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Abstract

Using a deformed calculus based on the Dunkl operator, two new deformations of
Bessel functions are proposed. Some properties i.e. generating function, differential-
difference equation, recursive relations, Poisson formula... are also given. Three
more deformations are also outlined in the last section.

Introduction

Dunkl operators on R" have been introduced in [3]: roughly speaking, they are partial
derivative operators perturbed by reflexions. Although they are not differential operators
in the usual sense, they mutually commute as classical partial derivative operators do.
They have been intensively studied both from an algebraic [4, 5, 11] and analytic [12, 2]
point of view. E. M. Opdam proposed a family of deformed Bessel functions in this gen-
eral context, which happens to coincide with the ordinary ones in the one-dimensional
case [9, Definition 6.9].

In this article, we exhibit several families of deformed Bessel functions in the one-
dimensional case. We replace the derivation operator d/dx by the corresponding Dunkl
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operator:

Douf(x) =~ (x) + 1 (01)

where p is a real parameter, and consider the corresponding intertwining operator V,. It
is the unique linear operator such that V), o (d/dx) = D, oV, and V,(1) = 1 where 1 is
the constant function equal to one. Applying this operator to the generating function of
the classical Bessel functions J,,, we obtain a first family J# of deformed Bessel functions.
They verify a differential-difference equation of order 3, as well as recursive formulas and
a Poisson formula. They also verify a deformed version of the “addition theorem” (2.29),
namely:

T, Mz Z JH ()" (), (0.2)
k=—o00
where .
Y" o
=) il Dy, (0.3)
n=0 H:
with [n], = n+ p(1 — (=1)") and [n],! = [n][n — 1], ---[1],. Moreover, a connection

formula relating the J#’s with their classical counterparts is easily given. Letting p going
to zero gives back the classical Bessel functions. We also give a second family J* of
deformed Bessel functions by directly modifying the Poisson formula (2.28). They also
verify a differential-difference equation of order 3, but it seems there is no suitable addi-
tion theorem for them. Recursive relations are fulfilled, the generating function and the
connection formula are explicitly given.

We give three other families of deformed Bessel functions in the last section, together
with the corresponding generating functions. They are obtained by directly deforming
the coefficients of the Taylor series expansion of the J,,’s at the origin. Two among them
verify recursive relations, but other properties of the classical Bessel functions do not seem
to have their counterparts for these deformations.

Acknowledgements: One of us (M. B. Z.) would like to thank Prof. B. Abdesselem and
Dr. A. Yanallah for precious help and useful discussions. This work is partially granted
by the project ANDRU/PNR/49/04/2011.

1 Dwunkl operator

The Dunkl operator D,, of index p, pr > 0, is defined on all smooth functions f on R by

D,f(z) = %f(:c) + MM, zeR, (1.4)
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For more general Dunkl operators see [5]. This operator has the following properties

Dif(e) = i) + L pa) - L) - f(-)),

Du(fg)(x) = f(@)Dug(x) +g(=2)Duf(z) + f'(x)(g(x) — g(=2)),

D,z = [n]u:cnfl, n e N.

(1.5)

(1.6)
(1.7)

where [n], =n+u(1—(—=1)"). Obviously, [2m], = 2m, [2m + 1], = 2m + 1 + 2y for any
integer m, and when ¢ — 0, [n], — n. Let us define the deformed expenontial function

by .
Eu@) = Z% ﬁu!’
where [n] ! = [n],[n —1], ... [1] [0],! = 1. Then we have

D,E,(\x) = A\E,(\x), A € C.
Recall the definition of the Pochhammer symbol:

B [(a+ k)

(a) = I'a) =ala+1)---(a+k—1).

Let us remark, using the following expressions [10]:

2M 0y | 1 1
a F(M+ 5) (§)m
22D (m + p+ 3 + ),
[Qm_'_l]“' _ P ( ; 1% 2) _ <2m—|—1)'<'u - 2) +17
(1+3) (3)m+1

that we can easily write £,(x) under the form

E,(x) = ju_l(ix)Jr

2

x . .
2+ 13 (7)

— 6$1F1</;u+1 ,—2.1’),

where j, is the normalized spherical Bessel function defined for oo > —%, by

o) = ey (5)

For our purpose let us recall the following important theorem ([3], [4]):

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

There exists

a unique linear isomorphism V), (called Dunkl intertwining operator) from the set of

polynomials P, on R of degree less or equal than n onto itself such that:

d
V,(1)=1, and D,V,=V,—

Fde”

3

(1.13)



The operator V), has been extended by K. Trimeche to an isomorphism from C*(RR)
onto itself satisfying the relations in (1.13) (see [12]). It possesses the following integral
representation:

Ve e R, V,(f(z)) = ﬁ /1 f(xt)(1 — )" (1 + ) dt, feC®(R). (1.14)
We have
N (%)L”le o n! "
Vi(a™) = Gt Dy T (1.15)

where |a] stands for integer part of the real number «, and
E,(x) =V,(e"). (1.16)
The generalized translation operator 7, y € R is defined by

n

Tyf = Eu(QDu)f:Z J

[n],ﬂ

Df. (1.17)

n=0

for all entire functions f on C for which the series converges pointwise. It possesses the
following properties:

+00 k +00
n __ Yy k. n n k. n—k
Ty _ZWM!D” _Z(k) iy, (1.18)
= k= I

wln—kKlu!”

where ( Z ) = # We moreover have:
m

7,E,(A\v) = E,(Ax)E,(\y), A € C. (1.19)

2 Background on the classical Bessel functions

Let n € Z be any integer. The classical Bessel function of order n is given by:

Ju(z) = ;ﬁ(g)%m

1 sz\™ — x
- G (L T): 220

J_n(z) = (=1)" (), (2.21)

In view of the relation:



we shall consider only J,, for nonnegative n. The order n Bessel function is the solution
of the following second-order linear differential equation:

<x2d—; + x% + (2% — n2)) y(x) = 0. (2.22)

with boundary conditions J,(0) = 63 and J,(0) = 351. The classical Bessel functions can
be gathered into the generating function:

+oo
G(a,t) = exp (g(t—%)) = Y Sy, (2.23)

n=—0oo

The following recursive relations are satisfied:

2J (x) = Ju1(z) — T (2), (2.24)
nJ,(z) rJy_1(x) — zJ) (x), (2.25)
ndy(z) = xJpi(z) +2J) (2), (2.26)
as well as 5
Tno1(2) + Jnir () = ?an(:c), (2.27)

which can be obtained by adding (2.25) and (2.26). The Poisson formula is given by:

G)" 1 — §%)""2 cos(sx)ds
%)/ (1 — 52"+ cos(sz)ds, (2.28)

S ey Py

The following addition theorem holds:

(T4 ) Z Ji(x (2.29)

k=—00

as one can easily see by using the generating function G(z + y,t). For more details on
classical Bessel functions, see for example [1, 7, 13].

3 First deformation of the Bessel function

We define the deformed Bessel function by

JH(z) ==V, (Ju(2)), (3.30)

where J, is the classical Bessel function. In virtue of (1.15) we can write

F(2k +n)! X\ 2k+n
— . 3.31
k'k+n N2k +n],! (2) (3:31)




Using the ratio test, we can verify that this series converges in the whole complex plane,
and hence represents an entire function of z. Letting V|, operate on both sides of (2.21)
we deduce that:

JE () = (=1)"J(x), n=1,2,... (3.32)

The deformed Bessel function of order n is a solution of the following differential-
difference equation based on the deformed derivative (Dunkl operator):

(D = (1)) @Dy = [=1)) @Dy + o+ 20— 1) + 222Dy + B + 1) () = 0,

where
B":Qtnglj_[”]“:{?—m §Z§§§+1 (3.33)
In fact,
((@Dy = [l) @Dy = [=nl,) (@D, + By + 200 = 1)) () =

ﬁféﬂ (2k + [n] — [n]u) (2K + [0, — [=nu) (2K + 0], + B + 20 — 1)) (

Ek‘>0 k!
— Y Wm (2K) (2K +2n) 2k + 2|51 + 20— 1)) (3)*"
=2 k>0 [(Z=5)] k+n(2§;7[23c+n} ( (2k + 2[5 + 20— 1)> (%)%M

= 2?0 k,((kif)(?fki"nfg}' ((2k; 242 4o — 1)) (z)**"

17
2k+4n)! (2k+n+2)(2k+n+1) n 2\ 2k+n
= —x Zk>0 kl(k+n( . ( i +} (2k +2| +1J +2,u+1)) (5)

2k+n 2k+n+2] [2k+n+1
_ 2 _(=D*2k+n)! n 1 2k+n
=2 Zk>0 k'(k+n ) 2k+n], (2k +2[ + I+ 1)> ( )

= —<x (D, + B, + 1)>Jn< ).

It is easy to see, when p = 0, that the third order deformed differential equation (3.33)
reduces to the second order Bessel differential equation (2.22). The generating function
of the deformed Bessel function is given by:

+oo
GH(z,1) = E, (g(t— %)) = Y s (3.34)

This is obtained by applying the intertwining operator V, to the generating function
G(z,t) for the classical Bessel function, with respect to the variable x, and using the
relation (1.16). For ¢t = 1, we obtain the following relation:

f Ji(z) =1, (3.35)

n=—oo

which can be also writen as:

Y(x)+2 f Jy (z) = 1. (3.36)



If we take t = ¢? in (3.34) we obtain:

(1 sin ) E JH(x me.

n=—oo

This implies that:
1

Jh(x) = o

/ E,(izsin §)e~"™0dg.

The deformed Bessel function possesses the following recurrence relations:

ZDMJ#('I) = Ju—l(x)_Jﬁﬂ(l‘)a

nD,J!(z) = di( ) —aD,J}(x)),
nD,J!(z) = di( +aD,J}(x)) .

Summing up (3.40) and (3.41) we obtain:

d
2nD,J} (x) = %(1’&]571(55) +ad) ().

(3.37)

(3.38)

(3.39)
(3.40)

(3.41)

(3.42)

The three last equations (3.40), (3.41) and (3.42) are not as simple as their classical
counterparts (2.25), (2.26) and (2.27), due to the fact that the deformed derivative D,
differs from the ordinary derivative d/dx. The first relation is obtained by applying the
intertwining operator to the left and the right hand of (2.24). For the second one, we

have:

Jﬁfl(x)—DuJ,’j(:p) = Vu(Jn—l(x

where we have used the fact that D,V,, = Vu% and the relation (2.25), therefore

% (SL’J;;?ICL’) — xDHJ,‘L;(SL’)) = % (az (Vu (an(a:)>>>

-2 (i -0

_ o4 /_1 J"(xt)(l—t)“1(1+t)“dt>

1t

J(zt) (1 — t)* (1 + t)~dt



The third one follows similarly.

A formula involving deformed Bessel functions with different superscripts is
(@D + B +2p = 1) J5(2) = (2p — 1) IS (), (3.43)
where 3, is given in (3.33). To prove this equality, let first remark that

| 2u—1 ne?2N
5”2“_1_{0 ne2N+1

and
2(p—1) 2u—1

Bt u)  BGu-1)

In virtue of (1.13) we have

PD () = V(o) = 5 [ it — 1y (1

by using an integration by parts, we have

N [—=

bp) = 1 - 2:“ ! T g 2\p—1 2(:“ B 1) ! T _\p—2 p—1
xD,J!(x) ENn) /_1Jn( t)(1 —t%) dt—i_iﬁ(%,,u) /_1Jn( (1=t (1 + ) tdt
_1-=2p ' " 21 _ i1
= S0 /_1Jn( £)(1 — 2yt + (2u — 1) I (). (3.44)

If n € 2N, the function J,(z) is even and

1—2u (! el 120 ' . 2Vl — (9 — 1) JH(x
6(%’#)/_1Jn(xt)(1 2) dt_ﬁ(w)/_lM D+ 1)1 — 251 dt = —(2p — 1) (x),

if n € 2N + 1, the function J,(z) is odd and the integrale in (3.44) is equal to 0, and
therefore:

—_

eD ) (x) = =(Bn + 20 — 1) J5(2) + (200 — 1T (2).
Using the fact:

(2k+n)! (%)k-ﬁ-L”T“J (%)L"le 5
2k +n],,! (1 + %)HL”T“J (1 + %)L"—lj ([%2H] +
I ntl) 4 1
= fif J 2)1; , (3.45)
[l (1557 ]+ it 3
the deformed Bessel function can be expressed in terms of the generalized hypergeometric
function | F, as follows:




_ L' (f> 1F2< 5] +% , . ;—x—z). (3.46)

n],! \2 n+1 "+ p+3 4

By applying the intertwining operator V), to the left and right hand of the classical Bessel
function Poisson formula (2.28), we obtain the p-version of Poisson formula

L) R ST = Ry
[n]u!w%)rm%)/_l“ +) F( RS S )d'
(3.47)

JE(z) =

The deformed Bessel function J#(x) verifies the following analogue of the addition theorem
(2.29):

7, I (2 Z JH ()T (y (3.48)
k=—o00

This follows immediately from the fact that:

o (5e-b)-5 (-5 (o).

or equivalently:

+oo
P AE Z Tt ()t Z Ty

The result in (3.48) is obtained by equating the coefficients of ¢".

A connection formula between the deformed Bessel function J* and the classical one
is given by:

upy N (1) 2%
Th(x) = [n]u!g%k!Q”T“J T (5) Jusnla). (3.49)

To prove this formula we use the fact

i i K —a)
(@) _ JF, < —k Zb)— a ;1> -y (=K)wb—ap _ 3 (1;11() kb — a)y (3.50)

(b)k; =0 k’,'(b)k/ =0 . k? - k/)'(b)k/
which leads to
Chint s ) (3.51)
[2k+n] “'k/ Ok/l (k — k’ ”“J +,u+%)k/’ '



and therefore the formula (3.49) is obtained after substituting the right hand in (3.51) in
the series (3.31).
The deformed Bessel functions of order n have the following asymptotic form, as

|| = oo and |arg(x)| < § — € for some ¢ > 0:
D(p+ 3 —h=3 1
s~ SO s (o= Tk
T 2 2°2

+ : (3.52)

U 4 PPty ayr-aepn
T+ 2= [T R)

2
which is obtained by using the asymptotic formula of the generalized hypergeometric
function | F5 :

e ()

F(ﬁ)n' 7201
T armei—a 35

as |z| — oo and |arg(z)| < § — € for some ¢ > 0, which is a special case of a general
formula given by Luke [8, p. 203, Eq. (4)].

4 A second deformation of the Bessel function

We define a second deformation of Bessel function by using an other deformation of the
Poisson formula:

THz) == % /_ 1 E,(isz)(1— s*)" 2ds. (4.54)

Using the series representation of E,(isx) we can write the function J(x) as:

Z N k + n ( )ZM. (4.55)

We remark that J3'(z) = J§(z). The deformed Bessel function J#(x) is a solution of the
deformed differential equation:

(@D, = () @Dy = [=nl,) (£ Dy = ], + 20 = 1) + 2@ Dy = [l + 1) ) y(x) = 0.
(4.56)

10



In fact,

(D = 0]} (2D = [=nl) @D = [l + 21 = 1) ) T () =
Ek>0 kl((k—l—n)l?Qkk)] u (2k + [n], — [n,) 2k + [0l — [=nl,) (2K + [0l =[], + 20 — 1>) (%)%Jrn
= Y k.§k+n>,f§,3] (2R) 2+ 20) (2 + 20— 1) ) (5)™"

=2 k>0 k—1)! k+n(2]3'[2k} (4(% + 20— 1)> (5 )2k+n
= =230 M% (2% + 2420 - 1)) (5)™"
= Sy L (B2 (o1 4 1 1)) (3
== Ty klikiii“@“‘ A (o 4 1) (1)

,u,

2*(xDy = [n], + DT} ().

The generating function of the deformed Bessel functions J#(z) for n > 0 is given by:

)2k+n

1 " +00
GH(z,t) = e F < Z+% ;——) = J@)+ ) T+ (-1)"t). (4.57)

zt l Xz =
ERVAN == = ()" 4.58
€21 1</~L+%7 Zt) ZC@) ( )

er =Y (%t)n, (4.59)

1 z (l)n TN\
(2 =2y = 5ot (__) , 4.60
“(w% 2t) 2 e U (4.60)
and then combine terms containing identical powers of t. As a result, we obtain

Cn = j#($), n=20,1,2,..,
cn = (1)"TE.(z), n=-1,-2, .., (4.61)

which implies (4.57). The deformed Bessel function J*(x) possesses the following recur-
sive relations

(@D = [=nl) T3 (x) = 2 T;" 1 (2), (4.62)
(@Dy =[]y — 1) (2 T340 (2) + 2 T30 (2) = 2(n — ) T (2)) = —2uT ) (). (4.63)

11



Indeed, for the first one we have:

(@D, — [-n],) T (x) = Z< 1)*(2k)!(2k + 2n) (g)%m

K1k +n) 2]

B Qk) (£)2k+n1
= k! k+n— 1)![2k] ! \2

= 17, ().

For the second one, we have:

xjrill( )+33~777 (z) = 2(n — )Ty (x) =
k)| k[2k — 1],[2K],, 2 2K+
- Zk'kJrn) )] 2<_ EQk—l])([Qk)] +"+k_"+“) (3)
)k N 2k4n
B Zk' k+n§'2 N (_21@251) <§> ’

and after applying the operator (xD, — [n], — 1), we retrieve the relation (4.63).

Using the fact that:

By ( ‘Z ;x) — "\, ( b;“ ;—x) (4.64)

— B
G'(z,t) = G(z,t)1 Iy ( ptt Qt) (4.65)

we can write:

which gives a connection formula between the deformed Bessel function and the classical

one:

(1)k T\ *

T (x) = (—) Tk (). (4.66)
% R+ g) 12

By using this last relation and the recursive relations of the classical Bessel function

(2.24)-(2.27) we can prove the following formulae involving deformed Bessel functions

JM(x) with different superscripts :

(2D — [l + 20—~ D) = 2~ )T (), (4.67)
as well as:
2L T8 @) = (@) - Tl >+2M21155:5<x>, (4.68)
LTH) = Tale) + Talw) - AT @, (469)
(2D = Pl T (2) = —2 T (@ ”m e T (). (4.70)

12



The function J*(x) can also writen in terms of the generalized hypergeometric function
1F5 as:

1 /x\n» 1 x?
p _ Y B 2 e 4.71
(@) n!<2>12<n+1 p 4)’ (4.71)
and it has the following asymptotic form, as |z| — oo and |arg(z)| < § — ¢ for some

e>0:

Jh(x) =~ M(g>_u_%cos <SL’ g(%+n+ﬂ)>

T(p+3) xy\~?
* I'(n+Hr3) (5) ‘ (4.72)

5 Other possibilities of deformation

5.1 Three other versions of the deformed Bessel functions

We give three more deformations of the classical Bessel functions, with partial analogues
for the set of formulae (2.24) to (2.27). A complete analogue of all formulae together does
not seem to be available.

First deformation:

2k+n
T ) = Y s k +n (—) . (5.73)
k>0
Generating function
xt <X
E, < 5 ) 73 = J§ (x) + ) M (@) (1" + (1)), (5.74)
n=1
Recursive relations:
eD I () = = 5 (@) + ], I (), (5.75)
d 1 iz L+l
9= g(Lp) _ Lp) (e (L) (Lut+1) '
2n 1
ity (CWD) (L) (e (L) k. (1 u+1)
1 1, M 1
(£ = =) (@) = 3= 1wJ£ff’ (z) + mm& 3 (@), (5.78)
Connection formula:
k
(L) () — (=D "Wk &
JyH () ;7]{;!(2,“_’_ 1)kaz (). (5.79)



Second deformation:

—l)k T\ 2k+n
OIS S Gt (—) . (5.80)
g[k]ul(k+n)! 2
Generating function
zt _x (2u (2 ) ny—
e EM( 2t)_J +ZJ n + (=1 (5.81)
Recursive relations:
2D, JPM (z) = w2 (@) + [, TP (@), (5.82)
d 1
9 & j2m _ 72m (2,) H (2,n+1)
) = I ) = s @)+ e @) (5.8
n 2,1) L e p (2p+1)
i — 4
L) = )+ g ) - e B @), 6.8
1 K 2,41
D _ JeW () — 2 IO (@) + s T (), 5.85
@Dy~ ) JE() = gl @)+ et @), 68)
Connection formula:
J20) (g T, : 5.86
Third deformation:
_1)k T\ 2k+n
Jon () =S (—) . (5.87)
%[k]ul[kJrn]M! 2
Generating function:
xt T <X
il ) = (3,) n
E, ( . ) EM< 2t> - Z_ T8 (z)n, (5.88)

6 Appendix: hypergeometric functions

The generalized hypergeometric function ,Fj is defined by the series

ar ay o 4y \ = (@)n(@2)n.(ap), 2"
qu<b1 by . by ”3) —2 B (b2 (o) 11 (6.89)

It can be shown that the series converges for all = if p < ¢, converges for |z| < 1 if
p = q+ 1, and diverges for all x # 0 if p > ¢ + 1. It is a solution of the differential
equation:

d d d d d
<x% + a1> <x% + ap) v (x% +b — 1) (x% +b, — 1) y=0. (6.90)

14




The following differential recursive equations hold:

d ay ay ... ap B a+1 ay ... a,
(v3 + @) qu(b1 by .. b, ‘”) - alqu(bl by .. b, x)

d . a Gz ... Qp _ . aq Az ... Qp
(v + 01 —1) 7’Fq<b1 by .. b, x) (b l)qu<bl—1 by .. b, x)
d ay Ay ... ap _ ai..ap ap+1 a+1 ... ap+1
dprq(ln by ... by ’x) by qu(b1+1 by +1 ... by+1 )

Special cases of hypergeometric functions are for example:

e® = oFy < - ;x) , (6.91)

(1—2)" =1k ( ‘ ;SU) ; (6.92)

The Bessel function of order v can be expressed in two different ways as a hypergeo-

metric function:
J,(z) = (w/2)" F (‘ —x—Z) (6.93)

T+ '\ v+1" 1
e~ (x/2)” v+1/2 .
mlFl ( 21/+ 1 ,2Zl’ . (694)

For a detailed account, see for example [6, 7], or any textbook on special functions.
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