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Abstract

Using a deformed calculus based on the Dunkl operator, two new deformations of

Bessel functions are proposed. Some properties i.e. generating function, differential-

difference equation, recursive relations, Poisson formula... are also given. Three

more deformations are also outlined in the last section.

Introduction

Dunkl operators on R
n have been introduced in [3]: roughly speaking, they are partial

derivative operators perturbed by reflexions. Although they are not differential operators
in the usual sense, they mutually commute as classical partial derivative operators do.
They have been intensively studied both from an algebraic [4, 5, 11] and analytic [12, 2]
point of view. E. M. Opdam proposed a family of deformed Bessel functions in this gen-
eral context, which happens to coincide with the ordinary ones in the one-dimensional
case [9, Definition 6.9].

In this article, we exhibit several families of deformed Bessel functions in the one-
dimensional case. We replace the derivation operator d/dx by the corresponding Dunkl
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operator:

Dµf(x) =
d

dx
f(x) + µ

f(x)− f(−x)

x
(0.1)

where µ is a real parameter, and consider the corresponding intertwining operator Vµ. It
is the unique linear operator such that Vµ ◦ (d/dx) = Dµ ◦ Vµ and Vµ(1) = 1 where 1 is
the constant function equal to one. Applying this operator to the generating function of
the classical Bessel functions Jn, we obtain a first family Jµ

n of deformed Bessel functions.
They verify a differential-difference equation of order 3, as well as recursive formulas and
a Poisson formula. They also verify a deformed version of the “addition theorem” (2.29),
namely:

τyJ
µ
n (x) =

∞
∑

k=−∞

Jµ
k (x)J

µ
n−k(y), (0.2)

where

τyf :=
∞
∑

n=0

yn

[n]µ!
Dn

µf, (0.3)

with [n]µ = n + µ
(

1 − (−1)n
)

and [n]µ! = [n]µ[n − 1]µ · · · [1]µ. Moreover, a connection
formula relating the Jµ

n ’s with their classical counterparts is easily given. Letting µ going
to zero gives back the classical Bessel functions. We also give a second family J µ

n of
deformed Bessel functions by directly modifying the Poisson formula (2.28). They also
verify a differential-difference equation of order 3, but it seems there is no suitable addi-
tion theorem for them. Recursive relations are fulfilled, the generating function and the
connection formula are explicitly given.

We give three other families of deformed Bessel functions in the last section, together
with the corresponding generating functions. They are obtained by directly deforming
the coefficients of the Taylor series expansion of the Jn’s at the origin. Two among them
verify recursive relations, but other properties of the classical Bessel functions do not seem
to have their counterparts for these deformations.

Acknowledgements: One of us (M. B. Z.) would like to thank Prof. B. Abdesselem and
Dr. A. Yanallah for precious help and useful discussions. This work is partially granted
by the project ANDRU/PNR/49/04/2011.

1 Dunkl operator

The Dunkl operator Dµ of index µ , µ ≥ 0, is defined on all smooth functions f on R by

Dµf(x) =
d

dx
f(x) + µ

f(x)− f(−x)

x
, x ∈ R. (1.4)
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For more general Dunkl operators see [5]. This operator has the following properties

D2
µf(x) =

d2

dx2
f(x) +

2µ

x

d

dx
f(x)−

µ

x2
(f(x)− f(−x)), (1.5)

Dµ(fg)(x) = f(x)Dµg(x) + g(−x)Dµf(x) + f ′(x)(g(x)− g(−x)), (1.6)

Dµx
n = [n]µ x

n−1, n ∈ N. (1.7)

where [n]µ = n+ µ(1− (−1)n). Obviously, [2m]µ = 2m, [2m+ 1]µ = 2m+ 1+ 2µ for any
integer m, and when µ → 0, [n]µ → n. Let us define the deformed expenontial function
by

Eµ(x) =
∑

n≥0

xn

[n]µ!
, (1.8)

where [n]µ! = [n]µ [n− 1]µ ... [1]µ, [0]µ! ≡ 1. Then we have

DµEµ(λx) = λEµ(λx), λ ∈ C. (1.9)

Recall the definition of the Pochhammer symbol:

(a)k =
Γ(a+ k)

Γ(a)
= a(a + 1) · · · (a+ k − 1). (1.10)

Let us remark, using the following expressions [10]:

[2m]µ! =
22mm!Γ(m+ µ+ 1

2
)

Γ(µ+ 1
2
)

= (2m)!
(µ+ 1

2
)m

(1
2
)m

,

[2m+ 1]µ! =
22m+1m!Γ(m+ µ+ 3

2
)

Γ(µ+ 1
2
)

= (2m+ 1)!
(µ+ 1

2
)m+1

(1
2
)m+1

, (1.11)

that we can easily write Eµ(x) under the form

Eµ(x) = jµ− 1

2

(ix) +
x

2µ+ 1
jµ+ 1

2

(ix)

= ex 1F1

(

µ
2µ+ 1

;−2x

)

, (1.12)

where jα is the normalized spherical Bessel function defined for α ≥ −1
2
, by

jα(x) =
∑

k≥0

(−1)k

k!(α + 1)k

(x

2

)2k

.

For our purpose let us recall the following important theorem ([3], [4]): There exists
a unique linear isomorphism Vµ (called Dunkl intertwining operator) from the set of
polynomials Pn on R of degree less or equal than n onto itself such that:

Vµ(1) = 1, and DµVµ = Vµ

d

dx
. (1.13)
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The operator Vµ has been extended by K. Trimèche to an isomorphism from C∞(R)
onto itself satisfying the relations in (1.13) (see [12]). It possesses the following integral
representation:

∀x ∈ R, Vµ(f(x)) =
1

β(1
2
, µ)

∫ 1

−1

f(xt)(1− t)µ−1(1 + t)µdt, f ∈ C∞(R). (1.14)

We have

Vµ(x
n) =

(1
2
)⌊n+1

2
⌋

(µ+ 1
2
)⌊n+1

2
⌋

xn =
n!

[n]µ!
xn, (1.15)

where ⌊α⌋ stands for integer part of the real number α, and

Eµ(x) = Vµ(e
x). (1.16)

The generalized translation operator τy, y ∈ R is defined by

τyf := Eµ(yDµ)f =
∞
∑

n=0

yn

[n]µ!
Dn

µf. (1.17)

for all entire functions f on C for which the series converges pointwise. It possesses the
following properties:

τyx
n =

+∞
∑

k=0

yk

[k]µ!
Dk

µx
n =

+∞
∑

k=0

(

n
k

)

µ

xkyn−k, (1.18)

where

(

n
k

)

µ

= [n]µ!
[k]µ![n−k]µ!

. We moreover have:

τyEµ(λx) = Eµ(λx)Eµ(λy), λ ∈ C. (1.19)

2 Background on the classical Bessel functions

Let n ∈ Z be any integer. The classical Bessel function of order n is given by:

Jn(x) =
∑

k≥0

(−1)k

k!(k + n)!

(x

2

)2k+n

=
1

n!

(x

2

)n

0F1

(

−
n+ 1

;−
x2

4

)

. (2.20)

In view of the relation:
J−n(x) = (−1)nJn(x), (2.21)
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we shall consider only Jn for nonnegative n. The order n Bessel function is the solution
of the following second-order linear differential equation:

(

x2 d2

dx2
+ x

d

dx
+ (x2 − n2)

)

y(x) = 0. (2.22)

with boundary conditions Jn(0) = δn0 and J̇n(0) =
1
2
δ1n. The classical Bessel functions can

be gathered into the generating function:

G(x, t) = exp

(

x

2
(t−

1

t
)

)

=

+∞
∑

n=−∞

Jn(x)t
n. (2.23)

The following recursive relations are satisfied:

2J ′
n(x) = Jn−1(x)− Jn+1(x), (2.24)

nJn(x) = xJn−1(x)− xJ ′
n(x), (2.25)

nJn(x) = xJn+1(x) + xJ ′
n(x), (2.26)

as well as

Jn−1(x) + Jn+1(x) =
2n

x
Jn(x), (2.27)

which can be obtained by adding (2.25) and (2.26). The Poisson formula is given by:

Jn(x) =
(x
2
)n

Γ(1
2
)Γ(n+ 1

2
)

∫ 1

−1

(1− s2)n−
1

2 cos(sx)ds, (2.28)

The following addition theorem holds:

Jn(x+ y) =

+∞
∑

k=−∞

Jk(x)Jn−k(y), (2.29)

as one can easily see by using the generating function G(x + y, t). For more details on
classical Bessel functions, see for example [1, 7, 13].

3 First deformation of the Bessel function

We define the deformed Bessel function by

Jµ
n (x) := Vµ

(

Jn(x)
)

, (3.30)

where Jn is the classical Bessel function. In virtue of (1.15) we can write

Jµ
n (x) =

∑

k≥0

(−1)k(2k + n)!

k!(k + n)! [2k + n]µ!

(x

2

)2k+n

. (3.31)
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Using the ratio test, we can verify that this series converges in the whole complex plane,
and hence represents an entire function of x. Letting Vµ operate on both sides of (2.21)
we deduce that:

Jµ
−n(x) = (−1)nJµ

n (x), n = 1, 2, ... (3.32)

The deformed Bessel function of order n is a solution of the following differential-
difference equation based on the deformed derivative (Dunkl operator):

(

(xDµ − [n]µ)(xDµ − [−n]µ)(xDµ + βn + 2µ− 1) + x2(xDµ + βn + 1)
)

y(x) = 0,

where

βn = 2⌊
n + 1

2
⌋ − [n]µ =

{

0 if n ∈ 2N
1− 2µ if n ∈ 2N+ 1

. (3.33)

In fact,
(

(xDµ − [n]µ)(xDµ − [−n]µ)(xDµ + βn + 2µ− 1)
)

Jµ
n (x) =

=
∑

k≥0
(−1)k(2k+n)!

k!(k+n)![2k+n]µ!

(

(2k + [n]µ − [n]µ)(2k + [n]µ − [−n]µ)(2k + [n]µ + βn + 2µ− 1)
)

(

x
2

)2k+n

=
∑

k≥0
(−1)k(2k+n)!

k!(k+n)![2k+n]µ!

(

(2k)(2k + 2n)(2k + 2⌊n+1
2
⌋ + 2µ− 1)

)

(

x
2

)2k+n

=
∑

k≥0
(−1)k(2k+n)!

(k−1)!(k+n−1)![2k+n]µ!

(

4(2k + 2⌊n+1
2
⌋+ 2µ− 1)

)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k+n+2)!

k!(k+n)![2k+n+2]µ!

(

(2k + 2 + 2⌊n+1
2
⌋+ 2µ− 1)

)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k+n)!

k!(k+n)![2k+n]µ!

(

(2k+n+2)(2k+n+1)
[2k+n+2]µ[2k+n+1]µ

(2k + 2⌊n+1
2
⌋+ 2µ+ 1)

)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k+n)!

k!(k+n)![2k+n]µ!

(

(2k + 2⌊n+1
2
⌋+ 1)

)

(

x
2

)2k+n

= −
(

x2(xDµ + βn + 1)
)

Jµ
n (x).

It is easy to see, when µ = 0, that the third order deformed differential equation (3.33)
reduces to the second order Bessel differential equation (2.22). The generating function
of the deformed Bessel function is given by:

Gµ(x, t) = Eµ

(

x

2
(t−

1

t
)

)

=

+∞
∑

n=−∞

Jµ
n (x)t

n. (3.34)

This is obtained by applying the intertwining operator Vµ to the generating function
G(x, t) for the classical Bessel function, with respect to the variable x, and using the
relation (1.16). For t = 1, we obtain the following relation:

+∞
∑

n=−∞

Jµ
n (x) = 1, (3.35)

which can be also writen as:

Jµ
0 (x) + 2

+∞
∑

n=1

Jµ
2n(x) = 1. (3.36)
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If we take t = eiθ in (3.34) we obtain:

Eµ(ix sin θ) =
+∞
∑

n=−∞

Jµ
n (x)e

inθ. (3.37)

This implies that:

Jµ
n (x) =

1

2π

∫ π

−π

Eµ(ix sin θ)e
−inθdθ. (3.38)

The deformed Bessel function possesses the following recurrence relations:

2DµJ
µ
n (x) = Jµ

n−1(x)− Jµ
n+1(x), (3.39)

nDµJ
µ
n (x) =

d

dx

(

xJµ
n−1(x)− xDµJ

µ
n (x)

)

, (3.40)

nDµJ
µ
n (x) =

d

dx

(

xJµ
n+1(x) + xDµJ

µ
n (x)

)

. (3.41)

Summing up (3.40) and (3.41) we obtain:

2nDµJ
µ
n (x) =

d

dx

(

xJµ
n−1(x) + xJµ

n+1(x)
)

. (3.42)

The three last equations (3.40), (3.41) and (3.42) are not as simple as their classical
counterparts (2.25), (2.26) and (2.27), due to the fact that the deformed derivative Dµ

differs from the ordinary derivative d/dx. The first relation is obtained by applying the
intertwining operator to the left and the right hand of (2.24). For the second one, we
have:

Jµ
n−1(x)−DµJ

µ
n (x) = Vµ(Jn−1(x))−DµVµ(Jn(x))

= Vµ(Jn−1(x)− J ′
n(x))

= Vµ

(n

x
Jn(x)

)

,

where we have used the fact that DµVµ = Vµ
d
dx

and the relation (2.25), therefore

d

dx

(

xJµ
n−1(x)− xDµJ

µ
n (x)

)

=
d

dx

(

x
(

Vµ

(n

x
Jn(x)

)))

= n
d

dx

(

x

β(1
2
, µ)

∫ 1

−1

Jn(xt)

xt
(1− t)µ−1(1 + t)µdt

)

= n
1

β(1
2
, µ)

d

dx

(
∫ 1

−1

Jn(xt)

t
(1− t)µ−1(1 + t)µdt

)

= n
1

β(1
2
, µ)

∫ 1

−1

J ′
n(xt)(1− t)µ−1(1 + t)µdt

= nVµ(J
′
n(x)) = nDµJ

µ
n (x).
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The third one follows similarly.

A formula involving deformed Bessel functions with different superscripts is

(xDµ + βn + 2µ− 1)Jµ
n (x) = (2µ− 1)Jµ−1

n (x), (3.43)

where βn is given in (3.33). To prove this equality, let first remark that

βn + 2µ− 1 =

{

2µ− 1 n ∈ 2N
0 n ∈ 2N+ 1

and
2(µ− 1)

β(1
2
, µ)

=
2µ− 1

β(1
2
, µ− 1)

.

In virtue of (1.13) we have

xDµJ
µ
n (x) = xVµ(J

′
n(x)) =

1

β(1
2
, µ)

∫ 1

−1

xJ ′
n(xt)(1− t)µ−1(1 + t)µdt,

by using an integration by parts, we have

xDµJ
µ
n (x) =

1− 2µ

β(1
2
, µ)

∫ 1

−1

Jn(xt)(1− t2)µ−1dt+
2(µ− 1)

β(1
2
, µ)

∫ 1

−1

Jn(xt)(1− t)µ−2(1 + t)µ−1dt

=
1− 2µ

β(1
2
, µ)

∫ 1

−1

Jn(xt)(1− t2)µ−1dt+ (2µ− 1)Jµ−1
n (x). (3.44)

If n ∈ 2N, the function Jn(x) is even and

1− 2µ

β(1
2
, µ)

∫ 1

−1

Jn(xt)(1− t2)µ−1dt =
1− 2µ

β(1
2
, µ)

∫ 1

−1

Jn(xt)(1 + t)(1− t2)µ−1dt = −(2µ− 1)Jµ
n (x),

if n ∈ 2N + 1, the function Jn(x) is odd and the integrale in (3.44) is equal to 0, and
therefore:

xDµJ
µ
n (x) = −(βn + 2µ− 1)Jµ

n (x) + (2µ− 1)Jµ−1
n (x).

Using the fact:

(2k + n)!

[2k + n]µ!
=

(1
2
)k+⌊n+1

2
⌋

(µ+ 1
2
)k+⌊n+1

2
⌋

=
(1
2
)⌊n+1

2
⌋

(µ+ 1
2
)⌊n+1

2
⌋

(⌊n+1
2
⌋ + 1

2
)k

(⌊n+1
2
⌋+ µ+ 1

2
)k

=
n!

[n]µ!

(⌊n+1
2
⌋+ 1

2
)k

(⌊n+1
2
⌋ + µ+ 1

2
)k
, (3.45)

the deformed Bessel function can be expressed in terms of the generalized hypergeometric
function 1F2 as follows:
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Jµ
n (x) =

n!

[n]µ!

∑

k≥0

(−1)k

k!(k + n)!

(⌊n+1
2
⌋+ 1

2
)k

(⌊n+1
2
⌋ + µ+ 1

2
)k

(x

2

)2k+n

=
1

[n]µ!

(x

2

)n ∑

k≥0

(⌊n+1
2
⌋ + 1

2
)k

k!(n + 1)k(⌊
n+1
2
⌋ + µ+ 1

2
)k

(

−
x2

4

)k

=
1

[n]µ!

(x

2

)n

1F2

(

⌊n+1
2
⌋+ 1

2

n + 1 ⌊n+1
2
⌋ + µ+ 1

2

;−
x2

4

)

. (3.46)

By applying the intertwining operator Vµ to the left and right hand of the classical Bessel
function Poisson formula (2.28), we obtain the µ-version of Poisson formula

Jµ
n (x) =

n!

[n]µ!

(x
2
)n

Γ(1
2
)Γ(n+ 1

2
)

∫ 1

−1

(1− s2)n−
1

2 1F2

(

⌊n+1
2
⌋ + 1

2
1
2

⌊n+1
2
⌋ + µ+ 1

2

;−
(sx)2

4

)

ds.

(3.47)

The deformed Bessel function Jµ
n (x) verifies the following analogue of the addition theorem

(2.29):

τyJ
µ
n (x) =

∞
∑

k=−∞

Jµ
k (x)J

µ
n−k(y). (3.48)

This follows immediately from the fact that:

τyEµ

(

x

2
(t−

1

t
)

)

= Eµ

(

x

2
(t−

1

t
)

)

Eµ

(

y

2
(t−

1

t
)

)

,

or equivalently:
+∞
∑

n=−∞

τyJ
µ
n (x)t

n =
+∞
∑

n=−∞

Jµ
n (x)t

n

+∞
∑

n=−∞

Jµ
n (y)t

n.

The result in (3.48) is obtained by equating the coefficients of tn.

A connection formula between the deformed Bessel function Jµ
n and the classical one

is given by:

Jµ
n (x) =

n!

[n]µ!

∑

k≥0

(µ)k
k!(⌊n+1

2
⌋+ µ+ 1

2
)k

(x

2

)k

Jn+k(x). (3.49)

To prove this formula we use the fact

(a)k
(b)k

= 2F1

(

−k b− a
b

; 1

)

=

k
∑

k′=0

(−k)k′(b− a)k′

k′!(b)k′
=

k
∑

k′=0

(−1)k
′

k!(b− a)k′

k′!(k − k′)!(b)k′
, (3.50)

which leads to

(2k + n)!

[2k + n]µ!
=

n!

[n]µ!

k
∑

k′=0

(−1)k
′

k!(µ)k′

k′!(k − k′)!(⌊n+1
2
⌋ + µ+ 1

2
)k′

, (3.51)
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and therefore the formula (3.49) is obtained after substituting the right hand in (3.51) in
the series (3.31).

The deformed Bessel functions of order n have the following asymptotic form, as
|x| → ∞ and | arg(x)| ≤ π

2
− ε for some ε > 0:

Jµ
n (x) ≈

Γ(µ+ 1
2
)

π

(x

2

)−µ− 1

2

cos

(

x−
π

2
(
1

2
+ n+ µ)

)

+
Γ(⌊n+1

2
⌋+ 1

2
)Γ(µ+ 1

2
)

Γ(n + 1
2
− ⌊n+1

2
⌋)Γ(µ)Γ(1

2
)

(x

2

)n−2⌊n+1

2
⌋−1

, (3.52)

which is obtained by using the asymptotic formula of the generalized hypergeometric
function 1F2 :

1F2

(

α
n+ 1 β

;−x2

)

≈
Γ(β)n!

Γ(1
2
)Γ(α)

x− 1

2
−n+α−β cos

(

2x−
π

2

(

1

2
+ n+ β − α

))

+
Γ(β)n!

Γ(β − α)Γ(n+ 1− α)
x−2α, (3.53)

as |x| → ∞ and | arg(x)| ≤ π
2
− ε for some ε > 0, which is a special case of a general

formula given by Luke [8, p. 203, Eq. (4)].

4 A second deformation of the Bessel function

We define a second deformation of Bessel function by using an other deformation of the
Poisson formula:

J µ
n (x) :=

(x
2
)n

Γ(1
2
)Γ(n+ 1

2
)

∫ 1

−1

Eµ(isx)(1− s2)n−
1

2ds. (4.54)

Using the series representation of Eµ(isx) we can write the function J µ
n (x) as:

J µ
n (x) =

∑

k≥0

(−1)k(2k)!

k!(k + n)! [2k]µ!

(x

2

)2k+n

. (4.55)

We remark that J µ
0 (x) = Jµ

0 (x). The deformed Bessel function J µ
n (x) is a solution of the

deformed differential equation:

(

(xDµ − [n]µ)(xDµ − [−n]µ)(xDµ − [n]µ + 2µ− 1) + x2(xDµ − [n]µ + 1)
)

y(x) = 0.

(4.56)
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In fact,

(

(xDµ − [n]µ)(xDµ − [−n]µ)(xDµ − [n]µ + 2µ− 1)
)

J µ
n (x) =

=
∑

k≥0
(−1)k(2k)!

k!(k+n)![2k]µ!

(

(2k + [n]µ − [n]µ)(2k + [n]µ − [−n]µ)(2k + [n]µ − [n]µ + 2µ− 1)
)

(

x
2

)2k+n

=
∑

k≥0
(−1)k(2k)!

k!(k+n)![2k]µ!

(

(2k)(2k + 2n)(2k + 2µ− 1)
)

(

x
2

)2k+n

=
∑

k≥0
(−1)k(2k)!

(k−1)!(k+n−1)![2k]µ!

(

4(2k + 2µ− 1)
)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k+2)!

k!(k+n)![2k+2]µ!

(

(2k + 2 + 2µ− 1)
)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k)!

k!(k+n)![2k]µ!

(

(2k+2)(2k+1)
[2k+2]µ[2k+1]µ

(2k + 2µ+ 1)
)

(

x
2

)2k+n

= −x2
∑

k≥0
(−1)k(2k)!

k!(k+n)![2k]µ!
(2k + 1)

(

x
2

)2k+n

= −x2(xDµ − [n]µ + 1)J µ
n (x).

The generating function of the deformed Bessel functions J µ
n (x) for n ≥ 0 is given by:

Gµ(x, t) = e
xt
2 1F1

(

1
2

µ+ 1
2

;−
x

2t

)

= J µ
0 (x) +

+∞
∑

n=1

J µ
n (x)

(

tn + (−1)nt−n
)

. (4.57)

In fact, let us take

e
xt
2 1F1

(

1
2

µ+ 1
2

;−
x

2t

)

=
+∞
∑

n=−∞

cn(x)t
n. (4.58)

To calculate the coefficients cn(x), we multiply the power series

e
xt
2 =

∑

n≥0

(xt
2
)n

n!
, (4.59)

1F1

(

1
2

µ+ 1
2

;−
x

2t

)

=
∑

n≥0

(1
2
)n

n!(µ+ 1
2
)n

(

−
x

2t

)n

, (4.60)

and then combine terms containing identical powers of t. As a result, we obtain

cn = J µ
n (x), n = 0, 1, 2, ...,

cn = (−1)nJ µ
−n(x), n = −1,−2, ..., (4.61)

which implies (4.57). The deformed Bessel function J µ
n (x) possesses the following recur-

sive relations
(xDµ − [−n]µ)J

µ
n (x) = xJ µ

n−1(x), (4.62)

(xDµ − [n]µ − 1)
(

xJ µ
n+1(x) + xJ µ

n−1(x)− 2(n− µ)J µ
n (x)

)

= −2µJ µ
n (x). (4.63)

11



Indeed, for the first one we have:

(xDµ − [−n]µ)J
µ
n (x) =

∑

k≥0

(−1)k(2k)!(2k + 2n)

k!(k + n)! [2k]µ!

(x

2

)2k+n

= x
∑

k≥0

(−1)k(2k)!

k!(k + n− 1)! [2k]µ!

(x

2

)2k+n−1

= xJ µ
n−1(x).

For the second one, we have:

xJ µ
n+1(x) + xJ µ

n−1(x)− 2(n− µ)J µ
n (x) =

=
∑

k≥0

(−1)k(2k)!

k!(k + n)! [2k]µ!
2

(

−
k[2k − 1]µ[2k]µ
(2k − 1)(2k)

+ n + k − n + µ

)

(x

2

)2k+n

=
∑

k≥0

(−1)k(2k)!

k!(k + n)! [2k]µ!

(

−
2µ

2k − 1

)

(x

2

)2k+n

,

and after applying the operator (xDµ − [n]µ − 1), we retrieve the relation (4.63).

Using the fact that:

1F1

(

a
b
; x

)

= ex 1F1

(

b− a
b

;−x

)

(4.64)

we can write:

Gµ(x, t) = G(x, t)1F1

(

µ
µ+ 1

2

;
x

2t

)

(4.65)

which gives a connection formula between the deformed Bessel function and the classical
one:

J µ
n (x) =

∑

k≥0

(µ)k
k!(µ+ 1

2
)k

(x

2

)k

Jn+k(x). (4.66)

By using this last relation and the recursive relations of the classical Bessel function
(2.24)-(2.27) we can prove the following formulae involving deformed Bessel functions
J µ

n (x) with different superscripts :

(xDµ − [n]µ + 2µ− 1)J µ
n (x) = (2µ− 1)J µ−1

n (x), (4.67)

as well as:

2
d

dx
J µ

n (x) = J µ
n−1(x)−J µ

n+1(x) +
2µ

2µ+ 1
J µ+1

n+1 (x), (4.68)

2n

x
J µ

n (x) = J µ
n−1(x) + J µ

n+1(x)−
2µ

2µ+ 1
J µ+1

n+1 (x), (4.69)

(xDµ − [n]µ)J
µ
n (x) = −xJ µ

n+1(x) +
2µ

2µ+ 1
xJ µ+1

n+1 (x). (4.70)
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The function J µ
n (x) can also writen in terms of the generalized hypergeometric function

1F2 as:

J µ
n (x) =

1

n!

(x

2

)n

1F2

(

1
2

n+ 1 µ+ 1
2

;−
x2

4

)

, (4.71)

and it has the following asymptotic form, as |x| → ∞ and | arg(x)| ≤ π
2
− ε for some

ε > 0:

J µ
n (x) ≈

Γ(µ+ 1
2
)

π

(x

2

)−µ− 1

2

cos

(

x−
π

2
(
1

2
+ n + µ)

)

+
Γ(µ+ 1

2
)

Γ(n+ 1
2
)Γ(1

2
)

(x

2

)−1

. (4.72)

5 Other possibilities of deformation

5.1 Three other versions of the deformed Bessel functions

We give three more deformations of the classical Bessel functions, with partial analogues
for the set of formulae (2.24) to (2.27). A complete analogue of all formulae together does
not seem to be available.

First deformation:

J (1,µ)
n (x) =

∑

k≥0

(−1)k

k![k + n]µ!

(x

2

)2k+n

. (5.73)

Generating function:

Eµ

(

xt

2

)

e−
x
2t = J

(1,µ)
0 (x) +

+∞
∑

n=1

J (1,µ)
n (x)

(

tn + (−1)nt−n
)

. (5.74)

Recursive relations:

xDµJ
(1,µ)
n (x) = −xJ

(1,µ)
n+1 (x) + [n]µJ

(1,µ)
n (x), (5.75)

2
d

dx
J (1,µ)
n (x) =

1

2µ+ 1
J
(1,µ)
n−1 (x)− J

(1,µ)
n+1 (x) +

µ

(2µ+ 1)2
xJ

(1,µ+1)
n−2 (x), (5.76)

2n

x
J (1,µ)
n (x) =

1

2µ+ 1
J
(1,µ)
n−1 (x) + J

(1,µ)
n+1 (x) +

µ

(2µ+ 1)2
xJ

(1,µ+1)
n−2 (x), (5.77)

(xDµ − [−n]µ)J
(1,µ)
n (x) =

1

2µ+ 1
xJ

(1,µ)
n−1 (x) +

µ

(2µ+ 1)2
x2J

(1,µ+1)
n−2 (x). (5.78)

Connection formula:

J (1,µ)
n (x) =

∑

k≥0

(−1)k(µ)k
k!(2µ+ 1)k

xkJn−k(x). (5.79)
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Second deformation:

J (2,µ)
n (x) =

∑

k≥0

(−1)k

[k]µ!(k + n)!

(x

2

)2k+n

. (5.80)

Generating function:

e
xt
2 Eµ

(

−
x

2t

)

= J
(2,µ)
0 (x) +

+∞
∑

n=1

J (2,µ)
n (x)

(

tn + (−1)nt−n
)

. (5.81)

Recursive relations:

xDµJ
(2,µ)
n (x) = xJ

(2,µ)
n−1 (x) + [−n]µJ

(2,µ)
n (x), (5.82)

2
d

dx
J (2,µ)
n (x) = J

(2,µ)
n−1 (x)−

1

2µ+ 1
J
(2,µ)
n+1 (x) +

µ

(2µ+ 1)2
xJ

(2,µ+1)
n+2 (x),(5.83)

2n

x
J (2,µ)
n (x) = J

(2,µ)
n−1 (x) +

1

2µ+ 1
J
(2,µ)
n+1 (x)−

µ

(2µ+ 1)2
xJ

(2,µ+1)
n+2 (x),(5.84)

(xDµ − [n]µ)J
(2,µ)
n (x) = −

1

2µ+ 1
xJ

(2,µ)
n+1 (x) +

µ

(2µ+ 1)2
x2J

(2,µ+1)
n+2 (x). (5.85)

Connection formula:

J (2,µ)
n (x) =

∑

k≥0

(µ)k
k!(2µ+ 1)k

xkJn+k(x). (5.86)

Third deformation:

J (3,µ)
n (x) =

∑

k≥0

(−1)k

[k]µ![k + n]µ!

(x

2

)2k+n

. (5.87)

Generating function:

Eµ

(

xt

2

)

Eµ

(

−
x

2t

)

=
+∞
∑

n=−∞

J (3,µ)
n (x)tn. (5.88)

6 Appendix: hypergeometric functions

The generalized hypergeometric function pFq is defined by the series

pFq

(

a1 a2 ... ap
b1 b2 ... bq

; x

)

=

∞
∑

n=0

(a1)n(a2)n...(ap)n
(b1)n(b2)n...(bq)n

xn

n!
(6.89)

It can be shown that the series converges for all x if p ≤ q, converges for |x| < 1 if
p = q + 1, and diverges for all x 6= 0 if p > q + 1. It is a solution of the differential
equation:

(

x
d

dx
+ a1

)

...

(

x
d

dx
+ ap

)

y −
d

dx

(

x
d

dx
+ b1 − 1

)

...

(

x
d

dx
+ bq − 1

)

y = 0. (6.90)
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The following differential recursive equations hold:

(

x d
dx

+ a1
)

pFq

(

a1 a2 ... ap
b1 b2 ... bq

; x

)

= a1 pFq

(

a1 + 1 a2 ... ap
b1 b2 ... bq

; x

)

,

(

x d
dx

+ b1 − 1
)

pFq

(

a1 a2 ... ap
b1 b2 ... bq

; x

)

= (b1 − 1) pFq

(

a1 a2 ... ap
b1 − 1 b2 ... bq

; x

)

,

d
dx pFq

(

a1 a2 ... ap
b1 b2 ... bq

; x

)

= a1...ap
b1...bq pFq

(

a1 + 1 a2 + 1 ... ap + 1
b1 + 1 b2 + 1 ... bq + 1

; x

)

.

Special cases of hypergeometric functions are for example:

ex = 0F0

(

−
−

; x

)

, (6.91)

(1− x)−a = 1F0

(

a
−

; x

)

, (6.92)

The Bessel function of order ν can be expressed in two different ways as a hypergeo-
metric function:

Jν(x) =
(x/2)ν

Γ(ν + 1)
0F1

(

−
ν + 1

;−
x2

4

)

(6.93)

=
e−ix(x/2)ν

Γ(ν + 1)
1F1

(

ν + 1/2
2ν + 1

; 2ix

)

. (6.94)

For a detailed account, see for example [6, 7], or any textbook on special functions.
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[11] Ch. Torossian, Deux résultats autour du théorème de restriction de Chevalley, J. Lie
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