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Condition based maintenance model for a production deteriorating
system

Phuc Do Van and Christophe Bérenguer

Abstract— This paper addresses a condition based mainte-
nance model taking into account both maintenance cost and
production capacity aspects for a single unit production system
whose condition is monitored by inspection relying on an aperi-
odic inspection schedule. In order to assess the performance of
the proposed maintenance policy, maintenance cost per unitof
product is introduced and calculated analytically. A numerical
example of a multi state production system is finally introduced
to illustrate the performance of the proposed policy, as well as
the advantages of proposed evaluation approach.

I. INTRODUCTION

Health monitoring equipments providing information
about the system condition have evolved rapidly over the
past decade. They are useful tools in maintenance decision-
making. Based on the monitoring information, different
condition-based or predictive maintenance policies which
lead to avoid failure occurrence at the lowest cost can be
performed, see for example [1], [3], [6]. In the context of
deteriorating production system [8], [12], the deterioration
causes lower production rates (therefore higher production
cost per item) and lower product quality. Preventive mainte-
nance is one of the efficient tools to increase the reliability
of the production system. Without an effective maintenance
program, the system might be down for significant amounts
of time. This means that the effective production rate de-
creases significantly and the system might not be able to
cope with demand.

In many preventive maintenance policies, the decision
parameters (preventive threshold, inspection schedule,...) are
reached based on only the maintenance cost per unit of time
criterion without taking into consideration of the production
capacity which may depend on the system condition, e.g.
the degradation level [8]. Hence, a lowest maintenance cost
rate policy doesn’t guaranty an optimal production rate
and a higher maintenance cost rate policy may lead to a
better production rate. The first objective of this paper is to
propose a condition based maintenance model taking into
account both maintenance cost rate and production rate.
This joint consideration can lead to a better maintenance
decision-making. Moreover, in condition based maintenance
practice, the monitoring inspections are usually performed at
regular intervals. However, it may not be always profitable to
systematically inspect the system, especially if the inspection
procedure is costly. The present paper proposes to use an
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aperiodic inspection policy based on the residual useful life
(RUL) of the system.

From a practical point of view, simulation method is often
used for the calculation of the maintenance cost rate [7],
[10]. This simulation method is usually easy to implement,
however it often requires a long simulation time. The second
goal of this paper is to develop an analytical approach,
based on renewal theory and semi-regenerative technics,
proposed recently in [6]. A Gamma stochastic process is
used to describe the system deterioration behaviors.

This paper is organized as follows. The first section is
devoted to the description of the system characteristics and
maintenance model. The aperiodic inspection policy is also
considered. The second section focuses on the optimisation
of maintenance policies. An analytical calculation of the
maintenance cost and production capacity function is es-
tablished. A simple numerical example is introduced in this
section to illustrate the proposed maintenance model. Some
numerical results are in addition discussed here. Finally,the
last section presents the conclusions drawn from this work.

II. M ODEL DESCRIPTION AND ASSUMPTIONS

For multi-state production systems such as manufacturing
production lines and power generation installations, the per-
formances output of interest is not only the availability but
also the production capacity which can settle on different
levels (e.g. 100%, 90%, 80% of the nominal capacity)
depending on the system conditions [4], [8], [9].

0 10 20 30 40 50 60 70 80 90 100
0

20

40

60

80

100

0 10 20 30 40 50 60 70 80 90 100

20

40

60

80

100

Time

Time

P
ro

du
ct

io
n

ca
pa

ci
ty

D
eg

ra
da

tio
n

le
ve

l

Fig. 1. Illustration of degradation level and corresponding production
capacities.



A. General assumptions

We consider a single unit system in which its condition
at time t can be summarized by a random ageing variable
Xt. In the absence of repair or replacement actions,Xt is an
increasing process. The ageing variableXt can be e.g. the
measure of a physical parameter linked to the resistance of
a structure (height of a dike, length of a crack). Moreover,
we suppose that the following assumptions are verified.

• The initial stateX0 is 0
• The system is in failed if the ageing variable is greater

than a levelL. The thresholdL can be seen as a
deterioration level which must not be exceeded for
economical or security reasons.

• In the allowed operation interval (i.e. from 0 to L),N

different operation modes are considered. A unique pro-
duction (or treatment) capacitySi corresponds to each
operation mode (or state)i according to the degradation
level of the system. More precisely:

• Xt < L1: system is in nominal state denoted state
1 in which the system is functioning with nominal
production capacityS1

• L1 ≤ Xt < L2: system is in operational state (state 2)
in which the production capacity isS2 < S1.

• ...
• LN−1 ≤ Xt < LN = L: system is still functioning

but badly (stateN ), production capacity for this case is
SN < SN−1

The system degradation behavior and corresponding states
are illustrated in Fig. 1.

B. Deterioration modelling

Gamma processes have been widely used to describe the
degradation of systems in structural engineering [13]. Herein,
the deterioration between two maintenance operations is
assumed to evolve like a Gamma stochastic process(X̃t)t≥0,
with the following characteristics:

• X̃0 = 0;
• (X̃t)t≥0 has independent increments;
• for all 0 ≤ l < t, the random increment̃Xt−X̃l follows

a Gamma probability density with shape parameter
α(t − l) and scale parameterβ:

fβ,α(t−l)(x) =
1

Γ(α(t − l))
βα(t−l)xα(t−l)−1e−βxI{x≥0},

whereα is a positive real number.
The mean deterioration speed and its variance areαβ and
αβ2 respectively. Various deterioration behaviors can be
modeled by changing the couple of parametersα, β.

C. Maintenance model

A maintenance policy relies on two main decisions: when
to take (preventively/correctively) maintenance actionsand
when to inspect.

In the framework of condition based maintenance strate-
gies, a preventive replacement thresholdM is usually consid-
ered. According to the degradation levelXt, the maintenance
decision is the following:
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Fig. 2. Illustration of degradation behavior and maintenance policy.

• if Xt < M then no maintenance action is performed;
• if L > Xt ≥ M (system is still functioning), then a

preventive maintenance action is performed and a cost
Cp is incurred ;

• if Xt ≥ L (system failed), then a corrective maintenance
action is performed and a costCc (Cp ≤ Cc) is
incurred. An additional cost is incurred by the timed(t)
elapsed in the failed state at a cost rateCd which may
correspond to production lost per unit of time;

For both cases (preventive, corrective maintenance action),
the system is considered as good as new (the degradation
level after maintenance is assumed to equal 0) The illus-
tration of degradation evolution and maintenance policy is
shown in Fig. 2.

The inter-inspection interval length∆T (see Fig.2) is
recently a popular issue to researchers. This inter-inspection
interval length can be fixed regardless of the degradation
level, e.g. [11], or aperiodic and deteriorating-dependant
via an inspection scheduling linear [6], or non-linear [1]
function with respect to the deterioration level. Quantile-
based inspection or RUL (Residual Useful Life) based
inspection has been recently introduced, see [2], [5], [10],
[14]. The latter seems to be very promising especially in
the context of condition based maintenance.

Quantile-based inspection policyThe main idea is that
the next inspection time is chosen such that the probabilityof
the failure of the system before the next inspection remains
lower than a limitQ (0 < Q < 1) to be optimized. If we
let Ti denote the time at which the system is inspected, the
corresponding degradation level of the system isXTi

, the
next inspection time is then determined by:

Ti+1 = Ti + m(XTi
), (1)



with,

m(XTi
)

= max(1, sup{∆T : P (XTi+∆T ≥ L|XTi
) ≤ Q}), (2)

where:

P (XTi+∆T ≥ L|XTi
) = P (XTi+∆T − XTi

≥ L − XTi
)

=

∫ ∞

L−XTi

fβ,α(t−Ti)(x)dx

= 1 −

∫ L−XTi

0

fβ,α(t−Ti)(x)dx.

(3)

It is clear thatm(XTi
) depend on the degradation level,

the failure thresholdL and the parameterQ. Different forms
of this inter-inspection time functionm(.) for a case study
are illustrated in Fig. 3, 4 and 5.

Assume finally that the cost for each inspection isCi.

III. O PTIMIZATION OF THE MAINTENANCE POLICIES

A. Cost based criterion

The objective cost function to minimize is the long run
s−expected cost rateEC∞. The cumulative maintenance
cost at timet is

C(t) = Ci.Ni(t) + Cp.Np(t) + Cc.Nc(t) + Cd.d(t), (4)

where:
• Ni(t) is the number of inspection in[0, t]

Ni(t) =
∑
n⊆N

I{t≤Tn}

• Np(t) is the number of preventive replacement in[0, t]

Np(t) =
∑
n⊆N

I{t≤Tn}I{M≤X
T

−

n
<L}

• Nc(t) is the number of corrective replacement in[0, t]

Nc(t) =
∑
n⊆N

I{t≤Tn}I{X
T

−

n
≥L}

• d(t) is the time passed in a failed state in[0, t]

d(t) =

∫ t

0

I{Xl≥L}dl.

The long run expected cost rate is:

EC∞ = lim
t→∞

[
E[C(t)]

t
] (5)

= Ci lim
t→∞

[
E[Ni(t)]

t
] + Cp lim

t→∞
[
E[Np(t)]

t
]

+ Cc lim
t→∞

[
E[Nc(t)]

t
] + Cd lim

t→∞
[
E[d(t)]

t
].

By using renewal theory, it is shown in [3] and [6] that
the limit in (5) is equal to the ratio of the expected cost
incurred in a renewal cycle divided by the expected length
of a renewal cycle.

EC∞ = lim
t→∞

[
E[C(t)]

t
] =

E[C(H)]

E[H ]
, (6)

whereH is the first replacement date.

In maintenance optimisation, this cost rate is usually
used. However in the framework of production system,
productivity takes an important role and should be taken
into account in the optimisation procedure. In the next
paragraph, we consider the optimisation problem of multi-
criteria: maintenance cost and productivity.

B. Cost and productivity based criterion

The cumulative production capacity at timet is:

Pr(t) =

N∑
i=1

Di(t).Si, (7)

where Di(t) is time passed in statei in the interval time
[0, t].

Di(t) =

∫ t

0

I{Li−1≤Xl<Li}dl.

In the same manner, the long run expected productivity is:

EPr∞ = lim
t→∞

[
E[Pr(t)]

t
] =

E[Pr(H)]

E[H ]
. (8)

The average of maintenance cost per unit of product can
be defined as the ratio of the long run expected cost rate
divided by the long run expected productivity rate.

ECP∞ =
EC∞

EPr∞
=

E[C(H)]

E[Pr(H)]
. (9)

This quantity can be estimated by using a simulation al-
gorithm. However the estimation method could be computa-
tionally burdensome. An analytical calculation is investigated
in the next paragraph.

C. Analytical calculation

It is shown in [3] and [6] that(Xt)t≥0 describing the
evolution of the system under the previous maintenance
policy is:

• a regenerative process with regeneration times being the
dates of replacement;

• a semi-regenerative process with semi-regeneration
times being the inspection time(Tn)n⊆N .

The discret-time random process describing the system state
at each inspection time(Yn = XTn

)n⊆N is a Markov chain
with continuous state space[0, M). Its transition probability
density function is:

P (dy|x) = F β,αm(x)(M − x)δ0(dy)

+ fβ,αm(x)(y − x)I{y≥y<M},

where:
• δ0 is a Dirac mass function,

• F β,αm(x)(y) =

∫ +∞

y

fβ,αm(x)(u)du

It is also proved in [6] that this Markov chain(Yn)n⊆N is
Harris ergodic with a unique invariant spread out probability
distributionπ:

π(dy) = aδ0(dy) + (1 − a)b(y)dy, (10)



with

a =
1

1 +
∫ M

0
B(x)dx

, (11)

b(y) =
a

1 − a
B(y), (12)

B(y) = fβ,αm(0)(y) +

∫ y

0

B(x)fβ,αm(x)(y − x)dx. (13)

The equation (13) can be calculated by using Volterra
technics, see [6].

Using these results, it is shown in [3] that the maintenance
cost rate in equation (6) is written as the following:

EC∞ =
Eπ[C(T1)]

Eπ(T1)
(14)

=
CiEπ[Ni(T1)]

Eπ(T1)
+

CpEπ[Np(T1)]

Eπ(T1)

+
CcEπ[Nc(T1)]

Eπ(T1)
+

CdEπ [d(T1)]

Eπ(T1)
,

where:

Eπ[Ni(T1)] = 1 (15)

Eπ[Np(T1)] = Pπ(M ≤ XT
−

1

< L) (16)

=

∫
[0,M [

[F β,αm(x)(M − x) − F β,αm(x)(L − x)]π(dx)

Eπ [Nc(T1)] = Pπ(XT
−

1

≥ L)

=

∫
[0,M [

F β,αm(x)(L − x)π(dx) (17)

Eπ[d(T1)] =

∫
[0,M [

Eπ [

∫ T1

0

I{Xs≥L}ds]πd(x)

=

∫
[0,M [

[

∫ T1

0

Pπ(Xs ≥ L)ds]πd(x)

=

∫
[0,M [

[

∫ m(x)

0

F β,αs(L − x)ds]πd(x) (18)

Eπ[(T1)] =

∫
[0,M [

m(x)πd(x) (19)

In the same manner, the average of maintenance cost per unit
of product in equation (9) can be expressed as:

ECP∞ =
Eπ[C(T1)]

Eπ [Pr(T1)]

=
CiEπ[Ni(T1)]∑N

i=1 SiEπ[Di(T1)]
+

CpEπ[Np(T1)∑N

i=1 SiEπ [Di(T1)]

+
CcEπ [Nc(T1)]∑N

i=1 SiEπ[Di(T1)]
+

CdEπ[d(T1)]∑N

i=1 SiEπ[Di(T1)]
.

(20)

with

Eπ[Di(T1)] =

∫
[0,M [

Eπ [

∫ T1

0

I{Li>Xs≥Li−1}ds]πd(x)

=

∫
[0,M [

[

∫ m(x)

0

(F β,αs(Li−1 − x) − F β,αs(Li − x))ds]πd(x),

(21)

for all i = 1, 2, ..N .

IV. N UMERICAL EXAMPLE

The purpose of this section is to show how the proposed
maintenance model can be used in maintenance optimisation
of production deteriorating systems through a simple exam-
ple.

Considering a single unit production system in which its
degradation behavior is assumed to be described by a Gamma
process with scale parameterα = 1 and shape parameter
β = 5. The nominal production capacity of the system is 100
products / unit of time (Snominal = 100). The production
capacity can be changed according to the degradation level
of the system. More precisely:

• when the degradation levelXt < 20, the system is in
State 1 (normal operation state), production capacity is
S1 = Snominal = 100;

• 20 ≤ Xt < 40, the system is in state 2, production
capacity isS2 = 60;

• 40 ≤ Xt < 60 (state 3), production capacity isS3 = 40;
• and when60 ≤ Xt (system fails), production capacity

is S4 = 0.

Assume that inspection, preventive and corrective mainte-
nance cost areCi = 2, Cp = 90, Cc = 100, Cd = 100.

A. Inter-inspection time

Firstly, inter-inspection time can be calculated by using
equation (2). Fig. 3 represents the inter-inspection time
function m(.) with respect to the degradation level of the
systemx and the parameterQ. Obviously, an increase of the
degradation level leads to a decrease of the inter-inspection
time and the form of inter-inspection time function can be
changed depending on the value ofQ. Remember that only
some particular forms are considered in [1], [6].
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Fig. 4 and 5 show the inter-inspection time function for
two particular casesQ = 1.5% andQ = 90% respectively.
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B. Cost based criterion policy
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The integration equations ((13), (16)-(19)) can be calcu-
lated by using numerical computing methods. Fig. 6 sketches
the mean maintenance cost per unit of time for different
values of the preventive maintenance thresholdM and the
parameterQ.

A numerical optimisation scheme was used, the optimum
values of the decision parameters areM∗ = 51, Q∗ = 1.5%
(see Fig. 7) for an optimal cost of 9.52 (EC∗

∞ = 9.52). The
corresponding mean production capacity isEPr1

∞ = 63.81.
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Fig. 8 shows the relationship between the mean mainte-
nance cost per unit of time and the mean production capacity.
Each point corresponds to a couple of decision parameters
(M, Q). These results show that according to a demand
on the production capacity level, relying on a production
campaign for example, an optimal decision based on the
minimal mean cost per unit of time can be reached.
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C. Cost and productivity based criterion policy

The evolution of the mean maintenance cost per unit of
product and the iso-level curves are represented respectively
in Fig. 9 and Fig. 10.
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The optimal mean cost per unit of product is 0.1475 for



M∗ = 48, Q∗ = 1.5 (see Fig. 10) and the corresponding
mean production capacity and mean maintenance cost per
unit of time are 65.17 and 9.61 respectively. We note that
this cost rate is higher than that obtained from the cost based
criterion policy however the production capacity in this case
is higher. And it is not surprised that this mean cost per unit
of product is lower than the ratio ofEC∞ divided byEPr1

∞

obtained in the previous paragraph. More precisely, the cost
saving is 1.14%.
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The relationship between the mean maintenance cost per
unit of product and the mean production capacity is sketched
in Fig. 11. As we mentioned above, these results can be
used to find an optimal decision for preventive maintenance
activities, i.e. a couple of decision parameters (M, Q), subject
to a demand on the production capacity.
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V. CONCLUSIONS

In this work, a maintenance model for condition based
maintenance of deteriorating production systems is de-
scribed. Both cost and productivity are taken into account in
the optimisation procedure. This can help to find an adaptive
optimal decision under a production level demand. When
compared to the classical model in which only maintenance
cost is considered, the proposed model provides better re-
sults. Quantile-based inspection (or RUL-based inspection)

provides more insightful results on the aperiodic inter-
inspection function that depends on the process parameters
and doesn’t have a fixed form ([1], [6]).

In order to compute the maintenance cost and production
capacity, an analytical method based on semi-regeneration
property and renewal theory is used. This leads to a simpli-
fication in the calculation procedure.

Our future research work will focus on the development
this maintenance model to multi-unit system with different
degradation behaviors.
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