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Abstract

In this paper, we study Gaussian multiplicative chaos in the critical case. We show
that the so-called derivative martingale, introduced in the context of branching Brow-
nian motions and branching random walks, converges almost surely (in all dimensions)
to a random measure with full support. We also show that the limiting measure has
no atom. In connection with the derivative martingale, we write explicit conjectures
about the glassy phase of log-correlated Gaussian potentials and the relation with the
asymptotic expansion of the maximum of log-correlated Gaussian random variables.

1. Introduction

1.1 Overview

In the eighties, Kahane [46] developed a continuous parameter theory of multifractal ran-
dom measures, called Gaussian multiplicative chaos. His efforts were followed by several
authors [3, 7, 12, 36, 69, 70, 71| coming up with various generalizations at different scales.
This family of random fields has found many applications in various fields of science, espe-
cially in turbulence and in mathematical finance. Recently, the authors in [30] constructed
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a probabilistic and geometrical framework for Liouville quantum gravity and the so-called
Knizhnik-Polyakov-Zamolodchikov (KPZ) equation [52], based on the two-dimensional
Gaussian free field (GFF) (see [23, 24, 26, 30, 39, 52, 62] and references therein). In this
context, the KPZ formula has been proved rigorously [30], as well as in the closely related
case of Gaussian multiplicative chaos [71] (see also [13] in the context of Mandelbrot’s
multiplicative cascades). This was done in the standard case of Liouville quantum gravity,
namely strictly below the critical value of the GFF coupling constant + in the Liouville
conformal factor, i.e, for 7 < 2 (in a chosen normalization). Beyond this threshold, the
standard construction yields vanishing random measures [29, 46]. The issue of mathemat-
ically constructing singular Liouville measures beyond the phase transition (i.e. for v > 2)
and deriving the corresponding (non-standard dual) KPZ formula has been investigated
in [9, 28, 29], giving the first mathematical understanding of the so-called duality in Liou-
ville quantum gravity (see [4, 5, 21, 27, 32, 45, 49, 50, 51, 56] for an account of physical
motivations). However, the rigorous construction of random measures at criticality, that
is for v = 2, does not seem to ever have been carried out.

As stated above, once the Gaussian randomness is fixed, the standard Gaussian mul-
tiplicative chaos describes a random positive measure for each v < 2 but yields 0 when
~ = 2. Naively, one might therefore guess that —1 times the derivative at v = 2 would be
a random positive measure. This intuition leads one to consider the so-called derivative
martingale, formally obtained by differentiating the standard measure w.r.t. v at v = 2,
as explained below. In the case of branching Brownian motions [63], or of branching ran-
dom walks [15, 58] (see also [1] for a recent different but equivalent construction), the
construction of such an object has already been carried out mathematically. In the con-
text of branching random walks, the derivative martingale was introduced in the study
of the fixed points of the smoothing transform at criticality (the smoothing transform is
a generalization of Mandelbrot’s x-equation for discrete multiplicative cascades; see also
[16]). Our construction will therefore appear as a continuous analogue of those works in
the context of Gaussian multiplicative chaos.

Besides the 2D-Liouville Quantum Gravity framework (and the KPZ formula), many
other important models or questions involve Gaussian multiplicative chaos of log-correlated
Gaussian fields in all dimensions. Let us mention the glassy phase of log-correlated ran-
dom potentials (see [6, 19, 37, 38]) or the asymptotic expansion of the maximum of log-
correlated random variables (see [17, 25]). In all these problems, one of the key tools is
the derivative martingale at the critical point 42 = 2d (where d is the dimension), whose
construction is precisely the purpose of this paper.

In dimension d, a standard Gaussian multiplicative chaos is a random measure that
can be written formally, for any Borelian set A C RY, as

2
M, (A) = /A X (@)~ FEX2(2)] 4, (1)
where X is a centered log-correlated Gaussian field:
1

with Iny (z) = max(Inz,0) and g a continuous bounded function over R? x R?. Although
such an X cannot be defined as a random function (and may be a random distribution, like



the GFF) the measures can be rigorously defined all for 42 < 2d using a straightforward
limiting procedure involving a time-indexed family of improving approximations to X [46],
as we will review in Section 2. By contrast, it is well known that for ¥2 > 2d the measures
constructed by this procedure are identically zero [46]. Other techniques are thus required
to create similar measures beyond the critical value v? = 2d [9, 28, 29].

Roughly speaking, the derivative martingale is defined as (recall that v = v/2d is the
critical value)

0

M'(A) = —%[MV(A)L: v = [ /A (VE[X2(2)] - X (z))7X (@)= 5 EX @) dx} (2)

v=v2d
Here we have differentiated the measure M, in (1) with respect to the parameter v to
obtain the above expression (2). Note that this is the same as (1) except for the factor
(VE[X?(z)] — X (z)). To give the reader some intuition, we remark that we will ultimately
see that the main contributions to M’(A) come from locations x where this factor is positive
but relatively close to zero (on the order of y/E[X?(x)]) which correspond to locations x
where X () is nearly maximal. Indeed, in what follows, the reader may occasionally wish
to forget the derivative interpretation of (2) and simply view (yE[X?(z)] — X (z)) as the
factor by which one rescales (1) in order to ensure that one obtains a non-trivial measure
(instead of zero) when using the standard limiting procedure.

In a sense, the measures M, (1) become more concentrated as ~% approaches 2d.
(They assign full measure to a set of Hausdorff dimension d —~2/2, which tends to zero as
7% — 2d.) It is therefore natural to wonder how concentrated the 42 = 2d measure will be.
In particular, it is natural to wonder whether it possesses atoms (in which case it could
in principle assign full measure to a countable set). In our context, we will answer in the
negative. At the time we posted the first version of this manuscript online, this question
was open in the context of discrete models as well as continuous models. However, a proof
of the non-atomicity of the discrete cascade measures was posted very shortly afterward
in [10], which uses a method independent of our proof. Since our proof is based on a
continuous version of the spine decomposition, as developed in the context of branching
random walks, we expect that it can be adapted to these other models as well.

Roughly speaking, the reason that establishing non-atomicity in critical models is
non-trivial is that proofs of non-atomicity for (non-critical) multiplicative chaos usually
rely on the existence of moments higher than 1 (see [20]) and the scaling relations of
multifractal random measures (see, e.g., [3]). At criticality, the random measures involved
(cascades, branching random walks, or Gaussian multiplicative chaos) no longer possess
finite moments of order 1, and the scaling relations become useless.

To explain this issue in more detail, we recall that it is proved in [20] that a stationary
random measure M over R? is almost surely non-atomic if (C' stands here for the unit
cube of R%)

¥6 >0, n'P(M(n'C)>48) -0 asn— oo (3)

When M = M, for 0 < ~% < 2d, a computable property of M., is its power-law spectrum
¢ characterized by:

E[(M.Y(n_lC))q} ~ an—g(q) as n — 0o, (4)



for all those ¢ making the above expectation finite, i.e. ¢ € [0, 3—%[ It matches

&(q) = (d+722)q—72q2. (5)

By using the Markov inequality in (3), (4) obviously yields for ¢ € [0, 3—‘3[

D
d -1 q, d—
Therefore, the non-atomicity of the measure boils down to finding a ¢ such that the power-
law spectrum is strictly larger than d:

e In the subcritical situation 42 < 2d, the function ¢ increases on [0, 1] from 0 to d.
Such a ¢ is necessarily larger than 1 and a straightforward computation shows that
any q €]1, ,2762[[ suffices.

e For v2 = 2d, the above relations (4) and (5) should remain valid only for ¢ < 1.
Therefore the subcritical strategy fails because the power-law spectrum achieves its
maximum d at ¢ = 1. It is tempting to try to replace the gauge function x — x4
by something that could be more appropriate at criticality like z — xIn(1 + x)?,
etc. However, the fact that the measure does not possess a moment of order 1 (see
Proposition 5 below) shows that there is no way of changing the gauge so as to make
¢ go beyond d.

More sophisticated machinery is thus necessary to investigate non-atomicity at criticality.
Indeed, we expect the derivative martingale to assign full measure to a (random) Hausdorff
set of dimension 0, indicating that the measure is in some sense just “barely” non-atomic.

Let us finally mention the interesting work of [76] where the author constructs on the
unit circle (d = 1) a classical Gaussian multiplicative Chaos given by the exponential of
a field X such that for each ¢ the covariance of X at points z and y lies strictly between
(2 —¢)lny ﬁ and 2Iny ﬁ when |z — y| is sufficiently small. In some sense, his
construction is a mear critical construction, different from the measures constructed here.
This is illustrated by the fact that the measures in [76] possess moments of order 1 (and
even belong to Llog L), which is atypical for the critical multiplicative chaos associated
to log-correlated random variables.

In this paper, we tackle the problem of constructing random measures at criticality
for a large class of log-correlated Gaussian fields in any dimension, the covariance kernels
of which are called x-scale invariant kernels. This approach allows us to link the mea-
sures under consideration to a functional equation, the x-equation, giving rise to several
conjectures about the glassy phase of log-correlated Gaussian potentials and about the
three-terms expansion of the maximum of log-correlated Gaussian variables.

Another important family of random measures is the class defined by taking X to be
the Gaussian Free Field (GFF) with free or Dirichlet boundary conditions on a planar
domain, as in [30] (see also [73] for an introduction to the GFF). The measures defined
in this way are also known as the (critical) Liouville quantum gravity measures, and are
closely related to conformal field theory, as well as various 2-dimensional discrete random
surface models and their scaling limits. Although the Gaussian free field is in some sense



a log-correlated random field, it does not fall exactly into the framework of this paper,
which deals with translation invariant random measures (defined on all of R? or R%) that
can be approximated in a particular way (via the *-equation). Although some of the
arguments of this paper can be easily extended to settings where the strict translation
invariance requirement for X is relaxed (e.g., X is the Gaussian free field on a disk), we
will still need additional arguments to show that the derivative martingale associates a
unique non-atomic random positive measure to a given instance of the GFF almost surely,
that this measure is independent of the particular approximation scheme used, and that
this measure transforms under conformal maps in the same way as the v < 2 measures
constructed in [30]. For the sake of pedagogy, this other part of our work will appear in a
companion paper. For the time being, we just announce that all the results of this paper
are valid for the GFF construction.

1.2 Physics literature: history and motivation

It is interesting to pause for a moment and consider the physics literature on Liouville
quantum gravity. We first remark that the non-critical case, with d = 2 and v < 2, was
treated in [30], which contains an extensive overview of the physics literature and an ex-
planation of the relationships (some proved, some conjectural) between random measures
and discrete and continuum random surfaces. Roughly speaking, when one takes a ran-
dom two-dimensional manifold and conformally maps it to a disk, the image of the area
measure is a random measure on the disk that should correspond to an exponential of
a log-correlated Gaussian random variable (some form of the GFF). From this point of
view, many of the physics results about discrete and continuum random surfaces can be
interpreted as predictions about the behavior of these random measures, where the value
of v < 2 depends on the particular physical model in question.

There is also a physics literature focusing on the critical case v = 2, which we expect to
be related to the measure constructed in this paper. This section contains a brief overview
of the results from this literature, as appearing in e.g. [18, 39, 40, 41, 42, 43, 48, 50, 54, 55,
57, 65, 66, 75]. Most of the results surveyed in this section have not yet been established
or understood in a mathematical sense.

The critical case v = 2 corresponds to the value ¢ = 1 of the so-called central charge c
of the conformal field theory coupled to gravity, via the famous KPZ result [52]:

1
v \/6(\/ 25 —c—+/1—¢).
Discrete critical statistical physical models having ¢ = 1 then include one-dimensional
matrix models (also called “matrix quantum mechanics” (MQM)) [18, 39, 40, 41, 43,
48, 50, 65, 66, 75], the so-called O(n) loop model on a random planar lattice for n = 2
[54, 55, 56, 57], and the Q-state Potts model on a random lattice for Q = 4 [14, 22, 34].
(For an introduction to the above mentioned 2D statistical models, see, e.g., [64].)

In the continuum, a natural coupling also exists between Liouville quantum gravity
and the Schramm-Loewner evolution SLE, for v = \/k, rigorously established for k < 4
[31, 74]. Thus, the critical value v = 2 corresponds to the special SLE parameter value
k = 4, above which the SLE, curve no longer is a simple curve, but develops double points
at all scales.



The standard ¢ = 1,y = 2 Liouville field theory [18, 39, 40, 41, 48, 50, 65, 66] involves
violations of scaling by logarithmic factors. For example, the partition function (number)
of genus 0 random surfaces of area A grows as [41, 48]

Z o exp(pA) A3 (log A) 72,

where p is a non-universal growth constant depending on the (planar lattice) regulariza-
tion. The area exponent (-3) is universal for a ¢ = 1 central charge, while the subleading
logarithmic factor is attributed to the unusual dependence on the Liouville field ¢ (equiv-
alent to X here) of the so-called “tachyon field” T'(p) ox @ e*? [48, 50, 66]. Its integral
over a “background” Borelian set A generates the quantum area A = [, T(y)dz, that we
can recognize as the formal heuristic expression for the derivative measure (2) introduced
above.

At ¢ = 1, a proliferation of large “bubbles” (the so-called “baby universes” which
are relatively large amounts of area cut off by relatively small bottlenecks) is generally
anticipated in the bulk of the random surface [41, 45, 54], or at its boundary in the case
of a disk topology [55, 57]. We believe that this should correspond to the fact that the
measure we construct is concentrated on a set of Hausdorff dimension zero.

However, the introduction of higher trace terms [43, 50, 75] in the action of the ¢ =1
matrix model of two-dimensional quantum gravity is known to generate a “non-standard”
random surface model with an even stronger concentration of bottlenecks. (See also the
related detailed study of a MQM model for a ¢ = 1 string theory with vortices in [48].)
As we shall see shortly, these non-standard constructions do not seem to correspond to
our model, at least not so directly. In these constructions, one encounters a new critical
behavior of the random surface, with a critical proliferation of spherical bubbles connected
one to another by microscopic “wormholes”. This is reminiscent of the construction for
¢ < 1,7 < 2 of the dual phase of Liouville quantum gravity [4, 5, 21, 32, 49, 50, 51], where
the associated random measure develops atoms [9, 28, 29].

The partition function of the non-standard ¢ = 1 (genus zero) random surface then
scales as a function of the area A as [43, 48, 50, 75]

Z o exp(p/ A) A3,

with an apparent suppression of logarithmic terms. This has been attributed to the appear-
ance for ¢ = 1 of a tachyon field of the atypical form T(y) x €2 [43, 48, 51]. Heuristically,
this would seem to correspond to a measure of type (1), but we know that the latter van-
ishes for v = 2. (See Proposition 19 below.) The literature about the analogous problem
of branching random walks [1, 44] also suggests for v = 2 a logarithmically renormalized
measure obtained by multiplying by /log(1/¢) = v/t the object (see (7) below) whose
limit is taken in (1), but we expect this to converge (up to constant factor) to the same
measure as the derivative martingale (2). In order to model the non-standard theory,
it might be necessary to modify the measures introduced here by explicitly introducing
“atoms” on top of them, using the procedure described in [9, 28, 29] for adding atoms
to v < 2 random measures. In the approach of [9, 28, 29], the “dual Liouville measure”
corresponding to v < 2 involves choosing a Poisson point process from n‘a_lanv (dx),
where a = 72/4 € (0,1), and letting each point (1, ) in this process indicate an atom
of size 7 at location . When v = 2 and « = 1, we can replace M, with the M’ of (2)



and use the same construction; in this case (since a = 1) the measure a.s. assigns infinite
mass to each positive-Lebesgue-measure A € B(RY). However, one may use standard Lévy
compensation to produce a random distribution, assigning a finite value a.s. to each fixed
A € B(R?) with a positive atom of size 7 at location 2 corresponding to each (n,z) in the
Poisson point process. We suspect that that this construction is somehow equivalent to
the continuum random measure associated with the non-standard ¢ = 1,7 = 2 Liouville
random surface with enhanced bottlenecks, as described in [43, 48, 75].

Finally, we note that the boundary critical Liouville quantum gravity poses similar
challenges. A subtle difference in logarithmic boundary behavior is predicted between the
so-called dilute and dense phases of the O(2) model on a random disk [55, 57], which
thus may differ in their boundary bubble structure. It also remains an open question
whether the results about the conformal welding of two boundary arcs of random surfaces
to produce SLE, as described in [74], can be extended to the case v = 2.

2. Setup

2.1 Notations

For a Borelian set A C R?, B(A) stands for the Borelian sigma-algebra on A. All the
considered fields are constructed on the same probability space (2, F,P). We denote by
E the corresponding expectation.

2.2 +-scale invariant kernels

Here we introduce the Gaussian fields that we will use throughout the papers. We consider
a family of centered stationary Gaussian processes ((X¢(z)),era)t > 0 Where, for each ¢ > 0,
the process (X¢(x)),cra has covariance given by:

t

Kifa) = ELX(0)Xi(o)] = [ {uz)

u

du (6)

for some covariance kernel k satisfying k(0) = 1, of class C! and vanishing outside a com-
pact set (actually this latter condition is not necessary but it simplifies the presentation).
We also assume that the process (X¢(x) — Xs(2)),cre is independent of the processes
((Xu(x))weRd)u <, forall s <. Put in other words, the mapping ¢ — X;(-) has inde-
pendent increments. Such a construction of Gaussian processes is carried out in [3]. For
v > 0, we consider the approximate Gaussian multiplicative chaos M, (dz) on R%:

M (dx) = eWXt(x)*éE[Xt ®)?] 4 (7)

It is well known [3, 46] that, almost surely, the family of random measures (M, );~0
weakly converges as t — oo towards a random measure M”, which is non-trivial if and
only if 42 < 2d. The purpose of this paper is to investigate the phase transition, that is
72 = 2d. Recall that we have:

Proposition 1. For 42 = 2d, the standard construction (7) yields a vanishing limiting
measure:

lim th(d:c) =0 almost surely. (8)

t—o00



Let us also mention that the authors in [3] have proved that, for 42 < 2d, the measure
M7 satisfies the following scale invariance relation, called x-equation:

Definition 2. Log-normal x-scale invariance. The random Radon measure M7 is
lognormal x-scale invariant: for all 0 < e <1, M7 obeys the cascading rule

AeB(R?) (9)

n_1 2
(MW(A))AGB(Rd) law (/Aelené( -2 E[Xm%( ) ]EdM%E(dr))

where X, 1 is the Gaussian process introduced in (6) and M* is a random measure

independenat from X 1 satisfying the scaling relation

aw A
E (MW(;))AEB(Rd)' (10)

O

(Mv’a(A))AeB(Rd)

Intuitively, this relation means that when zooming in the measure M, one should
observe the same behaviour up to an independent Gaussian factor. It has some canonical
meaning since it is the exact continuous analog of the smoothing transformation intensively
studied in the context of Mandelbrot’s multiplicative cascades [33] or branching random
walks [16, 59].

Observe that this equation perfectly makes sense for the value v? = 2d. Therefore, to
define a natural Gaussian multiplicative chaos at the value 42 = 2d, one has to look for a
solution to this equation when 72 = 2d and conversely, each random measure candidate
for being a Gaussian multiplicative chaos at the value 42 = 2d must satisfy this equation.

Remark 3. The main motivation for considering x-scale invariant kernels is the connec-
tion between the associated random measures and the x-equation. Nevertheless, we stress
that our proofs can be easily adapted for any Gaussian multiplicative chaos of log-correlated
Gaussian fields “a la Kahane” [46]. In particular, we can construct the derivative mar-
tingale associated to exact scale invariant kernels [12, 70].

3. Derivative martingale

One way to construct a solution to the x-equation at the critical value 42 = 2d is to
introduce the derivative martingale M/(dz) defined by:

M(dz) = (V2dt — Xy (z))eV 20X @) ~dE[Xe(2)*] g

It is plain to see that, for each open bounded set A C R?, the family (M](A)); is a
martingale. Nevertheless, it is not nonnegative. It is therefore not obvious that such a
family converges towards a (non trivial) positive limiting random variable. The following
theorem is the main result of this section:

Theorem 4. For each bounded open set A C RY, the martingale (M}(A));>0o con-
verges almost surely towards a positive random variable denoted by M'(A), such that
M'(A) > 0 almost surely. Consequently, almost surely, the (locally signed) random mea-
sures (M{(dz)): > o converge weakly as t — oo towards a positive random measure M'(dz).
This limiting measure has full support and is atomless. Furthermore, the measure M’ is
a solution to the x-equation (9) with v = v/2d.



Since M](dx) is not uniformly non-negative when ¢ < oo, there are several complica-
tions involved in establishing its convergence to a non-negative limit (let alone the non-
triviality of the limit). We have to introduce some further tools to study its convergence.
These tools have already been introduced in the context of discrete multiplicative cascade
models in order to study the corresponding derivative martingale (see [15]).

We denote by F; the sigma algebra generated by {X,(z);s < t,z € R%}. Given a
Borelian set A C R? and parameters ¢, 3 > 0, we introduce the random variables

ZE(A) N /A(@t — Xi(x) + 5)]I{rﬁ>t}em}(t(x)id]E[Xt(x)2} dx

Z}(A) = /A (V2dt — Xy(x)) Loy eV 23X0@ X gy

where, for each 2 € A, 78 is the (F;);-stopping time defined by
™ =inf{u > 0, X, (z) — V2du > §}.

What is the relation between Zf (A) and M/(A)? Roughly speaking, we will show that
the convergence of M/(A) as t — oo towards a non-trivial object boils down to proving
the convergence of Ztﬁ (A) towards a non-trivial object: we will prove that the difference
ZE(A) — ZB(A) almost surely goes to 0 as ¢ — oo and that Ztﬁ(A) coincides with M/(A)
for 8 large enough. In particular, we will prove that Ztﬁ (A) converges towards a random
variable Z%(A) which itself converges as 3 — oo to the limit of M/(A) (as t — c0). The
details and proofs are gathered in the appendix.

As a direct consequence of our method of proof, we get the following properties of
M’ (dz):

Proposition 5. The positive random measure M'(dx) possesses moments of order q for
all ¢ < 0. It does not possess moments of order 1.

Proof. As a direct consequence of the fact that the measure M’ satisfies the x-equation,
it possesses moments of order ¢ for all ¢ < 0. This is a straightforward adaptation of the
corresponding theorem in [8] (see also [13] for a proof in English). Since Z%(dz) increases
towards M’ as 3 goes to infinity, we have M'(dz) > ZP(dx) for any 3. Since Ztﬁ is a
uniformly integrable martingale, we have E[Z°%(A)] = E[Zg(A)] = B|A|, we deduce that
E[M'(A)] = +oo for every bounded open set A. O

4. Conjectures

In this section, we present a few results we can prove about the x-equation and some
conjectures related to these results.

4.1 About the x-equation

Consider the x-equation in great generality, that is:



Figure 1: Height landscape of the derivative martingale measure plotted with a logarithmic
scale color-bar, showing that the measure is very “peaked” (for t = 12, a multiplicative
factor of about 108 stands between extreme values, i.e., between warm and cold colors).

Definition 6. Log-normal *-scale invariance. A random Radon measure M is log-
normal *-scale invariant if for all 0 < e <1, M obeys the cascading rule

(M(A) 4 2 ( /A << M2 (dr)) 5 (11)

where we is a stationary stochastically continuous Gaussian process and M€ is a random
measure independent from X, satisfying the scaling relation

aw A
(Me(A))AEB(Rd) lau (M(g))Aes(Rd)- (12)

O

Observe that, in comparison with (9) and (10), we do not require the scaling factor
to be e?. As stated in (11) and (12), it is proved in [3] that E[e¥=(")] = &% as soon as the
measure possesses a moment of order 1+ ¢ for some § > 0. Roughly speaking, it remains

10



to investigate situations when the measure does not possess a moment of order 1 and we
will see that the scaling factor is then not necessarily £?.

Inspired by the discrete multiplicative cascade case (see [33]), our conjecture is that
all the non-trivial ergodic solutions to this equation belong to one of the families we will
describe below.

First we conjecture that there exists a a €]0, 1] such that

E[e*= (7")] =2

Assuming this, it is proved in (see [3, 69]) that the Gaussian process aw,—: has a covariance
structure given by (6). More precisely, there exists some continuous covariance kernel k
with £(0) = 1 and 2 < 2d such that

t

e
k
Cov(awe-t(()),awe—t(m)> = 2/ (uz) du
1 Uu
We can then rewrite the process w as
2
gl v, d
_ =-X - —t——t.
wer(@) = 2xi(w) - Lt - 2

where (X¢); is the family of Gaussian fields introduced in Section 2. We now consider four
cases, depending on the values of « and v (cases 2,3,4 are conjectures):

1. If « = 1 and 7% < 2d then the law of the solution M is the standard Gaussian
multiplicative chaos M7 (see (7)) up to a multiplicative constant. This case has
been treated in [3].

2. If « = 1 and 7? = 2d, then the law of the solution M is that of the derivative
martingale that we have constructed in this paper (Theorem 4), up to a multiplicative
constant.

3. If < 1 and % < 2d, then M is an atomic Gaussian multiplicative chaos as con-
structed in [9] up to a multiplicative constant. More precisely, the law can be
constructed as follows:

(a) sample a standard Gaussian multiplicative chaos

M(dz) = oX@-FEX@?) gy,

The measure M is perfectly defined since 72 < 2d.

(b) sample an independently scattered random measure N whose law, conditioned
on M, is characterized by

Vg >0, Ele NN = 1" MA),
Then the law of M is that of N up to a multiplicative constant.

4. If « < 1 and 72 = 2d, then M is an atomic Gaussian multiplicative chaos of a new
type. More precisely, the law can be constructed as follows:

11



(a) sample the derivative Gaussian multiplicative chaos
M'(dz) = (V2dE[X (2)?] — X (z))eV2IX @) —dEX (@)°] g

The measure M’ is constructed as prescribed by Theorem 4.

(b) sample an independently scattered random measure N whose law, conditioned
on M’, is characterized by

VA € BRY, Vg >0, Ele VAWM ="M (A
Then the law of M is that of N up to a multiplicative constant.

Notice that the results of our paper together with [3, 9] allow to prove existence of all the
random measures described above. Therefore it remains to complete the uniqueness part
of this statement.

Remark 7. The a < 1,72 < 2d case above has been used in [9, 28, 29] to give a mathemat-
ical understanding of the duality in Liouville Quantum Gravity: this corresponds to taking
special values of the couple (v,7y). More precisely, we choose some parameter 3% > 2d. If
the measure My was well defined, it would satisfy the scaling relation:

5 S )2 _
(M»*Y(A))AeB(Rd) lgu (/ eVXIH%( )—5 E[Xln%( ) }ng'y,s(dT,)) (13)
A

AeB(R9)

where M7 is a random measure independent from X. satisfying the scaling relation

A

Ve law v
(M (A))Aeg(Rd) - (M (5 ))AEB(Rd)' (14)
Nevertheless, we know that M7 yields a vanishing measure. The idea is thus to use the
*-equation to determine what the unique solution of this scaling relation is. Writing v =

%d < 2d and a = %—‘;, it is plain to see that

EK;YXIDg<r>—fmxmg<r>21€d)a} _

Therefore we are in situation 4, which yields a matural candidate for Liouville duality
9, 28, 29].

4.2 Another construction of solutions to the critical x-equation

Recall that the measures M7 for 7 < 2 are obtained as limits of (1) as X varies along
approximations to a limit field. The measure constructed in Theorem 4 is defined anal-
ogously except that one replaces (1) with (2), which is minus the derivative of (1) at
v = v/2d. If we could exchange the order of the differentiation and the limit-taking, we
would conclude that the measure constructed in Theorem 4 is equal to

0 1

——[M"_._ 5= lim —M".
8'7[ ]77\@ y—v2d V2d —

12



We will not fully justify this order exchange here, but we will establish a somewhat
weaker result. Namely, we show that one can at least obtain some solution to the -
equation as a limit of this general type. This construction is inspired by a similar con-
struction for discrete multiplicative cascades in [33]. More precisely, we have the following
(proved in Section A.2):

Proposition 8. There exist two increasing sequence (A\n)n and (Yn)n, with v2 < 2d and
'y% — 2d as n — o0, such that

A M (dz) 'Y Me(dz),
where M€ is a positive random measure satisfying (9).

The following conjecture is a consequence of the uniqueness conjecture for the *-
equation exposed in Section 4.1 above:

Conjecture 9. The construction of Proposition 8 gives the same measure as the one
described in Section 3 (up to some multiplicative constant). Moreover, the sequence (Ap)n
can be chosen as A\, = ———— (in dimension d).

v Qd_’Yn

4.3 Glassy phase of log-correlated Gaussian potentials

The glassy phase of log-correlated Gaussian potentials is concerned with the behaviour
of measures beyond the critical value 42 > 2d. More precisely, for ¥2 > 2d, consider the
measure

M) (dz) = 67Xt(m)—§E[Xt(r)2] dz.

The limiting measure, as t — oo, vanishes as proved in [46]. Therefore, it is natural to
look for a suitable family of normalizing factors to make this measure converge. With the
arguments used in subsection B.1 to compare with the results obtained in [11, 60], we can
rigorously prove:

Proposition 10. The renormalized family

3y

(2! ) 0y ()

t>0

is tight. Furthermore, every converging subsequence is non trivial.

The above proposition can be obtained using the results in [11, 60] and Section B.1
(tightness statement). The main result in [17] about the behaviour of the maximum of
the discrete GFF implies that every converging subsequence is non trivial.

We now formulate a conjecture about the limiting law of this family. Assuming that the
above renormalized family converges in law (so we strengthen tightness into convergence),
it turns out that the limit M7 of this renormalized family necessarily satisfies the following
*-equation

M7 (dx) = ¢l (I)_\/EVE[Xln 1(2)7] 6@7 i (dj)
€
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where M is a random measure with the same law as M7 and independent of the process
(X¢(x))pera- Setting o = @ €]0, 1], this equation can be rewritten as

M(d) = ¢ Xl O8N 0] a9
€
Therefore, assuming that the conjectures about uniqueness of the x-equation are true, we

have that:
Conjecture 11.

3y

2
twﬁet(%_\/&) M, (dx) lay cyNo(dz), ast— oo (15)

where ¢y is a positive constant depending on vy and the law of Ny is given, conditioned on
the derivative martingale M', by an independently scattered random measure the law of
which is characterized by

VA € B(RY),Vg >0, Ele ™WNe|pp] = ¢ 0" M),

In particular, physicists are interested in the behaviour of the Gibbs measure associated
to M, (dz) on a ball B. It is the measure renormalized by its total mass:
M, (dx)
G (dr) = —L~-=.

From (15), we deduce
~y law Na(dx)
G/ (dz) — No(B)’
The size reordered atoms of the latter object form a Poisson-Dirichlet process as conjec-
tured by physicists [19] and proved rigorously in [6]. Nevertheless, we point out that this
conjecture is more powerful than the Poisson-Dirichlet result since it also makes precise
the spatial localization of the atoms. We stress that this result has been proved in the
case of branching random walks [11], built on the work [60].

as t — oo. (16)

4.4 About the maximum of the log-correlated Gaussian random vari-
ables

It is proved in [17] (in fact d = 2 in [17] but this is general) that the family

3
sup Xi(x —V2dt +
(xe[o,l}d @) 2v/2d

is tight. One can thus conjecture by analogy with the branching random walk case ([2]):

In t)

t=>0

Conjecture 12.

3
sup  Xy(x) — V2dt +
z€[0,1]¢ 2\/%

where the distribution of Gq is given in terms of the distribution of the limit M'([0,1]%) of
the derivative martingale. More precisely, there exists some constant ¢ > 0 such that:

Int - Gq, inlaw ast — oo

e (a0, 1Y) ) (17)

E[e~9¢4] =
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Here we give a heuristic derivation of identity 17 using the conjectures of the above
subsections. By performing an inversion of limits: (v <> ¢ and conjecturing ln% —Inc as
v — 00):

3y

E[e_qu] = lim Ilim E [exp {fqy_l In [t2m€t(%ﬂ/&)2Mty([ov 1]d)]H

Y—+00 t—+00

~ tim_E[(e,N,_ (0.1 7]

y—-+00
1

R

q / —ﬁ
r(1+E)E[(M([07 1]4)) " vad]

where, for z > 0, ['(z) = [;°¢*"'e~'dt is the standard Gamma function. Therefore Gq

can be viewed as a modified Gumbel law. Otherwise stated, we conjecture:

3
lim P sup Xi(z)— v2dt+
t—o00 <z€[0§]d t( ) 2@

We point out that we recover in a heuristic and alternative way the result proved rigorously
in [2] for branching random walks.

Int < u) = E[exp[—c¥2e=V24upr ([0, 1)9)]].

A. Proofs

A.1 Proofs of results from Section 3

We follow the notations of Section 3. We first investigate the convergence of (Ztﬁ (A)t>o0:

Proposition 13. The process (Zf(A))t>0 is a continuous positive Fi-martingale and
thus converges almost surely towards a positive random variable denoted by ZB(A).

Proof. Proving that (Zf (A))¢ > o is a martingale boils down to proving, for each x € A,
that

E[(\/ﬁtht(x)+ﬁ)]I{T5>t}emxt(z)_d]E[Xt(x)Z)}|]-‘S] _ (\/ﬁs—XS(CE)Jrﬁ)H{Tﬁ>s}eme(m)_dE[Xs(1)2],

Let us first stress that, for each 2z € A, the process (X;(x))¢ > o is a Brownian motion.
Furthermore, we can use the (weak) Markov property of the Brownian motion to get

E[(V2dt ~ Xy(x) + ) Tas eV 20BN 7]
= oo e 2P0 @B R (Vods — X (2) + B)

F(y) = B[(V2d(t = 8) = X1 o(2) + D)W (. (5 /3ty € 21 O 7P @)
and, for a stochastic process Y, 7(Y) is defined by
7(Y) = inf{u > 0;Y, > y}.
Using the Girsanov transform yields

F(y) = E[(—V2dX,—s(2) + 9) L ymax ()51} )

15



Hence we get

F(y) = E[(_@Xt—s(m) + y)]I{T(\/ﬁX‘(x))M_S}] = E[(_@thsm(x‘(z))(x) +y) =y
by the optional stopping theorem. This completes the proof. O

Proposition 14. Assume that A is a bounded open set. Then, the martingale (Zf(A))t >0
s regular.

Proof. Without loss of generality, we may assume k(u) = 0 for |u| > 1 since k has a
compact support (so we just assume that the smallest ball centered at 0 containing the
support of k has radius 1 instead of R for some R > 0). We may also assume that
A C B(0,1/2): indeed, any bigger bounded set can be recovered with finitely many balls
with radius less than 3. Finally, we will also assume that x - Vk(z) < 0. This condition
need not be true over the whole RY. Nevertheless, it must be valid in a neighborhood of
0 (and even z - VEk(x) < 0 if  # 0) in order not to contradict the fact that k is positive
definite and non constant. Therefore, even if it means considering a smaller set A, we may
(and will) assume that this condition holds.

Write for x € R%:
1) = (V2 = Xi(a) 4 §) Mgy 2T,
Define then the analog of the rooted random measure in [30] (also called the “Peyriere
probability measure” in this context [46])

@f (z)dx dP.

1

=—fF

|Alp"*
It is a probability measure on B(A)®F;. We denote by @f (+|G) the conditional expectation
of @f given some sub-o-algebra G of B(4) ® F;. If y is a B(A) ® Fi-measurable random
variable on A x Q, we denote by @tﬁ (-ly) the conditional expectation of @tﬁ given the
o-algebra generated by y.

We first observe that )
3
Therefore, under @tﬁ(|x), the process (X¢(z) — v2dt — 5)s <+ has the law of (—f5)s <+

where (f3s)s < ¢ is a 3d-Bessel process starting from . Let us now recall the following result
(see [61]):

0] (|z) = - f{ (x) dP.

Theorem 15. Let X be a 3d-Bessel process on Ry started from x > 0 with respect to the
law Py.

1. Suppose that ¢ 1 oo such that floo @6_% ®® 4t < +00. Then

P, (Xt > Vio(t) i.o. astt +oo) ~0.

2. Suppose that ¥ | 0 such that floo @ dt < +o00. Then

P, (Xt < Vtip(t) 0. ast? —i—oo) =0.
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Therefore, we can choose R large enough such that the set

B= {Vt > 0:; R(ln(;/:-t))Q < B < R(1++/thn(1 +t))}

has a probability arbitrarily close to 1, say 1 —e.
We can now prove the uniform integrability of (Ztﬂ (A))y, ie.

lim lim sup E[Ztﬁ(A) H{Zﬁ

d—00 {00

(A)>6}] =0.

Observe that
E[Z] (D)L 45] = BIAIO] (2] (4) > 0).

Therefore it suffices to prove that
lim limsup GE(ZE(A) > 0) = 0.
d—00 oo
We have:
o} (7 (4) > 6)
1
:’A’/Aef(zf(fx) > bl) dz
1 8
:w/Aef( OF (2](4) > dla, (Xu(@))s <) |) d

1
<ot b [ OR(OF ) > oo (Xu(@) 1. B) ) o
Al Ja

| 5
<e+ o [ O0(6](Z)(Bz,e™) > S|r, (Xo(@))s <1, B)la) d
Al Ja 2
1 B(aB (78 —tyey L 0
+— | o (@t (2% (B(x,e™)") > 2 |a, (XS@))S@,B)yx) dz
|Al /4 2
déf& + I + Ils.

We are now going to estimate Iy, II5. Observe that the two quantities roughly reduces
to expressions like (K is a ball or its complementary)

O (F( [ w)dw)la. (X.(a))< 1. ).

To carry out our computations, we thus have to compute the law of the process (Xs(w))s < ¢
knowing that of the process (Xs(z))s < +. To that purpose, we will use the following lemma
whose proof is left to the reader since it follows from a standard (though not quite direct)
computation of covariances for Gaussian processes:

Lemma 16. For w # x and all sp, the law of the process (Xs(w))s < s, can be decomposed
as:

Xs(w) = PP + 257
where:
PP = =[5 guw (1) Xu(x) du+ K (2 —w) X () is measurable with respect to the o-algebra
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generated by (Xs(x))s < sy and gpw(u) = K| (x —w),
-the process (Z3™)o < s < s, 15 a centered Gaussian process independent of (Xs())o < s < so
with covariance kernel

sAs’
s, ) S B2 27 = s 0 = [ (KL - w) P du
0

We first estimate Ils with the above lemma. It is enough to estimate properly the
quantity

_ J
=07 (Z)(B(x,c™")*) > Zla, (Xs(2))s <1 B). (18)
Notice that: 5
I, < 5/3 - 07 (ff (w)|z, (Xs(x))s < 1, B) duw. (19)
For each w € B(x,e™1)¢, i.e. such that |[w—x| > e, let us define sp = In - Notice that

5o is the time at which the evolution of (X(w) — X, (w))s, < s < ¢ becomes independent of
the process (Xs(x))o < s <+ Under @tﬁ, the process (Xs(w))s, < s <t can be rewritten as:

Xs(w) = Xso(w) + Wi—s,

where W is a standard Brownian motion independent of the processes (Xs(x))o < s <+ and
(Xs(w))o<s<so- This can be checked by a straightforward computation of covariance.
Therefore we get:

0 (f (w)|z, (Xs(x))s < 1)

1 1, — _

:B —( 2dt — Xy(w) + B)]I{SUP[O,t] Xu(w)—v2du < B}e\/ﬁXt(w) dt‘xa (Xs(m))s <t
1 -

=B (V2dso + V2d(t = s0) = Koo (W) = Wemso + B)eup, ) x, () -v2) < 8)

V2dX —dsg V2dWy_ s, —d(t—
]I{sup[SOﬂ Xsg (w)-‘r\/ﬁso-i-Wust—\/ﬂ(u—so)) < ﬁ}e o) e =g —(t=s0) |I7 (XS (x))s < t}

17 —ds
=35 _(\/ﬁso = XKoo (W) + BV Xulw)—v/2du) < ﬁ}ex/ﬂxso (W0, (X (2))s < t} ,

by the stopping time theorem. From Lemma 16, we deduce:

)‘LL’( 8($))s<t)
(Vadso = P = 235" + B prv gz < 5ye” 2000 A0, (X (@) <o

=

o/ (f

~

=

&=
|—|r—|/'\

(V2dso = P = 25" + 8)° 4 1)1 0000, (X, (2))s <

Q\HQ\HQ\*—‘

((@(30 o Qm,w(30750)) . Psxo,w + ,8)2 + Qx,w(s[)a SO))e\/ﬁPfdw,d(SO*%,w(SO,SO))_ (20)

We make two observations. First, we point out that the quantity ¢ ., (so,s0) is bounded
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by a constant only depending on k since
S0
ranls0,50) =s0 — [ (i = w))? du
0
S0 9
:/0 [1 — (k(e“(x — w))) ] du
1 r—w 2\ 1
= 1—k —d
/| ( (y |z — w\) ) Y y

z—w|

<C

where C' can be defined as sup,cp(o1) % So the quantity gz .(s0,S0) won’t play a
part in the forthcoming computations.

Second, we want to express the random variable Ps," as a function of the Bessel process
(X (z) — v2du — B), in order to use the fact that we can control the paths of this latter
process (we will condition by the event B). Therefore we set

Vit = [ gru)(Xu(w) — VB~ 6) du (21)
0
__ /0 G () X () i — V2K o (2 — w) + B(K(e™ (z — w)) — k(z — w))

=Pg" — V2K, (x —w) + B(k(e*(z — w)) — k(z — w)).

Therefore we can write:
Y;f)’w = PSIO’“] — V2dsg + 0. (s0)

for some function 6, ,, that is bounded independently of x,w,? since k is bounded over
RZ. Plugging these estimates into (20), we obtain:

0] (f/ (w)lz, (Xs(2))s <1, B)

:;’ <(9x,w(80) - Y;”f;w)z + Ga,w(s0, 50)>€mYsTaw+dSO+dq:c,w(50730)_\/%0?07“)(80)
]. x,w
< E <<C o Y;a(:),w)Z + C))emYSO +dsg+C (22)

for some constant C' that does not depend on x,w,t, A. Now we plug the exact expression

of gy w:
d

Gz w(u) = Z(w —w);e“Oik(e"(z — w))

=1

into the definition (21) of Yy

In 21— d
Yga;,w _/0 [z —w] Z(x — w),euazk(eu(x - w))(\/ﬁu + 68— Xu(g;)) du
=1

_/1 S k(e ) (V2dIn = 4+ B Xy, _u(2)) dy

o o —w] & — wl & — w) =

19



Moreover the constraint for the Bessel process, valid on B,

ngg Xou(z) + V2du < R(1 + uln(1 + u)) (23)

implies that (here we use the relation x - VEk(z) < 0)

o ! T —w r—w Y
Yo >R/ y’x_w’.w@(yp:_w'))(u\/m’x_w’ln(uln'x_w’))dy (24)

Tz—w|
Y
Tw ! Tr—w w In lz—wl
Yo < R Yo ul Vk:( v w|) S dy. (25)
o=l In (2+1In 25

Using rough estimates yields

1/lnIJJ ] -
ln<2+ln = w|>

for some constant Cr depending on R and on the function z — z - Vk(x). Plugging these
estimates into (22) yields (the constant C' may change, depending on the value of Cg)

1 1

e¢ 1

0 (f}(w)|z, (Xs(x))s <1, B) <

) (27)

Bz —wltC " = wl

where
—V2dc—

Gly) = <1+ \/yln (1+y))26 ln(2+y)2

Finally, by gathering the above estimates (18), (19) and (27) and then making successive
changes of variables, we obtain (V stands for the area of the unit sphere of R?):

1 1)
= [ 600! (Z (Bl ) >
A

T1A] 2

1 -
:\A\/ @f(Hg\:L‘) dx

»mm//xe ﬂm—ww( )

2Vd 6 = d—1
/_t BrdG(l L)1 gy

\ 2Vd€ / G

Since G is integrable, this quantity is obviously bounded by a quantity that goes to 0 when
0 becomes large uniformly with respect to t. This concludes estimating IIs.
We now estimate II;. Once again, it is enough to estimate the quantity

= 6} (Z)(Ba, ™) > 2o (X))o <1, B). (28)

|l’, (XS(x))s <t B) |.’L'> dx
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which is less than
=2
I < 5/3( . O (f (w)lz, (Xo(x))s <+, B) dw. (29)

This time for |w — z| < e, there is no need to ”cut” the process (Xs(w))s <+ at level
s=1In Tl We can directly use Lemma 16 to get:

O] (f/ (w)|a, (Xs(x))s <1, B)
/ di — P xw - Zm’w +/8) {supjo.q Pf’“’+Zf’“’—x/ﬁu<5}6m(Pt7 +Z. )—dt|$’ (Xs(ﬂf))sgt,B]

= 3E[(v2
{((\/715 B Px W szc,w + 6)2 + 1)6\/E(Pf'w+Zf’w)fdt‘$7 (Xs(w))s <t B

_ ((\/ﬁ(t — Gow(t, 1) — PP+ B)2 + quult, t)) VAP —d(t—gr (1))

Q\»—‘QM—‘Q\H

Once again, the quantity g, ., (¢,t) is bounded by a constant only depending on k (not on
t). Second, for s < t, we define the process

Ve == [ gaw)(Xull) = Vi = ) du+ Kl — w) (X, (o) — V25— )

which turns out to be equal to
YU =P2Y — V2ds + 0y.4(s)

for some function 6, ,, that is bounded independently of =, w, s,t, A. We deduce:

0} (ff (w)lz, (Xs(2))s <+, B)

:; ((ex,w (t) - th’w)z + %:,w (t7 t)) em}/tm’w"rdt"rdq:c,w (tft)_mewi(t)
1 z,w
< B ((C . Y;:c,w) + C)) rY +dt+C (30)

for some constant C' that does not depend on z,w,t. Once again on B, the Bessel process
evolves in the strip (23), implying that the process Y*¥ is bound to live in the strip (we
stick to the previous notations)

— Cr (14t (1+8)) du < V™ < R L (31)

2
In (2+t>

for some constant Cr. Plugging these estimates into (30) yields (the constant C' may
change, depending on the value of CR)

eC

0 (f] (w)|z, (X(x))s <1, B) < gG@)edt (32)

where the function G is still defined by

o, —V2dC .
G(t) = <1+ tln (1+t)) e JCON
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Notice that this estimate differs from that obtained for ﬁg because of the e® factor. It
will be absorbed by the volume of the ball B(z,e™") that we will integrate over. Finally,
by using (32), we obtain:

1 —t 0
m, :wﬂ@f(@f (2] (B(z.e7) > Sla. (Xo(@))s <1, B ) da

1 -
:|A|/A@f(l_[2]x) dx

2 e¢ dt
2e¢ |

e
< ——G(t

Since G is bounded, this quantity is obviously bounded by a quantity that goes to 0 when

0 becomes large uniformly with respect to t. This concludes estimating II;. The proof is

complete. ]

We are now in position to prove:

Theorem 17. For each bounded open set A C RY, the martingale (M](A));>o con-
verges almost surely towards a positive random variable denoted by M'(A), such that
M'(A) > 0 almost surely. Consequently, almost surely, the (locally signed) random mea-
sures (M{(dz))¢ > o converge weakly as t — oo towards a positive random measure M’ (dzx),
which has full support and is atomless. Furthermore, the measure M’ is a solution to the
*-equation (9) with v = v/2d.

Proof. We first observe that the martingale (Zf (A)): > o possesses almost surely the same

limit as the process (Zf(A))t > o because

1Z2(A) — Z(A)| =8 /A Lo gy e 22X @ dEX @] gy < gA1Y20(A) (33)

and the last quantity converges almost surely towards 0 since th(dx) almost surely
converges towards 0 as t goes to 0o (see Proposition 19 below). Using Proposition 19, we
have almost surely:

sup max X¢(z) — V2dt < +o0,
t€R+ T€EA

which obviously implies
Vi, Mj(A)=Z;(4)
for § (random) large enough.
Since the family of random measures (Ztﬁ (dz))+ > o are positive and (Z{? (A))¢ > 0 almost
surely converges for every bounded open set A, it is plain to deduce that, almost surely,

the family (M/(dz)): > o weakly converges towards a positive random measure.
Let us prove that the support of M’ is R?. We first write the relation, for s < t,

Ztﬁ(dm) :(\/ﬁs — X,(z) + ﬁ)H{T6>t}e\/ﬁXt(x)*dIE[Xt(x)2] dx (34)
+ (V2A(t = ) = Xe(@) + X (1) + B)Wpoyye 2NN g,
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By using the same arguments as throughout this section, we pass to the limit in this
relation as t — oo and then 8 — oo to get

M (dx) =eV23Xa(@)~dBX @) 11" () (35)

where M+ is defined as
M *(dzx) = lim lim Ztﬁ’s(daz)

B—o00 t—00

and Zf *(dz) is almost surely defined as the weak limit of
Z7°(4) = / (V21— 5)— Xl + X (@) B) I ., oV 2K )Xo~ (B EX) g
A S

where

5 = inf{u > 0; Xyps(2) — Xo(2) — V2du > 8}.

Let us stress that we have used the fact that the measure

(\/ﬁs — XS(CC) + B)H{Tﬁ>t}e\/ﬁXt(€E)*CﬂE[Xt(:v)2] dr

goes to 0 (it is absolutely continuous w.r.t. to th(dx)) when passing to the limit in
(34). Therefore M’ is a solution to the x-equation (9). From (35), it is plain to deduce
that the event {M'(A) = 0} (A open non-empty set) belongs to the asymptotic sigma-
algebra generated by the field {(X¢(x))z;t > 0}. Therefore it has probability 0 or 1 by
the 0 — 1 law of Kolmogorov. Since we have already proved that it is not 0, this proves
that P(M'(A) = 0) = 0 for any non-empty open set A.

Finally, we prove that the measure is atomless. The proof is based on the computa-
tions made during the proof of Proposition (14). We will explain how to optimize these
computations to obtain the atomless property. Of course, we could have done that directly
in the proof of Proposition (14) but we feel that it is more pedagogical to separate the
arguments. Let us roughly explain how we will proceed. Clearly, it is sufficient to prove
that the positive random measure

2°(dz) = lim ZP (dx).
—00

does not possess atoms. To that purpose, by stationarity, it is enough to prove that (see[20,
Corollary 9.3 VIJ)
V6 >0, limn?P(Z%(1,)>6) =0
n
where I, is the cube [0, 1]¢
We have to prove that:

. From now on, we stick to the notations of Proposition 14.

¥6 >0, limlimsup O} (Z](I,) > 6) = 0.
n t

Therefore, let § > 0 and € > 0 be two fixed positive real numbers. We choose R and
the associated event B of probability 1 — ¢ as in Proposition 14. We have:

lim sup @f(Zf(In) > (5) < e+ limsup II; + limsup TIs.
t t t
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First note that limsup, II; = 0; we also have the following bound for lim sup,; Ils:
2Vdec

56 nln2
which goes to 0 as n goes to co. In conclusion, we get:

lim lim sup @f (Zf([n) >6) <e
n t

limsup Iy < G(u) du,
t

which is the desired result. ]

A.2 Proof of result from Section 4

Here, we prove Proposition 8. For notational simplicity, we further assume that the
dimension d is equal to 1 and that k(u) = 0 for all |u] > 1. Generalization to all other
situations is straightforward.

Let C be the interval [0,1]. Let us denote by ¢(-,7) the Laplace transform of M7(C')

d(N,y) = E[e ()],

Since P(M7Y(C) > 0) = 1 the range of the mapping A € Ry — ¢(\,v) is the whole
interval ]0, 1]. Choose a strictly increasing sequence (7, ), converging towards v/2. Choose

a sequence (), such that
1
ﬁb()‘n")/n) = 9 (36)
Let us denote by M¢(C') a random variable taking values in [0, +00] such that A, M7 (C) —

M¢(C) vaguely as n — oo (eventually up to a subsequence). Let us define the function
p(8) = E[e "M@, M“(C) < o0

for @ > 0 and ¢(0) = 1. Then ¢(0An, 1n) — ©(0) for all 6 so that, in particular, p(1) = 1.
Let us choose € small enough in order to have ln% even integer larger than 4. Because of
(9), we have

2
r—=1n r)2
A(ONn, ) :E[exp [_9)\”/ X 1 ()= BB, 1 ()

M (dr)] |
C

Let us denote by C} the interval [1 1,;“'11] for k € A = {0,...,1n% — 1}. By the

Cauchy-Schwartz inequality and statlognarlty, we have

r )2
¢(0>\n77n) S [exp =20\, Z / ’YnXh, 1( E[Xln%( : ]M’Ymg(dr)ﬂ
keA.

even

—ST

By the Kahane convexity inequality and because the mapping = > e is convex for any

s € R, we deduce

P(0An, 1) < E [exp —20\, Z V2X,, 1 (0)-ELX, l(O)Q]M%,E(dT)”
k€Ae
:E[exp [—29)%@\/5 1(O7EIX,, 10 ZM’Ym (Ci)] ]
keA.

even
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Because the sets C} are separated by a distance of at least m, the random variables
(M75(Ck))kea. are ii.d. with common law e M7 (C) because of (9). We deduce:

even

_ 2 il
QS(Q)\m'Yn) < E[¢<29An€€\/§X1n%(0) E[Xh)%(o) ]a'Vn) 2 5]

By taking the limit as n — oo, we deduce

@(0) <E [(p (2956\/5)%, 1(0)-E[X, 1 (0)2}) lin i} |

By letting 6 go to 0, we deduce

19,1
p(04) < p(04)2 M=,

Because £1ni > 2, we are left with two options: either ¢(04) = 0 or ¢(04) > 1. But
¢(04) < 1 because e < 1 for all z > 0. Furthermore ¢(01) > ¢(1) = 5. Therefore
¢(04) = 1 and M¢(C) < +oo almost surely. M¢(C) is not trivial because ¢(1) = 5. We
have proved that the sequence (A, M7 (C)), is tight and that the limit of every converging
subsequence is non trivial.

Of course, we can carry out the same job for every smaller dyadic interval. But the
normalizing sequence may depend on the size of the interval. Let us prove that it does
not. To this purpose, it is enough to establish that

1 " .
3 < limianE[e_’\"]V[7 (C’“)] < lims.upIE[e_’\"MW (C’“)] < 1.
n n

for every dyadic interval Cy, of size 27%. The left-hand side is obvious because M (Cj,) < M (C).
By using (9) with e = 27% and the Kahane convexity inequality, we deduce:

limsup E[ exp [-A, M7 (Cy)] < lim supE[eXp [—An MO (C)27ke\/§X’“‘“2(0)7E[X’““2(0)2}]]

=K [@(Q—keﬁxk1n2(0)—11<:[xkln2(0)2]>] '

The last quantity is strictly less than 1. Indeed, if not, then gp(2‘keka n2(0)— S E[Xy 1n2(0)2]) =

1 almost surely, that is ¢(f) = 1 for all §, hence a contradiction.

To sum up, the sequence (A, M (C)), is tight for all dyadic intervals. By the Ty-
chonoff theorem and the Caratheodory extension theorem, we can extract a subsequence
and find a random measure M¢(dz) such that (\,M"(C4),..., \yM"(C})), converges
in law towards (M¢(Cy),...,M¢(Cp))y for all dyadic intervals Ci,...,Cp. Finally, by
multiplying both sides of (9) by A, and passing to the limit as n — oo, we deduce:

c law V2X nl (r)-E[X nl (r)?] c,
(M (A))AeB(]R) = (/Ae n mE M E(dT))AeB(R) (37)
where 4
c, law c
(M E(A))AGB(R) = e(M (g))AeB(R)' (38)
O
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B. Auxiliary results

We first state the classical “Kahane’s convexity inequalities” (originally written in [46] ,
see also [3] for a proof):

Lemma 18. Let F,G : Ry — R be two functions such that F' is convex, G is concave and
Vo € Ry, |F(a)|+|G(2)] < M(1+[z|”),

for some positive constants M, B, and o be a Radon measure on the Borelian subsets of RY.
Given a bounded Borelian set A, let (X;)rea, (Yr)rea be two continuous centered Gaussian
processes with continuous covariance kernels kx and ky such that

Yu,v € A, kx(u,v) < ky(u,v).

Then

E[F(/ eX*_%E[XE]U(dT))} < ]E[F(/AeY*_;E[Y*Z] U(dr))}
A
E[G(/AeXTéE[XTQ] U(dr))] 2E[G(/AeYT$E[YTQ]U(dr)>}.

If we further assume
Vue A, kx(u,u) = ky(u,u)

then we recover Slepian’s comparison lemma: for each increasing function F : Ry — R:

E[F(supYe)] <E[F(sup Xo)].

B.1 Chaos associated to cascades

We use Kahane convexity inequalities (see proposition 18) to compare the small mo-
ments of the Gaussian multiplicative chaos with those of a dyadic lognormal Mandelbrot’s
multiplicative cascade. Let us briefly recall the construction of lognormal Mandelbrot’s
multiplicative cascades. We consider the 2%-adic tree

T = ({1,2})"".

For t € T', we denote by mi(t) (k € N*) the k-th component of t. We equip T with the
ultrametric distance

Vs,t €T, d(t,s) =2 where n=sup{N € N;Vk < N, m(t) = m(s)}.

with the convention that n = 0 if the set {N € N;Vk < N, mi(t) = m(s)} is empty. Let

us define
w o if  d(t,s) <27

Vs,t €T, pn(t,s) = { 0 if d(¢s) > g—nd,

The kernel p,, is therefore constant over each of the 29 cylinders defined by the prescription
of the first n coordinates (in what follows, we will denote by I,,(t) that cylinder containing
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t). For each n, we denote by (Y, (t)):cr a centered Gaussian process indexed by T with
covariance kernel p,. We assume that the processes (Y},), are independent. We set

Vs,t €T, qu(t,s)= Zpk(t, s) (39)
k=1

Notice that
U 1

- 1
din2 " d(t,s) v 2-dn

Vs,t €T, qul(t,s) (40)

and

an(t,s) — as n — oo.

U 1
dln2  d(t,s)

We define the centered Gaussian process
n
Vte T, Xp(t) =Y Yil(t)

with covariance kernel ¢,. Let us denote by o the uniform measure on T, ie o(I,(t)) =
27 We set

MZ:/eXn(t)_éE[Xn(t)Q]O'(dt)'
T

This corresponds to the lognormal multiplicative cascades framework. The martingale
(M,,),, converges towards a non trivial limit if and only if u < 2dIn2. The boundary case
corresponds to u = 2dIn2. It is proved in [47] that, for u = 2d1In2, lim, M, (dz) = 0
almost surely.

It turns out that the 2%-adic tree can be naturally embedded in the unit cube of R? by
iteratively dividing a cube into 2¢ cubes with equal size length. Notice that the uniform
measure on the tree is then sent to the Lebesgue measure by this embedding. We also
stress that the dyadic distance on the cube [0, 1]¢ is greater than the Euclidean distance
on that cube:

Vs,t €[0,1]%, |t —s| < Vdd(t,s)d.

This allows many one-sided comparison results between lognormal cascades and Gaussian
multiplicative chaos.
So, taking u = 2dIn2 in the kernel g, of (40), we claim for all s, s € [0,1]¢, Vn € N:

qn(s,8") — C < 2dKp1n2(s — §) (41)

for some constant C' > 0 that does not depend on n (only on k).
We are now in position to prove:

Proposition 19. For v = 2d, the standard construction yields a vanishing limiting
measure:
lim th =0 almost surely. (42)
t—o0

Furthermore, for all a € |0, %[ and any bounded open set A, almost surely:

X,(z) — V2dt + ——In(t + 1)) < 43
fi%(i‘gﬁ ¢(z) mn( )) < oo (43)
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Proof. We consider X,, with covariance given by (40) for « = In2; by a slight abuse of
notation, we consider that X,, is defined on the unit cube by the natural embedding.

The family (M) is a positive martingale. Therefore it converges almost surely. We
just have to prove that the limit is zero. We will apply Kahane’s concentration inequalities
(Lemma 18). Let us denote by Z a standard Gaussian random variable independent of the
process (X¢(z))t.. From (41), the covariance kernel of the centered Gaussian process X,
is less than that of the Gaussian process vVCZ + X, 1n2. By applying Lemma 18 to some
bounded concave function F' : Ry — R and n € N, we obtain (we stick to the notations
introduced just above)

E[F(e\/az_%cMﬁ([O, 1]d))} gE[F(/ V24 Xn ()= dE[X ()] dt)}. (44)
T

Now we further assume that F' is increasing. Because of the dominated convergence
theorem, the right-hand side goes to F'(0) as n — oo. So does the left-hand side. This
shows that MT‘L/I?Q([O, 1]%) goes to 0 in probability as n — co. Since we already know that
the martingale th([(), 1]%) converges almost surely as t — oo, this completes the proof
of the first statement.

For the second statement, we fix a € [0, %[ and we consider the case d = 1 and
k(z) = (1—|z|)4 for simplicity (this is no restriction since every C'! kernel k with k(0) = 1
is greater or equal to some (1 — %p for L > 0.) In this case, one can represent the
variables X (x) as integrals of truncated cones with respect to a Gaussian measure (see
subsection B.2 below for a quick reminder or [7, 12] for details). The cone representation
ensures that we have the following decomposition (see subsection B.2):

Lemma 20. We fixn and cut [0, 1] into 2" intervals. We have the following decomposition
for Xsma(z) for all s € [n,n+ 1] and x € I, := (o, L[

2n) 2n
Xoma(z) = Xip + Y (),
with the following properties:

o There exists a constant C > 0 (independent of n) such that:

E[XinXjn] =nln2 — (1 - 45), ifi=3j

EXinXjn] 2 E[Xn(37)Xn(57)]| = C,  ifi#]
e For all v, the process (Ysi’n(m))se[n’nﬂ]’xehm is continuous and independent of X .
e Foralli,j, s,s € n,n+1] andx € Iy, 2/ € Ijp:

E[Y"(z)Y3"(2')] > 0

o Foralli,j,s€ n,n+1] and x € I; :

E[Y"(2)X ] > 0
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We introduce a standard Gaussian variable Z independent from the process (Xsm2())s

and a standard Gaussian i.i.d. sequence (Z;)p <i<2on—1. We also introduce a sequence of

independent processes (72”(3:)) s€lnm+1),zel;,, independent from X,, and such that for all

i the process (?Zs’n(x))se[n,nﬂme[m has same law as (Y;i’n(t))Se[nynﬂ],xehm. By Lemma
18, we have the following for all «:

/ 1 .
P( sup sup  sup (Xin +1/1— = +CZ+ Y "(z) —V2nln2) > z)
0<i<2"-1s€[nn+l]z€lin 2

< P( sup sup  sup (Yn(in) +VCZ; —1—7?;”(:1;) —V2n1n2) > )
0<i<27—1selnnt+l]z€l;, 2

Indeed, we have the following if i = j, z,2’ € I, , and s,s" € [n,n + 1]:

1 ; 1 2,n
E[(Xin+ /1= 57 + CZ+ Y™ (2))(Xin + /1 = 57 + CZ+ V" (@)

=nln2+ C +E[YS"(z) Y (2")]

= El(Xn(gy) + VOZi + V3" @) (Knl) + VOZi + Vi ()]

and for i # j, v € I ,, ' € I, and 5,5 € [n,n+ 1]:

1 ] 1 i,n
E[(Xin + /1= 5 + CZ + Y (@) (Xjn + \[1 = 55 + CZ + V" (@)

1
> B[XinXjn] +1— o +C

2n
> E[Xu(55)Xa(5)]
= B[(Xa(5;) + VOZ: + V2" () (Kl ) + VOZ; + T4 @))
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Now, let 8 > 1 and r < 1 be such that gr < 1 and (% —a)fBr > 1. We have:

P( sup sup  sup (V2X, (5m )+\/QCZ +V2Y () — 2nIn2 4+ aln(n + 1)) > 1)
0<i <2~ lse[nn+1]xelm

=P( sup (V2X, ( )—I—\/%Z +V2 sup ?i’n(x)—2nln2—|—aln(n—|—1))21)

0<ig<2n-1 se[nn+1),z€l;n
21 D'e 4 72 ~t,n
< (TL + l)a,é’re—,BrE[( Z eﬁ(ﬁXn(ﬁFr@ Zi+\/§supse[nyn+l]@€1i‘n Y, (a:)—2nln2))r]
1=0
2"—1 i
< (n+1)*e”TEE Z V2 Xn(5r)+V2C ZitV2oWsepnnin) weti Vs (x)—2n1n2))7’|yn]]

on_1
<(n+1) a,é’r —BrE Z BV2 Xn(5:)+V2C Zi+V25UD e i), wer; Y " (x)— 2nln2)‘X )]

(n + 1)a57" *5TE[ /B(MZ +\/§sup56[n nt], IGI ?l n(m))]T
on_1 -
x E[( Z eﬁ(\/an(QLn)—znlnz))r]
i=0
on_1 -
< Cp(n+1)PE[( Z V2R ()= 2nn2)yr]
i=0
_ Cr
n(3—a)Br+o(1)’

~X

where in the last line we have used Theorem 1.6 in [44]. This entails the desired result by
the Borel-Cantelli lemma. O
B.2 Reminder about the cone construction

The cone construction is based on Gaussian independently scattered random measures
(see [68] for further details). We consider a Gaussian independently scattered random
measure u distributed on the measurable space (R x R4, B(R x Ry )), that is a collection
of Gaussian random variables (u(A), A € B(R x Ry)) such that:

1) For every sequence of disjoint sets (A,), in B(R x R;), the random variables
(1(Ay))n are independent and

,U(UAn) = ZN(An> a.8

2) for any measurable set A in B(R x R;), pu(A) is a Gaussian random variable whose
characteristic function is given by

E(eiqu(A)) — e~ 5 1(4)
where the control measure I' is given by

1
[(dz,dy) = —dzdy.
)
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We can then define the stationary Gaussian process (w;(x))zer for 0 <1 < 1 by

wi(z) = p(Ai(z))

where A;(z) is the triangle like subset Aj(x) := {(u,y) e RxRL : i<y <1, —-y/2< oz —
u < y/2}. The covariance kernel of the stationary Gaussian process wy is given by

Ai()

0 if |z|>1
Ky(z) = { Iy +la| -1 if I<|z|<1 | (45)
nd 4 |z - 2l it || <1

which can also be rewritten as:

V(1 = |zu
Ki(x) =/1 udu.

u

Therefore the process w,-+ has the same law as X;. This approach is called the cone
construction.

Now we explain how to use the cone construction to prove Lemma 20, that is to
decompose the process X2 = wy-s for s € [n,n + 1]. So we choose i € N such that
0<i<2"—1. We call 4;, the common part to all the cone like subsets Ay-s(z) for
se€n,n+1]and x € I;

Ain = ﬂ n Ag-s ()

s€[n,n+1]z€l; n
_ 5 o y i+1 Yy

For s € [n,n+ 1] and = € I; ,,, we define the set RY™(x) as:
RE™M(z) = Ag—s () \ Ain.
Then we set Yo" (z) = p(RE"(x)) and X;,, = p(Ain). . In particular, we find

i—jl+1

E[X;nX;n) =nln2+1In =i+ o

1.
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It is then straightforward to check the claims of Lemma 20 by using the properties of
the measure p. The process (Y*"(z))scinnt1]eer,, 1S independent of X;,, since the sets

(Ri’"(w))se[n,nﬂ],xe 1., are all disjoint of the triangle A; . We also have
E[Y"™(z)Y?"(2")] > 0

since this covariance is just given by the I-measure of the set RE™M(x)NRE"(2). The same

argument holds to prove E[Y""(x)X;,] > 0. O
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