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Abstract

We investigate the estimation of the integral of the square of a multidimensional
unknown function f under mild assumptions on the model allowing dependence on
the observations. We develop an adaptive estimator based on a plug-in approach and
wavelet projections. Taking the mean absolute error and assuming that f has a certain
degree of smoothness, we prove that our estimator attains a sharp rate of convergence.
Applications are given for the biased density model, the nonparametric regression model
and a GARCH-type model under some mixing conditions.

Key words and phrases: Quadratic functional estimation, Plug-in approach, Wavelets,
Rates of convergence, Mixing dependence.
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1 Introduction

Let d be a positive integer, (£2,.4,P) be a probability space, Z be a random variable vector
on R?, f:[0,1]% — R be an unknown squared integrable function related to Z (as a density
function, a regression function,...) and Qs be the quadratic functional:

Q= [ Peoix (1.1)
[0,2]¢
We aim to estimate )¢ from n identical distributed observations Z1,...,Z, of Z.

When d =1 and Zy,...,Z, are independent, this problem has been addressed in many
papers for a wide variety of models under various settings. See e.g. Bickel and Ritov (1988),



Donoho and Nussbaum (1990), Kerkyacharian and Picard (1996), Gayraud and Tribouley
(1999), Prakasa Rao (1999), Johnstone (2001a,b), Delaigle and Gijbels (2002), Laurent
(2005), Cai and Low (2005, 2006), Giné and Nickl (2008) and Petsa and Sapatinas (2010).
The multidimensional case has been considered by Barbedor (2006) for the density model.
When d = 1 and Z1,...,Z, are dependent, the estimation of )y has been investigated by
Hosseinioun et al. (2009) for the density model and by Butucea and Comte (2009) for the
density deconvolution model. A common feature is that when f has a certain degree of
smoothness the parametric rate of convergence 1/4/n is achievable.

The main contribution of this paper is to present new theoretical results in a general
multidimensional nonparametric setting, including a wide variety of models, with possible
dependent Z1,...,Z,. In the first part, we develop a simple adaptive estimator for Q)
based on a plug-in approach and wavelet methodology. We refer to Hérdle et al. (1998)
and Vidakovic (1999) for a detailed discussion of the performances of wavelet estimators
and some of their advantages over traditional methods. The asymptotic performances of
our estimator are evaluated under the mean absolute error (MAE) over a wide range of
function class for f. Under mild assumptions on Zi,...,Z,, we prove that it attains a
sharp rate of convergence (which can be 1/y/n in some situations). Then we apply our
general result to three different models under mixing conditions: the biased density model
with a-mixing observations, the nonparametric regression model with a-mixing observations
and a GARCH-type model with S-mixing observations.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries
on wavelets. In Section 3 we describe our wavelet estimator and study its asymptotic
properties. Applications are given in Section 4. Finally, the proofs are postponed to Section
5.

2 Preliminaries on wavelets

2.1 Wavelet tensor-product bases on [0, 1]¢

For the purpose of this paper, we use a compactly supported wavelet-tensor product basis
on [0,1]¢ based on the Daubechies wavelets.

Let N be a positive integer, ¢ be ”father” Daubechies-type wavelet and 1) be a ”mother”
Daubechies-type wavelet of the family db2/N. In particular, mention that ¢ and ¢ have
compact supports.

For any x = (z1,...,24) € [0,1]%, we construct 2¢ functions as follows:

e A scale function:



e 2¢ _ 1 wavelet functions:

d
Y(zy) || o(aw) when u € {1,...,d},
U, (x) = e
IT ¢@o) ] é(2w) whenwe{d+1,...,2¢ -1},
vEA, v Ay
where (Au)yc(dt,..24-1) forms the set of all the non void subsets of {1,...,d} of

cardinal superior or equal to 2.
For any integer j and any k = (kq,...,kq), we set
D;1(x) = 22022y — k..., 2 2q — ka),
for any u € {1,...,2¢ — 1},
V(X)) = 2920, (P x) — Ky, ..., P2 — k).

We set D; = {0, ..., 2 — l}d. Then, with an appropriate treatment at the boundaries, there
exists an integer 7 such that the system

S= {(I)T,k’ ke D (\Ilj,k,u)ue{l,..‘ﬂd—l}? JEN-— {07 ceey T 1}7 ke Dj}

forms an orthonormal basis of Ly([0,1]%) = {h : [0,1]¢ — R; f[o 174 h%(x)dx < oo}.
For any integer j, such that j, > 7, a function A € Ly([0, 1]%) can be expressed via S as
wavelet series as

2¢-1 oo
hx)= > 0 x®ix®)+ D> Y Y BixaPiku(x),  x€[0,1)7 (2.1)
keD;, u=1 j=j. keD;
where
ajk :/ h(x)®; k(x)dx, Bjku :/ h(x)W; ko (x)dx. (2.2)
[0,1)¢ [0,1]¢

For further details about wavelet bases, we refer to Meyer (1992), Cohen et al. (1993) and
Mallat (2009).



2.2 Function space

As usual in nonparametric estimation, we shall assume that f has a certain degree of
smoothness. In this study, it is characterized by the set of functions £%(M) defined by

291
L5(M) = { h e Ly([0,1]%); (2.2) satisfies Z az’k + sup 2278 Z Z ﬁ%km <M,
keD, IZT =1 keD;

where s > 0 and M > 0.

Under appropriate assumptions on s, £5(M) corresponds to the so-called Besov ball
Bj (M). Details about such function spaces can be found in e.g. Devore and Popov
(1988), Meyer (1992) and Hardle et al. (1998).

3 Estimator and result

3.1 Estimator

Let 7 be the integer mentioned in Section 2. Let us expand f as (2.1). Thanks to the
orthonormality of the wavelet basis S, we can express Q) as

291 oo
Qr= > 0t > > BFhw (3.1)
keD, u=1 j=r1 keD;

where
Q; x :/[ y f(x)®; k(x)dx, B ku :/ F(X)¥; ke u(x)dx.
0,1

In view of (3.1), using the plug-in approach, we consider the following wavelet-based esti-
mator:

291 jo
Q = Z d’?’,k + Z Z Z B]%k,u’ (32)
keD, u=1 j=7 keD;,

where &, and B}k denote two estimators of o, and 3;j respectively and jo denotes a
positive integer.
From Z3,...,Z,, we suppose that

e we are able to construct &, and Bj,k satisfying: for any integer j > 7 and k € Dj,
there exist a positive sequence (wy)pen+ with lim, o w, = 0, a real number § > 0
and a constant C > 0 such that

E ((dT,k - aT,k)Z) < Cwy, E ((Bj,k,u - /Bj,k,u)z) < CQjadwn- (33)



e jo is the integer satisfying
wgl/(Qd(l-i-é)) < 200t < 2w;1/(2d(1+5))’ (3.4)

(where wy, refers to the one of the previous point).

Note that, contrary to the wavelet-based estimators constructed from a U-statistics (see
e.g. Kerkyacharian and Picard (1996), Prakasa Rao (1999) and Barbedor (2006)), @ is not
an unbiased estimator of Q.

However,

e one can prove that, if &,y and Bﬂk,u are unbiased estimators of a,y and 3, re-
spectively, under (3.3) and (3.4), @ is asymptotically unbiased,

e the simplicity of its construction offers a certain flexibility on the nature of the model;
if we are able to construct wavelet coefficient estimators satisfying (3.3) (whatever the
dependence structure of the observations), assuming that f has a certain degree of
smoothness, we can prove good asymptotic results for Q (see Theorem 3.1 below and
the applications in Section 4).

3.2 Result

Theorem 3.1 below investigates the performances of @ under the MAE for f € £5(M).

Theorem 3.1 Let us consider the general nonparametric setting described in Section 1.
Let Qy be (1.1) and Q be (3.2) under (3.3) and (3.4). Suppose that f € L5(M) with M > 0
and s > (14 6)d/2. Then there exists a constant C' > 0 such that

E(|Q — Qyl) < CVwn.

Theorem 3.1 shows that, under mild assumptions on the model, our estimator attains the
rate of convergence ,/w, (which can be the optimal one in the minimax sense, see Remark
4.1).

Remark 3.1 Since lim,_, o, wy, = 0, Theorem 3.1 implies the consistency of Q

Remark 3.2 The construction on does not depend on the smoothness parameter s; Q 18
adaptive.

Remark 3.3 In our multidimensional and general nonparametric framework, the construc-
tion of an adaptive estimator attaining the rate \/w, for f € L5(M) with M > 0 and all
s > 0 (without restriction as s > (1 + §)d/2) raises new significant technical difficulties.
This needs further investigations that we leave for a future work.

The following section shows examples of applications of Theorem 3.1 to three non-
parametric problems: the biased density model, the nonparametric regression model and a
GARCH-type model, under various dependent structures.



4 Applications of Theorem 3.1

4.1 Biased density model

Model. Let d be a positive integer, (Z;)ez be a strictly stationary random sequence defined
on the probability space ([0,1]%, B(]0,1]%), P). The density of Z; is given by

g(x) = p tw(x)f(x),  xe[0,1)7,

where w denotes a known positive function and p is the unknown normalization parameter:
= f[O,l]d w(x)f(x)dx. Our goal is to estimate the quadratic functional Q; (1.1) from
AT/

When Z3,..., 7, are independent and d = 1, this problem has been studied by Petsa
and Sapatinas (2010). Further details about the weighted density estimation problem can
be found in e.g. Efromovich (2004), Brunel et al. (2009) and the references therein.

The rest of study is devoted to the estimation of @y in the a-mixing case.

Definitions. For j € Z, define the o-fields
Floj=0lZnk<j),  Flo=0(Zik2j).

- 7,00
For any m € Z, we define the m-th a-mixing coefficient of (Z;):cz by

U = sup IP(AN B) — P(A)B(B)]. (4.1)
(AB)EFZ_ X FZ o

Full details on the a-mixing dependence can be found in e.g. Rosenblatt (1956),
Doukhan (1994), Carrasco and Chen (2002) and Fryzlewicz and Subba Rao (2011).
Assumptions. We formulate the following assumptions.

e There exist two constants ¢ > 0 and C > 0 such that

c< inf w(x), sup w(x) < C. (4.2)
x€[0,1]4 x€[0,1]¢

e There exists a constant C > 0 such that

sup f(x) <C. (4.3)
x€[0,1]4

e Foranym € {1,...,n}, let gz, z,.) be the density of (Zy, Z,). There exists a constant
C > 0 such that

sup SUp  19(29,2.,) (%, y) —9(xX)g(y)| < C. (4.4)
me{l,...,n} (x,y)€[0,1]2¢



e There exist two constants C' > 0 and ¢ > 1 such that the m-th a-mixing coefficient
(4.1) of (Z;)iez satisfies

> mial, < C. (4.5)
m=1

Result. Proposition 4.1 below explores the performances of Q (3.2) with a suitable
choice of &;x and f;y, under the MAE for f € L5(M).

Proposition 4.1 Let us consider the biased depsity model framework described above under
(4.2), (4.3), (4.4) and (4.5). Let Q¢ be (1.1), Q be (3.2) with

A~ n

-1
L i 2rk(Z) s e Yika(Z) (1 1
Qrk = n;w(Zi) ) Bixu = n;jw(Zl)’ B= (nzlw(Zz)> (4.6)

=

and jo such that
nl/(2d)  gjotl < 9p1/(2d)

Suppose that f € L5(M) with M > 0 and s > d/2. Then there ezists a constant C > 0 such
that

A 1
E(lQ — Q) < Cﬁ'

The proof of Proposition 4.1 is omitted; it is based on an adaptation of (Chesneau, 2011,
Proposition 6.2) to the multidimensional case showing that the wavelet coefficients estima-
tors (4.6) satisfy (3.3) with wy, =1/n and 6 = 0, and Theorem 3.1.

Remark 4.1 Let us mention that 1/+/n is the optimal rate of convergence in the minimazx
sense for the standard density estimation problem (i.e. with w(x) = 1) in the i.i.d. case
and for f € L5(M) with s > d/2. See e.g. (Tsybakov, 2004, Section 2.7.4.).

4.2 Regression model

Model. Let d be a positive integer, (Z;)icz be a strictly stationary bivariate random
sequence defined on the probability space (R x [0, 1]%, B(R x [0, 1]%), P) where Z; = (Y;, X}),

n:f(Xt)‘tha tEZ,

(X¢)tez is a stationary random process with X7 ~ U([0,1]%), (&)tez is a stationary random
process with E(¢1) = 0 and E(¢) < oo, and f : [0,1]7 — R is an unknown regression
function. Moreover, it is understood that & is independent of X, for any ¢ € Z. Our goal



is to estimate the quadratic functional Q (1.1) from Zi, ..., Z,. We consider the a-mixing
dependence.
Further details about the nonparametric regression estimation problem can be found in
e.g. White and Domowitz (1984), Tsybakov (2004) and the references therein.
Assumptions. We formulate the following assumptions.

e There exists a constant C > 0 such that

sup f(x) <C. (4.7)
x€[0,1]4

e There exist two constants a > 0 and b > 0 such that the m-th a-mixing coefficient
(4.1) of (Z;)iez satisfies

am <ab™™, (4.8)

Result. Proposition 4.2 below investigates the performances of Q (3.2) with a suitable
choice of &;x and f; ., under the MAE for f € L*(M).

Proposition 4.2 Let us consider the regression model framework described above under

(4.7) and (4.8). Let Q; be (1.1), Q be (3.2) with
j 1ZH:Y<I> (Xi) B 1Zn:Y\1: (Xi) (4.9)
ark = — T i)y kau — i ¥ 5 kul\A :
k n r k 7.k, n s 7.k,

and jo such that
(L)l/(Zd) <t < g (L>1/(2d).

Inn Inn
Suppose that f € L5(M) with M >0 and s > d/2. Then there exists a constant C > 0 such

that
B(Q - Qs = 0y,

Note that, in comparison to the corresponding optimal rate of convergence in the minimax
sense for the i.i.d. case i.e. 1/y/n, we pay an extra logarithmic term. We explain this
term by the mild assumptions made on our nonparametric regression model (remark that
no “Castellana-Leadbetter-type condition” (as (4.4)) is done on (Z;)ez).



4.3 GARCH model

Model. Let (Z;)icz be a strictly stationary random sequence defined on the probability
space ([0,1], B(]0,1]),P) where

Zy = Xté-tv teZ, (410)

(&)tez is a strictly stationary random sequence, the density of & is known and is denotes
by g, and (X;)iez is a strictly stationary random sequence, the density of X; is unknown
ans is denoted by f. Moreover, it is understood that & is independent of X;, for any t € Z.
Our goal is to estimate the quadratic functional @ (1.1) from Zi,...,Z,. We focus our
attention on the S-mixing dependence.

The model (4.10) belongs to the family of GARCH-type models. Financial applications
related to (4.10) can be found in Carrasco and Chen (2002).

Definitions. For any m € Z, we define the m-th S-mixing coefficient of (Z;)icz by

B = sup > ) P4 N B)) — P(A)P(B))] (4.11)

(Aier,(Bi)ie)€FZ o o XFF o icl jed

N |

where the supremum is taken over all finite partitions (A;)ier and (Bj);es of €2, which are
respectively F ?oo’o and .7-"7%’00 measurable.

Full details can be found in e.g. Doukhan (1994), Viennet (1997) and Carrasco and
Chen (2002).

Assumptions. We formulate the following assumptions.

e There exists an integer v > 1 such that, for any i € {1,...,n},
51’ = H UT,Z'a (412)
r=1
where Uy 4,...,U,,; are v i.i.d. random variables with U; ; ~ U([0, 1]).

e There exists a constant C > 0 such that

sup f(x) <C. (4.13)

e There exists a constant C' > 0 such that the m-th S-mixing coefficient (4.11) of (Z;)iez
satisfies

> Bm<C. (4.14)
m=1



Result. Prqposition 4.3 below evaluates the performances of Q (3.2) with a suitable choice
of &k and f3; k., under the MAE for f € L5(M).

Proposition 4.3 Let us consider the GARCH model framework described above under
(4.12), (4.13) and (4.14). Let Q¢ be (1.1) with d = 1, for any integer £ > 1 and any
h € ¢*([0,1)),

T(h)(z) = (zh(z))',  Te(h)(z) = T(Te-1(h))(z),  x€0,1],
Q be (3.2) with d =1,
R 1< . 18
Grge = — ;Ty(@,k)(zi), Biaer = — ;Ty(qu,k,l)(zi). (4.15)
and jo such that
nl/QA+2) - gjotl < 91/ (2(1+2))

Suppose that f € L5(M) with M > 0 and s > (1 + 2v)d/2. Then there exists a constant
C > 0 such that

A 1
E(lQ - Qfl) < Cﬁ'

The proof of Proposition 4.3 is omitted; it is based on (Chesneau and Doosti, 2012, Proposi-
tion 5.2) showing that the wavelet coefficients estimators (4.15) satisfy (3.3) with w, = 1/n
and 6 = 2v, and Theorem 3.1.

5 Proofs

In this section, C' denotes any constant that does not depend on j, k and n. Its value may
change from one term to another and may depend on ¢ and 2.

Proof of Theorem 3.1. The triangular inequality yields

E(|Q — Qyl) < A1 + Az + A, (5.1)
where
241 jo
Ar= Y E(a3x—adil) Ax=D3030 D E(k. — Akl
keD; u=1 j=7 keD,
and
291

A3 = Z Z Z Bj%k,u'

u=1 j=jo+1keD;

10



Let us bound A, A and Ag.

Upper bound for A;. We have

07y — 0 g = (Grk — arg)® + 2001 (Grk — ar)-

Using the triangular inequality, the Cauchy-Schwarz inequality and (3.3), we obtain

E(|aZy — Zyl) < E((drx —arx)®) + 2!ar,k|\/E((dr,k —ark)?)
< C(wp + Vwy) < Cy/wy,.

Therefore, since Card(D;) is constant,

Ay < C\/wn. (5.2)

Upper bound for As. Again, we can write

e vew — Bicw = Biku — Bisew)” + 281 (Bikeu — Bjteu)-

It follows from the triangular inequality, the Cauchy-Schwarz inequality and (3.3) that

(| Jku T jz,k,u|) < E((Bj,k,u - Bj7k,u)2)
< C(2j5dwn + |/3j7k,u|2j6d/2\/ wn)'

Using the Cauchy-schwarz inequality, Card(D;) = 27, f € £L5(M) with s > (1 + §)d/2 and
(3.4), we obtain

u ﬁj,k7u)2)

241 jo
Ay < C|w, 229”5 FVwn Y 2N B
u=1 j=1 keD;
Jo Jo 2d—1
< Olw Z2j(1+6)d+ﬁzzj(l+6)d/2 Z Z /sz
— n n 7,k,u
J=T j=r u=1 keD;
Jo
S C wn2j0(1+5)d+ /wn227j(37(1+6)d/2) S C\/U)in (53)

j=r

Upper bound for As. The assumption f € £5(M) with s > (14 6)d/2 and (3.4) yield

A3<C Y 27 < 027 Yor < 270U < Oy gy, (5.4)
Jj=Jjo+1

11



Putting (5.1), (5.2), (5.3) and (5.4) together, we obtain

E(|Q — Qy) < Cv/uwn.

Theorem 3.1 is proved. [J

Proof of Proposition 4.2. First of all, in order to apply Theorem 3.1, let us prove
that the wavelet coefficient estimators (4.9) satisfy he assumption (3.3).

Observe that, thanks to the independence between & and X; and X; ~ U([0,1]9),
E(ﬁjku) = Bjxu- Since (Z;);ez is a stationary process, a standard covariance decomposition
yields

R 1 n
E ((ﬂj,k,u - 5j,k,u)2> = EV (Z Yz‘\I’j,k,u(Xz‘)> <Ti + Ty,

=1
where
1 9 n—1
T = —V(M¥jxu(X1)), anEQMwmm&ﬂwxmmm%kwam.
m=

In order to bound 77 and 75, we shall need the following moments result. Using again the
independence between &1 and X1, E(£}) < oo, X7 ~ U([0,1]9), (4.7), applying the change
of variables y = 2/x — k, and using the fact that ¥ is compactly supported, we have for
any v € {2,4},

E(M1P)xu(X1))") < C(C7 +E(E))E(Vjxu(X1))") = C 0 1]d(‘I’j,k,u(X))”dX

— -2 / (T(x))Vdx < C24F-2/2. (5.5)
[0,1)4

It follows from (5.5) with v = 2 that
1 ) 1
Ty < B ((M)ku(X1)?) < C-.

Let us now study the upper bound for 7. Let [cInn] be the integer part of c¢lnn where
¢=1/Inb. We have

Ty =151 + Tz, (5.6)
where
[clnn]
1
Try = - Z |Cov (Y41 x,u(Xm+1), Y15k u(X1)) |
m=1

12



and
n—1

1
o= Z |Cov (Y1 k,u(Xm+1), Y15k u(X1)) |-
m=[clnn|+1

The Cauchy-Schwarz inequality and (5.5) with v = 2 yield
1Cov (Vi1 ¥k u (Xmt1), Vi, (X1)) | < E(Y1V k0 (X1))?) < C.

Hence

|
Tyy < ™0
n

By the Davydov inequality (see Davydov (1970)), (4.8), again (5.5) with v = 4 and 27¢ < n,
we obtain

cl\/E(wj,m(Xl))‘*) S van

n
m=[clnn|+1

15

)

IN

< Cl2jd/2 Z b—m/2 < Cl\/ﬁb—clnn/Q < Cl
" m=[clnn|+1 " "

Hence 1
T, < 021
n

Combining the inequalities above, we obtain

Inn

E ((/3j,k,u — /Bj,k,u)2> < CT‘

This inequality holds for &;y instead of Bj,k,u and «;y instead of Bjx,. Therefore the
assumption (3.3) is satisfied with w,, = Inn/n and § = 0. Theorem 3.1 yields the desired
result. [J
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