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Abstract

1 Introduction.

Let Q ; C be a simply connected domain containing 0: by the Riemann Mapping theorem,
there is a unique conformal map f from the unit disk D = {|z| < 1} onto €2 such that f(0) =
0, f/(0) > 0. In this paper we are interested in domains with fractal boundary and more
precisely with the Hausdorff dimension of these boundaries. Well-known examples of fractal
curves which have deserved a lot of investigations and attentions are the Julia sets and the limit
sets of quasifuchsian groups because of their dynamical properties.

For instance, let us consider the family of quadratic polynomials

Pi(z) =22+t teC

in the neighborhood of ¢t = 0. There is a smooth family of conformal map ¢; from C\ D onto the
basin of infinity of the polynomial P;(z) (the component containing oo of its Fatou set) with
¢0(z) = z and conjugating Py to P, on their basins of infinity. We thus have:

$1(Po) = Pi(¢1(2)), z € C\D. (1)

Each ¢; extends to a quasiconformal map on the sphere C. Taking the derivative of the equation
(1) with respect to t, we obtain the equation:

$i(2%) = 2u(2)u(2) + 1, (2)
. 09 : _ Oy o,
where ¢ = g Let V(z) denote the holomorphic vector field of V' (z) = B . Letting t =0
t=0
in the equation (2), we get that the holomorphic vector field V satisfies the functional equation:
V(%) =22V (2) + 1. (3)
If we replace z by 22 in the preceding equation, we obtain that
V(Y =222V (22) + 1. (4)
Injecting V' (2?) in (3) into (4), one gets V(z) = — 1 + L +V(Z4) And by induction
J & ’ & N 2z 22222 22222 Y
n—1 n n
) 1 V(22" V(22")
we can obtain V(z) = — kz_l 57952 3,7 + 5792 9,51 The term PUES g tends to 0 as
n tends to co. Therefore V(z) can be written as an infinite sum
= 1
V(z)=-2) Y P (5)
k=0
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Using thermodynamic formalism, Ruelle [Rul] (see also [Zin| and [McM]) proved that

d2
—H.d P, lim — d
= im(J(P,)) . = lim, 47T10g1/|z 2)|?|dz. (6)

Using then the explicit formula (5) of V', he could proved that
1]
4log?2

H.dim(J(FP)) =1+ + o([t%). (7)
for this particular family.

Passing to the disc instead of its complement, let us consider a general analytic one-parameter
family (¢), t € U, a neighborhood of ¢ = 0, of conformal maps with ¢g = id and ¢,(0) = 0,
vt e U.

Then

o= [ e
0

0 0 /
5 0(2) = /0 o <log¢>t( )) 80 gy,

oy (i)

belongs to the Bloch space B which is defined as
t=0

and

From which follows that

du
t=0

V() = Tau)

and b(z) = V'(2) = % < log ¢y (2) >

follows:

B :{ b holomorphic in D; sup(1—|z])|¥(2)|< oo } .
D

It follows from A—lemma (see [IT]) that ¢; has a quasiconformal extension to the plane if ¢ is
small enough. In particular T'y = ¢(9D) is well-defined.

In [McM], Mc Mullen asked the following question: Under which condition on the family of (¢;)
it is true that

2

o b(2)?dz| 7 )

= lim —————
—o r—Lldm|log(l—7)| J=

In other words, the question addresses the problem of how much formula (6) owes to dynamical
properties.
Conversely, starting from a function b € B, it is known that if we put

o1(2) :/0 " Wdu, be B, 9)

is an analytic family and there exists a neighborhood U of 0 such that if ¢ € U then ¢; is a
conformal map with quasiconformal extension and we denote by I'; the image of the unit circle
by ¢1.

The aim of the work is two-fold: we will first describe a large family of function b € B for
which if ¢, is defined by (9), (¢ being real) then (8) is true with Hausdorff dimension replaced
by Minkowski dimension. This class will be defined in term of the square function of the
associated of dyadic martingale of Re(b). Details and proper statement will be given in 2.



The second result of this paper is a counter-example. The starting point is the construction
by Kahane and Piranian of a so-called “non Smirnov” rectifiable domain. These authors have
constructed a Bloch function b such that if we consider the associated family (¢;) as in (9) then
¢+(0D) is rectifiable for ¢ < 0. This function is very singular in the sense that

27 ei@ 2
b(z) = /0 0,

el — 2

where i is singular with respect to Lebesgue measure on the circle. We use this feature to prove
that there exists ¢ > 0 such that

M.dim(Ty) > 1+ ¢t?, t>0 small.

which contradicts lim W

t—0 2

= 0 by (8) with Hausdorff dimension replaced by Minkowski

dimension.

2 Martingale condition

Before giving statement of the first result of this paper, we recall some preliminaries on Bloch
function and the notion of dyadic martingale.

2.1 Preliminaries on Bloch function

Proposition 1 Ifb € B and b(0) = 0 then

1 2n 2n 1 "
3 [ gl niloly (1og =5 )

forO0<r<landn=0,1,..

Proof: See [Pom)].

This proposition implies that if b € B,b(0) = 0,
. 2T |b(ret®)|2d6
lim sup

< ||b]|% < +oo. 10
o S og(-L) 16l (10)

This proposition can be generalized as follows.

Corollary 1 Ifb € B and b(0) = 0 then there exists a constant C' such that

1 p/2
[woerie<c (os = )

forO<r<1andp>0.

Proof: For p > 0, there exists a positive integer n such that 0 < 2£ < 1. Applying the Holder’s
n

inequality for a = 2£ < 1, we deduce that
n

[ woerma=( [ |b<rs>|2m)l/a(2w>w,
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where i + % = 1. Then Proposition 1 implies that

(/T\b(rf)l”ldﬁ\ >=</T!b(r§)|2m|d§ )g (2m) /8 </T|b(7“§)|2”|d§| >“§C <1Og1_1

where C' = (21) /8 (n!||b]|Z).
Let h be a (complex-valued) continuous function on the unit circle T and satisfying

p/2
)

sup |h(e?z) — 2h(z) + (e ?2)| < CO, for 6 > 0.
|z|=1

This function is called a Zygmund function.

Theorem 1 (Zygmund) Let b be analytic on the disk D and let h(z) be a primitive function
of b. Then b belongs to Bloch space B if and only if h is continuous on the closed disk D and h
18 a Zygmund function.

Proof: See [Dur].
Let I = (€91, ¢92) be a subarc of 9. We can define b7, the mean value of b on the arc I C 9D,
as the limit 1iml(b7-)], where b,(2) = b(rz), z € D. Integration by parts shows that

r—

1 ) _ 7i92h 102 - —i0 h 101 1 ) ‘
by = lim /b(rew)déz e h(e) RieTMET) | L o) dg
r—1 | Jr u 11 i

and by the property of continuity up to the boundary of the primitive function h(z), the limit
exists. Hence the definition of mean value of Bloch function is well-defined. We recall now the
notion of dyadic martingale of a Bloch function.

2.2 Dyadic martingale.

On the probability space (D, |.|) (|d¢| = d8/2x, & = ¢ € OD), we consider the increasing
sequence of o-algebras {F,,n > 0} generated by the partitions of the unit circle by the intervals
bounded by the (2™)th roots of the unity.

Let b be a Bloch function, b(0) = 0. We defined S = (S, F,) by setting S,|I = by on each
dyadic interval I of rank n. In other words S, = E(b|F,). Then

VE €D, Su(€) = > brxa(€)
IeF,

This sequence is a martingale in the sense that E(S,11|F,) = S,. And it has the property:
Ve OD, | 5,(6) b1~ 28) | < Clels (11)

where C'is an absolute constant (see [Mak])
We consider the increasing sequence {S)2 = " i1 E((AS;)?|F;- ) where AS; = 5;—S;_1. In
the dyadic case AS]2 is Fj_1 measurable, so that (S)?2 =3 (A S;)2.

We call ()2, = Z(AS’k)2 the square function.
k>1
This first result is based on the computing of the integral means / etRe ]dz| beB

|z|=r
in which there is only the real part of a Bloch function b that appears, so that we just need

the dyadic martingale which arises from a real part of the Bloch function. Let us state this result.



2.3 Statement of Theorem 2.

Let b be a Bloch function and b,, be the dyadic martingale of Re(b). Let us assume the following

condition for its square function (S)2 :

1

(S)n(e”) — /0<S>i(6”9)d9‘én5(n), (%)

where d(n) is a positive function which depends only on n and which tends to zero as n tends
to co. Let us also write d(t) = M.dim(I';).

Theorem 2 If b belongs to B and satisfies the condition (%) then the Minkowski dimension of
I'; has the following development at zero:
T |b(re?)|2d 2

2
M.dim(T;) = 1 + lim sup 22 — 5 +o(t), (12)
r—s1 47 log 1i—r 2

2m i0Y)2

b de

( By (10), lim sup fo b(re”)| exists >
r—1 log 1—r

Put Qt = ¢t(D)

Now we will give the proof of Theorem 2 by using probability methods. The proof of this
theorem has two steps. In the first one, we will point out the relation between the Minkowski
dimension d(t) of T'y and the spectrum of integral means [(d(t), ¢}) (for definition see below).

2.4 The first step of the proof.

First, we know that the image €2; of the unit disk D by the conformal map ¢; is a quasidisk, for ¢
small. We recall the crucial proposition about Minkowski dimension of quasicircles (boundaries
of quasidisks) .

We define

log < f(f"\(z)'(rew)ypde) log < I exp{pReb(reiG)}de>
B(p, ¢') = limsup = lim sup

, cR
msn Tog(1 = )] s Tog(1 = 7] PeR)

be the spectrum of integral means of ¢’ = expb(z) (z € D;b € B). In the case of the family of
conformal maps ¢.(z) = foz et gy, (z € D;t € R),

log ( f027r(exp{tReb(rei9)})pd9 ) log < fo27r exp{tpReb(re?)}do )
1y =i =i '
Blp, ¢4) = limsup [Tog(1—7)| i [log(1—7)|
This implies that 3(p, ¢}) = B(tp, ¢').

Proposition 2 If f maps D conformally onto a quasidisk 2 then

M.dimo2 =p

where p is the unique solution of B(p, f') =p — 1.

Proof: See [Pom]|. As a consequence of Proposition 2, we deduce the next proposition.



Proposition 3 Letb be a Bloch function. If the spectrum of integral means of ¢'(z) = exp b(z) (z €
D) has the development at p = 0:

B(p,¢') = ap® + o(p?)
then the Minkowski dimension of I'y has the development at t = 0:
d(t) =1+ at® 4 o(t?).

Proof: We observe that d(t) — 1, as t — 0. Put z(¢) = d(¢) — 1. The proposition 2 implies
that

Bd(t), ¢y) = d(t) — 1.
Since B(d(t), ¢y) = B(td(t),¢'), we get

B +x(t)),¢') = x(t). (13)

And by the assumption we have B(t(1 + z(t)),¢’) = at*(1 + z(t))? + o(t*(1 + z(¢))?). Since
z(t) — 0 as t — 0, then t2(1 4 x(t))? = 2 + o(¢?). This implies that

Bt(1 + z(t)), ¢') = at® + o(t?) (14)

From (13) and (14), we obtain that x(t) = at® + o(t?). The result follows.
Next we proceed with the second step of this proof.

2.5 The second step of the proof.

According to Proposition 3, in order to finish the proof of Theorem 2, we need to show that the
family of conformal maps ¢ = [ () dy, where the Bloch function b(z) satisfies the condition
(%) has the spectrum of integral means of ¢'(z) = exp b(z) expressed as 3(p, ¢') = ap?® + o(p?).
This will be shown in the following theorem.

Theorem 3 If b belongs to B and satisfies the condition (%) then the spectrum of the integral
means of function ¢'(z) = expb(z) has the following development at p =0 :

27 i0y2
1. b(re do
B(p,sb’):fhmsupfo o 1)‘ P+ 0.
4 r—1 2mlog(1=)

Proof of Theorem 3: Let us give some remarks and the strategy for the proof of this theorem.
First, we note that if v = Re(b(0)) # 0, then put b1(z) = b(z) — b(0) and we have

1 2 P7+pReb1(rew)d9 1 27 pRebl('I‘ew)dQ
B(p,¢") = limsup ol i = limsup { wh e T + ml }
r—1 log 1= r—1 log 1= log
1 2r _pReb; (rew)de
= lim sup o8 fo ‘ I .
r—s1 log =

This says that we do not lose generality if we assume that b(0) = 0. Moreover, we observe
that for each r € (0,1), there exists n such that 1/2""! < 1 — 7 < 1/2" and from (11)

( |bn () — Re(b(re))| < C||bllg, (r=1-27") ), we deduce that

log( [T ePb(re”) 4 log( [T ePbn () dp
og(fy e : ):limsup og(fy e )

r—-s1 log(ﬁ) n—»00 n10g2




27 .
Then, Theorem 3 will follow from the estimation of the integral / ePon (@) 49, The principle

0
idea of this estimation is to make use of the exponential transformation of dyadic martingale
by, (the dyadic martingale of Reb) which is defined as a sequence

Zoy = exp pbo;
{Zn plEr e
Checking the condition E(Z,|F,—1) = Z,—1, we see that Z = (Z,, F,) is a positive martingale.
The integral Qﬂ eP'n (@) 49 will be derived from the following equality which follows from the

0
martingale’s property that

1 (2™ exppby(e?)

T o 0 Hz;écosh(pAbk(ew))

VneN, E(Z,) do = E(Zy) =
In other words,

2 ) .
1 / (P (%) —log(ITR2 cosh(pAba(€))) g9 — 1. (15)
2T 0
2m 10
The rest part of the estimation of / e (¢) d4p is quite simply. We just apply the following

0
inequalities and the condition (x) to (15).

n—1 2 4 n—1
log([ ] cosh(pbn)) - £-(9)7 | < 75 > (Abo)" < Cp'b]E(S)2, (16)
k=0 k=0

where C” is an absolute constant. The first inequality of (16) follows from the estimation that

2 4

X

x
_ <z )
log(cosh(x)) 5 |< 137 (x € R)
2?2zt
Indeed, put g(z) = log(cosh(x)) — - 13 We see that ¢”(z) = —(tanhz)? —22 <0, Vx €R.
Hence, ¢'(z) = / g"(u)du <0, Vx € R. Therefore, g(z) = / g (u)du <0, Vx>0 and since
0 0
2 4

g(x) is a even function, then g(x) <0, Vz € R. Similarly, put h(x) = log(cosh(z)) — % + %
We observe that h”(r) = —(tanhz)? 4+ 22 > 0, Vz € R because |tanhz| < |z|, Vx € R,
Analogously, we obtain that Vz € R, h(z) > 0.
Besides, (11) (V€ € T, |Ab,(§)] < C|b||g) implies that

n—1 n—1 n—1

D (Dbt =) (Ab)*(Ab)* < CPblIE Y (Abk)? = C2[[b][3(S)7.

k=0 k=0 k=0
Then the second one of (16) follows.
Finally, we’ll apply the following lemma to conclude that for p small

log <f27r epbn(ei")d9> ) 9 P
B(p,¢’) = lim sup ’ _ lim sup Jo 1breT)I*(0)d6 + O(p*)
’ n—s00 nlog 2 N 27 log -



Lemma 1 Let b be a Bloch function and (S)2 be the square function of the dyadic martingale
by, of Re(b). Then

TSl 0" [b(re™)do
limsup &=——————— = limsup i
n—>o0 n log 2 r—s1 2 log 1—r

< bl

Proof: Recall b = Reb and b, is a dyadic martingale of b. We have:

2w or n—1 27
1Ball3 = /0 b2 (0)d6 = /0 S (Aby(6))%d0 = /0 (5)2(8)do.
k=0

The second equality follows from Proposition 5.4.5 [Gra] and the third one follows from the
definition of the square function of the dyadic martingale b,. Moreover, the fact that |b,(0) —
b(re?)| < C||b||g if r =1 — 27" (see (11)) implies that:

‘ [bnll2 = l1b(re) |2 |< [[bn(e®) = b(re) 2 < 27(C|bll5)-

Therefore if we divide both sides by (nlog 2)1/ 2 of the above inequalities and take the limit as
n — 0o, then we obtain:

27 o T _ .
. (bn)2d9 1/2 f (b((1—2 n)ew))zde 1/2
5 (Onlog2 > - < S ) =0. (17)
Jo " (B((1 — 27)e))df S (ba)2d8

By Proposition 1, on 2 is bounded and then by (17) =9 is also
nlog
bounded. Moreover since the function z

[0, 4+00), then (17) implies that

nlog2

2 is continuous uniformly on some compact set of

T (ba)2d0 (B0~ 2 e )b

li .
jgnoo nlog 2 nlog 2 !
Thus, -
o ol TR 27)e )
lim sup =—————— = lim sup .
j—o0 J 10g2 Jj—00 nlog2
Then,
2T ;o 2 27 (700 102
S)z2(0)do b do
lim sup M = lim sup 0 ( (Tel )) (T =1- 27”’)
n—» 00 nlog?2 r—l 10g(ﬁ)

Furthermore, since b is holomorphic in the unit disk ID and by Proposition 1, we have:

2T i0\\2 2m 0|2
Reb do b db
o o (RBreD)Pd0 el

< 7||b||%.
) T e L

The lemma is proven. A
The proof of Theorem 3 remains the main step: that is to estimate the integral fOQF ePbn(€) qg.
The main step of the proof.



2

log (I3 cosh(pbn (D)= 5 (S12() 12 (,8) 4

Put €,(0) = %( 5)2 () ,(0 € [0,27]). This says
0, otherwise
that
n—1 2
log ( H cosh(pAby,(e?)) ): %(Sﬁl(ew) ( 1+ €,(0) ), (18)
k=0

where e, (0)| < C”p2||b\|3 by (16).
Put I,, = / 0)dfh. By (18), (15) is equivalent to

1 2

2
o | exp { pbn(e) — %<S>%(ei9)(l +€en(0)) } de = 1.

By subtraction and adding the term %In(l + €,(0)), we can rewrite the preceding equality as
follows

2

2
exp { pha(e) — %In(l en(0) — %(<s>i(ei9) — L)1+ en(6)) } o =1.

1 2w
o7

2
Remark that I,, is a number, so we can take the term exp{%[n} out of the above integral, then

the equality turns out to be

2 € (0)p? 2 ‘ 2
% ; exp { pbn(e) — (g)p I, — %((S}%(eza) —1,)(1 + €,(6)) } df = exp < %In ) .

1 /2 ' L(0)p2 2 ‘
Put [ = 2/ exp { pha () — & (2)p I, — %(<s>i(ew) — L)1+ €,(0)) } df. Next, we will
T Jo

estimate the integral I.

Combining the condition (x)

< (14 C'p?||b||%)nd(n). Then, this implies that:

< nd(n) with the fact that |e,| < C'p?||b||%, we

1+ €n(0))((S)7(8) — In)

have:

no(n 1 [ oi0
exp { ~C bR, — "0 O | o [ <1

and

5 e i
L ) | g [ e,
T Jo

Igexp{ 5

Replacing I by exp < %In > and then taking logarithm of two sides of the above inequalities,

we deduce that

2 i ) 2
g ([ e ) g+ CoPble) - I ~ og(2m) < 1,
0

and

2 27 i 5
%In < log (/ Phne 9)d9> 4 ;”)p2(1 + C"p2||bl|5) + C'p*||bl|B I, — log(2).
0



Next, if we divide two both sides of the inequalities by nlog 2, we then obtain the inequalities

log< 27r61””"( )d9>

2
Pt In 2 1 a2y 10(n) 1 42 An log(27)
L _ 1 PN

2 nlog2 — nlog2 <p (1+C ||bHB)2nlog2+Cp HbHBnlog2+ nlog 2
and

lo 2w an(ew)d9>

i In & <f (1+Cl 2||b|| ) ’I’L(S( ) +C/p4HbH2 In _IOg(27T)

2 nlog2 — nlog 2 B g2 Bnlog2 mnlog2 |-

Taking the limsup as n tends to oo of these inequalities, then we get

log 2” ePbn(€) qg
( p—z—C’p4|]b||2 > lim sup _In_ < lim sup << p—2+0'p4||b||2 ) lim sup
2 5 n—soo M lo g2 7 n—oo nlOgQ o 2 5 n—so00

Finally, we obtain the estimation

log ( I epfm(e”)de) )

li — i < C'pH||b|| %1 1
Lmjgop nlog2 2 Lmjgop log2 ‘ crl HB Lmjgop lo g2’ (19)
2
S)2(60)do b 2dp b||2
where lim sup limsupM = limsup =2 ’ (re' )’ < 1611z < +o00 by

n—soo Nlog?2 n—oo  2mnlog?2 r——s1  Am log(ﬁ) - 2
Lemma 1. Thus, the estimation (19) gives us the desired formula for the spectrum of integral
means

lo 27 opb(e ’9)d9>
B(p,¢") = limsup : ( f = p—Q lim sup M

r—1 10%(%) 4 51 2w 10g(ﬁ)

O(ph),

as p tends to zero. This finishes the proof of Theorem 3.
From Theorem 3 and Proposition 3, we conclude Theorem 2. For the sake of completeness of
this part, we will give a non-trivial example for Bloch function which satisfies condition (x)
2.6 An example with constant square function.
First, we define the independent Bernoullian random variables &, on dD by the formula

. -1, =0 or 3,

en(€¥™7) = o o (n=1,2,..)
1, T, =1 or 2,
where z,, denotes the 4-adic nth digit of = € [0, 1].
Proposition 4 For any bounded sequence of a real numbers {a,}, the 4-adic martingale S,, =
n

Zakek is a dyadic martingale (if considered as dyadic).
k=1

Proof: See [Mak].

’VL_ a2
Let {a} be a bounded sequence of real number, then lim sup @
n—ao0

sition 4, there exists a Bloch function b which generates the dyadic martingale .S,,.

= a < 400. By Propo-

10

_n
nlog?2’



z
Let ¢4(z) = / e du: these are conformal mappings from D onto € and the Minkowski

0
dimension of T'; = 02 has the following development at O:

T \b(rew)FdG 2

2
M.dim(T¢) = 1 + lim sup =2

+o 12
r—s1 47rlogﬁ 2 t)
«
=1 2 ). 2
+ Slog2 + o(t) (20)

n
Indeed, since ASy = agey then (S >,2Z = Z ai is a constant square function. Thus, certainly the
k=1
square function (S)?2 satisfies the condition (). Besides, we have

21 30\ |12 2w 2 2
liIIlSll[) B A ’ (re )’ =2 hlIlSll[) 20 Al < >n< ) =2 hlllSll[) 7<S>n

r—s1 27 log(ﬁ) n—oo  2mnlog?2 n—soo nlog2  log2’

(r=1-2").
Then, (20) follows from Theorem 2.

3 Counter-example.

In this part we show that Mc Mullen’s property does not hold for all b6 € B. The counter-example
we construct is reminiscent of Kahane’s construction of a non-Smirnov domain.

3.1 Kahane measure and its Herglotz transform.
3.1.1 Kahane measure

First of all, let us recall the construction of Kahane measure. Denote by wp the interval [0, 1]
and by w; one of intervals of form 4-adic [p4~7, (p + 1)477] contained in wy. We construct
simultaneously a sequence of measure y; and their supports F; as follow:
o is the Lebesgue measure on interval wp;
5 is proportional to the Lebesgue measure on each w;.
We denote by Dj(w;) its density on a given interval w; and its support Ej; is the union of
intervals w; where Dj(w;) # 0. In order to obtain f;41 from p;, we divide each interval w = w;
of rank j contained in E; into four equal subintervals wh w?, w3, w* of rank j 4+ 1 and put
Dji1(w') = Dja(w?) = Dj(w) - 1,
Dyi1(@?) = Dyar(w®) = Dy(w) + 1.

oo
Put = lim p; and £ = ﬂ E;. We call this measure p Kahane’s measure.
j—>00 —0
j_
There is another way to define the set E. Recall the independent Bernoullian random variables

j
er on OD (defined in 2): put %;(e?™*) = Z x(¢*™®) and let N be the first number such that
k=1
1+ Zsk(e%m) =0 (z € [0,1]). By the definition of Dy, we have :

Va €10,1], Do(x) =1; Dg(z) = (Dg_1(x) + sk(e%m))lEkﬂ(fn).

11



Therefore,

Dy(zx) :<<<( 14e1(e2™) ) 1, () +e2(e*™) ) 1g, (x)+...+ > L, ,(z)+ep(e?™) ) 1g, ,(z),(z €[0,1]).
Since Ey D E1 D ... D Ej_q then 1g,...15, | = 1g, ,, therefore
Di(z) = (1 + Zp(e®™ )N 1g, , (z).
This implies that the support of Dy: Ej = Ex—1 N {1+ X > 0}. Then,
Er={1+%1>0,...,1+ % >0}, (k=1,2,...).
Moreover, for z € [0, 1]

Dy(x) = (1 + Zg(e*™))1p,_, ()
= (14 Zp(*™))1p, () + (1 + S (™) 1g,_\z, (2)
= (14 Zp(e™ )1 g, (2).
Because on the set Ey_1 \ Ex we have 1 + ¥ (z) = 0.
In his paper [Kah], Kahane showed that the set E = ﬁ Ej, (support of the measure p) has a

k=0
null Lebesgue measure. Therefore this measure is totally singular.

3.1.2 Herglotz transform of Kahane measure

Let b(z) be Herglotz transform of Kahane measure p: that is

27 ei@ P
b(z) = /O 2 (o).

el — 2

Kahane has proved that b € B. Put A;j(e*™®) = 1 + ¥;(e*™*) and

1+ 3(e*™®), if x € {N > j} =E;

, (x €]0,1)).
0, otherwise ( 0, 1])

Sj(e27riac) — Aj/\N(eQWia:) — {
Similarly to the example of the square constant function in 2.6 above, A; is a dyadic martingale
(if consider as dyadic). By the construction of p, {N = j} = Jw; = Ej—1 \ E; € F; , where
wj is an interval 4-adic of rank j — 1 i.e dyadic of rank j. Therefore N is a stopping time with
respect to the o-algebra {F;,j > 0} (defined above). Thus, S; = Ay,; is a dyadic martingale
as well. Moreover, we have the following lemma.

Lemma 2 S; is the dyadic martingale of the Bloch function Re(b).

Proof: Indeed, we recall h(f) the cumulative distribution function of the Kahane measure y,
(ie. h(p) = p({s= > 0}) (¢ €[0,27]) and h(0) = 0. We observe that for z € D

1 27 ew—i—z 1 27 0 i
W) =5 | =5 | (1+z§e > >h’(s0)ds0- (21)

By the Schwartz integral formula and Imb(0) = 0, we have

1 2 e + z i 1 2 S —inp . n i
b(z) = 27T/0 g ZReb(e PYdp = 271_/0 < 142 Z e "z ) Reb(e'?)dp. (22)

n=1

12



2 ) )
From (21),(22) we obtain/ e P (Reb(e'?)—h'(p))dp =0 (n=0,1,2,...). Since the sequence
, 0
{emY(n =0,1,2,...) is a basic in L?([0,27]), then

Reb(e?) — W' (¢) =0  in L2(]0, 27]).

Thus, Reb(e"?) = /() a.e in [0, 27]. We observe that for each subarc 4-adic w; = [£2, £2 + 2]
of rank j of the interval [0, 1],

s () —/ Dj(x)dx
wil  wjl Ju,
_ L
;| o,

_ Aj/\N(eQﬂix)le (x) _ ‘Svj(e%rigc)‘wj7

(1+%;(e¥™)1p,dx

while G = Ty + o) - h(w}). Therefore,

|wjl ]

TiT h(@ + 900) - h((p()) 1 TiT
S (e2™) |y, = o] = \w/ Reb(e*™")dz = (Reb).,.
J wj

It means that S; is the dyadic martingale S; of the Bloch function Reb. Now, let us state
concretely the second result of this paper.

3.2 Statement of Theorem 4.

Let p be Kahane’s measure and b(z) its Herglotz transform. We recall that T'; is the image of
the unit circle T by the conformal map ¢;(z) which is defined as ¢(z) = €'*(*), ¢ small enough.
If a family of conformal maps ¢y(z) = [; e®@du, (z € D;b € B) satisfies (8) with Hausdorff
dimension replaced by Minkowski dimension, then

2 0112 70 42
b do
M.dim(T';) = 1 + lim sup Jo " [b(re)] L

+ o(t?). 23
r—s1 47rlogl%r 2 () (23)

Theorem 4 The behaviour of the curve I'y differs with the sign of t:

In the case of negative t, the singular property of the Kahane’s measure p (the density function
of the probability measure p is non negative and zero almost everywhere) makes ¢, € H'. This
is equivalent to the rectifiability of I'y and then H.dim(T'y) = M.dim(Ty) = 1.

On the other hand, in the case of positive t, I'y is a fractal curve and its Minkowski dimension
satisfies the following inequality:

2

dit) > 1+ ——
()= +810g27

Vvt > 0 small enough,

as a consequence the family of conformal map (¢r),t > 0 gives a counter-example to (23).

Next, we’ll give the proof of this theorem.

3.3 Proof of Theorem 4

First of all, we will use the singularity of Kahane measure to show that in the case of small
negative ¢, H.dim(I';) = M.dim(I';) = 1.

13



3.3.1 Negative t.

We recall now the two theorems on HP(p > 0) functions and then we’ll show how they imply
the first part of Theorem 4. Let us introduce some notions. Given a function f(z) # 0 of class
HP(p > 0). Let (a,) (may be finite, or even empty) be the sequence zeroes of the function f. A

function of the form o)
ap| an — 2
B(z) = z™ wni 7 n =
(2) 1;[ a, 1 —a,z

is called a Blaschke product. A singular inner function is a function of the form

= — , du(t
st =ex { = [T 5 2 aun |,

where p(t) be a bounded non-decreasing singular function (¢/(¢) = 0 a.e). And an outer function
of class H? is a function of form

) 1 2w i )
F(2) = ¢ exp { / € g | £(e)]d6 }
0

27 el — 2
where v is a real number, |f(e)| € LP([0,27]).

Theorem 5 (Canonical factorization theorem). Every function f(z) # 0 of class HP(p > 0)
has a unique factorization of the form f(z) = B(2)S(2)F(z) where B(z) is a Blaschke product,
S(z) is a singular inner function and F(z) is an outer function of class HP. Conversely, every
such product B(z)S(z)F(z) belongs to HP.

Proof: See [Dur].

Theorem 6 Let f(z) maps the unit disk D conformally onto a Jordan domain Q. Then the
boundary 0S) is rectifiable if and only if f' € H'.

Proof: See [Dur].
Since t small enough and b(z) is a Bloch function, then by Becker univalence criterion the maps
¢¢(z) maps conformally the unit disk D onto a quasidisk €;. And its derivative has the form

2 160
#(2) = exp { S ) }

e =z

where t < 0 and p is a positive singular measure i.e the density function 4’(6) of Kahane measure
1 is non negative and zero almost everywhere on [0, 27| (mentioned above). Then, Theorem 5
yields ¢} € H'.

Since ¢, € H' is equivalent to the rectifiability of the boundary I'y by Theorem 6, then obviously

H.dim(I';) = M.dim(I';) = 1. (24)

The first part of Theorem 4 follows.
Now, we’ll go to the main part of the proof of Theorem 4: the case of small positive ¢.

3.3.2 Positive t.

2
8log2’
prove this, we need to show that the spectrum of integral means ((p, ') where ¢’ = expb(z)
satisfies the following inequality

We want to show that d(t) > 1+ t > 0 small. Analogously to section 2, in order to

2

p
0 11. 25
Slog 2’ p >0 sma (25)

B(p,¢') >

14



In addition, from the fact that |S;(e®?) — Re(b(re®))| < C||b||g, (r =1—277), see (11), we have

fogﬂ epReb(re') 1p f27f ePSi(€) 19

B(p,d) = limsup = lim sup -
(P ¢) r—s1 log ﬁ j—00 Jlog2

This leads us to estimate the integral /epsﬂ'(ew)de, (S; = Ajan), p > 0 small. The difficult

T
point is that S is not a sum of independent random variables. However we can go around this
difficulty by using the stopping time of the random walk argument of the dyadic martingale S;
which will be introduced in the following.

3.3.3 Random walk argument.

Let us describe this random walk on graph. On the lattice Z* x Z, we consider that a particle
moves in the direction parallel to two diagonals of the unit square. We denote the individual
steps generically by €1,¢€9,...,&, with the probability p = % (defined above in 2.6) and the
position of the particle by X1, Yo, ..., ¥,,. According to the assumption of this dyadic martingale,
the particle will stop as it reaches to the horizontal axis y = 0 on the lattice.

We denote the event { at epoch n the particle is at the position r } by {¥,, = r} and we can
write the event {N > k} by {1+ %; >0,...,1+ X > 0} and then by {¥; > 0,...,X; > 0}. We
need the following lemma to obtain the inequality (25).

Lemma 3 For a random walk 3, = €1 + €2 + ... + €, where €, are Bernoulli independent

random variables with the probability p = %, we have:
&
P(¥1>0,%>0,....59, >0) = P(X9, =0) = 27;

1
Moreover by Stirling’s formula P(N > 2n) ~ ——.

V2n
Proof: See [Fel].
Furthermore, we remark that for each positive integer k, {N > 2k + 1} = {N > 2k}. Indeed,
{21 > 0,...,29 > 0} = {21 >0,...,20, > 0,011 > 0} N {El >0,..,20 > 0,20541 < 0}.
By the assumption of the stopping time, the particle will stop as it reaches to the axis y = 0,
hence {21 > 0, ...,Egk > O,Egk_H < 0} = Q. Thus, {21 > O,...,Egk > 0} = {Zl > 0, ...,Ezk >
0, ¥2x41 > 0}.
Now we proceed to the main step of the proof of Theorem 4.

3.3.4 The main step of the proof.

We'll estimate the integral /epsj(ew)dé?. First we note that on the set {N < j} S;(e) =
, T
Ajan(e?) =0, then

1/61?5,7‘(6"9)619: 1/ eij(eie)d9+1/ ePSi () g
2 Jx 27 Jin>j) 2T Jiv<i)

1

= — @ dp + P({N < j}), (26)
21 Jinsjy
1 i 1 i
where / ePSile e)dﬂ = — eP1+Z5(e 6))d0. ‘We observe that
21 Jin>jy 21 Jinsjy
1 P gg — 1 / (455 gg _ L P(1435(e9) g
27 {N>]} 2T T 2m {NSJ}

15



Since X; = Zi:l €r where g with £ = 1,2, ... are the independent random variables, then the
integral

1 i ! ! j
o /11‘ P () gg — ep kl_[l E(eP*) =€ kl_[l coshp = € (coshp)’.

Besides, the integral f{N<j} eP1+Z5(€)) g can be rewritten as:

(1+2 19 )de _ / 1+E ))de
/{NSJ} Z N= k}

The fact that 1 + Y (e?) is equal to zero on each set {N = k} makes the value of the inte-
gral > 7, f{N:k} eP(1+%5(¢”) 4p unchanged if we divide the integrand e?(+%i(¢) by the term

10
el 2k(€”)  Thus we have:

J J
P(1+35(e)) g / P(1+3;(e)~1-3k(e")) 49
J ,
_ Z/ )=Sk(e)) g,
k=1

In addition, if we rewrite the integral f{N:k} eP(Zi (@) =Zk(e) 4g as fT Lin= k}ep( i(€)=Zk(e’ ))d9,

then by the independence of two random variables 1{y_;} and eP(Zi=2k) it follows that

% i Ly BTG — PN = k) B(er s (@) =)

= P({N = k})(coshp)’~*.
Hence we obtain

i P9 () g — P cosh(p <
2m Jin>5

MQ

{N—k}) >

(cosh p)k

B
<
—_

> ¢”(coshp)’ < ;;:: {N—k}> (p>0)

= e?(coshp)! P{N > j}), (p>0). (27)

The inequality above follows from the fact that for p > 0 (coshp)*e? > 1, k = 1,2,..,5. From
(26), (27) and Jensen’s inequality, we deduce

log </epsf(ei0)d0> > 1log <2/ eij(e“’)Cw) +110g (47TP({N < j}))
T 2 {N>j} 2

> L 1 log(am) + 3 log(cosh(p)?) + 5 log(P({N > j})) + 3 log(P({N < j})

(VRS

log j 1
By Lemma 3: log(P(N > j)) ~ —% and log(P(N < j)) ~ 7 as j —» 0o, thus when we
J
divide the above inequality by jlog?2 and take the limsup as j — oo, we deduce that

! h(p)) 1 h
B(p. &) > limsup [2B(C0sh(PY) _ logeosh(p) o

oo 2jlog2  2log2
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z? 2t

Moreover, the inequality log cosh(x) > 313
2 2
% for > 0 small enough, which implies (25): B(p, ¢') > Slog2’
quence of (25), the spectrum of integral means 3(d(t), ¢;) of the family of the conformal maps

¢}(2) = exp tb(z) satisfies the following inequality:

(x > 0) (proved in 2) implies that log cosh(x) >

p > 0 small. As a conse-

Ad(t), ¢p) = B(td(t),¢') >

t > 0 small,

where d(t) = M.dim(T';) > 1.
Finally, by Proposition 2: d(t) = 8(d(t), #;) + 1, we deduce that :

2

d(t) > 1
()2 +810g2’

t >0 small. (28)

This means that (23) fails for the family of conformal map (¢:), ¢ > 0 because if this family
holds for (23) then the fact that

lim sup
r—>1 1

= 2limsup 0 (29)

J27 |b(re?)[2d0 7 |Reb(rei®)2do
og = r—s1 log - a

which follows from the following results would contradict (28). Theorem 4 is proven.

Theorem 7 Let (S)? be the square function of the dyadic martingale S; of Reb (b defined
above) and a real positive p, then there exist positive constants My, Mo, K1, Ko, T1,T> do not
depend on j such that:

Ifp>1
1 27
(p—1)/2 « = 2\p/2 40 < (p—1)/2.
M0 < o [T ()P0 < g0
Ifp=1
1 27
Kilogj < o= | ({$)5)?d6 < Ky log j;
27 0
Ifp<1 )
7<= [ (82 < T,
27 0
Proof: First we’ll show that
1 2 J-1
— [ (89)50))%d0 = ((k+ 1)P* = kP*)P({N > k}) (30)
2 0 J 1

and then we’ll prove that there exist positive constant A, Ao do not depend on j such that

l 2 l

1 ™ 1
0 Y g <, USEP0 S 3 1)

n=1 n=

l

1
The proof will follow from the estimation of the sum Z B
n=1

W . We first separate the

unit circle into two sets {INV > j} and {N < j}, then

12“2 1 1

(o= [ opptans o [ sy

27 0 27 2T

17



1
We observe that on the set {N > j}, <S>J2 = j, hence / (<S>§)p/2d0 = j?2P({N > j}).
N>j}

Besides,
J

2p/249 — 2yp/2
/{NSJ’}(<S>j)p v kz_;/{N:k}(<S>j)p v

Note that <S>§ =k on {N = k}. This implies that

1 5)2)p/2 / 5)2)p/2 /2
— do = E VPr=do = E EPIEP({N =k
2m {NS} 27T N= k} — (1 b

By using summation by parts, we have

zj: K2P({N = k}) = Jz_:((k + 172 — K2)P({N > k}) = j*2P({N > j}).
k

=1

This implies (30). We observe that if p > 2 then

% % z_: (p/2)kP~22P({N > k})
™ Jo 1
and -
2T J—
e [ USRO)® < /2100 12PN > k),
k=1

and since (k + 1)(7’_2)/2 < eP=22pP=2)/2 | =1 2 ... then

T Jj—1
L [T s200d0 < -2 3 k2PN > ).

2
0 k=1

Thus,

J-1 1 /2 2J-1
T Jo

=1 k=1

pe(p72)/

o

If p < 2 we have the inverse inequality

p c 2)/2 1 o 2\p/2 Pe(p_2)/2 — (p—2)/2
52 KRN > 1)) 2 oo [ (SPPRas = P SN > k),
k=1 k=1

Using the remark in 3.3.3 that P({N > 2n + 1}) = P({N > 2n}), therefore without lost
generality we assume that j = 2(l + 1).
If p > 2 then

l 21
B 1
p/2+p Y (2n)P" PPN > 2n}) < 27r/0 ()72
n=1
(r—2)/2 l
Spe2<1+€p 2)/2 ZQn(p 2/2P{N>2n})+1/2>
n=1

18



If p < 2 then

l 2w
p/2 +pZ(2n)(p72)/2P({N >2n}) > 217T/o (<5>]2)p/2d9

n=1

pe(p_Z)/Z !
> P (D S )P > ) 4172 ),

n=1

By Lemma 3, there exist absolute positive constants C1, Cy such that

Ch < P(N > 2n) ({Zgn = 0}) < (Cy——

5 -
N

NoTR
This implies that

! l l
1

Z Dl pm < 3" (20) P DN > 2n)) < CQZW

n=1 n=0

1

This implies (31). Now we observe that if p > 3 the function f(z) = m
x

is increasing
n [1,00), then

o2, [ 1 -l ol
S /1 ) nn = Zl e = /1 )R

here /l édm _ b (’—2)@71)/2—2(1”*1)/2 and /Hl 1 dx = b
where | apear® T —1 Y L @R T

(j)(p—l)/2 _olp-1)/2

If p < 3 the function f(x) =
- D

onGp)/2 is decreasing on [1,00), then :
3=

if3

<1<=p>1then

l+1 1 ! ! 1 1
/1 (2z)B-r)/ Z 2n)3-p)/ _/1 (2Lr)(3‘p)/2al$+ 2(3-p)/2’

h l 1 dr = 1 (‘_2)(17—1)/2_2(27—1)/2 d o 1 dr — 1
Werelmx—zﬁ J an . WQ]—E

(j)P~1)/2 _ olp=1)/2

| /\




[+1 1 l 1
where / —dx = log(j) — log 2 and / —dz = log(j — 2) — log 2;
1 T 1T

i 3=

l
1
n=1

I+1 1 l 1 1
A) (22)6-P)2 x<§:2n3p ‘—[(MM%Mﬂm+j@ﬂW’

e b g U (02 902 Y and [ g ]
Werelmx—lﬁ (]_) - an . W%—Iﬁ

(j)P=1/2 _ o(r=1)/2 ) converges as j —s co.

converges as j —> oo because

Now we can go to the conclusion that there exist positive constants My, Mo, K1, Ko9,T7,T5 do
not depend on j such that:

Ifp>1
27
MyjoD/2 < / ((S)2)P/2do < Mpj =172

27T 0
Ifp=1

1 27 ) )

Kilogj < o (<S>j)p/ df < Kjlog j;

T Jo
Ifp<1

1 27 ) )

T< o ((S)2)P/2db < Ty.
T Jo

The theorem is proven.
Corollary 2 Let b be the Bloch function (defined above) and a real positive p, then

2m i0
Reb Pdl
lim sup fo |Re (Te ) =
1 (log )P/2

Proof: The proof will be given as follows. First of all, we’ll show that for p > 0

fmsup Jo ReB((L=27De )Pl S P
o (j1og 2)?2 j—oo (jlog2)r/2’

(32)

2w
Jo " 18;[Pde

(jlog 2)r/2
absolute positive constants b, and B, such that

bpll(S)3 1%y < ISills < Byll(S)311%52)

and for 0 < p < 1 (see [Gan]) there also exists a positive absolute constant v, such that
1Sillp < vpl|(S ) || (p/2)» Where the square function (S)? = Y 7_1(ASg)% Then the proof will
follow by Theorem 7. That is the main idea of the proof.

First, let us prove (32). The fact that |S;(0) — Reb(re?)| < C|lb||p if r = 1 — 277 (see (11))
implies that for p > 1

Then we’ll estimate by using the fact that: for 1 < p < co (see [Bur]) there exist

1S5llp = IReb(re®) | < [1S; = Reb(re™) ||, < 2m(Cbl|s)-
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Therefore if we divide both sides by (j log 2)1/ 2 of the above inequalities and take the limit as
7 tends to oo, then we obtain

po (SIS0 N T Reb((1 = 2 )P N »
A\ Goezpr ) 7 Gos o
21 —7\ 10 2m
Reb((1 — 279)e) [P S;|Pdo
According to Corollary 1 Jo” [Re ((j(log o) /2) )l is bounded and then by (33) (g'lo‘gg)l’/?

is also bounded. Moreover since the function x? is continuous uniformly on some compact set
of [0, +00), then (33) implies that

JET1SPde [T [Reb((1 — 277)e)Pdl B

li 0 — =0
i35 (jlog 2)P/2 (jlog 2)P/2
Thus,
2 2 i\
lim sup Jo " 18ilPdo Jo 7 Reb((1 —279)ei?)[rdh
j—oo (flog2)P/2 i (jlog2)r/2

In the case of 0 < p < 1, again the fact that |S;(6) — Reb(re)| < C||b|lg if r = 1 — 277 (see
(11)) implies that

2 27 2
‘ / |S;[Pd6 — / IReb((1 —279)et?)|Pdb 'g / 1S; — Reb((1 — 279)e)|Pdo < 27(C||b||5)*.
0 0 0

Analogously, if we devide the above inequalities by (jlog2)?/2? and take the limit as j tends to
00, then we have

JETIS;Pd0 [ZT Reb((1 — 279)e?)Pdo

li 0
j—ses (jlog 2P/ (jlog 2P/
which implies that
2T 27 —i\ i
i sup Jo " 18;[Pde b Jo " IReb((1 —277)e 9\ |Pag
j—oo (jlog2)P/2 i o (j log 2)P/2

Then (32) follows.
1 2m

According to Theorem 7, if we divide the integral 2/ (<S>j2~(0))p/2d0 by (jlog2)P/? and let
T Jo

j — o0, then we have

TUS)R0)) s
lim sup - =
j—oo  (jlog2)P/?

This finishes the proof.
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