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Abstract
We consider the problem of estimating a function fo in logistic regression model. We propose to
estimate this function fy by a sparse approximation build as a linear combination of elements of a given
dictionary of p functions. This sparse approximation is selected by the Lasso or Group Lasso procedure.
In this context, we state non asymptotic oracle inequalities for Lasso and Group Lasso under restricted
eigenvalues assumption as introduced in [3]. Those theoretical results are illustrated through a simulation

study.

keywords Logistic model, Lasso, Group Lasso, High-dimensional.

1 Introduction

During the last few years, logistic regression problems with more and more high-dimensional data occur in a
wide variety of scientific fields, especially in studies that attempt to find risk factors for disease and clinical
outcomes. For example in gene expression data analysis or in genome wide association analysis the number
p of predictors may be of the same order or largely higher than the sample size n (thousands p of predictors
for only a few dozens of individuals n, see for instance [9] or [28]). In this context the considered model is

often what we call here “usual“ logistic regression. It is given by

exp(z] Bo)

P(Y; =1Z = z;) = W(ZiTﬁO) = m>

(1)

where one observes n independent and identically distributed (i.i.d) random couples (Z1,Y1),..,(Zn, ¥s) from

the joint distribution of (Z,Y) € R% x {0,1} and By is the parameter to estimate.
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In this paper, we consider a more general logistic model described by

i, exp(fo(z)
POG =12 = 20) = T D G)

where fo (not necessarly linear) is an unknown function. We aim at estimating fy by constructing a suitable

(2)

approximation. More precisely we estimate fy by a sparse approximation of linear combination of elements
of a given dictionary of functions D = {¢1, ..., ¢, }: ) = Z?:l @(l)j(.). Our purpose expresses the belief
that, in many instances, even if p is large, only a subset of D may be needed to approximate f; well. This
construction can be done by minimizing the empirical risk. However, it is well-known that with a large
number of parameters in high dimensional data situations, direct minimization of empirical risk can lead to
QOwerfitting: the classifier can only behave well in training set, and can be bad in test set. The procedure
would also be unstable: since empirical risk is data dependent, hence random, small change in the data
can lead to very different estimators. Penalization is used to overcome those drawbacks. One could use ¢
penalization, ie penalyze by the number of non zero coefficients (see for instance AIC, BIC [1, 23]). Such
a penalization would produce interpretable models, but leads to non convex optimization and there is not
efficient algorithm to solve this problem in high dimensional framework. Tibshirani [25] proposes to use ¢;
penalization, which is a regularization technique for simultaneous estimation and selection. This penalization
leads to convex optimization and is important from computational point of view (as well as from theoretical
point of view). As the consequence of the optimality conditions, regularization by the ¢; penalty tends to
produce some coefficients that are exactly zero and shrink others, thus the name of Lasso (Least Absolute
Shrinkage and Selection Operator). There exit some algorithms to solve this convex problem, glmnet (see
[8]), predictor-corector (see [22]) among the others.

A related Lasso-type procedure is the Group Lasso, where the covariates are assumed to be clustered in
groups, and instead of ¢i-penalty (summing the absolute values of each individual loading) the sum of
Euclidean norms of the loadings in each group is used. It shares the same kind of properties as the Lasso,
but encourages predictors to be selected in groups. This is useful when the set of predictors is partitioned
into prescribed groups, only few being relevant in the estimation process. Group Lasso has numerous
applications: when categorical predictors (factors) are present, the Lasso solution is not adequate since it
only selects individual dummy variables instead of whole factors. In this case, categorical variables are
usually represented as groups of dummy variables. In speech and signal processing for example, the groups
may represent different frequency bands (see [16]).

Previously known results. Recently, a great deal of attention has been focused on {¢;-penalized based
estimators. Most of this attention concerns regression models and /¢;-penalized least squares estimator
of parameters in high dimensional linear and non linear additive regression. Among them one can cite
[4, 6, 5, 15], who have studied the Lasso for linear model in nonparametric setting and proved sparsity
oracle inequalities. Similar sparsity oracle inequalities are proved in [3], and those results hold under the

so-called restricted eigenvalues assumption on the Gram matrix. Those kind of results have been recently



stated for the variants of the Lasso. For instance Lounici et al. [13] under a group version of restricted
eigenvalues assumption stated oracle inequalities in linear gaussian noise model under Group sparsity. Those
results lead to the refinements of their previous results for multi-task learning (see [12]). The behavior
of the Lasso for linear regression regarding its selection and estimation properties have been studied in
[11, 18, 31, 21, 30, 19] among other. Few results on the Lasso and Group Lasso concern logistic regression
model. Most of them are asymptotic results and concern the ”usual“ logistic regression model defined by
(1). Zou [32] shows consistency in variable selection for adaptive Lasso in generalized linear models when
the number of covariables p is fixed. Huang et al. [10] prove sign consistency and estimation consistency
for high-dimensional logistic regression. To our knowledge there are only two non asymptotic results for the
Lasso in logistic model: the first one is from Bach [2], who provided bounds for excess risk (generalization
performance) and estimation error in the case of ”usual” logistic regression model under restricted eigenvalues
assumption on the weighted Gram matrix. The second one is from van de Geer [26], who established non
asymptotic oracle inequality for Lasso in high dimensional generalized linear models with Lipschitz loss
functions. Meir et al. [17] shown consistency for the Group Lasso in “usual” logistic model.

In this paper, we state general non asymptotic oracle inequalities for the Lasso and Group Lasso in
logistic model within the framework of high-dimensional statistics. We first state “slow“ oracle inequalities
(see Theorem 3.1 and Theorem 4.1) without any assumption on the Gram matrix. Secondly we provide
”fast” oracle inequalities (see Theorem 3.2 and Theorem 4.2) under restricted eigenvalues assumption . In
each case, we give, as a consequence, the bounds for excess risk, prediction and estimation errors for Lasso
and Group Lasso in the "usual“ logistic regression. Our non asymptotic results lead to an adaptive data-
driven weighting of the ¢;-norm. Simulation study is given to illustrate the numerical performance of Lasso
with such weights.

This paper is organized as follows. In Section 2, we describe our estimation procedure base {1-penalized
logistic loss. In Section 3 and 4 we state our main results on oracle inequalities for Lasso and Group Lasso.
In each case, we give as a consequence the bounds for excess risk, prediction and estimation errors for Lasso
and Group Lasso in the ”usual“ logistic regression. Section 4.3 is devoted to simulation study. The proofs

are gathered in Section 5 and Appendix.

2 Lj-penalized logistic regression

Our aim is to estimate fo in Model (2) by a linear combination of the function of a dictionary

D = {(blv eeey ¢p}7

where ¢; : R? — R and p >> n. The functions ¢; can be viewed as estimators of fy constructed from
independent training sample, or estimators computed using p different values of the tuning parameter of

the same method. They can also be a collection of basis functions, that can approximate fy, like wavelets,



splines, kernels, etc... We implicitly assume that fy can be well approximated by a linear combination
P
Fo() = Bid()s
Jj=

where 3 has to be estimated.

We consider empirical risk (logistic loss) for logistic model

R(f) = > log(1 4+ expl(f () — Yif (=) (3)

i=1
The ¢;-penalized logistic regression estimator fBL is defined as a minimizer of the following ¢;-penalized
empirical risk

p
f5, =argmin { R(fs)+ Y w;lBil ¢ (4)

feel’ j=1

where the minimun is taken over the set
p
ICqfa()=>8i¢;(), B=(B1,.. ) €R
j=1

and w; are positive weights to be precised later. The ”classical” Lasso penalization corresponds to w; = A,
where A is the tuning parameter which makes balance between goodness-of-fit and sparsity. The Lasso
estimator has the property that it does predictors selection and estimation at the same time. Indeed for

large values of wj;, the related components Bj are set exactly to 0 and the other are shrunken toward zero.

2.1 Definitions and notation

Throughout the paper, we consider a fixed design setting (i.e 21, ..., z,, are consider determistic). Consider
the matrix X = (¢;(2i))1<;<,, 1<j<,- For any § = (b1, oy Bp)T € RP, define fz(.) = ];:1 Bj#;(.). Using
this notation

(f(21)s - fo(2))" = XB.
Let K(8) ={j € {1,....,p} : B; # 0} and |K ()| the cardinality of K(/3), which characterizes the sparsity of
the vector 8. For all 6 € R? and a subset I C {1,...,p}, we denote by d; the vector in R? that has the same
coordinates as ¢ on I and zero coordinates on the complement I¢ of I. For all h, f,g : R — R, we define

the scalar products

S|

(b == > h(z)f(z),
=1

and
n

_l 2 Fl2 V(a2 —7(g(z; where :ﬂ
<f,h>g—n;h( D (gL = w(g(2)), where 7(t) = == s,



We use the notation

S|

q(h) = Z h(zi)(Yi — m(f(2:))),

[hlloc = max; [h(z)| and [|h]ln = \/(h, h)n = 1/ = > | h?(2;) which denote the empirical norm. We denote

by R the conditionnal expectation of R given z1, ..., 2, e
. 1 &
R(f) = B(R(f)) = — > log(1 + exp(f(2))) — B(Yi) f(z).
i=1
It is clear that R(.) is a convex function and fj is a minimum of R(.) when the model is well-specified (ie

when (2) is satisfied). Note that with our notations

R(f) = B(R()) = R(f) + a5, (). (5)
We shall use both the excess risk of fz, R(f3) — R(fo) and the prediction loss || f; — foll2 to evaluate the
quality of the estimator. Note that R( fB) corresponds to the average Kullback-Leibler divergence to the
best model when the model is well-specified, and is common for the study of logistic regression.

3 Oracle inequalities for the Lasso

Consider the following assumptions:

There exists a constant 0 < ¢; < oo such that max [fo(z:)| < c1. (B1)
Stsn
There exists a constant co > 0 such that max max |¢;(z)] < ca. (B2)
1<i<n 1<j<p
For all fg € I', there is some universal constant C such that max |f5(z:)] < Co. (Bs)
<i<n

Assumptions (B1) and (Bgs) are technical Assumptions useful to connect the excess risk and the prediction
loss (see Lemma 5.1 and 5.2). An assumption similar to (B1) have been used in [7] to prove oracle inequality
in gaussian regression model. The same kind of assumption as (Bg) have been made in [24] to prove oracle

inequality for support vector machine type with ¢; complexity regularization.
Theorem 3.1. Let f,@’L be the (1 -penalized minimum defined in (/).
A-) Let x > 0 be fized. For j ={1,...,p}, let

2 |1 2¢o(x + logp)
R E 2( .
W n'\| 2 i=1 ¢] (2i)(x + log p) + 3n . (6)

Thus with probability at least 1 — exp(—x) we have

R(f5,) — Rfo) < jnf, {R(fg) — R(fo) + 2||5||112?§pwj} .



B-) Let A > 2\/c5. For j={1,..,p}, let

Thus with probability at least 1 — 2p1*A2/4C2 we have

1
R(f5,) — R(fo) < ﬂigﬂgp {R(fﬁ) — R(fo) + 24 8|1 oip} .

In each inequality the first part of the right hand corresponds to the approximation error (bias). The
selection of the dictionary can be very important to minimize this approximation error. It is recommended
to choose a dictionary D as fy could well be approximated by a linear combination of the functions of .
The second part of the right hand in each inequality is the variance term and is usually refered as the rate
of the oracle inequality. In Theorem 3.1, we speak about ”slow” oracle inequalities, with the rate at the
order ||B||l1\/logp/n for any B. Those results are obtained without any assumption on the Gram matrix
(®,, = XTX/n). In order to obtain oracle inequalities with a fast rate of order logp/n we need additional

assumption on the restricted eigenvalues of the Gram matrix, namely the restricted eigenvalues assumption.

For some integer s such that 1 < s < p and a positive number ayg, the following condition holds (RE;)

[ XAllo

min min — > 0.
KC{l,..p}:|K|<s A#0:[|Axcl1<aoll Akl V|| AK]2

p(s, ao) =

This assumption has been introduced in [3], where several sufficient conditions for this assumption are
described. This condition is known to be one of the weakest to derive fast rates for the Lasso. For instance
conditions on the Gram matrix used to prove oracle inequality in [4, 6, 5] are more restrictive than restricted
eigenvalues assumption. In those papers either ®,, is positive definite, or mutual coherence condition is
imposed. We refer to [27] for a complete comparison of the assumptions used to prove oracle inequality for
the Lasso. Especially it is proved that restricted eigenvalues assumption is weaker than the neighborhood
stability or irrepresentable condition. To emphasize the dependency of Assumption (RE;) on s and ag we

will sometimes refer to it as RE(s, ag).

Theorem 3.2. Let fBL be the L1-penalized minimum defined in (4). Fixn >0 and 1 < s <p. Assume that
Assumptions (B1), (Bz2), (Bs) and (RE4) are satisfied, with ag =3+ 4/n.

A-) Let x > 0 be fized. For j ={1,...,p}, w; defined as in (6). Thus with probability at least 1 — exp(—x)

we have

K@) ( wj)2

1<j<p

R(f5,) — B(fo) < (1 +n) P Rifs) = R{fo) + cocop®(s,3 +4/n) 7



and

4dnHKXBH<Inwuw)2

1<5<p
cheocti? (5,3 + A7)

If5, = follz < 4 (4 m) inf < lfs = folli+

B-) Let A>2.\/c;. For j={1,..,p}, let

1
wJ:)\:A Osp.

Thus with probability at least 1 — 2p1*A2/4C2 we have

2,. o
il = i) = (L4 g {R(fﬁ) ~ Rlfo) + COeou;ts énJ)r 4/n) |K(ﬁ21|1 gp}’ ©)

and /

4cg

2
155, = ol < ) jut {15 = goll o+ gt KRR )

cheoedn® (s, 3+ 4/n) n

In both cases c¢(n) is a constant depending only on n; co = ¢o(Co,c1) and ¢, = ¢,(Co,c1) are constants

depending on Cy and c1; and €9 = €g(c1) is a constant depending on c;.

In this theorem the variance term is always of order | K (3)|log p/n. Such order in sparse oracle inequalities
usually refer to “fast rate“. This rate is of same kind of the one obtain in [3] for linear regression model. For
the best of our knowledge this is a first non asymptotic oracle inequality for prediction loss in logistic model.
Some non asymptotic oracle inequality for excess risk has been established in [26] under different assumptions.
Indeed, she stated oracle inequality for high dimensional generalized linear model with Lipschitz loss function,
where logistic regression is a particular case. Her result assumes to be hold in the ”"neighborhood” of the
target function, while our result is true for all bounded functions. Note also that our result holds under RE

condition and we use more explicit weight (or parameter A) on the penalty term.

Remark 3.1. [t is important to note that our results remain true if we assume that we are in the "neighbor-

hood” of the target function. It suffices to note that if we suppose that there exists ¢ such that maxi<i<n | f3(2;)
fo(zi)] < ¢, then Lemma 5.1 is still true.

Remark 3.2. The choice of the weights w; in part A of the Theorem 5.2 comes from Bernstein’s inequality.

It is important to note that we could have used the following weights

n

2 2maxi<i<n |¢0i(2)|(x + logp
o= 2 (23" B @ +ogp) + 21zt i )
i=1

Our results still hold with such weights w;-. But these weights depend on the unknown function fy to be

estimated. Indeed IE(e?) = (fo(2:)(1—7(fo(2:)), that is the reason for using weights w; slightly greater than

l
wj.



3.1 Special case: variable selection in logistic regression model

In this section we assume that fj is a linear function that is fo(z;) = f3,(%) = Z? 1 50]-2”- = zI' By, where

zi = (Zi1y -y zl-p)T. Denote X = (z;j)1<i<n,i<j<p the design matrix. Thus for ¢ =1, .

exp(z! Bo)
1 +exp(z]'Bo)’

This corresponds to the usual logistic regression ie logistic model that allows linear dependency between Z;
and the distribution of Y;. The Lasso estimator of 3y is thus defined as

P(Y; = 1/2 = =) = n(=] o) = (1)

n p
B, == argmin ig;bﬂme@%m—ﬁfﬂ+A2}H@|~ (12)

B: fﬂeF j=1

This infimum is achieved and might not be unique. When the design matrix X has full rank, the solution of

optimization problem 12 is usually unique.

Corollary 3.1. Let assumption RE(s,3) be satisfied and |[K(5o)| < s, where 1 < s < p. Consider the Lasso
estimator f5 defined by (12) with

" 2 ]
Z (2 + logp) + 02(1’;; ogp)

l\D\»—t

Under the assumptions of Theorem 3.2 with probability at least 1 — exp(—x) we have

2
8s | max w;
) 1<;<p

Rfs,) = Rlfso) < 12(s, 3)co€o (13)
8s (12182( wj)z
175, = Flln < e g (14)
: s s
18z = Bollx < 205, 3)coc0 (15)
; /B (o) |
1B = Boll§ < forall 1<q<2. (16)

12(s,3)coen

If wj = A = Ay/log p/n we have the same results with probability at least 1 — 2p1_A2/4C2.

The first and third line of the corollary are similar to those of Theorem 5 in [2] except that we assume

that f/S’L is bounded whereas he assume that X is bounded. Note that, up to differences in constant factors,



the rates obtained in this corollarly are the same as those obtained in Theorem 7.2 in [3] for linear model

with an s-sparse vector.

Remark 3.3. In logistic regression model (11), if vector By is sparse, ie |K(Bo)| < s, then Assumption (RE1)
implies that By is uniquely defined. Indeed, if there exists 3* such that for i =1,...,n, (2] By) = (21 B*),
it follows that X By = XB* and |K(8*)| < s. Then according to assumption RE(s,ag) with ag > 1, we
necessarily have By = *. Indeed if RE(s,aq) is satisfied with ag > 1, then min{|| X8|z : |K(B)| < 2s,8 #
0} > 0.

4 Oracle inequalities for the Group Lasso

In this section we assume that prior knowledge is available. More precisely the set of relevents preditors
have known group structure, and we wish to achieves sparsity at the level of groups. This group sparsity
assumption suggests us to use the Group Lasso method. We consider the Group Lasso for logistic regression
(see [17, 29]), where predictors are included or excluded in groups. The logistic Group Lasso is the minimizer

of the following optimization problem, defined as

30, = argumin {fﬂfm + szumh} , an)

1 =1

where w; > 0 are the weights used to control the amount of penalization, and where

g
I () =20 Budi(), BeR>i= 1<

=1 jEG,

This penalty can be viewed as an intermediate betwen £; and /5 type penalty. It has the attractive property

that it does variables selection at the group level. Denote X = (¢;(2:))i<i<n,i<jeq,, i=1,....¢ the design
matrix and 8 = (B8, ...,89)7, where ' = (8jj)jeq, for | = 1,...,g. Let fa(.) = >7_, > e Biidi(.). With

our notations
(f(21), - fo(za))" = XB.
We define the group norm of 5 as

g

2,1 = Z Z 512j = ZHﬂlHZ

g
=1\ jeG, =1

18]

Finally we set J(3) = {l : ! # 0}, the set of relevant groups and |.J(3)| the number of such groups. Consider

the following assumptions:

There exists a constant as > 0 such that, max max max|¢;(z;)| < as. (By)
1<i<n 1<1<g jeG;



For allfs € I, there is some universal constant Cj such that, max |f5(z:)| < Co. (Bs)
<i<n

Assumption (B4) could be viewed as a natural extension of Assumption By for the Lasso.

Theorem 4.1. Let f5 ~be the Group Lasso solution defined in (17) with

_ 2G| |1 J 2a5|G
| ! 2?615&( E HED) <x—|—log E |Gl|> a2| ! ( + log E |Gl|> (18)
1=1

where x > 0. Thus with probability at least 1 — exp(—x) we have

R(fs,,) = R < int RO = RO + 28l s}

ﬂEREiI:l 1G]

As previously the weight being of order ||5||2,14/logg/n for any f, this is a "slow” oracle inequality.
Those results are obtained without any assumption on the Gram matrix. To obtain oracle inequalities with

a fast rate, of order log g/n, we need some group version of the restricted eigenvalues of the Gram matrix.

For some integer s such that 1 < s < g and a positive number ag, the following condition holds (REz)
[ XAll2

min min —_ > 0.
KC{1,.p}:|K|<s A#0:|Age|l21<aollAxll21 vl Ax]|2

(s, ag) ==

This is a natural extension to the Group Lasso of Assumption (RE;) for the usual Lasso. The only main
difference lies on the set where the minimum is taken: for the Lasso the minimum is taken over {A # 0 :
[Are|l1 < aol|Ak|l1} whereas for the Group Lasso the minimun is over {A # 0 : ||Age|21 < aol|Axl2,1}-
This assumption has already been used in [12, 13] to prove oracle inequality for linear gaussian noise model

under Group sparsity and for multi-task learning.

Theorem 4.2. Let f[,}GL be the Group Lasso solution defined in (17) with w; defined as in (18). Fizn >0
and 1 < s < g, assume that Assumptions (B1), (Ba), (Bs) and (RE3) are satisfied, with ag = 3 + 4/n.
Thus with probability at least 1 — exp(—x) we have
2
et (6] (mpsca
co€opa (s, 3 +4/n)?

(17(8)] (l‘gﬁg’?ﬂf

cheacdpn (5,3 + 4/n)?

R(f5,,) — R(fo) < (1+77) mf R(fs) — R(fo) +

and

g6, = Iln_4 (L+m) inf 3 fs = foll +

Where ¢(n) is a constant depending only on n; c¢o = co(Co,c1) and ¢ = ¢(Co,c1) are constants depending

on Cy and ¢1; and €9 = eg(c1) is a constant depending on c;.

Once again the variance term are of order log g/n, which refers to a“fast rate”.

10



4.1 Special case: variable selection in the usual logistic model

In this section we assume that fy is a linear function ie fo(z;) = fa,(2:) = D1y > jec, Bizij. Denote by
X = (2ij)1<i<n1<jeq, i=1,...,g, the design matrix. Let z; = (zij)jeq, i=1,...,¢ be the ith row of the matrix X

and 20) = (214, ..., 2;)7 is jth column. For i = 1,...,n

exp(z/ o)
PY,=1/Z=2)=—""7°—. 19
(Vi=1/Z=2) = [ e e (19)
The Group Lasso estimator of 3y is defined by
g
Bar := argmin — Z {log(1 + exp(z] B)) — Yiz] B} + Zleﬁng. (20)

B: foeln M =1

Corollary 4.1. Let assumption RE(s,3) be satisfied and |J(Bo)| < s, where 1 < s < g. Consider the Group
Lasso estimator chL defined by (20) with

2|Gl| 1 6 QGz\Gz\
wp = 2J€Gl2z <x+1ogZ|Gl| +logZ|Gl\

=1

where x > 0. Under the assumptions of Theorem 4.2, with probability at least 1 — exp(—z) we have

2
8s | max wy
1<i<yg

3 - < 21
R(fﬁcL) R(fﬁo) = M2(573)CO€0 (21)
2

s ()
on — T2 < —5— 22
”fﬁGL fﬁo” = p2(s, 3)0060 ( )

VB ()

A <i<yg
- < 23
8L — Boll21 < V325 3)cnee (23)

q
VB )

I1Bar — Boll3., < s forall 1<qg<2 (24)

\/5/1'2 (Sa 3)COEO
Remark 3.3 is still true in this case.

4.2 Non bounded functions

In this section we consider the Group Lasso estimator (20). We wish to establish the same result as Corol-

lary 4.1 without assuming (B1) or (Bs) ie neither fg, nor fs is bounded. Let us consider the following

11



assumption.

For some integer s such that 1 < s < g and a positive number ag, the following condition holds

. . ATXTDXA
min min A 3
KC{l,..p}:|K|<s A#£0:||Axeclla1<aol|Axllzn 1| AK||3

where D = Diag (var(Y;)) .

/1‘2(87010) = > 07

This is an extension of the Assumption RE2 to the weighted Gram matrix X7 DX /n.

Theorem 4.3. Consider the Group Lasso estimator f,é’cL defined by (20) with

_ 2|Gl| 1 o a2|Gl|
w=— gimax 2 2% (:L‘ —&—logz |G, |> —|—logz |Gl

=1

where x > 0. Set v = max;<;<, Maxi<;<g||zt||2. Let Assumptions (Bs) and (RE3) be satisfied with

3 max wy
1<I<g
ap = ——.
min w;
1<i<g

If uax oy < o /48v|J(Bo)|, with probability at least 1 — exp(—x) we have
<i<yg

2
144]J(Bo)| <max wl>
1<I<g
fllgos) = ) = 80 3)
e~ ful < ()
b= 13(5.3)
q
961(50)| (e )
S nax .,
Bar — Bolls,, < 2(.3) forall 1<qg<2

Moreover if we assume that there exists 0 < ey < 1/2 such that

€0 < m(fp,(2:)) (1 —m(fa,(2)))  forall i=1,..,n
then,
2
1441J (Bo)] (max wl)

1<I<g

XBar — XBol? <
X Fan = Xl = =00 e

12

(25)

(26)



4.3 Simulation study

To illustrate the theoretical part of this paper we provide in this section some experimental results on
simulated data. Our aim is to compare the Lasso using the weights we proposed to the “classical“ Lasso

(without weights). We consider the Lasso estimator defined as

A ) 1 <& p
B = argmin | > {log(1 +exp(zf B)) = izl B} + A wilBil ¢ (29)
P Is€ i=1 j=1

where A is a tuning parameter. Note that this is equivalent to the Lasso estimator defined in (12). For all
the simulations A will be estimated by cross-validation. According to Remark 3.2 we will use the weights wé-
which seem more realistic than w;. We will proceed in two steps: (i) estimate the variance IE(e?), 67; (ii)
for each j € {1,...,p}, calculate the estimator & of the weight w’, by replacing in w} the variance E(e2)
by is estimator calculated in step (i). The great challenge is to find an estimator of IE(e?). We propose two

estimators of IF(e?) = m(2I Bo)(1 — w(2I Bo):

1. estimate by 62 = 7(273)(1 — w(2T 1) where Sz is the “classical Lasso estimator of 8y (without

weight);

2. the second estimator is 67 = W(Z?BLOgit)(l — w(szLogit), where BALOQ” is an estimator of 5y obtained
after successively using the Lasso to screen coefficients and a logistic model which take into account

coefficients different to zero in the Lasso.

Data generation. We simulate 500 datasets consisting of n observations from logistic model (11) with
Bo = (1.5,-1,2,0,0,...,0) € R? where p = |K(8o)|+k, (|K(5o)| = 3). This corresponds to the model with &k
null coefficients, where z; are standard normal. For each data set we calculate the prediction error, estimation
error, the rate of true selection and the rate of false relevant or irrelevant coefficient. The true selection is
when the procedure select exactly the true relevent coefficients. The rate of relevant or irrelevant coefficient
is the rate of bad selection in the estimation (the procedure declares relevant yet it is irrelevant or declares
irrelevant yet it is relevant ). The results for the four methods are presented in the Figure 2, Figure 3
and Figure 4. Lasso represents the ”classical” Lasso (without weight); weight.Logit is the method (29)
with weights estimated using procedure (2); weight.Lasso is the method (29) with weights estimated by the
procedure (1); weight.theoretical is method (29) with theoretical weights.

4.4 Comments

For estimation or prediction error the performance of all the methods are almost the same. When the
number of sample n increases, the performance of all the methods also increases. The strength of the

methods decreases with the number & of null coefficients. The real difference is in rate of true selection

13
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Figure 1: Ewvolution of estimation error, prediction error, rate of true selection, and the rate of false relevant

or irrelevant coefficient. k=50 from the setup described in Section 4.3



and the rate of false relevant and irrelevant where the weight.theoretical, weight.Logit and weight.Lasso
outperform the Lasso. And weight.Logit seem to be better than weight.Lasso.
Acknowledgements
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comments . We also thank Sarah Lemler for helpful discussions.

5 Proofs of main results

5.1 Proof of Theorem 3.1

Fix an arbitrary 8 € RP and set § = W(BL — B), where W = Diag(ws, ..., wp). Short calculation shows that
o 1 T
R(fs) = R(fs) + e X

where ¢; =Y; — IE(Y;), for i € 1,...,n. Since BL is the minimizer of R(f/g) + Z§:1 w;lBils
1 p 1 p
Ty A 5 T
R(f3,) = —<"XBr + Z;wj\m,j\ < R(f5) — ~e"XB+ Z;ij,
J= Jj=

thus
p
R(fs,) = R(fo) < R(fs) — R(fo) + X(BL - B) + Z% 1851 = > wilBal-
j=1

This implies that

n

§ Z’L €q

For 1 <j <p,set S; =31, ¢;(z)e; and let us denote by E, the event

R(f3,) — R(fo) < R(fs) — Z 1B — 6J|+Zw]|ﬁj > wilBagl-
: =1

E = ({15l <nw,/2}.
j=1

15
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Figure 2: Evolution of estimation error, prediction error, rate of true selection, and the rate of false relevant

or irrelevant coefficient. k=200 from the setup described in Section 4.3
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Figure 3: Evolution of estimation error, prediction error, rate of true selection, and the rate of false relevant

or irrelevant coefficient. k=500 from the setup described in Section 4.3



k= 1000
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Figure 4: Evolution of estimation error, prediction error, rate of true selection, and the rate of false relevant

or irrelevant coefficient. k=1000 from the setup described in Section 4.3



We state the results on the event E and then find an upper bound of P(E°).
On the event E:

p p p
R(f5,) — R(fo) < R(fs) = R(fo) + >_wilBr; — Bil + Y _wilBil = > wjlBx ;]
j=1

j=1 j=1

< R(fs) = R(fo) + 2 w;lB;l.

j=1

We conclude that on the event £ we have
~ J— < 3 _ ) )
R(fs,) = R(fo) < inf, {R(fﬂ) R(fo) +2|| 5”111??2{,,%}

Now we are going to find an upper bound of P(E*¢) :

n

P(E) < | A1 DS 6523 — BD)| > wyn/2)

n

< S B1S b)Y — B > wyn/2).
j=1 =1
For j € {1,...,p}, set v; = Y1 [E(¢3€7). Since Y i ¢5(z;) > 4v;, we have
P(]S;| > nw;/2) <P <|Sj| > y/2v;(z +logp) + %2(33 + logp)) :
By applying Bernstein’s inequality (see Lemma A.4) to the right hand side of the previous inequality we get
P(]S;| > nw;/2) < 2exp(—z —logp).

It follows that
P
P(E°) < ZIP(|SJ»| > wjin/2) < exp(—x). (30)
j=1

When w; = A, for all j € {1,...,p, } we apply Hoeffding’s inequality (see Lemma A.5). This leads to
P n
P(ES) =P | LD ¢;(z)(¥i — E(Y))| > An/2}

< 2P 0500V - B(W)| > n/2)

2(An/2)? A2n 1— A2
<92 —— 1 7 1 =9 — ) =2 deg | 31
< 2pexp ( Z?:l 205 D exp 1oy D 2 (31)

This ends the proof of Theorem 3.1. B
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5.2 Proof of Theorem 3.2

Fix an arbitrary 8 € RP such that fz € I, and set § = W(BL — B), where W = Diag(wy, ..., wp). Short

calculation shows that )
R(fp) = R(fp) + ﬁﬁTXﬁ

where ¢, = Y; — IE(Y;), for i € 1,...,n. Since §, is the minimizer of R(fs) + i1 wilBil,

1 . P . 1 P
R(f5,) = —e"XBu+ Y wjlfasl < R(fs) = —"XB+ wilByl,
Jj=1 j=1
then

P

R(f;,) < R(fs)+ >

=1

%Z%(%)Ei

i=1

P p
1B = Bil + Y wilBil = > w;lBa - (32)
=1

j=1

For 1 <j <p,set S; =3, ¢;(z)e; and let us denote by E, the event
P
E = ({15l <nw,/2}.
j=1

We state the results on the event E and find an upper bound of P(E€).
On the event E: adding the term 1 Z?:l wj|B)\’j — B;| to both sides of Inequality (32) yields to

1 R p X X
R(fg,) +35 > wilBag = 85l < R(fs) + > willBag — Bil + 1851 — Bz
j=1

j=1

Since |Bx,; — B;] + [8;] — B, = 0 for j ¢ K(B), we have
R(F3,) ~ BU) + 5 32wl — B < RUis) — B(fo) + 2o (3)
j=1

We get from Equation (33)
R(f5,) — R(fo) < R(fs) — R(fo) + 2l|6k||1- (34)

Now, we consider separatly two events:

Ey = {2||ok|ly < n(R(fs) — R(fo))},

and
Ey = {n(R(fs) — R(fo)) <2l[0k 1}

20



On the event E N E; we get from (34)

R(f5,) — R(fo) < (1 +n)(R(fs) — R(fo)),

(35)

and hence the result follows. On the event E N Fsy all subsequent inequalities are valid. On one hand, by

applying Cauchy-Schwarz inequality, we get from (34) that

R(fz,) — R(fo) < R(fs) — R(fo) + 2V [K(B)|I6k 2-
On the other hand, we get from Equation (33) that

p
IS by - 85l < RUS) - RUfo) + 20651,
j=1

[\)

and using (5.2) we obtain
[6]lx < (4 +4/n)lldxk |1,

(36)

which implies [[0ge|1 < (3 +4/n)||0k]|]1. We can therefore apply Assumption (RE;). with ag = 3 +4/7.

This yields,

IX0)5 _ 1

2 2
4] <
pellox 13 < n

Gathering Equations (36) and (37) we obtain

RUfs,) = RU < B~ R+ 2 (max s ) VIRGT 153, = Sl

R(fﬂ)—R(f0)+2(maX%)\/ a5, — follm + 175 — folla):

1<5<p
We now apply Lemma 5.1

Lemma 5.1. Under Asumptions (B1) and (Bs) we have

cocollfs — fol2 < R(fs) — R(fo) < ~ebll s — foll2

where ¢y and ¢y, are constants depending on Cy and c1; €g is a constant depending on ¢1 and cz.

Consequently

max w
1<;<p ]> |/‘L

0060

R(fz,) — R(fo) < R(fs)— R(fo) + <
2 ( max w]> VIEK(B)|u~
I

R(f5,) -

1<5<p

R(fz) — R(fo)-

C060

21
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= L0 oy wXTXW (G - ) < (mass ) 155, — Sl

R(fo)

(37)



Using inequality 2uv < u?/b+bv? for all b > 1, with u = ( max wj> VIK(B)|n™t/\/coeo and v being either

R(fz,) — R(fo) or \/R(f3) — R(fo) we have o

-1 2
JrR(J‘}.}L)b— R(fo) + BUs) ; B(fo)
It follows that
2
bt 202 <1lzljaé(pwj'> |K(B)]
R(fBL> _ R(fo) < m R(fﬂ) - R(fO) + (b+ I)(b — 1)M200€0

Now taking b =1+ 2/n leads to

max wj)2 K(5)

1<j<p

prco€n

c(n
R(fz,) — R(fo) < (1 +n) q R(fs) — R(fo) + (

According to Inequalities (35) and (38), we conclude that on the event F we have

ctn) o wj)2 1 (8)

1<j<p

R(f5,) — R(fo) < (1 +n) § R(fs) — R(fo) +

prco€n ’ (39)

where c(n) = 2(1 +2/1)%/[(2 + 2/1)(2/n)]. This ends the proof of (7) of the Theorem 3.2. Equation (8)
follows from Lemma 5.1: To prove Inequalities (9) and (10) we just replace w; by A.
This ends the proof of the Theorem 3.2 by using (30) and (31). B

5.3 Proof of Corollary 3.1

Set § = W(BL — Bo). The result (13) directly comes by taking 8 = 8y and n = 2 in (39). Note that, on the
event E we have

19 (goye Il < 3110k () Il1-
Indeed, since (1, is the minimizer of R(fs) + > %1 wjlB;l, then

p P
R(f3,) = RUfa) + D wildrsl < "X (B~ o) + D wjlug,

j=1 j=1
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which implies that

P
WaLl < 1B = Bl + W Bollx-

j=1

%Z@(%)Ei

i=1

On the event E we have

. . 1 . .
IW(BL) ko)t + IW(BL)ke(soy 1l < §(HW(5L = Bo) ko) ll1 + IW(BL) ke (o)1)
HIW(Bo) k(8015

thus |0k (gy)e[l1 < 3[[0x(8,)[l1- Result (14) follows from Equation (13) by applying Lemma 5.1. Equation (15)
follows from (14) by applying Equation (37) and [|§[|} < 165([0x(,)|/3.- The last line follows from Lemma A.3
in Appendix with a; = |Bx; — Bo;| and by = 8\/58(11}1&2( w;)/ (s, 3)coeo. M

<i<p

5.4 Proof of Theorem 4.1
Fix an arbitrary f € RXi=1 161l Set § = W(BGL — ) where W = Diag(Wh,...,W,) is a block diagonal

matrix, with W; = Diag(wi, ...,w;). Since Bgyr is the minimizer of R(fg) + 27, wi| 82, we get

g g
R(fs,,) — %é‘TXBGL + ) wllB'2 < R(f5) — %eTXﬂ + > wil Bl

=1 =1

By applying Cauchy-Schwarz inequality, this implies

g

R(fs,,)— R(fo) < R(fs )+

=1

Jz (z@ e z)gu (e Bl

jeG; \i=1

g
+szllﬁl|\2 - ZMIIB 2-

1
n

Set Z; = n71¢zjeGl Oy ¢;(z)e)?, for 1 € {1,...,g} and the event

.A: ﬁ{Zl §w1/2}.

=1

We state the result on event A and find an upper bound of P(A°).
On the event A:

g g g
R(fs,,) — R(fo) < R(fs) — R(fo) + > _will(Bar — B) 2+ D_willBll2 = Y _ willB]l2.
=1 =1 =1

This implies that
g
R(fs,,) — R(fo) < R(fs) = R(fo) + 2wl 8']l2.

=1
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We conclude that on the event A we have

Rfs,) = R < ot RO = RO + 28l s |

BeRSi—1 161

We now come to the bound on P(A¢) and write

g n 2
PAY) =P [ [ J{| D] (Zaﬁj(zi)ei) > nw; 2}

=1 \jeG; \i=1

g n 2
< ZP Z (Z ¢j(zi)€i> > nwi /2
=1

jeG; \i=1

For j € Gy set T} = .1, ¢;(2:)ei, we have

=1 JEG)
g

SZP Z|T;\>nwl/2
=1 jeG,

Using the fact that, for all I € {1, ...

1 nwp
> T > nw/2} G } (40)

JEG,

it follows that

P <3252 r (1> ).

=1 j€qG,

For j € Gy, set vl = 377" | IE(¢%€}). Since Y 71 ¢%(2i) > 4v!, we have

g g
nw C
P(|T} > |Gl|)<]P’ T} > 20! (:c+logZGl|>+3l<x+logZ|Gl|>

=1 =1

By applying Bernstein’s inequality (see Lemma A.4) to the right hand side of the previous inequality we
get

P(|T}

g
nwp
<2 —x —1 .
Q\Gz\)_ exp( x ogZGl>

=1
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It follows that

i oL (11> ) < expia). (a1)

this ends the proof of the Theorem 4.1. W

5.5 Proof of Theorem 4.2

The proof starts as in the proof of Theorem 3.2. Fix an arbitrary 8 € R>=i=1 161l such that fas € IN. Set
0= (BGL — B) where W = Diag(W1, ..., W,) is a block diagonal matrix, with W; = Diag(wy, ..., w;). Since
Ber is the minimizer of R(fg) + 37 willBY2, we get

g g
R(f5.,) = %eTX/B’GL + ) wllBl2 < R(f5) - %ETM +) wllB:

=1 =1

which implies:

R(f5,,) < R(f5) + *6 "X(Bar - B +sz||/3 ||2—sz\\ﬁl||2 (42)

By applying Cauchy-Schwarz inequality, we obtain

g 2 g g
R(f/;GL)SR(fﬁHZ;\I > (Z% 2)e ) 1oz — A2+ > el — 3 wall e
=1 =1 =1

JEG; \i=1

Set Z; = n_l\/ZjGGl >, ¢j(z¢)ei)2, for I € {1,...,g} and the event

.A: ﬁ{Zl §w1/2}.

=1

We state the result on event A and find an upper bound of P(A€).
On the event A: adding the term £ 37 wi|[(Bez — B)!]l2 to both sides of Inequality (42) yields to

R(fs,,)+ szn Bar — B)'ll2 < R(fs) +Zwl I(Bar — B)'ll2 = 1B5Lll2 + 118 ]12)-

=1

Since ||(BGL = B)Y2 = ||BIGL||2 + ||B8t|2 = 0 for for I ¢ J(B) = J, we have

R(fs,,) szn Bor — B)'ll2 < R(fs) - R(fo) +2 3 will(Bor — B)' - (43)

leJ
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we get from Equation (43) that
R(f5.,) — R(fo) < R(fs) — R(fo) +2>_will(Bar — B)'|l2 (44)
Consider separatly the two events: -
A= {2 ZE;MH(BGL = B)'l2 < n(R(f5) — R(fo))},
c

and

Ay = {n(R(f5) — R(fo)) <2 _will(Bar — B)"]l2}-

leJ
On the event AN Ay, we get from (44)

R(fs,,) — B(fo) < (1 +n)(B(fs) — B(fo)), (45)

and the result fillows. On the event AN A, all the following inequalities are valid. On one hand, by applying
Cauchy Schwarz inequality, we get from (44) that

R(fs,,) — R(fo) < R(fs) — R(fo) +2/1J(B)], |>_ w?ll(Bar — B3

leJ

< R(f) = R(fo) + 2V |T(B)IN10s]2- (46)
On the other hand we get from Equation (43) that

Zle Bar — B)'ll2 < R(fs) — R(fo) +2>_wil(Bar — B)'ll2,

leJ
and using (5.5) we obtain

*ZMH Bar = B) 2+ = 5 ZWIH(BGL_ Yz < szH Bar — B)'ll2+ 2 will(Bar — B)'ll2,

leJ leJe leJ leJ
which implies
[05ell2,0 < (3 +4/m)[10s]]2,1-
We can therefore apply Assumption (REs) with ag = 3 4+ 4/7. It follows that,

X013 _ 1,2 oot A 2 pp2
—— = (Ber = B) WX" XW (bar 5)S(maxqwz) 1f5e, — f8lln- (47)

2 2
) <
M1|| J||2_ 1<ie

Gathering Equation (46) and (47) we get
R(f45,) — B(fo) < R(f5) = R(fo) +2( max w) /| K (8 w1 1fa, = folln
< R(fs) — B(fo) +2(max wi) v/ [K(8) |y Y fag, = folln + 115 = folln)-

We now apply Lemma 5.2
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Lemma 5.2. Under asumptions (B1) and (Bs) we have

1
coeollfs = folln < R(fs) — R(fo) < <ol fs — follz-
where cg and ¢}, are constants depending on Cy and € is a constant depending on ¢1 and ca.

Consequently

R(fg,,) = B(fo) < R(fs) — R(fo) +

Co€o
2( max i) v/17(B) Iy !
+ NG R(fs) — R(fo)-

Using inequality 2uv < u?/b + bv? for all b > 1, with u = (max wl)ivl“](c\/%:; and v being either

1<i<yg
\BUso,) = R(Jo) or /RT3 = RU) we have

() VT @l ' *
R(fs,,) = R(fo) < R(fs) = R(fo) +2b | —=——
L BUse,) = BU) | R(fs) = B(fo)
b b :
This implies that
20 ( max w;)?|J(B)]
b+1 1<i<g
R(f5e,) — Blfo) < 35— {R(fﬁ) =R + 56 Dieres } . (48)
Now taking b =1+ 2/n leads to
c(n)( max w)?|.J (B)]
R(f5,,) = B(fo) < (L+m) § R(fs) = R(fo) + ——— . (49)
M1 Co€o
Accordind to Inequalities (45) and (49) we conclude that on event A,
c(n) (max wi)*| 7 (8)]
R(fp,) = Bfo) < (Ut m)  BUfs) = RUfo) + —— 57— , (50)

where ¢(n) = 2(1+2/1)?/(2 +2/1)(2/n). This ends the proof of (4.2) of the theorem 4.2. Equation 4.2 of
the theorem follows from Lemma 5.2.
This ends the proof of the Theorem 4.2 by considering (41). B
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5.6 Proof of Corollary 4.1

Set 6 = W(Bar — Bo), Line (21) of corollary 4.1 follows directly from Equation (50) with 8 = Sy and 7 = 2.
Note that on the event A, we have

105(80)e 121 < 3105 (50)ll2,1- (51)
Indeed, since ¢y, is the minimizer of R(f3) + S willBlas

g
R(f5,,) — B(fs0) JrZwl”ﬂaﬂb *5 (BGL*ﬂo)JrszHﬂéHz

=1 =1

which implies

g n 2
W BaLll21 < Z 711$ Z <Z(Z”)Ez> Bz — Bo) ll2 + W Boll2.1

=1 jeG, \i=1

On the event A we have

< %(HW(BGL — fo) (Bar) se(80)ll2.1)

HIW(Bo) 1oy ll2.15

HW(BGL)J([BO)”ZI + W (Bar) e

thus [[6,7(8,)c ll2,1 < 3[[0.7(80)[|2,1- Line (22) follows from Line 21 by applying Lemma (5.2). Line (23) follows
from the second by using Equation (47) and [|6]]5, < 16s]|65(s,)/l3- Line (24) is the consequence of the
Lemma A.3 with a; = H(B,\J — Bo)!|2 and by = Sﬂs(lrglag wy)/1?(s,3)coeo. M

<i<g

5.7 Proof of Theorem 4.3

Set &' = Bar — Bo and J = J(fp). By definition, B¢y is the minimizer of R(fs) + 37, wi||8!]|2, and hence

g
R(fpe.) = fﬁo+sz||6GL||2 ,5 X(Bar — Bo) + Y will Bhl2-

=1 =1

This implies that

R(F30,) ~ RUs) < " X (Ber, — o) sz||/3GL||2+szHﬁon2

By applying Cauchy-Schwartz inequality we have

g n 2 9
R(fs,,) — R(fs,) < z i\l Z (Z(%’)Q) 1(Bar — Bo)|l2 + Zle(ﬁo — Bar) 2,

~

=1 jeG; \i=1 =1

Define the event

A= % 3 (Z@ij)ei) < w2

=1 jeG,



On the event A we have

g
3wy
R(fs.,) — R(fa) < 27 (Ber — o)l ll2- (52)
By Lemma A.1 we have,
<h7h>f[so
W(exp(—llhlloo) + [1hlloe = 1) < R(f5,,) — B(fs0) (53)
where ’
h(zz) = ('fBGL fﬁo Zl Z Z /80_] Zij
=1 j€qG,;
and ||hlleo < v||8]]2,1, With v = maxj<;<, maxi<i<g|z!|2. Equation (53) and the decreasing of ¢

% lead to

STXTDX
n(v]|6’]|2,1)?

Now, Inequalitiy (51) implies

(exp(=v[[0"]l2.1) + 0l1"|l22 = 1) < R(f5,,,) — R(f3,)-

max wp
1<i<g
min w;
1<i<g

105 (59)c 21 <3 10759 12,1+

We can therefore apply Assumption (RE3) with ag = 3( [nax wy) / mln n Wi and get that
9

HB0E (o ot — -
UQH5,||2 (eXp( UHé ||2,1) + ’UH(S H2,1 1) S R(fﬁcL) R(fﬁo)
2,1

We can use that [|0']]3, < 16|J]]|6[|3 to write

13
16].7[02

(exp(—v[|0"ll2.1) + 0l1d"|20 — 1) < R(f5,,,) — R(f3,)-
According to Equation (52) we have

24| J|v? (max Wy

1<I< )
exp(—[|0"]2,1) +v[|0" ] — 1 < 2 L2821 (54)
2

Now, a short calculation shows that for all a € (0, 1],

2a
—a

e%+(1—a)1 ~1>0 (55)

Set a = v||8'||2,1/(v]|6'||2,1 + 2). Thus v||§’||2,1 = 2a/(1 — a) and we have

v2[|0"]13,1

e V021 4y —_—
| Z S5 es + 2
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This implies using Equation (54) that

48 J|v/ 1
(112?22“”)' lv/p3

o0'll21 <

_ 2
1-24 (lrillaé(gwo |J|v/ s

: M2 /
Now if max w < 7> We have v][6"||2,1 < 2 and consequently

exp(=0[8"fl2.1) + v[|6"[l2, — 1
(|83 4

>1/4.

Using Equation (54) we have that

96].J| (maxwl>
1<i<g
21 S —— 35—

2

M2

which prove the Line (26). Line (25) follows from (26) by using Equation (52). Line (27) is the consequence

of Lemma A.3 Taklng a; = H(B)\] — ﬁO)lHQ and b; = 144|J‘(1121112 wl)/M%(S,S) Line (28) follows from (25)
<i<g

and Equation (53). W

16"]

)

A Appendix

The proof of Lemma 5.1 and 5.2 are based on property of self concordant function (see for instance [20]), e,
the functions whose third derivatives are controlled by their second derivatives. A one-dimensional, convex

function g is called self concordant if
9" ()] < Cg” ().

The function we use (g(t) = R(g +th)) is not realy self concordant but we can bound his third derivative by
the second derivative times a constant. Our results on self-concordant functions are based on the ones of [2].
He has used and extended tools from convex optimization and self-concordance to provide simple extensions
of theoretical results for the square loss to logistic loss. We use the same kind of arguments and state some
relations between excess risk and prediction loss in the context of nonparametric logistic model, where fj is
not necessarly linear as assumed in [2]. Precisely we extend Proposition 1 in [2] to the functions which are

not necessarly linear (see Lemma A.1). This allows us to establish Lemma 5.1 and 5.2.

Lemma A.1. For all h, f : R = R,
(h,h)y

||hH2 (exp(_”h”OO) + Hh”OO - 1) S R(f + h) - R(f) + (qf - Qfo)(h) (57)
R +1) = B + (a7 = a5)0) < Gl xpllil) = Il — 1) (58)
(hy ) pem WMl < (h, h) g < (R h) el (59)
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A.1 Proof of Lemma A.1
We use the following lemma (see [2] Lemma 1) that we recall here:

Lemma A.2. Let g be a convex three times differentiable function g : R — R such that for all t € R

"

lg" ()| < Sg" (t), for some S > 0. Then , for all t > 0:

1" 1"

gT(ao)(exp(—St) +5t—1) < g(t) ~ 9(0) — ¢'(0)t < 95(20)

(exp(St) — St —1). (60)

We refer to Appendix A of [2] for the proof of this lemma.
Set

n

o(t) = R(f + th) =~ DU +th)(z) = Yilf +th)(z),  fih e H,

where [(u) = log(1 + exp(u)). A short calculation leads to I'(u) = 7(u), I (u) = 7(u)(1 — 7(u)), I (u) =
m(u)[1l — w(u)][1 — 27 (u)]. It follows that

n

ST R ((f + th)(20)) = (BB vens

i=1

1
n

and

1"

g (1) = 1S I+ th) (=),
i=1

"

Since I (u) < 1" (u) we have,

9" O = |+ SR + ) (=)

IN

S (S + )G Rl = g 1)

We now apply Lemma A.2 to g(t) with S = ||h||, taking ¢ = 1. Using Equation (5) we get the first
and second inequality of Lemma A.1. Now by considering g(¢t) = (h,h) ;4.p, a short calculation leads to
19" (t)| < ||h|leog(t) which implies g(0)e~ M=t < g(t) < g(0)ell*l=t, By applying the last inequality to g(t),
and taking t = 1 we get the third inequality of Lemma A.1.

A.2 Proof of Lemma 5.1
Set ho = f3 — fo from Lemma A.1 below,

<h0v h0>f0

5 (exp(=[[holloo) + [|holloc — 1) < R(f5) — R(fo)-
170l
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exp(—t)+t—1

Using Assumptions (B3), (B1) and the decreasing of ¢ — 5

¢o(Co, 1) > 0 such that

, we claim that there exists ¢y =

co < Z2Rolloo) +2Hho||oo -1
[1oll%

According to Assumption (Bj), there exists 0 < ¢y < 1/2 such that for 1 <i<mn

€0 < m(fo(2:))(1 = 7m(fo(z:))) <1 - eo.

The proof of the left hand side of Lemma 5.1 follows from the fact that eg|hol|2 < (ho,ho)s,. From the

second line of Lemma A.1 we have

(ho, ho) 5,

R(fs) = R(fo) < S

(exp([[holloe) = l[olloc — 1)

Using asumption (Bjs) and increasing of ¢ — e"p(tt)ijt*l thus there exists ¢, = ¢,(Cp, 1) > 0 such that

R(fs) — R(fo) < cp(ho, ho) 1,

< o7 ol

1
4
This end the proof of the right hand side of the Lemma 5.1.

Lemma A.3. If we assume that > +_, a; < by with aj > 0, this implies that Y \_, a? < bl with1<qg<2

K2

A.3 Proof of Lemma A.3

Since Y0, af < (30, a;)? < b3, thus

ad < b7 = b (61)

-

A.4 Proof of Lemma 5.2

We act similarly to the proof of Lemma 5.1.
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Lemma A.4 (Bernsten’s inequality). Let X1, ..., X,, be independent real valued random variables such that

for

all i < n, X; <b almost surely, then we have

P [ > X —E(E)| > vV2vz + bx/3
=1

< 2 eXp(_x)v

where v =" | E(X?).

This lemma is obtain by gattering Proposition 2.9 and inequality (2.23) from [14].

Lemma A.5 (Hoeffding’s inequality). Let Xi,..., X, be independent random variables such that X; takes

its values in [a;, b;] almost surely for all i < n. Then for any positive x, we have

22

;Xi - E(E;) ST —a)? ).

!

This lemma is a consequence of Proposition 2.7 in [14].

> x] < 2exp(—
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