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Minimax adaptive tests for the Functional
Linear model

Nadine Hilgert* , André Mas’ and Nicolas Verzelen*

Abstract: We introduce two novel procedures to test the nullity of the slope func-
tion in the functional linear model with real output. The test statistics combine
multiple testing ideas and random projections of the input data through functional
Principal Component Analysis. Interestingly, the procedures are completely data-
driven and do not require any prior knowledge on the smoothness of the slope nor
on the smoothness of the covariate functions. The levels and powers against local
alternatives are assessed in a nonasymptotic setting. This allows us to prove that
these procedures are minimax adaptive (up to an unavoidable loglogn multiplica-
tive term) to the unknown regularity of the slope. As a side result, the minimax
separation distances of the slope are derived for a large range of regularity classes.
A numerical study illustrates these theoretical results.

AMS 2000 subject classifications: Primary 62J05; secondary 62G10.
Keywords and phrases: Functional linear regression, eigenfunction, principal com-
ponent analysis, adaptive testing, minimax hypothesis testing, minimax separation
rate, multiple testing, ellipsoid, goodness-of-fit.

1. Introduction

Consider the following functional linear regression model where the scalar response Y is
related to a square integrable random function X (.) through

Y:w+/TX(t)9(t)dt+e. (1)

Here, w is a constant, denoting the intercept of the model, 7 is the domain of X(.),
6(.) is an unknown function representing the slope function, and ¢ is a centered random
noise variable. In functional linear regression, much interest focuses on the nonparametric
estimation of 6(.) in (1), given an i.i.d. sample (X;,Y,); -, -, of (X,Y). Testing whether
0 belongs to a given finite dimensional linear subspace V is a question that arises in
different problems such as dimension reduction, goodness-of-fit analysis, or lack-of-effect
tests of a functional variable. If the properties of estimators of 8 are widely discussed in
the literature, there is still a great need to have generic test procedures supported by
strong theoretical properties. This is the problem addressed in the present paper.

Let us reformulate the functional model (1) as a generic linear regression model in an
infinite dimensional space. The random function X is assumed to belong to some separable
Hilbert space henceforth denoted H endowed with the inner product (.,.). Examples of
H include £2(]0,1]) or Sobolev space Wi ([0, 1]). For the sake of clarity, we consider that
w = 0 and that X and Y are centered. Thus, assuming that 6 also belongs to #, the
statistical model (1) is rephrased as

Y =(X,0) +e¢, (2)

where € is a centered random variable independent from X with unknown variance o2. In
the sequel, we note X and Y the size n vectors of i.i.d. observations X; and Y; (1 < i < n),
while € stands for the size n vector of the noise.
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In essence, testing a linear hypothesis of the form “0 € V” is as difficult as testing
“g = 0” when a parametric estimator of 6 in V is computed. Therefore we consider the
problem of testing;:

Hy: “0=0" against Hy: “90#0

given an i.i.d. sample (X,Y) from model (2). The extension to general subspaces V is
developed in the discussion section.

Most testing procedures are based on ideas that have been originally developed for the
estimation of . We briefly review the main approaches and the corresponding results in
estimation.

A first class of procedures is based on the minimization of a least-square type criterion
penalized by a roughness term that assesses the “plausibility” of 6. Such approaches
include smoothing spline estimators [7, 14|, thresholding projection estimators [9], or
reproducing kernel Hilbert space methods [38]. A second class of procedures is based on
the functional principal components analysis (PCA) of X [10, 22]. It consists in estimating
f in a finite dimensional space spanned by the k first eigenfunctions of the empirical
covariance operator of X. The main difference with the previous class of estimators lies in
the fact that the finite dimensional space is estimated from the observations of the process
X. See the survey [11] and references therein for an overview of these two approaches.

The theoretical properties of these classes of estimators have been investigated from
different viewpoints: prediction [7, 10, 14, 38] (estimation of (X, 11, ) where X, ; follows
the same distribution as X), pointwise prediction [5] (estimation of {x, 6) for a fixed x € H)
or the inverse problem [12, 22] (estimation of 8). For these three objectives, optimal rates
of convergence have been derived and some of the aforementioned procedures have been
shown to asymptotically achieve this rate [5, 14, 38, 22]. Recently, some non-asymptotic
results have emerged [12, 13] for estimation procedures that rely on a prescribed basis of
functions (e.g. splines). Most of these estimation procedures rely on tuning parameters
whose optimal value depends on quantities such as the noise variance, or the smoothness
of #. In fact, there is a longstanding gap in the literature between theory, where the
variance o2, the smoothness of § and the smoothness of the covariance operator of X are
generally assumed to be known, and practice where they are unknown.

The literature on tests in the functional linear model is scarce. In [6], Cardot et al.
introduced a test statistic based on the k first components of the functional PCA of X.
Its limiting distribution is derived under Hy and the power of the corresponding test is
proved to converge to one under Hi. The main drawback of the procedure is that the
number k of components involved in the statistic has to be set. As for estimation, set-
ting k is arguably a difficult problem. To bypass this calibration issue, one may apply a
permutation approach [8] or use bootstrap methodologies [15, 21]. While the levels of the
corresponding tests are asymptotically controlled, there is again no theoretical guarantee
on the power.

In this paper, our objective is to introduce automatic testing procedures whose powers
are optimal from a nonasymptotic viewpoint. Two such procedures are defined in Section
3. The idea underlying our approach combines Fisher-type statistics, corresponding to
projections on the principal components of X, with multiple testing techniques in the
spirit of [3]. On one hand, these two testing procedures are completely data-driven: they
do not require tuning parameters whose optimal values depend on 6, the distribution of
X or on o. On the other hand, their levels and powers are analyzed in Section 4 and 5
from a nonasymptotic viewpoint. Two types of results are provided. Upon assuming that
e follows a Gaussian distribution, the levels of these tests are shown to be smaller than
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a prescribed number a. Under moment assumptions on € and mild assumptions on the
covariance of X, the level is smaller than o up to a log_l(n) additional term, and a sharp
control of the power is provided. Such results are comparable to state of the art results in
nonparametric regression [3, 35]. However, in our case, the main difficulty in the proof is
to control the randomness of the principal components of X. The arguments rely on the
perturbation theory of operators. While other estimation or testing procedures based on
the Karhunen-Loeve expansion have only been analyzed in an asymptotic setting [5, 6, 22],
our nonasymptotic results rely on less restrictive assumptions on X than those commonly
used in the asymptotic literature.

In Section 6, we assess the optimality of our testing procedures in the minimax adaptive
sense. Let a and 8 be two positive numbers smaller than one. The notion of minimaxity of
a level-a test Ty, is related to the separation distance of T, over some class of functions ©
(e.g. a Sobolev ball). Intuitively, the power of a reasonable test T, should be large when the
norm of 6 is large while the power of T, is close to & when 6 is close to 0. For the problem of
testing Hy: “6 = 0” against Hy o: “0 € ©\{0}”, the separation distance corresponds to the
smallest distance p such that T}, rejects Hy with probability larger than 1 — for all § € ©
whose norm is larger than p. The smaller the separation distance, the more powerful the
test Ty, is. The minimax separation distance over © is the smallest separation distance that
is achieved by a level-a test. A test achieving this minimax separation distance is said to
be minimax over ©. The notions of separation distances and minimax separation distances
are formalized in Section 6.2. In the nonparametric regression setting, minimax separation
distances have been derived in an asymptotic [27, 28, 29] and a nonasymptotic [2] setting.

In practice, the regularity of 8 is unknown. Thus, assuming a priori that the function 6
belongs to a particular smoothness class © and building an optimal test over © may lead
to poor performances, for instance if 6 ¢ ©. For this reason, a more ambitious issue is to
build a minimax adaptive testing procedure, that is a procedure which is simultaneously
minimax for a wide range of regularity classes ©. Minimax adaptive testing procedures
have already been studied in the nonparametric regression setting, from an asymptotic [35]
and a nonasymptotic [3] viewpoint.

In this paper, the separation distances of our testing procedures are nonasymptotically
controlled. We derive minimax separation distance in the functional model (2) for a wide
class of ellipsoids. Building on the multiple testing approach of [3], we prove that our
testing procedures are simultaneously minimax over this class of ellipsoids (up to an
unavoidable loglogn factor). As in the estimation setting [22], the minimax separation
distances involve the common regularity of § and X.

The two testing procedures are illustrated and compared by simulations in Section 7.
Extensions of the approach are discussed in Section 8. Section 9 contains the main proofs
while the technical lemmas involving perturbation theory are postponed to Section 10.

2. Preliminaries
2.1. Notations

We remind that (.,.) and ||.|| respectively refer to the inner product and the corresponding
norm in the Hilbert H. In contrast, (.,.), and |.||, stand for the inner product and the
Euclidean norm in R™. Furthermore, ® refers to the tensor product. We assume henceforth
that X is centered and has a second moment that is E[||X||?] < oo. The covariance operator
of X is defined as the linear operator I' defined on H as follows:

Th=E[X ® Xh] =E[(h, X)X], heH.
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It is well known that I" is a symmetric, positive trace-class hence Hilbert-Schmidt opera-
tor, which implies that I' is diagonalizable in an orthonormal basis. We denote (A;);>1 the
non-increasing sequence of eigenvalues of I', while the sequence (V});>1 stands for a corre-
sponding sequence of eigenfunctions. It follows that I" decomposes as I' = Z;il A V@V,

For any integer k > 1, we note I'y = Z?:l A;V; ® Vj; the operator such that I'yh = T'h
for h € VeCt(‘/i, . ,Vk) and I'yh =0if h € (Vl, . ,Vk)L.

In the sequel, C, C1,. .. denote positive universal constants that may vary from line to
line. The notation C(.) specifies the dependency on some quantities.

2.2. Karhunen-Loéve expansion and functional PCA

We recall here a classical tool of functional data analysis : the Karhunen-Loéve expan-
sion, denoted KL expansion in the sequel.

Definition 2.1. There ezists an expansion of X in the basis (V});>1: X =Y (X, V;) V.
The real random variables (X,V;) are centered (when X is centered), uncorrelated, and
with variance \j. As a consequence, there exists a collection (7)) ;51 of random variables
that are centered, uncorrelated, and with unit variance such that

400
X=>"/Andv; (3)
j=1

The decomposition is called the KL-expansion of X.

The eigenfunction Vj is the j-th principal direction whose amount of variance coincides
with A;. When X is a Gaussian process, the (n(j))jeN form an i.i.d sequence with n(*) ~
N (0,1). If the eigenfunctions (V;) and the eigenvalues (\;) are unknown in practice, they
can be estimated from the data using functional principal component analysis. In the
sequel, we note I';, the empirical covariance operator defined by

n

~ 1 < 1
Toh=-S X, @Xh==S (X, WX,, heH.
n; ® n;( ) eEH

Functional PCA allows to estimate (\;,V}), j > 1 by diagonalizing the empirical covari-
ance operator T,,. These empirical counterparts of (\;,V;) are denoted (Xj,f/;) in the
sequel.

Functional PCA is usually applied as a dimension reduction technique. One of its
appealing features relies on its ability to capture most of the variance of X by a k-
dimensional projection on the space Vect(Vy, ..., V%). For this reason, PCA is at the core
of many procedures for functional data. After the seminal paper by Dauxois et al. [16], the
convergence of the random eigenelements (:\\J,T/;) has been assessed from an asymptotic
point of view [23, 24, 25, 32]. One issue with such a dimension reduction method is
the choice of the tuning parameter k, whose optimal value usually depends on unknown
quantities. Besides plugging the (\;,V}) into linear estimates creates non-linearity and
usually introduces stochastic dependence.

3. Testing Procedures

Our testing procedures are based on multiple testing principles. We first introduce a
collection of parametric statistics. Afterwards, we merge these statistics to obtain non-
parametric procedures.
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3.1. Parametric statistics

In the sequel, k denotes a positive integer smaller than n/2. As a first step, we consider
the parametric testing problem of the hypotheses:

Ho: “0=0" against Hiy: “0 € Vect[(V;)j=1,..x] \ {0} .

Given a dimension k of the Karhunen-Lotve expansion, we note k5L as k A Rank(T,).
In order to introduce the parametric statistic, let us restate the functional linear model
into a finite dimensional linear model. We consider the response vector Y of size n, the
n x k%L design matrix W defined by W, ;= (X“VJ> fori=1,...n,j=1,... k5L, the
parameter vector ¥ defined by ¥; = (6, ‘7]), j=1,...k%L and the size n noise vector €
defined by & = ¢; + (X;,0) — [W9];. The functional linear model is equivalently written

as

Y=Wi+e€.
Intuitively, testing “¢ = 0” is a reasonable proxy for testing Hy against H; ;. For this
reason, we propose a Fisher-type statistic.

Definition 3.1. In the sequel, fIk stands for the orthogonal projection in R™ onto the
space generated by the kXL columns of W. For any k < n/2, we consider the statistic
o (Y, X) defined by

T, Y2

Y. X):= — - .
X = S TR )

(4)

The main difference with a classical Fisher statistic comes from the fact that the projec-
tion Hk is random. This projector is built using the EEL first directions (Vl, Vg, e VkKL)

of the empirical Karhunen-Loeéve expansion of X. Let us call Hk the orthogonal projector
in R™ onto the space spanned by ((X;,V}))i=1,..n, 5 = 1,..., k. If we knew the basis (V}),
7 > 1 in advance, we would use this orthogonal projector instead of ﬁk. We shall prove
that, under Ho, ¢(Y,X)/kXL behaves like a Fisher distribution with (k5L n — k5L)
degrees of freedom.

Remark 3.1 (Other interpretations of ¢, (Y,X)). Consider By, the least-squares estima-
tor of 0 in the space generated by 17 7 =1,. REL Tt s proved in Section 9.2 that
HHkYH2 = HFl/QGkHZ Thus, the numerator of (4) corresponds to some norm of 0. In-
tuitively, the larger Oy, the larger the statistic ¢x(Y,X) is. Furthermore, |[TL Y2 also

expresses as the numerator of the statistic Dy, considered in Cardot et al. [6] (see Section
9.2 for details).

3.2. Multiple testing procedures

The statistic ¢, (Y,X) depends on the choice of the size k of the expansion. However, a
good choice of k depends on the unknown 6 and on the unknown covariance operator.
Intuitively, taking k too small does not allow to detect non-zero 8 whose k-first coefficients
(0,V;) in the Karhunen-Loeéve expansion are zero. In contrast, taking k too large leads
to a high-dimensional parametric test and therefore decreases the power. The trade-off
between a “small” k and a “large” k is further described in Section 5. As k cannot be a
priori chosen, we evaluate the statistic ¢5(Y,X) for all & belonging to a collection IC,,.
This multiple testing approach has already been considered in the non-parametric fixed
design regression setting [3].
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Consider some number 0 < « < 1. In the sequel, IC,, stands for a “dyadic” collection
of dimensions defined by

K, ={2°2',22 2% .. k,}, (5)

where k, is a power of 2. In the sequel, we note F .~ (u) the probability that a Fisher
random variables with D and N degrees of freedom is larger than u, while ]—"B}N (u) denotes
the 1 — u quantile of a Fisher random variable.

Definition 3.2 (KL-Test). We reject Hy: ‘0 = 0” when the statistic

Ty = sup N ¢k(Ya X) - EKLﬁf;{lL n— kKL {O‘Kn (X)} . (6)
kEK,, k<Rank(T,) ’

is positive, where the weight ax,, (X) is chosen according to one of the procedures Py and
Py explained below.

P1: (Bonferroni) ax, (X) is equal to af|K|.

Po: Let Z be a standard Gaussian vector of size n. We take ax, (X) = ¢x,q, the a-quantile
of the distribution of the random variable

: T N .KL
klenlcfn kaL)n,kKL [¢k(z7 X)/k ] (7)

conditionally to X.

In the sequel, To(tl) (resp. TéQ)) refers to the statistic T,, defined with Procedure P;
(resp. P).

Remark 3.2. [Computation of ¢x o] Let Z be a standard Gaussian random vector of
size n independent of X. As € is independent of X, the distribution of (7) conditionally
to X is the same as the distribution of

) B .72 /LKL
inf -FfCKL n—kLKL HA i Hn/ —
B R 7 Tz b

conditionally to X. As a consequence, one can simulate a random variable that follows
the same distribution as (7) conditionally to X. Hence, the quantile gx o is easily worked
out applying a Monte-Carlo approach.

Remark 3.3. The statistic T, corresponds to a multiple testing procedures against the
hypothesis Hy = “0 € Vect[(V;)j=1,..k] \ {0}" for k € K,,. Not restricting ourselves to
a single parametric test but to a collection of parametric tests will allow our test to be
adaptive to the the regularity of I' and 0 as explained in Sections 5 and 6.

Remark 3.4. [Choice of k,] In practice, we advise to take k, = 21°827=1 which lies
between n/4 and n/2. This choice is supported by practical experiences in connection with
results obtained in sections 4 and 5 with a Gaussian noise €. Nevertheless, some of the
theoretical results will require to take a slightly smaller value for ki, .

4. Size and comparison of the procedures P; and P;

In the mathematical analysis, we consider two settings. On one hand, we control explicitly
the size of the tests when the noise € is normally distributed. On the other hand, we
bound the size of the tests when the noise is only constrained to admit a fourth moment.
Nevertheless, this second control requires additional assumptions on the process X and
its proof is more involved.
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4.1. Gaussian noise

We consider the following assumption:

Al e follows a Gaussian distribution N(0,0?) . (8)

First, we prove that the the size of T, (i” and T(SF) is explicitly controlled under this Gaussian
assumption.

Pr0p0§iti0n 4.1 (Size of To(f) and Tg) under Gaussian errors). Under Assumption A.1
and if k, < n/2, we have for any n > 2,
]P)O(T(gl) > 0) S @,

Po(T® >0) = a.

«

4.2. Non-Gaussian noise

In this part, the noise € is only assumed to admit a fourth order moment, but we perform
additional assumptions on X and k,,.

, E [¢*
B.1 sup E[(n)*] < €} and [« < Cy, 9)

i>1 ot =
where C'y and Cy are two positive constants.

B.2 For some v > 0, (j/\j((losg;1+7 Jv 1))j>1 is decreasing and Rank(T') = co . (10)

B.3 kn <nt*/log(n) . (11)

Assumption B.1 is classical, since we need to control second order moments for the em-
pirical covariance operator I';,. This comes down to inspecting the behavior of the fourth
order moments of the 7()’s. The second part of B.2 ensures that the framework is truly
functional. The first part of B.2 is mild and holds for an X that may have very irregular
paths (it holds for the Brownian motion for which A; o j72) and for classical examples
of eigenvalue sequences: with polynomial decay, exponential decay, or even Laurent se-
quences such as \; = =% .log™" (j) for § > 1 and v > 0. In fact, B.2 is less restrictive
than assumptions commonly used in the literature [5, 6, 22] since it does not require any
spacing control between the eigenvalues.

The restriction B.3 on the dimension of the projection is classical for the analysis of
statistical procedures based on the Karhunen-Loeve expansion. If we knew the eigenfunc-
tions Vj of ' in advance, we could consider larger dimensions k,,. The estimation of the
eigenfunctions V}, becomes more difficult when k increases. By considering dimensions k,
that satisfy Assumption B.3, we prove in the next theorem that the random projector
IT; concentrates well around its mean. It may be noticed that this assumption links &,
and n independently from the eigenvalues hence from any prior knowledge on the data.

Theorem 4.2 (Size of Tél)). Under Assumptions B.1, B.2, and B.3, there exist a positive
constants C(«,y) and Cy such that the following holds. For any n > Cs, we have

Cle,7)
log(n)

P, [Tgﬁ > 0] <a+
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The proof of Theorem 4.2 relies on perturbation theory for random operators (see
Section 10).

Remark 4.1. In the proof of Theorem 4.2, we show that, under Hy, the statistic ¢y (Y,X)
behaves like a x? distribution with k degrees of freedom. In contrast, we show in the proof
of Proposition 4.1 that, under Hy, the statistic (bk(Y,X)/l%KL ezactly follows a Fisher
distribution with (l;:KL7 n— IAfKL) degrees of freedom.

4.3. Comparison of T and T(?

The test Ta(f) is always more powerful than the corresponding test To(}) as shown in the
next proposition.

Proposition 4.3. For any parameter 0 # 0, the tests T(gl) and Tg) satisfy
P, (Tf) > 0‘ X) > P, <T(§1) >0 |X) X a.s. . (12)

On one hand, the choice of Procedure P, is valid even for a non-Gaussian noise and
avoids the computation of the quantile gx o. On the other hand, the test TS) has a size
« when the error is Gaussian and is more powerful than the corresponding test with
Procedure P;. This comparison is numerically illustrated in Section 7.

5. Power

As Téf) is more powerful than Tc(yl), we only consider the power of Tél). Intuitively, the
larger the signal-to-noise ratio E [(X,0)?] /o? = ||T''/20||?/o? is, the easier we can reject
H,. For this reason, we study how large |[I''/26(|? has to be, so that the test To(ll) rejects
Hy with probability larger than 1 — 8 for a prescribed positive number 3.

As for the type I error, the power of the test is evaluated under two kinds of assumption.
When the noise is normally distributed, we control the type II error under very weak
assumptions on X. When the noise only admits a fourth moment, a sharper bound on
the power is provided under additional assumptions on X. As in the previous section, the
proof of this second result is more involved.

5.1. Gaussian noise

Proposition 5.1 (Power under Gaussian errors). Let a and [ be fized. There exists
positive constants C, C1(B), and Cy such that the following holds. Suppose that o >
exp(—n/20), 8 > C/n and that Assumptions B.1 and A.1 are true. Then, PQ(T(S}) >
0) > 1 — 8 for any 0 belonging to the set

— /2012 > ; 2
O(B) =0 €H, [IT70)7 2 inf | C1(B) | Aryr + > 1017+ Ak)| o - (13)

A
i>k+1 v

A(k) == 02%2 ( klog (ﬁ?) +log (i%”)) . (14)

where
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Remark 5.1. Observe that this proposition does not only evaluate the power of To(ll) for a

particular alternative but also provides a uniform bound on the power. In order to interpret

the result, let us fir some k € IC,, larger than loglogn. Then, the test Tcgl)

probability larger than 1 — 3 if

rejects Hy with

Aj o2 logn
r'2¢)? > ¢ Mot + ZL 1017 4 Ca—4 [ k1o ( ) 15
IO 2 OB | o+ 37 I+ Co oy fhios (5 (15)

Remark 5.2. If we knew that 8 belongs to the space spanned by the k first eigenvectors
(Vi,..., Vi) and if we knew these k eigenvectors in advance, then we could consider the
statistic defined by N
- ITLY |7 21
(X, Y) = ——=—"— —F, . _,(a),
1Y —IL Y3 ’
where Iy, is the projection in R™ onto the space spanned by ((X;,V;))i=1,.m, j =1,... k.
The corresponding test is optimal in the minimazx sense and rejects Hy with probability
larger than 1 — 3 when
ITY20)1> > C(av, B)Vko® /. . (16)

See [37] for a proof when X is a Gaussian process, the extension to non Gaussian processes
being straightforward. In (15), we do not exactly recover the term \/Ea?'/n because we face
three difficulties:

1. First, we do not assume that 0 belongs to the space spanned by (Vi,...,Vy). With
the statistic ¢r(Y,X), we only capture the projection of 6 onto span(Vy, ..., Vy). As
a consequence, there is a remaining bias term in (15)

2

oo oo
E|q > OViNX Vi) | = D X0 Vi) < A0 -
j=k+1 j=k+1
2. Second, we do not know the eigenvectors (V1, ..., Vi), and we have to estimate them.

We pay a price 351 Aj/v/n for this. In fact, the term Y., Aj//n is negli-
gible in front of the term Agi1 if the eigenvalues have an exponential decrease or
polynomial decrease \; = 37T with T > 1/2.

3. In the test Tc(yl), we do not fix a value for k but we rather consider a collection IC,,. As
a consequence, the rejection region ©(5) is a union of |IC,,| rejection regions. When
k increases, the bias term [Aey1 + D55y A;/v/n]||0]1? decreases but the quantity
A(k) increases. Comparing (15) and (16), we observe the rejection region of the
procedure Tél) almost contains the rejection region of the best statistic gk(X,Y)
with k € IC,, without knowing I', nor 0 in advance. The price to pay for this feature
is of order \/loglogn in the term A(k) in (14). We shall see in Section 6.3 that this
Vdoglogn term is in fact unavoidable.

5.2. Non-Gausstan noise

In order to lower bound the power of T(gl) for non Gaussian errors, we need a slightly
stronger assumption:

B.4 supE[(nW)%] < C.

Jj=1
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Theorem 5.2 (Power under non-Gaussian errors). Let « and ( be fized. Under B.1 — 4,
there exist positive constants C(v), C1, Ca, and C3 such that the following holds. Assume
that a > eV, B > C(v)/log(n), and that n > Cs. Then, IP’@(TS) >0)>1— 0 for any
0 belonging to the set ©'(B) made of all O € H satisfying

2 logn logn
TY20)2 > inf Oy[|(TY2 —TV/2)0)2 + 02 [ [klog [ 22 ) +1og [ =) ) . (1
T30 = inf G2 =102 + o (| frtog (<57 ) +10g (<22) ) - (19)
Remark 5.3. Since ||(T'/2? — 1",16/2)9”2 < Me11]|0]|%, observe that ©(B) contains ©'(B)
(up to the choice of the constants in (18) and (13)). Thus, we get a stronger result than
the corresponding bound obtained in Proposition 5.1. As a consequence, the remarks made
after Proposition 5.1 still hold for Theorem 5.2.

Remark 5.4 (Joint regularity of I" and ). Looking more precisely at the the bias term,
we obtain

o0
(@72 =Ty /6)F = 37 A(e.vy)*
j=k+1
Consequently, the bias term does not only depend on the rate of convergence of the eigen-
values of T', it also depends on the behavior of the sequence \; (0, Vjﬁi In other words, the
joint reqularity of the covariance operator I and of 0 (in the expansion of (V;), j > 1) plays
a role in studying the bias term. Thus, the faster the term Z;’;kﬂ A (0,V;)? converges
to zero (with |[T'Y/20|| fized), the more powerful the test is.

6. Minimax properties
6.1. Definitions

In this section, we assess the optimality of the procedure To(tl). To this end, we study the
optimal power of a level-a test, when 6 is assumed to have a known regularity.

Definition 6.1 (Ellipsoids). Given a non increasing sequence (a;);>1 and a positive num-
ber R > 0, we define the ellipsoid E,(R) by

Eu(R) := {967—[: iow gR%Q} .

a
k=1 k

The ellipsoid &,(R) contains all the elements § € H that have a given regularity in the
basis (V), k > 1. In other words, it prescribes the rate of convergence of (8, V) towards
0. The faster ay goes to zero, the more regular 6 is assumed to be.

We take some positive numbers o and 3 such that « + 8 < 1. Let us consider a test T’
taking its values in {0, 1}. For any subset C C H x R*, B[T’;C] denotes the supremum of
type II errors of the test T for all parameters (6,0) € C:

BIT:Cl = sup BT =0] .
(0,0)€C

The (o, B)-separation distance of the test T over the ellipsoid &, (R), noted p[T’; E,(R)]
is the minimal number p > 0 such that T rejects Hy with probability larger than
1 —pforall @ € &(R) and ¢ > 0 such that ||T''/20(|2/0? > p?. Hence, p[T;E,(R)]
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corresponds to the minimal distance such that the hypotheses {# = 0, ¢ > 0} and
{6 € £,(R), o > 0,||T/20||? /0> > p?} are well separated by T.

/
plT; E.(R)] := inf {p >0, 3 [T; {9 € &,(R),0 >0, Hlﬂaﬂ > p2H < 5} )

By definition, T has a power larger than 1 — 8 for all 8 € &,(R) and ¢ > 0 such that
ITY/20]%/0® > p*[T, Ea(R)]-

Definition 6.2 (Minimax Separation distance). We consider
p* [Ck;ga(R)] = %lfp[Taaga(R)] ) (19)

where the infimum run over all level-a tests. This quantity is called the (o, )-minimax
separation distance over the ellipsoid £,(R).

Remark 6.1. The notion of («, B)-minimaz separation distance is a non asymptotic
counterpart of the detection boundaries studied in the Gaussian sequence model [17]. Fur-
thermore, as the variance o2 is unknown, this definition of the minimax separation dis-
tance considers the power of the testing procedures for all possible values of 2.

6.2. Minimax separation distance over an ellipsoid

Proposition 6.3 (Minimax lower bound over an ellipsoid). There exists a constant
C(a, B) such that the following holds. Let us assume that X is a Gaussian process and
that € follows a Gaussian distribution. For any ellipsoid E,(R), we have

P[0 EalR)] 2 i o = Sup lC(a,B) ({f) A (RQaiAk)] :

In other words, for any test T,, of level o, we have

rL/2g|2
8 {Ta; {0 € &(R),0 >0, % 2 PZ,R,nH >p.

Consequently, the (¢, 8) minimax-separation distance over &,(R) is lower bounded by
pz, m.n- The next proposition states the corresponding upper bound.

Proposition 6.4 (Minimax upper bound). Under B.1 — 4, there exist positive constants
C(y), Co, Cs(a,7), and Cy(a, B) such that the following holds. Given an ellipsoid E,(R),
we define the quantity k) as

kX .= inf {k > 1, aif A R* < {f} : (20)

Assume that a > e~ V™, §> C(v)/log(n), n > Cs, and k% < n'/*/log*(n). Consider the
statistic

Ty = 0re (Y, X) = kp Fit (@) (21)

Lon—ky
The corresponding test has a size smaller than o+ Cs(a,y)/log(n) and is minimax over
E.(R):
I/26]2
o2

8 {Ta,k;; {0 € E.(R),0 >0, > C4(a,ﬂ)pi’R’n}] <B. (22)
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As a consequence, the test T,y is minimax over &, (R), that is its (a, 3)-separation
distance equals (up to a multiplicative constant) the («, 8) minimax separation distance.
Interestingly, the upper bound (22) does not require the error € to be normally distributed.

Remark 6.2. As a consequence, the («, 8)-minimaz separation distance over E,(R) is of

order
vk

P Rn = SUD [C(a»ﬁ) () A (R2G§Ak)]
E>1

n

It depends on the behavior of the non-increasing sequence (Aka%), where the sequence
of eigenvalues (\) prescribes the “regularity” of the process X and the sequence (ay)
prescribes the regularity of 6. In order to grasp the quantity Pi,R,m let us specify some
ezamples of sequences A\az:

e Polynomial decay. If \ai = k=% with s > 7/2, then the («, 8)-minimaz separation
is of order
R2/(1+25)n—25/(1+2s) ]
e Exponential decay. If \yai = e~ % with s > 0, then the («, B)-separation distance of
T over E.(R) is of order
log(n)
Vs
Let us now study the power of T over the ellipsoid &,(R). In the sequel, |.] stands
for the integer part, while log,(.) corresponds to the binary logarithm.

Corollary 6.5 (Power of TV over ellipsoids). Under B.1, B.2, and B.4, there exist
positive constants C(vy), C1, Ca, C3(a, ), and Cy(c, ) such that the following holds.

Assume that a > e~V™, that § > C(v)/log(n), and n > Cy. Consider the test T with
k,, = 2lloga[n'/*/log" (n)]]

1. For any ellipsoid E,(R), we define O¢g[f,a, R] as the set of function 8 € H that

satisfy
|T/26]2 . 2 2, O
— > Cs(a, B) inf | Appap R+ . (\/kloglognJrloglogn) .
k=124,... .k,

(23)
We have inf@e(ag[ﬂ,mR]ﬂEa(R) ]P)Q(To(cl) > O) >1-p. B
2. For any ellipsoid E,(R), we consider k as in (20). If loglog(n) < k! <k, then

r1/2¢2
o1 {oceum.o> 0P > cua,s)iogtomnst | <5

Remark 6.3. If we compare Corollary 6.5 with the minimax lower bound of Proposition
6.3, we observe that the separation distance only match up to a factor of order v/loglogn.

1) . L
As a consequence, TV is almost minimaz over Eu(R).

Let us compare the performance of the tests Ty g+ and Tﬁ(xl). On one hand, the test
T k: defined in Proposition 6.4 is minimax over the ellipsoid &,(R) but it requires the
prior knowledge of the ellipsoid &,(R) and of the sequence of eigenvalues (\g), which is
unlikely in practice. On the other hand, the test T, o(tl) is only minimax up to a possible
VIoglog n multiplicative term. Nevertheless, Tél) does not require the knowledge of the
ellipsoid &,(R) or of the eigenvalues (Ag). In the next subsection, we prove that this
Vl1oglogn loss is unavoidable when the ellipsoid &,(R) is unknown.
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6.3. Adaptation to the regularity

Let us derive the simultaneous minimax separation distance over a collection of ellipsoids.

Proposition 6.6 (Minimax lower bounds over a collection of nested ellipsoids). There
exists a positive constant C(«a, 8) such that the following holds. Let us assume that X is
a Gaussian process, that the noise € follows a Gaussian distribution, and that the rank of
T is infinite. For any ellipsoid £,(R), we set

Clon B) (\/loglog;k\/i%)\/E) A (RQGi)\k)l

~2 —
pa,R,n ‘= sup
k>1

For any non increasing sequence (ag)r>1 and any test T of level a, we have

Z ﬁi,R,n}‘| Z ,@ .

/29|12
3 I i |

7; | {0 € &(R),0 >0,

R>0

As a consequence, there is a y/loglogn price to pay if we simultaneously consider a
nested collection of ellipsoids. Such impossibility for perfect adaptation has already been
observed for the testing problem in the classical nonparametric regression framework [35].

Remark 6.4. In order to compare the lower and upper bound of Proposition 6.6 and
Corollary 6.5, we specify the sequence \aj:

e Polynomial decay. If Apai = k=*, then the («, B)-separation distance of Tc(yl) over

E.(R) is of order
2s/(142s)
R2/(1+2s) ( log 10%(”))

9

n

for s > 7/2. By Proposition 6.6, this rate is optimal for adaptation.
e Exponential decay. If A\xai = e=*%, then the (a, B)-separation distance of To(él) over
E.(R) is of order
log(n) loglog(n)
Vsn ’
for any s > 0. By Proposition 6.6, this rate is almost optimal for adaptation (up to
a /loglog(n)/logloglogn term).

In conclusion, the procedure T(gl) is adaptive to the unknown regularity of 6, to the
unknown regularity of the eigenvalues (\;)r>1 and to the unknown noise variance o?.
Interestingly, the minimax rate of testing depends on the decay of the non-increasing

sequence (Agai)g>1-

7. Simulations
7.1. Ezxperiments
Setting. The performances of the procedures T(gl) and T(Sf) are illustrated for various

choices of the function 0. In all experiments, the noise € follows a standard Gaussian
distribution with unit variance, while the process X is a Brownian motion defined on
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[0,1]. The eigenfunctions and eigenvalues of the covariance operator of the Brownian
motion have been computed in Ash & Gardner [1]:

\j = m and  V;(t) = V2sin ((j — 0.5)nt) ,t €[0,1], j=1,2,...
In practice X (¢) has been simulated using a truncated version of the Karhunen Loeve
expansion 2;0:01 VAjn9V;(t), where the (n(j))jeN form an i.i.d. sequence of standard
normal variables. The function X (¢) is observed on 1000 evenly spaced points in [0, 1].
Testing procedure. For each experiment, we perform the tests T, o(tl) (procedure Pp)
and T.\? (procedure Py) with k, = 2l°827=1) The quantile gx,o involved in P» is com-
puted by Monte Carlo simulations. For each experiment, we use 1000 random simulations

to estimate this quantile.
Choice of 6.

1. In the first experiment, we fix § = 0 as a way to evaluate the sizes of the testing
procedures.

2. In the second experiment, we build directly the function 6 in the KL basis of X.
The set O, is made of all the functions 6p ¢ with B > 0, £ > 0, and

100
B

00 4 —2¢—1 z_:
V 2ak=1 J=1

where £ is a smoothness parameter. Observe that B stands for the ls norm of the
function 0p ¢. As shown on Figure 1, the smoothness of g ¢ € O, increases with .
This particular choice of 8 aims to illustrating the rates of testing shown in Section
5 since we have here an expression of the joint regularity of # and I':

Ope(t) == JTEOBV() (24)

100

B 2 : 2.-2¢—1
(j 05)_ j_ -1
7 ( =1 l 3 1) j=k+1

In practice, we fix £ = 0.1, 0.5, 1 and B=0.1, 0.5, 1.
3. In the third experiment, we consider the set ©s of functions

12 —1,/%)6)% =

1/2

| D

272

with B > 0 and 7 > 0. Here, B stands for the I norm of 0 » and 7 is a smoothness
parameter. In fact, 6p - (t) corresponds (up to a constant) to the density of a normal
variable with mean 0.5 and variance 72. As T decreases to 0, B, converges to a Dirac
function centered on 0.5. In practice, we fix 7 = 0.01, 0.02, 0.05 and B = 0.5, 1, 2.

Number of experiments. We have set n = 100 and n = 500. For each set of parameters
(n,B,§) or (n, B, ), 10 000 trials were run to estimate the percentages of rejection of Hy

(ie. the percentages of positive values of To(ll) and Téf) with @ = 5%), along with their
95% confidence intervals.

7.2. Results

The two procedures P, and P, have been implemented in R [33] on a 3 GHz Intel Xeon
processor, with a 4000KB cache size and 8GB total physical memory.
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FIGURE 1. Three functions 6 in Ok when B = 1.

TABLE 1
First simulation study: Null hypothesis is true. Percentages of rejection of Hy and 95% confidence
intervals
n = 100 n = 500
M 3.47 2.61
crl | 3.11 3.83 | 2.3 2.92
7% 4.97 5.26
CI2 | 4.54 5.4 | 4.82 5.7

First setting. The percentages of rejection of T(gl) and T(SQ) under Hy with n = 100

and n = 500 are provided in Table 1. As expected, the size of T(il) decreases when n
)

increases because we pay a price for the Bonferroni correction. The size of Tc(f remains
close to the nominal level o = 5%.

Second setting. Tables 2 and 3 depict the results for § € Oy with n = 100 and
n = 500 respectively. As expected, the power of the procedures is increasing with B as
||0]] becomes larger. Furthermore, the power also increases with £. This corroborates the
rates stated in Section 5, since the function 0p ¢ becomes smoother when ¢ increases. In
every setting the test Tc(yz) with the second procedure performs better than T(gl).

Third setting. The results of the last experiment are provided in Tables 4 for n = 100
and 5 for n = 500. Again, the power is increasing with B, n and 7. Here, 7 does not directly
correspond to the rate of convergence of the sequence (fol 0p-V;i(t)dt), j > 1 as £ does in
the last example. Nevertheless, it is difficult to detect a function g when 7 decreases,
that is when 6p ; becomes close to a Dirac function.

In each setting, the test under P» is more powerful than the test under P;. Nevertheless,
the procedure (P2) is slightly slower as it requires to evaluate the quantile gx , by a Monte-
Carlo method. Under P, the mean computation time is 9 seconds for n = 100 and 12
seconds for n = 500. In contrast, it respectively equals 11 and 18 seconds under Ps.
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TABLE 2
Second simulation study: 0 € O, n = 100. Percentages of rejection of Hy and 95% confidence
intervals
B=01 B=05 B=1
P 3.88 21.41 77.24
¢=01 | CIL | 35 4.26 | 20.61 2221 | 76.42 78.06
7 5.8 26.38 81.78
CI2 | 5.34 6.26 | 25.52 27.24 | 81.02 82.54
o 4.74 46.47 98.68
=05 | CIL | 432 5.16 | 45.49 47.45 | 98.46 98.9
T 6.65 52.79 99.06
CI2 | 6.16 7.14 | 51.81 53.77 | 98.87 99.25
T 4.8 62.67 99.75
=1 | CIL | 438 5.22 | 61.72 63.62 | 99.65 99.85
7 7.07 68.3 99.84
CI2 | 657 7.57 | 67.39 69.21 | 99.76 99.92
TABLE 3
Second simulation study: 0 € Ok, n = 500. Percentages of rejection of Ho and 95% confidence
intervals
B=01 B=05 B=1
P 5.17 86.98 100
=01 | CIL | 474 5.6 | 86.32 87.64 | 100 100
7 8.48 90.89 100
cI? | 7.93 9.03 | 90.33 91.45 | 100 100
T 8.81 99.85 100
£=05 | CIL | 825 9.37 | 99.77 99.93 | 100 100
T 13.07 99.88 100
cI? | 12.41 13.73 | 99.81 99.95 | 100 100
e 11.38 99.99 100
g=1 | CIL | 1076 12 | 99.97 100 | 100 100
T 16.13 100 100
CcI? | 15.41 16.85 | 100 100 | 100 100

8. Discussion

Two testing procedures of the nullity of the slope function 6 have been proposed in this
paper. They are completely data-driven and benefit from optimal properties assessed in
a nonasymptotic setting. We address here some extensions of our results.

Although we focused on the null-hypothesis “Hy: 8 = 07, our approach easily extends
to linear hypotheses Hyy: “6 € V7, where V is a given finite dimensional subspace of
‘H of dimension p < n/2. As previously, the procedure relies on parametric statistics for
testing Hy y against Hy p @ “0 € (Vect(V,. .., Vi)+V)\V”, where k is a positive integer.
We consider the n x kXL design matrix W defined by W, ; = <Xi,‘7j> fori =1,...n,
j=1,... kXL, The space generated by the EEL columns of the matrix W is denoted
Wi.xr- Considering a basis (£1,...,&,) of V, we define V,, as the space generated by the
p columns of the matrix whose (ij)" element is < X;,&; >. In the sequel, ﬁk.y stands
for the orthogonal projection in R™ onto E;‘ N W« of dimension less or equal to kK L
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Third simulation study: 6 € ©g, n = 100. Per::[;:izs;lof rejection of Ho and 95% confidence interval
B=05 B=1 B=2
o 4.94 11.85 46.69
F—o001 | CIL | 452 5.36 | 11.22 12.48 | 45.71 47.67
7 7.25 15.49 53.56
CI2 | 6.74 7.76 | 14.78 16.2 | 52.58 54.54
e 7.33 23.09 80.26
F=002 | CIL | 6.82 7.84 | 22.26 23.92 | 79.48 81.04
7@ 10 28.54 84.04
CcI12 | 9.41 10.59 | 27.65 29.43 | 83.32 84.76
7 13.85 56.51 99.48
F—=005 | CIL | 1317 14.53 | 55.54 57.48 | 99.34 99.62
7 18.13 63.09 99.65
CcI2 | 17.37 18.89 | 62.14 64.04 | 99.53 99.77
TABLE 5
Third simulation study: 0 € ©g, n = 500. Percentage of rejection of Ho and 95% confidence interval
B=05 B=1 B=2
7 12.41 54.6 99.75
F—o001 | CIL | 11.76 13.06 | 53.62 55.58 | 99.65 99.85
7 17.99 63.16 99.98
CcI? | 17.24 18.74 | 62.21 64.11 | 99.81 99.95
7 26.11 88.91 100
F—002 | CIL | 25.25 26.97 | 88.29 89.53 | 100 100
7 33.95 92.62 100
CIZ | 33.02 34.88 | 92.11 93.13 | 100 100
e 65.38 99.95 100
+ =005 | CIL | 64.45 66.31 | 99.91 99.99 | 100 100
7 72.74 99.99 100
CcI2 | 71.87 73.61 | 99.97 100 | 100 100

while fIV stands for the orthogonal projection onto V,,. Then, we consider the following
parametric statistic:
[T VY12

¢k,V(Y7X) = = =~ . !
Y — Ty Y — T Y12 /[0 — dim(V, + W)

(25)

Under Hy v, ¢rv(Y, X)/E5? behaves like a Fisher distribution with (dim(klfﬂwk;@ ),n—
dim(V,, +W; 1)) degrees of freedom. The proof is the same as that for ¢5 (Y, X). In typ-
ical situations, we have dim(kfg‘ NWikr) =k and dim(V,, + Wyxr) = k + p. We reject
Hy v when the statistic

Ta,V = sSup R Qbk,V(Ya X) - kKL]?(illn(zf;ﬂﬂfCKL).,n—dinl(ﬁp—kﬂfCKL){a}C" (X)} (26)
kEK,, k<Rank(T',)
is positive, where the weight oy, (X) is chosen according to procedure P; (Bonferroni)

or a slight variation of P, (Monte-Carlo). All the results stated for T, () and T2 are still
valid with T;, y. The extension to affine subspaces V is also possible.
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One can adopt a similar approach in the context of a prescribed basis (as wavelet, spline
or Fourier basis) instead of the cigenfunctions basis (Vi, ..., Vi). The size and the power
of the corresponding procedures are in fact easier to derive than for a Karhunen-Loéve
approach as we do not have to control the randomness of the basis. We refer for instance
to [3] for such results in a fixed design regression problems.

Finally, our approach can also extend to functional linear regression models with func-
tional outputs building on the parametric statistic of [30].

9. Main proofs

In this section, we describe the core of the proofs. Some arguments are based on pertur-
bation theory and are postponed to the next section.

9.1. Additional notations

Given any integer k < Rank(T"), we recall that 'y = Zk AiV; ® V;, where ® stands for

the tensor product. Similarly, fnk = Z i1 )\ V ® V denotes its empirical counterpart.
For any k < Rank(T"), we note IIj the orthogonal projection in H onto the space spanned
by V;,7=1,...,k, while ﬁk stands for the orthogonal projection onto the space spanned
by Vj, j =1i,...,kARank(T,).

In order to translate the definition of the testing procedure into functional data anal-
ysis framework, we shall use A = E((X,.)Y). We note A,, = 37" | (X;,.)Y;/n its em-
pirical counterpart. For any k < Rank(T'), we note Ay = zl?_ /\f1/2<Vj, JV; and Ay =

J=17
Zfﬁf‘ank(r ))\J_l/ *(V;,.)V; its empirical counterpart.

Let S be a bounded linear operator on the Hilbert space H. The corresponding operator
norm will be denoted |[-[|, where |[S||, = sup,ecp(o,1) IS ()[| and B (0, 1) stands for the
unit ball of #. Let T be a Hilbert-Schmidt operator. ||-|| ;4 denotes the Hilbert-Schmidt
norm and tr stands for the classical trace (defined for trace-class operators). We recall
that ||T||7,g = tr (T*T).

In the sequel, we note Yz (u) the probability that a x? variables with & degrees of
freedom is larger than u, while )’(gl(u) denotes the 1 —u quantile of a x? random variable.

9.2. Connection between ¢ (Y,X) and the procedure of Cardot et al. [6]

In fact, the numerator of the statistic ¢y, is exactly the same as the test statistic || /7 A, Ay, ||
introduced by Cardot et al. [6], that is:

ITL Y| B Iv/nAA

or(Y,X) = ~ —— = i — .
1Y —TLY|3/(n = k5E) Y = T Y[R/ (n — kRE)

(27)

Proof of Equatzon (2’7 ). Consider the least- -squares Ok estimator of € in the space gener-
ated by Vj, j=1,..., kXL 1t follows that ||1'[kYH = n(@k,F 9k> Since 6, = VAW

where I', is the Moore-Penrose pseudo-inverse of ka, we obtain

ITLY (|2 = n(T,  An, Tuly  An) = n{ApAy, AL, T, A) = nl| A, |2
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9.3. Proof of the type I error bounds

We prove first Theorem 4.2 then Propositions 4.1 and 4.3.
Proof of Theorem 4.2. First, we prove that kXL = k with large probability.
Lemma 9.1. Consider the event A, defined by

=

A, = sup . >1/25% . 28
1<j<k, M {A; — Ajp1, Ajo1 — A} / (28)

Under Assumption B.2, we have

<C(v) <C(v)

[klgikw } (29)

log?(n) ’
where 7y is a positive constant involved in Assumption B.2.

This result is proved Section 10. Observe that under the event A,,, we have KL =k
for all k < k,,. Consequently, we can replace kKL by k in the definition of the test statistic
up to an event of probability less than C(v)/log(n)).

In the sequel, we use the alternative expression (27) of ¢ and we replace kKL by k.
The proof is split into the three main lemmas 9.2 - 9.4 first announced then derived in
sequence. In the first lemma, we state that ||\/nAxA,||?/0? behaves like a x? distribution.
The second lemma tells us that ||\/AzA,||2 /02 is close to ||v/nArA,||2/o? and contains
the encapsulated Lemma 9.6. Finally, we prove in the last lemma that |[Y — IL, Y2 /n
concentrates well around o2. An additional result regarding the chi-square distribution is
needed in Lemma 9.5.

Lemma 9.2. For any k > 1 and any z > 0, we have

k32 E [€*] 8/4 . 13/4
P ApA, | > 2) — % ] < C=——— E|(nW)4 " <
P (IVAARS? 2 2) = xaw/o?)] < O =g s B[09)!] 7 <

)

log®(n)
uniformly over all k < k,,.
Lemma 9.3. Assume that B.1-B.3 hold. For all M >0, x >0, k < k,, and alln > 1,
we have
P IvVrA AL = VA AL
[VnArAnl?

> x] <P (NEAkAnI < \A/f) + P [Ay]

+C(7)0”

M2 [ k21og? 1 k) log(k
k= log (kve)V—\/ '~ log(ky Ve) (30)
2Nz n vn kn

uniformly over all k < ky,.
By Lemma 11.1 in [36], we know that for any 0 < < 1 and any integer d > 1,

P [X2(d) < de*1x2/d} <z.

Taking M = log(n)/o, we get from Lemma 9.2 and the last deviation inequality that

IP’<|\/EA;€A,L||§‘/E>< C +<\/€))k,

M ) = log*(n) log(n
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uniformly over all k < k,. Taking z,, » = 1/(klog?(n)) in (30) and applying Lemma 9.1,
we get

IH\fAkA I —llvVrAsAal?l o 1
IV/nALA, |2 ~ klog®(n)
k4 log® (n)vk21og6(n)vk7/2log( ml, ¢ (Ve b
n vn n3/4 log?(n) log(n)
ctn < Ve )
2
log®(n) ~ \log(n)
uniformly over all k& < k,, by Assumption B.3.

< Cy)

(31)

Lemma 9.4. We have

2 2 !
Y — HQkYH s klog®(n) ‘C /loglogn < g +Q 7
no n n log*(n) Vn

uniformly over all k < ky,.

Gathering these three lemmas, we get
o[ lvadia,)?
Y —ILY|3/n
p [IVAAAZ (1 e Klog(n)
(1 -z, k)a2 - n

NeingH
no?

>k kn k(a/IK:|

IN

) Foioi i)

2
+P | Klog'(n) +eﬁ1

n

lHMAkA l? — IVAARAP k]
||\/>AkAn||2 7

w k(1o klog'(n) _ 2uk) Frdoi o/ )|

IN

+1o(;%)z> " <1gf<n>>

uniformly over all k < k,,.

(32)

Lemma 9.5. For n larger than some numerical constant, we have

e B ) ] < g (14 505 9

The proof of this lemma is postponed to Appendix A. Coming back to (32), we derive

that
)
< (1 " IC;&))) " og? (Zr)o i (bgﬁ)) |

. [ |VAALA?
IY — T Y2 /n
Applying an union bound over all k£ € K, we conclude that
Cle,7)

log(n)

> kFy i (afIKal)

P[T(U >0} <a+
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Proof of Lemma 9.2. Let us fix some k > 0. For any 1 < 5 < k, we have

VA, ARV) = IZ Zn“) €

For any 1 < j; < jo < k and 1 < ¢ < j, the random variables ngh) €; and 77 re
uncorrelated. By the central limit theorem, we conclude that ||\/nAyA,||?/o? converges
in distribution towards a x?(k) random variable, at least when k is fixed.

(J2) € a

In order to precisely control the tails of ||\/nArA,||?, the central limit theorem is not

sufficient. We need a Berry-Esseen type inequality. Let us call W; the vector of size k who

(J)

j-th component is 717;”"’¢;. We note |[W;||x its Euclidean norm. By Assumption B.1, we

have
3 3/2m [.473/4 ()4 3/4
E[IWilf] < k%2 [ sup B [(n)!]
1<5<k

Applying the second part of Theorem 1.1 in Bentkus [4], we obtain

K2 E [ LR
2 - 2 ()4
ili% ’IF’(H\/EAkAnH > z) — Xe(z/o )| <C N lzljlng {(77 ) } )

We conclude by applying Assumption B.3.

O
Proof of Lemma 9.3. From ||b]|* — ||a||* = 2(a,b— a) + ||b — a||*, we get
1]* = all - _
| | 1=l gy
lla]® llall llall
Consequently, we have for any M > 0 and any « > 0
|vagea, | - Ivaaia.) '
P
||fAkA7L||
(il a)al oo
< > — A4z
[VnApAn| 4 V2
n Vk(z A7) vk
< P (Hﬁ(Ak — ) A 15, = TR ) 4P [VRAA,|| < TF | +PIAL)
VEk
— < — .
k(xz D [Hf(Ak ) A, } +P (HﬁAkAnH <37 P (39

In order to conclude, we only need to bound E[||\/n(A) — Ag)An|*17 ]. Noticing that
Ek — A, only depends on the X;’s, we derive that

[l a) sl 1] =G [l (B ) 2

- (- a6
- T (au] ol -2 (Ao, 40 ) 1
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We deal with each term separately:

E{Hﬁkxlnﬁjn} = E{ ( (X; ® X)) A )1—}:E[tr(ﬁkf‘nﬁk) 111}
= E[tﬁ An]<kIP>[ﬂ] :

E[\\Akxlnhzn} - E[t (Akl“ Ak> ]
— E[tr(4T4) 15 | +E [tr (Ak (rn—r) Ak> }
— E[6Thig,] —E |t ( (Tn—T) 4¢) 14, |
oA+ o (0 (o) ) PTR

E[(AuX1, 4cXi )15, = [tr(AkrA) } B[t (1 P00R) 1,

- +B [or T (B -1%) 13, }] -

It follows that

3[Jva (5 a)

] < om o {on e (r - ) b |
+o7[B [ir? (e (B~ 1) ) |VFTAT . 39
Lemma 9.6. Under Assumptions B.1 and B.2, we have for alln > 1,

B [i {7 (142 - B2 b ] s o PLE VI Lo k)

uniformly over all k < k,,.

The proof of Lemma 9.6 is postponed to Section 10. Let us compute the last term

sfe ()] = =[5

j=1 \i=1
k? k2
< —sup Var [( (9))2 ] <C—,
n j>1 n
by Assumption B.1. Combining this bound with (29), we get
~ /2 log(kn V €)
E[tr2 (A, (T, —T)A P[A,] < C(y) 22—~ 7 37
VE [ (40 (B - 1) 40) | VETAT < o) 1 (37)
Gathering Lemma 9.6 with (34), (35), and (37) allows us to conclude. O

Proof of Lemma 9.4. We have ||Y — ﬁkYHEL = [Y|2 - ||ﬁkY||721 By the Central limit
Theorem, the classical Berry-Esseen inequality, and a classical deviation inequality of x?
random variables (e.g. Lemma 1 in [31]), we get
Y 2
. l Y
no

E(le[®)

loal1/2) _ ,log(1/)
+2 3 ,
o3y/n

n n

(38)

1‘22 ]§2x+C
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for any x > 0. Let us compute the expectation of ||1:IkY||fl

E I Y 2] BB {1y 20X | =B [6y T, Y] [X] = 0°E [#r(f1,])1X]
= ¢’E [tr {ﬁkH <’k

Applying Markov’s inequality to ||ﬁkY||% and gathering this deviation inequality with

(38), we conclude that
2
> klog®(n) 48 [loglogn < ;’) +£,
n n log“(n) Vn

|

uniformly over all k < k.

NeSingH
no?

-1

O

Proof of Proposition 4.1. Let us assume that € follows a Gaussian distribution and that
6 = 0. Conditionally on X, the statistic ¢x(Y,X)/k defined in (3.2) follows a Fisher
distribution with (k,n — k) degrees of freedom. Hence, conditionally on X, the multiple

(1)

testing procedure Ty, ’ is a Bonferroni procedure of Fisher statistics and its size is smaller

than a. Reintegrating with respect to X, we derive that the size of Tél) is smaller than
.
Let us turn to the second result. We have

Po(TP|X)=a Xps. .

The result follows from the fact that ¢x . satisfies

(n— k)| eel2 ~_,
Po| sup ¢ =——=——*—-F " . (4xa) >0
(kercn{ k*|le — T1xe||2 kb on—k (X, )

X):a.

Proof of Proposition 4.3. This proof follows the same steps as the proof of Proposition
3.2 in [37]. O

O

9.4. Proofs of the type II error bounds

Proof of Pmposztwn 5.1. Let us first work conditionally to X. In this case, the design X
and the projection Hk are considered as fixed. Thus, the statistic T( ) is analogous to the
procedure of Baraud et al. [3]. By Theorem 3 in [3], we have Py (T(gl) >0)>1-p/2it0

belongs to the set O, (5/2,X) := {0 e H, n(0,T,0) > infrerc, A6, k;,X)} , where

) 21 21
A9, k,X) = C1(0, 115, T, 9>+C’2\/kKLlog <O(;§n>02+0310g( ;’2") o . (39)

since @ > exp(—n/20), B > C/n. We have n(0,T,0) = Y21, (X;,0)%. By Assumption

B.1, we get
4

E(X,0)" =E || Y VNomY) | | <C6,10)*
j=1
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Applying Chebychev’s inequality, we have
(6,T,6) > E[(X,)?]/2, with probability larger than 1 — 3/4 as long as 8 > C/n . (40)

Let us fix some k € K,,. We have (0, ﬁé‘KLIA“HO)Q < H9||2X,;KL+1. Observe that kXF+1 <
k+ 1 only if X];KL_H = 0. Consequently, we always have (97ﬁleLfn9> < 10)12 X1

To conclude it is sufficient to provide an upper bound A, with high probability. By
definition of Apy1, we have

)\k+1 = lnf sup <Z,Fn2’> < sup <Z7Fnz>7
W, Codim(W)=k e, ||z||=1 z€Vect(Vig1,...), ||lz]|=1

implying that
Mo < DRI oo < Mgt + T (D = Do) oo < At + [T (0 = D)0 | ars -

Hence, it is sufficient to bound the Hilbert Schmidt norm ||Hé-(1"—fn)1_[f; || s in probabil-
ity. By Jensen’s inequality, we have E[||TI}(T — T || ms] < BTG (T — T3 [|26]1/2
and simple calculations lead to

=~ 1
E[||TT (T = Do)y [7rs] = B[ DTG — (05 X) @ (5 X)]|[Zrs] -
By Assumption B.1, we conclude that

B[ T — (M X) @ (T X)) 5] < EITEX Y <> X))
J2kt1

By Markov’s inequality, we conclude that }:k+1 <X+ C(P) Zj2k+1 % with probability
larger than 1 — 8/4. Gathering this probability bound with (39) and (40), we derive that

PQ(TO(}) > 0) > 1— g if 0 satisfies for some k € IC,,,
2logn 2logn
I I .
bl (225 ) s (5 )]

O

Cl O'2
;||9||2 M+ C(B) > N/vn +Cy~

J>k+1

ITY/20)|2 =

Proof of Theorem 5.2. Arguing as in the beginning of the proof of Theorem 4.2, we can
replace k%% by k in the definition of the statistic (6). Consider some k € K,,, the numerator
of ¢r(Y,X) is broken down as follows

H\/EA\ICAW,

2 —~ 2
< |WﬁAkAny|2+[H\/ﬁAkAn —H\/ﬁAkAnHz}.

Let us call Ay and As the two terms of this expression. Using the decomposition YV =
(X, 0) + €, observe that A, =T,0 + A, 1, where:

n

An,l = Z<X“>€Z/TL .

=1

Lemma 9.7 (Control of Ay). For any 8 € (0,1), we have

2 2 I5) C
P AP > ko + 2Ir20)2 — 202 [klog [ £ ) — 106210 (2] | >1- 2 —
(H\/ﬁ KAR||T > ko +5|| Y0l oy | klog 5 00° log 5))= 2~ Toa(n)

uniformly over all k < k.
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Lemma 9.8. Assume that B.1-B.3 hold. For any x > 0, k < k,,, and n > 1 we have
N . '
_ > < -
P [IVa(d — ATubl] 2 2] < +PLA] +
37,2 7.5/2
Cy )log( )||r1/29||2 [k log*(kve) kK log(ky \/e)] @
n vn
P [V - 408l > 2] < o [FIEEVE) |, b Bl ve)| gy
k k n,1 22 n \/ﬁ n| -

uniformly over all k < k,,.

Fixing x = ||T''/20||/log(n) in the first bound and 2 = ¢/log(n) in the second bound
and applying Assumption B.3, we derive that

—~ ||| 1/29H + 0o
A —ApAl| £ ——F——

with probability larger than 1 — C(v)/[n'/*1log(n)].
For any positive numbers a and b, we have a2

, > b2 —2bla—b| > b2(1—1/(Vklogn)) —
la — b|?>Vklog(n). Hence,

IVAA AP = [VRARA? 1= (VElog(n) ™| = VElog(m)l|Va(Ax — Ax) A,

Gathering the two last bounds with Lemma 9.7, we derive that

log(n)

+ |Cin|Ty/20)? — Cao? <, [ klog <; +log (;))] [1 — (Vklog(n))™ ,

with probability larger than 1 — /2 — C(y)/log(n)

VAR > ho? = 2720 + %) K

Lemma 9.9 (Control of the denominator)

. We have
Y - I, Y|? L Viog
” k ”n < (02+||F1/20||2) 1+C< n >‘| ’
n—k f
with probability larger than 1 —log™'(n).
We derive from the previous results that with probability larger than 1 — 8/2 —
C(v)/log(n), the statistic ¢ (Y, X) is lower bounded by

ko? + |1/ %012 [Cln —2VE/ log(n)}  Cyo? (\/W+ log(1/5))
o2+ I20]2) [1+.04 -+ L5 )]

Jn

By Lemma 1 in [3], we can upper bound the quantile of Fisher distribution

klog <|1Cn|> + log (“Cnl)] ,
o «

kFp_wla/IKa]) <k +C
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since we assume that log(|/C,|/a) < log(n) + log(1/a) < 2y/n. By Assumption B.3, we
derive that ¢ (Y, X) — k'}',;:b_k(a/UCnD is positive with probability larger than 1 —5/2 —
C(y)log™*(n) if

IT/2011% [C1n — 2V og(n)| — Ca0® (v/klog(1/B) + log(1/8))

() v ()] e (5« 245

+||IT29)2Cs [kvlog<| ")} .

> (O30°

Since log(|Ky|/a) < 24/ and since k < n'/*, we derive that for n larger than a numerical
quantity, ¢r(Y,X) — k:fl;}kk(a/UCnD is positive with probability larger than 1 — 8/2 —

C(v)log™ (n) if

Hﬂ”ﬂzzcﬂ@””—W”WW+Uﬂfl kbgcﬁﬂ)+bchﬂ)

af Ba

O

Proof of Lemma 9.7. As explained in the proof of Lemma 9.2, /n/o Ay A, 1 converges to
a Gaussian process whose covariance operator Xy, is defined by ; = Z?:1<Vj> JV;. For
j=1,....k we define & = (A\/*\/Var([g@]2)(8,V;)) " if (8, ;) # 0 and & = 0 else.
Consider the operator Dy = Z?:l & (V;,)V;. For any j =1,...,k such that & # 0, we
have

n (2
T -1
V(D AT0,V;) — Yo Pl

Var([n()]?) /nVar([n(@)]2)

As a consequence, \/ﬁ(DkAkan — DkFllg/ 20) converges in distribution towards a Gaussian

process whose covariance operator ¥ is defined by X} = Z§:1<Vjv ) Vjle,20. Further-

more, the processes \/n/ocAgA,, 1 and \/ﬁ(DkAkf,ﬂ - Dkfiﬁ@) are asymptotically inde-
pendent. Let us consider the random vector Z of size k' :=k+#{j € {1,...,k} : §; # 0}
such that Z; = ¢/onV) if j = 1,...,k and Z; = ([nW]2 — 1)/y/Var([n®]?) if j > k. Let
us upper bound E[||Z]|3,]

E[€4]3/4
o3 1<j<k

) 3/4 ) 3/4
EllZI) < o2 w8 (0] v s B [00]")

1<5<k
We note Z1, ..., Z, the n observations of the vector Z, based on ngj) ande; fori=1,...,n.
By Assumptions B.1 and B.4, we can apply the Berry-Esseen type inequality of Bentkus
(Theorem 1.1 in [4]) in dimension k’. For any convex set A, we obtain

k7/4

P(X%jﬁ )—]P[J\/’k/(o,lk/)eA] <ct

X (E[64]3/4 max E {(77(3)) r/ V max E [(77(3)) }3/4) .

o3 1<j<k 1<j<k

Moreover, this last quantity is smaller than C'n—1/16 log77(n) uniformly over all k < k,,
by Assumption B.3. Consider a standard Gaussian vector (uq,...,us;). We define the



Hilgert et al. /Functional tests 27

random vector W by
k 2
W = Z( VN (0,V5) 4+ /N (0, V) \/Var([n(j)]2)uj+ouj+k> .
j=1

We derive from the definition of W and the previous Berry-Esseen inequality that

~ 2 C
sup [P (H\/ﬁAm (Tat+ Ana)| 2 a:) —P(W > )| < —— .
a>0 log'(n)
Conditionally to (u1,...,u), W/o? follows a non-central x? distribution with & degrees

of freedom and non-centrality parameter

Vim0 (VA N ) e

By a deviation inequality on non-central x? distributions (e.g. Eq.18 in [3]), we derive
that, conditionally to (ug,...,ug),

4
W > ko? + gVU2 —20%\/klog(2/B) — 1002 10g(2/8) ,

with probability larger than 1 — 3/2. The non-centrality parameter V' is polynomial func-

tion of independent normal variables. Applying a deviation inequality for normal variables,

we derive that V' > n/4||F1/29||2/c72 with probability larger than 1—2?:1 exp [—nVar([n¥]?)/8].
All in all, we conclude that

~ 2
H\/ﬁAk,n (rna + Ai) > ko? + gHFi/QGIF — 20%\/klog(2/B) — 1002 log(2/8) |

with probability larger than 1 — 3/2 — C/log” (n) — nexp[—C'n].
O

Proof of Lemma 9.8. The second lower bound has already been studied in the proof of
Theorem 4.2. For any x > 0, we have by Markov’s Inequality

P (VA - A¢) Anall 2 ) < B[ (A - 4) AuilP1g, | +P LA

We have shown in the proof of Lemma 9.3 that

E (A — A)Anal*1z, | < C(1)o? - v -

31 2 5/21
k? log (k:\/e)v k y og(k, Ve) .

Let us turn to the other term P[||(A, — Ay )T, 9” > z]. First, we control >, (X, 0)* /n
with larger probability. Note that E[Y"" (X, 0)%/n] = |T/20||%. Let us define the event
U = {230 (X;, 6)* > log(n)||T1/26||2}. Applying Markov’s inequality, we get

PU,] <

s (42)
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We bound P[||(Ay, — Ax)Tn6] > 2] as follows

Pl (A - a) Pl 2 0] < P[{|[(Ae— ) Tt 2 2} 0T 0 ) +PRd U AL
< %E _H(ﬁk—Ak) £,0||" unmn] + P Uy U A
< Ze[|(A-a) )] B 1z, ] + Pl U AL
< log( )||r1/29|| E [H(Ak—Ak) r1/2H } FPU, VA,

(43)

As a consequence, we have to investigate
~ ~ 2 ~ ~ ~
L L
HS
= tr;l\kfn;l\k — tr;l\kank - tI‘Akan\k + tI"Akank .

Arguing as in the proof of Lemma 9.3, we take the expectation

s | (A a0 2l 1 |

E [ty | + B [0llidg, ] + B [or (AT - D)Ay) 1, | = 28 [0l 7r, 21 |
9E [{k S 1/2} 1AJ + \/E [tr2 (Ak(fn - F)Akﬂ P[A,]

28 or {12 (02 - 03/2) }1r ] B [1? (B~ 0040 | VB

These expectations have already been upper bounded in the proof of Lemma 9.6. By (36)
and (37), we know that

2
1T /2 _ | <
B [ (8- a) B 1| < 0 v
Gathering this last bound with (42) and (43), we conclude that
—~ ~ 1
A, — A > <
F <\/ﬁ H( F k) i x) ~ log(n) +P A

log k3 log?(k Ve k 5/210g k, Ve

IN

IN

31002 F5/2)
k? log (k\/e)v k \/k og(k, Ve)

NG
O

Proof of Lemma 9.9. Observe that [[Y —II,Y||2 < |[Y||2. The random variable Y is cen-
tered and with variance o2 + ||[I'*/26]||2. By Assumption B.1 and Tchebychev’s inequality

we have
l Y2 <1+c /logn>( PATSVEE )]—bgl()

Hence, we conclude that
\/ g(n)
1+C )

with probability larger than 1 — 1/log(n). O

IY —I0. Y5/ (n — k) < (0® + |TV/20)%)
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9.5. Proofs of the minimax bounds

Here again we priviledge a grouping of the proofs of Propositions 6.3 and 6.6 for the sake
of clarity since they are connected.

Proof of Proposition 6.5. For any dimension k > 1, we define r7 = C(a, ﬂ)% A AgaiR%,
where the constant C(«, ) will be fixed later. For any 6 € Vect(Vi,...,V;) such that
[T1/26|2/0? < r?, we have

" (0,V;)?
> <

a? a
=1 % k% 5

1 g 2 7"/%02 2 2
QZ<Ha‘/j> )\iSCLQ)\ SRO—
Kk \k

since 7} < Araj R? and since the \ja3’s are non increasing. As a consequence,
{GGVect(Vl,..., W), |ITV20)2 /02 = & } {965 (R), |ITV/20)2 /0> zfr,%} .

Since X is a centered Gaussian process, ((X,V1),...,(X,Vy)) is a centered Gaussian

vector. Assuming that 6 belongs to Vect(V4,..., Vi) and that (V3,...,V}) is known, the

functional linear model translates as a linear Gaussian model with Gaussian design as
studied in [37]:

M»

Y= (X,Vj){6,V;) +¢€

I
-

J

By Proposition 4.2 in [37], there exists a constant C'(a, 8), such that for any test T' of
level «, we have

vk

B|T; {0 e Vect(Vh,...,Vi),0 >0, ||[TV29)? > 0@,5)70 H >p.

Gathering this last bound for all k£ > 1 allows us to conclude. O

Proof of Proposition 6.6. As in the last proof, we shall adapt results for the Gaussian
linear regression model with Gaussian design. Let k% (R) € N* be an integer that achieves
the supremum of 72 = C(a, B)+/kloglog(k V 3)/n A R*ai\j,.. We note as in the last proof
that for any R > 0 and £} (R) in N*,

[ ||T1/29H2
{96V€Ct(v1,,Vk;<L(R)), T—T,%*(R) C eega(R) e — > k*(R)

o2

Thus, we obtain

19112 _
U {9 € Vect(V, ..., Vi), Var(¥) —OE C(a, )/ kloglog(k v 3)/n}

E>1
F1/29 2
R>0
||T1/29||2
C U {6 S g TD*(R) .
R>0

Hence, we only have to provide a minimax lower bound for simultaneously testing over
a family of nesting linear spaces. Letting p go to infinity in Proposition 5.5 in [37], we
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obtain that

|T/26]>
3 U {0 € Vect(Vy, ..., Vi)  Var(Y) = [T/20]2 = C(a, B)/ kloglog(k v 3)/n} > 8,

k>1

which allows us to conclude.
O

Proof of Proposition 6.4. This proposition is proved following the same arguments as The-
orems 4.2 and 5.2. The proof only differs by the fact that we only consider here one
parametric test, while we consider a multiple testing procedure based on log(n) paramet-
ric tests in the Theorems 4.2 and 5.2. This explains why there is no loglogn term in
Proposition 6.4. [

Proof of Corollary 6.5. This is direct consequence of Theorem 5.2. O

10. Proofs based on perturbation theory
10.1. Preliminary facts about perturbation theory

This section is devoted to the arguments relying on perturbation theory. It may be useful
to have basic notions about spectral representation of bounded operators and pertur-
bation theory. We refer to Dunford and Schwartz [18, Chapter VIL.3] or to Gohberg et
al. [19, 20] for an introduction to functional calculus for operators related with Riesz inte-
grals. Roughly speaking, several results mentioned below are based on an extension of the
classical residue formula on the complex plane (see Rudin [34]) to analytic functions still
defined on the complex plane but with values in the space of operators. The introduction
of Gohberg et al. [19, pp. 4-16] illustrates well this extension. Let us denote B; the oriented
circle of the complex plane with center A; and radius d,/2 where ¢; is defined by

95 = min {A; — Ajp1, A1 = A (44)

The open domain whose boundary is Cy, := Ué?:ll’)’j is not connected but we can apply the
functional calculus for bounded operators (see Dunford and Schwartz [18, Section VIIL.3,
Definitions 8 and 9] ). Using this formalism it is easy to prove the following formulas :

1 1

I, = — I-T)'4 d r1/2:—/ V21 —T) ' de.
BE ., (z ) " dz an A 5 Ckz (z ) T dz

The same is true with the random operator fn, but the contour Cy must be replaced
by its random counterpart Cj = U?ﬁf‘ank(rn) l§j where each gj is a random ball of the
complex plane with center Xj and a radius @/2 = min{xj - XjH,Xj,l - XJ} We start
with some lemmas.

Lemma 10.1. Assume that for some v > 0, the sequence (j)\j logH"’(j \Y 2))j€N* de-
creases. Then, we have

Aj
> o < COkflogk v
e e = Al

The proof is postponed to Appendix A For any positive integer j, let us define the
event

Ejm = { sup H(zl )2 (fn - r) (2] — r)‘”QHOO > 1/2} .

z€EB;
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Lemma 10.2. Suppose that Assumption B.2 holds. For any j > 1, We have the two
following bounds

E sup H(ZJ ~0) (B, 1) (a1 - r)—WH; < @ [i(logj v 1))? |
P (&) < 0 10 v 1)

Proof of Lemma 10.2. The second bound straightforwardly follows from the first bound
by Markov inequality. Fix z € B;. We have

H(z] )2 (fn _ r) (2] — r)*l/QH;

8
+
8

< —1/2 (5 ~1/2 2 & <(f” _F) Vl’Vk>2
= <(z]—r) (Fn_r) (21 =T Vl7Vk> :l,kzzl |z = Xi| |2 — Al

N
Il
—
=~
Il
_

Since for z = A; + %ew €Bjandi#j

J; 0j
|Z—)\i|= )\j—)\i—ﬁ—gjebe > |)\j—/\i|—5J > |/\j_>\i|/2a
we have
~ 2 ~ 2 . 2
= (E-ruw) e ((Lon)vn) e (R V)
<4 +2)
S = dllz = A o AN = A e 0 = A
Lk#j k#j
~ 2
((Fn-1) v v5)
+
52 '
J
~ 2
. io <(Fn—F) W,Vk> c i’" MeAr N *i’ AN
S Az = A Ton L =MD = D S 0 =l 6F
Lk#j k#j
? 2 2
s - Z - + ! 5 T : 2
o st e = Al A= Al A= A
Applying Lemma 10.1 and Assumption B.2 allows us to conclude. O

10.2. Proof of Lemma 9.1

For any 2 < j < ky, we define 8} := max(X; — Aj 41, Aj—1 — ;). Then, we build an oriented
circle B} on the complex plane of radius (07 — d;)/4 in such a way that any real number
between (\; + Aj11)/2 and (A\; + \j_1)/2 is either inside B; or B’. See Figure 2 for an
example of B; and Bj.

Lemma 9.1 is a straightforward consequence of the two following lemmas. Let us define
Tn(2) = (21 -T)"Y(T,, —T)(2I -T)"*? and S,,(2) = (2 —T)Y/2(2I —T,,) "' (2 —T)/2.
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>\j—1
FIGURE 2. Contours B; and B;-
Lemma 10.3. We have A, C £, UE] U {Xl > M}, where
En = sup sup [Ty, (2)[l, =205 , &, =1 sup sup [T, (2)]l, =05, .
1<j<k, 2€B; 2<j<k, z€B;

Lemma 10.4. Under Assumptions B.1 and B.2, we have

k3 log? (kn k3 log? (ky, ~  3M — A C
P& <) BHE DL piey) < oyt () ply, » Puste) L GO

n n -

Proof of Lemma 10.3. Suppose that four following events hold 1) F has no eigenvalue
on all the contours B; and B’ 2) For each 1 < j < k,, I, has exactly one eigenvalue

inside the circle B;. 3) For each 2<j <k, Fn has no elgenvalue inside the circle B}. 4)
A1 < (3\1 — A2)/2. In such a case, the event A4, is true. As a consequence, A, is included
in the union of the four following events denoted Dy, Dy, D3 and Dy.

e For some 1 < j < kj, fn has an eigenvalue that lies on the contours B; and B;-.

e For some 1 < j < k,, ', has either 0 or more than 2 eigenvalues inside the circle

B;. R
e For some 2 < 5 <k,, I', has at least 1 eigenvalue inside the circle Bg».
o A1 > (3M — A2)/2.

We shall prove that D; C &€, UE], that Dy \ Dy C &, and that D3\ D; C &/.

Event D;. Assume that an eigenvalue of fn lies exactly on some contour B; U B}. Let us

call X such an eigenvalue and Va corresponding eigenvector. We have
T,(NA —T)'2V = (AI-T)"Y*[, -T)V
= M -D)"V2QI-m)WV =0 -T)/2V .

Since A is not an eigenvalue of I', we have (A —T')1/2V + 0 so that sup.ep,up’ |1 1hn (2)]| 0 =
1. Hence, Dy C €, UE,.

Event Ds \ D;. Assume that DQ \ D; is true. It follows that for some 1 < j* < k,
the operator (2me)~ fB (21 — Fn ~!dz is an orthogonal projector Ty, Ol a space Wi
of dimension different from one. In contrast, (2m¢)~ fB (2I —T')~!dz is the orthogonal

projector m;+ on Vj«. Consider

1

-1 -
5 s, |:<ZI—Fn> — (21 -T) 1} dz =g —mj
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—

oo = 1. If dim(Wj«) > 2, then there exists a vector

If dim(Wj*) = 0, then |75 | — 7
J

V in W« such that 7;-V = 0. As a consequence, we have H7er* — Tj+|lc > 1. For any

z € Bj-, Sp(z) is well defined since no eigenvalue of T, lies on Bj-.
It follows that

1 = -1/~ -1
< _ _ _
1< o . (z] rn) (Fn F) (21 —T) d
~ —1
<1 (z] . rn) (21— D)2 T (2) (21 —T) 2| d2
21 B« 00
1 1/2 ~\ ! 1/2 —1/2)|?
< — (21 —T) (z[ - Fn> (21 —T) 1T, (=)l ||z = 1) dz
27 B« o oo
< sup [[Sn (2)lloo 170 ()l (45)
ZEBJ-*

since || (zI = T) " [loo > 2/0;. Moreover, we have S, (z) (I — T, (z)) = I. We can as-
sume that sup.eg . [|Tn (2)[lo < 0.9, otherwise &, is true. Then, we have [|S,, (2)/, <
(1 - T, (z)||oo)_1. Gathering this bound with (45) leads to sup.¢p.. [|Tn (2)[l = 0.5,
which allows us to conclude that Dy \ Dy C &,,.

loo

Event D3 \ D;. Assume that D3 \ Dy is true. Arguing as for Dy, we derive that for some
2 < j* < k,, we have:

J

We have proved above that

1

2

(z[—fn>71 (fn—r) (21 -T)'dz|| >1. (46)

o0

’
5%

(2 = B) (B = D)l = T) 71 = (] = T) V28, ()T () (2] = 1)~ 2d

where S, (z) = (I — T,(2))"! is well defined for any z € Bj.. By a straightforward
induction, we get for any positive integer p

z—A_lA— Z_—lz:p 2T — TV 2Tk () (2] — T)"Y/245
/;*(1 ) (Ta-T)r-1)"d I;/;*(I T) =128 () (21 — T)~1/2d

—|—/ (21 —=T)~Y28,(2)TP(2) (2] —T)"2dz .
5.
Observe that each integral [, (2 —I')~Y/2Tk(2)(2I —I')~'/2dz is zero since the operator

(21 —T)~%/2 has no pole inside B’... Assume that the event &), does not hold. Then, we
can bound ||S,(2)]|ec by (1 — ||T(2)]lec) ! as above. As a consequence, we obtain that
for any positive integer p ,

~ -1 /.
QL / (s1-T) (Fu-T)(:I-1)"as
T\JB,
J o0
1 “122 ITa(2)]1% 85 — 0;
< H T H o g, <
27 Ji. ( R e R ES ] 203,

Taking p large enough in this last upper bound contradicts (46). Thus, (D3 \ D;) OE; =,
which allows us to conclude. O
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Proof of Lemma 10.4. The first bound is a straightforward consequence of Lemma 10.2

since &, = Ujex,Ejn- The second bound proceeds from the same approach as Lemma
10.2.

Let us turn to the third bound. By Weyl’s theorem, (e.g. Theorem 4.3.1 in [26]), we
have [A1 — M| < ||Ts, — T'||oo so that

P [Xl > M] P [ﬁl PV Al;ﬂ <P [lfn T > Algﬂ

2
~ AL — A2
P, -T > <
IF = Tl > 2522 < o

IN

= I Tl

IN

We have
R oo
E[IT, ~ Tlids] = > E[(T - DV 10?2 < = (Zxk> :
k=1
by Assumption B.1. By Assumption B.2, 2\ < A;. Applying Lemma 10.1, we get

e’} 2
PR > 3A1 — A < C (ka1 e < C(v) .
2 n A1 n

10.3. Proof of Lemma 9.6

In order to upper bound this expectation, we set Xj =0 for any j > Rank(fn). We have

o () ] o -3 R )

j=11=1
k —~
s o\ 2
< kg, =352V T) 1,
Jj=1

J=1 Jj=1

5\2 - |XJ7>\J|
< (1= () ) e X
j=1 j=1 7

where the last equation follows from the upper bound |/1 4+ x — 1| < |z| for any = > —1.

Observe that under the event A,,, (XJ — A;j)/A; <1/2. Applying Lemma 10.2, we obtain
the following bound

E [t [0,/ (1) - Fi/,f)1 Jl

k k
<2 E () e | 2
j=1 j=1

el e

X = Al
)\j 1Anﬂ£‘Jn

+Zg]}»

j=

[

A=Al
/\j A.NEjn
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In the sequel, 7; stands for the orthogonal projector associated to the single j —th eigen-
vector V; while 7; refers to its empirical counterpart. Applying functional calculus tools
for linear operators, we get for any 1 < j < k

L (V) = e = (VT =y~ 7) Vi V)

! /Bj<(z1—r)‘1vj,vj>dz—/éj <(zl—fn)1vj,vj>dz

2mL
which looks like the definition of I given in the first paragraph of Section 10.1 (note
that only the contour changed). Under the event A,,, A; lies inside the circle B;. In fact,

3

(21 — fn)_l has only one pole inside the circle B; at z = A;. As a consequence, we have
almost surely

/B,- <(zI—fn)1Vj7Vj>d21An = /Bj <(zl—fn)1vj,vj>dz1d4n ,

so that

o\ 2 1 . o\ —1
(1 - <Vj,Vj> ) 1z, (7, = 27M/Bj <{(z]— )~ - (ZI - Fn) }Vj,vj> d1g, -

(48)
Working out this integral, we get

f Qe -om - Gr-m) s

J

- /B <(zI -0 (fn - F) (21 =1)'Vj, Vj>

_/Bj <<z]—fn)_1 (Bo=T)1-1)" (Tu=T) (z1 =) vj,vj>dz ,

The first term is fBj (z — )\j)”((fn — I)V;,V;)dz. Thus, it is null almost surely by
the Cauchy integration theorem. Define S, (z) = (21 — F)1/2 (2 —Tp) (2] — F)1/2
and T, (z) = (zI—F)_l/2 T, —1) (zI—F)_1/2. For any fixed z, we have S, (z) =
[I — T, (z)]”". Thus, it comes from (48) that

E [(1 - <Vj, 17j>2> 1gj,nnAJ

1 —-1/2 —-1/2
< E [ 5 /Bi <(zI—F) /28, () T2 (2) (2] —T)""/ VJ,VJ> 1£j,mAndZ]
2 -1
< CHE | sup {119, ()l Lg, , 1T (I |1 =)}
zEB; ’ S
_ i2(log?(4) V 1
< cojsup (=1 =) E|sup IT ()% < Oy UBDVY g
2€B; S 2€B; n

T (2)1%] <

since sup ¢, H(z] - F)AH <2571, supeg, 50 (2) |l 1z, <2and E[sup,¢p,

%fﬂog2 (j) V1) by Lemma 10.2. Hence, we obtain an upper bound for the first term
in (47)

E k—EZ<Vj,f/j>2 1 <C(7)M. (50)
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We turn to the second term in (47). We only provide a sketch of the proof since the
approach is the same as the first term in (47). We have

X — A =tr (fn?rj — Fﬂ'j) =tr (fn (7 — 7Tj)> + tr ((fn — F) ﬂj) ,

50l tr (B @ =) (P =) )|
Y 12,02, = y 12,08, T y 1,08, - O

so that

The second term in this decomposition is bounded as follows

al (G L Py Y (e L2 |

Aj nEm Aj TV

E

(52)
We turn to E Htr (fn (7w — wj)) ’ 17, J and we use the same method as above for
bounding (1 — (V;, V;)2).

1 5~
Ytlr [Fn (7Tj - Wj)} 117,057‘,11
; :

1 ~ PN N .
e[ ) ) e e,

= )\;mtr / (fn (z[ — fn)’l —T (2] — r)—l) (fn _ F) (21 —T)" d’z] e
J L B )

J

s ) ) e () e
Y |/B; :

1 . /
= r
Aj2me B

From the upper bound

J

z (= — F)71/2 Sy (2) T2 (2) (21 — F)71/2 dz} 14,0z, -

\tr [(zf — 1) V28, () T2 (2) (2] — FVW} \

<N =) 28, Tl s | Ta(21 = T) 72 |lis < (21 =) loolISulloo Tl s

we derive as in the proof of (50)

/\leE Htr (fn (7wj — 7Tj)) ’ 1Znﬂ?m}

<
=%

J,n

[T =07 ISae) o 12 (o) s e,
B; 00

2
< CE |sup || T, (2)| s 1z, .
| 2€B; 7

i2(log? 7V 1
< C()? (log”j v 1)

- n

Gathering (51) and (52) with this last bound, we get

IEVEDY
Aj

E(log*(k)Vv1)  , k
- + C ﬁ,

1Anngj,n] <CM)

Jj=1

Combining this last bound with (47) and (50) allows us to conclude.
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Appendix A: Technical details

Proof of Lemma 9.5. First, we use the following bound that will be proved at the end of

the proof.
n

K (o/IKa]) 2 ;" (,§‘|+ 1) / <1+4 “f@) : (53)

As a consequence, we have

_ _ klog?(n) 1 > _— ( a )}
k(1—eVi— - F
Xk|: ( € n klOgQ(n) k,n—k ‘ICn|

—Jn  klogZ(n __
_ (1—6 Vi~ 0%7.( )_k10g12(n))xk1(|lgn\+%>
< Xk

1+4 log(n)

n

Since for any 0 < u < 1 and any integer k£ > 1, we have Y, '(u) < k + 2/log(1/u)k +
2log(1/u) (e.g. Lemma 1 in [31]), it follows from Assumption B.3 that

—n klog?(n) 1 ——1 1
(1_6 v n _klogz(n))xk (ﬁ+5)

(1 +4 1og<n))

> x,;l( o +1)—C’(oz)[k\/log(n)}[ log(n), 1, 1

Kl ~ 1 n n3/4log®(n)  klog?(n)
_ 1 C(a)
> O L .
= X </<n|+n) log(n)

Let us note fy, (z) the density at z of a x* random variable with k degrees of freedom.
Consider some positive numbers x and u such that x > u.

§1+ufx’“(x_u) <1+ueu/2ka($)

Xk(z)  ~ Xk(z)

Xe(z —u) P(z—u<x*(k) <x)
— = 1+ =

Xk () Xk ()

since fy,(z) = x*/271e=®/2/[2¥/2I'(k/2)]. By integration by part, one observes that

Fre (@)/Xe(z) < 1/2. As a consequence, we have Yx(z — u) < Xp(2)[1 + u/2e"/?] for
any u < x. This upper bound also holds when u > x.

- |=—1 o _~_l _ C() < o |-t i-l-l 1+C’2(0z)
PR 0 T gy [ K] T log(n)
< <1+ Cg(Oé)) 7
Len log(n)
which allows us to derive the desired result.
To finish the proof, we need to prove (53). Let X} and X,,_ respectively denote two

independent random variables that follow a x? distribution with k& and n — k degrees
of freedom. Moreover we define Fy ,_x as Xp(n — k)/(Xn_rk). Since x;,'(u) < k +
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2y/log(1/u)k + 2log(1/u), we have

« 1 o 1 1
Kl - e </cn|+n)]‘n
Xk (ﬁ) X log(n)‘| 1
< PkFyp k> — 7= +P >1+4+4 - —
’ 144 log(n) n—k n n

L n .

B ——1 o
P kFy 1> R \IRal)
1+ 4 log(n)

L n -

IA

so that k]:',;}l_k (a/IKa]) > X3t (ﬁ + %) /(144 %) for £ < n/2 and n large
enough. O

Proof of Lemma 10.1. Since (j)\j)jeN is a decreasing sequence jA; > kA, for £ > j.

Hence, we get
k—1 k—1

Similarly Zgikﬂ A/ (A —Aj) < kZ?ikH(j — k)7l = kZ?lefl. Now we focus on
. Ai/ (A — A;). The assumption on the eigenvalues implies that for j > k,
Z]ZZkJrl J j p g P J

klog' ™ (kv 2) (A — Aj) > (jlog" ™7 j — klog"™ (kv 2)) A, .
Thus, we get
. . —1
A/ (= A) < [(jlog't7 j/klog" 7 (kv 2)) — 1]

and

-1

400 1 14+~
3 Aj/(Ak—Aj)S/ {“g‘rq dz .

P ok Lklog'™ (kv 2)
Then for x > 2k, we have

zlog' ™ 2k log' ™ 2k S
klog" ™k = klog'™(kv2) ~

)

so that
zlog' ™ 1zlog™ z
klogm ™k T 2klog™k
It follows that
/+°° {xlogl'wx - 1]1dx - 1+Wk/ﬂo de_ 2klog"Tk _ 2kloghk
2% klog'™ k - & o zlog!™a log"2k Ty
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