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1. Introduction

Most failure models for strain softening materials involve nonlocality. Whether nonlocality is introduced in an integral or
in a gradient format, an internal length is added to the material description. Such constitutive relations provide consistent
continuum failure models for progressive cracking in quasi-brittle materials (see e.g. [3]) or ductile failure in alloys (see e.g.
[16]). In quasi-brittle materials at least, nonlocality finds its origin in the interaction between growing defects in the course
of failure. When a microcrack opens, stresses are released and the stress field in the neighbourhood of the crack is modified
accordingly which may induce some further cracking elsewhere. These interactions may be approximated following the
superposition scheme due to Kachanov [14] for instance and folded into micromechanical damage based models (see e.g.
Refs. [2,21,22]). There are at least two outcomes from these approaches: first, the weight function that is introduced in
the nonlocal averaging, along with the internal length, is recovered; second this weight function depends on the state of
damage and it is direction dependent with respect to the state of stress. Cracks may shield each other or amplify the inter-
action stresses acting in their neighbourhood.

Nearby the boundary of the solid, interactions between defects are expected to be different compared to those observed
in the bulk material. Such boundary effects are among the pending issues in nonlocal modelling for which very little is
known from an experimental or a theoretical point of view. In nonlocal models, boundaries are usually dealt with arbitrarily:
in integral models the weight function involved in the nonlocal average is chopped off and normalized [20]. It follows that
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Nomenclature

r1 remote stress field in finite solid
rij stress components
ekl strain components
Cijkl components of the fourth-order elastic stiffness tensor
D damage variable
E Young’s modulus
m Poisson’s ratio
eeq equivalent strain
heiiþ positive principal strain
Dt tensile damage
Dc compressive damage
Wðx� nÞ; W0ðx� nÞ, and W�ðx; nÞ weight functions
n; x coordinate system
�eeq nonlocal equivalent strain
X volume of the structure
lc internal length of the nonlocal continuum
dðx� nÞ Dirac delta function
a minimum between the internal length and the distance from the point to the closest boundary
b minimum between the internal length and the distance to the boundary of the solid in the orthogonal direction
At ; Ac; Bt; Bc and eD0 parameters in the evolution law for damage
Pu ultimate load in the size effect tests
rN nominal strength in size effect tests
Db parameter in size effect law for unnotched specimen
fr1 modulus of rupture for specimen of infinite size
B and D0 parameters in size effect law for notched specimens. B depends on the geometry, D0 is a characteristic size
Gf fracture energy computed according to size effect law
the influence of a point A located nearby a boundary on a point B located in the bulk of the solid is not the same as the
influence of B on A. Due to the truncature of the interaction domain and to the renormalization, the weight function centered
at point A and entering in the nonlocal averaging at point A is not the same as the weight function centered at point B and
entering in the nonlocal averaging at point B. In the context of continuum damage modelling, this peculiarity of integral non-
local models was pointed out many times (see e.g. [19,4]). It is at the origin of the loss of symmetry of the tangent operator in
the nonlocal integral formulations. Because the nonlocal interactions are changing nearby the boundary of the solid, the con-
stitutive formulation [20] does not derive from a thermodynamic free energy potential. The modified symmetric nonlocal
damage theory due to Borino and coworkers [6] derives from a potential and fulfill thermodynamic principles. To this
end, the weight function is modified near the boundary. The background for such a modification is the symmetry of the non-
local interactions and energy considerations, it is not related to some specific boundary effect that would arise from the
interaction between microcracking and the boundary of the solid.

In gradient enhanced models, the normal component of the gradient of the nonlocal variable is constrained to be zero on
the boundary. In fact, the free boundary condition on the nonlocal variable is the same as the condition that would be in-
duced by an axis of symmetry. It means that the nonlocal interactions nearby a boundary of the solid are the same as the
nonlocal interactions that would be observed nearby an axis of symmetry. It can be hardly admitted, however, that the inter-
action between defects and a boundary surface is the same as the interaction between defects distributed symmetrically in a
bulk material. Note that in displacement based gradient models [25,11], the displacements ought to be equal to the nonlocal
displacements on the boundary of the solid. This is again a different boundary condition.

In any case, there is very little theoretical motivation for such boundary conditions in nonlocal models, at least some jus-
tification is lacking. It may be argued that boundary conditions are not very important. Generally, cracks propagate inside the
structure and the fracture process zone is located in the bulk material. Initiation of cracking, however, very often occurs from
the boundary of a solid. The simplest situation is that of bending beams. It is expected that the boundary effect may have
some influence on the initiation condition of cracking and this is the primary motivation for the present study. Once a crack
has propagated, it forms a new, evolutive, boundary of the solid and the nonlocal formulation should account for this addi-
tional boundary effect. This case is outside the scope of this paper, along with the issue of nonlocal effects nearby interfaces.

Our purpose is to provide some insight on the boundary effects induced by nonlocality and therefore to investigate the
effect of subsequent modifications of nonlocal averaging nearby boundaries in integral damage models. Let us start with
some intuitive argument about nonlocality nearby the boundary of a solid [23]. Consider a finite body that contains a pop-
ulation of microcracks or microvoids in an elastic matrix. Given a set of boundary conditions, the mechanical response of this
body may be described following two techniques: in the first one, the elastic material containing the defects (cracks and
voids) is homogenised. The result is a constitutive relation at each material point that depends on the defect density and
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geometry. In the next section, we shall follow this track and consider that the influence of microcracking is described accord-
ing to a continuum damage model.

In the second technique, each defect is described explicitly and the mechanical response of the solid is the result of the
deformation of the elastic matrix and the deformation of the defects (e.g. microcrack openings) due to the applied loads. In
the course of this calculation, the interaction between the defects is computed (e.g. using the superposition scheme due to
Kachanov [14]). This interaction is very often understood as being at the origin of the nonlocality of the constitutive response
of the homogenised material described e.g. according to a nonlocal damage model (see for instance Refs. [2,21,22]).

According to Kachanov’s superposition scheme, the state of stress and the displacements in this body containing defects is
computed as the sum of two sub-problems:

� Sub-problem I: the solid is considered without any defect and it is subjected to the applied boundary conditions. The
result is a state of stress denoted as r1

� Sub-problem II: The solid contains the defects. It is free from any external load/applied displacement. Inside each defect,
surface forces are applied so that the stress vectors due to r1 computed at the imaginary location of the defects in sub-
problem I are exactly equilibrated. This is required in order to recover, after superposition, the fact that internal defect
surfaces are free of any load.

Usually, this superposition scheme is applied to an infinite body and interaction between defects is considered only, but it
can be applied in principle to the case of a finite body too. We shall focus next on sub-problem II, which means that the fore-
going discussion is independent from the applied loads or displacements at the boundary of the solid. It is also important to
note that in sub-problem II, and for each defect, the surface forces applied inside each defect do not directly equilibrate the
stress vector computed at the imaginary location of this defect. The sum of the interaction forces due to the other defects, the
interaction forces due to the boundary of the solid, and the applied surface forces inside this defect equilibrate the stress
vectors due to r1 computed at the imaginary location of the defect.

Overall, the boundary of the solid remains always free from any load in sub-problem II. It means the stress vector due to
the interactions, computed normal to the boundary, always cancels whatever the distribution of defects. If nonlocality of the
constitutive response of the homogenised solid is understood as the consequence of interactions in a continuum setting,
nonlocality should vanish on the free surface, in the normal direction to this surface. Close to the boundary, and in the nor-
mal direction to the boundary, there should be a layer in which nonlocality increases going farther from the boundary in
order to reach the nonlocality expected in an infinite solid.

The purpose of this paper is to analyse the potential structural consequences of this boundary effect on nonlocality. We
shall devise a modified phenomenological nonlocal model that satisfies the condition of local material response on the
boundary of the solid only, in the normal direction to the boundary. We will then compare the original and modified formu-
lation in structural analyses. A simplified one dimensional setting, a spalling test, will be considered first. Two dimensional
examples will also be discussed and attention will be focused on the simulation of size effect bending tests on geometrically
similar specimens that are notched and unnotched. We will show that the modified nonlocal model provides a more con-
sistent fit of the size effect laws on both type of specimens than the original nonlocal model.

2. Modified nonlocal damage model

We are going to examine now how such results can be incorporated in a continuum formulation. We recall first the main
equations involved in the considered damage model.

2.1. Local damage model

The classical stress–strain relation for this type of model reads:
rij ¼ ð1� DÞCijklekl ð1Þ
where rij and ekl are the components of the stress and strain tensors, respectively ði; j; k; l 2 ½1;3�Þ and Cijkl are the components
of the fourth-order elastic stiffness tensor. The damage variable D represents a measure of material degradation which grows
from zero (undamage material with the virgin stiffness) to one (at complete loss of integrity). The material is isotropic, with E
and m the initial Young’s modulus and Poisson’s ratio, respectively.

For the purpose of defining damage growth, a scalar equivalent strain eeq is introduced, which quantifies the local defor-
mation state in the material in terms of its effect on damage. In this contribution, Mazars’ definition of the equivalent strain
is used [17]:
eeq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1
ðheiiþÞ

2

r
ð2Þ
where heiiþ are the positive principal strains. Damage growth is governed by the loading function:
gðe; kÞ ¼ eeqðeÞ � k ð3Þ
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k equals the damage threshold eD0 initially, and during the damage process it is the largest ever reached value of eeq. The
evolution of damage is governed by the Kuhn–Tucker loading–unloading condition:
gðe; kÞ 6 0; _k P 0; _kgðe; kÞ ¼ 0 ð4Þ

The damage variable D is determined as a linear combination of two damage variables Dt and Dc , that represent tensile

damage and compressive damage, respectively, by the help of two coefficients at and ac which depend on the type of stress
state [17]:
D ¼ atDt þ acDc ð5Þ

Dt;c ¼ 1� 1� At;c

eeq
þ At;c

expðBt;cðeeq � eD0 ÞÞ
ð6Þ
Standard values of the model parameters in the damage have been given in Ref. [17].

2.2. Nonlocal formulation

In the integral-type nonlocal damage models, the local equivalent strain is replaced by its weighted average:
�eeqðxÞ ¼
Z

X
Wðx; nÞeeqðnÞdn ð7Þ
with X the volume of the structure and Wðx; nÞ the weight function. It is required that the nonlocal operator does not alter the
uniform field, which means that the weight function must satisfy the condition:
Z

X
Wðx; nÞdn ¼ 1 8x 2 X ð8Þ
For this reason, the weight function is recast in the following form [20]:
Wðx; nÞ ¼ W0ðx� nÞ
XrðxÞ

with XrðxÞ ¼
Z

X
W0ðx� nÞdn ð9Þ
where XrðxÞ is a representative volume and W0ðx� nÞ is the basic nonlocal weight function which is often taken as the poly-
nomial bell-shaped function [3], or here as the Gauss distribution function:
W0ðx� nÞ ¼ exp �4kx� nk2

l2c

!
ð10Þ
lc is the internal length of the nonlocal continuum. Preserving the uniform field in the vicinity of the boundary makes the
averaging in Eq. (9) not symmetric with respect to its arguments x and n. This lack of symmetry leads to the nonsymmetry of
the tangent operator [4,19,12]. A symmetric nonlocal formulation ensuring enhancement rule has been recently proposed
[6]:
Wðx; nÞ ¼ 1�XrðxÞ
X1

� �
dðx� nÞ þW0ðx� nÞ

X1
ð11Þ
where dðx� nÞ is the Dirac function and X1 is the representative volume in the infinite solid where it has a constant value.
The first term is local, it vanishes for points far from the boundary and the original weight function in Eq. (9) is recovered.
According to this modified formulation, the computation of the nonlocal equivalent strain becomes:
�eeqðxÞ ¼ eeqðxÞ þ
1

X1

Z
X

W0ðx� nÞðeeqðnÞ � eeqðxÞÞdn ð12Þ
The integrand in the right-hand-side term of this equation involves the difference between the local equivalent strain at
the considered point and the local equivalent strain in its neighborhood. It is clearly a nonlocal contribution to the quantity
(nonlocal equivalent strain) that controls damage.

2.3. Modified one-dimensional model

Let us consider first a one dimensional semi-infinite bar. The coordinate system is such that the origin x ¼ 0 is at the
extremity of this bar. We look at the nonlocal average at point x located close to this extremity and we try to incorporate
in the formulation the boundary effect.

A first possibility is inspired from consideration about micromechanics of interacting defects [22,23]. The weight function
in Eq. (11) is modified in order to account for the boundary effect. The idea is to extend the solid outside the boundary x ¼ 0
with a fictitious bar that has a state of strain symmetric with respect to this boundary. At each point x of the bar, the nonlocal
contribution is the classical expression minus a contribution due to x�, where x� is the symmetric of x with respect to the
extremity (boundary) of the bar. The contribution due to x� is the opposite of the local equivalent strain times the weight
of this point. On the boundary, it cancels with that of x and the material response is always local. The resulting new weight
function now denoted as W�ðx; nÞ is:
4



Fig. 1.
damage
W�ðx; nÞ ¼ 1�XrðxÞ
X1

þXrðx�Þ
X1

� �
dðx� nÞ þW0ðx� nÞ

X1
�W0ðx� � nÞ

X1
ð13Þ
If x is located exactly at the extremity of the bar, the material response is local since x ¼ x�. For a point x sufficiently far
from the extremity, the contribution due to x� vanishes and then this formulation is completely equivalent to the classical
nonlocal average. Fig. 1 shows the contribution of the different terms of Eq. (13) for one-dimensional bar in uniform state of
damage.

A second possibility, also investigated in this paper, uses directly the original nonlocal formulation of [20] (Eq. (9)), in
which the following transformation of the coordinate system defined in the weight function is applied:
kx� nk ! kx� nk � lc

a
ð14Þ
where a decreases as point x is located closer to the boundary. a is the minimum between the internal length and the dis-
tance from point x to the extremity of the bar. When a is equal to the internal length, the original formulation is recovered.

This alternative formulation is proposed because its extension to 2D and 3D geometries is simple to handle. The first pro-
posal defined in Eq. (13) requires the definition of the symmetric counterpart of any point inside the structure (and suffi-
ciently close to the boundary) with respect to the boundary of the solid. In the case of a 2D or 3D structures and nearby
corners for instance, there are several overlapping symmetric counterparts of a given material point. Thus, this formulation
requires tracking all these counterparts depending on the geometry of the structure and it is less easy to implement than the
simple modification of the weight function for Gauss points close to the boundary of the solid defined in Eq. (14).

2.4. One-dimensional example: spalling test

In order to compare the initial and modified nonlocal formulations, let us consider a one dimensional dynamic tension
test (split Hopkinson bar) as shown in Fig. 2. This example has been designed so that the location of localised failure may
occur very close to one extremity of the bar, involving modified nonlocal interactions due to the extremity of the bar.

A square compression signal is generated in the bar. Upon reflection at the end of the bar, the compression signal turns
into a tensile one. This signal is added to the incoming compression. If the absolute amplitude of the compression signal is
greater than the tensile strength, failure is initiated at a distance from the boundary equal to half the signal length. Depend-
ing on the duration of the compression signal, it is possible to initiate failure in the material at any location, near the bound-
ary or far from it.

The bar length is taken equal to 25 cm. The parameters used in this example are: the volumic mass q ¼ 1 kg=m3, the
Young’s modulus E ¼ 1 MPa and the velocity boundary condition c ¼ 2:5 mm=s applied at the left bar end. The other model
parameters are At ¼ 1; Bt ¼ 2; eD0 ¼ 1 and the internal length lc is 3 cm (there is no damage in compression). A fixed mesh of
250 constant strain elements is used. Time integration is performed according to an explicit, central difference scheme. The
signal length is calculated as l ¼ t0t and its amplitude is c=t where t is

ffiffiffi
E
q

q
.

Fig. 3 shows the case where damage is initiated in the middle of the bar, far away from the boundary. According to the
discretisation, the strain inside each element is constant. Integration is performed according to a single Gauss point quad-
rature, as if the values of damage and nonlocal strain were constant, equal to the value computed at the center of each ele-
ment. It is these values, constant over each element, that are plotted on the following strain and damage profiles. The results
0 0.2 0.4 0.6 0.8 1
−0.2

0

0.2

0.4
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Ωr(x)/Ω∞
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Diagram showing the contribution of the different terms of the modified weight function (Eq. (13)) for one-dimensional bar in a uniform state of
. Results are obtained using a Gauss weight function (Eq. (10)) with internal length lc ¼ 0:3L.
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obtained with the original and modified formulations are exactly the same. If we consider that complete failure occurs where
damage is maximum, according to Fig. 3, the bar breaks in two pieces at the center.

Let us now study the case where damage initiates close to the boundary at a distance equal to 1.25 cm (the signal length is
2.5 cm). The results with the various weight functions are now quite different. According to the original formulation denoted
here as RWF (Fig. 4), damage is maximum at the extremity of the bar, once it has sufficiently developed. It is in this compu-
tation only that the kinetics of damage evolve during the spall formation as the damage peak in the profiles slowly drifts
towards the extremity of the bar. In the subsequent calculations performed with modified weight functions, the shape of
the damage profile during spall formation does not evolve and the final profiles of damage and nonlocal strain will be plotted
only. With the weight function modified according to [6] denoted as SLC, some improvement is observed as maximum dam-
age is not located at the extremity of the bar (Fig. 5). This is due to the modification of the weight function nearby the
extremity of the bar. The nonlocal component decreases and therefore, the local one becomes more predominant in the for-
t<t0 u=ct

t>=t0 , u=0
compression

tension
20 l/l =

E
tl 0=

Fig. 2. Principle of the dynamic tension test.
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Fig. 3. Damage (top) and strain (bottom) profiles with the original and modified models falling all in one plot when failure occurs at the center of the bar.
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Fig. 4. Damage (top) and strain (bottom) profiles for RWF when damage initiates nearby the extremity of the bar.
mulation. Still, this case is not consistent with the considerations from crack interaction in Section 2. At the extremity of the
bar, some nonlocality remains and the material response is not local. With the modified formulations denoted as MCLS and
ERF (Figs. 6 and 7) for Eqs. (13) and (14), respectively, damage is maximum inside the bar, where tension initiates and there
is no damage at the extremity.

Let us now define the thickness of the spall as the distance between the right-hand-side extremity of the bar and the clos-
est point at which damage is equal to one (complete failure). The thickness of the spall is infinitesimally small according to
the original RWF approach because maximum damage occurs at the extremity of the bar. As a matter of fact, if one wants to
obtain a spall that is of the order of the internal length of the material or less, it is not possible with the RWF formulation.
Damage develops initially with a maximum inside the bar but as it grows, the maximum of damage is attracted towards the
extremity of the bar. As shown in Figs. 6 and 7, this is not the case with the modified nonlocal formulations mainly because
interactions decrease nearby the extremity of the bar. According to the ERF and MCLS formulations of the weight function,
the spall is approximately 1 cm thick. The two modified formulations provide very similar results. The thickness of the spall
is approximately equal to one third of the internal length.

2.5. Modified 2D formulation

The ERF modified weight function is quite easy to extend to 2D calculations. The modified weight function reads:
kx� nk ¼ lc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2=a2 þ ðx2 � n2Þ2=b2

q
ð15Þ
in a coordinate system where subscript 1 refers to a vector that is normal to the closest boundary of the solid and subscript 2
refers to the orthogonal direction. a is the minimum between the internal length and the distance from the point to the clos-
est boundary and b is assumed to be the minimum between the internal length and the distance to the boundary of the solid
in the orthogonal direction. The weight function in the three dimensional case can also be extended following the same line,
7
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Fig. 5. Damage (top) and strain (bottom) profiles for SLC when damage initiates nearby the extremity of the bar.
without difficulties. From now on, we shall focus on this formulation and compare results with the original RWF nonlocal
formulation.

3. Two dimensional examples

3.1. 2D plate in tension

Let us first discuss the simulation of a direct tension test of a plate (1 m � 1 m) that contains defects in order to trigger
strain localisation. We look here at a double edge notched specimen subjected to a remote applied load (Fig. 8).

The numerical analysis has been carried out under the plane stress assumption. A regular mesh of 25 � 25 quadratic ele-
ments is used. The following parameters are used in this analysis: E ¼ 3:5� 1010 Pa; m ¼ 0:2; At ¼ 0:95; Bt ¼
9000; Ac ¼ 1:25; Bc ¼ 1000; eD0 ¼ 1:0� 10�4. The internal length lc is taken equal to 0.2 m. The two square notches are
small compared to the internal length (four times smaller than the internal length). They are modelled as completely dam-
aged finite elements.

The maps of damage with the two approaches are shown in the Fig. 9. With the two models (RWF and ERF), damage ini-
tiates nearby the tip of the notches, and then propagates towards the centre until failure occurs. The differences between the
damage maps are nearby the notches only. With the classical nonlocal formulation RWF, the material located between the tip
of the notch and the boundary is damaged completely. This is not the case with the modified model (ERF) because the inter-
actions decrease close to the boundary.

There are rather small differences between the two damage maps and consequently it yields small differences on the cor-
responding load–displacement responses. There are, however, at least two cases where we expect a significative difference
between the RWF and the ERF approaches. The first one is the case of a crack propagating towards a boundary. The fracture
process zone (FPZ) is constrained by the boundary of specimen [8] and the energy required to propagate the crack should
8



15 17 19 21 23 25
0

0.2

0.4

0.6

0.8

1

x (cm)

D

15 17 19 21 23 25
0

0.5

1

1.5

2

2.5

3

3.5

x (cm)

no
nl

oc
al

 s
tra

in

Fig. 6. Damage (top) and strain (bottom) profiles for MLCS when damage initiates nearby the extremity of the bar.
change. The specimen boundary will limit the development of the FPZ, and therefore, leads to a reduced fracture energy and
strength [8,7,9,10].

The second case is typically found in comparing specimens where a crack initiates from a surface with different geome-
tries. The condition of onset of propagation should depend on the geometry of this boundary. We will focus in the following
on this case, and more specifically on the prediction of size effect of geometrically similar notched and unnotched bending
beams.

3.2. Three point bending size effect tests

A salient characteristics of nonlocal modelling is structural size effect (understood here as the dependence of nominal
strength on the structural size). The response of geometrically similar specimens is not geometrically similar. The size of
the FPZ is controlled by the internal length [18]. When the size of the structure changes, the ratio between the size of the
FPZ, which is constant, and the size of the structure is changing too. This produces differences in energy release during
the propagation of a crack and size effect on the nominal strength. Detailed explanations can be found in the textbook by
Bažant and Planas [5], along with comparisons with experimental data on quasi-brittle materials such as concrete.

Our aim is here to compare the original (RWF) and modified (ERF) nonlocal damage formulations. We will start first with
unnotched specimens and consider three point bending tests with three geometrically similar sizes (see Fig. 10). The spec-
imens with various height D = 80, 160, 320 mm are referred to as small, medium and large beam, respectively. Simulations
are 2D plane stress calculations. The element size was kept constant in the FPZ, and small enough compared to the internal
length (at least three times smaller). The model parameters used for these simulations are: E ¼ 3:85� 104 MPa;
m ¼ 0:24; At ¼ 0:95; Ac ¼ 1:25; Bt ¼ 9200; Bc ¼ 1000 and eD0 ¼ 3:0� 10�5. The internal length is equal to 10 mm.

3.2.1. Size effect on unnotched specimens
The nominal strength now is computed according to the formula:
9
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Fig. 7. Damage (top) and strain (bottom) profiles for ERF when damage initiates nearby the extremity of the bar.

P1m

1m

Fig. 8. 2D plate: geometry, loading setup and location of the notches in grey.
rN ¼
9
2

Pu

bD
ð16Þ
It is the maximum tensile stress computed at peak load according to the elastic beam theory. The ultimate loads Pu for the
three sizes with the two approaches and the corresponding nominal strength are listed in Table 1.
10



Fig. 10. Three point bending test: geometry and loading.

Fig. 9. Damage profiles with (a) RWF and (b) ERF.
For this set of specimens, we have also run the calculation with an internal length of 40 mm. The results are shown in
Table 2.

We notice that these results are quite close to each other. As pointed out by Bazant, there is first a layer of distributed
damage that forms at the bottom of the beam in the tensile part. At peak load, a crack forms in the center of the beam.
The crack is perpendicular to the distributed damage layer, it starts from this layer, inside the beam and not directly from
the boundary. Therefore, the effect of the boundary on the inception of the crack is small and peak loads are similar.

Let us now use Bazant’s size effect law [5] for the case of unnotched beams:
Table 1
Numeri

Size

Small
Medium
Large
rN ¼ fr1 1þ Db

D

� �
ðD� DbÞ ð17Þ
where Db and fr1 are constants. The first constant is the thickness of the boundary layer in which damage is distributed prior
to localised crack inception and the second one is the strength for a specimen of infinite size. This is the modulus of rupture
cal results for three different sizes with RWF and ERF (lc ¼ 10 mm).

D (mm) Pu (kN) (RWF) rN (MPA) (RWF) Pu (kN) (ERF) rN (MPA) (ERF)

80 65.732 3.70 64.360 3.62
160 123.792 3.48 122.588 3.45
320 240.440 3.38 240.460 3.38

11



of a infinitely large specimen. Db and fr1 are obtained by fitting our computed values of the nominal strengths with the size
effect law (Table 3).

One can observe in this table that fr1 is almost constant and does not depend on the internal length. The tensile strength
of the material is, according to the constitutive relations, equal to 2 MPa. Here, the modulus of rupture fr1 computed from
the FE analyses of specimens of different sizes is approximately 1.65 times the tensile strength. This is close to the usual ratio
of 1.5 times the tensile strength. According to dimensionnal analysis, Db should proportional to the internal length [5]. This
proportionality is not exactly recovered in Table 3 for the two considered weight functions. This is certainly due to approx-
imation errors that are inherent to the finite element discretisation. In the original RWF formulation, Db is approximately
equal to the internal length. Due to the boundary effect, it decreases in the ERF formulation. This is again consistent with
the fact that nonlocal effects are decreased nearby the bottom face of the beam.

3.2.2. Size effect on notched specimens
The issue is now failure at crack initiation from a notch. The notch located at mid-span is 0:2D high. In a local computa-

tion, the stress amplification due to the notch is much greater than in a nonlocal damage calculation (due to the averaging
process in the later). Hence, the stress amplification should be greater near the notch for the modified (ERF) nonlocal model
than for the original (RWF) one and a decrease of the load carrying capacity is expected. We shall focus here on computations
with an internal length of 10 mm but trends are the same for other values of the internal length.

The ultimate loads Pu for the three sizes with the two approaches are listed in the Table 4. The peak loads for the three
sizes are quite different according to the two nonlocal formulations. At the peak, damage occurs nearby the tip of the notch
only and this is where the modification of the nonlocal model is important. Such results, showing a great sensitivity of the
mechanical response of specimens to the weight function, have already been pointed out, e.g. by Jirasek and coworkers [13].

For each size, the nominal strength, as defined by Bažant and Planas [5], is computed. It is the maximum tensile stress in
the beam computed at the tip of the notch according to the elastic beam theory:
Table 2
Numeri

Size

Small
Medium
Large

Table 3
fr1 and

fr1
Db

Table 4
Numeri

Size

Small
Medium
Large

Table 5
Bfr1 an

Bfr1
D0
rN ¼
9
2

Pu

Dbð0:82Þ
ð18Þ
The numerical results are now interpreted with Bazant’s size effect law for notched beams [1]:
cal results for three different sizes with RWF and ERF (lc ¼ 40 mm).

D (mm) Pu (kN) (RWF) rN (MPA) (RWF) Pu (kN) (ERF) rN (MPA) (ERF)

80 87.296 4.91 79.242 4.46
160 144.488 4.06 140.486 3.95
320 262.260 3.69 256.520 3.61

Db for two internal lengths, original and modified weight functions.

RWF ERF RWF ERF
lc ¼ 10 mm lc ¼ 10 mm lc ¼ 40 mm lc ¼ 40 mm

3.27 3.30 3.26 3.35
10.34 7.82 40.16 26.62

cal results for three different sizes of the notched beam with RWF and ERF ðlc ¼ 10 mmÞ.

D (mm) Pu (kN) (RWF) rN (MPa) (RWF) Pu (kN) (ERF) rN (MPa) (ERF)

80 42.316 3.72 36.910 3.24
160 64.426 2.83 57.786 2.54
320 97.454 2.14 90.586 1.99

d D0 of the notched beam of different sizes for lc ¼ 10 mm.

RWF ERF

6.25 4.64
42.42 71.42
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Table 6
Bfr1 com

Bfr1

Compu
Fit from
Relative
rN ¼ Bfr1ð1þ D=D0Þ�1=2 ð19Þ
where B is a dimentionless geometry-dependent parameter and D0 is a characteristic size. For each formulation, D0 and Bfr1,
identified from a linear regression as explained in [5] are reported in Table 5.

There is a decrease of the maximum carrying capacity with the ERF formulation compared to the original nonlocal formu-
lation. This decrease results in the size effect law into a decrease of Bfr1, that is a decrease of fr1 because B is constant and
related to the geometry of the specimen only.

We may now compare the values of the modulus of rupture fr1 obtained from size effect on unnotched specimens to
those obtained with notched specimens. For that B is calculated first according to Rilem recommandations [24]. We obtain
B ¼ 1:11. Then, we take fr1 obtained for the unnotched specimens, multiply by B, and compare the result with the value of
the fit obtained from size effect on notched specimens. Ideally, the two values should be the same. Table 6 shows that the
relative error on the prediction of Bfr1 is three times smaller with the ERF formulation than with the RWF one. In view of the
high sensitivity of the size effect parameters to the values of the peak loads [15], an error of the order of 30% is quite rea-
sonable and the modified ERF formulation provides consistent results for both type of size effects whereas it is not the case
for the original nonlocal formulation.

We may also observe in Table 5 that D0 is increasing in the ERF calculations compared to the RWF calculations. It should
be pointed out that the size effect formula in Eq. (19) holds for sizes that are large compared to D0. D is close to D0 and we
may consider that it is more appropriate to implement here the universal size effect formula proposed by Bazant instead of
two separate formulae for notched and unnotched specimens:
rN ¼ Bfr1ð1þ D=D0Þ�1=2 � 1þ gþ D
Db

� �
� ð1þ D=D0

� ��1
!

ð20Þ
where g is taken here equal to 1. In order to obtain the parameters in this formula, we consider first the case of unnotched
specimens. Eq. (20) reduces exactly to Eq. (17) and the corresponding constants can be fitted. We use then the data com-
puted for notched specimens and the corresponding value of B computed above and we look for the value of D0 that provides
the best fit with the data. Fig. 11 shows these fits obtained for both nonlocal formulations.

These fits are obtained for D0 ¼ 210 mm with the RWF formulation and D0 ¼ 140 mm with the ERF formulation. Note that
the agreement is again better with the modified nonlocal formulation than with the original nonlocal one. Finally, it is pos-
sible to compute the fracture energy from the size effect law.
Gf ¼ Bf 2
r1 � D0 � g=E ð21Þ
puted from notched and unnotched specimens.

RWF ERF

ted from unnotched 3.63 3.66
notched 6.25 4.64
error 72% 27%
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Fig. 11. Fits of the universal size effect law on notched specimens according to the RWF and ERF formulations.

13



where E is the Young’s modulus and g is related to the geometry of the specimen (here g ¼ 1:1116 according to [24]). For the
RWF formulation, we obtain Gf ¼ 80 N=mm2 and for the ERF formulation, we obtain Gf ¼ 54 N=mm2. The fracture energies
computed according to the original and modified nonlocal formulation, and defined according to the size effect method, are
very different.
4. Conclusions

We have presented two tentative modifications of the original nonlocal damage model that are consistent with the intui-
tive argument that nonlocality should vanish at the boundary of a solid (in the direction normal the the boundary) and
should grow getting inside the solid. These local models satisfy the condition of local material response on the boundary
of the solid, and in the direction normal to the boundary. The first one is a modification of the weight function nearby
the boundary and the second one remaps the coordinate system defined in the weight function when the average is com-
puted close to the boundary. The two formulations provide, in a 1D example at least, results that are very similar.

In the one-dimensionnal spalling test, we show that the modified formulations provide more realistic results with a spall
of finite, nonzero, thickness. This cannot be achieved with the original nonlocal damage formulation. Even though we de-
vised slight modifications of the nonlocal model, two dimensional computations show that some nonnegligible differences
may be observed between the original and modified ones. It corresponds to cases where damage initiates close or at the
boundary of the solid. This is in fact rather typical of many failure problems.

The simulation of notched and unnotched specimens of different sizes have been interpreted with the help of Bazant’s
size effect laws. With the modified ERF formulation, it is possible to fit data for notched and unnotched bending beams with
the same set of model parameters including the modulus of rupture. It is not possible to achieve the same results with the
original RWF formulation. The modulus of rupture needs to be changed in a range beyond possible calibration errors. The
fracture energies are also quite different with the modified and original nonlocal damage models.

A problem is now to be able to discriminate the two nonlocal formulations on the basis of experimental evidences. This is
beyond the scope of the present paper, nevertheless we may provide some preliminary ideas. A first possibility is to repro-
duce experimentally the spalling test modelled in the one-dimensionnal study in this paper. The calibration of test data from
notched and unnotched specimens, and the comparisons of the parameters in the size effect laws for the two types of speci-
mens, same as in the simulations discussed in this paper, is an indirect technique that could be followed, due to the simpli-
city of the experiments to be performed.

Further, several theoretical issues might be considered: a first one is the derivation of the same type of model within the
gradient approximation and how should existing models, e.g. second order gradient damage models, be modified in order to
account for this boundary effect. Dirichlet conditions might be applied at the boundary, better on the component that is nor-
mal to the boundary, but consequences should be assessed. In models based on nonlocal displacements [25,11], nonlocal
displacement and local displacements are equal on the boundary of the solid. Proper descriptions of size effects for notched
and unnotched should be checked. Finally, issues related to the shape of the stress distributions at the tip of notches and
crack initiation could be also investigated in order to see whether the modified model provides more consistent results than
the original one [26].
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