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THE SHIFTED WAVE EQUATION
ON DAMEK-RICCI SPACES
AND ON HOMOGENEOUS TREES

JEAN-PHILIPPE ANKER, PIERRE MARTINOT,
EMMANUEL PEDON & ALBERTO G. SETTI

ABSTRACT. We solve explicitly the shifted wave equation
02u(x,t) = (A + L)u(x, t)

on Damek-Ricci spaces, using Asgeirsson’s theorem and the inverse dual Abel trans-
form. As an application, we investigate Huygens’ principle. A similar analysis is carried
out in the discrete setting of homogeneous trees.

1. INTRODUCTION

In the book [15] Helgason uses Asgeirsson’s mean value theorem (see Theorem I1.5.28)
to solve the wave equation

Otu(x,t) = Agu(z,t),
U(ZL‘,O) = f(l‘), 8t|t:0 u(:p,t) = g(ZL‘),

on Euclidean spaces R? (see Exercise II.F.1 and its solution pp. 574-575) and the shifted
wave equation

20(x = a=112Y) 4(x
) {a (2.1) = (B +[552) (e, 1),

(1)

u(z,0) = f(x), Otfi=ou(,t) = g(),

on real hyperbolic spaces H?(R) (see Exercise IL.F.2 and its solution pp. 575-577). In
this work we extend this approach both to Damek-Ricci spaces and to homogeneous
trees. Along the way we clarify the role of the inverse dual Abel transform in solving the
shifted wave equation.

Recall that Damek—Ricci spaces are Riemannian manifolds, which contain all hyper-
bolic spaces H?(R), H*(C), H¢(H), H?*(Q) as a small subclass and share nevertheless
several features with these spaces. Before [15] the shifted wave equation (2) on H?(R)
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2 J~PH. ANKER, P. MARTINOT, E. PEDON, A.G. SETTI

was solved explicitly in [22, Section 7]. Other hyperbolic spaces were dealt with in
8, 17, 18] and Damek-Ricci spaces in [23]. All these approaches are awkward in our
opinion. On one hand, [22], [8] and [17, 18] rely on the method of descent i.e. on shift
operators, which reduce the problem to checking formulae in low dimensions. Moreover
[8] involves classical compact dual symmetric spaces and doesn’t cover the exceptional
case. On the other hand, [23] involves complicated computations and follows two dif-
ferent methods: Helgason’s approach for hyperbolic spaces and heat kernel expressions
[1] for general Damek—Ricci spaces. In comparison we believe that our presentation is
simpler and more conceptual.

Several other works deal with the shifted wave equation (2) without using explicit
solutions. Let us mention [7] (see also [16, Section V.5]) for Huygens’ principle and
the energy equipartition on Riemannian symmetric spaces of the noncompact type. This
work was extended to Damek—Ricci spaces in [4], to Chébli-Trimeche hypergroups in [12]
and to the trigonometric Dunkl setting in [6, 5]. The nonlinear shifted wave equation
was studied in [26, 2, 3], first on real hyperbolic spaces and next on Damek—Ricci spaces.
These works involve sharp dispersive and Strichartz estimates for the linear equation.
Related LP — LP estimates were obtained in [19] on hyperbolic spaces.

Our paper is organized as follows. In Section 2, we review Damek-Ricci spaces and
spherical analysis thereon. We give in particular explicit expressions for the Abel trans-
form, its dual and the inverse transforms. In Section 3 we extend Asgeirsson’s mean
value theorem to Damek—Ricci spaces, apply it to solutions to the shifted wave equation
and deduce explicit expressions, using the inverse dual Abel transform. As an applica-
tion, we investigate Huygens’ principle. Section 4 deals with the shifted wave equation
on homogeneous trees, which are discrete analogs of hyperbolic spaces.

Most of this work was done several years ago. The results on Damek-Ricci spaces
were cited in [24] and the authors would like to thank Frangois Rouviere for encouraging
them to publish the present article.

2. SPHERICAL ANALYSIS ON DAMEK—RICCI SPACES

We shall be content with a brief review about Damek—Ricci spaces and we refer to the
lecture notes [24] for more information.

Damek—Ricci spaces are solvable Lie groups S= NxA, which are extensions of Heisen-
berg type groups N by A=R and which are equipped with a left-invariant Riemannian
structure. At the Lie algebra level,

3
=~
s=R"p RF® R
—_——
n a

)

with Lie bracket
(XY, 2), (XY, 2)] = ((X'-2X,2Y' - 2'Y +[X,X'],0)

2
and inner product

(X,Y,2),( XY 2")) = (X, X Ygm + (Y, Y Vpr + 2 2.
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At the Lie group level, 7
=

S =R"x RF x R

el

N A

Y

with multiplication
(X,Y,2) (XY, 2) = (X+e2 X Y+e Y+ Le2[X,X], 2+ 2).
So far NV could be any simply connected nilpotent Lie group of step < 2. Heisenberg type
groups are characterized by conditions involving the Lie bracket and the inner product
on n, that we shall not need explicitly. In particular Z is the center of N and m is even.
One denotes by
n=m+k+1

the (manifold) dimension of S and by
Q=5+k

the so—called homogeneous dimension of N.

Via the Iwasawa decomposition, all hyperbolic spaces H?(R), H¢(C), H¢(H), H?*(0)
can be realized as Damek—Ricci spaces, real hyperbolic spaces corresponding to the
degenerate case where N is abelian. But most Damek—Ricci spaces are not symmetric,
although harmonic, and thus provide numerous counterexamples to the Lichnerowicz
conjecture [11]. Despite the lack of symmetry, radial analysis on S is similar to the
hyperbolic space case and fits into Jacobi function theory [20].

In polar coordinates, the Riemannian volume on S may be written as §(r)drdo, where

=}

const.

M\ﬁ >

5(7“):5"”1 (%) (smh) (sinh7)*

= 2"r2 T(g) (COSh ) (smh ) -
—_———
const.
is the common surface measure of all spheres of radius r in S and do denotes the
normalized surface measure on the unit sphere in 5. We shall not need the full expression
of the Laplace-Beltrami operator A on S but only its radial part

rad A = (%)2+ {™! coth? + & tanh %} 2

5(r)
o(r)

on radial functions and its horocyclic part
2
(3) Af=(E)f-Qa s

on N-invariant functions i.e. on functions f = f(X,Y,z) depending only on z. The
Laplacian A commutes both with left translations and with the averaging projector

P =5 [ g,
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hence with all spherical means

P = [ duf).
S(x,r)
Thus

(4) (Af)i = (rad A)ff .

Finally A has a spectral gap. More precisely its L?-spectrum is equal to the half-line
(—o0.—].

Radial Fourier analysis on S may be summarized by the following commutative dia-
gram in the Schwartz space setting [1]:

S(R)even
HA~ =N F

SIS S S(R)een
A

Here
HE(N) = /S dr oA(z) f(2)

denotes the spherical Fourier transform on 5,

Af(2) = e—%Z/ dx [ ay f(X.,Y,z)
m Rk
the Abel transform,
FIO) = [ dze™ 1)
R

the classical Fourier transform on R and S(S)* the space of smooth radial functions

f(z)=f(]z|) on S such that

N

supr20(1+r)Me%7" }(%) f(r)’ < 400

for every M, N € N. Recall that the Abel transform and its inverse can be expressed
explicitly in terms of Weyl fractional transforms, which are defined by

+o0
. _ M
Wif(r) = m/r d(cosh 7s) (cosh 75 — cosh 7)1 (—M) f(s)
for 7>0 and for p€C, M €N such that Rep>—M. Specifically,

A=c¢ W;//QQ oWy and  ATH= T W10 Wi{j/Z ’

3m+k m+k .
where ¢; =272 7 2 . More precisely,

AT () = & (~amms)

[

fr)

(—7agy)
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if n is odd i.e. k is even, and

k—1 m
2

+oo
—1 _ 1 ds d d__\z d
A f('f’) - 61\/?/; \/M(_g) (_d(coshs)) (_d(cosh%)) f<8)
if n is even i.e. k is odd. Similarly, the dual Abel transform

(5) Af(r) = (F)F(r), where F(X,Y,2) =e%7 f(2),

and its inverse can be expressed explicitly in terms of Riemann-Liouville fractional trans-
forms R, which are defined by

) d(coshTs)

Ry f(r) = toiam /Ord(cosh 78) (cosh 7 — cosh Ts) M1 (2 )Mf(s)

for 7>0 and for p€C, M €N such that Re u>—M.

Theorem 2.1. The dual Abel transform (5) is a topological isomorphism between C*(R)eyen
and C®(S)F = C®°(R)even. Explicitly,

Af(r)=2 (sinh %)7m(sinh r)_(k_l) R;/Q { (Cosh 5)71 R;//Zz [(sinh 5)71][} }(T)

and
*\ — 1/2 . Mmoo _
(A Hf(r) = é % (Rfﬁnﬂ oR}k/Hl) {(smh 5) (sinh -)* 1f}(’r)
a1 -
where co = 2 2\;(2) = 2"5(1“11!“)‘ More precisely,
g =

m
2

(A f(r) = % i (d(coghg)) (d(codshr))%il{(Sinh %)m<SinhT)k_1f(T)}

if n is odd i.e. k is even, and

m
2

b 7 m
(A*)_lf(r) = 621/7? d%“ (d(cocslh%)) (d(cocihr)) ’ /0 \/cosh:licoshs (Sinh %) (Slnh s)kf(s)

if n is even i.e. k is odd.

Proof. Everything follows from the duality formulae

AWAWMMZLMﬂwﬁwm

/0 OOd(cosh Tr) W;f('r) g(r) = / d(coshtr) f(r) R;g(r) ,

0

and from the properties of the Riemann-Liouville transforms, in particular
Rij: 1  C®°(R)even — 7 C®(R) even

for every integer /> —1. U
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Remark 2.2. In the degenerate case m=0, we recover the classical expressions for real
hyperbolic spaces H"(R):

n-1 [+00
Af(r) = &n_2 / d(cosh s) (cosh s — cosh )" =3/2 £ (s) ,

r(%t)
A*f(r) = c¢3 (sinh r)("z)/ ds (cosh r — cosh s)angf(s) )
0
2" T(2) (n—2)!

where c3 = L T RS i
VrD(757) 272 T(%57)

n—1

AT () = 2m) 7 (—qakm) ° ),

o — 2"t nody n=3 . n—
(A ) = 25 i (i) ™ {(simh )™ £(r)
if n s odd and

—+00

-1 _ L ds d d -1
A f<r> - 2nT717r% v/ cosh s — coshr (_g) (_d(COShS))2 f<S> )
*\—1 _ 1 d d 71 ' ds : n—1
(A flr) = 2" (o) O (d(coshr))2 /0 Ve ooy (sinh s)" 7 f(s)

if nis even.
3. ASGEIRSSON’S MEAN VALUE THEOREM AND THE SHIFTED WAVE EQUATION
ON DAMEK—-RICCI SPACES
Theorem 3.1. Assume that Uc C>(SxS) satisfies
(6) A U(x,y) =A,U(x,y).
Then

(7) / dx'/ dy' Uz’ y") :/ dx'/ dy' Uz’ y")
S(z,r) S(y,s) S(z,s) S(y,r)

for every z,y€S and r,s>0.

The proof is similar to the real hyperbolic space case [15, Section II1.5.6] once one has
introduced the double spherical means

Ukss) =gty [ dn'sls [ Uty
S(x,r) S(y,s)
and transformed (6) into
(rad A), Uﬁ:g(r, s) = (rad A) Uﬁ:g(r, s). O

Asgeirsson’s Theorem is the following limit case of Theorem 3.1, which is obtained by
dividing (7) by d(s) and by letting s — 0.
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Corollary 3.2. Under the same assumptions,

/ dr' U(z',y) = / dy' U(x,y').
S(z,r) S(y,r)

Given a solution u€ C*°(SxR) to the shifted wave equation

(8) O2u(z,t) = (At L) ula, )
on S with initial data u(x,0)= f(x) and 0¢|i—o u(x,t)=0, set
(9) Ulr,y) = e ula,b),

where ¢ is the z coordinate of y. Then (9) satisfies (6), according to (3). By applying
Corollary 3.2 to (9) with y=e and r = [t|, we deduce that the dual Abel transform of
t > u(z,t), as defined in (5), is equal to the spherical mean f*(|t|) of the initial datum f.

Hence
u(w, t) = (A () (1)
By integrating with respect to time, we obtain the solutions

u(a, 1) = / ds (A% (g) ()

to (8) with initial data u(x,0) = 0 and 04|~ u(z,t) = g(z). In conclusion, general
solutions to the shifted wave equation

2
(10) OFu(x,t) = (Ast ) ulz,t)
U(ZL‘, 0) = f(x)a 8t|t:0 U(ZL‘,t) = g([L‘)
on S are given by
t
ult) = (A ()0 + [ s (A ()6
By using Theorem 2.1, we deduce the following explicit expressions.

Theorem 3.3. (a) When n is odd, the solution to (10) is given by

u(e,t) = e 3 (5es)® (a2 {2 W)
) 4 5¢ O(cosh %) O (cosht) sinht St i) yJ\y

k1
+cy (a(cozh%)) ((9(C((J9sht))2 {ﬁ /S(x ‘t|)dy g<y)}7

. __3m+k _n—1
with c4=2""2 ‘g~z .

(b) When n is even, the solution to (10) is given by

m k—1
_ .8 i) 5 ) 2 fy)
u(,t) = ¢ g (a<cosh%>) =) /Bm M)dy /cosh & — cosh d(y,7)

m k=1
2

. d d = 9(y)
+¢s Slgn(t) (B(C()sh%)) (a(cosht)) /;(m |t\)dy \/COSht—coshd(y,x) )

. _3m+4k _n
with cs=2""2 g2,
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Remark 3.4. These formulae extend to the degenerate case m =0, which corresponds
to real hyperbolic spaces H"(R):

(a) n odd:
n—3
u(t,r) = cg % (a(coasht)) ’ {sir}ht/ dy f(y)}
S(a, [t])
n—3
+ Co (a(coasht)) ’ {sinlht/ dy g(y)}u
S(z, [t])

with cg = 2=
(b) n even:

_ d o \s-1 fy)
u(t,x) = W (a(COSht))Q /]_;( M)dy \/cosht—coshd(y,x)

. 5 \&-1 9)
+ ¢y Slgl’l(t) (8(cosht)) /B(x \t|)dy \/coshtfcoshd(y,m) ’

. _n+1
with cr =272 7

_n
2

As an application, let us investigate the propagation of solutions u to the shifted wave
equation (10) with initial data f, g supported in a ball B(xg, R). The following two
statements are immediate consequences of Theorem 3.3. Firstly, waves propagate at
unit speed.

Corollary 3.5. Under the above assumptions,
supp u C {(z,1)€ S | d(w,w0) <[t + R},

Secondly, Huygens’ principle holds in odd dimension, as in the Euclidean setting. This
phenomenon was already observed in [23].

Corollary 3.6. Assume that n is odd. Then, under the above assumptions,
suppu C {(z,t)eS | |t| - R<d(z,zo)<|t|+ R }.

In even dimension, u(z,t) may not vanish when d(x, () <|t|— R, but it tends asymp-
totically to 0. This phenomenon was observed in several settings, for instance on Eu-
clidean spaces in [25], on Riemannian symmetric spaces of the noncompact type [7], on
Damek-Ricci spaces [4], for Chébli-Trimeche hypergroups [12], ... Our next result dif-
fers from [7, 12, 4] in two ways. On one hand, we use explicit expressions instead of the
Fourier transform. On the other hand, we aim at energy estimates as in [25], which are
arguably more appropriate than pointwise estimates. Recall indeed that the total energy

(11) E(t) = K(t) +P(t)

is time independent, where

K(t) = %/S dz |Oyu(x,t)]?
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is the kinetic energy and

P(t) = %/s dx (—Am—%Q)u(:c,t) u(z,t)
= /de{|Vu:Et)| lu(z, )]}

the potential energy. By the way, let us mention that the equipartition of (11) into kinetic
and potential energies was investigated in [7] and in the subsequent works [12, 5, 4] (see
also [16, Section V.5.5] and the references cited therein).

Lemma 3.7. Let u be a solution to (10) with smooth initial data f, g supported in a
ball B(xo, R). Then

u(z,t), Owu(x,t), Vyu(z,t) are O(e_(Q/QW‘)
for every x€S and teR such that d(z,xo)<|t|— R—1.

Proof. Assume t>0 and consider the second part

m k—1
_ 9 2 ) z 9(y)
(12) o(#.t) = (5reap)” (san) /Bw)dy oot —cond(y.)

of the solution u(z,t) in Theorem 3.3.b. The case t <0 and the first part are handled
similarly. As B(zg, R)C B(z,t), we have

d 9w = / d 9(y)
/B(x,t) Y \/COSht—coshd(y,x) B(zo,R) y \/COSht—COShd(y7$)

and thus it remains to apply the differential operator

k-1

Dy = (B(CO(Zh%))? (a(a?sht))T

to {cosht— coshd(y,z)} 2. Firstly

(78( 0 )% {cosht — cosh d(y,x)}fé = const. {cosh ¢ — cosh al(y,x)}ig

cosh t)

and secondly

(‘9(002“ )% {cosht — coshd(y, :c)}_%

m+k

— Zo<]<m (cosh i ) 4 {cosht—coshd(y,z)} % 7, +

for some constants aj;. As

cosht — cosh d(y, z) = 2 sinh 48D ginh L24w2) — ot

we conclude that D, {cosht—coshd(y,z)} * and hence v(z,t) are O(e_%t). The deri-
vatives 0;v(z,t) and V,v(x,t) are estimated similarly. As far as V,v(x,t) is concerned,
we use in addition that

sinhd(y,z) = O0(e') and |V,d(y,z)|<1.
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This concludes the proof of Lemma 3.7. O

Theorem 3.8. Let u be a solution to (10) with initial data f, g€ C°(S) and let R = R(t)
be a positive function such that

R(t) = 400
{R(t)zo(\ﬂ) as t— too.
Then

/ dz { Julz, )2 + | Voulz, )P + 1Bpulz, O]}
d(z,e)<|t|— R(t)

tend to 0 as t— +o00. In other words, the energy of u concentrates asymptotically inside
the spherical shell

{zeS||[t|-R(t) < d(x,e) <|t|+R(t)}.
Proof of Theorem 3.8. By combining Lemma 3.7 with the volume estimate
vol B(e, [t|—R(t)) =< eQUI=EOY ag ¢ — +o0,
we deduce that the three integrals

/ da u(e. )

d(w,e)<|t|— R(1)

/ dx |Vau(z,t)|*,
d(z,e)<|t|— R(t)

/ dz |0u(z,t)|?
d(z,e)<|t|— R(t)

are O(e*QR(t)) and hence tend to 0 as t— +o0. ]

4. THE SHIFTED WAVE EQUATION ON HOMOGENEOUS TREES

This section is devoted to a discrete setting, which is similar to the continuous setting
considered so far. A homogeneous tree T=T, of degree ¢+1>2 is a connected graph
with no loops and with the same number ¢+1 of edges at each vertex. We shall be con-
tent with a brief review and we refer to the expository paper [10] for more information
(see also the monographs [14, 13]).

For the counting measure, the volume of any sphere S(z,n) in T is given by

5(n):{1 if n=0,

(g+1)g™ ' if neN*.

Once we have chosen an origin 0 €T and a geodesic w : Z — T through 0, let us denote
by |z| € N the distance of a vertex xz € T to the origin and by h(z) € Z its horocyclic
height (see Figure 1).

The combinatorial Laplacian is defined on Z by

LZf(n) = f(n) — Lot xi0=D

2
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h w
/:\

2

1

0 0

—1

F1GURE 1. Upper half-space picture of Tj

and similarly on T by
T — _ 1
(13) L5 (@) = F@) = 77 2 g [ B)-
The L?-spectrum of LT is equal to the interval [1—-, 1+ ], where
v = W € (0,1).
We have

. B £(0) = £(1) if n=0
(14) Lf(n) = {f(n)—q—hf(”_l)_ﬁ (n+1) if neN*

LTf(h) = f(h) — = f(h—1) — L f(h+1)
(15) = v a2 LE{q 3 f(h)} + (1—7) f(h)

on horocyclic functions.
Again, radial Fourier analysis on T may be summarized by the following commutative
diagram
C®(R/TZ) oven
H A~ =N F

ST 5= S(Z)een
A

Here

HIO) =Y or@)fl) VAR
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denotes the spherical Fourier transform on T,
h
Af(r) =4S fal)  Vhez
h(z)=h
the Abel transform and

FfN=)_, a™f(h)  VAeR

a variant of the classical Fourier transform on Z. Moreover 7 = lgg”q, S(Z)eyen denotes
the space of even functions on 7Z such that

sup,en- 27 [f(n)] < 400 VEEN,
and S(T)* the space of radial functions on T such that
SUp,e- 7 2 |f(n)] < +oo V keN.
Consider finally the dual Abel transform

A*f(n) = Tln) Zz@r qh(;)f(h(:c)) vV neN.

|z|=n

The following expressions are obtained by elementary computations.

Lemma 4.1. (a) The Abel transform is given by
1 +

— g N
Af(h) = a7 f(Rl) + 2> a= TFf(Ihl+2k)
+oo h
- Zk:OqB—‘+k{f(|h|+2k) — f(h+2k+2)}  VheZ
and the dual Abel transform by

* _lnl 1 Il
Afn)=Fhq 2 flEn) +57a7 2 Y f(ER)
k has same parity as n
if neZ*, resp. A*f(0)=f(0).

(b) The inverse Abel transform is given by
A7 f(n) = Z:; g 2 *{ f(n+2k) = f(n+2k+2)}
=g E )~ (-1 Y

and the inverse dual Abel transform by
o h _n
(A f(h) = 3a2 f(h) + 542 f(1)
h—1
T h_
+§Zk;qz ML F(h—2k+2) — f(h—2k)}

h

_ qM?4q1/2 Al _q—qt -t k
=g f(h) =gy gt (k)

if heN s odd, respectively

¢ R f(n42k) VneN

k=1

(A")71f(0) = f(0)
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and
h
2

(AU (h) = Lgz f(h) + 142 £(0)

+ 1 Z;Zlq%’2k+1{f(h—2k+2) — f(h—2k)}

h— 1/2  _h—1

1/2 —-1/2 h—1 1/2 _ ,—
=gz f(h) - == q = f(0)
h

_g-gq ' -t k
2 ¢ ZO<keven<hq f<k)

if heN* is even.

We are interested in the following shifted wave equation on T:
(16) v LEu(z,n) = (LE—147)u(z,n),
To our knowledge this equation is considered here for the first time. The unshifted
wave equation with discrete time was studied in [9] and the shifted wave equation with
continuous time in [21].

We will solve (16) by applying the following discrete version of Asgeirsson’s mean value
theorem and by using the explicit expression of the inverse dual Abel transform.

Theorem 4.2. Let U be a function on T such that
(17) LYU(z,y) = EEU(:c,y) Va,yeT.

Then
v = ro
Zm’GS(x,m) Zy’ES(y,n)U<x Y ) - Zm’GS(x,n) Zy’ES(y,m)U<x , Y )

for every x,y €T and m,neN. In particular

<18> Zx’eS(x,n)U<x ’ y) - Zy’GS(y,n)U<x’ y ) ’

In order to prove Theorem 4.2, we need the following discrete analog of (4).
Lemma 4.3. Consider the spherical means
# — L
fin) = 55 Zyes(m) fly) VazeT, VneN.

Then
(LTf)i(n) = (rad L), fi(n),
where rad L denotes the radial part (14) of LT.

Proof of Lemma 4.3. We have

o f@ - 2 if n=0,
(L5f)i(n) = { Fin) — q—ilfﬁ(n—l) — #fﬁ(nj%) if neN*. O

Proof of Theorem 4.2. Fix z,y €T and consider the double spherical means

W%mmﬁiiaij LS uey),

z'eS(z,m) 5(”) y'eS(y,n)
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that we shall denote by V(m,n) for simplicity. According to Lemma 4.3, our assumption
(17) may be rewritten as

(19) (rad £),, V(m,n) = (rad L), V(m,n).
Let us prove the symmetry
(20) V(m,n) = V(n,m) Vm,neN

by induction on ¢ =m+n. First of all, (20) is trivial if £ = 0 and (20) with ¢ =1 is
equivalent to (19) with m = n = 0. Assume next that ¢ > 1 and that (20) holds for
m+mn < {. On one hand, let m>n>0 with m+n=/4+1and let 1<k <m—n. We
deduce from (19) at the point (m —k,n+k —1) that

Vim—k+1n+k—-1)—V(im—Fk,n+k) =
=q{Vim—k,n+k—-2)—V(m—k—-1,n+k—-1)}.
By adding up (21) over k, we obtain

(22) Vim,n)—V(n,m)=q{V(m—-1,n—-1) = V(n—-1,m—-1)},

which vanishes by induction. On the other hand, we deduce from (19) at the points (¢, 0)
and (0, () that

(21)

V(0,0+1)=(¢+1) V(1,£) —q V(0,7).
Hence V(¢+1,0) = V(0,¢+1) by using (22) and by induction. This concludes the proof
of Theorem 4.2. O

Let us now solve explicitly the shifted wave equation (16) on T as we did in Section
3 for the shifted wave equation (10) on Damek—Ricci spaces. Consider first a solution u
to (16) with initial data u(z,0) = f(x) and {u(z,1)—wu(z,—1)}/2 = 0. On one hand,
as (x,n) — u(z, —n) satisfies the same Cauchy problem, we have u(x, —n) = u(x,n) by
uniqueness. On the other hand, according to (15), the function

h(y)
Ulz,y)=q > u(z,hly)) Va,yeT

satisfies (17). Thus, by applying (18) to U with y = 0, we deduce that the dual Abel
transform of n + u(x,n) is equal to the spherical mean f#(n) of the initial datum f.
Hence

u(z,n) = (A*)_l(fﬁ)(n) VxeT, VneN.
Consider next a solution u to (16) with initial data u(x,0)=0 and {u(x,1)—u(x,—1)}/2
= g(x). Then u(x,n) is an odd function of n and

U(.T, n) _ u(a:,n-l—l);u(x,n—l)

is a solution to (16) with initial data v(x,0) = g(z) and {v(z,1) — v(z,—1)}/2 = 0.
Hence

: .
220<k0dd<nv(az, k) if neN* is even,

u(x,n) =
(@) g(x)+ 220<keven<nv(x, k) if neN*is odd,
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with v(z,n) = (A*)"(g?)(n). By using Lemma 4.1.b, we deduce the following explicit
expressions.

Theorem 4.4. The solution to (16) is given by
_Inl _
wen) =gy ) - ()

d(y,x) <|n|
[n|—d(y,z) even

N Zd(y,kal 9(y) VzeT, VneZ,

[n|—d(y,z) odd
In other words, C, S
M, — M ‘ ‘
(23) u(z,n) = =2 f(2) + sign(n) M, -1 g(),
where
_Inl
(24) Mof(e)=q %>, . f)

. . In|—d(y,z) even
if n>0 and M,=0 if n<O0.
Remark 4.5. Notice that the radial convolution operators C,, and S, above correspond,
via the Fourier transform, to the multipliers

singnA\
i )
sing A

cosgnA  and

qi/\+q—i>\ qi/\ iA

2

_q_
24

where cosg\ = and sing\ =

As we did in Section 3, let us next deduce propagation properties of solutions u to the
shifted wave equation (16) with initial data f, g supported in a ball B(xq, N).

Corollary 4.6. Under the above assumptions,

(a) u(x,n):O(q’%) VaxeT, VneZ,
(b) suppu C {(z,n)€ TXZ | d(z,zo)<|n|+ N }.

Obviously Huygens’ principle doesn’t hold for (16), strictly speaking. Let us show that
it holds asymptotically, as for even dimensional Damek—Ricci spaces. For this purpose,
define as follows the kinetic energy

IC('I?,) — % er,ﬂ, ‘u(m,n-{-l)gu(m,n—l) ‘2

and the potential energy

— 1 w@n) —uy,n) |2 _ (g—1)? 2
P(TL) — 4q wae? ’ 2 £ ’ - ng er'ﬂ‘ |u(x,n)|
(25) 4(,)=2

= ZmeT (L.—7 )u(z,n) u(z,n)

for solutions u to (16). Here

L @) = F(0) = 7555 D esin I )
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is the 2—step Laplacian on T and

~ —1)2
7= Bt 0.0),

Lemma 4.7. (a) The L*-spectrum of L is equal to the interval [Ay', ﬂ}. Thus the

q
potential energy (25) is nonnegative.
(b) The total energy

£(n) = K(n) +P(n)
is independent of neZ.
Proof. (a) follows for instance from the relation
L=2rT2-LT)
q
and from the fact that the L?-spectrum of LT is equal to the interval [1—~, 1+7].
(b) Notice that the shifted wave equation
J£2u(e,n) = (£5-1+7) u(z, )
amounts to
1) = L
u(z,n+1) + u(x,n—1) 77 Zyes(%l)u(y, n).

As
_ 2
Za}e'ﬂ‘ Zy,zeS(x,l) u(y7 TL) U(Z, TL) - (q +1) erT |U({L‘, n)| + Zy,ze’]l‘ u(y7 TL) U(Z, TL) )
d(y,z)=2
we have on one hand
_g+1 2 1 2
. Ky = 2L Juen)P+ 33 Jule L)
26 _
+ 8—1q Zﬁy@r u(z,n)u(y,n) — ﬁ - Re{u(z,n) u(y,n+1)}.
d(z,y)=2 d(z,y)=1

On the other hand,
(27) Pn) =223 Jule )~ &S0 e ) uly).

By adding up (26) and (27), we obtain

Em) =13 fule )P+ 1Y fulenED)

— ﬁ oyeT Re{u(z,n) u(y,n+1)}
d(z,y)=1

and we deduce from this expression that
E(n)=E(n=+1).
This concludes the proof of Lemma 4.7. U
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Remark 4.8. Alternatively, Lemma 4.7.b can be proved by expressing the energies K(n),
P(n), E(n) in terms of the initial data f, g and by using spectral calculus. Specifically,

) Z n+1 ) ( )m
8 Z n+1_ ) ( )—)
+ 1 Re Z Cri1— Cp1) (Snt1— Sn1) f(2) g(x)

and
P =13 (1~ o) C2f(@) F@)
P (-0 S2o(n) 900)
FAReY (1- )08, 1() a(e).
Here we have used the fact that
L) =53~ M) = (1= Ca).

2
2
Il
M

m

.4
3-4—
"\H

(@) fl@) +)_ _ViFg@)g(x) +2Re ) WIf(2)g(a),

where
U,j — % (Cn+1_ Cn—1)2 + i (1_ 02) Cr?v
Vn+ = % (Sn+1— Sn_1)2 + i (1_ 02) Sr%a
Wn+ = % (Cn—I—l_ Cn—l)(sn-i-l_ Sn—l) + i (1_ 02) Cn Sn

By considering the corresponding multipliers, we obtain

Ufr=1(1-Cy), Vi=1, Wi=0,

2 n

and we conclude that
Em =13 _(1-C)f@)f@+53 Lol = £0).

Let us turn to the asymptotic equipartition of the total energy £=E&(n).

Theorem 4.9. Let u be a solution to (16) with finitely supported initial data f and
g. Then the kinetic energy K(n) and the potential energy P(n) tend both to £/2 as
n — +o00o.

Proof. Let us show that the difference K(n) —P(n) tends to 0. By resuming the com-
putations in Remark 4.8, we obtain

Kn)=P(n) =3 Uyf@) @)+ Viga)g(a) +2Re) W, f(z)g(x),
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with

Uy = §(Cop1—= Cn1)’ = § (1= C2) O = — 1 (1= C3) Cay

Vo= 5 (Snr1—=8n1)? =1 (1=Cs) 87 = § Cap,

W, =5 (Cos1— Co1) (Sng1— Sn1) — 5 (1= C2) Co Sy = — 5 (1= C2) S
As

1

1Conflle= <555 ¢ ™| flln and  [[(1=Co) fller < {*5=+2} [ fller,

the expression

> on Conf(2) (1= o) ()

=

> Unf@) f(z)

tends to 0. The expressions

D Veg@ @) =5 Congla)g(a)
and
S W i@ @) =AY Suf(@) T O @)
are handled in the same way. This concludes the proof of Theorem 4.9. O

Let us conclude with the asymptotic Huygens principle.

Theorem 4.10. Let u be a solution to (16) with finitely supported initial data and let
(Np)nez be a sequence of positive integers such that

{Nn—>—|—oo

as n — +oo.
N, = o(|n|)

Then the expressions

erT | U(l‘, TL) |2 ) Zx,yET | U(l‘, TL)— u(y7 TL) |2 ) Zmé'ﬂ‘ | U(l‘, n+1)_ U(ZL‘, n _1) |2
|z <|n|—Nn |z], [y <|n|—Nn |z <|n|—Nn
d(z,y)=2
tend to 0 as n— =£oo. In other words, the energy of u concentrates asymptotically inside
the spherical shell

{z€T | |n|— N, <|z|<|n|+ N,}.
The proof is similar to the proof of Theorem 3.8. U
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