described in Section 4, we can calculate the heat flux and intensity

11 fields inside the inhomogeneity w as follows:

12

13 C—l(l) _ [Cw . (Cw)—l +Cv. KSC . (H(l) - HSC’)]—l . q07 (74)

14

15

16

ig é(l) — H(l) . q(l)_ (75)

19 =

20 In these expressions, C* and C*“ are given by Egs. (46) and (44) together with

21 Egs. (33) and (34) in which K° and H? are replaced by the unknown effective

22 thermal conductivity and resistivity tensors, K°¢ and H%C, respectively.

23 As in the dilute distribution model, owing to the fact that Q = (q) = q°, the

24 volume or surface averages of the heat flux and intensity fields in the matrix phase

25 are given by

26

2 6 = ' (o — crV), (70

29

30

> 6 — H® . g, (77)

33

34 Introducing Eqs. (74)-(77) into Eq. (64) and taking into account the macroscopic

35 behavior expressed by Eq. (8), the effective thermal conductivity tensor is obtained

36 from a quadratic equation in K°¢ which can be written as

37

38 ! S — 14—

29 KSC — {H(2) +c [H(l) _ H(2) + EI] . [Cw . (Cw) 1 +Cv. KSC . (H(l) _ HSC)] 1} 1‘

40

a1 (78)

42 . . : . . : .

43 This second order polynomial matrix equation provides the effective conductivity

44 tensor K¢ If the matrix and inclusion phases are isotropic and characterized by

45 the thermal conductivities ko and k1, Eq. (78) is reduced to a quadratic equation

46

47 dlky — k1 + akike/R] |7

48 kSC:kz{H— crdlky — k1 + akky/ ) } , (79)

49 k1 + (d — DESC(1 + ok /R)

50 . . . SC . . oy

51 and the effective thermal conductivity k°% is given by the real positive root of Eq.

52 (79).

53

54

55 4.4. Generalized self-consistent model

gs The model proposed in this section does not use the Eshelby’s tensor fields and

58 localization tensor fields but is presented here to provide results allowing a compar-

59 ison with those coming from the three models described above. It can be considered

60
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as an extension to the thermal conduction problem with interface effects of the clas-
sical GSCM for elasticity which was initiated by Van der Poel [42], improved and
completed by Smith [38, 39] and Christensen and Lo [9].

According to this model, we first consider an infinite three-dimensional medium
M consisting of the effective homogeneous and isotropic medium whose thermal
behavior is characterized by Eq. (8) in which the effective thermal conductivity
tensor is denoted by K¢/ = kGSCMIB)  As before, let M be subjected to the
uniform boundary conditions Eq. (49) in which the constant heat flux vector q" is
chosen such as q° = (0,0, ¢°)” where ¢° is a constant heat flux field (Fig. 2). In the
system of spherical coordinates (r,8, ) corresponding to the spherical orthogonal
basis (£, fp, f,), this uniform boundary condition takes the equivalent form

q’(x) = ¢°(cos Of, — sin 6fy), x € OM. (80)

This boundary condition gives rise to the following temperature, intensity and heat
flux fields at point x of M

0
TO(X) = —WT COS 9,
0
eO(X) = W(COS Hfr — sin Gfg),
q’(x) = ¢°(cos Of, — sin 6fy). (81)

Let us introduce the following energy Uy(q°) of M (see e.g. Hashin [16])

L1 inclusion
matrix
V] effective medium
5
(/) =q

Figure 5. Generalized self-consistent model applied to thermal conduction problem.

Ub(a’) = [ ax) - (xpdx = vol (M) (4" KOS, (52)

Next, we cut a sphere out of the foregoing infinite effective medium and substitute
into its place a composite sphere €2, while applying the same boundary condition on
OM as before. The interface between the composite sphere and the outside medium
is assumed to be perfect. The core of this composite sphere is made of the inclusion
phase, referred to as phase 1 and surrounded by a concentric shell consisting of
the matrix phase, denoted by phase 2. The core and outer coating consist of two
isotropic materials whose thermal conductivities are k1 and ko. The radii of the
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core and coating, symbolized by r; and r9 are chosen so as to be compatible with
the prescribed phase volume fraction

e =1—cy=—L. (83)

The 3D spherical interface I" between the matrix and inclusion is modeled by the
Kapitza interface thermal resistance as described in Section 2.

Under boundary condition (80), the expressions of the temperature field, non-
zero intensity and heat flux field components are given by (see, e.g. Hervé [24])

T = — (air + %) cos 6, (84)
i 2bi i bi .
eld) = <ai - r_?’) cos 6, e(g) = — (ai + r_?’) sin 6, (85)

i 2b; (i) bi\ .
qr) =k; <ai — r_3> cost, q5’ = —k; <ai + ﬁ) sin 6.
(86)

with ¢ = 1 referring to the core, ¢ = 2 to the outer coating and 7 = e to the external
effective medium. In these expressions, a; and b; are constants to be determined
from the boundary and interface conditions together with a condition avoiding the
displacement singularity in the core of the composite sphere. More precisely, the
requirement of the temperature in the core at » = 0 to be finite implies that b; = 0.
The value of a., determined by using the boundary condition (80) with r — oo, is
given by a, = ¢°/EFICM,

At the interface between the core and the coating, the normal component of heat
flux field is continuous, so that

2b
/{?2 <a2 — —32> = k:lal. (87)

5T

The surface condition (4) at the interface between the core and the coating can be

specified by :
bg ~ 2b2
<a2+r—%>—a1:a<a2—r—%>, (88)
with & = aksy/ry.

The interface at 7 = ro between the coating matrix and outside effective medium
is perfectly bonded. Thus, the continuity conditions of both temperature field T
and normal component heat flux field g, across the interface at r = ry are expressed
as

0
q be b2
-GSO T R + 3 (89)
0
k (FG’SCM — _Tg ) = kQ <a2 — _Tg . (90)

As in the GSCM of Christensen and Lo [9] in the context of elasticity, the effective
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thermal conductivity is required to be such that the energy U(q?) after introducing
the sphere composite is equal to the initial one Uy(q®) which is given by Eq. (82).
On the other hand, we can show that the actual energy U(q®) can be expressed in
terms of Up(q") as follows

U = Uy — / (T — g©T0) . ndx. (91)
r
Thus, the self-consistency condition Uy = U is reduced to
/(qOT(e) —q@7%  ndx = 0. (92)
r

Substituting Egs. (80), (81), (84) and (84) with i = e into Eq. (92), we obtain the
simple equation

be = 0. (93)

Finally, substituting b, = 0 into Eqgs. (87), (88), (89) and (90), we obtain a system
of four homogeneous linear equations for the four unknowns ai, as, by and ¢°.
A non-trivial solution to this system exists if and only if the determinant of the
relevant 4 x 4 matrix is equal to zero. This necessary and sufficient condition yields
the expression for the effective thermal conductivity as follows:

3c1lko + (& — 1)k -1
EGSOM _ ) 11 1 . 94
20T 3k1c1 + c2[2(ke + aky) + k1] (54)

We remark that the effective thermal conductivity obtained by Eq. (94) depends
not only on the phase thermal properties and volume fractions but also on the
interface thermal conductivity and on the size of the inhomogeneities through &.
When setting & = 0, the expression (94) of k49“M reduces to the one obtained by
Hashin and Shtrikman [20] or Hervé [24] without interface effects.

In the 2D case, the corresponding effective thermal conductivity is given by

2c1 [kz =+ (éé — l)kl] i
EGSCM _ | {1 + . 95
2 2kic1 + ealko + (& 4 1)k ] (95)

The details of the derivation are omitted here.
Finally, it is convenient to express (94) and (95) for k“S¢M by the following
compact one :

dlky + (6 — 1)k1] -
LGSCM _ . {1 4 it , 96
2 k?lcld—{-CQ[(d— 1)(]{?2 —|—dk‘1) —{—k?l] ( )

where d (= 3 or 2) is the dimension of the problem. Compared Eq. (96) with Eq.
(73) for the case where the matrix and inclusion phases are isotropic, we notice that
EGSCM — EMT This remark has been also mentioned in the work of Benveniste
([2]) for the tridimensional case.

http://mc.manuscriptcentral.com/pm-pml

Page 20 of 35



April 3, 2011 T7:17
Page 21 of 35

©CoO~NOUTA,WNPE

Philosophical Magazine Letters MS-HLQ-QCH-GB-RV
Philosophical Magazine & Philosophical Magazine Letters

Philosophical Magazine Letters 21

5. Numerical examples

This section is dedicated to numerically illustrate the features of the results ob-
tained above. The first example is related to the plane problem of a circular inhomo-
geneity having the radius R = 1um located within a 2D host matrix phase. The ma-
trix and inclusion phases are both assumed to be anisotropic. Additionally, the ther-
mal conductivity tensors, KM [Wm~1K~1] of the inclusion and K& [Wm~ 1K~
of the matrix, are provided by :

@ _ (15 —05 (2 _ (0.150.05
K (—0.5 15 ) K 0.05 0.15 07

relative to the orthonormal basis {f;, f3} and by

’ 10 ’ 02 0
K = (0 2)’ K = ( 0 0.1) (98)

according to the orthonormal basis {f; = %(fl + £5),f, = %(fg — f1)} which is
obtained from the orthonormal basis {f1,f2} by an anti-clockwise rotation of angle
/4.

Concerning the thermal parameters of the interface, we choose different values
of the Kapitza interface thermal resistance o ranging from 10~ "m2K/W (nearly
perfect interface) to 1073m2K /W (nearly insulating interface).

Next, by applying a uniform heat flux vector q° = (1,0)?[W/m?] at the bound-
ary of the heterogeneous medium consisting of a circular inclusion with radius
R = 1um embedded in a square matrix domain 10um x 10um and 20pm x 20pum
and by assuming the interface between the matrix and inclusion to be imperfect
with Kapitza thermal resistance a = 1073, 1072, 1076 and 10~ "'m2 K /W, we calcu-
late first the heat flux field in the inclusion and matrix phases from the closed-form
solution of section 3 corresponding to an infinite matrix. Then, these values ob-
tained for the heat flux field are compared with the ones given by using the Finite
Element Method (FEM) with Comsol Multiphysics 3.5 for the meshes described in
Fig. 6. A temperature compatible with a constant intensity field is applied at the
boundary of the model and Fig. 7 provides the temperature distribution along the
axis parallel to the given intensity field obtained from the FEM results provided by
using the mesh described in Fig. 6a. Owing to the fact that the phase configura-
tions are dilute, it is meaningful and efficient to compare the analytical estimates
obtained for homogeneous flux boundary conditions with the numerical results de-
livered by the FEM for homogeneous intensity boundary. It can be seen from Fig.
7 that any modelling provides a resulting heat flux field which is uniform within
the inclusion. Due to the higher value of conductivity taken within the inclusion,
it can be observed that the heat flux inside the inclusion can be higher (for small
interface effect) or smaller (for high interface effect) than the heat flux at infinity.

However, we observe also from Fig. 7 that there is a difference for the heat flux
field inside the inclusion and matrix phases between both solutions. This difference
can be explained by the fact that the closed-form solution obtained in Section 3 is
related to a matrix extending to infinity while the numerical solution obtained by
FEM is calculated for a finite square domain. A second computation was performed
for the mesh defined in Fig.6b where the size of the square domain is increased from
10pum x 10pm to 20um x 20um. As for the first example, we observe from Fig. 8
that the heat flux field is uniform in the inclusion. It can be seen now from Fig.
8 that the proposed analytical solution presents a complete agreement with the
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Figure 6. Meshing and temperature solution field distributed in the matrix and inclusion phases for the
heterogeneity problem undergoing a uniform heat flux vector q° = (1,0)”7[W/m?] at the boundary with
a = 107°m? K/W and solved by FEM: (a) Case 1 with inclusion radius R = 1um embedded in a square
matrix domain 10pum x 10um; (b) Case 2 with inclusion radius R = 1um embedded in a square matrix
domain 20um X 20pm.

numerical solution by FEM both inside and outside the inclusion, meaning that
the size of the square domain is now such that the solution is no more affected by
the limited extension of the meshed domain.

A second numerical example is provided in order to study the size-dependence of
the effective thermal conductivity of the composite. In this example, the matrix and
inclusion phases are assumed to be both isotropic and the inhomogeneity radius
R takes different values between 1 and 50um while the inhomogeneity volume
fraction is kept constant. Additionally, the inclusion phase is supposed to be less
conducting than the matrix one. The thermal conductivities of the matrix and of
the inhomogeneities are :

k1 =01Wm K™Y ky=1Wm 'K L (99)

The ratio k¢ff / kgf f , where kgf f is computed without taking into account the in-
terface and k°// is obtained from various models of section 4, is plotted in Fig. 9
in terms of the inhomogeneity radius R. k¢/f is the effective thermal conductivity

http://mc.manuscriptcentral.com/pm-pml

Page 22 of 35



April 3, 2011

717

Page 23 of 35

P OO~NOUILAWNPE

U OTUu U OITON OO DMBEMDIAMDIMBAEADIAMDIMDNWOWWWWWWWWWWNDNNNNNNMNNNNRERPRPRPERPRERPERRERE
QOO NOUPRRWNRPOOO~NOUOPRRWNPRPOOONOOOPRARWNRPFPOOONOODURAWNPOOO~NOOUUDMWNEO

Philosophical Magazine Letters

MS-HLQ-QCH-GB-RV

Philosophical Magazine & Philosophical Magazine Letters

heat flux field q; [W/m?]

Present solution with alpha = 10e-6 [m2K/W]

Philosophical Magazine Letters
2,00
FEM with alpha = 10e-3 [m2K/W]
= = = FEM with alpha = 10e-5 [m2K/W]
FEM with alpha = 10e-6 [m2K/W] 1,80
FEM with alpha = 10e-11 [m2K/W]
X  FEM with alpha = 0 [m2K/W]
®  Present solution with alpha = 10e-3 [m2K/W] ! ’60
¢ Present solution with alpha = 10e-5 [m2K/W]
- 1,40
A

Present solution with alpha = 10e-11 [m2K/W]

-1 1
position x (r, 6 = 0) [um]

23

Figure 7. The heat flux fields in the matrix and inclusion obtained by the present analytical method and
by FEM for Case 1 with inclusion radius R = 1um embedded in a square matrix domain 10pum X 10pum.

heat flux field g; [W/m?

- = FEM with alpha = 10e-5 [m2K/W]
— = FEM with alpha = 10e-6 [n2K/W]
— - FEM with alpha = 10e-11 [m2K/W]
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<
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-10

-4 -2 0 2
position x (r, 8 = 0) [um]

2,00

1,80

Figure 8. The heat flux fields in the matrix and inclusion obtained by the present analytical method and
by FEM for Case 2 with inclusion radius R = 1um embedded in a square matrix domain 20pum X 20um.

calculated by Egs. (66), (73), (79) and (96) with a = 10~°m2K /W according to
the dilute distribution, Mori-Tanaka, self-consistent or generalized self-consistent
models, respectively. It can be seen from Fig. 9 that: (i) k¢/f depends on the inho-

mogeneity radius R while kel (corresponding to the “surface C” case) is obviously
independent of R; (ii) the difference between k¢// and kST decreases when R in-
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creases; (iii) the surface effect becomes negligible when R is larger than 50 um.

1.01

T s —2
---DD i
0-99 ~o-MT or GSCM
o SC
. 0.98 —Surface C i
tu;\‘o
%
X
0.97 i
0.961 : : b
0.951- b
o
) 4 | | | | | | | | |
0-9 0 5 10 15 20 25 30 35 40 45 50

Inclusion radius (um)

Figure 9. The ratio keff/kgff versus the inclusion radius R(um) with volume fraction of inclusions
c1 = 0.3 and Kapitza thermal resistance o = 107°m2 K/W.

The ratio k¢/f/ kST in terms of the inhomogeneity volume fraction c; is presented
in Fig. 10 for an inhomogeneity radius R = 1um and a Kapitza thermal resistance
a = 107°m?K/W. It can be seen from Fig. 10 that when the inhomogeneity volume
fraction increases, the values of the ratio k¢/// kS'T obtained from closed-form
solutions decrease with the the concentration of inclusions. This result depicts a size
effect which increases with the concentration. In addition, all models give the same
results for low concentrations (below, say, 0.1), but differ for higher concentrations.

6. Concluding remarks

Being complementary with the recent work of Le Quang et al. [29] devoted to
the highly conducting imperfect interface model, the present work is based on
Kapitza’s concept of thermal resistance and contributes to the development of the
micromechanics of inhomogeneous materials with imperfect interfaces. However,
both problems have quite different solutions because, in the present work, it is
noteworthy that the solution has been obtained by using an extension to conduction
problems of the classical Eshelby’s inclusion problem in the case of a polynomial
heat free intensity field.

In the context of elasticity, Eshelby’s problem for a spherical inclusion embed-
ded in an infinite matrix via an interface characterized by the linear spring-layer
model was solved, in the case where the constituent material of the matrix is
isotropic, by Hashin [19] and Zhong and Meguid [46] who showed that Eshelby’s
strain tensor field inside the spherical inclusion is generally no longer uniform. In
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Figure 10. The ratio keff/kﬁff versus the inclusion volume fraction c¢; with inclusion radius R = 1um
and Kapitza thermal resistance a = 107°m2K/W.

the case with anisotropic elastic material constituting the matrix, Qu [36] obtained
a semi-analytical solution by using an iterative computation, leading again to a
non-uniform strain field inside the inclusion. Thus, Eshelby’s formalism allowing
the transformation of an inhomogeneity problem into an inclusion problem is no
more valid. This is because Eshelby’s formalism is based on the uniformity of the
strain field inside an ellipsoidal inclusion embedded in an infinite matrix and sub-
jected to a prescribed uniform eigenstrain. Unlike the results of Hashin [19], Zhong
and Meguid [46] and Qu [36] for elasticity, the results given in the present paper
for thermal conduction show that the temperature gradient field inside a circular
or spherical inclusion remains uniform even in the presence of a Kapitza inter-
face and holds for any thermal anisotropy of materials constituting the matrix and
the inclusions. This fact allows to preserve the Eshelby’s formalism and to apply
some well-known micromechanical schemes to obtain closed-form expressions for
the effective conductivity of composites with Kapitza thermal interface resistance.

Finally, it is well known that due to the physical analogy existing between the
different transport phenomena, the approach elaborated and results obtained by
the present work for the thermal conduction phenomenon are straightforwardly
transposable to other classes of problems such as electric conduction, dielectrics,
magnetism, diffusion and flow in porous media. Moreover, owing to the close re-
lation existing between the depolarization tensor in electrostatics and Eshelby’s
conduction tensor under consideration (see e.g. [45] and [14]), all results previously
obtained for the thermal conduction phenomenon can be directly generalized to the
electromagnetic phenomenon. Additionally, since a mathematical correspondence
between anti-plane elasticity and 2D thermal conduction exists, new results for
anti-plane anisotropic elasticity can be deduced directly from the 2D anisotropic
results derived above.
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Appendix : temperature field induced by a polynomial heat-free intensity
inside an ellipsoidal inclusion

The intensity field induced by a constant heat-free intensity inside an ellipsoidal
inclusion is obtained from tensor N,,;; defined in Eq. (29) which is related to a
linearly varying heat-free intensity inside an ellipsoidal inclusion. In this appendix,
similarly to the generalized Eshelby’s results in the case of elasticity (see e.g. Asaro
and Barnett [1] and Mura [33]) we show in the thermal conduction Eshelby’s prob-
lem with perfect interfaces that: when an ellipsoidal region in an infinite anisotropic
medium undergoes a heal-free intensity €*(x) which is a polynomial of degree M in
the position coordinates x, then the resulting intensity and heat flux fields in this
ellipsoidal region are also polynomials of degree M in X.

The results described in [33] and [1] are completely developed in the case of
elasticity, more specifically in the description of the strain field outside inclusions
produced by polynomial eigenstrains of order 0 and 1. These results cannot however
be easily extended to the case of conduction problems. However, the process leading
to the solution described in the previously cited references can be used again. The
main difference is now that, instead of using harmonic and biharmonic potentials
as in [33] and [1], only harmonic potentials are now necessary.

As described above in Section 3, we consider now a subdomain w embedded in
a 3D infinitely extended domain §2 constituting of a homogeneous material whose
thermal conductivity and resistivity tensors are KY and H?, respectively. The in-
terface I' between inclusion w and external medium is assumed to be perfect.

By using the Green function, G(y — x) and by applying the divergence theorem,
the temperature field T'(x) produced by e*(x) can be expressed in terms of G(y —x)
and e*(x) by (see e.g. Le Quang et al. [28])

700 =~ [ Gty ~ x)a; )y, (A1)
w
where the heat flux field g*(x) relates to the heat-free intensity e*(x) by

qj(x) = —KJQZ-e;-k (x), for x € w. (A-2)
It is clear from the last relation that if e*(x) is a polynomial of degree M in the
position coordinates x then the heat flux field q*(x) is also a polynomial of degree
M in x.

By using the property (26) of G(y — x), the resulting intensity field components
are given by

_0T(x) 0?

ep(x) = N /w G(y —x)q; (y)dy, (A-3)

Now, this equation can be written in Fourier space as follows
ial€) = 6 256(8) [ ai(v)exlile]z- y)dy, (A-)
w

where i = \/—1, & is the discrete wave vector and z = &/ |&| with |e| = (e e,)!/2.
The Fourier transform G(§) of G(y — x) can be derived from Eq. (17) and is given
by

G(&) = —k"(2)/ €], (A-5)
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with k*(z) = (K?jzizj)_l.
The Fourier inversion of Eq. (A-4) , using Eq. (A-5) is given by

ey(x) = —(2m)3 /e 27k (2)da / e exp(—i £ 2 x)d [

0

©CoO~NOUTA,WNPE

x / ¢ (y) exp(i €] z - y)dy (A-6)

11 where O is the surface of the unit sphere.
12 Next, owing to the fact that

14 V2 cos {[€] 2 (y — %)} = — [£[2cos {|E] 2 (y — )}, (A7)

17 and

% | ostlelz- (v = xale] = mils (v — )L (A-8)
0

23 where

25 2, O ,
Vo= dxs0xs’ (4-9)

Eq. (A-6) can be rewritten in the following equivalent form

1 * *
31 ep(x) = o) /@ 2pzik*(2)dzV?2 / q;(y)o(z -y — z-x)dy. (A-10)

34 We remark that this equation holds for an arbitrary thermal anisotropy of material
forming 2 and for an arbitrary closed inclusion w. However, we are interested now
in the important case where w is an ellipsoidal inclusion and can be expressed by
the following equation of its surrounding surface:

3
41 Zx%/ai =1, (A-11)
y=1

44 where a., are semi principal axes of the ellipsoidal inclusion.

Owing to the fact that a polynomial of degree M in {z;} remains a polynomial
of same degree M under any change of a system of Cartesian coordinates {z;}
by rotation or translation, without loss of generality, we can choose a system of
49 Cartesian coordinates {z;} such that the {z;} axes coincide with the principal axes
50 of the ellipsoidal inclusion.

51 Next, in order to calculate the intensity field e,(x) given by Eq. (A-10), the
52 polynomial ¢} (y) of degree M can be expressed in the following general form

M
56 G =D Ajiin i YirYin---i, (A-12)
57 r=0

59 where Aj; ;,. 4, are constant.
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Substituting Eq. (A-12) into Eq. (A-10), we have

ep(x) = “18‘;22“3 / {Z V21 (x } dz, (A-13)

with

9pj(2) = 2pzik* (2), (A-14)

7" — iy s Sz (v — _ A-1
J (X7Z) a1a2a3 /dyl1y12 ylr(s[z (y X)]dy ( 5)

It can be shown, by the change of variables

=2 =2 (A-16)

where the summation convention rule does not apply for index , that the integral
(A-15) reduces to an integral over the unit sphere, |T| <1, i.e.,

3
Z Ajili}__irailaiz...air / TilTiQ---Tiré[,U/(s T —S- t)]dT,

§1,i2y0emin lt|<1

(A-17)

with

d 1/2
20
,u:{g ag{z?y} ) 57:—7 * (no sum on 7).
¥

“

By transformation of variable z by s in Eq. (A-13), we obtain the following equiv-
alent form

p(x) = op / 1y (2 {ZvW }ds (A-18)

with Ij(»r) (x,2) given by Eq. (A-17).
Explicit computation of the intensity field e(x)

In the following, the previous results, and more specifically (A-17) and (A-18)
are provided in a more explicit form. They are studied in a first step for interior
points and next for exterior points.

(i) For interior points of the inclusion w

We note that the delta function §[u(s -t —s-t)] = %5(5 -T —s-t) is non-zero
only when s- T —s-t =0. When x is inside the inclusion w, or equivalently when
|t| <1, then |s-t| < 1lands-t—s-t=0if and only if T takes the following form:

T=n(ucosy + vsiny) + (s - t)s, (A-19)
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where 0 <7 < /1 — (s-t)? and u and v are two orthonormal basis vectors of the
plane normal to s, while 7 is a polar angle in this plane. Thus, the volume integral
(A-15) reduces to an integral over a plane circular region of radius /1 — (s - t)? as
follows

3 2T
Z A_]Z1Z2 Zrall a”lQ al / J(r) (S7 t? /(/))d/(/} (A_QO)
0

Z17227 72

<
tl*—‘

where

\/1—(st)
Jr) (s,t,9) = / [nhi, + (s t)si,|[nhi, + (s - t)s,]...[nhi, + (s-t)s;,[ndn,
0
(A-21)

with h = cosyYu + sin¢v.
Applying the binomial theorem for J() (s, t,v) yields

/\/1 (s-t)?

(s, ,) = ZW sty ( )ffhim W)y, (A22)

with

0
fz‘(l,zz,...,ir(w) = 84, 8i5+++Sir»

f(l) . (w) = hilsiZ...S“ + Silhiz---sir + ...+ Silsiz---hira

fz(I)z2,...,ir(¢) = hi hiy...h;, . (A-23)

Moreover, it is easy to show that

s t=-—", (A-24)
L
JIE .
[ i =50 (4-25)

2
/ sin™ 4 cos™ Ydyp = 0, if m + n is odd or if both m, n are odd,(A-26)
0
2w
S, @) =0, if s odd. (A-27)

Finally, by combining Eq. (A-20) with Eqgs. (A-22)-(A-27), we obtain the following
expression of IJ(.T) (x, z):IJ(.T) (s-t)

[57]

I(s - t) Z Ajiia...i, Wiy Qi .-, Z (2,{) { / i (WW}

Z1,Z2, ,Z

rk+1

x Jlr O PR S (A-28)
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where [37] is the integer part of 3r.

2
First, we remark from Eq. (A-28) that I](.r)(s -t) with x € w is a polynomial of
degree r + 2 in x. Thus, the resulting intensity field e(x) given by Eq. (A-18) and
the corresponding heat flux field q(x) = K - [e(x) — e*(x)] inside the inclusion w
are polynomials of degree M in x.
Next, in order to calculate integral (A-18), it can be seen from Eq. (A-14) that

9pj (2) = gpj (21, 22, 23) with
o e (A-29)

1= —) R = —) 3 =
aq a9 as

However, since g,;(21, 22, 23) are rational fractions with the numerator and denomi-
nators being both homogeneous polynomials of degree 2 of z1, 29 and z3 then g,;(z)
can be computed alternatively from:

S1 52 83

2 =—, Z=—, Zm3=—, (A-30)
al ag as

Moreover, the components of the unit vector s can be expressed in the following
form

s1=(1—s2)%cos¢, 59 = (1 —52)Y?sinC, s3 = s3. (A-31)

Thus, by substituting ds = dssd( into Eq. (A-18), we obtain

2m
ep(x) =32 / d53/ w? Gpj(z {ZV Ij(r (s-t) }d{, (A-32)

with I](r) (s-t) given by Eq. (A-28).

(ii) For exterior points of the inclusion w

When x is outside the inclusion w, or equivalently [t| > 1, the delta function
ou(s-t—s-t)] = %5(S-T—S~t) is non-zero only if [s-t| <l ands-t—s-t =0.
These conditions imply that T must take the same form as in Eq. (A-19) under the
condition |s - t| < 1.

Figure 11. The subdomains ©* and L of © satisfying the condition |s-t| <1 and s-t = 1 and the chosen
new coordinate system {s}, s}, s4} for a given vector t

http://mc.manuscriptcentral.com/pm-pml

Page 30 of 35



April 3, 2011 717 Philosophical Magazine Letters MS-HLQ-QCH-GB-RV
Page 31 of 35 Philosophical Magazine & Philosophical Magazine Letters

Philosophical Magazine Letters 31

By using a process similar to the one described above for interior points of
inclusion w, we obtain the following expression of the intensity field e(x) for exterior
points of the inclusion w (see, e.g. [33])

ep(X):é/ 1 9p; (2 {ZV (-9 }ds—i__jé’t’ 1{‘1] )9p; (%)} ¢ ¢y A€

(A-33)

©CoO~NOUTA,WNPE

where ©* and L are subdomains of © satisfying the condition |s - t| < 1 and st =1,
13 respectively; I](-T)(s -t) is given by Eq. (A-28). More precisely, the integral on ©*
14 and L can be calculated by introducing a new coordinate system {sf, s}, s5} in
15 which sh-axis is taken in the direction of t, and s)- and s)-axis are given along
16 two perpendicular directions in the plane normal to t (see Fig. 11). We can then
express the relation between {s/, s, s4} and {s1, s2, s3} by

20 s; = Ejj8j = —, (no sum on i) (A-34)
7
where Z;; are the direction cosines between the s;- and sg—axis. Since

:1 8/ :2 8/ :3 Sl
. _ i —1lmom —amem —om©om
26 9pj (z) = 9pj (e o~ y s y as )

o8 . ‘(Elmsgn’ EQmS;n’ EBmS;n) — 4 -(SI) (A—35)

29 ai a2 as
31 and by setting
33 sh=(1— )2 cos ¢, sh=(1—s4")/?sin(’, s = s, (A-36)

the integral in (A-33) is rewritten as:

38 1 Ut o
2 ) =g [ s [ i Zv (54t

42 + 5= 0 {q](y)gpj( )}Sé=1/|t| ’t’_ldCI.

a4 (A-37)

a7 Application to the cases of constant and linear polarization tensors

The following particular cases with M = 0 and 1 are studied in detail, because
they are explicitly used within the paper.
50 First, for M = 0, the polynomial q;f(y) takes the simple form q;f(y) = A;. By

53 using Eqs. (A-23) and (A-28), we obtain the expressions of f() (1) and Ij(»o) (x,2)
54 as follows

56 FO) =1, (A-38)
(0) 7
58 1@ t) = A {1_(s t) } (A-39)
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Since
2 2 2
Vi (S ’ t) = Ea (A_40)

introducing Eq. (A-39) and Eq. (A-40) into Eq. (A-32) and Eq. (A-37) leads to the
expression of the intensity fields

1 1 2T
o) =~y [ s [ lac (A-41)

inside the inclusion and

o) = — [ sy [T shac+ Lay [T gy
P 4 N 3 0 pj o 0 pJj sy=1/|t|

(A-42)

outside the inclusion.
Comparing Eq. (A-41) with Eq. (A-3) leads to:

82 1 1 27
Do) = 5 [t —xay =1 [ ds [y aess)

for x € w and

82
_ LM A TR P SRS
47 —1/|t| 3 0 pJ 27 0 Py Sé:1/|t|

(A-44)

for x ¢ w.

Next, for M = 1, in addition to the polynomial of degree 0, the polynomial
q;(y) contains a polynomial which is homogeneous and linear in y, i.e. qja(y) =
Zizl AjoYo. The values of £ (1)) and Ijm (x,z) defined by Egs. (A-23) and (A-28)

become:

FOwW =1, fOW) =54, fP) =0, (A-45)
3
1 (x,2) = g ; AjaSata (- t) {1 (s t)2} ,
(A-46)
Owing to the fact that
V{07 = 00, (A-47)
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we obtain the intensity fields

2
ep(x) = —— A]aaa/ d53/ (s-t)gpj(z)dC (A-48)

inside the inclusion and

3 Yy
Bp(X) = —i AjaEa’yaa /1/|t| dSlg /2 S{ySg|t|g;j(S/)dC,
dm e~ —1/|¢| 0
3
1 -
o> AaZta [ (g (A9
a=1

outside the inclusion. The comparison of Egs. (A-48) and (A-49) with Eq. (A-3)
implies that

82 3ai 1 2
ijl'(x) = / G(y — X)yidy = E /_1 ngA S; (S . t) gpj(Z)dC

O0x,0x;
(A-50)
when x € w and
82
Nyji(x) = Gly — x)yid
pJ (X) axpax]/‘; (y X)y y
3a; /1/|t| / /27T rot / / /
=—5; ds S~ 83lt|g,:(s")dC
A7 Y 1 3 0 o' 3’ ’ p]( )
Aj - 1 g /
- %*—*w\/o |t| {S’ygpj )}S’3=1/|t| dC (A_E)l)

when x ¢ w.
Application to the case with elliptic or circular inclusion

The 2D case where w is an elliptic or circular inclusion is now considered. This
case can be considered as a special case of the one described above related to an
ellipsoidal inclusion which is now degraded to a cylindrical one, which corresponds
to ag — oo. Next, for a3 — oo Eq. (A-30) implies that z3 = 0. Therefore, the
homogeneous functions g,;(s1/a1,s2/a2,0) depend no more on s3 and the values
of s1 and so can be computed using s3 = 0. As a consequence s; and s, have now
the simple form

s$1 =cos(, so =sin(, (A-52)

The intensity fields e(x) for interior points given by Eq. (A-41) with x = (z1, z2,0)
reduce now to

1 1 27
ep(x) = —EAJ /1 d53/0 gpj(sl/alaSQ/aQ?O)dC

1 27
- _%AJ'/O 9pi(s1/a1, s2/az,0)d. (A-53)
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For exterior points, Eq. (A-42) leads to:

(%) 1 A /1/|t| Y /27r (ElmS;n EQmS;n O)dCI
ep(x) = ——A; S ;
D An I 1 3 0 9pj a1 | ag

1 2w 1 Elmslm Egmslm ’
+ oA | 16T aws( , ,0) d¢’. (A-54)
0 sy=1/[t|

2T ai as

Correspondingly, D,;(x) with p and j = 1 or 2 takes the following form

2

/G(y—x)dy: % ; gpj(si/ai, s2/az,0)d¢ (A-55)

82

Dpj (X) & axp(?mj

when x € w and

62

/

1y =S Boms

m m<m !

= dss X Gpii( , ,0)d¢
T J—1/|t] 0 ai a

! 2”|t|1{ (EtmSm E2mS o>} &’ (A-56)
- 5 9pj 5 3 =
27 Jo Ta s5=1/It]

when x ¢ w.
When a given heat-free intensity within an elliptic or cylindrical inclusion is
linear, the intensity fields e(x) inside and outside the inclusion are determined by

2 2w
1
ep(x) = —; Z Ajaaa /0 sa(sltl + Sth)gpj(sl/al, 32/0,2, O)dC (A—57)
a=1

when x € w and
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(A-58)

when x ¢ w.
Finally, we obtain from Eqs. (A-57) and (A-58) the expressions of Npj;(x) with
p,j and ¢ = 1 or 2 for the case where the inclusion is elliptic or cylindrical

2
a;
iji(x) = — /0 si(sltl + Sth)gpj(sl/al, SQ/GQ, O)d( (A—59)
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when x € w and

1/]t] o Eims), Somsl.
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when x ¢ w.
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