N

N

Regular perturbation of V -geometrically ergodic
Markov chains

Déborah Ferré, Loic Hervé, James Ledoux

» To cite this version:

Déborah Ferré, Loic Hervé, James Ledoux. Regular perturbation of V -geometrically ergodic Markov
chains. Journal of Applied Probability, 2013, 50 (1), pp.184-194. hal-00704685v2

HAL Id: hal-00704685
https://hal.science/hal-00704685v2

Submitted on 17 Jun 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00704685v2
https://hal.archives-ouvertes.fr

Regular perturbation of V-geometrically ergodic Markov chains

Déborah FERRE, Loic HERVE, James LEDOUX *

June 17, 2012

Abstract

In this paper, new conditions for the stability of V-geometrically ergodic Markov chains are
introduced. The results are based on an extension of the standard perturbation theory formulated
by Keller and Liverani. The continuity and higher regularity properties are investigated. As an
illustration, an asymptotic expansion of the invariant probability measure for an autoregressive
model with i.i.d. noises (with a non-standard probability density function) is obtained.

AMS subject classification : 60J05, 47B07

Keywords : Stability, Spectral method

1 Introduction and statements

Let {P:}|c|<c, be a family of transition kernels on a measurable space (X, X'), where ¢ reads as a small
perturbation parameter. Throughout the paper V' : X —[1, 400) is a fixed function. The (unperturbed)
kernel Py is assumed to satisfy the classical V-geometrical ergodicity property, called (VG) in our
paper, that is: Py admits a unique invariant probability measure 7y, we have mo(V) < oo, and there
exists some constants ¢ € (0,400) and 1 € (0, 1) such that:

Vr e X, ‘?lug/‘E[f(Xn) | Xo =a] —mo(f) | < ekl V(z). (VG)

or equivalently
Ve eX, sup |Pyf(z)—mo(f)| < ekl V(x).
lfI<v
This means that Py has a spectral gap on the weighted supremum normed space By composed of the
measurable functions f : X — C such that || ||y := sup,ex V(z) 7! f(x)] < co. We are interested in
the two following questions. For |¢| small enough,

(I) does P- admit an invariant probability measure, say me, and is P. V-geometrically ergodic?
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(II) Do we have any control on my — m.?

Under some classical aperiodicity and irreducibility conditions, the property (VG) holds true if and
only if Py satisfies the so-called drift condition based on the notion of small set (see [MT93] for the
definition of the drift condition which is not used here). Consequently a natural and efficient way to
study (I) is to prove that the perturbed Markov kernel P. also satisfies the drift condition (e.g. see
[RRS98, BRRO1]). However, to the best of our knowledge, the theory of geometrical ergodic Markov
chains does not provide any general answer for question (II), except in terms of weak convergence in
specific cases (see [RRS98|). On the other hand the standard perturbation theory, which is a natural
way to investigate (II), leads to assume the following continuity condition:

|P- — Pollg, == sup ||P-f —Pof|lv—0 whene—0 (1)

IFlv<1

that is the operator norm of P. — Py on By goes to 0 as ¢ — 0. In a series of papers, Kartashov
has introduced the concept of “strongly stable Markov chain” for a Markov chain with a transition
kernel Py such that, in some neighborhood of Py with respect to || - |5, , P- has a unique invariant
probability measure 7. with the property sup s, <1 [7(f) — mo(f)| — 0 as |[P: — Py, — 0 uniformly
in this neighborhood. Strong stability is shown to be equivalent to the convergence

1 n
lim  sup H—ZPégf—ﬂ'O(f)lXHV:O.
k=1

O fllv<t T

Moreover, if Py is V-geometrically ergodic, then given p € (0, 1), one can consider N € N* such that
ek < p, and next if P. is such that Ay := [P — PV||p, < 1—p, then P. is V-geometrically ergodic
and sup| g, <1 [7(f) — 7m(f)] = O(AN/(1 — p — An)). We refer to [Kar96] for an overview of results
in this direction and to [RA10] for a related discussion for discrete state spaces. However, as discussed
in [SS00, p. 1126] and in Example 1 below, the continuity condition (1) may be restrictive.

Similar questions arise in the context of dynamical systems. To overcome the previous difficulty,
Keller introduced the more general assumption

lim sup [|Pef = Foflli=0

involving two norms || - ||[p and || - ||; (instead of a single one) on the space on which Py has a spectral
gap |Kel82]. This approach has been highly enhanced by the Keller-Liverani perturbation theorem
[KL99, Liv04|, which has proved to be very powerful in studying the behaviour of the Sinai-Ruelle-
Bowen measures of certain perturbed dynamical systems (e.g. see [Bal00, Th 2.10] and [GLO06, Th. 2.8]).

The goal of this paper is to show that the Keller-Liverani theorem also provides an interesting way
to investigate both the questions (1) (II) in the context of geometrical ergodic Markov chains. In this
markovian context, the closest work to ours is [SS00] where Keller’s approach is used. The results
of [SS00]| are improved here thanks to the Keller-Liverani perturbation theorem. Furthermore in this
paper, higher regularity properties than continuity are investigated in question (II). Mention that
the results of [KL99, Liv04] have been already used in [Fer12| to study some stability properties of
parametric autoregressive models (for different purposes from those of Proposition 1 below).



Notations. For 8 € [0, 1], we denote by (Bg, || - ||3) the Banach space composed of the measurable
functions f : X — C such that ||f| s := supyex V(2) 7P| f(x)| < oo. Note that By corresponds to the
space of bounded measurable functions on X, with [|f|lo = sup,ex |f(x)], and that By = By. We
denote by (L(Bg,Bga), || - ||s,5) the space of all the bounded linear maps from Bg to Bg/, equipped
with its usual norm: ||T||g g = sup {|Tf|l5, f € Bg, || fllg < 1}. We write L(Bg) for L(Bg, Bg) and
|T|p for || T'||p,s which is a slight abuse of notation. Let (Bj, || - HB/B) denote the dual space of Bg. If

T € L(Bg), then T* stands for the adjoint operator of T'. By definition we have T* € L(B;) with the
corresponding operator norm ||7|| B, = |T||lg- Note that T* also defines an element of L(Bj, Bj) with

corresponding operator norm ||7|| BB < 17| B, from the continuous inclusion By C Bg.

Each perturbed Markov kernel P. is assumed to continuously act on B;. The unperturbed kernel
Py is assumed to satisfy (VG), namely: Py admits a unique invariant distribution 7y on (X, X),
(V) < 00, and

Fr1 € (0,1), [ —mo(-)1x[r = O(kY). (V1)

We also assume that there exist N € N*, L € (0,400) and ¢ € (0, 1) such that
Ve € (—eo,e0), PNV <6VV + Liy. (D)

Under some classical aperiodicity and irreducibility assumptions, Property (V1) is equivalent to the
drift condition (see [MT93, Chapter 4, Th. 16.0.1]). Condition (D) on the family {P: } .., is weaker
than the simultaneous geometrical ergodicity condition introduced in [RRS98] since (D) involves no
small set.!

Theorem 1 Conditions (V1), (D) and

lim ||P. — Poflo = 0 (2)
e—0
are assumed to hold. Then, setting k := max(k1,9), the following statements are fulfilled:

1. for each k € (K,1), there exists €1 € (0,e9] such that, for all e € (—e1,e1), P- has a unique
invariant probability measure ., with m-(V) < 0o, such that

sup [|[P" — me(-)1x[l = O(k"). (3)
lel<er

2. We have
lim sup |m.(f) — mo(f)] = 0. (4)
2001

Note that, if each probability measure m. admits a density, say p., with respect to a fixed positive
measure ¢ on (X, X'), then we have supy <1 [7e(f) — m0(f)] = [ [pe(x) — po(x)| dip().

Conclusion (3) means that P. is V-geometrically ergodic in a uniform way with respect to the
perturbation parameter . Conclusion (4) means that the total variation norm of 7. — my goes to

Tn case ¢ = 0 (i.e. for a single transition kernel Pp), the connection between the “best” constants 1 in (V1) and &
in (D) is discussed in details in [GHL11]. See also Remark 1.



0 when € —0. Consequently Theorem 1 provides the same theoretical conclusions that in [Kar96,
Chap. 3|, but under the continuity condition (2) which is weaker than that in (1). Indeed we have:
|P- — Pylloq < ||P- — Polli- There are several examples (see for instance [SS00]) showing that the
continuity condition (1) of [Kar96] may fail, while (2) (or (9) below) holds true. The case of an AR
process is investigated in Example 1 below. Note that the uniform bound (3) can be obtained from
[MT94| when the kernels P. are assumed to satisfy the drift condition with constants and small set
which do not depend on e. To derive (3) and (4) from the weaker assumptions (V;) and (D), some
continuity assumption must be assumed on the map € — P-.

Typically Condition (V7) is the assumption Al in [SS00] (see the remark following their assumptions).
Condition (2) is weaker than the assumption AII in [SS00| involving the sequence (P'),>1 (here
Assumption AII is only required for n = 1). Mention that, given any r € (k,1) and setting 7 :=
1—Inr/Inéd (n e (0,1)), the proof of Theorem 1 and further results in [KL99| ensure the following:

3D, € (0, +00), ”;'1'1111 |7r5(f) - ﬂo(f)‘ < D, (|| P: = Pollo1)"- (5)

This provides an alternative statement to [SS00, Th. 3.1], which states an inequality of type (5) in
assuming the existence of .. The V-geometrical ergodicity of the perturbed kernel P. was an open
question in [SS00]. Actually, under their assumptions, Condition (D) is a quite natural hypothesis for
P to inherit the V-geometrical ergodicity of the unperturbed kernel Py (note that Condition (D) is not
so far from the drift condition). In the proof of Theorem 1, Condition (D) is viewed as a Doeblin-Fortet
inequality on the dual space of B in order to use the Keller-Liverani theorem.

Example 1 (AR process) Assume that X := R and (X, )nen is the autoregressive model defined by
neN X,=aX,_1+9, (6)

where X is a real-valued random variable, o € (—1,1), and (Vy)n>1 is a sequence of i.i.d. real-valued
random variables, independent of Xo. Assume that U1 has a Lebesque probability density function on
X, say v(-), and admits a first moment, [ |x|v(xz)dr < co. We know that (X,)nen is a Markov chain
with transition kernel

Pular, 4) = [ 1ato + )ty = [ 1)ty - o)y, 7)
Set V(z) == 1+ |z|, = € R. It is known (e.g. [Wu04, Sec. 8] or [GHL11, Sec. 5.5]) that, for each
a € (—=1,1), (Xp)nen is V-geometrically ergodic with an invariant distribution m,. Next, given any
ag € (0,1), it can be easily checked that the family {P,, o € (—ap,ag)} satisfies Condition (D) with
N =1 and with any § € (ag,1). Finally we prove below that, for every ag € (—1,1), the kernels
P +c satisfy the weak continuity condition (2). The previous facts ensure that Theorem 1 applies to
the family (Pag+c)e, S0 that the total variation norm of mq — T, goes to 0 when a— ap. Note that
no specific assumptions are required on the density v, excepted that it admits a first moment. To the
best of our knowledge this last result is new. Anyway, it cannot be deduced from a known method as in
[Kar96] since Condition (1) does not hold, as proved afterwards.

First we show that, for any ap € (—1,1), we have limy _, o || Po — Pagllo,1 = 0, that is

’Pozf(x) — Paof(x)‘

Ve>0, In >0, |a—ag| <n=|Po— Palloy = sup sup < e.
I fllo<1z€R V(z)




From (7), we have Py f(x) = [ f( —ax)dy so that

V(- — o) —v(- — a0zl )
V(x)

HPa - PaoHO,l < sup
zeR

Let € > 0. Since V(z) — +00 when x — 0o, we can choose a constant A > 0 such that 4/V (z) < ¢ for
any |x| > A. Therefore, using that v is a probability density function, we obtain
V(- — o) —v( — ozl ) 2

sup < sup <e.
> A V() wloa V(@)

Next, the map from R into L' (R) defined by t — v(-—t) is continuous, so that we can pick n’ > 0 such
that

Viz| < A, |ax —apz| < |a — A < = ||v(- — ax) — v(- — o)l r) < €.
Therefore, given that V' > 1, there exists n:=n'/A such that

[v(- — ax) —v(- — aor) L r
oo — | < = sup ®) < sup [[v(- —az) —v( — apz)|lLir) <&
lz|<A V(x) 2| <A

Second, let us check that, whatever the density v(-) is, the strong continuity condition (1) is never
fulfilled. Let us consider a positive real number a such that

[ v [ vt [ )y,

Such a real number exists for any density v(-) (if the previous terms coincide for every a > 0, then we
obtain a contradiction when a — +00). Let ap € (0,1) be fized. For each o € (ap, 1), define
a

Ty 1= > 0.
a —

Note that —a+apxe < —a+az, < a+agxa < a+axy. Next let us introduce the following function

Vy € R, fa(y) =Y 1[a+aoxa,a+axa](y) -y 1[—a+ao$a,—a+aa:a](y)'
From (7), we have

—a

(Pafa) () = /0 -+ aza) )y — | (o) o)y

2a 0

(4 + aoza) v(y)dy — / (v + aoza) v(y)dy.

—a

(Papo)laa) = |

a

Set J == [* yv(y)dy — [ yv(y)dy — f yv(y)dy. We obtain

a —a 0 2a
(Pata)ae) = (Pau o)) = T+aa [ vtidts= [ “vtwity) +avza( [ vinas— [ viay).
Since V(xy) =1+ x4 and x4 — 400 as o | ap, it follows that

iy (Pafa)(@a) = (Pag fo) (o) :a0</a V(y)dy—/al/(y)dy—/:au(y)dy> 40,

alag 14 (xa) —a —2a
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Finally, from

N N ‘(Paf)(x)_(Paof)(x)‘ ‘(Pafa)(xa)_(Paofa)(xa”
[Po = Paollt = [[Pa = Py ||y = Sup sup Via) 2 Viza) ;

we deduce that ||Py, — Py, |8, does not go to 0 when o | ayp.
Reinforcing the continuity condition (2) of Theorem 1 allows us to obtain the following refinement.

Corollary 1 Assume that Conditions (V1) and (D) hold and that there exists 3 € (0,1] such that?
kg € (0,1),  [IF" —mo(-)1xllp = O(x}3) (Vs)
and lim ||P: — Py|g1 = 0. 9)
e—0
Then there exist 1 € (0,e9] (from Theorem 1) and C € (0,+00) such that:

Ve € (—er,e1),  sup |m(f) —mo(f)] < C||P: — Pollg,-
lfllg<1

Remark 1 Let P be any Markov kernel on X. If we have PNV < 6NV 4+ L1x for some N € N*,
L € (0,4+00) and 6 € (0,1) and if P* is compact from By to By (for some £ > 1), then P is a power-
bounded quasi-compact operator on By . Moreover its essential spectral radius is such that ress(P) < 0.
Actually, denoting by 6y (P) the infinum of the real numbers § for which the above inequality holds for
some N € N* and L € (0,400), we have r.ss(P) < oy (P), with equality in many cases. This follows
from the Doeblin-Fortet inequalities (11) and [Hen93], since (P*) is compact from B\, to Bj. If in
addition P satisfies aperiodicity and trreducibility conditions, then P is V -geometrically ergodic. Such
results are fully detailed and applied in [GHL11] (without any perturbation issues). Now, if py(P)
denotes the infinum bound of the real numbers k1 such that (V1) holds, then we have py (P) > ress(P).
If there are eigenvalues \ of P on By such that ress(P) < |A| < 1, then py(P) is the mazimal
modulus of such eigenvalues (which are in finite number from the definition of ress(P)); if not, we have
pv (P) = ress(P). For instance, if (Xp,)nen is defined by (6) and if the probability density function v(-)
of the noise has a moment of order r € [1,+00), then (Xp)nen is (1 + |- |)"-geometrically ergodic with
Tess(P) < |a|" and py(P) = |a|. See [Wul04, Sec. 8] or [GHL11, Sec. 5] for details.

Now we are interested in asymptotic expansions of the perturbed invariant distributions. Under
Condition (VG) and the continuity condition (1), expansions related to the generalized potential
R = (I — Py + )™t with Io(-) = m0(+)1x, are given in [Kar81, Kar96, HH03|, namely

me =mo(l — DeR)™' =Y mo(D-R)* =m+ > mo(DR)* + O((DR)™),
E>0 k=1

when D. = P. — Py is such that ||[D.R|; < 1. In general this is not a Taylor expansion, except for
instance when D, has the form D, = eD with D € £(B;). This special case is discussed in [AAN04]. In
fact, for general perturbations, even in the case when (1) is fulfilled, obtaining Taylor expansions for 7.

2Under the drift condition, (V1) implies (V) by Jensen’s inequality for 8 € (0, 1].



causes difficulties when the derivatives of the perturbed kernels P.(x,-) w.r.t. to € yield some weights
(see the term ¥ in (15) for order of regularity k& > 1). For this question, the derivation procedure (see
[GL06, HP10]) based on the Keller-Liverani theorem is of great interest.

To illustrate this approach, we only consider the special instance of autoregressive model introduced
in Example 1. More specifically, we assume that (X, )nen is given by (6) and that the probability
density function v(-) of the noise has a moment of order r, [ |z|"v(z)dx < oo, for some 7 € [1, +00).
Set V(x) := (1+|z|)", = € R. Then, for each a € (—1,1), (Xy,)nen is V-geometrically ergodic with an
invariant distribution 7,. Moreover we assume that r is not an integer (ie. r > |r| where |-| stands
for the integer part function on R), that v(-) is positive and |r| 4+ 1-times continuously differentiable
on R, with 0

: ()]

j=1,...,|r] +1, ilég o)
Finally suppose that for all zy € R, there exist a neighborhood V,,, of g and a non-negative measurable
function gz, (-) such that [5 (14 |y])" ¢z (y) dy < 0o and: Vy € R, Yv € Vy, v(y +v) < oo ().

< 00. (10)

Proposition 1 Under the previous assumptions, there exists = [B(r) € (0,1) such that the map
> T s |1 -times continuously differentiable from (—1,1) to the dual space B/ﬁ of Bg. In particular,
for all a € (—=1,1), there exist |r] signed measures fio 1, - -, fla,|r] on R such that:

l7] j

VAEX, mare(A)=ma(A)+ %ua,j(A) +el"lR.(A)  with lim sup |R-(A)] = 0.

—0
j=1 eV Aex

The previous conditions (10) are well suited to densities of the form v(x) = ¢(1 + |z|)~7. For other
forms of densities, they can be easily adapted in order that Proposition 1 works.

2 Proofs

Proof of Theorem 1. We shall repeatedly use the fact that a bounded linear operator (between two
normed vector spaces) and its adjoint have the same norm. The adjoint of the rank-one projection

o(f) = mo(f)1x is defined by: Vf" € By, II5(f) := f'(1x) mo.

First, Assumption (V;) gives
I(Fy)" = glis; = O(k1)-

Second, it follows from the continuity assumption (2) of Theorem 1 that
Jm [P~ Fylls;.8, = 0,
Third, Assumption (D) gives:
Ve € (—eo,€0), V' € By IPZY F sy < 6% llsy + LIl (11)

Indeed, recall that B} and B[ are Banach lattices and that, for each ¢ € Bj, we have I9'lls, =
g g, = (lg'l: 1x) and ||g'llz; = [Ig'l ls; = {lg'l, V'), where (:,-) stands for the duality brackets in
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both Bf x By and B x By. Next, observe that, for every f’ € B} and every f € By such that |f] <V,
we have [((P*)N ', )| < (|f'|, PNV). Hence (D) gives (11) as claimed.

The three previous facts show that {PX}. ., satisfies the assumptions of [Liv04] on B} (see also
[HP10] for the use of the perturbation Keller-Liverani theorem in a Markov context). Therefore, for
all k € (K, 1), there exists €1 € (0,e0] such that, for all ¢ € (—e1,e71), the following properties hold:
there exist \; € C satisfying lim. 9 A. = 1 and a rank-one projection II. on B} such that

sup [[(P2)" = 'L, = O(™)  and  lim |11, — IT5 |, s, = O. (12)
le|<e1 e—0
Up to reduce £, we have A. = 1. Indeed one may assume that |A\:| > k. Then we deduce from 1x =
P1x and (12) that, for any f’ € B}, we have lim, A\Z"(f’, 1x) = lim,, A\-"((P5)" ', 1x) = (IILf/, 1x).
Thus (AZ™)nen converges in C, so that we have, either \. = 1, or |A;| > 1. Moreover the sequence
(P™)pen is bounded in £(By) from (D). Thus ((PX)")nen is bounded in £(Bj,), and (12) then implies
that (AZ),en is bounded in C. Thus A; = 1.

Hence ((PZ

€

)" )nen is Cauchy, and so is (P)nen in £(B1). Therefore
L € £(By), lLmP" =1L in £(By). (13)

Thus (P*)* —1If in £(B)), and so II. = II*. We have obtained that
sup [P =1Ll = O(s") and  lim Il —IIoflo,1 = 0.

le|<er
From (13) it follows that II. is a positive projection on By satisfying II. P. = P.II. = Il.. Let us prove
that IL. is rank-one. We know that II. is rank-one, namely II.(-) := (¢., ) a. for some ¢. # 0 in the
dual space of B} and for some a. # 0 in B}. From II* = II., we obtain Ker Il = Kera.. Thus Ker II.
is of codimension one, so that we have dimIm II. = 1 (use B; = Ker I, @ Im II.).

The last fact shows that II.(+) := e.() 1x for some e. > 0 in B}. Since VA € X, lim,, P""(zg, A) =
el(14) (for some fixed zy € X) and P(xo,-) is a probability measure on (X, X) for each n > 1,
we deduce from the Vitali-Hahn-Saks theorem that A — 7.(A) := e.(14) is a probability measure
on (X,X). Clearly 7. is P.-invariant. Next m. and e. coincide on By: indeed every f € By can be
approached uniformly on X by a sequence (f,), of simple functions, so that m.(f) = lim, 7.(f,) =
lim, e.(fn) = e.(f) (the last convergence holds since e, € B}). We obtain . (V1jy<p)) = eL(V1jy<y) <
el (V) < oo for every n > 1 since e, > 0. The monotone convergence theorem gives (V') < co. Thus
f = m(f)isin Bj. Since Vf € By, lim, P"f = e.(f) 1x in By, we deduce that e, = 7. on B; from the
invariance of .. Finally the last assertion of Theorem 1 follows from lim, _, o ||II. — IIg|lo1 = 0. O

Proof of Corollary 1. Let k € (max(kg, s1),1), and let I' be the oriented circle in C, centered at z =1
and with radius less than (1—x)/2. Note that the assumptions of Corollary 1 imply those of Theorem 1.
We know from [Liv04] and the proof of Theorem 1 that M := sup.cp o<, [[(z] — P)7 Y < oo
Moreover, the rank-one eigenprojection 11, is from the standard spectral theory:
1 _
. = oy F(z[ — P.) . (14)
Next (Vj) gives My := sup,¢p ||(21 — Py) 7|3 < oo. Assume that ||1x||; = 1 (to simplify). Then, from

(21 —P) ™' — (2 = P))™ ' = (2I — P.)"Y(P. — Py) (2] — Py) !,



we obtain that for every f € Bg

|7=(f) = mo(f)| = IT(f) — o ()1 <

(1—r)
5 MIIPe = Pollga Mo /s

O

Proof of Proposition 1. Recall that V(x) := (1+z|)", x € R. Let ap € (0,1). We apply the derivation
procedure of [HP10, App. A] to the family {P,, a € (—ap,ag)} with respect to the Banach spaces
Bg. Let 3 € (0,1]. For any o € (—ag, ap), the Markov kernel P, of the autoregressive model (X, )nen
satisfies the drift condition and the aperiodicity /irreducibility assumptions of [MT93]. Hence each P,
satisfies (V). In the same way, {Pu}|a|<q, Satisfies (D), so that it also satisfies (D) with respect to
the function V# thanks to Jensen’s inequality. Let o € (—ag,ag). Then lim. || Pate — P.llog =0
from Lemma 1 below. Hence the perturbation Keller-Liverani theorem can be applied in £(Bg) to
the family (P,4¢)e (as seen with 5 = 1 in the proof of Theorem 1). This gives the following spectral
properties: there exists ko3 € (0,1) such that, for all & € (kq g, 1), there exists € > 0 such that the
resolvents (21 — Pyyc) ! are well-defined and uniformly bounded in £(Bg) provided that |¢| < & and
z € C satisfies |z| > k and |z — 1| > (1 — k)/2.

Now let us introduce the formal derivative operators of o — P,:

Ve €R, (Poaf)(@) = (—1)F2* /R F)®(y - az) dy. (15)

Lemma 1 Let (3,5") €[0,1]>.

(i) If B+ k/r < ' <1 for k € {0,...,|r]}, then a — Pyq is continuous from (—ag,ag) to

(i) If B+ (k+1)/r < ' <1 fork €{0,...,|r] — 1}, then o — Py o is continuously differentiable

from (—ag, ao) to L(Bg, Bar), with d];’;a (@) = Pytia-

In a first stage, let us admit that Lemma 1 holds and apply [HP10, App. A]. For 5 € (0,1) and
o >0, weset: To(B) =+ o/rand T1(5) =B+ (1 +0)/r. Lemma 1 gives for j =1,...,[r]:

— if To(B) € (0,1], then the map o+ P, is continuous from (—ap, ag) to L(Bg, By (s)),

— if Ty(TyTy)?~1(B) € (0,1], then the map a + P, is j-times continuously differentiable from
(_a07a0) to E(Bﬁ7 BTl(TQTl)jfl(ﬁ))'

Let 8, € (0,1 — [r]/r), and let ¢ > 0 such that g8, + [(2|r] + 1)o + [r]]/r = 1. In other words
we have (ToT) Ty(B,) = 1. Let ag € (—ap,ap). Then it follows from [HP10, Prop. A.1] that
there exists & € (0,1) such that, for all z € D := {2 € C: |z| > &, |z — 1| > (1 — &)/2}, the map
o+ (zI — P,)~tis |r]-times continuously differentiable from some open interval I, centered at ag
into L£(Bg,,B1). Moreover the derivatives (up to the order |r]) of the last map are uniformly bounded
in (o,2) € Ioy, x D. Next, let us define II,(f) = 7o (-)1r for any f € Bg,. From the previous facts
and standard spectral calculus (see (14)), the map « +— II,(f) is |r]|-times continuously differentiable



from Io, to L£(Bg,,B1), s0 is a = ma(-) from Iy, to Bj . Since ag is any element in (—ag,ag), with
arbitrary ag € (—1,1), this proves the first assertion of Proposition 1.

Finally let o € (—1,1). For all borel set A of R, we have %(A) = limy, . o(ma1n(A) — o (A))/h.
Since ma4n(+) — ma(+) is a (signed) measure on R, it follows from the Vitali-Hahn-Saks theorem that
there exists a (signed) measure 1,1 on R such that we have: %(A) = fto,1(A). An obvious induction

gives the same conclusion for the derivatives of order j =2,...,|r]. O

Proof of Lemmas 1. Set Ay, := sup,eg v (t)|/v(t) and A := maxo<y<|r|+1 Ak- Note that there exists
B = B(p) such that, for all a € [~ag, ag], we have P,V? < BV5.

For o € (—ag,a0), B € (0,1], f € Bg and = € R, we denote Fy(a) := (Ppof)(z). From the
assumptions on v and Lebesgue’s theorem, for every k = 0,...,[r]|, F}) is differentiable on [—ag, ag],
with %(a) = Fir1().

Let k € {0,...,|r]}, (B,B") € [0,1]? such that 8+ k/r < 3 < 1, and let 0 < 0 < 1 be such that
B+ (k+o)/r = A" For any (o, ') € (—ag,ap)?, we obtain (use Taylor expansion of F}, for (16b)):

|Fi(a) — Fi(a))| < 2A4B|flsV(a)*tr. (16a)

|Fi(a) = Fe(@)] < o= o[ A B fllpV(2)™ (16b)

Multiplying (16a) (to the power 1 — o) by (16b) (to the power o) gives:

k+o

|Fi(e) = Fi(@)| < 2l — o'|” AB||f |5 V()"

which rewrites as: || Py of — Pro fllgr < 2AB|a—a'|7 || f||3. The first assertion of Lemma 1 is proved.

Next let k € {0,...,|r] =1}, (8,8") € [0,1]?> such that B+ (k+1)/r </ <1,andlet 0 < o < 1
be such that 8+ (k+1+0)/r = 3. For any (o, ') € (—ag,ap)?, we obtain:

| Fr(a) = Fi(o) = (0 — o) Fieya (o')| < 2|a — o[ Aga B | £l V ()75 (17a)
a—o? k+2
Fu(@) = Ae) — (0 - &) Fea(@)] < S5 Al v@H L am

Then, by multiplying (17a) (with the power 1 — o) and (17b) (with the power o), we obtain:

k+1+o

|Fi(c) = Fi(@) = (a — o) Fea ()] < 2|a — o/ [T AB | fll V(@)™

which rewrites as: ||Pyof — Proaf — (@ — o) Peg1a fllgr < 24B o — |7 || f| - O

References

[AANO4] ArTMAN E., AVRACHENKOV K., NUNEZ-QUELJA R. Perturbation analysis for denumerable
Markov chains with application to queueing models. Adv. in Appl. Probab., 36, 839-853
(2004).

[Bal00] BALADI V. Positive transfer operators and decay of correlations. Advanced Series in Nonlin-
ear Dynamics 16, World Scientific (2000).

10



[BRRO1]

[Fer12]

[GLOG]

|GHL11]

[HHO3]

[Hen93)|

[HP10]

[Kel82]

[Kar81]

[Kar96|

[KL99]

[Liv04]

[MT93]

IMT94]

[RA10]

IRRS9S]

SS00]

[Wu04]

BREYER L., ROBERTS G. O., ROSENTHAL J. S. A note on geometric ergodicity and floating-
point roundoff error. Statist. Probab. Letters 53, 123-127 (2001).

FERRE D. A parametric first-order Edgeworth expansion for Markov additive functionals.
Application to M-estimations. Submitted. HAL : hal-00668894 (2012)

GOUEZEL S., LIVERANI C. Banach spaces adapted to Anosov systems. Ergodic Theory
Dyn. Syst. 26, 189-217 (2006).

GUIBOURG D., HERVE L., LEDOUX J. Quasi-compactness of Markov kernels on weighted-
supremum spaces and geometrical ergodicity. Submitted. arXiv : 1110.3240 (2011)

HeIDERGOTT B., HORDIIK A. Taylor series expansions for stationary Markov chains.
Adv. in Appl. Probab., 35, 1046-1070 (2003).

HENNION H. Sur un théoréme spectral et son application aux noyaux lipchitziens. Proceeding
of the A.M.S vol. 118, 627-634 (1993).

HerVE L., PENE F. The Nagaev-Guivarc’h method wvia the Keller-Liverani theorem.
Bull. Soc. Math. France, 138, 415-489 (2010).

KELLER, G. Stochastic stability in some chaotic dynamical systems. Monatsh. Math., 94,
313-333 (1982).

KARTASHOV N. V. Strongly stable Markov chains. Problems of stability of stochastic models
Panevezhis, 54-59 (1981).

KARrTASHOV N. V. Strong stable Markov chains. VSP Utrecht Netherland & TBiMC Kiev
Ukrraine (1996)

KELLER G., LIVERANI C. Stability of the Spectrum for Transfer Operators. Ann. Scuola
Norm. Sup. Pisa. CI. Sci. (4) Vol. XXVIII, 141-152 (1999).

LiveraANI C., Invariant measure and their properties. A functional analytic point of view, in
Dynamical Systems, Part II, Pubbl. Cent. Ric. Mat. Ennio Giorgi, Scuola Norm. Sup., 2004,
pp. 185-237.

MEYN S.P., TWEEDIE R.L. Markov chains and stochastic stability. Springer Verlag, (1993).

MEYN S.P., TWEEDIE R.L. Computable bounds for geometric convergence rates of Markov
chains. Ann. Probab. , 4, pp. 981-1011, (1994).

MOUHOUBI Z., AISSANI D. New perturbation bounds for denumerable Markov chains. Linear
Algebra Appl., 432, 1627-1649 (2010).

ROBERTS G. O., ROSENTHAL J. S., SCHWARTZ P. O. Convergence properties of perturbed
Markov chains. J. Appl. Probab., 35, 1-11 (1998).

SHARDLOW, T., STUART, A. M. A perturbation theory for ergodic Markov chains and ap-
plication to numerical approximations. SIAM J. Numer. Anal. 37, 1120-1137 (2000).

Wu, L. Essential spectral radius for Markov semigroups. I. Discrete time case. Probab.
Theory Related Fields, 128, 255-321, (2004).

11



