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ADMISSIBLE COVERS AND THE ELSV COMPACTIFICATION

B. DUDIN

ABSTRACT. We revisit Ekedahl, Lando, Shapiro and Vainshtein’s compactification of the
stack of Hurwitz covers. By drawing a connection with the Harris and Mumford stack
of admissible covers we give a new geometric interpretation of boundary points of the
ELSV compactification. As a byproduct we establish that this compactification holds
for any algebraically closed field of sufficiently high characteristic.

INTRODUCTION

Hurwitz covers of genus g and type (kj,...,k,) € (N*)" are covers of smooth rational
single marked curves ¢ : (C; p1, ..., pn) — (R,00) for a smooth genus g n-marked curve C
such that ¢ is simply ramified away from co and satisfies scheme theoretically ¢p~'co =
Y kipi. Acover v :(B,qi,...,q) — (T,00) is said to be isomorphic to ¢ if there is a
commutative diagram

(CJ pl»---»pn) — (R,OO)

(B) 5]1,,5]n) — (T,OO)

where vertical arrows are isomorphisms of marked curves. The number of isomorphism
classes of Hurwitz covers of a given genus and type having a fixed branch locus are
called Hurwitz numbers. When the base field is C the celebrated ELSV formula ex-
presses these numbers in terms of tautological intersection numbers on the stack of
stable marked curves. To prove this formula Ekedahl, Lando, Shapiro and Vainshtein
introduced a compactification of the stack of Hurwitz covers /% j which has a projec-
tive stack cone structure over M ,. Let’s unravel how this cone structure appears in
the case of #y i over Mg ,. Take an isomorphism a : (R,00) = (P!,00), the composition
ao¢ is given by a global non zero section {, in H 05O ;7:1 kipi)). Write 1 for the section
Oc— Oc(LL kipi) and let {3 € H*(Oc(L, kip:)) correspond to f: (R,00) = (P*,00).
There exists a couple (1, ) € G, X G,,, = Aut(P!,00) such that {, = A{ g+ ul. One gets
that the image [{,] of {4 in PHO(ﬁC(Z?ZI(kipi))/ﬁc) does only depend on ¢. Covers
automorphic to ¢ can be recovered out of lifts of [{,] to PH?(0c (X1 ki p;i)). A unique
choice of a lift can be made by choosing the one having 0 sum of branch points away
from oo. Following this procedure one gets a locally closed embedding of # j in the
projective bundle over Sﬁg,n having fiber IPHO(ﬁC(Z?:l)kipi/ﬁc) over (C, p1,..., Pn)-
To compactify # j. following [ELSV01] one starts by extending underlying curves to
the case of stable marked ones and replaces sections of &_(¥!_, k;p;) by sections of
a more sophisticated coherent sheaf called the sheaf of generalized polar parts. This
sheaf is constructed by giving local explicit descriptions which glue together over the
whole of g ,. The projective stack cone attached to the sheaf of generalized polar
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2 B. DUDIN

parts has a closed substack of a quotient of the stack of stable maps by G,,. The ELSV
compactification is the closure #g i of #% & in this closed substack. One can raise two
questions:

« Is there a construction of the stack of generalized polar parts over ﬁg,n which
shortcuts the previously mentioned local descriptions?
* Can one have a finer understanding of boundary points of #¢ j:?

To answer the first question we choose to keep global sections of &_(X1_, kip;)/O-
rather than working with generalized polar parts over stable curves. We extend how-
ever underlying curves to specific prestable marked curves called bubbly curves (defi-
nition 1.2). These enriched bubbly curves are called polar curves (definition 1.4). The
forgetful morphism that sends such data to the underlying bubbly curve and stabilizes
it gives the stack of polar curves the structure of a stack cone over Mg ,,. We prove this
cone is isomorphic to the stack of generalized polar parts. In the process we check that
the stack of polar parts gives birth to a tame stack in the sense of [AOV08] over any al-
gebraically closed field. The latter contains a closed substack in which A j; lies as an
open substack. One can define the ELSV compactification over any algebraically closed
base field as the closure %g,} of A4 ¥ in this closed substack. In general # j; is badly
behaved and we have to restrict our attention to the case of base fields of sufficiently
high characteristic.

Assume the characteristic of the base field is either 0 or greater than the degree of
the Hurwitz covers we're interested in, as well as greater than the number of simple
ramification points away from co. Under this assumption we build a natural surjective
morphism from Harris Mumford’s stack of admissible covers to a quotient of the stack
of stable maps by G,,,. Using the generalized branch divisor introduced by Fantechi and
Pandharipande we identify the ELSV compactification with the image of this morphism.
This answers the second question. The previously mentioned morphism gives combi-
natorial restrictions on the modular graphs of curves underlying ﬁg,k. A study of these
combinatorial restrictions will appear in a forthcoming paper.

A word about notation. Throughout this paper we fix a natural number g and a posi-
tive integer n. All of our prestable curves shall be of genus g and marked by » points.
Unless otherwise stated we will assume (g, n) is different from (0,1) and (0,2). We also
fix an n-tuple of positive integers (kj,..., k,) written k. In what follows, without further
notification, k is an algebraically closed field of any characteristic p, and a scheme is a
k-scheme, that belongs to the category Sch/k.

Acknowledgements. The author would like to thank his advisor J. Bertin for his guid-
ance and support as well as A. Chiodo and M. Romagny for fruitful discussions. The
author is grateful to G. Magnusson for correcting english mistakes in early versions of
this paper.

1. THE STACK OF POLAR CURVES

1.1. Stable maps of profile k. For an exhaustive study of marked stable curves and re-
lated stacks and moduli problems, see [ACG11]. Let S € Sch/k, andlet 7 : ¢ — Sbe a
prestable S-curve marked by the S-points 07y,...,0,. Recall that this means that 7 is a
proper and flat S-scheme 7 : ¢ — S whose fibers are connected reduced 1-dimensional
k-schemes having at most nodes for singularities. In addition we are given n disjoint
sections (01,...,0,) of the projection n : € — S whose images %;,...,9, are in the
smooth locus of 7. The divisor };_; k;9; is a relative Cartier divisor on 4. The above
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data is written (€/S,d). An automorphism of (¢/8, ) is an automorphism of €/S fix-
ing the S-sections. The n-marked S-curve ¥ is said to be stable if the automorphism
groups of its fibers are all finite. The moduli stack of stable n-marked curves is written
Mg 5.

In a similar fashion we can define the moduli space of stable maps into a fixed tar-
get (see [FP97] for a convenient reference). In this paper we’ll be interested in the case
where this target is P1. A stable S-map with target P! and degree d is a degree d pro-
jective S-morphism from a prestable n-marked S-curve into P! whose fibers have finite
automorphism groups, equivalently, each rational contracted component of the domain
has at least 3 special points, that are either marked or nodal. The moduli space of sta-
ble maps is written Sﬁg,n([@l, d). We have on ?J)Tg,n([P’l, d) evaluations maps evy,...,ev,
which send a stable k-map ¢ on its value at each marked point. Details about the mod-
uli space of stable maps can be found in [FP97]. We write smg,n(u»l, d,o0) for the closed
substack of ﬁg,n [(227)) corresponding to the locus

(ﬁ evi)_l (c0,...,00).
i=1 v

€(D:|>1)n

The group scheme of automorphisms of P! fixing the point at infinity acts naturally on
ﬁg,n(ﬂml,d,oo). This group is isomorphic to G, X G, and (1, a) € ﬁg‘ x O acts on P}g by
sending [fo; to] ON [Afg + At tx]. The induced action on ﬁg,n([@l, d,o0) is given with
the obvious notation by sending an S-map ¢: € — IP% on Ap+a.

Definition 1.1. We set ﬁg,n(lpl, k) for the category fibered in groupoids given for S €
Schik by S-maps ¢ : (€/8,5) — Pg in Mg (P, d,o0) satisfying scheme theoretically

(1.1) ploo=) ki2;
i=1

where oo is the S-section at infinity of P;.

This category fibered in groupoids is indeed a substack of ﬁg, n(P,d,00). The condi-
tion 1.1 expressed previously is obviously local, stable under any base change and étale
descent. It is stable as well under the action of G, x G,,0 n zmg,n(u»l, d,o0).

Proposition 1.1. The substack ﬁg,n (P, k) is a locally closed substack in ﬁg,n P!, d,00).
In particular, it is an algebraic stack.

Proof. Let¢: 6 — IP% be an S-object in ﬁg,n(ﬂml,d,oo). Call 7 : € — S the projection on
S. We are going to show that the locus of S given by points having fibers in ﬁg,n(lPl, )
is locally closed. The condition ¥ k;2; < ¢~ !(oc0) is closed. Indeed we can see ¢ as
given by a surjective map (S, Soo) : O® — .#, then the condition is equivalent to sy, =
0. Next the condition for ¢~ (co) — S to be quasi-finite, then finite, is open on S, as
a consequence of the Zariski main theorem. Finally assuming ¢~!(co) — S finite, the
condition (p‘l (00) =Y; kiD; is closed on the base. [l

1.2. Bubblycurves. We have a natural forgetful morphism from ﬁg,n (P!, k) to the stack
of prestable n-marked curves ?J)Igf,f that sends an S-map in ﬁg, 2(P1, k) on the source
S-curve together with its marked points. This section is devoted to the study of the
prestable curves appearing in the image of this forgetful morphism.

We shall write (C, p) for a prestable k-curve C marked by p,..., p,. An irreducible
component E of C has a natural marking induced by (C, p): points of p that lie in E and

branches of the nodes of C lying on E. Call these points special points of S. Such data is
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called an irreducible component of (C, ). An irreducible component of (C, p) is said to
be stable if it is a stable marked curve with respect to this induced marking. It is called
unstable when this is not the case.

Proposition 1.2. Let ¢ : C — P! be a stable map of profile k over k. Then (C, p)isa
prestable curve that has only stable irreducible components except for rational compo-
nents having two special points only one of which is a marking.

Proof. Since our curves are marked by at least one point (n > 0) the only unstable irre-
ducible components of (C, p) are rational components having less than 3 special points.
If such a rational component has no marked points this in turn means that ¢ avoids co
on this component and thus contracts it. We can therefore assume such rational com-
ponents have at least one marked point. But then such a component can’t have two
marked points. Indeed, because of connectedness it would mean this component is the
whole of C, i.e. Cis a genus 0 curve with only 2 marked points. (]

Definition 1.2. A prestable n-marked k-curve is called a bubbly n-marked k-curve if it
has only stable components except for bubble components, i.e., rational components
having two special points only one of which is a marked point. By extension we say
that a prestable n-marked S-curve is a bubbly n-marked S-curve if each of its fibers is a
bubbly n-marked k-curve.

Thus bubbly n-marked S-curves are the prestable marked curves underlying a stable
S-map of profile k.

Proposition 1.3. Let (C, p) be a prestable k-curve. We have equivalence between the fol-
lowing
(1) (C,p) is a bubbly curve,
() wc(X},2p;) isample,
(3) there exists integers my, ..., my such that each my = 2 and wc(Z;?:1 m;p;) is am-
ple.

Proof. Tt is clear that (2) = (3). We are going to show that (3) = (1) = (2) and this will
end the proof. Let {Cy | 1 < ¢ < v} be the set of irreducible components of C and write
w[(Z?ZI m;p;) for the restriction of wC(Z?ZI m;p;) to Cy. The degree of ‘W(Z?:l m;pi)
is given by
n
(1.2) deg(we(}. mipi))=2gc,-2+( Y. m;)+t{ecC,leisanodal pointof C}.
i=1 {ilpieCe}

Assume wc(X!_, m;p;) is ample. Each of its restrictions w, (X} |, m;p;) is also ample.
This means that w, (X}, m; p;) has positive degree for each ¢ ranging in {1,..., v}. But
equation 1.2 shows it is exactly the case for bubbly n-marked k-curves. Now assume
(C, p) is a bubbly curve and assume that m; = --- = m, = 2 in equation 1.2. As soon as
the genus of Cy is non-zero the degree given by the left hand side of this equation is pos-
itive. If Cy is rational it must have at least two special points one of which is a marking.
The marking contributes for a 2 and the other special point for 1. This guarantees the
positivity of the degree on 6, in any case and wc (X}, m; p;) is indeed ample. (]

“Being a bubbly curve” is stable under any base change. This is due to the fact that
we /S(Z?ZI 292;) commutes with any base change.

Notation. Following the previous remark we call B, the stack of bubbly n-marked
curves.
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pre

Proposition 1.4. The stack By, is an open substack of My,

stack.

and hence is an algebraic

Proof. 1f (€/S,5) is ak-point of B g local chart around this point in the stack 9)?5;5 is
provided by the versal formal deformation. We know from the Grothendieck existence
theorem that this formal deformation can be algebraized and that the corresponding
line bundle w(}_29;) is ample. Said differently the relative ampleness at a point is in-
deed true on a neighborhood of this point. U

We have a forgetful morphism of algebraic stacks ﬁg, 2P ) — B g n that sends an
S-map in Ny (P1, k) to its underlying source marked curve.

1.3. Polar Curves. In this section we study the structure of bubbly n-marked S-curves
(€1S,0) enriched with global sections of P4 i = 7. 04 (X!, kiD;)/ O¢. Unless stated
otherwise, a curve means a bubbly n-marked curve.

Let’s begin by giving a description of the stalks of Z¢ j at a point s € S. The normal
sheaf Ay k9, is a direct sum ea;?zl,/Vki@i, consequently P« j is the direct sum

n
P k= @ P ki

i=1

We thus limit our interest to the case where k has only one component and drop the
indices. Let s be a point in S. The stalk of 04 (k2)/ 0« at a point x € € over s is zero
unless x is supported on 2. Since 2 is the image of a section o of 7 there is only one
such point namely x = o(s). Let now f be an equation of & in &, since 9 is étale over
S and is the image of an S-section of 7 the module 0/ f 0 is naturally identified with
Os. We have (M), = (f%0,)/0,. Since f is a non-zero divisor in & the induced
Os-module P 1 ¢ is a direct sum

This means that the stalk of a section p of #¢ ; on U c Satapoint s € U can be uniquely
written as

a aj— a
(1.3) 05 = — 4 2kl A

_F-"—fk—l 4ot f
where each ay, for ¢ € {1,...,k} are elements in 5. Thus each section ﬁzcg,ki is called
a polar part along (¥¢,0;) and more generally each section of Z¢ j. a polar part along
(€¢,06). In the following when this brings no confusion we shall write polar part for po-
lar part along (€¢,3). The collection of sheaves of polar parts Z_ j. defines obviously a
locally free sheaf #¢ j of rank d on By .

The coefficients a, for ¢ € {1,..., n} appearing in equation 1.3 depend on the choice
of alocal coordinate f. However unlike other coefficients ay is of global nature. Indeed,
consider the quotient map

Og (kD) O (kD)
Og 7 Og(k-1)D)

The right hand side is a sheaf supported on 2 and thus can be identified with the 0g-
module 0y (kD), its pushforward 7, Og (kD) is exactly £ ~k where . is the tautological
invertible sheaf along & (i.e. the conormal sheaf along 2). Since the kernel of the pre-
vious quotient map O ((k — 1)9)/ O« is supported on 2 the push forward by 7 gives a
surjective morphism
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It is clear that locally around s and in terms of f which trivializes .# the stalk of 9« (o)
at s is given by ay. We will write 9« j; for the direct sum &' 9 ;.

Definition 1.3. Let ¢ = (g, ,...,0k,) be a polar part in P i defined on an open subset
U of S. The polar part g is said to be of order k; at s € U along 2; if O« i, (0i)s is invertible.
We say that g is of order k at s € U ifit is of order k; at salong 9; fori € {1,...,n}. Itis of
order k if it is of order k at each pointof U.

Saying that a polar part ¢ on an open subset U c S is of order k; at a point s € U
is equivalent to 9 g, S(Ql) ®k(s) being nonzero in .Z; ki & k(s). Thus it is of order k; if
Ok, (0) trivializes £, ™ on U. Thus, given a morphlsm ¢ € Hom(T, S) and a polar part
0 € P« . of order k the pullback ¢* g is a polar part of order k as well.

One can easily check that J« j commutes with base change. In partlcular the the

collection 9_ j defines a map of ﬁ% -modules Jg j from &g j on &7 .,%g_lk’.

Definition 1.4 (Polar curve). A curve marked by a collection of polar parts—in short a
polar curve—over a scheme S € Sch/k is the data given by a bubbly n-marked S-curve
(€18,0) together with a polar part g, a global section of P j of order k along the fibers,
i.e., a polar part of exact order k; along o;. This data is written (€/S,3d, 0).

A morphism (€/S,5,0) — (%8/8S,7,}) means a morphism of pointed curves preserv-
ing the polar parts along the sections. Because of the invariance under any base change
of the order of a polar part, “being a polar curve” is local on the base and stable un-
der any base change. The category of polar curves as described previsouly is a category
fibered in groupoids over Sch/k denoted Pg %. A polar S-curve is given by a couple of
objects, one of which is a bubbly S-curve, the other being a global section of a locally
free sheaf Z¢ i on S. The global section in question satisfies a condition expressed in
term of Jg . This is an instance of a wider situation we shall only develop for the case
n =1, the general case is a straightforward variation of this one.

Let 9 be an algebraic stack together with a morphism of locally free coherent Oyy-
modules 9 : & — % where .% is of rank one. Let ¢ € Hom(T,S) and ¢ be a morphism
from & € M(T) on ¢ € M(S) over ¢, we write ay (resp. By) for the induced isomorphism
from @*{* & on &* P (resp. ¢*(*.F on {*.F). Consider the category Poy whose

 objects over a scheme S € Sch/k are given by couples ({, s) where { is an object
S—Mand seI'(S,{* Z?) such that (*9(s) trivializes {* . F
o morphisms of PByy over a morphism ¢ € Hom(T,S) are given by morphisms ¢
from ¢ € M(T) to ¢ € M(S) such that ay(p*s) =t.
The morphism of Loy on Sch/k is the obvious one. This defines a category fibered in

groupoid. Indeed, let (¢, s) be an object of Py over S, ¢ an object of M over T and ¢ a
morphism over ¢ € Hom(7, S). The T-section ({*9)ay (@™ s) trivializes {*.7 since

f 190a¢=ﬁ¢0(p C 0.
Thus the couple (¢, a(/,((p* s)) defines a T-object of Pay.

Proposition 1.5. The category fibered in groupoidsBey is an algebraic stack.

Proof. Let’s first show it is a stack. Let ({, s) and (¢, f) be objects of Bgy over S € Sch/k.
We have a natural forgetful morphism 6 : Isomg({,¢) — S. By pullback through ¢ we
get objects §*{ and 6*¢ over Isomg((, ¢) together with sections §*s and §* ¢ of the cor-
responding pullbacks. The sheaf .#somg(((, s), (€, 1)) is represented by the subscheme of
Isomg({,¢) defined by 6* s = §* t. Now descent data along an étale covering {U, — S}, at-
tached to objects ({¢, s¢) € Pon gives naturally descent data for {, along {U, — S}, for .
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By hypothesis this last descent data is effective and thus descends to an object { € 1(S).
The sections s, define descent data for the quasi-coherent sheaf {*Poy, they glue to-
gether because of effectiveness of descent for quasi-coherent sheaves to give a section s
on " Pox.

Now let’s come to algebraicity. If we drop the last condition, what we get is an S-
section of the vector bundle V(¢* 22) = Spec(Sym(£2Y)) over 9. This vector bundle is
an algebraic stack. Moreover the surjection 9 : & — .# defines a morphism of vector
bundles 6 : V(£?) — V(#). The last condition simply means that the image 6(s) is in the
complement of the zero section of .%, which in turn yields By = 071 (V(F)\{0}). O

Corollary 1.6. The category*Bg i is an algebraic stack.

Proof. This is a consequence of 1.5 and 1.4. 0
We now come to the study of automorphism groups of polar curves.

Proposition 1.7. A polark-curve (C, p,9) has a finite group of automorphism.

Proof. Itis enough to look at bubble components of (C, p, 9). Indeed, a bubbly curve has
infinite automorphism group if and only it contains bubble components. Let (E, p, e) be
a bubble component of (C, ) where p comes from a marked point of C. Since E is
rational there exists an isomorphism of marked curves from (E, p, e) on (P!, 00,0). Given
two coordinates fy and f,, on P! an automorphism ¢ of (P!,00,0) is given by an element
A € G, The global polar part gy is given by its local behaviour at co. Using the local
chart A1\{0} at infinity with coordinate ¢ = t,/ ty we have

k
— ar
Qk_[g g for ar #0.
=1

Using the description of &?(¢)(px) we have that
P(P)or) =pr <= Vlell,...,k}, as= d[/lg.

For ¢ equal to k this gives aiA¥ = ay. Since ay #0, A is a root of unity and thus the group
of automorphism of such a component is finite. O

Remark 1. Conversely marked prestable curves together with a polar part at each marked
point and a finite automorphism group are precisely the polar curves. Following propo-
sition 1.3 this is exactly the locus of points (C, g, ) in V(ﬂg,k) such that wC(Z?ZI 2p;)is
ample.

Proposition 1.8. The stack B J: is an algebraic tame stack in the sense of [AOV08]. It is
Deligne—-Mumford if p doesn’t divide k; foreachi€{l,...,n}.

Proof. The stack *Bg i is obtained as a fiber product of algebraic stacks. It is therefore
algebraic. For B i to be a Deligne-Mumford stack it is equivalent to show that its di-
agonal morphism is formally unramified [DM69, §4]. Since B ,, is locally of finite pre-
sentation and ‘Bg i — B , as well, so is the case By . Hence, it is enough to show that
closed fibers of the diagonal are discrete and reduced. As these fibers are given by iso-
morphisms groups of objects of ‘B i, they are quasi-finite. To show they’re reduced it
is enough to check that automorphism groups of objects of ‘B i over Speckle]/ (€?) are
trivial. Let (€, G, 0) be an object of P i over Speck|e] /(€%). An automorphism of (€., &)
is equivalently given by an infinitisemal vector field fixing . It is well known that stable
curves have no such vector fields ([DM69, 1.4]). Hence it is enough to check the case of
rational unstable components of (6, ). Let (E, p, e) be such a component. The space
of infinitisimal automorphisms of this data is equal to H?(Tg(—p — e)); its dimension is
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1. Fix an isomorphism of (E, p, e) with (P!, 00,0) and let ¢ be a local parameter for p in
P!. Let 8 be a vector field on (E, p, e), up to multiplication it is given by the vector field
t% on Al. Let A € k be such that d = At%. The condition on 0 relative to g, can be
tested locally around p. The polar part i, is equal in the Al = Speck[#] neighborhood

of pto
ky a
Ok, = > s
0=1
The restriction of 0 to this neighborhood gives an automorphism ¢ = id + €0 of (Al, p).
The restriction on d is equivalent to the fact that this local automorphism should fix g,
Explicitly, this is written
S ar
ot Sttt +edtt) ot (1 + Ale)
which gives the relation
K ay ky 4 dg
Y=Y e z
=1 =1

Now we can see that 0 =0 is equ1va1ent to the fact that there exists a non-zero a, for an
¢ which is not a multiple of p. Equivalently 8 # 0 if and only if ¢ is a multiple of p for
each non-zero ay, i.e. p is a power of p. In this worst case scenario the automorphism
group of p is isomorphic to some p,m, which is a linearly reductive group scheme and
the result follows from [AOV08, 3.2].

Since ay, is never 0 following what has been said, it is enough for d to be zero to have
that k;, is not a multiple of p. In this case we get a Deligne-Mumford stack. (]

1.4. Stack Cone Structure of ‘[ i over ﬁg,n. Given a prestable marked curve there is
a contraction sending it to its marked stable model (see [Knu83, 1.6]). Restriction to
bubbly curves gives a morphism ¢ : B¢ ;, — Mg ,. On the level of bubbly k-curves it
contracts an unstable component on a point and keeps track of this point. Contrac-
tion induces a G,-invariant morphism ‘B¢ i — 9 ,,, we aim at understanding the local
structure of this last morphism. It is clear that a good understanding of ¢ is needed for
our purpose. We'll be thus looking at fibers of ¢ for objects in Mg ,, over relative schemes
in the topology of Mg ,,. In our case Zariski open subsets will be fine.

Lemma 1.9. Let (€/S,5) be an n-bubbly curve and let (€*/S,6*) be its image by ¢. The
contraction ¢ induces a natural morphism Ny, g, — Ny.q* for each i € {1,...,n} and thus
by direct sum a morphism Ny ,q, — Nyn kor-

Proof. This is just a refinement of the case of a morphism of marked curves. We start by
studying the single marked case. Since ¢ commutes with 2 and 2* we have 2 c ¢"'9
and thus ¢ defines a morphism of &g-modules ¢* Og+ (—kD*) — O (—kD). Dualizing
we a get a morphism

O (kD) — Fomg, (¢* Ogx(—kD*), O).

which by adjunction gives a morphism

The right hand side is isomorphic to O+ (k2™) for ¢. O = Og+. We therefore get the
desired morphism from ¢, .49 on A%g+. The general case is now straightforward. [
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Let (€/S,3) be an n-bubbly marked curve and let (6€*/S,5*) be the stabilisation of
(€1S,5). We write 9; and 2 for the respective images of the i th components of &
and 6*. The bubbly curve (€/8,5) can be reconstructed as P(c, O¢ (Z;": 191)). The sec-
tion defining 2; is given by the surjective morphism (6*)* ¢, O% (2;) — ¢, Ng,. It makes
sense since the push forward ¢..43, has support on 2 and coincides with 7.4, hence
is invertible. These facts, including the surjectivity of the last morphism are treated in
[Knu83, §2] and specifically in [Knu83, proof 2.4 case 2]. Using the proof of 1.9 we have
a commutative diagram

00— ﬁlg* — Cx @g(Z?:l@i) — GB?:IC*JV@i — 0
(1.4) 00— Opx —— Opx (27:191*) R GB;Z:F/V@; —0
where & and «a are the morphisms induced by ¢ in the proof of 1.9. The right exactness
of the first row is due to the fact R'c, O« = 0. Indeed, ¢ is a proper morphism such that
¢, O¢ = O~ and has at most 1-dimensional rational fibers. Hence H!(¢71(x), Op1(y) is
zero at any point x € 6* and using corollary 1.5 of [Knu83] we get R'¢, O = 0. Diagram
1.4 is characterized by a, universality of pullback of Yoneda extensions gives a canonical
isomorphism of ¢. O (2) with Og«(2%) x 4, ¢ N commuting with &. The fiber of c.
over (6¢*/S,57) is described by a stack whose objects are morphisms such as a. This is
the content of proposition 1.11.

Notation. Let (€*/S,6*) be a stable marked curve. Given a map a : #Z — Nyn g+ of
O«+- modules we write &, for the fiber product

n
ﬁ‘g*(z @l*) xJsz’ 127 %’
:1 1= 1

1

J , for the S-sections of P(&%) induced by
(0" Ea — Nsr a)iy
and 9,,; for the image of each component of 5.

Lemma 1.10. Let (€*/U,0*) be a single stable marked curve over an affine scheme U =
Spec(A) and write 2* for the image of 0. Consider a morphism « : # — Ny where %
is a locally invertible sheaf and let &, be the product O«(2) x 4, %. Let f be a local
equation for 2* at the neighborhood V = Spec(B) of a point in the support of 2*. Since
Q* is étale on U we identify B/ f B with A and write cy(-) for the quotient B— A. Then
the restriction of &, to V—uwritten E,—has a presentation

0 B BeB-Y . E, 0
where p(b,b') = (fb+ ab',cy(b"). Thus we have
Bix, ]
Ey=—"2"
Sympg Eq (—ax+fy)

Proof. The morphism « is given in the local situation by an element in A also written a.
By definition E, is equal to Bf ! x g A. This is exactly given by

Eo={bf L,a)e Bf ' xA|cy(b) = aa} = {(b,a) € Bx A| cy(b) = aal.
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Any element (b, a) € E, can thus be written as (aa + fb’,a) for b’ € B, hence (b,a) =
a(a,1)+b'(f,0). Since both (a, 1) and (f,0) are elements in E, they generate E, and de-
fine the above onto map ¢. The kernel of ¢ is given by couples (b, b’) such that b’ = fb"
and fb+ afb” =0 hence b = —ab”’. We finally get Ker(¢) = B(—a, f). The presen-
tation of Sympg E, is obtained by taking x = (1,0) and y = (0,1) thus ¢(x) = (f,0) and
() = (a,1). U

Proposition 1.11. The fiber of ¢ : B, — Mg , over an object (€* KA S,5*) of Mg, p is
isomorphic to the stack whose
e objects over T € Sch/S are given by n-tuples of morphisms (a; : #; — '/V@i*)?:l
where each %; is a locally invertible sheafon T,
o morphisms over ¢ € Homg(T, T') are given for objects (a; : # — JV@;)?ZI and
B;i: S — L/Vgl_*)?zl by n isomorphisms Z; = ¢*.%%; commuting with a; and B;
forie{l,..., n}.

Proof. Let’s start with the single marked case, the general case will be straightforward
once the single marked one is proved. The discussion preceding lemma 1.10 defines
on the level of objects a functor of fibered categories F which sends a bubbly curve
(€/T,0) for T € Sch/S on a morphism F(€¢,0) = ¢ : c.Ng — Ng+. Let’s define F
on morphisms. We keep the notation introduced in the discussion preceding lemma
1.10. Let T be a scheme in Sch/S and let (€¢/T,0) and (%8/T, 1) be two bubbly curves in
the preimage ¢ }(6*/S,0*). These bubbly curves give rise to a map of &r-modules
a¢ and ag. Looking back at the proof of lemma 1.9 it is clear an isomorphism of
(€/T,0) on (B/T,7) gives rise to an isomorphism of ¢,/ on ¢,/ commuting with
a¢ and ag. Now take ¢p € Homg(T, T'), two bubbly curves (€/T,0) and (%/T',1) and
a morphism ® € Hom((€¢/T,0),(%/T',1)) over ¢. By definition ® defines an isomor-
phism from (€/T,0) on (¢~ (B)/T,¢~'1). We thus have an isomorphism of ¢..45 on
¢+ Np-16. But following the discussion preceding lemma 1.10 the formation of ¢, Ay-1¢
commutes with any base change. We thus get an isomorphism pg of ¢, A5 on ¢, A1
commuting with a¢ and ¢*ag. By writing F(®) = uep we have defined a morphism
from ¢~1(€*/S,0*) on the category fibered in groupoids overs Sch/S described in our
assertion. It is straightforward to see that F is fully faithful since conversely a morphism
from a« to ag over ¢ defines a morphisms from ¢, O (D) on c.p* Ogz(E) = p* ¢ Oz(8)
hence a ¢ *-morphism from P(c, O (2)) on ¢ 'P(c. Oz(8)).

It remains to show that each morphism of &r-modules a : #Z — A+ gives rise to a
bubbly T-curve in the preimage of (¢*,0*) by ¢. Write (€/T, o) for (P(&,),04). We need
to show that &} is isomorphic to ¢, O« (2) where 9 is the image of ¢. This is true if and
only if Z# is isomorphic to ¢..4#g. Since ¢, Ay is isomorphic to o* O« (1) it is enough
to show that O (1) is isomorphic to ¢ (2). The equation of 2 is given by the global
section O¢ — ¢* &, obtained out of the given one O+ — &y = Ogx x 4, Z%. The former
gives naturally rise to a morphism 0% — 04 (1) giving the section 2. We need to show
that this last global section coincides with the canonical morphism &4 — 0« (1). This
is local on both S and ¥¢. Using notation of lemma 1.10 locally 9 is contained in the
local chart D, (y) = Spec(B[t]/(-at + [)) for t = f In this local chart the morphism
Ow¢ — ¢* &, is given by ¢(x) thus its image in T (1) is exactly ¢ = i which is what we
need. U

Corollary 1.12. Keep the previous notations. We have an isomorphism

n*

n
L6t 8,67 = [ Vs Hap) G
i=1
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Proof. Tt is standard that objects and morphisms described proposition 1.11 are those
of this category fibered in groupoids. U

Corollary1.13. Let U be an affinek-scheme U = Spec A for a local ring A and let (€*/U,G*)
be a n-marked stable curve. The fiber ¢”' (€*/U,G*) is isomorphic to the quotient stack

n
[1[A4/Gm]
i=1

where each G, action on A}“ is of weight one.

Keep the notation of corollary 1.13. The fiber over a stable marked curve (€¢*/S,5*)
of Pg i — Mg ,, is now known to be isomorphic to the stack

Pk <, 1‘[1 |Vs(N5) /G| = f[l(mg,rc X8, | Vs (AG) G ).

It shows we only need to study the single marked case in order to understand the local
behaviour of B¢ i — My 1.

Proposition 1.14. Keep the notation of 1.13. The fiber of B 1 — ﬁg,n over (€¢*1U,c*)
is isomorphic to the quotient stack

[Aﬁ/ﬂk]
where the action of p. is given by weights (1, k—1,k-2,...,1).

Proof. Let’s fix some notation first. We write v for the standard atlas V = Vg(A.p+) —
[Vs(A9)/G,,] and identify any morphism a from a V-scheme T to [V/G,,] with its cor-
responding O'r-morphism from an invertible sheaf on .45 (see proposition 1.11). The
fiber product Bg k x5, , [V/Gm] has objects over T € Sch/V given by triples

(T ViG], (€1T,0,00 € By (D), ®: (P(E),00) = (€1T,0).

It is straightforward to see that this fiber product has objects over T that correspond to
objects of the type

(T & V1G], ok € HY(Pps,) 1) of order k).

and whose morphisms over ¢ € Homy (T, T') correspond to those of polar curves from
P(Ea), 00, (T — V)*pp) on (P(&p),05, (T — V)*pr). A morphism @ of marked curves
from (P(&,),04,) on (I]I(éaﬁ),aﬁ) over ¢ corresponds to a morphism pe from a on ¢*f’
(see proof of 1.11). The morphism pg induces a natural morphism on the level of po-
lar parts. Indeed following the proof of proposition 1.11 we know that for any y : R —
[V/G,] we have Op(s,)(1) is equal to Ops,) (Dy). Thus ¢, Op s, (kD)) is given by SymF &y
and we can see that as &'r-modules we have

Ops,) (kDy) SymFX (&)
Cx = &)k =
Ops,) Py ok

where ( is the global section given by the inclusion of g+, ,r — &). Let’s go back to
®. The map pe induces by pull back of extensions a morphism from &, on &3 the mor-
phism Sym* () is the one we're looking for. The induced morphism from Sym* (&,)/6¢%
on Symk (é"ﬁ)/ﬁcg is clearly seen to be &2(®). We can now say that ‘Bg,k X By (VIG,,]is
isomorphic to the stack whose objects over T € Sch/T are

(T & (VIGm], ok € H(Pp s, ) of order k).
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and whose morphisms are given by morphisms pin [V/G,] such that &2 (®,,)—with the
obvious notation—commutes with the polar parts. Now come to the local case. We use
the notation of corollary 1.13. Write u for the standard atlas U — [Ah/ G| Following
lemma 1.10 9, is contained in the chart D, (y). A local equation for &, at the unique
closed point in the preimage of (71 'U) N9, is given by ¢ = J—y‘ (see end of proof of 1.11).
In this local chart a global section of Pp s,  is written as

£ q,
Qk:,Z_lF' for ay € A,

this section is of order k if aj is in A*. Looking at relations in E,, we have ut = f where
f is the corresponding local equation for 2*. We can write the previous polar part as

k u 4
(1.5) Ok = Z a;(—) , foraye A.
=Y
Let A be an automorphism of u. The action of &(®,) on such a polar part is given by
k u 4 k Au ¢
(1.6) D@ =Y. A"a;(—) =) dz(—) :
/=1 f /=1 f

where A is identified with an element of HO(ﬁZ) = A*. Now each element a, for ¢ €
{1,...,n} is given in this local context by a section of .#~¢. Thus a polar part given locally
by sections (ay, ax_1,...,a;) is equivalently given by a map Spec(@/=¢.Z %) — Affl which
is equivariant for the action of G,,, on A ffl by weights (k, k—1,...,1). Such a polar part is of
order k if the projection on the first coefficient given by ay is invertible or, equivalently,
defines a trivialization of ! on U. The fiber product PBe kX By, [Ah/ G| is—using the

local description (@, ag, ay—1,-.., a1)—isomorphic to the open substack of [A]Xrl/Gm]
given by ay # 0 and with G, weights (1,k,k—1,...,1). This is a consequence of 1.6 since
the G, action on u is precisely the one giving the action of G,, on (ag, ax_1,..., a1). But
this open substack is precisely the quotient stack

[Aﬁ/ﬂk]

given by coordinates (u, %, “2,..., &) and where p; acts with weights (1, k— 1,k -

2,...,1). O

Corollary 1.15. The stack*Byg i is smooth and irreducible stack cone in the sense of [BF97,
1.8] over My .

Proof. The fact it is a stack cone in the sense of [BF97] is obvious. Smoothness and
irreducibility are consequences of the previous proposition together with the fact that
this is the case for My ;. 4

1.5. Generalized Polar Parts. We give an alternative description of the cone B ,, over
smg, n which is closer to the original cone built in [ELSV01]. This cone was built by ex-
tending the notion of a polar part on a stable curve to what is called a generalized polar
part. No full proofs of our claims will be given in this section. One can refer to loc. cit. if
needed. We will restrict our attention to the single marked case (n = 1), the general case
reduces to this one.

Let (7 : € — S, 0) be a stable single marked S-curve. Let p be a point in the support of
2 =1Im(0) and write s € S for its image by 7. Write O (resp. & p) for the local rings of S at
s (resp. € at p). Choose a local coordinate ¢ € m,, at p, since p is is given by a section o

of m we identify O to ), /(1) using 0. Let U, be the group of ﬁs-automorphisms of the
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completion 6’ of 0, with respect to its maximal ideal. There is a natural action of %,
on the quotient &s-module ﬁ / ﬁ (=(k+1)p). Thei image of this group in the group of
6’ -automorphisms of ﬁ / 6’ (=(k+1)p) is written %k, s- Notice that ﬁ / 6’ (—=(k+1p)
is an Os-module which is isomorphic to O ! % p(—(k+1)p). We thus drop the hat sym-
bol in the previous notation and write %} ; for the subgroup of 0;-automorphisms of
Oyl Oy (=(k +1)p). In terms of the coordinate  this is just given by polynomial expres-
sions ¢ of the form

GO =ut+ M2+ Ao+ + A 15, Apy., Aeo1,€ O, u€ OF.

The group law in % is the one given by a change of coordinate, i.e., for v € % we
W) (1) = P(w(0).

Write (€, p) for the stable marked curve obtained over Spec(&) obtained by base
change from the natural morphism Spec(€) — S. We have a natural action from %
on the sheaf of polar parts of order k centered at p. If p = Z?Zl aj t~I for ai,...,ar € O
is a polar part centered at p this action can be written as

(PQZ

f= 1¢<t>f

This gives a right action of %} s on I'(P¢s ). It is elementary to check that this ac-
tion of %} s on I'(P¢s &) is transitive. The stabilizer of a section in I'(Ps i) is equal
to wr(0y); this can be easily computed for (1/¢)%. This means that we have an iso-
morphism between the groupoids given by on one side polar parts on 6° centered at
p and on the other side the groupoid given by sections of [% s/ itk (05)]. Isomorphisms
in both cases are given by automorphisms induced by those of (6°, p). Thus building
an affine cone on My ,,(Spec(&y)) extending polar parts can be reinterpreted by find-
ing affine embeddings of % ;. Now notice that we have a natural surjective morphism
K : Uk,s — Gm(0s) coming from the natural quotient morphism &), (=p)/ Oy (—(k + 1) p)
on Oy(=p) Oy(-2p) = N,X. It gives an exact sequence of groups

A7) 0 — s — U,s — Gu(0s) — 0,
where @7  is a unipotent distinguished subgroup of % ; given by change of variables
of the form ¢+ O(#?). The quotient « is simply given by the map sending ¢ on its first
coefficient u € &} . The choice of the coordinate ¢ gives a section of x and thus a decom-
position % s = @ s X 6,,(0). Explicitly, we can write ¢ as

(1.8) d)= (W) C+u M +u3 8+ u At
—— ~ .
€6 () et

For short we write ¢ = uty4,,.4, ,. The previous semi-direct product means % s is
a solvable group and the image of the section of x defines a maximal torus T in % s.
Using techniques due to [KKMSD73] one can build affine equivariant embeddings of
Wx.,s. The construction goes as follows : Take an affine embedding T — X, for a cone
o in the group of characters of T (there are two such embeddings). Given this affine
embedding one can build an equivariant embedding

Yo = U5 x" Xg.

In the case at hand we want for the action of % ; on polar parts of order k to be com-
patible with its embedding in Y. Writing this down shows that the affine embedding
we're looking for is given by o =] — o0, 0[ for the chosen coordinate ¢. We write 2 for the
attached toroidal affine embedding. Now this construction boils down to the following
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local description. Locally 2 is isomorphic to the affine space A(a, A1,...,A;—1) where
appearing coordinates correspond to those of 1.8. Let y(¢) for v € % s be another coor-
dinate at the neighberhood of p. Assume ¢ = v7}4,, v, ,. Transition functions relating
the corresponding coordinates of A(u, ;) and A(u*, )L;‘) are given by

(1.9) u=u*'p, Ai= Y, AutQrorjvi,...,v)),
l+j=i

where Q;, j(Xy,..., X;) are the polynomials given by the relation

1 :
—— =) Q;(Xy,...,X))Y/.
SIS AT T !
One can get such relations by looking at the polar parts represented in terms of each
coordinates and writing the () polar part in terms of negative powers of ¢. These local
coordinates are what enables us to make sense of the relative case. We give the main
definitions and relation to ‘B «.

Definition 1.5. Let (7 : ¥ — S,0) be a stable single marked S-curve. Write & &) for the
subscheme of € given by the sheaf of ideals O¢ (—(k +1)2). We call %, s the group
Aut/js (7 ﬁ@(k) ).

Itis easy to check that the S-group % s defined in this way is a smooth S-group which
is solvable, of relative dimension k and an extension of a torus by a unipotent subgroup.
This is an isotrivial group with unipotent fibers equal to %k’fs over s € S. Using the pre-
vious procedure we can build étale locally affine equivariant embeddings of such an
S-group. These data glue to give an embedding globally over S and by extension over
Mg 1 (refer to [KKMSD73] for more details). We call Z i such an embedding.

Definition 1.6. A generalized polar part of (¢/S,0) along @ is an S-object of [ 2 /]

The following proposition gives the link between our construction and the one intro-
duced in [ELSVO01].

Proposition 1.16. The stack of generalized polar parts overﬁg,n is isomorphic to*Bg .

Proof. In proof of proposition 1.14 we proved we had an isomorphism of stacks from
P ¢,n on the stack whose objects were given by triples (m : €* — S,0*, p € Sym*(&,)/ O+ (%)
with the corresponding notation. To prove our claim it is therefore enough to show that
Sym*(&,)/0¢* is isomorphic to the sheaf of generalized polar parts of order k. Using
1.10 Sym*(&,)/ 0¢* is locally equal to

B(x, ylk
B[x, yli_1(—ax+ fy)+ Bxk)’

with notation of lemma 1.10. One can show that this is isomorphic to the direct sum
s
P AxyFi.
j=0

There is a natural action of %} on this A-module. Let ¢ = (uf)71,4,,..1,_, € k- The auto-
morphism attached to g for this action is defined by (x — x, f — g(f),y— aty11,,..1,.,)-
The induced relations on coefficients of an element in ® 5?;3 AxJy*=1 after the action of
¢ are exactly those given by relations 1.9. This ends the proof. U
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2. ELSV CONE

We begin this section by giving a closed substack 3¢ i of P i frislty introduced in
[ELSVO01] in the case k = C. This substack is isomorphic to the quotient [0, 2(PLK) /G,
where the G, action on smg (P! k) is the standard one. Under a tame condition on
the base field, namely that the characteristic p is zero or greater than d and doesn't
divide 2g —2 + d + n, we can build a section of the quotient morphism SJTL(IP k) on
[?J)‘(g 2 (P k)/Ga] It does enable us to embbed 3 i as a closed substack of Mg, (P k).
This is made possible by using the notion of generalized branch divisor built in [FP02].

Notation. For further use we write r for the natural number 2g -2 +d + n.

2.1. The ELSV Cone Sg,k. Let (m: 6 — S,0,0) be a stable polar curve in ‘B . There is a
long exact sequence in cohomology attached to this polar curve given by
(2.1)

0 Os > 1. 0g(X k@)ﬂ% n.0¢ — R', 0" ki2;) — 0.

The theory of base change in cohomology for proper flat morphisms implies that P i,
R'n, 0y and R'n, Oy (Z;’:1 k:9;) commute with any base change and are locally free.
This is enough to ensure that V¢ (k) commutes with any base change as well. Thus
to each S-object (€/S,9) in ‘Bg n we get a global section Ve (K) () of R'm. ﬁcg This
is precisely giving a section V(k) of the vector bundle defined over Pg.i by Rn.0_.

Now followmg Grothendieck-Serre duality we have a canonical isomorphism R7, O =
7.0, Following results of [Har66] (see also [Con00]) this isomorphism commutes with
any base change. The section V(k) defines using this isomorphism a natural section
V(K) of the pullback of the dual of the Hodge bundle on M ,, to P . We shall loosely
denote this bundle by E as is the case for the Hodge bundle on S)ﬁg n-

Definition 2.1. Let V(k)V be the natural section of EY given by 2.1. The ELSV cone 3 gk
is defined as the zero locus of V(k)V This is a closed substack of ‘ﬁg %

let (m: ¢ — S,5,0) be apolar S-curve in 3¢ %, let {Uy — S}, be an open affine cover of
S and write 6, for the restriction of ¢/Sto Uy = Spec(Ay). If we pull back exact sequence
2.1 on 6, we get as part of the long exact sequence in cohomology

0— Ar — H(Og, (X1 ki%¢,))) — H' (P4, ) — H (O,).

Thus g, can be lifted to a section in H 0(@@ (Z?zl ki9¢,;)) meaning we have local lifts
of g to 1.0 (Z?zl k;2;). Let’s focus for the time being on the local case at hand. We
shall drop the indices and write (6y,d, ) for the restriction of our initial polar curve
to U = Spec(A). Assume for simplicity that A is local of maximal ideal m and residue
field k. Write U = Spec(A) for the spectrum of A and let (6y,d,0) be a polar U-curve
in 3¢ . Write 1 for the canonical section of O, (L | ki%;). The set of lifts of ¢ to
H'(O, (X7, ki2)) is a torsor under the additive action of A along 1. This is indeed
a torsor because a lift of ¢ can never be colinear to 1 because of the hypothesis on the
order of g. Now fix a lift { of g. Each lift { + a1 for a € A defines a surjective morphism

0y — O, (L] ki) — 0.
attached to the sections {1, +a1}. These give morphisms @, 41 from 6y on |]3>11‘1 sending

markings 91,...,9, on the co section of IP}‘I. Locally at a point along &; the map @, 4;
is given by the regular function ({ + a1)~! and away from infinity it is locally given by
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{ + al. This makes it clear that the G, action on lifts of g corresponds to the G, action
on attached maps to |]3>}‘1 fixing the section at co.

Lemma 2.1. The maps @ q for a € A are stable maps of degree d.

Proof. By construction the restriction of @, 4; on the fiber C of the closed point of A is
constant on irreducible components of C containing no marked points and dominant
on those containing any of the marked points. Since each unstable component of C
contains at least a marked point @, 4; ® k can’'t be unstable. The degree of @4 is
equal to the dominant coefficient in the Hilbert polynomial of <I>Zf ol (ﬁu;,}4 (1)) which is

written (®} (ﬁpl‘ (1))). By definition we have

(+al
X®F 1 Ot () = 07, 1 (Op1 (1) + {(Trg).

Thus the degree is constant along the fibers of 7. On a fiber C of 7 the previous degree is
equal to the sum of the degrees of restrictions of (9. 41 ® k)* (Op1 (1)) to each irreducible
component of C. Since this degree is zero on contracted components the sum takes
place only on components of C having a marked point. This means the degree is equal
toX?  ki=d. O

Let¢: € — IP; be an S-map in ﬁg, 2(P1, k). This map is given by a unique meromor-
phic function {y in .#<«/s. This meromorphic function is the extension to the whole of
% of the regular function on €\Supp(} ;-1 Z;) defining ¢. In terms of {, we recover ¢
by looking at the moprhism from 022 to O (X1, ki2;) = ¢* Op1(1) given_by the cgllec-
tion of sections {1,{y}. This means we get a morphism of stacks form Mg , (P!, k) on
3¢,k by sending ¢ on the polar curve (6, 6,5) where G is the image of { in I'(P¢ i).
Proposition 2.2. The previous morphism ﬁg,n ®LE) -3 gk s aGy-torsor. In particular

[ﬁg,n(ﬂmlv %)/Ga] = 3g,l_é-
Proof. This is a straightforward consequence of discussion following definition 2.1 and
lemma 2.1. O

Corollary 2.3. The quotient
(Mg, (P, K)/ (G % Go)]
is proper.
Proof. This follows from the fact that
(Mg, (P, K)/ (G X Go)| = P3g k.
O
2.2. Branch Morphism and Modular Interpretation of 3¢ %. There is a more conve-

nient way of looking at objects of 3 %. It does however need a restriction on the charac-
teristic of the base field.

Tame Assumption 2.1. For the sequel of the paper we assume that the characteristic of
the base field p is zero or greater than d and doesn’t divide r.

Under this assumption there is a natural way of attaching a stable S-map to an S-
object of 3, i. This gives a closed embedding of 3, i into M , (P, k).

This embedding is given by a section of the forgetful morphism ﬁg, APLE) — 3 ok
constructed with the help of the generalized branch morphism due to [FP02]. It is to
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mention that results in [FP02] are stated in the case of a characteristic 0 base field. Fol-
lowing a remark at the beginning of section [FP02, 1.1] this condition is only needed (at
least for the first three sections) in [FP02, 9] to prove that given a stable S-map F: X — Y
the complex
RF.[F wy/s — wxs]
is a perfect torsion complex on D, (Y). One can lighten the previous hypothesis on p.
Indeed using lemmas [FP02, 5 & 7] (which do not depend on the characteristic see[FP02,
1.1]) it is enough to prove our claim for moduli points. Following the proof of [FP02, 9]
it is obvious that what is needed is generic smoothness of F on non-contracted compo-
nents of X. This is true since F is finite on such components as soon as F restricted to
each of these components is separable. To ensure this is always the case we need either
p =0 or p > d and both are guaranteed by the assumption 2.1. We shall therefore use
needed results of [FP02] in this generality.
Following [FP02] we have a morphism

Mg (P, d,00) 25, Div?8-2+2dpl

which sends a stable map in ﬁg, n(P',d,00) on an effective Cartier divisor on P!, It does
coincide on the locus of ﬁg,n([@l, d,o0) given by dominant smooth maps with the clas-
sical branch morphism.

Let (6y,J,0) be a polar U-curve in 34 j for an affine scheme U that is the spectrum
of alocal ring A of maximal ideal m and residue field k.

Lemma 2.4. Fix a lift { of p to H*(6y, " kiD;). The restriction Bro(®;) of Br(®;) to
the affine chart Ab ofIP}] given by the complement of the section at infinity is a relative
effective Cartier divisor of degreer =2g—2+d + n.

Proof. Since Br(®;) is effective, its restriction to an open subset of P! is so as well. To
show that Bro(®;) is relative Cartier it is enough to check it on the closed fiber of €;;/U.
The map ®; ® k is a stable map attached to the polar k-curve (C, p, ¢ ® k) obtained by
base change. Write @, for the restriction of ®; ® k to an irreducible component C, of C
and write 91 for the Weil divisor of nodal points of C. Following [FP02, 3.1] the branch
divisor of ®; ® k is given by

Briogok)=( Y Br@))+200M+( Y Br@).
{¢|®,is constant} {€|®,is dominant}
For an irreducible component C, such that ®, is dominant the branch divisor Br(®,) is
the classical branch divisor. Thus for such a component Br(®,) contains the Cartier divi-
sor (X pieCe) (ki —1))oo. By summing up over all non contracted components Br(®; ® k)
always contains the Cartier divisor (d—n)oo. Which finally gives that Br(®; ® k) —(d—n)oo
is an effective Cartier divisor of degree 2g —2 + d + n equal to Bro(®; ® k). U

Lemma 2.5. Let I be an ideal in Alt] defining a relative Cartier divisor, i.e. A[t]/1 is flat
over A, then I is principal.

Proof. Write S = Spec(A) and let D be the Cartier divisor with defining ideal I. It is well
known that the Picard group of Aé is trivial since A is a local ring, which in turn gives the
result. (]

Proposition 2.6. Keep notation of lemmas 2.4 and 2.5. There is a unique lift {(9) of ¢ to
H'(O, X7, ki21) such that Bro(®¢ ) is given by a polynomial in Alt] having a zero
coefficient in degreer — 1.
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Proof. Let { be any lift of g. Since invertible elements in A[¢] are those in A* the condi-
tion appearing in the lemma on the vanishing of the coefficient of a polynomial defining
Bro(®;) doesn’t depend on the choice of this polynomial. Let a be an element in A and
write 7, for the automorphism of [FD}‘1 such that 74(f) = £+ a where ¢ is the coordinate of
P, centered at 0. By definition

Br(rq 0 ®;) = Div (R(Ta 0®). [(Ta 0 @) wp 1y — wcg/U]) .

Since the complexes [Taotl)z wply — w;y] and [@2‘ wpl jy = OF ;u] are isomorphic and

Tq is an automorphism we get that
Br(7q 0 ;) = Div(7a, (RO [(@0) wp1 1y — wru])),

= Tqu Div (RO [(@0)" wp1 1y — w10,
=Tqox Br(tl)().

Following lemma 2.5 Bry(®;) is generated by a single polynomial in A[¢]. Thus if P(z) €
A[1] is an equation for Bro(®;) then P(z +a) is an equation for Bro(®;, 41). The degree of
P(1) is that of Bro(®;) and that is r. Write P(f) as

P(t)=Y Bit", BreA”.
/=0

The branch divisor of ®;; , 41 is written

r r [y r r
Pit+a) =) Brt+a)’=Y Y ( )ﬁetqal_q =) (Z (q)ﬁq“q_z) t.
2=0 r=0g=0\4 ?=0\g=¢ ¢
In particular the coefficient of degree r —1 is given by ,_; + r,a. Since r and 3, are
invertible in A* we get that there is a unique « for which the branch divisor of ®; 4 has
an equation with zero r — 1 coefficient. U

This justifies the following definition

Definition 2.2. Let¢: 6 — P}g be a stable S-map of degree d. We say that ¢ is normal-
ized if locally any equation of Bry(¢p) has zero coefficient in degree r — 1.

Corollary 2.7. Given a polar S-curve (6,6,0) in 3g i there is a unique lift {(0) of ¢ to
H°(O4 (L ki®)) that is normalized.

Proof. We only need to justify that the condition expressed in 2.6 is local on the base
and stable under base change. It is indeed local on the base. Being stable under base
change is a consequence of the fact that the branch divisor is so. Indeed, keep notation
introduced in the proof of 2.6 and let 1 : B — A be a morphism of k-algebras. Since Br
commutes with any base change the polynomial giving the branch morphism of y*( is
given by P(t) ® 1g. And this last polynomial has a zero degree r — 1 coefficient. U

Corollary 2.8. We have a natural closed embedding of 3¢,k into the space of stable maps
of profile k

Proof. This embedding is given by the section of ﬁg,n(ﬂml,l}) — 3g i sending a polar
S-curvein (¢,0,0) on the S-map @ ). O
Corollary 2.9. We have a branch morphism Br : 34 i — Div?8~2t4*" Al that sends an
object in 3¢ i on an effective relative Cartier divisor whose support is in P!\ {oo}.
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Proof. This is the composition of the previous embedding with the generalized branch
morphism following [FP02]. O

Remark 2. The previous branch morphism should be thought of as the £ % mapping
introduced in [ELSVO1]. The use of the generalized branch morphism in the sense of
[FP02] avoids showing that the notion of finite critical values of a map from a smooth
curve to P! extends to the case of a nodal domain curve.

2.3. Natural Strata of 3 g k- Letl be a modular graph in the sense of [BM96] that cor-
responds to a bubbly curve. There is a natural stratification of ‘B , by locally closed
substacks 9)? (T') given by curves of type I (see [BM96]). Taking the fiber product

Sg(r) = mg(r) X%g,n Bg,%

we get a natural stratification on 3 . Our aim is to give estimates on the dimension
of these strata. For this purpose we introduce slight variants of the stack 34(I'). Let Lr
be a choice of extra legs for I'. Write T'(Lr) for the resulting modular graph and write
M, (T, L) for the stack of curves of types I'(Lr) together with the subset Ly of legs of
['(Lr). Contracting these legs and stabilizing unstable rational components having no
marked points in Lr we get a forgetful morphism S)ﬁg(l‘ Lr) — M (). This is a vari-
ant of the stabilization morphism where an S-curve (71 : 6 — §,92,...,9p,81,...,Em) €
M, (T, Lr) is sent on the Proj of

n m
ﬂ*w%/g( Z 29; + Z éaj).

i=1 j=1
This variant does not contract bubbles of C. We call 34 (I', Lr) the fiber product ﬁg (T, Lr) 3, )
3¢ (D). If we look at the special case of a one vertice modular graph having n + m halfs
legs we get objects of 3, ,, having smooth underlying curves and m extra markings. In
this case such a stack will be simply written 3¢ (-, n; m). All of the previous stacks are
defined as fiber products of algebraic stacks, they're algebraic as well.

Notation. Given a relative curve €/S denote 2l the set of relative maps € — IP% up to
the G, action on [P’g fixing the section at oco.

Lemma 2.10. Let A be a modular tree. Take a point (C, p) in ﬁg(A) and assume we have
on each irreducible component C, an element f,, € 2¢,. Then there is a unique element
f € ¢ whose restriction to each component C,, is equal to f,,.

Proof. Make a choice of representatives f,, for each f, € A¢,. If e is an edge of A we
write {v, (e), v_(e)} for its set of adjacent vertices. We denote x, the nodal point of C at-
tached to the edge e. Let E be the set of edges e in A such that ﬁ,+(e) (xe) and f,_(e) (xe)
do not coincide. We're going to show that one can always decrease §E by choosing
different representatives of f,. Take a leaf vy € A. If E # ¢ then there exists a ver-
tex v;,+1 and a unique shortest path vy, eg, v1, €1,..., em, Vm+1 of length m + 1 such that
f,,J (xe]) # f,,]+1 (xej) only if j = m. Let A(vg, Viy+1) be the subgraph of A generated by the
vertices in the connected component of A\{v,.4} containing vo. Exchange each rep-
resentative f,, of f, for v a vertex of A(vy, Vyy+1) by f,, = f,, + f,,m+1 (xe,,) f,,m+1 (xe,,). For
such a choice f,,, (Xe,) = fy,., (xe,) and we do not change coincidence relations at edges
of A(vg, vm+1). In such a way we have reduced #E by 1. Now if we take two representa-
tives of extensions of {f,}, to the whole of C, there difference on each component C,
is a constant map to P!. The condition on edges forces this map to be constant on the
whole of C which ends the proof. O
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Let A be a subgraph of I" and let Lx be the set of legs obtained out of edges in T'\A.
Take an S-object (€/8S,0) in Sg(A,LA) and let e; and e_ be two legs in Ly coming from
the same edge in I'\A. Let f be a morphism to [P’g coming from a lift of g to a global
section of O (X_; k;D;). It is clear that the S-section of IP% givenby fot,, — foT, where
T, and 7, are the S-markings attached to e_ and e_ does not depend on the lift f.
Hence, once we've numbered legs of Ly by ey 4,e1,,...,ey, 4+, e, - we get a well defined

evaluation morphism evy, : 34(A, La) — (P1)?2. Take a look at the fiber evZAl{(O,...,O)}.

Its objects are precisely those of 34(I') but a point in evEAl{(O, ...,0)} has in general less

automorphisms than a point in 34(I'). However in both cases automorphisms groups
of points are finite thus dimension of evZAl{(O, ...,0)} and 34(I) are equal. Thusif Ais a
maximal tree in I' the stratum 3¢(I') can be embedded as a closed substack of 3¢ (A, La)
of codimension at most 5 = 1+ e(I') — v(I'). Estimates on the dimension of 34(I') are
thus given by estimates on the dimension of 3 g(A, Ly) where A is a tree and Ly is a set
of extra legs.

Remark 3. For the following proposition to be meaningful it is necessary to point out
that we can always make sense of the stack 3¢({pt},1;1) even though (g, n) is equal to
(0,1). Ignoring the case of (g, n) = (0,1) or (0,2) was to keep homogenous the treatment
of the stack cone structure over i , that is void for these entries. If we consider such a
question irrelevant, disqualifying the single marked case of genus 0 was due to the fact
prestable rational curves having only 1 polar part could have an infinite automorphism
group. However, in the case of 3¢({pt},1;1) were looking at rational curves having two
marked points one of which has a polar part. The automorphism group of such an ob-
ject is following proof of 1.7 finite. We get thus an algebraic stack that is obviously of
dimension k;.

Proposition 2.11. Let A be a modular tree having only n ordered legs and write’U for the
set of vertices of A containing at least one leg. Take an extra set of legs L for A. We have a
finite morphism

2.2) nvewag,,(v;ny;[v) X nye[‘,mgﬁg,,,l,, E— Bg(A,LA)

where g, is the genus attached to the vertex v, n, is the number of legs incident to v and
¢, the number of edges and of legs of La out of v.

Proof. Consider the natural clutching morphism attached to A

[Tvew Emgy.nﬁfy x Hue[]m?mgméu — ﬁg(A»LA)-

A collection of marked curves in the left hand side are attached along half edges in a
manner respecting incidence relations in A. This clutching morphism is representable
and finite. Details can be found in [ACG11, 12.10]. Let X be the fiber product obtained
out of the previous morphism and of the forgetful one 3 g(A, Lp) — ﬁg(A, La). We have
a natural finite morphism X — 3 g(A, Lp). Itis enough to show that X is isomorphic to
the left hand side of 2.2 to prove our claim. Take an S-object

{7y 16y — S, 00} vey 17y : 6y — S} yepy)
in the left hand side of 2.2. This S-object naturally induces data (7w : € — S,{0.}yey)
where each g, defines an element in 2«,. Notice that we can attach a constant map
in 2, to each component %, for v € (U by choosing an S-section of IP}S. Thus we do

have a collection of elements in 2, for each v € V(I'). Proof of lemma 2.10 obviously
generalizes to this relative case. Hence we get out of the latter data a unique element in
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2l whose restriction to each €6, gives back g,. As soon as we unravel the definition of
X as a fiber product we see this correspondance defines an isomorphism from the left
hand side of 2.2 on X. Il

The coming corollary uses results of section 3.2.

Corollary 2.12. Let A be a maximal tree inT" and write La for the set of half edges in '\ A.
Then we have

dim3g(A,Ly) = (38a—3+n+d)—ga—e(A)+ Y gu.
vely

In particular we get that

dim3g() = @Bgr-3+n+d) —gr—eM+ ) g
vely
Proof. The second inequalityis a consequence of the fact that dim 3 g = dim 3 g(A, La)—
1—v(I) +e(D). It is therfore enough to compute the dimension of 34(A, L). Following
proposition 2.11 we have

dim3g(A,Ly) = ) dim3g(v,ny;0,)+ Y. 38, —3+1,.
vey vely
It is a consequence of propositions 3.8 and 3.12 that dim 3¢ (v, n,;1,) = 38, =3+ n, +
l,+d,) — g, where d, is the sum of k; for i a marking on v. We therefore have
dim34(A,Ly) =38 —3v(D) +n+d+4La+2eT) - Y &,
vesJ
=(Bgr-3+n+d)+3(gr—gr)-2(vD)-e@-1)+1-v@) - ) gv+4La,
ve’J
since v(I') —e(I') — 1 = ga — 8T we get
dim3g(A,Ly) = Bgr-3+n+d)+ga—gr+1-v) — ) gv+iLa,
ve’y

but {Lx =2(1 - v(I') + e(I)), hence

dim3g(A,Ly) =Bgr—-3+n+d) —gr—eM+ Y g +(1-vD) +eD),
vely

which is what we need. O

3. BOUNDARY POINTS OF THE ELSV COMPACTIFICATION

We build a contraction from the stack of admissible covers of rational curves by genus
g curves on P3 . Points in the closure # g i of # j: in P3¢ j are those in the image of
this contraction.

3.1. Rigidified admissible covers. We shall only be concerned by covers having genus 0
target curves and specific ramification behaviour. Details about the stack of admissible
covers can be found for instance in [HM82] and [BR11]. We shall fix here the type of
admissible covers we're interested in.

Lett; for j €{1,...,r} be partitions of d. Write E(TC)g,rl,...,r, for the stack of admissible
covers having closed points given by finite surjective maps of marked nodal curves ¢ :
C — R satisfying

e ¢~ 1(Singg) = Singc,

e let C and R be the respective normalizations of C and R. Write ¢ : C — R for the
morphism induced by ¢. Ramification indexes of ¢ at points lying over the same
nodal point of C are equal,
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¢ R is a genus 0 curve marked by oo, q1,...,q, and C is a genus g curve marked
by p1,..., pn and points in the fibers of each gy, ..., q-. Marked points over each
qi1,.--,qr not being ordered.

e both R and C are stable with respect to the previous marking,

* ¢ is étale away from oo, q1, ..., qr, has a profile given by 7; over g; for each j €
{1,...,r} and satisfies scheme theoretically

n
¢ loo=3 kipi.

i=1
This last condition implies ¢ has a profile given by ki, ..., k, over oco.

The stack $ (k) g11,..7, is @ compactification of the classical Hurwitz stack (k) Q71T
whose points are admissible covers of (k) ¢11,...,7, having smooth source curve. The
stack 9 (k) ¢,11,..,7, contains (k) ¢ as a dense open substack. This means every admissi-
ble cover is smoothable. Following the description of [HM82] of the versal deformation
of an admissible cover one can check that $(k) ¢11,...7, is a reduced stack. On the bad
side (k) ¢11,...7, 18 in general a singular stack that is not even normal. Its normalization
is however a smooth stack. There were different modular descriptions of this normal-
ization, see for instance [Moc95], [ACV03] and [BR11].

We write (k) ¢ for the simply ramified case away from co. A result of [Waj96] states
that $(k) g isirreducible. We denote (k) g,» the disjoint union

.V':)(k)g,. = |_| f)(k)g,rl,...,rrv
(T1,0e0Tr)
where the disjoint union takes place over all r-tuples of partitions of d.

In the following, curves in 9 ;41 are marked by r + 1 sections one of which is special
and thus indexed by co. Let (R,7)) be an r + 1-marked stable genus 0 curve and write
Ry,..., R, for irreducible components of R. The nodal curve defined by R is a tree of
genus 0 smooth curves. Following [0S79, 10.2] we have isomorphisms

14
Pic(R) = [ [ Pic(R)) = Z".
j=1
An invertible sheaf . on R is thus given by the v-tuple of its degrees on Ry, ..., R,, we
call it the multidegree of .# and write it degy, (:%). The invertible sheaf on R of mul-
tidegree d is written Og(d). For example the canonical line bundle on R is given by
(-2+n(Ry),...,—2+n(R,)) where n(R;) is the number of special nodal points on R;.

Lemma 3.1. Keep previous notation. Assume d is an v-tuple of natural numbers. We
have h' (Or(d)) = 0 and h°(Or(d)) = | d| +1.

Proof. Using Serre duality hl(ﬁR(J)) =ho (a)R(—o_z")). If R is smooth wg(—d) is of nega-
tive degree and thus HO (a) R(—(i)) = 0. When this is not the case take a component R i
of R that is a leaf of its dual graph. Since R; is a leaf it can only have one nodal point.
This means the restriction of wg(—d) on R j is still of negative degree and any section in
H(wg(~d)) is zero on R;. Let R} be the closure of R\R; in R, we thus get an isomor-
phism of HO(wR(—J)) with H° (a)R(—(/_z")m;). Since R}‘ is a nodal genus 0 curve having

v —1 irreducible components we conclude by induction. The expression for h°(Cr(d))
is a direct consequence of [0S79, 10.4]. O

Let q1,...,qr, oo be the images of 11,...,7,,Nc. Write R, for the irreducible com-
ponent of R containing 17,. Consider the case of the invertible sheaf 0'z(g.). Since
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restriction to R, gives an isomorphism HO(ﬁR(qoo)) = HO(ﬁRm(qoo)) the sheaf Or(goo)
is base point free. Following 3.1 h%(&' R, (o)) =2 and

@020 H (Or(0 4oo)) = Sym H® (Or(Goo)).

This induces a morphism R — Proj HO(ﬁR(qoo)). The choice of a basis of HO(ﬁR(qoo))
gives a morphism from R to P!. Each moduli point ¢: C — Rin H(k) g,» has target that is
a genus 0 r + 1-marked stable marked curve (R, 7). If we choose a basis of H*(0r(qco))
following the previous steps we can get out of ¢ a morphism ¢ : C — P!. This is a com-
plete intersection morphism having smooth target. In a fashion similar to what has
been done in 2.2 we're going to impose a condition on admissible choices of a basis
of HO(O (gdoo)). Once this is done we built a stack whose moduli points are couples of
covers in $(k) g,» together with a good choice of a basis of H(OR (goo))-

Take an S-object ¢ : € — Z and let (n: Z — S,7)) beits targetin Mo +1. Let 24,..., 20
be the images of the sections given by 7j. Let &, be the direct image 7. ' (2,). Follow-
ing lemma 3.1 we have ho(ﬁ% (25,00)) is 2 and h! (Oz,(2)) = 0. By [Knu83, 1.5] we get
that & is a locally free sheaf of rank 2 that commutes with any base change. Attached
to (#,1) we have by push forward an exact sequence

0 Os bno — L1 0.
(3.1)

We write 1 € T' (&) for the image of the canonical unity section of 0. This is a nowhere
vanishing section of T'(&}.).

Definition 3.1. A rigidification of ¢ is given by the choice of a global section ¢ of &
such that {1, ¢} trivializes &,,.

A rigidification is precisely given by the choice of a global non-zero section of .Z¢!
and a section of x. Two sections of x differ by an element of the form ul for p e T'(S, O5s)
and two global sections trivializing .Z2! by 1 € (S, 05). This means that given a rigidi-
fication ¢ € I'(6%) any other rigidification is of the form A +u1 for (A, u) € T'(0§) xT'(O).
Equivalently, the set of rigidifications of ¢p is a torsor under G, X G,,. Let p({) : € — IP; be
the morphism attached to ¢, the morphism ¢ (A€ + p) attached to A + p is obviously ob-
tained from ¢ () composing with the automorphism of (P!, 00) given by (A, 1) € G, X Gg.

Lemma 3.2. Keep previous notation. Let ¢ be a rigidification of ¢. There is a unique
rigidification ¢ lift x(§) such that the induced morphism R — P! is normalized in the
sense of definition 2.2.

Proof. The morphism ¢ attached to ¢ has relative complete intersection source and rel-
ative smooth target. In our case this is the only needed assumptions to define the branch
divisor in the sense of [FP02]. Following the proof of proposition 2.6 step by step we get
the result. (]

Definition 3.2. A rigidification of ¢ satisfying such that its induced morphism R — P! is
normalized is said to be normalized.

Definition 3.3. Let E(I;)g;g be the stack whose S-objects are given by an S-object in
H(k) g,» together with a normalized rigidification. Morphisms of 5(%)‘;? are those of
(k) g, fixing the rigidification. We write 5(%);f§1,...,1r and E(I})g,ig for the obvious vari-
ants of E(E)gff‘" .
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It is obvious to see that the set of normalized rigidifications of ¢ is a G,,-torsor. This
says that the forgetful morphism ﬁ(l?)gf" — .6(75) g makes of ﬁ(k))gf‘" a G,;,-torsor over

E(I})g,.. Since 5(1})6,,,1,"”,, is of dimension r — 2 the dimension ofﬁ(%)gfer isr—1.

Proposition 3.3. The stack 5(%){;? is a G, -torsor over §)(k) g,o- It is the one defined by
the line bundle Z,.

Proof. A normalized rigidification of an S-object ¢ in E(Tc)g,g is given by the choice of

a global nonvanishing S-section of .ZZ'. Equivalently an S-section of Specg(®,c7.-2%).
O

r

Corollary 3.4. We have an isomorphism%(l})g,. = E(I})gff’y/Gm .

3.2. Hurwitz Projection. Let (¢ : € — %,¢) be an admissible cover in 5(7&);’;‘? over a
scheme S. Rigidification defines a morphism of marked curves from % onto [P’g. Com-
posing with ¢ we get a morphism ¢ : 6 — IPé.

Lemma 3.5. The map ¢ is of degree d.

Proof. Following the proof of lemma 2.1 it is enough to look at closed fibers ¢;. In this
case Z; — P! is an isomorphism on %, and contracts any other component on a
point. This implies the degree of ¢ : €; — P! is equal to the degree of ¢y R, Which is,
in turn, equal to the degree of ¢; on any other component for ¢, is admissible. Hence
@, is of degree d. 0

Keep previous notation. The map ¢ is a map between stable marked curves. There
is a forgetful morphism that only keeps on mind the marking of P! at co and markings
of € given by the sections o071,...,0, going on co. This forgetful morphism can destroy
stability of the map . Let ¢ : (€,5) — (P}, 00) be the stabilization of ¢.

Lemma 3.6. v is a stable map of profile k.

Proof. This is a statement on closed fibers. Let s be a pointin S. We need to show that
locally around each point o, the map v is of profile k,. But each such point comes
from a point on % that lie on a component going on %, i.e. a component that is
not contracted on P!. Hence the local behaviour of vy at o is the one of ¢ at the
neighborhood of this same point and this ends the proof. U

Definition 3.4. Let p- be the functor from 5(E)§f§1....,r, on ﬁg, 2(P1, k) defined in the
previous fashion. Write p for the case of 5(7&);’g and p, for E(k))gfg . This last morphism
is called the Hurwitz projection.

Proposition 3.7. The projection p, factors through the embedding of 34k as a closed
substack of Mg (P, k) built in section 2.2.

Proof. Let p, be the composition of p, with the natural quotient ﬁg, nPLk) — 3 ok
followed by the its section built in section 2.2. By definition of rigidification it is obvious

that p, and p, coincide on ﬁ(%);ff" . This means they’re equal on an open dense substack

of E(I;)gf’y . Since ﬁg,n(ﬂj>1 , l}) is separated, the locus where p, and p, are equal is closed

in E(E)gff" . But since 5(%){;? is reduced such a substack is the whole of 5(%){;? (see
[The, 050A)). O
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Obviously p, is G,,-equivariant for the action of G, on the rigidification of an object
in ﬁ(k)”g. Thus p, defines a morphism g, : 5(%)5, — IPSg,*

Let Hg,k . be the open substack of 3¢ i given by objects having smooth underlying
curves and write Hg,k . for the closure of Hg f . in 34 . Write Hg j be the open substack
of Hg . corresponding to points of 3¢ % having simple ramification away from co. One
can check that the quotient of Hg i by the natural G,,-action written PHg ; is the stack
gk mentioned in the introduction to this paper. The ELSV compactification #g f; is
equal to the quotient PHg ;.

Proposition 3.8. The restriction of p, to ) (k) is a trivial &, -torsor over Hg f; ..

Proof. Taking the image of an S-object (¢ : € — D,¢) € f_)(k)”g involves no contraction
on the target curve and thus no contraction on the source. The choice of { makes sure
the resulting stable map p, (¢) is in the embedding of 34 j in ﬁg, 2(P1, k) described in
section 2.2. Now take an S-object y: ¢ — P! in H ¢k, and choose an order on its branch

points outside co. This data defines a unique S-object in $) (k)”g by taking for rigidifica-
tion the one defined by x,, where x, is the coordinate in the nelghborhood ofco. U

Corollary 3.9. The open substack of 3¢ i given by Hg .. is smooth. In particular it is a
local complete intersection in ‘B .

Proof. This is the case for ﬁ(k)”g . |
Lemma 3.10. The morphism p, is surjective on ﬁgjc,..

Proof. It is enough to show this on moduli points of Hg #.. Any point ¢ : C — P! living
in Hg %, has got—Dby definition—a smoothing family ¢4 : €4 — [FD1 over a discrete val-
uation ring A. This means the central fiber of ¢4 is equal to ¢ and that ¢4 is a finite
morphism of smooth curves on the generic fiber. Now the generic fiber is precisely an
object in H(k) g, Since H(k) g, is proper it can be extended uniquely to an A-object of
(k) g,- Because 3 j is separated the image of this extension under p, gives precisely
on the central fiber ¢. O

Proposition 3.11. The restriction p of p, to E(I;)gg is surjective on ﬁg,},..

Proof. Thisisaswell a claim on moduli points. Following proposition 3.10 it is enough to

show that any point¢: C — D in mic)gfhm,,r can be obtained from a point ¢ : B — E by
contracting rational components on the base and target of w. Take a branch point g of D
thatis not simple. It’s fiber is given by m points q;, ..., g, with multiplicities m;, ..., m,,,.
Attach a rational curve at each of the points ¢q, q1,..., g,. Write E for the rational curve
at g and D, for the rational curve at g,. Take on each D, a simply ramified map to P!
except at the point g, where it has ramification of order m,. Making such choices for
each branch point of D gives a simply ramified admissible cover whose image by p gives

back ¢. U

Using the previous proof one can see that p is surjective on Hg # as well. This means
that both closures Hg % . and Hg i are equal. In particular Hg j is dense in Hg #,.. In par-
ticular one gets that #% j is dense in PHg j .. This means that there are no restrictions
on the branch divisor of boundary points of the ELSV compactification.

Corollary 3.12. ﬁg,k,. is irreducible of codimension g in*Bg k.
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Proof. Tt is well known that E(E);ig is irreducible. We've just seen that Hg i is dense in

Hg i.. The dimension of Hy i is equal to the one ofﬁ(%)gig whichisr—1=2g-2+n+
d-1=3B8g-3+n+d)-g. (]

It is natural to wonder whether ﬁgj,. is the whole of 3 i or not. The answer is no. A
stratum 34 (I') for a modular graph I" cannot be a substack of 34(I') unless its dimension
is less that the stratum of Hg i . given by maps to P! of source curve of type I'. This is the

image of the corresponding stratum in H(k) ;lg and is thus of dimension 3g -3+ n+d—
g —e(I. Using 2.12 we get that for 34(I') to be included in Hg j..

Bg-3+n+d)—-g-e+ ) gy=dim3zT)<Bg-3+n+d) —g—-e).
vCv
This implies any point in such 3, (I') must contract only rational curves and this is not
the case of all points in 3 gk assoonas g #0.

REFERENCES

[ACG11] Enrico Arbarello, Maurizio Cornalba, and Phillip A. Griffiths. Geometry of Algebraic Curves vol
II. Springer, 2011.

[ACVO03] Dan Abramovich, Alessio Corti, and Angelo Vistoli. Twisted bundles and admissible covers.
Commun. Algebra, 31(8):3547-3618, 2003.

[AOV08] Dan Abramovich, Martin Olsson, and Angelo Vistoli. Tame stacks in positive characteristic.
Ann. Inst. Fourier (Grenoble), 58(4):1057-1091, 2008.

[BF97] K. Behrend and B. Fantechi. The intrinsic normal cone. Invent. Math., 128(1):45-88, 1997.

[(BM96] K. Behrend and Yu. Manin. Stacks of stable maps and Gromov-Witten invariants. Duke Math.
J., 85(1):1-60, 1996.

[BR11] J. Bertin and M. Romagny. Champs de Hurwitz, volume 125/126 of Mémoires de la SMF. Société
Mathématique de France, 2011.

[Con00] Brian Conrad. Grothendieck duality and base change, volume 1750 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin, 2000.

[DM69] Pierre Deligne and David Mumford. The irreducibility of the space of curves of given genus.

Publications Mathématiques de I'THES, 36:75-109, 1969.

[ELSVO01] Torsten Ekedahl, Sergei Lando, Michael Shapiro, and Alek Vainshtein. Hurwitz numbers and
intersections on moduli spaces of curves. Invent. Math., 146(2):297-327, 2001.

[FP97] W. Fulton and R. Pandharipande. Notes on stable maps and quantum cohomology. In Alge-
braic geometry—Santa Cruz 1995, volume 62 of Proc. Sympos. Pure Math., pages 45-96. Amer.
Math. Soc., Providence, RI, 1997.

[FP02] Barbara Fantechi and Rahul Pandharipande. Stable maps and branch divisors. Compositio
Math., 130(3):345-364, 2002.

[Har66] Robin Hartshorne. Residues and duality, volume 20 of Lecture Notes in Mathematics. Springer-
Verlag, 1966.

[HM82] Joe Harris and David Mumford. On the Kodaira dimension of the moduli space of curves. In-

vent. Math., 67(1):23-88, 1982. With an appendix by William Fulton.

[KKMSD73] G. Kempf, Finn Faye Knudsen, D. Mumford, and B. Saint-Donat. Toroidal embeddings. I. Lec-
ture Notes in Mathematics, Vol. 339. Springer-Verlag, Berlin, 1973.

[Knu83] Finn E Knudsen. The projectivity of the moduli space of stable curves II. The stacks Mg,p.
Math. Scand., 52(2):161-199, 1983.

[Moc95] Shinichi Mochizuki. The geometry of the compactification of the Hurwitz scheme. Publ. Res.
Inst. Math. Sci., 31(3):355-441, 1995.

[0S79] Tadao Oda and C. S. Seshadri. Compactifications of the generalized Jacobian variety. Trans.
Amer. Math. Soc., 253:1-90, 1979.

[The] The Stacks Project Authors. Stacks Project. http://math.columbia.edu/algebraic_
geometry/stacks-git.

[Wajo6] Bronislaw Wajnryb. Orbits of Hurwitz action for coverings of a sphere with two special fibers.

Indag. Math. (N.S.), 7(4):549-558, 1996.

UJF-GRENOBLE I, INSTITUT FOURIER, GRENOBLE, F-38402, FRANCE



ADMISSIBLE COVERS AND THE ELSV COMPACTIFICATION

CNRS UMR5882, INSTITUT FOURIER, GRENOBLE, F-38401, FRANCE
E-mail address: bashar .dudin@ujf-grenoble.fr

27



