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Abstract

In this article, we consider a jump diffusion process (X¢),-, observed
at discrete times t = 0,A,...,nA. The sampling interval A tends to 0
and nA tends to infinity. We assume that (Xi),., is ergodic, strictly
stationary and exponentially S-mixing. We use a penalized least-square
approach to compute two adaptive estimators of the drift function b. We
provide bounds for the risks of the two estimators.

1 Introduction

We consider a general diffusion with jumps:

dXt = b(Xt)dt + O'(Xt)th + €(Xt* )st and XO =1 (1)

where L; is a centred pure jump Levy process:
dL, — / » (u(dt, d2) — div(d=))
z€R

with g a random Poisson measure with intensity measure v(dz)dt such that
[.er #*v(dz) < 0o. The compensated Poisson measure ji is defined by fi(dt, dz) =
p(dt, dz)—v(dz)dt. The random variable 7 is independent of (W;, L;);>0. Moreover,
(Wi)i>0 and (Ly)¢>0 are independent.

This process is observed with high frequency (at times t = 0,A,...,nA
where, as n tends to infinity, the sampling interval A — 0 and the time of
observation nA — o). It is assumed to be ergodic, stationary and exponentially
B-mixing (see Masuda (2007) for sufficient conditions). Our aim is to construct
a non-parametric estimator of b on a compact set A.

The non-parametric estimation of b and ¢ for a diffusion process observed
with high-frequency is well-known (see for instance Hoffmann (1999) and Comte



et al. (2007)). Diffusion processes with jumps are used in various fields, for
instance in finance, for modelling the growth of a population, in hydrology, in
medical science, . .., but there exist few results for the non-parametric estimation
of b and 0. Mai (2012) and Shimizu and Yoshida (2006) construct maximum-
likelihood estimators of parameters of b. Their estimators reach the standard
rate of convergence, v/nA. Shimizu (2008) and Mancini and Reno (2011) use a
kernel estimator to obtain non parametric threshold estimators of . Mancini
and Reno (2011) also construct a non-parametric truncated estimator of b, but
only when L; is a compound Poisson process. To our knowledge, minimax rates
of convergences for non-parametric estimators of b, o or £ for jump-diffusions
processes are not available in the literature (see Hoffmann (1999) or Gobet et al.
(2004) for rates of convergence for diffusions processes).

In this paper, we use model selection to construct two non-parametric estim-
ators of b under the asymptotic framework A — 0 and nA — oco. This method
was introduced by Birgé and Massart (1998).

First, we introduce a sequence of linear subspaces S,, C L?(A) and, for each
m, we construct an estimator Bm of b by minimising on .S,,, the contrast function:

1 2
n(t) = — Yin —t(X § YiA =
Y (t) - E (Yia —t(Xgka))®  where Yia

k=1

n

Xk+na — Xka
—

We obtain a collection of estimators of the drift function b and we bound their
risks (Theorem 2). Then, we introduce a penalty function to select the “best”
dimension m and we deduce an adaptive estimator by. Under the assumption
that v is sub-exponential, that is if there exist two positive constants C'; A such
that, for z large enough, v([—z,2]¢) < Ce™*#, the risk bound of by is exactly
the same as for a diffusion without jumps (Theorem 4) (see Comte et al. (2007)
or Hoffmann (1999)).
In a second part, we do not assume that v is sub-exponential and we con-
struct a truncated estimator Bm of b. We minimise the contrast function
n
An(t) = = (Yialpisicon - t(Xra))?  where Ca x vVAIn(n)
k=1
in order to obtain a new estimator b,,. As in the first part, we introduce a
penalty function to obtain an adaptive estimator bim. The risk bound of this
adaptive estimator depends on the Blumenthal-Getoor index of v (Theorems 7
and 10).
In Section 2, we present the model and its assumptions. In Sections 3 and
4, we construct the estimators and bound their risks. Some simulations are
presented in Section 5. Proofs are gathered in Section 6.

2 Assumptions

2.1 Assumptions on the model

We consider the following assumptions:



A 1. The functions b, o and & are Lipschitz.

A 2. 1. The function o is bounded from below and above:

Jdog,01, Ve €R, 0< o1 <o(x) < oo.

2. The function £ is bounded: 3¢y, Vx € R, 0 < &(z) < &.

8. The drift function b is elastic: there exists a constant M such that, for
any z € R, |z| > M: zb(z) < — ||,

4. The Lévy measure v satisfies:

o0 o0

({0}) = 0, / 2u(dz) =1 and / Su(dz) < oo,

— 00 — 00

Under Assumption Al, the stochastic differential equation (1) admits a
unique strong solution. According to Masuda (2007), under Assumptions Al
and A2, the process (X;) admits a unique invariant probability w and satisfies
the ergodic theorem: for any measurable function g such that [ |g(z)|w(dz) <
00, when T — o0,

%/OTg(Xs)ds% /g(:v)W(dw)-

This distribution has moments of order 4. Moreover, Masuda (2007) also en-
sures that under these assumptions, the process (X;) is exponentially S-mixing.
Furthermore, if there exist two constants ¢ and ng such that, for any z € R,
£%(z) > c(1 + |z|)~", then Ishikawa and Kunita (2006) ensure that a smooth
transition density exists.

A 3. 1. The stationary measure w admits a density m which is bounded from
below and above on the compact interval A:

Amg, 71, Ve € A, 0<m < m(x) < mo.

2. The process (Xt),s is stationary (n ~ w(dz) = 7(z)dx).

The first part of this assumption is automatically satisfied if £ = 0 (that is if
(X¢)e>0 is a diffusion process). The following proposition is very useful for the
proofs. It is derived from Result 11.

Proposition 1.
Under Assumptions A1-A3, for any p > 1, there exists a constant c(p) such
that, if [ z*Pv(dz) < oo:

E( sup (Xi—X)? | <cp)h
sE[t,t+h]



2.2 Assumptions on the approximation spaces

In order to construct an adaptive estimator of b, we use model selection: we
compute a collection of estimators by, of b by minimising a contrast function
Y (t) on a vectorial subspace S,, C L?(A), then we choose the best possible
estimator using a penalty function pen(m). The collection of vectorial subspaces
(Sm)me.w, has to satisfy the following assumption:

A 4.
1. The subspaces Sy, have finite dimension D,,.

2. The sequence of vectorial subspaces (Sm)m>o0 is increasing: for any m,
Sm - Sm+1-

8. Norm connezion: there exists a constant ¢1 such that, for any m > 0, any
te S,
2 2
[tllse < ¢1Dm [[E]| 72

where ||.||12 is the L?-norm and ||.||« is the sup-norm on A.

4. For any m € N, there exists an orthonormal basis (1/1,\)A€Am of Sy, such
that
VA, card (N, [vaa | #0) < ¢o

where ¢o does not depend on m.

5. For any function t belonging to the unit ball of the Besov space %5 .,
3C, Ym ||t — tm3. < CD;2

where t,, is the L? orthogonal projection of t on S,.

The subspaces generated by piecewise polynomials, compactly supported
wavelets or spline functions satisfy A4 (see DeVore and Lorentz (1993) and
Meyer (1990) for instance).

3 Estimation of the drift

By analogy with Comte et al. (2007), we decompose Yia in the following way:

~ Xrna — Xea

Yia A

=b(Xra) + Ixa + Zia + T (2)

where

| kDA 1 DA
I = — / (0(Xs) = b(Xga))ds, Zga = — / o (Xs)dWs
A kA A k

1 (k+1)A
TkA = Z/ g(Xs*)dLs
kA



The terms Zxa and Tia are martingale increments. Let us introduce the mean
square contrast function

lz YkAft XkA)) . (3)
k=1

3

We can always minimise v, (t) on S;,, but the minimiser may be not unique.
That is why we introduce the empirical risk

1 n

%’n(t):E(Ht—bAHi) where [|f]2 = =3 ¢ (Xpa) and a4 =tla.
n
k=1

(4)

We consider the asymptotic framework:
A =0, nA— oo

For any m € ., = {m, D,, < Z,} where 22> < nA/In*(n), we construct the
regression-type estimator:
b = arg tmér; V().
Theorem 2.
Under Assumptions A1-A4, the risk of the estimator with fized m satisfies:

. D,
o) < 371 [[om, — bl + 48(08 + €)% + A

where by, is the orthogonal (L?) projection of ba over the vectorial subspace Sy,
The constant c is independent of m, n and A.

Except for the constant (o3 + &2) in the variance term, this is exactly the
bound of the risk that Comte et al. (2007) found for a diffusion process without
jumps.

The bias term, ||by, — bal|%,, decreases when the dimension D,, increases
whereas the variance term (03 + £3)D,,/(nA) is proportional to the dimension.
Under the classical assumption nA? = O(1), the remainder term A is negligible.
Thus we need to find a good compromise between the bias and the variance term.

Remark 3. If the regularity of the drift function is known, that is, if b belongs to
a ball of a Besov space A5 ., then the bias term ||by, — ball3. is smaller than
D, 2>, The best estimator is obtained when the bias term, ||by, — bal|2., and

the variance term, cDy,(nA)™Y, are equal, that is for Dy, , = (nA)l/(lJr?a)' In
that case, the estimator risk satisfies:

K (binyy) S (nA) 72/ C0HD LA

Let us introduce a penalty function pen such that :

Dy,

pen(m) > k(o + ) 2



and set: R

n=a i b } .

= arg min {vn( m) + pen(m)
We will chose « later. We denote by by, the resulting estimator. To bound the
risk of the adaptive estimator, an additional assumption is needed:

A 5. 1. The Lévy measure v is symmetric or the function & is constant.

2. The Lévy measure v is sub exponential: there exist A\,C > 0 such that, for
any |z| > 1, v(] — 2, 2[¢) < Ce M=l

Theorem 4.

Under Assumptions A1-A5, there exists a constant k (depending only on v) such
that, if 22 <nA/In®(n):

V< it (||b —bal%, + en(m))+ AL
n) ™ med, m Allp TP nA )’

Remark 5. We can bound k theoretically, however, this bound is in practice too
large for the simulations. In Section 5, we calibrate k by simulations (see Comte
et al. (2007) for instance). If o and & are unknown, it is possible to replace them
by rough estimators (in fact, we only need upper bounds of o} and &2). It is
also possible to performe a completely data-driven calibration of the parameters
of the penalty (see Arlot and Massart (2009)).

E (Hbm — by

4 Truncated estimator of the drift

Truncated estimators are widely used for the estimation of the diffusion coef-
ficient of a jump diffusion (see for instance Mancini and Reno (2011), Shimizu
(2008) and Mai (2012)). Our aim is to construct an adaptive estimator of b even
if Assumption A5 is not fulfilled. To this end, we cut off the big jumps. Let us
introduce the set

Qxk = {w, |X@+1a — Xra| < Ca}

where CA = (bmaz + 3)A + (00 + 4&) VAIn(n) (With bpee = sup,eq [b(z)]).
Let us consider the random variables

- Xk+1)a — Xka
Yia = %hx,klxme,m

We recall here the definition of the Blumenthal-Getoor index:

Definition 6.
The Blumenthal-Getoor index of a Lévy measure is

f = inf {a >0, / |z|*v(dz) < oo} .
|z[<1



A compound Poisson process has 5 = 0.
We assume that the following assumption is fulfilled.

A 6. 1. For|z| small, v(dx) is absolutely continuous with respect to the Le-
besgue measure (v(dx) = n(x)dz) and:

38 €[0,2[,3ag, Yz € [—ag, ap], n(z) < CzP7L
This implies that the Blumenthal-Getoor index is equal to 3.
2. The Lévy measure v(z) is symmetric for z small:

Jar < ag,Vz € [—a1,a1],n(z) = n(—=z)

8. The function £ is bounded from below: there exists & > 0 such that, for
any z €R, 0 < & <&(2).
4. The functions o and € are €2, £ and o' are Lipschitz.
We consider the following asymptotic framework:
nA
In*(n)

The truncated estimator b,, is obtained by minimising the contrast function:

— 00, AYA2n%(n) 0.

3

- o 1 n 2
by, = arg Inin An(t) where F,(t - Z (YkA —( XkA)) :
" k=1

Theorem 7 : Risk of the non adaptive truncated estimator.
Under Assumptions A1-A4 and A6, for any m such that D,, < 9, where 22 <
nA/In*(n)

1
(Hb - bAH > < lbm — bal2s + (02 + AV ﬂ/‘*)nA + A () + —.
The variance term is smaller than for the first estimator, but the remainder
term depends on the Blumenthal-Getoor index and is larger than for the first
estimator. This remainder term is due to the fact that Yya = 0 every time
|X(k+1)A — Xka| > Ca: then

‘E (Y/kA — b(XkA))‘ > |E (YkA — b(XkA))l .
If L; is a compound Poisson process, (which implies 8 = 0) or if A is small

enough (see Remark 9), we obtain a better inequality than for the non-truncated
estimator.



Remark 8. If v is not absolutely continuous, we can prove the weaker inequality:

- 2 D,
E (Hbm —ba ) S 1bm = ball 3z + (0F + €)= + AP (n) +

nA nA’

In that case, b converges towards ba only if B < 1, which implies that v has
finite variation ([ |z|v(dz) < 00). See Remark 18.

Remark 9. Assume that ba belongs to the Besov space %5 ., and that ||b,4|\ggg <1

The bias-variance compromise ||by, — bal|32+Dum/nA is minimal when m = logy(nA) /(1 + 2a),
and the risk satisfies:

~ 2
E (Hbm by ) < (nA) T2/ (420) 4 A1=B/21n2 ()

Let us set A ~n~7 with v > 0. We have the following convergence rates:

truncated estimator

v first estimator
0<y< 4211 < % A AT=P21n*(n)
4211 <v= 4a+172§a7ﬂ 5 < 2(171[3 1) (”A)im (ot AITA2 ln2(n)
Taxi-pa=prs <7 <1 (na) 2E ] (na) Y

If we have sufficiently high frequency data (nA2=P/%) = O(1) ), then the rate
of convergence is (nA)QO‘/(QO‘Jrl for the two estimators. The estimator of Mai
(2012) converges with the corresponding parametric rate, nA, if nA3/2=7 = o(1)

for v €]0,1/2].

To construct the adaptive estimator, we use the same penalty function as in

the previous section:

D,
pen(m) > K (08 + fg) N

and define the adaptive estimator:

m = arg min
me.Mn

{Fnbm) + pen(m) }

Theorem 10 : Risk of the adaptive truncated estimator.
If Assumptions A1-A4 and A6 are satisfied, then there exists k such that, if
P2 <nAJ1In’(n):

E (Hbm —ba

2
) < min (Hbm - bA||i eren(m)) + AYB2 12 (n) 4

me.H nA’

The adaptive estimator b automatically realises the bias/variance com-
promise.



5 Numerical simulations and examples
5.1 Models
We consider the stochastic differential equation:

dXt = b(Xt)dt + O'(Xt)th + f(Xt— )st

where L; is a compound Poisson process of intensity 1: L; = Z?L G, with Ny
a Poisson process of intensity 1 and ((1,...,(,) are independent and identic-
ally distributed random variables independent of (N;). We denote by f the
probability law of (; .

Model 1:
b(a) =22, o(z)=E&@x)=1 and f(dz)=uv(dz) = %51 + %5,1.
Model 2:
b(z) = —(x—1/4)°—(x+1/4)*, o(x)=¢&(@) =1 and  f(dz) = v(dz) = @

We can remark that the function b is not Lipschitz and therefore does not satisfy
Assumption Al.

Model 3:

We consider the stochastic process of parameters

b(z) = =2z +sin(3z), o(z) =¢&(x) = \/?1—722

and
1 [v24
fldz) = v(dz) = ﬁe_v VaAlzl g,
z
Let us remark that v = f is not sub-exponential and does not satisfy A5.

Nevertheless, this model satisfies all the assumptions of Theorem 10.

Model 4:

In this model, the Lévy process is not a compound Poisson process. We set

v(dz) = 2M2(8, e +6_1/0r), b(z) =22 and o(z) =&(x) = 1.
k=0

The Blumenthal-Getoor index of this process is such that g > 1.



5.2 Simulation algorithm (Compound Poisson case)

We estimate b on the compact interval A = [—1,1].

1. Simulate random variables (X, Xa,..., Xpa) thanks to a Euler scheme
with sampling interval § = A/5. To this end, we use the same simula-
tion scheme as Rubenthaler (2010). We simulate the times of the jumps
(T1y. .y, TN, TN+1) With 77 < nA < 7541 and we fix Xy = 0.

If § < 71, we compute

X5 = 0b(Xo) + Vo (Xo)N with N ~ .#(0,1).
If y < 6, we first compute
X7 = 11b(Xo) + /T10(Xo)N + £(Xo)C1
with N ~ 47(0,1) and {; ~ f is independent of N. If § < 79, we compute
X5 = (6 = m)b(Xr,) + V6 — T10(X7, )N
else we compute

Xr, = (12 —1)b(X5,) + V7o — Tio(X7, )N' 4+ £(X7,) (o

where N’ ~ 47(0,1) and (2 has distribution f. N, N’, {; and (, are
independent.

2. Construct the random variables

Xk+1)a — Xka Xk+na — Xka

YkA = A and YkA = Tlﬂx,lekAEA'

3. We consider the vectorial subspaces Sy, , generated by the spline functions
of degree r (see for instance Schmisser (2013)). In that case D,,, =
dim(Sp,r) = 2™ 4+ 7. For r € {1,2,3} and m € A, (r) = {m, Dy, <
Pn}, we compute the estimators l;m,T and l;m,T by minimising the contrast
functions , and ¥, on the vectorial subspaces Sy, ,.

4. For the estimation algorithm, we make a selection of m and r as follows.
Using the penalty function pen(m,r) := pen(m) = k(02 +&3)(2™ +71)/nA,
we select the adaptive estimators by, and by, -, and then choose the best

r by minimizing vy, (b)) + pen(ri, ) and Yy, (b, r) + pen(m, r).

To calibrate x, we run a various number of simulations for a model with
known parameters and let x vary. When & is too small, the value of m selected
by the estimation procedure is in general very high (often maximal). When & is
too big, the estimator is always linear even if the true function is not. We used
the true value of 02 and &2.

10



5.3 Results

In Figures 1-4, we simulate 5 times the process (Xo,..., X,a) for A = 1071
and n = 10* and draw the obtained estimators. The two adaptive estimators
are nearly superposed, moreover, they are close to the true function.

In Tables 1-4, for each value of (n, A), we simulate 50 trajectories of (Xo, Xa, - . .

For each path, we construct the two adaptive estimators by, » and I;m,; and we
compute the empirical errors:

2 2

bpr —ba

erry = and errg = Hbmi — by

n n

In order to check that our algorithm is adaptive, we also compute the minimal
errors

2 2

bm,r - bA

and eming = min ||b,,, — ba
n m,r ’

emini = min
m,r

n

and the oracles oracle; = err;/emin;. We give the means g, 74, M, and 7, of
the selected values m, 7, m and 7. The value risk; is the mean of err; over the
50 simulations and or; is the mean of oracle;. The computation time for one
adaptive estimator varies from 0.1 second (A = 107!, n = 10%) to 30 seconds
(A =107, n = 10%). The empirical risk is decreasing when the product nA
is increasing, which is coherent with the theoretical model. For Model 1, the
two estimators are equivalent. When the tails of v become larger (Models 2 and
3), the truncated estimator is better. The improvement is also more significant
when the discretization distance is smaller. As on the first three models, the
processes L; are compound Poisson processes, these results were expected. The
truncated estimator seems also more robust: we do not observe aberrant values
(like for the first estimator in Table 2). Those aberrant values may be due to
the fact that b is not Lipschitz and then b(X;a) may be quite large, and to the
non-exact simulation by an Euler scheme. For Model 4, the results are slightly
better for the first estimator when A = 0.1, which is due to the fact that the
remainder term is greater for the truncated estimator. When A = 1072, the
risk of the truncated estimator is lower than for the first estimator.

6 Proofs

Let us introduce the filtration
Fr=0 (777 (Ws)ogsgt ) (Ls)ogsgt) .

The following result is very useful. It comes from Dellacherie and Meyer (1980)

(Theorem 92 Chapter VII) and Applebaum (2004), Theorem 4.4.23 p265 (Kunita’s

first inequality).

Result 11 (Burkholder-Davis-Gundy inequality). We have that, for any p > 2,

11

aXnA)-



p/2
Fi

p

t+h
E / o (X,)du
¢

Fi

/tsa(Xu)qu

and, if [ |z[" v(dz) < 00, as [, 2°v(dz) = 1:

[}

sup
sE[t,t+h]

<, |E

p/2

C,E ( /t t+h§2(Xu)du> 7,
(/tt% |£(Xu)|pdu> ‘ 9}] /R|z|p V(d2).

IN

sup
sE[t,t+h]

+ G,E

6.1 Proof of Theorem 2
By (3) and (4), we get:

(Yia — b(Xpa))? + 16— t]2

I
S
M=

1 n
=— E (Yia — t(Xga))?
n
=1

E
Il
_

Sl
M=

+ (Yia = 0(Xga)) (0(Xpa) — t(Xka)) -

k

Il
N

As, by definition, v, (l;m) < Yn(bm), we obtain:

R 2 22 .
—b|| < —b|> + = E — — .
Hbm an < ||bm —0l[;, " 2 (Yia — b(Xka)) (bm(XkA) bm(XkA))

By (2), and as l;m and b,, are supported by A,
R 2 5 2 — .
b = bal| < b = all2 4+ 2 D7 s + Zes + Ts) (b (Xia) = bn(Xia))
k=1

Let us introduce the unit ball
By = {t € Sy It <1} where ]2 = / £(2)e (dz)
A

and the englobing space .7, =, ¢ ., Sm- Let us consider the set
2
1t

2
14l

where the norms ||.||_ and ||.||, are equivalent.

Qn{w, vVt € .Y,

12



Step 1: bound of the risk on (2, Thanks to the Cauchy-Schwartz inequal-
ity, we obtain that, on €,,:

. 2 5 1. 2 n ) 1 i1~ 2 )
Hbm = ba| < b = bl 55 Hbm || #1223 Iat 7 Hbm fbmH 112 sup v2(t)
n no= @ t€Bm
where
1 n
vn(t) = ~ > (Zia + Tea)H(Xia). (5)
k=1

On ,,, by definition, we have:

~ 2 ~ 2 9 N 2 N 2
Hbmfbm §2Hbmfb,4 +2[by — bal®  and HbmfbmH §2Hbmfbm

n

Thus we obtain:

. 2 5 2
Hbm - bAH <3 b — bal® + 24" IZn +24 sup v2(0).
n k=1 tEBm

The following lemma is very useful. It is derived from Proposition 1 and Result
11.

Lemma 12. 1. E(I,%A) < cA andE([fjA) < cA.
2. ]E(Zm|9‘m) = 0, E (ZI%A‘ ﬁm) S Ug/A andE(Z,%MﬁkA) S C/A2.
3. E(Tial Fra) =0, E(TA| Fea) < /A and E (Tin| Fra) < ¢/ A3,

By Lemma 12, E [I2,] < A. It remains to bound E [sup,c s v2(t)]. We
consider an orthonormal basis ((p,\)AeAm of Sy, for the L2 -norm with |A,,| =

Dy, Any function ¢t € Sy, can be written t = >\, axpx and ||t||2w =
> xea,, @3- Then:

2
sup Vﬁ(t) = sup E axvp (pr)
tEBm Sxais1 \)en,,

sup (Z ai) (Z ve (w))
23S \xean AEAm
= D vl

AEA,

It remains to bound E (12 (¢,)). By (5),

IN

E[2(px)] = % ZE (03 (Xka)E [ (Zra + Tea)?| Fral]
k=1

2 n
+ 3 Z E[(Zka + Tra)or(Xea)oa(Xia)E [ Zia + Tia| Fia]]
k<l

13



Thanks to Lemma 12, the second term of this inequality is null and we obtain,
as [p o3 (2)w(dz) = 1:

B[] < 2081 8) S 3 (x,0)) - 221G

n 2
n2A P nA
Therefore:
~ 2 9 9 ) Dm
B {|[om — ba]| 10, | < 31w — ball2 + 48(s8 + €8) -2 + CA.

Step 2: bound of the risk on . The process (X;),- is exponentially (-
mixing, 7 is bounded from below and above and nA — co. The following result
is proved for £ = 0 for instance in Comte et al. (2007) for diffusion processes,
but as it relies only on the S-mixing property, we can apply it.

Result 13. .
P[Q;] < el

Let usset e = (ea,...,ena)" where exa := Yin —b(Xia) = Iia+Zia+Tha

and I, Y = Iy (Ya, ..., Yoa)" = (bm(XO), . .,Bm(XnA)) where II,,, is the
Euclidean orthogonal projection over S,,. Then

HHmY - bAHi = HHmbA - bAHi + HHmY - HmbAHi

2
n

Hl;m_bA

IN

2 2
bally, + llell5, -
According to Lemma 12, Result 13 and the Cauchy-Schwarz inequality,

E [l 10;] < (£ [le])”” @22 < (A%)/ o

and, as b is bounded on the compact set A,

E[I0al2 105] < (B [Jealld] @) " <

Collecting the results, we get:

[ o1 £ 75

2
19% 5
n

which ends the proof of Theorem 2.
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6.2 Proof of Theorem 4

The bound of the risk on Qf is done exactly in the same way as for the non
adaptive estimator. It remains thus to bound the risk on €2,,. As in the previous
proof, we get:

IN

2 24 &
1 3 b — ball®> + =S 12, +2 -2 3
o, [ Al +— ; ia T 2pen(m) — 2pen(in)

o

+ 24 sup Vi(t)
tEBm,m

where %y, 1 is the unit ball (for the L2 -norm) of the subspace Sy, + Sy
Brm = {t € Sm + S, ||t]|, < 1}. Let us introduce a function p(m, m’) such
that 12p(m, m’) = pen(m) + pen(m’). We obtain that, on €, for any m € #,:

2

IN

24
3bm —ball> + =N 12, +4
l all, + - ; ia T 4pen(m)

+ 24 sup (V2(t) —p(m,m)).
tEBm,m

e 1

n

It remains to bound

E

sup u2<t>—p<m,m>] <y

te@WL,WL ’

sup vy, () — p(m, m’)] :
te# X

m m,m/

For this purpose, we use the following proposition proved in Applebaum (2004)
(Corollary 5.2.2 ).

Proposition 14 : exponential martingale.
Let (Yi)i>0 satisfy:

t t t F2
Yt:/ FSdWS+/ KSdLSf/ {—S+/ (ef* —1— K,2)v(dz) | ds
0 0 0 2 R

where Fs and K are locally integrable and predictable processes. If for any

t>0,
t
E / / ’eKSZ — 1| v(dz)ds
0 J|z|>1

then €Yt is a 9;-local martingale where 9, = o(Wy, Ls,0 < 5 < t).

< 00,

For any € <e1:= (AA1)/(2|t]| . o) where X is defined in Assumption A5,
for any ¢t > 0

t
/ / (exp(et(Xka)é(Xs)z) — 1) v(dz)Ligpra, (kt1)a)ds < oo
0 Jiz|>1

15



Let us introduce the two Markov processes
n t
Agyt = 62 ZtQ(XkA)/ 02(Xs)lse]kA,(k+1)A]dS
k=0 0

and

B. .= kZo/O /R(GXP (et(Xka)§(Xs)z) — et(Xpa)(Xs)z — 1) Ligpa, (k+1)a1v(d2)ds

and the following martingale:

t n
M; = / Z 1s€]kA,(k+1)A]t(XkA*) (U(Xs)dWs + €(Xs* )dLs) .
0 k=0

By Proposition 14,
Y.s:=eM, - Aa,s — B s

is such that e¥=:s is a local martingale.

Bound of A, ; and B. ;. We obtain easily that A s < A, (n41)a < e2nA ||t|\i o3.
Under Assumption A5, £ is constant or v is symmetric, and therefore

Beo < Benpna SAY /R (exp (et(Xka)oz) — et(Xga-)Eoz — 1) v(dz).
k=0

As [ 2°v(dz) =1, for any a < 1,

1

/ (exp(az) — 0z — 1)w(dz) < o / 2u(dz) < a?.

-1 -1

Moreover, by integration by parts, for any o < (1 A \)/2,

/[—1 1] (exp (z) —az —Nv(dz) < (e —a—1)v([l,+oo])+ (7 +a—1)v( — oo, -1])
+oo
+ /1 a(e® —1)v([—=z,2]%dz

By assumption A5, v([—z,2]¢) < Ce™** and then

exp (az) — az — 1) v(dz) < 2a%v —1,1C+Ce_)‘g( e —1)§C’a2.
|, e () < 2% (110 (=05

Then B., < nAe2€2 ||t]|>. There exists a constant ¢ such that, for any
e<ey,
2
nAe? (of +&3) |1t

Ac s+ B s <
et Bes S0 (1—¢/e1)

16



Bound of P (Vn(t) >, ||t||i < §2). The process exp(Yz,:) is a local martin-

gale, then there exists an increasing sequence (7x) of stopping times such that
limy oo T = 00 and exp(Yz ¢ary ) is a F-martingale. For any € < €1, and all
N,

E = P (Masnaney =ndn, i) < %)

enAe? (03 + E%) ¢?

< P M >nAn, A B <
~ ( (n-i—l)A/\TN Z NAaT, (77,+1)A/\TN + (n+1)A/\TN = (1 — 5/51)

cnAe? (53 + 08) ¢?
(1—¢/e) '
As exp(Ye inry ) is a martingale, E (exp(Yz iary)) = 1 and
cnAg? (58 + 03) ¢?
(1—¢/e) '

Letting N tend to infinity, by dominated convergence, and as vy, (t) = nAM 1 1)A,
we obtain that

< E (GXP(YE,(nH)A/\TN)) exp <—nA77€ +

E <exp (nAnE +

cnAe? (53 + 08) ¢?
(I—¢/e1) '

P (un(t) >, HtHi < CQ) < exp (—nAns +

It remains to minimise this inequality in €. Let us set

Ui

T 2c(02 + ) /AT /e =er
We get:
, , n’nA
P (un(t) >, |1t < ¢ ) S exp (4c((o§ +E3)¢2 + ¢no IItloo)) '

The following lemma concludes the proof. It is proved thanks to a L% — L>°
chaining technique. See Comte (2001), proof of Proposition 4, and Schmisser
(2010), Appendix D.3.

Lemma 15.
There exists a constant k such that:

D3/2 B
0~ plon)| w5 o 2 e
teRB n

where D = dim(Sy, + Spm).
As Y, D32 VD < SF k3/2¢=VE < o0 we obtain that

E

m,m/’

2, 2
E| sup v2(t) —p(m,m)| < Z E| sup v2(t)—p(m,m)| < Iiéo + % .
tEBom et tEB nA

17
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6.3 Proof of Theorem 7
We recall that

Qx.p = {M | X(kt1)a = Xia| < Ca = (bmaz +3) A + (00 + 40) \/Zln(”)} :
Let us introduce the set

Qv = {w, Nea =0}

where N, is the number of jumps of size larger than A'/* occurring in the
time interval |kA, (k + 1)A]:

N;/CA =L (]ch7 (k+1)A], [,A1/47A1/4r) .
We have that
}N/kA = YkAlQX,lekAEA

= ba(Xka) —ba(Xka)log  n(xraca) + Iealoy in(Xeaca) + Zka + Tia
+ (Zia + Tia) Loy wnos, ,n(xaca) T E ((Zra + Tia) Loy nOnan(Xeac)| Fra) -

where

Zia = Zialay ynon rn(Xeacd) — E (Zialay gnon sn(Xeaca)| Fia)

and

T _ I,
Tin = Tealoy inonsn(Xeaca) — B (Tkaloy inon wn(Xeacd)| Fra) -

As previously, we only bound the risk on €2,,. Let us set

n

Un(t) := %Zt(XkA) (ZkA + TkA) .
k=1

We have that

A

2 294 &
1 31y — bl + 24 e (1 b2 (Xen) Lo )
Lo, = 3 all;, +24 sup 72 - D (Tia + V3(Xea)log,

by, — ba
H " tEBm k=1

+
-
WE

(Zin +Tin) Loy 105, \N(Xea€A)

=~
Il
_

(E [(Zka + Tea) Loy non xn(Xeaca)| «%m})Q :

:‘5
o~
M=

+

=~
Il
_

The following lemma is proved later.

18



Lemma 16. 1. P(Q% ;N (Xpa € 4)) < ALl-B/2
2. Pl (10 N (Xia € 4)) 5 A2,
3. (E[(Zka + Tra) 1oy snox xn(XeacA)| c%m})? < In?(n)A'-F/2,

According to Lemma 12, E(IZ,) < A. As b is bounded on the compact set
AE [bg(xm)mg( ] S PQ% ) S A17P/2, Moreover, on Q. i,

X+1)a — Xpa
(Zea + Ten) Loy so(xeaca) (L

2
A —ba(Xia) — IkA) Loy, 1x,aea

< 1“1(”) + b3 (Xpa) + I2a
and then
E = E [(Zm + Tia)? 1QX7ka§V,kﬁ(XkA€A)}
< (ml(n) - b?,m) P (Qxk N Q% N (Xpa € 4)) +E ([{a)

< In%(n)AlA2,

It remains to bound E (supteggm 17,21(15)) In the same way as in Subsection 6.1,
we get:

B(sw 20) < 3 E@) < 228 (2413)
tEBm AEAM, n
2D, D,
< TEE(ZA+TR) <2(05+8) X

We have that E (ZZ <E(Z3) < %g. Moreover,

E (TI?A) E (TkQA]‘QX,kaN,k) - (E (TkAIQX,kﬁQN,k) )2
E (T,?AlgNyk) + ln2(n)A1_’6/2

AL/2-B/4

AR /AR AN —

Then E (sup,cg, 72(t)) < (nA)" Dy (08 + o(1)).

6.3.1 Proof of Lemma 16
Result 17. Let B be the Blumenthal-Getoor index of Ly. Then:

v([-2,2°) <278, / 22v(dr) < 227 and / zty(dr) < 24P,
|z|<zAao |z|<zAao

The constant aq is defined in A6.
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Bound of P(Q% ; N (Xya € 4)). We have:
P (Q% 5N (Xea € A)) =P ({|Xst1a — Xpa| > Ca} N (Xia € A)).
We know that X(;11)a — Xpa = b(Xia) + Ika + Zka + Tia. Then
P(Q%x N (Xxa € 4)) < P(|ALal > A)
+ P <|AZkA| > UO\/Zm(n)) +P (|ATkA| > 50\/Z1n(n)) .

By a Markov inequality and Lemma 12, we obtain:

E (A%
P(|Alkal 2 A) < % S A (6)

By Proposition 14, the process exp ( fo )dWy — c? fo ds) is a local

martingale (as o is bounded, it is in fact a martmgale, see Llptser and Shiryaev
(2001), pp 229-232). Then, by a Markov inequality:

VAZ
s U

To bound inequality (6), it remains to bound P (|ATkA| > & Aln(n)). Let
us set

2
i (|AZkA| > aox/Zln(n)) <-E

<

1 2 3 ) R i
Tin = ( ) + TISA) + T,E ) where T,SZ) N §(X,-)dL)

with

L(l) / / ii(ds, dz), L(2) / / zi(ds,dz)
\/_\/_ A1/47 A1/4]
ng) :/ / zii(ds, dz).
0 [—A1/4,A1/4]C

Let us set N];/A =p (]kA, (k+ 1)A], {—\/Z, \/Z} C). By Result 17, we have:
P(|TR + 7| > 0) =P (Nx > 1) s Av ([-VA,VA]') s A2,

It remains to bound P HAT,&)‘ > 250\/Z1n(n)} . We have that:

(k+1)A

P[|ATR]| = 26VAIn(n)] < 2P lexp (5/
k

By Proposition 14, for any e,

= ex & t — (1)— t exXplez — ) — — EZ L — viaz
D, p< [ e ar /k . /Zlm< p(eE(Xom) — 1 — e2t(X, ) v(d >>

20
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is a local martingale. Let us set ¢ = 1/(26yA'/?). There exists an increasing
sequence of stopping times 7n such that, for any N,

F =

IN

PFW< !

2€0A1/2

kA

(kJrl)A/\TN
/ s<xs>dL§1>> > n]

_ (k1) ANTN 2§(Xs-) 2€(Xs-)
n 'k <eXp (/kA /z|<\/Z (exp (72§0A1/2) —-1- 72§0A1/2) v(dz)

2.2
n lex QA/ S0z v(dz) | <n lex (/ 22u(dz ) <n L

When N — oo, by dominated convergence, we obtain:

P (’ATSA)’ > foﬂln(n)) <nh (8)

Bound of P (Qx,x 0%, N (Xka € 4)).  We recall that

Nip = p (A, (k+ 1)A], [-AY4 AL/4]e

with

). We have:
Qyr = {NI;A = 1} U {NI;A > 2}

1) <APMA and P (N,;A > 2) < AZB/2,

Then P (Qf\,k N {N,;A > 2}) < A?7B/2 We can write:

G =
<

+

H

P (QX,k n (XkA S A) N (NI;A = 1))

P(Nia =1) P (AT + ATR| < 20| Nis = 1)

’

P(Nia=1)

By (6), (7) and (8), we obtain:

IN

S

P ({ ‘AT,EZ’ + AT,EZ)‘ > 204 Nip = 1} N Qxk N (Xia € A)) .

P({|a7R + ATR| = 20a| Nis =1} NQx (Xea € 4))

P(A’bA(
A+nh

Xia) + Ika + Zia + T,EIA)’ > CA)

It remains to bound J := PP (‘AT,EQA) + AT,S‘O’A)‘ < 204 Ny =1). T Nig = 1,

then [ATSR| = | X

k+1

2 (X, )dLP| > €AV, Then J <P (A ’T,EZ)‘ > Al - 2CA).

21



Let us set ng = L_—}mw and a = (§0n0>—1 (§1A1/4 B QCA) . We have:

J < Plu(kA, (k+ 1A [~a,a]) > 1]
P [u(kA, (k + DA, [—a, - AV U [AY2,a]) > no]
Ay([—a,a]c) + Anoy([_Al/Q’Al/Q]c)no

AP LA

Then P(Qx 1 N QY 1) < P(Npa = DAYA/A L P(N, =2) S A2P/2,

NN+ A

Bound of (E [(ZkA + TkA) ].QX’kﬁQN’kﬁ(XkAeA)| {g‘\kA])2.

If 0 and £ are constants. Letusset F := (E [(ZkA + Tkn) 1QX7kﬁQN7kﬁ(XkA€A)’ ﬁkA}f

and

Qi = {wllal £1,0[AZka] < 00VAIn(n), N |ATR| < 26VA(n) }
By (6), (7) and (8), P (Q%k) < A+ n~'. Then, by a Markov inequality:

2
E S AW (n) 4+ (E[(Zra + Tha) Loy ynn e an(Xeae)| Fral)” -

Let us introduce the set Qg7 = {w, |Zka + Tea| < CAA™Y — bgs — 1}. On
Q1 .k, Hea| <1 and therefore:
Qzrk N Qi € Qx e NQrk € {w,[Zea + Tral < CAA™" + bygw + 11 N Q.
Then

E< A1n2(n) + F? + G?
where ' =E [(ZkA + Tia) 1QZT,WQN,WQI,W(X;¢A€A)‘ ykA] and
G =E {(Zm + Tin) 19%”mQX,kaN,ka,,km(xkAeA)‘ ym]- As o and ¢ are

constants, the terms

(k+1)A (k+1)A
Zin = 20 AW, and Tya = 5—0/
k

dLs
A Jia A

A

are centred and independent. Then F' = 0. Moreover, on Qy x, T,S?’A) = 0. Then

ZT,k

|G| 5 ‘E {(ZkA + TlglA) + TIEQA)) 19X,kﬁﬂc mQN,kaI,km(XkAGA)‘ ykA} ‘ :

Let us set ¢ = bjae +1. On Q[yk N QX,ka

Zea+ TR + TR S mm)a~2,

and
In(n - -
Gl < fz) (P (Jzea + TR + TR € (0287 — a0, a0 7 0] 10, ) )
1
= 2% /RIP (T,Ei’ € [CaA™ =y — 2, CAA™ + ¢, — 2] 1Qz,k)

x P (ZkA + T,ElA) € dx‘ T}ng) € [CAAfl —¢p — T, CAA Y 4 ¢ — m} IQM) .
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On Q. ‘Zm + T,gg\ < (00 + 269) In(n)A~Y/2. Then

Gl < In(n)

S/A sup IP’( wn € [C, C+20b])] . 9)

C>¢&oIn(n)A—1/2

We recall that LE2) is a compound Poisson process in which all the jumps are
greater than v/A and smaller than A4, Let us denote by 7; the times of
the jumps of 81ze in [VA, A1/4] and by (; the size of the jumps. We set a; =

& oA - > ' ¢ and ¢ = =& Y(2bymaz + 2). Then, as € is constant equal to &:

H = IP( 2 ¢ e, C+2bmm+2])

< ZIP’ (j jumps > VA, last jump € [a;,a; +cA])

=1
< 2 sup P(1jump € [a,a+ cA]) =2A sup v ([a,a+ cAl).

a>VvA a>vVA

By A6,
1 1
HSA sup |— - —————| SVAAITP? (10)
a>vAa @ (a+cA)

and, by (9) and (10),
E < Aln®(n) + lnA( ) An2-5 < Aln®(n) + A2 P n(n).

Remark 18. If v is not absolutely continuous, inequality 10 is not valid. We
obtain:
H <2A sup v([a,a+ cA]) < AV=P/2
a>VA
Therefore
E < Aln*(n) + G?* < Aln®(n) + AP In(n).

If 0 or £ are not constants.  The problem is that Zya and Tya are not
symmetric and we can’t apply directly the previous method. We replace them
by two centred terms. The following lemma is very useful.

Lemma 19.
Let f be a €2 function such that f and f' are Lipschitz. Let us set, for any
t €lkA, (k+ 1)A]:

t

Vi(Xpa,t) = f(Xka) <O’(XkA)/ktA dW5+§(XkA)/ zﬂ(ds,dz)).

kA

We have:

E [(f(Xt) — [(Xia) — 5 (Xpa, t)? 1QN’k1XkAeAi| < A2-/4,
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Lemma 4 is proved below. Let us set

) | kDA
Zpn = A (0(Xka) + VYo (Xka,s)) AW,
kA
1D : S (), (2 )
Ten =« (§(Xka) +e(Xka,s)) dLgl) and  Tia = Ty +Typx +TiA-

AkA

The terms Zxa and Tia are symmetric. By lemma 19,

E [(Zm — Zia)® 1QN,,€1XMGA} = éE /er)A (0(Xs) — 0(Xpa) — Yo(Xia,s)) ds
< AP (11)
We prove in the same way that
E [(Tm ~Tia)’ 1§2N7k1XMeA] < AV (12)

Let us set Uga = A7H(Xpn-) k(ZH)A dLgQ). By Result 11 and Proposition 1,

2 ((2) 2 (kDA 2 2 2-3/4
E [A (T,cA _Um) ] —E / /(ng(xm,s)) 2u(dz)ds| < A2P/4,
k R

A

(13)
Let us introduce the set

Qe = {w lral+|Zka — Zka| + |Tra — Trea| < 3}
N {‘AZkA’ < am/Zln(n) + A, AT,SlA)‘ < 2«50\/K1n(n) + A}

N {‘A(T;EQA) - UkA)‘ < Eo\/Z} )

By (6), (7), (8), (11), (12), (13) and Markov inequalities, we obtain:

P(Q5,) S AT % (14)

Then
E = (E[(Zia+Tia) Loxnonsn(xencn)| Fral)’ (15)
< AL-B/2 1n2(n) + (E [(ZkA + TkA) Lo NN N (X s €A) NG ﬂkAD2 .

Let us introduce the set:

Qzrp = {w, | Zra + TkA‘ < CAAT = byae — 3}
We have that

Qzr N Qi CQx e N Qi € {w, ’Zm + Tm‘ < CAA™ + bpan + 3} N Q.
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Given the filtration Zya, the sum Zya + Tia is symmetric. Then
E {(ZkA +Tra) 1QZT,kaNYkm(XkA€A)‘ ka} =0.
Moreover, on Qy g, T,EBA) = 0. Then, by (15),
E <AYA2102(n) + G* + H?

where G := E {(ZkA + T,glA) + T,EQA)) 1QMchZT,kaN,ka,,m(XmeA)‘ ykA} and

> =(1 =(2
H =FE |:(ZkA + TISA) + TISA)) 19X,k-ﬂQZT,kﬂQN,kﬂQ?kﬁ(XkAGA)‘ ykA:| . We have
that 2 < A~ In*(n)P2(Q5,) < A™#/21n*(n). The end of the proof is the
same as in the case of o and £ constants. We obtain that

1
|G| < r\l/(%) . lst(lp)A 1/2P(UkA € [C,C + 2byaz + 6]) S VAAITA/2,
>koln(n)A—

6.3.2 Proof of Lemma 19

According to the It6 formula (see for instance Applebaum (2004), Theorem 4.4.7
p251), we have that

X)) —fXpa) =L+ L+I3+14

where

11=/ f(X)o(X)dW,, I = /M/ f (X + 26(X,0)) — F(Xam)) ilds, d2)
I = /M / F(Xo + 2€(X0) — F(X) — 26(Xa) f(Xa)] p(dz)ds
L= /k L [FOEB) 4+ £(Xo)o? (X /2] ds.

By Proposition 1, for any ¢t < (k + 1)A, we have:

<f1 — ['(Xka)o(Xka) /k; dWs)T

</’: (0(X)f'(Xs) = o(Xea) [ (Xka)) dWs)Ql

A

Q = E

= E

_ /kA (X)) F'(Xs) — o(Xpa) f'(Xea)) 2 ds < A2.
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We can write:

t 2
E = E (b—f’(xms(ka / dL£1>+dL§2>) 1QN,,€]

kA

= Q/M /Z<A1/4]E {(f(Xs + 26(Xs)) — f(Xs) — 26(X0) /(X)) } v(dz)ds

t
b2 [ B[RS - 6 (X)) vida)ds,
kA J]z|<AL/4
The function f is 42, then, by the Taylor formula, for any s € [kA,t], z € R,
there exists (s, in [X,, X5 + 2£(X5)] such that:

£+ 2605) — () — 26X F1(%) = 25X e,

Then, as £ and f” are bounded:
4

B [(F(X + 26(X.) = F(X,) = 26(X,) £ (X,)°] = SB[ (€)1 (G0 5 2*

and, by Result 17, for any ¢t < (k + 1)A,
= t — _ ! 2 U
F = /m /ZSAME {(f(Xs + 28(Xs) — f(Xs) — 26(X) f'(Xs)) } (dz)ds
A

< Av(dz) < AP/

|zl <At/

The functions £ and f’ are Lipschitz, then by Proposition 1,
B[22 (€(X0)F (X.) = €(Xka) [ (Xea))’] S 2B (X, — Xpa)?] S A2

and consequently, for any ¢t < (k + 1)A:
t
L[ B[ Earen) - e £ ()] wdsds < 4291
kA J)z<a1/a
then E < A2-F/4 By the same way, we obtain that

E[I3] <E Vk; /KAM (%f”(cs,z)fv(dz)ds

The functions b and f’ are Lipschitz and f” and o are bounded, then, for any
t<(k+1)A:

< ATA/A

E [1] SA/t (1+E[X2])ds S A2
kA
Then, for any ¢t < (k+ 1)A:
E[(f(X:) — f(Xpa) = ¥p(Xpa,t))] < AZ7F/4
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6.4 Proof of Theorem 10

As previously, we only bound the risk on €2,,. As in Subsection 6.2, we introduce
the function p(m,m’) such that p(m,m’) = 12(pen(m) + pen(m’)). On Q,, for
any m € .y, we have:

~ 2 224
[ —=0al < 3lm = bal2 + 20 (Xua e, + T +2 (228 + Th) T,
" k=1
224 2
+ - (E [(Zka + Tea) Lax o9 | Fral)
k=1
+ 24 sup (Z2(t) — p(m,m)) + dpen(m).
tEBm, i

It remains only to bound
E [ sup  (72(t) — p(m, ) ] < ZE [ sup ﬁg(t) p(m,ﬁz))‘| .
tEBom i teB,,

As in the proof of Theorem 4, we bound the quantity
E {eXp (Ef(XkA) (ZkA + TkA)) ‘ ykA} )

We have that

e202t?(X
E [exp (et(Xka) Zka) Loy .| Fia] < exp (%) ,

The truncated Lévy process Ly = fot f|z‘<A1/4 zfi(ds, dz) satisfies Assumption
A5 and then there exists a constant ¢ such that:

2 2t2 X
E [exp (t(Xka)Tha) Ton | Fra] < exp (M)

A(l—¢e/er)

As Zgala, , and Tyalq, , are centred, we obtain:

20 2 | ¢2) 42
E [exp (e t(Xen) (Zea + Tin)) ]'QN,k‘ 3‘\1@& < 2exp (ca (Uo +€o) t (XkA)>

A(l—¢/er)

and then

E [eXp (5 ‘f(XkA) (ZkA + TkA) D Loy wnox.x

ykA} < 2exp <CE ((Z)(le gozjsfi(kA)> .

We conclude as in the proof of Theorem 4.
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Figure 1: Model 1: Ornstein-Uhlenbeck and binomial law
b(xz) = =2z, o(x) = {(x) = 1 and binomial law
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Figure 2: Model 2: Double well and Laplace law

b(@) =~ (x = 1/4)* = (@ +1/4)°, o =¢=1and Laplace law
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Figure 3: Model 3: Sine function

b(x) = —2x+sin(3z), o(z) = £(z) = /(3 + 22)/(1 + 22) jumps not sub-exponential
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Figure 4: Model 4: Lévy process

b(x) = =2z, o(x) = &(x) = 1 jumps Lévy
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Table 1: Model 1: Ornstein-Uhlenbeck and binomial law

b(x) = =2z, o(x) = &(x) = 1 and compound Poisson process (binomial law)
first estimator truncated estimator
n A Mg | T | risky | ory || Mg | T | r15ks | ors
102 | 107! 0 1.02 | 0.044 | 1.3 0 | 1.02 | 0.044 1.3
10* | 107! 0 |1.02|0.011] 1.3 0 | 102 0.011 | 1.3
10 | 1072 0 1.02 | 0.55 | 1.04 0 | 1.02 0.55 1.04
10* | 1072 0 1 0047 | 1 0 1 0.047 1
5.10* | 102 || 0.04 1 0.010 | 14 0 1 0.0053 1

Mg, Tq and Mg, T, : average values of m, 7 and m, 7 on the 50 simulations.
risky and risks : means of the empirical errors of the adaptive estimators.

or; and ory: means of oracle =empirical error of the adaptive estimator /
empirical error of the best possible estimator.

Table 2: Model 2: Double well and Laplace law
b(z) = —(x —1/4)3 — (x + 1/4)3, o(z) = £(x) = 1 and Laplace law.
first estimator truncated estimator
n A Ma | Ta | risk; | ory | M | Ta | risko | ors
10 [10°1JJo0.02]1.0] 012 [ 3.1 0.02]1.0] 0.12 | 3.1
10% 10t 1.7 | 2.1 | 2e96 51 04 | 21| 0.04 1.5
10° [1072 026 |12] 1.8 [31]006| 1 | 051 |14
10 1072 ]012]15] 016 | 1.8 [[0.08 [ 1.2] 0.13 | 2.4
5.10* | 1072 ]/ 0.30 | 2.5 [ 0.035 | 1.6 || 0.26 | 2.5 | 0.019 | 1.8
Mg, Tq and My, T4 : average values of m, 7 and m, 7 on the 50 simulations.
risk, and risks : means of the empirical errors of the adaptive estimators.
or; and orp: means of oracle =empirical error of the adaptive estimator /
empirical error of the best possible estimator.
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Table 3: Model 3: Sine function and jumps not sub-exponential

b(z) = —2a+sin(3z), o(z) =&(x) = V/B+22)/(1+22) and v(dz) x e V% /\/zdz

first estimator truncated estimator
n A e | Tq | risky | ory | Mg | Tq | risks | orsy

103 10°t o34 12| 076 | 36 1] 004] 12| 028 |19
10% 101 0.8 | 220082 | 13| 068 |22]|0.073| 1.2
103 [ 1072 |[096 1.2 ] 18 |63 002]1.2] 1.3 | 1.2
10% 10207814 1.5 4.3 || 0.12 | 1.4 | 0.24 | 3.3
5107 | 1072 ][ 0.92 | 23 | 0.24 | 43 || 0.70 | 2.3 [ 0.039 | 1.3

Mg, Tq and mg, 74 : average values of m, 7 and m, 7 on the 50 simulations.

risk, and risks : means of the empirical errors of the adaptive estimators.

ory and ore: means of oracle =empirical error of the adaptive estimator /

empirical error of the best possible estimator.

Table 4: Model 4: Lévy process

o
b(z) =2z, o(x)=&x)=1 and v(dz)= Z 2FF2(§yk +6_g-r)
k=0
first estimator truncated estimator
n A Ma | Ta | risk; | ory | M | Ta | risko | ors

10> [ 101 ] 0.04 | 1.06 | 0.110 | 1.86 [[ 0.02 | 1.06 | 0.111 | 1.95
10* [ 1071 ][ 0.06 | 1.06 | 0.0172 | 1.26 || 0.06 | 1.06 | 0.0176 | 1.22
10> [ 1072 ] 0.1 | 1.04 | 1.17 | 1.88 0 |[104] 061 |1.12
10* [ 1072 ][ 0.04 | 1.08 | 0.11 1.25 || 0.02 | 1.08 | 0.068 | 1.25
5.102 | 1072 || 0.08 | 1.16 | 0.023 | 1.71 0 | 116 ] 0.011 | 1.09
Mg, Tq and mg, 7o : average values of m, 7 and m, 7 on the 50 simulations.
risk, and risks : means of the empirical errors of the adaptive estimators.
or; and ory: means of oracle =empirical error of the adaptive estimator /
empirical error of the best possible estimator.
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7 Auxiliary proofs

7.1 Decomposition on a lattice

Proposition 20.

If there exist some constants c1, co and K independent of D, n, A, b and o
and two constants o and B independent of n and D such that, for any function
teS,+S,:

2
: < P > <) <K - n"ns
V0,C >0, ¥t € St S [t < CC B (£ult) 2 m 1l < %) < exp( 7T 1 20eand )

then there exist some constants C' and k depending only of v such that, if D <

E| sup f2(t)—
te@m,m/ n() nﬁ

2 213/2,—VD
Ko D] < C’KHO[ D?/“e .
+ np

Let us consider an orthonormal (for the L2 -norm) basis (1x),cx of

Sm,m’ = Sm + Sm such that .

VA, card ({X, [[Yaa | # 0}) < éo.

Let us set

IR > XN
' \/Bﬂ750 |6|oo

‘We obtain that

Z Brtha
/\

then

< ¢2 Iﬂlwsgpllwxl\w et [Vl < VDI[WallL2 < mVD [[4all

oo

fm,m/ <r:.= ¢27T1.

We need a lattice of which the infinite norm is bounded. We use Lemma 9 of
Barron et al. (1999):

Result 21. There exists a Sg-lattice Ty, of L2 N (Sp, + Sp) such that
Tk N\ B | < (5/6)7

where 6, = 27%/5 . Let us denote by pr(u) the orthogonal projection of u on
Ty. For any u € Sy, |lu—pr(u)]. < 0k and

[

sup ”u - tHoo S Fm,m’(;k S Fak-
uepy, ' (t)
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Let us set Hy = In(|Tkx N Br.m’|). We have that:
Hy < DIn(5/6) = D (kIn(2) + In(5/5,)) < C(k + 1)D.

The decomposition of u; on the dg-lattice must be done very carefully: the
norms ||ug — uk—1|, and ||ug — uk—1|| ., must be controlled. Let us set

& :{uk GTkﬂ,@mﬁm/, HU*uk”w <, et ”u*ukHoo ngk}
We have that In(|&%|) < Hj. For any function u € %y, v, there exist a series
(ur)r>0 € [, &% such that
o0
U=Uo+2(uk—uk_1).
k=1

Let us consider (nx)r>0 and n € R such that 79 + >, nx < 1. We obtain:

Fuuo) + ) folug — up1)

P(egp |fn(u)|>77> < P(ﬂ(uk)EH@@k, >770+Z77k>

k=1 k=1
< P+ Z Py (16)
k=1
where
Pr= Y P(fa(uo)l>m) and Pog= > P(|falur—ur—1)l>m).
u €Ep U EER

As ug € Ty, |Juoll, <1 and |luoll, < 7#VD. Moreover, |luol> < 3/2|juol>, <
300/2. Then

P (| (uo)| > m0) =P (1fa(uo)| > mo, [luoll} < 300/2) -

There exist two constants ¢} and ¢, depending only on &y and 7 such that

P('f (u0)| > 770) < Kexp|— ”5778
" N cha? + 20’2\/50070 ’

Let us set 2o such that 79 = « (\/c’1 (x0/B) + 0’2\/5(350/6)). Then:

Bng

xo <
0= a2 + 2¢hv/ Damyg
and
P (fn(uo) > no) < K exp (—nxo).
Then
P K Z exp (—nwo) < K exp (Ho — nao) . (17)
uo €8
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We have that
g = w17 <2 (o = el + = well?) < 503_/2

then |[Jug fuk,1||i < 1567 /4. As up_1,ur € Ex_1 X &, it follows that
g — up—1]|%, < 562,72 /2. There exists two constants c3 and ¢4 such that:

Pp (|fn(ur —ug-1)| >n) = Py (lfn(uk — )| > s [Jug — w1 |2 < 15513_1/4)
npn;
< K — .
- exp < c3a?d? |+ 204a(5k_1>

Let us fix xj such that n, = d0x_1a (\/03 (xk/B) + ¢4 (xk/ﬁ)) We obtain:
B

T 30207 4 2c400-1

and
P (| fn(ur — uk—1)] > mi) < K exp (—nay) .
Then, P < Kexp (Hi—1 + H, — nxy) and

Py = Z Py < KZexp (Hi_1 + Hy — nay,) . (18)
k=1 k=1

Let us set 7 > 0 and choose (xf) (and then (7)) such that

\/ERZEO:H0+D+T
nxg = He—1 + He + (k+1)D + 7.

Collecting the results, we obtain, by (16), (17) and (18):
P ( sup |fn(u)| > 77) <C (eiDefT + 67‘/5677/‘/5) . (19)
ue@mm/

It remains to compute n?. We denote by C a constant depending only on dg
and 7 . This constant may vary from one line to another. We have that:

Er s o(Fe(E2) (573

Let us recall that Hy = C(k +1)D. Then, nzy = C(3k +2)D + 7 , V/Dnxg =
CD + 7T and

Ok 1:Ck 1 & —(k—1) D+
— CBk+2)D+71)<C .
Z 5}; )D +17)

nf
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Moreover,
> VD
S by < oYD VT
Pt B Vnj

As D/nf < 1, there exists a constant k such that

D T T2
<k = 4+2—+— ).
7 < ko (w* nﬁ+n262>

Then, according to (19):

D T 72
2 2 < —D—7 —vD—1/vD )
P(&ﬁm/f”(“)”“ <n6+2nﬁ+n252>> O(7 e )

Furthermore

Setting 7 = ka? (2y/np + y?/n?B?), it follows:

_ 2 [T 2 o D Y y2 2 2y
A B CR R  ) E RO

m,m/

By (20),
1 [e ]
E = Ckra? (e_D—i—e_‘/B) (—/ ye_y/\/ﬁdy)
nB Jo

C@nge*‘/ﬁ.

n

IN
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