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Generalized eigenfunctions of Markov kernels and application
to the convergence rate of discrete random walks

Denis GUIBOURG, Loic HERVE, and James LEDOUX *

June 6, 2012

Abstract

Let (X, )nen be a Markov chain on a measurable space X with transition kernel P
and let V : X—[1,400). Under a weak drift condition, the size of generalized eigen-
functions of P is estimated, where P is here considered as a linear bounded operator on
the weighted-supremum space By associated with V. Then combining this result and
quasi-compactness arguments enables us to derive upper bounds for the geometric rate
of convergence of (X,,)nen to its invariant probability measure in operator norm on By .
Applications to discrete Markov random walks are presented.

AMS subject classification : 60J10; 47B07

Keywords : Geometric ergodicity, quasi-compactness, Drift condition, Birth-and -Death
Markov chains.

1 Introduction

Let (X, X) be a measurable space with a o-field X' , and let (X,,)n>0 be a Markov chain with
state space X and transition kernels {P(z,-) : x € X}. Let V : X —[1,4+00). Assume that
(Xn)n>0 has an invariant probability measure 7 such that (V) := [, V(z)7(dz) < co. This
paper is based on the connection between spectral properties of the Markov kernel P and the
so-called V-geometric ergodicity [MT93| that is the following convergence property for some
constants ¢, > 0 and p € (0,1):

|E[f(Xn) | Xo = 2] — 7(f)]

sup sup <e,p". (1)
If|<V zeX V(x) ’
Let us introduce the weighted-supremum Banach space (By, || - ||y) composed of measurable
functions f : X — C such that
|f (@)
fllv :=sup < 00
I zex V(z)
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Then (1) reads as ||P"f — 7(f)1x||v < ¢,p™ for any f € By such that || f|]yy < 1, and there is
a great interest in obtaining upper bounds for the convergence rate py (P) defined by

pv(P) :=inf {p € (0,1), s IP"f —7(f)xllv = O(p™)} (2)

For irreducible and aperiodic discrete Markov chains, criteria for the V-geometrical ergodicity
are well-known from the literature using either the equivalence between geometric ergodicity
and V-geometric ergodicity of N-valued Markov chains [HS92, Prop. 2.4], or the strong drift
condition. For instance, when X := N (with V(n) — +oco as n— +00), the strong drift
condition is

PV <oV +blio1,..n0}

for some p < 1,b < oo and ng € N (see [MT93|). Estimating py (P) from the parameters
0,b,ng is a difficult issue. This often leads to unsatisfactory bounds, except for stochastically
monotone P (see [MT94, LT96, Bax05] and the references therein).

This work presents a new procedure to study the convergence rate py (P) under the fol-
lowing weak drift condition

N € N*, 3d € (0,+00), 36 € (0,1), PNV <MV +dlx. (WD)

The V-geometrical ergodicity clearly implies (WD). Conversely, such a condition with N =1
was introduced in [MT93, Lem. 15.2.8| as an alternative to the drift condition [MT93, (V4)]
to obtain the V-geometrical ergodicity under suitable assumption on V. Note that, under
Condition (WD), the following real number dy (P) is well defined:

Sy (P) ==inf {5 € [0,1) : 3N € N*, 3d € (0,+00), PV <"V +d1x}.

Our procedure is based on quasi-compactness arguments and on the next statement (Theo-
rem 1) which is the main result of the paper. Under Condition (WD), for any A € C such
that 6 < |A| <1, and for any p € N*, the following property holds with S(A) := In|\|/In ¢:

P PE 1B
feBynKer(P—A)P = FJce (0,400), |f|<c(InV) 2 V7Y, (3)

In particular, if A is an eigenvalue such that |A| = 1, then any associated eigen-function f is
bounded on X. By contrast, if |A| is close to 6y (P), then |f| < ¢ VAN with B()\) close to 1.

When the Markov kernel P has an invariant probability distribution, the connection be-
tween the V-geometric ergodicity and the quasi-compactness of P is recalled in Subsection 2.1
(Proposition 1). Namely, P is V-geometrically ergodic if and only if P is a power-bounded
quasi-compact operator on By for which A = 1 is a simple eigenvalue and the unique eigen-
value of modulus one. In this case, if r.55(P) denotes the essential spectral radius of P on By
(see (7)) and if V denotes the set of eigenvalues A of P such that ress(P) < |A| < 1, then the
convergence rate py (P) is given by:

pv(P) =ress(P) if V=0 and py(P)=max{|\, eV} if V#0. (4)

Property (4) is relevant to study the convergence rate py (P) provided that, first an ac-
curate bound of 7.s5(P) is known, second the above set V is available. Bounds of ress(P)



related to drift conditions can be found in [Wu04| and [HL12| under various assumptions (see
Subsection 2.1). In view of our applications, let us just recall that ress(P) = dy(P) in case
X := N and lim,, V(n) = +o0o. However, even if the state space is discrete, finding the above
set V is difficult. Our main result (3) may be of great interest to solve this issue. In Section 3,
this is illustrated in the case X := N, in particular, for birth-and-death Markov kernel P
defined by P(0,0) := a and P(0,1) := 1 — a for some a € (0,1) and by

Vn>1, Pln,n—1):=p, P(n,n):=recl0,1), Pn,n+1):=gq, (5)

where p, q,7 € [0,1] are such that p+7r+¢ =1, p > ¢ > 0. Setting 7 := 1/p/q and assuming
that > -, P(0,n) (7)™ < oo, the convergence rate py (P) with respect to V := (3")pen is
computed in Subsection 3.2. When r := 0, such a result has been obtained for a < p in
[RT99] and [Bax05, Ex. 8.4] using Kendall’s theorem, and for a > p in [LT96] using the
stochastic monotony of P. Our method gives a unified and simpler computation of py (P)
which moreover encompasses the case r # 0. Another example concerning a random walk on
X := N with unbounded increments is investigated in Subsection 3.3.

2 Quasi-compactness on By and V-geometric ergodicity

We assume that P satisfies (WD). Then P continuously acts on By, and iterating (WD)
shows that P is power-bounded on By, namely sup,,>, || P"||v < oo, where || - ||y also stands

1/n
v

for the operator norm on By . Thus we have r(P) := lim,, ||P"||;/ = 1 since P is Markov.

2.1 From quasi-compactness on By to VV-geometrical ergodicity

Let I denote the identity operator on By . Recall that P is said to be quasi-compact on By
if there exist 79 € (0,1) and m € N*, \; € C, p; € N* (i =1,...,m) such that:

By = @ Ker(P — NP @ H, (6a)
=1

where the \;’s are such that
IAi] >ro and 1 <dimKer(P — \I)P < oo, (6b)
and H is a closed P-invariant subspace such that

sup |P"h|ly = O(ro"). (6¢)
heH, ||h|lv <1

Concerning the essential spectral radius of P, denoted by r.ss(P), here it is enough to have
in mind that, if P is quasi-compact on By, then we have (see for instance [Hen93|)

Tess(P) := inf {rg € (0,1) such that (6a) (6b) (6c) hold}. (7)

As mentioned in Introduction, the essential spectral radius of Markov kernels acting on
By is studied in [Wu04, HL12|. For instance, under Condition (WD), the following result is



proved in [HL12, Th. 1]: if P’ is compact from By to By for some £ > 1, where (Bo, || - ||o)
is the Banach space composed of bounded measurable functions f : X — C equipped with the
supremum norm || f||o := sup,ex | f(x)|, then P is quasi-compact on By with

Tess(P) S 5\/(P)

Moreover, equality ress(P) = 0y (P) holds in many situations, in particular in the discrete
state case with V(n) — oo (see Proposition 2).

Next we recall a result which makes explicit the relationship between the quasi-compactness
of P and the V-geometric ergodicity of the Markov chain (X,,)nen with transition kernel P.
Moreover, we provide an explicit formula for py(P) in terms of the spectral elements of
P. Note that for any ro € (ress(P),1), the set of all the eigenvalues of A of P such that
ro < |A| <1 is finite (use (7)).

Proposition 1 Let P be a transition kernel which has an invariant probability measure w
such that 7(V') < co. The two following assertions are equivalent:

(a) P is V-geometrically ergodic.

(b) P is a power-bounded quasi-compact operator on By, for which A =1 is a simple eigen-
value (i.e. Ker(P —I) = C- 1x) and the unique eigenvalue of modulus one.

Under any of these conditions, we have py(P) > Tess(P). In fact, for ro € (ress(P),1),
denoting the set of all the eigenvalues X of P such that ro < |\ <1 by V,,, we have:

e cither py(P) < ro when Vy,, =0,
e or py(P) =max{|\|, A € V,,} when V,, # 0.
Moreover, if Vyy = 0 for all rg € (ress(P), 1), then py (P) = ress(P).

The V-geometrical ergodicity of P obviously implies that P is quasi-compact on By with
pv (P) > ress(P) (see e.g. [KMO3]). This follows from (7) using H := {f € By : n(f) = 0}
in (6a)-(6¢). The property that P has a spectral gap on By in the recent paper [KM11]
corresponds here to the quasi-compactness of P (which is a classical terminology in spectral
theory). The spectral gap in [KM11]| corresponds to the value 1 — py(P). Then, [KM11,
Prop. 1.1]) is a reformulation, under t-irreducibility and aperiodicity assumptions, of the
equivalence of properties (a) and (b) in Proposition 1 (see also [KM11, Lem. 2.1]). Details
on the proof of Proposition 1 are provided in [GHL11]. For general quasi-compact Markov
kernels on By, the result [Wu04, Th. 4.6] also provides interesting additional material on
peripheral eigen-elements.

2.2 Size of generalized eigenfunctions of P

Theorem 1 Assume that the weak drift condition (WD) holds true. If A € C is such that
d < |A| <1, with § given in (WD), and if f € By NKer(P — A)P for some p € N*, then
there exists ¢ € (0,+00) such that

p(p—1)

If| < Vs (In V)25,



The proof of Theorem 1 is based on the following lemma.

Lemma 1 Let A € C be such that 6 < |\ < 1. Then

In [A|

Vf € By, 3c€(0,+00), Vo € X, |NT"@[(P"@)f)(z)] < eV (z) W5 (8)

with, for any x € X, n(z) := L_l?n‘g(x)J , where | -] denotes the integer part function.

Proof. First note that the iteration of (WD) gives

k—1
: d
kN kN N kN
VE>1, PPNV <NV d(d V) 1x <6 Vit —x Ix. (9)

J=0

Let g € By and € X. Using (9), the positivity of P and |g| < ||g|[v V, we obtain with
b= d/(1— M)

vk =1, |(P*Vg)(z)| < (P*|gl)(2) < llgllv (P*YV)(2) < llgllv (8*VV () +b).  (10)

The previous inequality is also fulfilled with & = 0. Next, let f € By and n € N. Writing
n=kN +r, with k € Nand r € {0,1,...,N — 1}, and applying (10) to g := P" f, we obtain
with & := maxo<p<n_1 | P f||v (use P"f = P*N(PTf)):

(P f)(2)] < E[0FNV (@) +b] <E[077(6"V () +b)] < €5 N(6"V(2) +b).  (11)
Using the inequality
~InV(z) InV(x)
Ind Ind
and the fact that Ind <In|A| <0, Inequality (11) with n := n(z) gives:

—1<n(z) < -

AT (PO f) ()]

IN

e (O V(@) + 5 )

_ g(st <en(:1:)(ln61n|/\|) eln V(x) + befn(z) ln|)\|)

< ¢5N <€(1“1Z21)+1)(1n|x|_1n5) V@) b s 1n|>\>

—o (elml InV(e) gln|A|-lnd | bv(x)hfné'>

In [A|

_ gé—N(elnM\—lnE + b) V(SC) s

This gives Inequality (8) with ¢ := &5~ N(e™N=0 4 p), O

Proof of Theorem 1. If f € By NKer(P — AI), then |\|~"®)|(P™®) f)(x)| = |f(x)|, so that
(8) gives the expected conclusion when p = 1. Next, let us proceed by induction. Assume
that the conclusion of Theorem 1 holds for some p > 1. Let f € By NKer(P — AI)PT1. We
can write

min(n,p)
P'f=(P—X+X)"f=X\"f+ (Z))\"k (P — )y (12)

k=1



For k € {1,...,p}, we have f;, := (P — A)*f € Ker(P — M )P*1=%F C Ker(P — A\I)P, thus we
have from the induction hypothesis :

1)

A € (0,+), Vk e {1,...,p}, Vz € X, |fu(x)| <V (z ) g (InV(x )) (13)

Now, we obtain from (12) (with n := n(z)), (13) and Lemma 1 that for all z € X:

A

1 . min(n.p n(x
Ol < WOYE )]+ V) ) e 3 (1)

k
k=1

In || P(P 1)

< Vi )m +e V(@) w (V)T (o)
&V (@)W (InV () 7+

A

with some constants ci, ¢y € (0, 400) independent of z. This gives the expected result. [l

3 Applications to discrete Markov chains

In this section, the state space X is discrete. For the sake of simplicity, we assume that
= N throughout the section. Let P = (P(i,j)); jen> be a Markov kernel on N. The
function V' : N—[1, 4+00) is assumed to satisfy
(PV)(n)

limV(n) =400 and sup-—+~—= < 0.
n neN V( )

The first focus is on the estimation of 7ss(P) from Condition (WD).

Proposition 2 The two following conditions are equivalent:

(a) Condition (WD) holds with V' ;
(b) L:= ]%I;fl(fN)% < 1 where Uy :=limsup,, _, ,o(PYV)(n)/V(n).

In this case, P is power-bounded and quasi-compact on By with ress(P) = oy (P) = L.

The proof of the the equivalence (a) < (b), as well as the equality dy(P) = L, is straight-
forward (see [GHL11, Cor. 4]|). That P is quasi-compact on By under (WD) in the discrete
case, With ress(P) < dy(P), can be derived from [Wu04] or [HL12, Th. 1] (see Subsection 2.1
and use the fact that the injection from By to By is compact when X := N). Equality
Tess(P) = 0y (P) can be proved by combining the results [Wu04, HL12] (see |[GHL11, Cor. 1]
for details).

In the next subsections, Proposition 2 is applied to random walks (RW) on N with the

following special sequence V, := (7"),en for some v € (1,4+00). The associated weighted-
supremum space B, = By, is defined by:
By = {(f(n))neN eCN: sug'y_”|f(n)\ < oo}. (14)
ne



3.1 Quasi-compactness of RW with bounded state-dependent increments

Let us fix b € N*, and assume that the kernel P satisfies the following conditions:
Vie{0,....,b—1}, > P(i,j) =1

Jj=0

0 if i —j| >0

e (15)
aj—i(i) ifli—j]<0b

Vi>bVjeN, P(i,j) = {

where (a_p(i),...,a,(i)) € [0,1]2*+! satisfies Zzsz ap(i) = 1 for all ¢ > b. This kind of
kernels arises, for instance, from time-discretization of Markovian queueing models.

Set ¢ () = Zzz—b ar(n)v*. We have (PV,)(n) = ¢, (7)V5(n) for each n > b. Then the
next statement follows from Proposition 2 using (16)-(17).

Proposition 3 Assume that, for every k € Z such that |k| < b, lim,, ax(n) = aj, € [0,1], and
that v € (1,400) is such that

b
¢(7) =Y ary* <1 (16)
k=—b
Vie{0,....b—1}, > P(i,j)y < oo (17)
j=0

Then P is power-bounded and quasi-compact on By with ress(P) < ¢(v).
Example 1 (State-dependent birth-and-death Markov chains) When b:=1 in (15),
we obtain the standard class of state-dependent birth-and-death Markov chains:
VYn>1, P(n,n—1):=p,, P(n,n):=r,, Pn,n+1):=q,,
where (pn, Tn, qn) € [0,1]? and py, + rn + qn = 1. Assume that the following limits exist:

limp, :=pe (0,1, limr,:=r€[0,1), limg,:=gq.
n n n

Ifv € (1,+00) is such that ¢(v) := p/v+r+qy <1 and ), -, P(0,n)y" < oo, then it follows
from Proposition 3 that ress(P) < p/~v +r + qy. The conditions v > 1 and p/y+r+qy <1
are equivalent to the following ones (use r =1 —p — q for (i)):

(1) eitherp>q>0and 1 <~y <p/q; (ii) orq=0 andy > 1.

(i) Whenp>q>0and1l <~y <p/q:if 3,50 P(0,n)y" < oo, then P is power-bounded and
quasi-compact on B, with ress(P) < ¢(7y). Set ¥ :=+/p/q. Then

miné(y) = ¢(7) = r +2vpq € (r?,1). (18)

Consequently, if >, ~o P(0,n)(7)" < oo, then the previous conclusions holds for v := 7,
with essential spectral radius on By satisfying ress(P) < r + 2,/pq.



(i) When q:=0 and v > 1: if 37 <o P(0,n)7" < 00, then ress(P) < ¢(y) =p/v +r.

Remark 1 (Random walks with i.d. bounded increments) Consider the case when the
increments ag(n) do not depend on the state n, that is when the kernel P is

. L. . . L. a;_; 1 ‘Z —j’ <b
V . e E = 15 Vv > V = J
Pl >0 PUD =t vizbu el PLj) { 0 if li—j]>0

where (a_yp, ..., ap) € [0,1)2F1 and Zzsz ar = 1. Obviously the statements of Example 1
apply but some additional facts can be deduced for such Markov chains. First note that
Vv € (1,400), VN > 1, Yn > Nb, (PNV,)(n) = ¢(7)" Vy(n). (19)

Consequently, under the assumptions (17) and ¢(v) < 1 where ¢(-) is given by (16), we obtain
from Proposition 2 that Condition (WD) is fulfilled with V, and

Tess(P) = 0v, (P) = ¢(7). (20)

For the birth-and-death Markov chains, that is when b := 1, the convergence rate is computed
in the next subsection using (20) and Theorem 1.

3.2 Study of the convergence rate for the birth-and-death Markov chains

Let p,q,r € [0,1] be such that p+7r+¢ =1, p > ¢ >0, and let P be defined by
Yn>1, P(n,n—1):=p, P(n,n):=re€l0,1), P(n,n+1):=q,

P(0,0) € (0,1), 3 P(0,n) (3)" < oo where 7 := \/f € (1, +o0). (21)

n>0

Let V5 := (7")nen and its associated weighted-supremum space By := By.. It is well known
that P is Vz-geometrically ergodic. Here we compute the convergence rate py, (P) (see Propo-
sition 4). First note that (18) (20) give

Fess(P) = 61 (P) = v+ 2/pq.

Second Theorem 1 allows us to prove the following.

Lemma 2 Assume that Conditions (21) hold true. If f is a nontrivial eigenvector in Bs
associated with a complex eigenvalue A of P such that r + 2,/pq < |A\| < 1 then
da; € C\ {0}, Vn >0, f(n) =aq 2)", (22)

with zy satisfying the following conditions:

‘Z)\| < /’}77 (233)
g% + (r =Nz +p =0, (23b)
> P0,m)z" = A (23c)

n>0



Proof. Let A € C, be such r +2,/pq < [A\| <1 and f € By, f # 0 satisfying Pf = Af, that is
Vn>1, Af(n)=pfln—1)+rf(n)+af(n+1). (24)
Let us denote by zy, 2} the two complex solutions of the characteristic equation
2>+ (r=Nz+p=0.

Observe that 2)z} = p/qg = 3% Recall that the solutions of (24) are of the form, either
f(n) = a1z + a2\ if 2y # 2}, or f(n) = a1z + agnzy™ if z) = 2}, with ag, a9 € C.
We have [z)| # [2}|. Indeed, Theorem 1 applied with p := 1 and 0 := r + 2,/pqg implies
that |f| < c¢V53" with 7 := In|A[/Iné € (0,1) and some constant c. Consequently we have
laizz™ + az)"| < ¢3™" in case zy # 2}, and |a12)" + aanzy"| < ¢3™" in case zy = 2. If
|zx| = |#}], then we would have |z\| = |2}| =7, but the two previous inequalities then easily
imply that a; = ag =0, that is f = 0.

From |z)| # |2}|, we can suppose that (for instance) |zy| < 7 and |2z}| > 7. Since f,

(zA™)nen are in By and (24"),, is not in By, we obtain: Vn >0, f(n) = a12)". Since f # 0

(i.e. a1 # 0), the equation (Pf)(0) = Af(0) implies that z) must satisfy (23c). O
Proposition 4 In addition to Conditions (21), the boundary transition probabilities are as-
sumed to satisfy, for some a € (0,1):

P(0,0) :==a, P(0,1):=1-a.

Then P is Vz-geometrically ergodic. Furthermore, defining ag := 1—q—./pq, the convergence
rate py. (P) of P is given by:

e when a € [ag,1):
pvs (P) =71+ 2/pg; (25)

e when a € (0, ap):

(a) in case 2p < (1 —q+\/ZTQ)2~'

pvs(P) =1+ 2/pg; (26)
(b) in case 2p > (1 —q+ \/]Tq)2, setting ay :=p — \/Dq — 1/7’(7"—1— 2\/]Tq)
p(l —a)
pv;(P) = |a+ a—l—i—q‘ when a € (0, a1] (27a)
pvs(P) =1+ 2y/pq when a € (a1, ap). (27b)

When r := 0, such results have been obtained in [RT99, Bax05, LT96] by using various
methods involving conditions on a (see the end of Introduction). Let us specify the above
formulas in case r := 0. We have ap = a1 =p— /pg = (p—q)/(1 + v/¢/p), and it can be



easily checked that 2p > (1 — ¢ + /pq)®. The properties (25) (27a) (27b) then rewrite as:
pvs(P) = (pq + (a — p)?)/|a — p| when a € (0, ag], and pv; (P) = 2,/pq when a € (ao, 1).

Proof of Proposition 4. By elimination, given some A € C, a necessary and sufficient condition
for the two following equations

>+ (r—Nz+p=0, (28a)
a+(1—a)z =\ (28Db)

to have a common solution z € C is that

(1-N[A=a)(1—a-q)+p(l-a). (29)
Assume that @ # 1 — g. Then A = 1 is a solution of (29) and the other solution of (29),
say A(a), and the associated complex number in (28b), say z(a), are given by:

p(l—a)
a—1+¢q

€eR and z(a):= — P R (30)

Aa) :=a+ P

Now, let A € C be such that r 4+ 2,/pg < |A\| < 1, and assume that there exists f € Bs,
f # 0, such that Pf = Af. Then Lemma 2 gives f := (2)")n>0 (up to a multiplicative
constant), with z) € C satisfying |z)| < 7 and Equations (28a)-(28b). Thus we have A = A\(a)
and zy = z(a), with A(a) and z(a) given by (30). Conversely, we have Pf, = A(a)f, with
fa = (2(a)™")n>0 since, by definition, z(a) satisfies the equations (28a)-(28b) associated with
A = A(a). Now we must find the values a € (0, 1) for which we have r+2,/pg < |A(a)| < 1 and
|z(a)| <7. This is the relevant question since Proposition 1 gives the following properties:

(i) if r +2/pg < |M(@)] < 1 and [2(a)| <7, then we have py. (P) = |A(a)| since A(a) is the
only eigenvalue A of P on By such that r + 2,/pg < [A\| < 1 (apply Proposition 1 with
any ro such that r +2,/pq < ro < |A(a)]),

(ii) if A(a) or z(a) do not satisfy the previous conditions, then we have py.(P) = r +
2,/pq since there is no eigenvalue A of P on By such that r + 2,/pg < |A| < 1 (apply
Proposition 1 with any ro such that r 4+ 2,/pqg < ro < 1).

Observe that
|z(a)| <7 & |la—14¢| > /pgq. (31)
Hence, if a € (ag, 1) (recall that ap :== 1 —q — \/pq), then |z(a)| > 7. Then (ii) gives (25).

Now let a € (0,a0]. Then |z(a)| < 7. Let us study A(a). We have X' (a) = 1—pq/(a—1+q)?,
so that a — A(a) is increasing on (—o00, ap] from —oo to A(ag) = r — 2,/pg. Thus

Va € (0,a0], Aa) <r—2pg<r+2ypq.

and the equation A(a) = —(r+2,/pq) has a unique solution a; € (—00,ap). Note that a; < ag
and A(a1) = —(r + 2/pq), that A(0) = p/(q — 1) € [-1,0) and finally that

(4-yFi-1* 2%

A0) = Ma1) =p/(g—1) +7+2/pg = 1-gq
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When 2p < (1 — ¢+ /pg)?, (26) follows from (ii). Indeed |A(a)| < r + 2,/pq since

Vo€ (0,a0), —(r+2y/0) = Mar) < A(0) < Aa) <+ 2/5.
When 2p > (1 —q+ \/gTq)2, we have a; € (0, ag] and:

e if a € (0,a1), then (27a) follows from (i). Indeed 7 + 2,/pq < |A(a)| < 1 since
Va € (0,a1], —1<XA0) < Aa) <Xar) =—(r+2v/pq);
e if a € [a1, ao], then (27b) follows (ii). Indeed |A(a)| < r + 2,/pq since
—(r+2ypq) = Aa1) < Aa) < r+2y/pg.

It remains to study the special case a = 1 — ¢. Then A\ = 1 is the only solution of (29).
Again let A € C be such that r 4+ 2,/pg < [A| < 1, and let f € By, f # 0, such that
Pf = Af. Then Lemma 2 gives f := (2\")n>0, with z) € C satisfying Equations (28a)-(28b),
thus Equation (29). Consequently there is no eigenvalue of P such that r 4+ 2,/pg < [A| < 1.
Proposition 1 applied with any ro € (r + 2,/pg, 1) then gives py. (P) =1 + 2,/pq. O

3.3 Convergence rate for a RW with unbounded increments

Proposition 2 and Theorem 1 may be also useful to estimate the convergence rate for RW on
X := N with unbounded increments. For instance, let P be defined by [MS95]

Vn 2 17 P(O,n) = Qna Vn Z 1, P(’I’L,O) ::})7 P(n’n_'_ 1) = q — 1 _p’
with p € (0,1) and ¢, € [0,1] such that anl qn = 1.

Proposition 5 Assume that v € (1,1/q) is such that ), < gny" < 00. Then ress(P) < q.
Moreover P is V. -geometrically ergodic with convergence rate py. (P) < max(qy,p).

Proof. We have: Vn > 1, (PV,)(n) = ¢y"™ + p. Thus, if vy € (1,1/¢) and >_, < ¢.7" < 00,
then Condition (WD) holds with V;, and we have &y, (P) < ¢y. Therefore it follows from
Proposition 2 that ress(P) < ¢7y. Now Proposition 1 is applied with any 79 > max (g, p). Let
A € C be such that max(gy,p) < |A| <1, and let f € B, f # 0, be such that Pf = Af. We
obtain f(n) = (A\/q)f(n —1) —pf(0)/q for any n > 2, so that

wen o=(3)” (- 12) 22

Since f € B, and |A|/q¢ > 7, we obtain f(1) = pf(0)/(A — ¢), and consequently: Vn >
1, (1) = pf(0)/(\ — q). Next the equality AF(0) = (P/)(0) = Spay 4nf (1) sives: Af(0) =
pf(0)/(A—q) since Y, <, gn = 1. We have f(0) # 0 since we look for f # 0. Thus X satisfies
A2 — g\ —p =0, namely: A =1 or A = —p. The case A = —p has not to be considered
since |A\| > max(qy,p). If A = 1, then f(n) = f(0) for each n € N, so that 1 is a simple
eigenvalue. Thus A = 1 is a simple eigenvalue of P on B, and the only eigenvalue such that
max(qy,p) < |A\] < 1. Then Proposition 1 gives the second conclusion of Proposition 5. [

Note that p cannot be dropped in the inequality py. (P) < max(qy,p) since A = —p is an
eigenvalue of P on B, with corresponding eigenvector f, := (1, —p, —p,...).
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