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LINEAR FORMS AT A BASIS OF AN ALGEBRAIC
NUMBER FIELD

Bernard de Mathan

Abstract. It was proved by Cassels and Swinnerton-Dyer that Littlewood conjecture in simultane-
ous Diophantine approximation holds for any pair of numbers in a cubic field. Later this result was
generalized by Peck to a basis (1, ay, - - -, a,) of a real algebraic number field of degree at least 3. By
transference, this result provides some solutions for the dual form of Littlewood’s conjecture. Here
we find another solutions, and using Baker’s estimates for linear forms in logarithms of algebraic
numbers, we discuss whether the result is best possible.

1 Introduction
The celebrated Littlewood conjecture asserts that for any real numbers o and 3, one has:
inf gl[qe]|[lgB]l = 0, (1.1)
q>0

where ¢ runs among the positive integers, and, for a real number z, ||z|| is the distance between
x and the nearest integer. It is not known whether this conjecture is true. If n is an integer with
n > 2, one may also ask whether

infqllgoa ] -~ flgan]l = 0 (1.2)

holds for any real numbers aq,..., a,. This weaker problem is neither solved.
Littlewood’s conjecture has a dual form: is it true that for any real numbers (o, ..., @, ), one has

inf max{|z1],1} - - max{|x,|, 1}||z100 + ... + || =0, (1.3)
T1,.ees T

for (x4, ..., x,) running in Z"\{0}? It is well known (see [10]) that this problem is equivalent to the
previous:



Theorem 1.1 ([10]) For any real numbers oy, ..., a,, conditions (1.2) and (1.3) are equivalent.

A famous theorem of Cassels and Swinnerton-Dyer [10] asserts that, in the case n = 2, condition
(1.2) is satisfied for any pair aj, as, of numbers in a cubic field. This result was generalized by
Peck [17] who proved that:

Theorem 1.2 [17] If (1, a4, ...,a,) is a basis of a real algebraic number field, with n > 2, there
exist infinitely many integers q > 1 with

lgoull < ¢ V" (loggq)™ /"Y', 1<k<n-—1, (1.4)

and
lgow|| < g~/ (1.5)

As usual, the Vinogradov symbol A < B, where A and B are positive quantities, means that
there exists a positive real constant C' such that A < C'B. We shall also use the symbol A < B for
A <> B.

The constants involved by the symbol < in (1.4) and (1.5) depend upon the ay’s. We deduce
from (1.4) and (1.5) that:

liminf g log qllqan]] - - - |gow|| < +o0, (1.27)

which implies (1.2). In Theorem 1.2, the logarithmic factor in inequality (1.4) is close to be best
possible (see [14]).

It is easy to see that Theorem 1.2 provides, via the proof of Theorem 1.1 ([10]), solutions of (1.3)
satisfying the following conditions:

Corollary 1.3 If (1,4, ...,a,) is a basis of a real algebraic number field, with n > 2, there ezist
arbitrarily large real numbers M, for which there are integers xq, ..., T,, not all zero, such that:

;| < M log MY/ (=) i=0,..,n—1,

|2, | < M log M~HD/7

and
‘SL’Q + 01 + ...+ ZL’nOén| < M.

We thus have

lim inf (log max |2;) Y™ max{|zy|,1} - - - max{|z,|, 1}]|z100 + ... + Zpon|| < +o0, (1.3%)
which implies (1.3).
By the pigeon hole principle, one sees that for any real numbers aq, ..., a,, and for each positive
integer M, there exist integers xg, ..., x,, not all zero, satisfying the conditions:

max [z:] < M,
0<i<n

and
|z + x100 + ...+ T K M7



where the constant involved is only depending upon the «;’s (this constant can be taken equal to

14 |aq|+ ...+ |an|). Comparing with Theorem 1.2, one may ask whether, for a basis 1, aq, ..., o,
of an algebraic number field E of degree n + 1 > 3, there exist infinitely many positive integers M
for which there are integers xy, ..., =,, not all zero, such that
|lz;| < M, 0<i<n-—1,
|| = o(M),
and

|To + Ty + ..+ zpa,| K M.

In this paper, we shall prove that there are also solutions of (1.3) satisfying the previous conditions.
By using a direct method, which is an inhomogeneous version of Peck’s method, we shall obtain
the following result:

Theorem 1.4 Let (1,04, ...,a,) be a basis of a real algebraic number field E of degree n +1 > 3
over Q. Then there exist infinitely many positive integers M for which there are integers xg , ...,
Ty, not all zero, such that

max |z;| = M, (1.6)
0<i<n
|z,| = o( M), (1.7)
and
|z + x100 + .. F Ty | K M7 (1.8)
Obviously this result also provides solutions of (1.3).
One can notice that for any integers x, ..., x,, not all zero, we have
|[Zo + 100 + -+ TR > (Orga<x |z]) ™" (1.9)

where the constant involved depends upon the «a;’s. Indeed, setting z¢ + - - - x,,, = x, we have for
each isomorphism o from E to C,
|o(2)] < max ],
0<i<n

hence
n
[Np o)l < o] max |z,

which leads to (1.9) because, denoting by D a positive integer such that Dy is an algebraic integer
for each i, we see that Dz is an algebraic integer, hence we have D"*!|Np ¢ (x)| > 1. Accordingly
when (1.6) and (1.8) are satisfied, we get

|zo + ... + x| <X M.

In the case n = 2, Theorem 1.4 can be improved:



Theorem 1.5 Let (1, a1, a) be a basis of a real cubic field E over Q. There ezists a positive real
constant k for which there are arbitrarily large integers M, and non zero integers xq, x1, xo, with

maX{‘x0‘7‘x1‘7‘x2‘} :M7 (16’)
22| < Mlog M™", (1.10)

and
|.T0 +x10q0 + 1’2042‘ < M72. (18’)

We thus obtain the estimation:
lim inf (log max{|z1|, |z2|})" max{|z1|, 1} max{|zs|, 1 }||z101 + 22002|| < +00 ,

which implies (1.3).
Note for comparison that Corollary 1.3 leads in this case to

|z0 + T100 + To0n| K M2,

with
21| < M log M4
and
|zo| < M log M~3/4,
A dual form of Schmidt’s Theorem [18] asserts that, if aq, ..., a,, are real algebraic numbers such
that 1, aq, ..., ay, are linearly independent over ), then for any real number ¢ > 0, and for every

(1, ..., k) € Z"\{0}, one has

|z100 + ... + Tpoy || [] max{1, |z;|'*} > 1.

i=1
Here, we shall prove:

Theorem 1.6 Assume that (1,4, ..., ) is a basis of an algebraic number field E, with n > 2.
If S is an infinite set of (n + 1)-tuples (zq, ..., x,) € Z"' satisfying (1.8) and (1.6), with M =
maxo<i<n |Ti| > 2, then there exists a positive real constant A such that we have for each (xo, ..., x,) €
S,

max |z > M log M. (1.11)

2<i<n

Moreover, if Q(ay) # E, then we get
max |z;] > M. (1.12)

The constant A and the constants involved in (1.11) or (1.12), depend upon the a/s and upon
the set S. Schmidt’s Theorem provides in this case the lower bound

max |z, > M€
2<i<n

for any € > 0. Hence, in this case, our result is more precise, but it is very particular. We are not
able to obtain, in Theorem 1.6, a constant A independent upon S§.



Note that, if we take for instance £ = Q(v/2,v3), and oy = V2, ap = /3, ag = /6, then
Theorem 1.6 implies that if we consider any infinite set S of (xg, 21, zo, z3) € Z*\{0} for which

|xo + x1001 + Torg + T3003] K (012?5% lzs) 2,
then there is at most one index 0 < ¢ < 3 such that
i = o max |z;1)

for every (g, 1, xs,23) € S. Thus Theorem 1.4 cannot be improved by setting condition (1.7) for
two indices.

2 A metrical point of view.

Theorems 1.4, 1.5 and 1.6 can also be examined from a metrical point of view. For any real

numbers wy, ..., w,, and every positive real number v, we can consider the following diophantine
problems:
(Py):  given positive real constants C' and C’, does there exist infinitely many (n + 1)-tuples
(zo, 21, -, 2) € Z" with max;<j<p,_1 |7:| > 1, such that

|zo + 211 + ...+ Tpw,| < C( max |x;]) ™" (2.1)

1<i<n—1
and
< ] N—v.
[#n] < C°( max fas|)(log(| max i)™ (2.2)

(Py):  does there exist infinitely many (n + 1)-tuples (zq, 21, - -, x,) € Z"!, with |z;| > 1, such
that
|zo + w1 + ..+ pwy| < Clag|™" (2.17)
and
|z;| < C'aq|(log |x1]) 7", 2<i<n. (2.3)

By comparison with (1.3) or with Schmidt’s Theorem, one can also consider the multiplicative
problem:
(P3) :  does there exist infinitely many n-tuples (x1, ..., z,) € Z" such that

|zwr + ... + pw, || [] max{1, |z;]} (log [ [ max{1, |z;]})" < C. (2.4)
i=1 i=1
Given integers 1, ..., T,, not all zero, and a real number r with 0 < r < 1/2, the set A(x, ..., Z,, 1)

of (wy,...,wyn) € R/Z such that ||z w; + ... + 2w, || < 7, has measure (for the Haar measure):
w(A(xy, ooy, 1)) = 21

Now it is easy to see that the series 35, . y(maxi<j<n1 |2:])7", where (1, ..., z,) runs among the
n-tuples in Z" with max;<;<,—1 |2;| > 1, satisfying (2.2), is convergent for v > 1, since we are led to
the convergent series 3,59 m~!(logm)™. Hence it follows from the usual Borel-Cantelli Lemma
that for almost all (wy, ...,w,) € R™ (in the sense of the Lebesgue measure), there are only finitely
many (o, 71, ..., T,) € Z""! satisfying (2.1) and (2.2), with v > 1.

In [20] (page 162, Theorem 1), we find the following result:



Theorem 2.1 ([20]) Let n be an integer with n > 2. For every primitive vector (1, ..., z,) € Z",
let A(xq,...,x,) be a measurable subset of R/Z. Suppose that

S u(Alwy, .. ) = +o0.

(1'17---7$n):1

Then for almost all (w1, ...,w,) € R", in the sense of Lebesque measure, there are infinitely many
primitive vectors (xq, ..., x,) € Z" such that

Twy + ... + Tpwp € Az, .., ) mod 1.

It is easy to see that the series > x;™ where (x1, ..., z,,) runs among the primitive vectors of Z"
with maxj<;<n—1 |z;| = 21 > 1, satisfying (2.2), is divergent for v = 1. Indeed, in order to ensure
that (z1, ..., z,) is primitive, it is enough to take x; and x,, coprime. Thus, using the Euler function
v, and recalling that

plk) EK’ (2.5)
k 2
1<k<K

we are led to the sum

> ap? > o(xn)/zn > > z7'(logar) ™" =400

r12>2 1<zn<zi/logzi r12>2

Accordingly, for almost all (wy,...,w,) € R", there are infinitely many vectors (zy,...,x,) € Z"
satisfying (2.1) and (2.2), with v = 1. One can thus expect the value k = 1 in Theorem 1.5, and
Theorem 1.4 presumably holds true when replacing condition (1.7) by

|z,| < M(log M)

Similarly the series Y |z1|™™ where (21, ...,2,) runs among the vectors of Z" with |z;| > 1,
satisfying (2.3), is convergent if v > 1/(n — 1), and divergent for v = 1/(n — 1) (even when we
restrict ourselves to primitive vectors). Hence, for v > 1/(n — 1) (respectively v = 1/(n — 1)),
for almost all (wy,...,w,) € R", there are finitely (respectively infinitely) many (z1,...,x,) € Z"
satisfying (2.1") and (2.3). The expected value of the constant A in Theorem 1.6 is thus A = 1/(n—1).

One can also study problem (P3) by the same method. Although the convergence case follows
from a much more general result in [4], let us give a short proof of the following assertion: for
v > n, one has

S = > ( ] max{l,|z:|}) " (log [ max{1,|z|})™" < +oc.

max ‘xl| > 2 1<i<n 1<i<n
1<i<n

Indeed, considering for non-negative integers (my,...,m,) with m; + ... +m, > 1, the n-tuples

(1, ..., Ty) € Z™ with
4™ < max{l, |z;|} < 4™+,

we see that

S < o (mit o +my) Y <oo.
mi+..+mp>1



Thus, if v > n, then for almost all (wy, ...,w,) € R", there are only finitely many (xy, ..., x,) € Z"
satisfying (2.4).
Now, consider the sum

=Y 11 z;(log IT =)™,

(21,..,zn)=1 1<i<n 1<i<n

where x; > 1 and [];<;<, ; > 1. We deduce from (2.5) that

Z Z 1> 4M1+M2.

4m1 <z <41t 4me <go<qm2tl | (zq,32)=1

We thus have
Z 1> 4m1+..-+mn’

44 S:L‘i<4mi+l , (@1,..2n)=1

hence we get
S>> > (it +m,) "=+,
mi+...4+mp>1

Accordingly, Sprindzik’s Theorem applies, and we conclude that, for almost all (wy,...,w,) €
(R/Z)™, there are infinitely many n-tuples (z1, ..., x,) € Z" satistying (2.4) with v = n. Hence, one
can expect that for algebraic real numbers aq,..., a,, such that 1, ay,..., a,,, are linearly independent
over Z, the inequality (2.4) is satisfied by infinitely many (z1,...,x,) € Z" for v = n, and only by
finitely many if v > n. Of course, proving such statements is out of reach, however, in Theorem 1.5,
the value k=1, or maybe any value less than 1, is consistent with the proof that we give (although
we are unable to obtain such values). On the other hand, the comparison between metrical results,
and results concerning particular numbers, may obviously be wrong. For instance, considering a
diophantine inequality in the form

|z1w1 + . + Tpwy|| < lp(lr%aggl |z;]), (2.6)
where 9 is a non negative monotonic function over IN, Khintchine has proved that for almost
all (wy,...,w,) € R", there are infinitely many (z1,...,x,) € Z"\{0} satisfying (2.6) whenever
Sms1m" 1p(m) = +oo (actually, the monotonicity assumption is unnecessary if n > 2, see for
instance [3]; more general results may also be found in [2]). Nevertheless, if (1, ay, ..., a;,) is a basis
of a real algebraic number field, this conclusion is false when 1(m) = o(m™"), since in this case
(1.9) holds.

The logarithmic exponent n for the dual Littlewood conjecture is the same as for the direct
conjecture. It was proved by D.C Spencer [19] that for each positive real number v > n, and for
almost all (wy,...,w,) € R", one has

limg(log )" [lqur | - - - [[qwa || = +o0,
and P. Gallagher [12] proved that for almost all (wy, ...,w,), one has

lim inf ¢(log ¢)"||qw1 || - - - [|qwn]|| = 0.



We refer to [8] for a more precise result. A mixed Littlewood-type problem was also studied, and
it was proved in [6] that, given n distinct prime numbers py, ..., p,, where n > 1, for almost all
w € R, one has
lim g(10g 4)"|¢lp, - - |¢lpa|lqw]] = +o0
when v >n + 1, and
lim inf ¢(log ¢)"* |qlp, - - - lalp, lqwl]| = 0.

About the mixed Littlewood-type problem, analogues of Theorems 1.5 and 1.6 have already been
established for quadratic numbers ([15], [13]).

3 Proof of Theorems 1.4 and 1.5.

3.1 Some notations.

Let oy (0 < k < n) be the isomorphisms from F into C, where 0q = id. Denoting by r; > 1 the
number of isomorphisms from FE into R, we can suppose that oy is real for 0 < k& < r;. The number
of non real isomorphisms from E into C is an even number 2ry > 0 such that r; + 2r, = n+ 1, and
we may also suppose that for r; < k < r; + ro we have

Ok (l‘) = Ok+ry (l‘)

for every x € E.

Recall that we put ag = 1. Using the Q-linear form Tr = 0y + ... + 0, on E, we consider the dual
basis (B, ..., Bn) of (o, ..., ay,) for the bilinear form on £ x E, (x,y) — Tr(xy). That means that
Tr(ojfBk) = 0;k, where §;; =1 and d;, = 0 if k£ # j. If we have an element = € E,

n
T = ijaj )
§=0

we can calculate the coordinates x; € QQ by
v = Tr(xfy) = Y on(@f;). (3.1)
k=0

Let Og be the ring of algebraic integers in E. Let D be a positive integer such that Do; and Dj;
are in Op for each j = 0,...,n. If x € O, then the number Dz/3; is an algebraic integer for each
J, hence it follows from (3.1) that Dz; € Z. We thus have

1
DOECZ+...+ZanCBOE,

and similarly,
1
DOp C 2By + ...+ LB, C EOE'

It is well known (see [22] for instance) that the units group of E is the product of {1} by a
free multiplicative group of rank r = r{ + ro — 1. Accordingly there exist units €;, ..., €., which
are multiplicatively independent, and replacing if necessary ¢; by €2, we can suppose that for each
i=1,..,7, we have o4(e;) > 0 for 0 <k < ry. Then Ny q(€) = 1.



3.2 Peck’s units.
We shall call a Peck’s system a set U of units 1 in E satisfying the condition

o ()] =u lox(n)], 1<j<k<n, (3.2)

the constants involved in inequalities (3.2) depending upon the set U. Note that condition (3.2) is

also equivalent to
ok ()] =u [0l =", k=1, ..n (3.3)

First we prove the following Lemma:

Lemma 3.1 There exist a positive real constant C' and a Peck’s system U of units in F such that
for every positive real number K, one can find n € U with

1
—K <n<CK. (3.4)
C
Proof. We shall find n in the form
n=e. e
where p; € Z. Note that the set of linear equations:
Mloger + ...+ N loge, =log K (3.5)
and 1
A log |og(er)| + ... + A\rlog |ok(e,)| = ——log K, 1<k<n, (3.6)
n

has a real solution (i, ..., A,). Indeed, considering the equations (3.6), with 1 < k < r, we get a

Cramer system, since the determinant det(log |0k (€;)|)1<i<, is nOt zero. Accordingly, these equations
1<k<r

have a real solution (A, ..., \.). Now for r + 1 = r; + ry < k < n, we have |o(€)| = |ox_ry ()],
hence (Ar, ..., A,) satisfies the equations (3.6) for each 1 < k <n. Since Np ¢ (€x) = 1, we have

loge; = — Z log |ox(€:)] ,
k=1

and thus we obtain (3.5) by adding the equations (3.6), for 1 < k < n. Then choosing integers 1
such that \y — 1/2 < up < A\p + 1/2, we get

py loger + ... + p-loge, = log K + O(1)
and

1
g [0y (60)] .+ i log oa(er)| = —— log K€ +O(1)
for 1 < k <mn, which lead to (3.3) and (3.4).

We shall then describe the solutions of

|zo + 21001 + o + T, | K (oréljz%@mﬂ)_n : (3.7)

where the z;’s are integers, not all zero.



Lemma 3.2 Let v be a non-zero number in Op and let U be a Peck’s system of units in E with
Il <1 (3.8)
for each m € U. Then the (n + 1)-tuples of integers (zo, ..., x,) such that
Dyn =z + x10q0 + ... + Tpu,,

where n € U, satisfy (3.7). Conversely, let S be a set of (n + 1)-tuples of integers (xg, ..., T,) #
(0, ...,0) satisfying (3.7), and let U be a Peck’s system of units in E satisfying Lemma 3.1. Then
there exists a finite set I' of non zero elements v € E such that for each element (xq,...,x,) € S,
we can write

Zo+ ... + Tpoy, = YN,
with v €T and n € U. Further Dy lies in Og.

Proof. If v € O, then vyn € Of for every unit n of E, hence we can write
Dyn =z + x100 + ... +Tp00,,
where x; € Z. If we have a set of units 7 satisfying (3.3) and (3.8), we get
|0k<D’7776])| < ‘n‘il/nv j = 07 ey Ty k= 17 <y T
hence by (3.1) and (3.8),
o] < Il
which leads immediately to (3.7).
Conversely, if a set S of (n + 1)-tuples (zq, ..., z,) € Z"\{0} satisfies (3.7), let us consider
r=x9g+T1001 + ... + T
As U satisfies (3.4), we can find a unit 7 € U such that
|| <,
and therefore,
2717 < o). 1<k<n.

Set then v = 2n~!. We have
<1

Moreover, by (3.7), we have for each k =1, ...,n,

7" < |ow(n)]

o (7)] < Ofg%?ﬂxﬂ <s |z
hence
(V)] <s 1.

Further Dx € Opg, hence D~ is an algebraic integer. Now, there exist only a finite number of
algebraic integers v/ = D~ in E such that |ox(7')| <s 1 for each £ = 0,...,n, thus Lemma 3.2 is
proved.

o

10



3.3 Some lemmas.

Lemma 3.3 Let 1, be a sequence of units in E such that
limn,, =0. (3.9)

Suppose that for each k =1,2,...,n, the sequence o, (Nm)/|o1(Mm)| has a limit €y in C, with € # 0.
Let v # 0 be a number in E, and suppose that

> ok(vBa)lk = 0. (3.10)
k=1
Then, setting
Ym = Tom + - + TpmQn,
we have
|k | < |77m|_1/n7 0<k<n,

and
|xn,m| = 0(|77m‘71/n)-

Proof. The set of units 7, satisfying condition (3.2), it is a Peck’s system, and by (3.9), condition
(3.8) is also satisfied. Then Lemma 3.2 ensures that |xg,,| < |7,,|7Y" for each 0 < k < n.
Moreover, as we have, by (3.1),

Tnm = Tl"Wlmﬁn = 7nmﬁn + Z 0k<76n)ak<nm>v
k=1

we get
—1l/n - Ok(nm)
|| < 0l ™" D 0k (B) | A [l (3.11)
k=1 |01(nm)|
(]
Note that in Lemma 3.3 it is enough that oy (9,,)/|o1(nm)| has a non-zero limit ¢ for 1 < k <

r1 + ro — 1. Indeed, for 1 +re < k < n, ox(nm) and og_.,(N,) being conjugate complex numbers,
we have

U = lg_,y -
Accordingly condition (3.10) may be written:
Yo o) +2 Y Rlow(vBa)) = 0. (3.12)
1<k<r r1<k<ri+ro—1

Then, using the determination of arg z such that arg z € [0, 27| for any non zero complex number
z, we define the vectors V; = (v;1,vj2, ..., vjn) € {0} X R"!, for 1 < j < n, as follows. Recall that
r=r;+ry— 1, and set

v = log|ok(€;)] — log|oi(€;)], 1<j<r1<k<r, (3.13)

Uk = arg ok(e;), 1<j<nr r<k<n, (3.14)

11



Vjk = 205k7, r<j<n, 1<k<n (3.15)
(0;; =1 and 9, = 0 if j # k). Note that we have

log [y, (€;)| — log o1(€;)| = vjp—rs, 1<j<r r+ra<k<n,
and
arg oy (€;) = —Vj pyr, mod 27, 1<ji<r, m<k<ri+r.
It will be useful to note that if we have integers Ay, ..., A,, and if we put

- A
_ J
G—Hej ,
j=1

then we deduce from formulae (3.13), (3.14) and (3.15), that

log 17() =Y Moo= 3 Nujg,  1<k<r,
|01 )| 0<j<r 0<j<n
and
arg oy (€) = — Z AjUj kgry = Z AjkVjktr, mod 27, r<k<r.
0<j<r 0<j<n
Hence we have
LGRS YP 1<k<m, (3.16)
o1 (€)]
7k (€) — eXosi<n A (Vi =105 k) r <k<ri+mr, (3.17)
|o1(€)]|
and
Ok <€> o eZO<]<n (V) k—ry +ivj, k) 71+ 7o < k < n, (318)
|01 (€)]

Let us first prove:
Lemma 3.4 The vectors Kj, for 1 < j <mn, are Z-linearly independent.

Proof. Suppose that
MVy+. + AV, =0,

where the \;’s are rational integers. Set

It follows from (3.16), (3.17) and (3.18), that we have for each k = 1,...,n,
or(€) = oi(e€) .

Indeed, if 1 > 1, then oy(€) > 0, and if r; = 1, then (3.17) implies that |o;(€)| = o1(€). We
conclude that € is a rational number, and since it is a positive unit, we have ¢ = 1. As €1, ..., €.,
are multiplicatively independent, that proves that



Then we have
MV + oo+ NV, =0,

and in particular,
)\r+1vr+1,k + ..o+ )\nvn,k =0,

for k=r+1, ..., n. Hence we get
M1 =...= X, =0.

It is well known that:

O

Lemma 3.5 If n vectors V,; € {0} x R™™ are linearly independent over Z, then the subgroup

IV, + -+ ZV,, of {0} x R"™" is not discrete.
Lemma 3.6 There exists a sequence u,, of units in E satisfying the conditions
lirgl Uy, = 0

and

Proof. It follows from Lemmas 3.4 and 3.5 that there exists a sequence 1,V +

all distinct vectors in ZV; + ... + ZV,, which tends to 0. Set:

Upy = €417l
By formulae (3.16) and (3.17), we have
7ak(um) = ezlggn H3m¥j.k 1<k<nmn
|71 ()| ’ - ’
and
O'k(um) _ eZlgjgn Bg,m (V5,5 =005 ktrg) r < L <r
|71 ()| ’ -

(3.9)

(3.19)

oo + ppmV,, of

hence condition (3.19) is satisfied. Moreover, observe that the group ZV, ; + ... + ZV,, is discrete,

since it follows from (3.15) that

”VTJrIKrJrl +.t VnKnHOO = 27Tr+r{1§]3(§n |Vj|'

Hence the r-tuples (ft1,m, - - -, trm) are all distinct for large m, since if we have p;,,, = p;, for each

Jj=1,...,r, and p;,, # 1,, for at least one index j with r < j < n, then we get

”(:ul,m - Ml,p)zl + ot (Mn,m - Mmp)zn” > 27

Thus maxi<j<, |itjm| tends toward infinity. As the matrix (log|oy(€;)|)1<k<, is invertible, we have

1<j<r

im e g o) | =+,

13



and in view of (3.19), we get
lim [log |oy (|| = 400

Replacing, if necessary, for some m, ({1m, -y fnm) BY —(f1ms ooy finm), that is to say u, by u, !,

we may suppose that
lim [y (um )| = 400

Now condition (3.19) implies that
lim [0 (1) = 00

for each k =1,...,n. As
U, H op(uy) =1,

1<k<n
condition (3.9) follows then from (3.20).
We shall also use the well-known fact:
Lemma 3.7 For each z € E, set
5‘k(2):0'k(2’), OSkJ<T1,

ar(z) = R(oxk(2)), r <k<ri+re,
and

5’k(2):%<0k<2)), 1+ T2 Skgn

Define a map o from E to R™ by

Then o(E) is everywhere dense in R" .

Proof. Consider the linear forms f, on R"™ such that

Je(Woy - Yn) = Yok (o) + ... + Ynor(ay),

0<k<n,

(3.20)

and define the linear application of R"™ into itself, f = (fo,..., f). This is an automorphism of
R"*" since the matrix (o5 (;))o<k<n is invertible, its inverse matrix being the matrix (o1.(8;))o<j<n-

0<j<n
Hence o(E) = f(Q"™) is everywhere dense in Rt

Then we prove that:

Lemma 3.8 There ezist a number 6 # 0 in E, and a point w = (wy, ws, ...

the closure of ZV, + ... + ZV,, in R" such that

S oa(e 2 Y Rop()en ) =

1<k<r r1<k<ri4+ro—1

14

0<k<n

O

,Wy), with wy =0, in

(3.21)



Proof. By Lemmas 3.4 and 3.5, the closure of ZV ;+...4+ZV, in R" is a non-discrete closed subgroup,
included in the closed subspace {0} x R"'. Accordingly this subgroup contains a subspace RV,
where V' = (vy, vy, ..., vn) = (0, vy, ..., v,,) is a non zero vector of {0} x R™~* ([11], [5]). For each real
number ¢, consider the R-linear form over R"

(X1, Xo) = D Xae™ +2 D R((Xp + i Xy, e O 472)),

1<k<r r1<k<ri4+reo—1

It is easy to see that there are real values ¢y and ¢; such that the linear forms ®;, and ®;, are not
proportional. Indeed, as v; = 0, if these linear forms were proportional each to the others, they
would be all equal, which is impossible since one at least of the v;’s is not zero. We may thus find real
numbers ¢, and ¢, and (01, ...,0,) € R" such that ®, (01,...,0,) < 0 and P, (1, ...,0,) > 0. Now,
by Lemma 3.7, there exists § € E such that &, (51(9),...,7,(5)) < 0 and P4, (51(0), ..., 5,(4)) > 0.
Accordingly, we have 0 # 0, and there exists t € R such that §hi,(5,(9),...,5,(5)) = 0. That
means that

S ook@e™ 42 > R (op(8)e!r ) =0,

1<k<r; r1<k<ri+ro—1

As to lies in the closure of ZVj + ... + ZV,,, Lemma 3.8 is proved.

3.4 Proof of Theorem 1.4.

By Lemma 3.8, we can find a point W = (wy, ..., w,) in the closure of ZV; + ... + ZV,, in R", and
d € E with § # 0, such that (3.21) is satisfied. Setting v = 0/, we thus have

> on(vBn)et + 2 > R(op(7B,)erWrtrz) = 0. (3.22)

1<k<r; r1<k<ri+re—1

Moreover, as we can replace 7 by A~v, where A is a non-zero integer, we can suppose that v lies in
DQOpg. There exists a sequence of integer n-tuples (A1, ..., Anm)men such that

W= 1lim AnVi+ o 4 AV
m—-+00

If we set

it follows from formulae (3.16) and (3.17) that

TR UV 1<k<r, (3.23)

m—r+o [0y (17 )|

and

lim M = Wk Whiry r<k<r +ro—1. (3.24)
m—+00 |01 (1)) |

These conditions are unchanged if we replace 7, by nntnm), where u,, is a sequence of units
satisfying conditions (3.9) and (3.19) of Lemma 3.6, and & is a strictly increasing map of the set IN of
natural integers into itself. Choosing h(m) sufliciently large, we can suppose that lim,,, 7, upm) = 0,

15



and thus, replacing if necessary 1, by 1, un(m), we have constructed a sequence of units 7,, satisfying
conditions (3.23), (3.24) and (3.9). Then, by (3.22), Lemma 3.3 applies. Setting

Ym = Tom + T1m@1 + ...+ Ty Qi
with integers xy, ..., x,,, we get
|k m| < |77m|_1/", 0<k<n,
and

|xn,m| = 0(|77m|71/n> .

Thus Theorem 1.4 is proved.

3.5 Proof of Theorem 1.5

First consider the case of a totally real cubic field . We keep the notations as above, with n = 2.
Let v be a non zero number in DOpg. Consider a sequence of Peck’s units 7,, > 0 satisfying (3.9).
If we write

Ym = Tom + T1,mQ1 + Lo pmQo

then, by Lemma 3.2, we have
|1,m| < 77;11/2
and (3.11) can then be rewritten:

|2 ‘<<n71/2 o2(Mm) +01<’7)01<52)
;M m 0_1

(Mm) — o2(7)02(B2)

+ - (3.11)

First, we choose 7 > 0 in such a way that
01(7)01(52)
o2(7)o2(52)

H1i,m H2m

which is possible by Lemma 3.7. We shall find a sequence of units 7,, = €] ey, ™ satisfying the
conditions

<0,

lim 7, = 0 (3.9)
" (1) |, 2(0)n (3
02T 01\7)01 P2 _
+ < |lognm| ™" . 3.25
o1(1m) 02(7)02@2)‘ [ Log 7| ( )
Condition (3.25) will be satisfied if
02 (1m) —01(7)o1(Br) ’ -
lo —log ————| < |lognm| "
o S0 tow 2 < o
Conditions (3.9) and (3.25) may thus be written
oa(€1) o3(€2) —o1(7)o1(Br)

f41,m log + po,m log < | log nm| ™", (3.26)
01 (61)

o1(€2) ~log a2(7)o2(Br)
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with
10g N = pi1,m 10g €1 + pigm log €3 — —00 . (3.27)

In order to find such sequences of integers fi1,,, ftom, We shall use the following “transference”
result:

Lemma 3.9 Let 0 be a real number. Suppose that there exists a real constant v > 1 such that
lg0] > Cq™ (3.28)

holds for every positive integer q. Let v be a real number with 0 < v < 1/v. Then for every real
number t and for each large real number X, there exists a positive integer q with ¢ < X and

lgf — 1 < X~

This lemma is actually true with v/ = 1/v. It is classical when v = 1 (see [9] for instance).
Also a proof of this lemma is given in the book of Y. Meyer [16] in the case v = 1 (then v/ = 1,
Theorem V, page 10), and it is easy to adapt this proof for any v > 1 (with v/ = 1/v). Nevertheless
Lemma 3.9 follows directly from a more general result of [7] (take m = n = 1 in [7], Theorem
page 2). This result implies that for 0 < 1/ < 1/v, for every real number ¢ and each large real
number X, there exists 2 € Z, with |z| < X and ||z — t|| < X~¥". Since in Lemma 3.9, we
need ¢ > 0, and ¢ < X, let us consider the largest denominator of convergent of 6, @), such that
Q < X. If @ is the denominator of the next convergent, then we have CQ™" < ||QF| < 1/Q’,
hence Q < X < Q' < C7'Q". Let k be the smallest positive integer such that kQ > X, hence
k>2and (k—1)Q < X < k@ <2X. If we consider ¢ = z + 2k(, then we have

X <qg<5HhX.

As
12Q0]| < 2k/Q' < 4X/(QQ') < 4/Q < AC—H7 X117,

we get
g —t|| < (4C~V +1) X,

Obviously, replacing ¢ by —t, we may also obtain —5X < ¢ < —X in Lemma 3.9.
o
Now it follows from Lemma 3.4 that log(os(e1)/01(€1)) and log(oa(e2)/01(€2)) are linearly inde-
pendent over Z. Then by classical results about linear forms in logarithms of algebraic numbers
[1], [21], there exists a constant v > 1 such that for each pair (i1, p2) of integers not both zero, we
have

+ po log > max{|u], [pol} 7,

pia log o2ler)
1

o1(€1)

0'2(62)
0'1(62)

hence

&
()

>q7,
O2(€2
log

0'1(62)
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for every positive integer ¢q. Accordingly Lemma 3.9 applies. Let x be real constant with 0 < k <
1/v. If m is a sufficiently large positive integer, then we see that there exists a positive (respectively
negative) integer i, with |p1,,| =< m such that

oa(€1) o2(€2) —01(7)o1(Bk) _
m lo + lo.m 1o —log—————— | < m ™ ". 3.29
Hmlog Ty e log e =108 o () (3.29)
Recall that
lOg O'1<61) lOg 0'2(61) # O
logai(€2) logoa(ea) '
As
log €; = —log o1 (€;) — log oa(e;), =12,
we get thus
log €, log@ — logEQIOgM #0.
O'1<62) O'1<61)
As (3.29) implies that
f1,m log E1GY + ft2.m log 72(€) <1,
0'1(61) 0'1(62)
writing
(f1,m log €1 + po,m log €3) log 72(c2) — (,ulvm log 72(c1) + po.m log 02<62)> log ey =
o1(€2) oi(e1) o1(€2)
f1,m(log € log 72(€) — log €5 log 7:(1)
0'1(62) 0'1(61)

we see that for m large, we can choose the sign of fi1,, in (3.29) in a such way that

Himl0g €1 + pom log e < 0

and
—(p1,m log €1 + pio,m log €3) < m.

Hence, setting 7, = €}’,e,>™, we obtain a sequence of units 7,, satisfiying (3.9) and (3.25). Thus

the integers x¢ ,,, T1m, and xa,,, such that

Ym = Tom + T101,m + Tom Qs ,

satisfy
|Z0.m + T1m01 + TomQa| X N,
with
|| < 12,
|22, < 12 Log |77,
and

—logn,, < m.

18



Theorem 1.5 is thus proved in this case.

The case where the cubic field E' can be embedded in a unique way in the real numbers field
can be treated in a similar way. As the units group of F has rank 1, we set then n,, = ;™. We
assume that 0 < ¢; < 1, and we take an integer i, > 0. The set of units €, with p € Z, being a
Peck’s system, considering as above vyn,, = xom + T1moq + T2 mao, Where v is a non zero number
in DOg, we have

|[Z1,m| < 77;11/2 g

and

T <<

1 1
— (arg o1 (nm) + argoi(v52)) + §H + N

o1(Nm) m

ie.,
arg oy (€ arg o 1
(o] < V2 [ 228 1(€1) L a8 1(752) n _H .
m T 2
We then proceed as above.
O
4 Proof of Theorem 1.6
Consider an infinite sequence (2, - - -, Tpm) of distinct integer (n + 1)-tuples such that
|Z0.m + - + Ty Q| Inax |2 m|™ <1
and
|2jm| = o(max |z ), 2<j<n. (4.1)

0<i<n

By Lemma 3.2, we can suppose that there exist v € Op, with v # 0, and a sequence 7,, of Peck’s

units in £, in the form

_ MHim Hr,m
nm == 61 "'67’

where p;,, € Z, with
Tom + TimQ1 + ... + TpmQp = VM-

By (3.1), we have
Tjm = T0 Y0 Bj = VB + D ok (y0mBy) -

k=1
As
k()| < |1 ()| = 0!/ = 102X [m ]
it follows from (4.1) that
0k (V1m ;) :
=0, j=2,...,n. 4.2
Atk Z 1 (Y1 5) 42
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We can choose the indices m in an infinite subset of IN, in order to make convergent,

k =1,...,n, the bounded sequence ok (7,)/01(Nm), with a limit 7, € C (7 = 1). As

Uk(nWJ
01 (nm)

> 1,

we have 7, # 0 for each k. Moreover, by (4.2), these limits satisfy

n

Z (vB)T =0, Jj=2,...,n.

for each

(4.3)

Now observe that the matrix (04(5;))1<j<n is invertible. Indeed, the matrix (oy(5;))o<j<n being
1<k<n 0<k<n

invertible, there is at least one index ¢, with 0 < ¢ < n, such that the we have a minor

det(ok(85))1<j<n # 0.

k£l

The o4 0 g;’s, where 1 < k < n, being the ¢,’s with 0 < k < n and k # ¢, we have

det(o%(85))1<j<n = Foe(det(ox(55))1<j<n),

kL 1<k<n

hence we get

det(o1(B;))1<j<n # 0.

1<k<n

Thus the system of linear equations

Xp =0, 2<j<n
Z j<n,

(4.4)

has a space of solutions (Xj)i1<x<n € C" of dimension 1. By (4.3), (0x(7)7k)1<k<n is a solution of
(4.4). Therefore the system (4.4) has a unique solution (tg)1<x<n, with t; = o1(y). Thus all the
convergent subsequences of the initial sequence (((7m)/01(Mm))1<k<n in C" have the same limit
(tr/0ok(7))1<k<n. As this sequence is bounded, finally the initial sequence is convergent for m € N,

toward the limit (7x)1<k<n, Where 7, = ti. /0% (7).
It is easy to make explicit the solutions of (4.4). We have

> 0(B)or(a;) = Tray5; = 0, 1=0,1, 2<7<n,

hence "
> 0k(Bi)(ok(ar) — o) = 0, 2<7<n.

Since a7 ¢ Q, there is at least one index k, with 1 < k < n, such that ogx(a;) # aq, hence the

solutions of (4.4) are
tr = c(or(ar) — ),
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where ¢ is any complex constant. We thus get

or(o) — oy _
ok (7)
That is impossible if there exists 1 < k < n such that oy () = «g, that is to say, if Q(ay) # F, since

we must have 7, # 0 for each k. The second part of Theorem 1.6. is thus proved. If Q(ay) = E,
then oy (o) # oy for each k=1, -+, n, and we get

T = C

(on(n) — 041)01(’7)_
(o1(an) — ar)ow(7)
Moreover, the unique solution (X7, --,X,) of the system (4.4) with X; = 0 being (0, ---,0), the

matrix (ox(5;))2<j<n is invertible. As, by (4.3), we can write
2<k<n

Tk = (4.5)

Q

o 2x(0Bi)oklm) 1 Y o Ok (1hm) .
kz::l a1(v8))o1(nm) — o1(v8;) kz:; k(751)<01 i)

then we conclude that

5 (Mm)

s " 0k (V65) 0k (1m)
01 (nm)

2<j<n | 01(’76]')01<77m)

~

T 9<k<n

(4.6)

Further, it is impossible that there exist large m such that

5 (Nm)
o1 (Nm)
Indeed for such m, we should have, by (3.1), x;,, = yn,m0; for each j =2, ..., k, hence 0 < |z;,,,| < 1

when m is large, which is impossible since z; ,,, must be an integer. Choosing any determination of
the complex logarithm, we can write

— 1 =0, k=2 ..n.

max % (1hm) — 7| X max Loggk(nm) — Logr,, ,
2<k<n | 01 (1m) 2sksn 01 (7hm ) 2ind
where we denote, for Z € C,
| Z||g;z = min |Z — 2imq|.
q€%
Now, recalling that
M = €177 €,
where the p;’s are integers, we see that
ok (Mm) or(€1) ok (€r)
max — Tl =< max mLog + ...+ pymLog — Log;,
220 71 () szin [ gy e) T 0 (6) sint

The 7;’s being, by (4.5), algebraic numbers, and one at least among the numbers ||y, mLogZele) 4

o1(e1)
o L, mLog”’“E“% Log7ll5;7 (2 < k < n) non vanishing, the usual estimations of linear forms in

loganthms of algebraic numbers [1], [21], prove that there exists a positive constant A such that

ax |0k<nnﬂ

J— . _>\
2<k<n o1(Nm) 7| > (g?éW;,mD
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As the matrix (log |0k (€;)|)1<k<r is invertible, we have
1<5<r

max |ujm| < max |log|ow(nm)]| < [10g 0m| ,

hence we get

03 (1m) _ —A
25 o,y 1 VBTl
and by (4.6),
= 0k(755)0%(Mm) A
max > |log nm| " 4T
QSJSH‘];Ul(’Vﬁj)Jl(nm)‘ | | o

Then we deduce from (4.7) and (3.1) that
) —-1/n -
02X |Tjm| 3> 1, " 10g |~

As

—1/n

= max |x;
. 0§j§n| J7m|7
we thus get

, ‘ )
02X |Tjn| > (max |2;m|)(log 0aX [25,m])™",

which is the first part of Theorem 1.6.

5 Open problems.

It would be interesting to obtain other solutions of (1.2) or (1.3). It seems difficult to find
solutions (z1,...,x,) of (1.2) or (1.3) under the hypothesis of Theorem 1.2, with a large difference
between log |z;| and log |x;| for some indices i # j. In the case where Q(a;) = E and n > 3, we
do not know whether it is possible to improve Theorem 1.4 by setting the condition (1.7) for more
than one index 2 < ¢ < n. Except for the case n = 2, we do not either know whether condition
(1.7) can be replaced by a more precise condition, for instance, |z,| < M log M~" with a positive
constant k. Also it would be interesting to examine whether it is possible to obtain an analogue of
Theorem 1.6 for the solutions of (1.3) given by Corollary 1.3.
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