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Abstract

This is a preliminary version and some other results will appear in the next version.
We define the prequantization of a symplectic Anosov diffeomorphism, which is a
U(1) extension of the diffeomorphism preserving an associated specific connection.
We study the spectrum of the associated transfer operator, called prequantum transfer
operator, restricted to the N-th Fourier mode with respect to the U(1) action on P.
We investigate the spectral property in the limit N — oo, regarding the transfer
operator as a Fourier integral operator and using semi-classical analysis. In the main
result, we show a “ band structure” of the spectrum, that is, the spectrum is contained
in a few separated annuli and a disk concentric at the origin.
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1 Introduction and results

1.1 Introduction

We consider a smooth symplectic Anosov diffeomorphism f : M — M on a 2d-dimensional
compact symplectic manifold (M, w) as a standard model of "chaotic" dynamical system.
Following the geometric quantization procedure introduced by Kostant, Souriau and Kir-
illov in 1970s’, we set up the prequantum bundle P — M. This is the U(1)-principal
bundle over M equipped with a connection whose curvature is —27i - w. Then we intro-
duce the prequantum map f : P — P as the U(1)-equivariant lift of the map f preserving
the connection. The prequantum map f thus defined is known to be exponentially miXin
that is, any smooth probability density which evolves under the iteration of f converges
weakly towards the uniform equilibrium distribution on P and the speed of convergence
is exponentially fast if it is measured by a smooth observable. We study the fluctuations
in this convergence to the equilibrium by investigating spectral properties of the transfer
operator F' associated to the prequantum map f. Following the approach taken by David
Ruelle in his study of expanding dynamical systems[32], we first show that the transfer
operator displays discrete spectrum, which is sometimes called Ruelle-Pollicott resonances.
Precisely we consider the restriction Fiy of the transfer operator F to the N-th Fourier mode
with respect to the U(1) action on P and show that its natural extension to appropriate
generalized Sobolev spaces of distributions has discrete spectrum. This result concerning
discrete spectrum is already known in the preceding works [33],[9, 20],[5, theorem 1.1|,[17,
theorem 1] and will be recalled in Theorem [1.14] The new result of this paper is in The-
orem , where we show that the spectrum of Fy has a particular “band” structure: for
every N large enough, there is an annulus that contains finitely many (but increasing to
infinity as N — o00) eigenvalues, separated from the rest of the internal spectrum by a
gap. This means that the convergence to the equilibrium mentioned above, restricted to
the N-th Fourier mode, is described by a finite rank operator Fy, up to relatively small
exponentially decaying errors. The finite rank operator Fly is the spectral restriction of
the prequantum transfer operator Fy on the external annulus. We show, in Theorem
that the rank of Fly is proportional to N¢ asymptotically a N — o0. These results are
generalizations of the results in [I6] for the linear Arnold cat map to the case of general
non-linear symplectic Anosov diffeomorphisms.

Motivations of the study From the construction above, the prequantum map f : P —
P is partially hyperbolic, that is, hyperbolic in the directions transverse to the fibers but is
neutral (because of equivariance) in the direction of the fibers. Also note that f preserves
the connection one form on the prequantum bundle P which is a contact form on P.
(See Remark These properties of the prequantum map are very similar to those of

I'Exponential mixing of the map f is already known [I2] but is also a direct consequence of results
presented in this paper.

2The precise value of rank (F N) is given by an index formula of Atiyah-Singer.



the time-t-map of the geodesic flow ¢; : TYN — T7N on a closed Riemannian manifold
N with negative curvature, acting on the unit cotangent bundle 77 N: In the latter case
the time-t-map of the geodesic flow is partially hyperbolic and preserves the canonical
Liouville contact one form &dz on T N. (See [26, [39, 40, 18]. ) With this point of view,
the prequantum transfer operator can be considered as a model of the transfer operators
for the geodesic flows on negatively curved manifolds. One of our objective behind the
present work is to show some band structure of the spectrum for the case of geodesic flow.
In the special case of manifolds with constant curvature, such a band structure is readily
observed from the classical theorem of Selberg on zeta functions [35].

Another motivation already discussed in [16] is the following observation: The finite
rank operator Fy which describes the long time classical correlation functions of the map
f has the properties of a "quantum map" i.e. a "quantization of f" with the Planck
constant i = 1/(2wN). It satisfies the Gutzwiller Trace formula with an error term which
decreases exponentially fast in large time, an exact Egorov theorem, etc. Surprising is that
this “quantization” or quantum behavior, appears here dynamically (after long time) in the
“classical” map f . A movie of this phenomenon can be seen on the web page [I5]. This
aspect will be discussed and developed in more detail in the next version of this paper.

Semiclassical approach The general method that we use to obtain the main results is
semiclassical analysis. We regard the prequantum transfer operator as a Fourier Integral
Operator (FIO), which means that we consider its action on wave packets in the high
frequency limit N — oo. From the general idea in semiclassical analysis, this action
is effectively described by the associated canonical map (Df*)~! on the cotangent space
T*M equipped with the symplectic structure Q2 = dz A d¢ + m*w (where dz A d( stands for
the canonical symplectic structure on 7% M). For the action of the canonical map (D f*)~!,
the non-wandering set is the zero section K C T*M and is called the trapped set. The
additional term 7*w in (2 makes K a symplectic submanifold. We will see that these facts
are the core of our argument and give the band structure of the spectrum in the main
theorem.

Acknowledgments: F. Faure would like to thank Yves Colin de Verdiére, Louis Funar,
Sébastien Gouézel, Colin Guillarmou, Malik Mezzadri for interesting discussions related
to this work. During the period of this research project, M. Tsujii was partially supported
by Grant-in-Aid for Scientific Research (B) (No0.22340035) from Japan Society for the
Promotion of Science. F.Faure has been supported by “Agence Nationale de la Recherche”
under the grants JC05 52556 and ANR-08-BLAN-0228-01.

1.2 Definitions
1.2.1 Symplectic Anosov map

Let M be a C'* closed connected symplectic manifold of dimension 2d with symplectic two
form w. Let f: M — M be a C*° symplectic Anosov diffeomorphism, i.e. a C*> Anosov



diffeomorphism such that f*w = w. We recall the definition of an Anosov diffeomorphism:

Definition 1.1. [24, p.263| A diffeomorphism f : M — M is said to be Anosov if there
exists a C'* Riemannian metric g on M, an f-invariant continuous decomposition of
TM,

"M =FE,(z)® Es(x), VeeM (1.1)

and a constant A > 1, such that, for any x € M, hold

Do f (vs)l, < <lvsl, Vus € Es(x), and (1.2)

_ 1
[Dof @], < Slval, Vou € Bu(a).

This subspaces F (resp.F,) in which f is uniformly contracting (resp. expanding) is
called the stable (resp. unstable) sub-bundle. See figure [1.1]

Figure 1.1: A symplectic Anosov map f

Remark 1.2. (1) The subspaces E,(x) and Es(z) do not depend smoothly on the point
x in general. However it is known that they are Holder continuous in x with some
Hoélder exponent [3I]. In what follows, we assume that the Holder exponent is

0<pB <1 (1.3)

The subspaces E, (z) and E,(x) are Lagrangian linear subspace of T, M and have
both dimension d.

(2) The Arnold cat map|2] is a simple example of a symplectic Anosov diffeomorphism
on the torus T? = R?/Z?,

h(i):<fi)(g> mod Z2. (1.4)



It preserves the symplectic form w = dg Adp. If h : M — M is a diffeomorphism
close enough to identity in the C! norm and preserves the symplectic form w, the
perturbed cat map

f(x) = h(fo(x)) (1.5)

is also a (probably non-linear) symplectic Anosov diffeomorphism|24], p.266]. Simi-
larly, we get examples of symplectic Anosov diffeomorphisms on T?¢ from any linear
map fo € Speq (Z) with no eigenvalues on the unit circle.

1.2.2 The prequantum bundle and the lift map f

A prequantum bundle is a U(1)-principal bundle P equipped with a specific connection.
In a few paragraphs below, we recall the definition of a U(1)-principal bundle and that of
a connection on it. (For the detailed account, we refer [42].) The one-dimensional unitary
group U(1) is the multiplicative group of complex numbers of the form ¢, § € R. A
U(1)-principal bundle P over M is a manifold with a free action of U(1), written

pe P — (%) e P, (1.6)

such that the quotient space is M = P/U(1). We write 7 : P — M for the projection
map. Then the space P has a local product structure over M as follows: There exist a
finite cover of M by simply connected open subsets U, C M, o € I, and smooth sections
To : Uy — P on each of U,, called a local smooth section; A local trivialization of P over
U, is defined as the diffeomorphism

To:UxUQ) =7 (Ua), Ta(z,e’)—er(z). (1.7)

A connection on P is a differential one form A € C* (P,A!' ® (iR)) on P with values in
the Lie algebra u (1) = iR which is invariant by the action of U(1) and normalized so that

A (%) =i (1.8)

where % denotes the vector field on P generating the action of U(1). Consequently the
pull-back of the connection A on P by the trivialization map (|1.7]) is written as

T3 A =1idf —i2mn, (1.9)

where 7, € C* (U,, A') is a one-form on U, which depends on the choice of the local
section 7,. A different local section 75 : Us — P with U, (Ups # 0 is written as 75 = e'X7,
with using a function x : U,[Us — R and hence the connection A pulled-back by the
corresponding trivialization T} is written as

1
N5 = Mo — 2—dX on U, (N Us. (1.10)
m



The curvature of the connection A is the two form © = dA on P. In the local trivialization
(1.7), we have T0© = —i27w(dn,) and (1.10) implies that dn, = dng. Therefore the

curvature two form is written as
©=—i(27) (7*0)

where w = dn, is a closed two form on M independent of the trivialization.

Since there is a given symplectic two form w on M in our setting, we naturally require
below in that the two form @ coincides with w.

For the construction of the prequantum bundle and prequantum transfer operator, we
will need the following two assumptions:

Assumption 1: The cohomology class [w] € H? (M, R) represented by the symplectic
form w is integral, that is, [w] € H* (M, Z).

Assumption 2 : The integral homology group H; (M, Z) has no torsion part and that
1 is not an eigenvalue of the linear map f, : H; (M,R) — H; (M,R) induced by
f:M— M.

Remark 1.3. The second assumption above is not restrictive and may not be necessary. In
fact this hypothesis is conjectured to be true in general. For the case M = T?? this is
always satisfied.

Theorem 1.4. Under Assumption 1 above, there exists a U(1)-principal bundle m :
P — M and a connection A € C* (P,A' ® (iR)) on P such that the curvature two
form © = dA satisfies

©=—i(27) (T'w). (1.11)

If we put Assumption 2 in addition, we can choose the connection A as above so that
there exists an equivariant lift f : P — P of the map f : M — M preserving the
connection A :

<W0f> (p)=(fom)(p), VpeP - f is a lift of f. (1.12)

f (eiep) = eief(p) , Vpe P VOeR . f s equivariant w.r.t. the U(1)action.
) ) (1.13)
ffA=A . f preserves the connection A. (1.14)

(See figure[1.2])




The proof of Theorem [I.4]is given in Section 2.}

Definition 1.5. The U(1)-principal bundle 7 : P — M equipped with the connection
A€ C™(P,A' @ (iR)) satisfying (1.11)) is called prequantum bundle over the symplectic

manifold (M, w). The map f : P — P satisfying the conditions (1.12)),(1.13) and (1.14)

is called prequantum map.

P
/\ ° , /
o0 1 f 361
( 1 /_s "1':’:1!".‘.‘,
p 9 A A
K !
° * M

Figure 1.2: A picture of the prequantum map f . The dash lines at point p represent the
horizontal space H,P = Ker (A,) which is preserved by f.

Remark 1.6. (Uniqueness of the prequantum bundle and the prequantum map) The pre-
quantum bundle P is unique (as a smooth manifold) if it exists, because it is determined
by its first Chern class ¢; (P) = [w] € H*(M,Z?). However the connection A on the
prequantum bundle P is not unique. In the proof of the theorem above, we will explicitly
show that there may be finitely many connections A which satisfy the condition and
they differ from each other by a flat connection. Once the prequantum bundle P and the
connection A on it is given, the lifted map f is unique up to a global phase e U(l),
i.e. another map g satisfies the conditions in (2) of Theorem if and only if g = e f
for some e € U(1).

Remark 1.7. Let o := %A. Then the differential (2d + 1)-form

1
pp = A (der)? (1.15)

is a non-degenerate volume form on P. This means that « is a contact one form on P
preserved by f.
1.2.3 The prequantum transfer operator F and the reduced operator Fy

As usual in dynamical system theory, we consider the transfer operator associated to the
prequantum map f:



Definition 1.8. Let V € C° (M) be a real-valued smooth function, called potential.
The prequantum transfer operator is defined as

F:C®(P) = C®(P), F(u)=e"" (u ° f*l) (1.16)

where V o € C* (P) is the function V' lifted on P.

Remark 1.9. The fact that f~1 appears instead of fin {D is a matter of choice. In our
choice, f maps the support of u to that of Fu.

From the equivariance property (1.13)), the prequantum transfer operator commutes
with the action of U(1) on functions on P and therefore is naturally decomposed into each
Fourier mode with respect to the U(1) action.

Definition 1.10. For a given N € Z, we consider the space of functions in the N-th
Fourier mode

Cy (P):={ueC®(P) | VpePVIER, u(ep)=e"u(p)}. (1.17)
The prequantum transfer operator F restricted to C¥ (P) is denoted by:

Fy = Fjcpp): CF(P)— C¥(P). (1.18)

Remark 1.11. The complex conjugation maps C5° (P) to C% (P) and commutes with F'.
It is therefore enough to study Fy with N > 0.

Remark 1.12. The space of equivariant functions C'Y (P) defined in can be identified
with the space of smooth sections of an associated Hermitian complex line bundle L&Y over
M (i.e. the N tensor power of a line bundle L — M) with covariant derivative D, called
the prequantum line bundle i.e. we have

C¥ (P) = C™ (M, L®Y).

See 38, p.502, eq.(6.1)]. In order to simplify the presentation we will not use this identi-
fication in this paper although it will be present implicitly. Notice however that most of
references about geometric quantization use the “line bundle terminology”.

In this paper the main object of study is the resonance spectrum of the operator F N,
(1.18), in the limit N — co. For N > 0, we set

1

- 1.1
f 2N ( 9)

10



This new variable A is in one-to-one correspondence to N, and h — +0 as N — oo. We
introduce it for convenience in referring some argument in semi-classical analysis where A
is regarded as the Plank constant and the limit 7 — 40 is considered.

Remark 1.13. In the following, we will confuse the parameters N and A in the notation.
For instance, the operator Fy will be written Fj sometimes.

1.3 Results on the spectrum of the prequantum operator Fy

The following theorem has been obtained essentially in the works of Rugh [33], Liverani et
al. [9,20], Baladi et al.[5, theorem 1.1, Faure et al. [I7, theorem 1|. The method employed
in the present paper is close to the semiclassical approach given in [17, theorem 1|. Before
giving the Theorem, let us mention that the transfer operator Fy has been defined on the
space of smooth functions C¥ (P) and can be extended by duality to the distributions
space D)y (P). We will introduce a family of Hilbert spaces H)y (P) for arbitrarily large
r > 0, called anisotropic Sobolev space such that C¥ (P) C HYy (P) C D)y (P) and show

Theorem 1.14. “Discrete spectrum of prequantum transfer operators”. For
any N € 7, the operator Fy extends to a bounded operator

EFy - Hy (P) = Hi (P),

and its essential spectral radius 4 (F N> 15 bounded by €, = /\17 max e", which shrinks

to zero if r — +o0. The discrete eigenvalues of Fy on the domain |z| > &, (and their
associated eigenspaces) are independent on the choice of r and are therefore intrinsic
to the Anosov map f. These discrete eigenvalues Res (ﬁN> = {\}, € C* are called
Ruelle-Pollicott resonances.

Remark 1.15. See [6],[I7, cor. 1.3] for a general argument about this independence of

Res ( F! v | on the choice of r.

The new result of this paper is the following. It is illustrated in Figure [I.3]

Theorem 1.16. “The spectrum of Fy has band structure”. In the semiclassical
limit N — oo, the Ruelle-Pollicott resonances of Fi is contained in a small neighbor-
hood of the union of annuli

Ay ={z€C,|z| € [ry,r}]} fork=>0 (1.20)

11
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Figure 1.3: A “band structure” of the spectrum of Ely.

where rif and r;, are defined by

1/n
- . . Vn(z) n —k n *1/2>
re o= Tim | inf (e D2, |0k det Df21s,| . (a2
1/n
it = Tim sup (€ D £, Ik Idet D2, | 77?)
n—o0 zeM
with setting
Va(x) =)V (f (2))
j=1
and
11
Ll = LI Ll i = [ 271 (1.22)

for a linear map L. More precisely, we have
Res (FN> C Nsvy(A) == {2z € C, dist(z,A) <0 (N)}, A= {U‘Ak} (1.23)
k>0
where § (N) = CN~¢ 2 0 with some ¢ > 0 and some constant C' independent of f, V
—00

and N. If the outmost annulus Ag is isolated from other annuli, that is if Ag()A; =0
for any | > 0, the number of resonances in its neighborhood satisfies the estimate

CIN < ¢ { Res (Biv) (N (Ao) } < N

for some constant C'.

12




Theorem [I.16] is deduced from Theorem [I.18] below and the proof is given in Section
Al

Remark 1.17. (1) Since || D f7| 5, || max = 1P S2 ] Eullmin > 1 We have obviously 7, <, and
ri, < rj for every k > 0. However we don’t always have r}f,; < r, therefore the annuli
may intersect each other.

(2) Let E, € TM be a smooth approximation of the unstable sub-bundle £, ¢ TM in

C° norm. If one chooses the potential:
1
V(z) = §log |det Dfa| | (1.24)

on can have ry ,rd (arbitrarily) closed to one and the annulus Ay of the external band get
isolated from the other ones (Ag () Ax = 0 for k # 0).

(3) In the simple case of a linear hyperbolic map on the torus T?, i.e. example ([1.4) with
V(x) =0, then 1 =r, = AF=2 ) with A = Dfo/e, = %5 ~ 2.6 (constant), i.e. each
annulus Ay, is a circle. In this case Theorem has been obtained in [I6] and is depicted
on Figure (1-b) in [16]. If one chooses V (z) = 1log|detDf,|p,| = 1log X the external
band Ay is the unit circle and it is shown in [I6] that the Ruelle-Pollicott resonances on
the external band coincide with the spectrum of the quantized map called the “quantum

cat map”.

The following Theorem gives a more precise description of the prequantum transfer
operator that leads to the spectral property stated in Theorem [I.16] though it looks more
technical. The proof of Theorem [1.18|is given in Section [6.5}

Theorem 1.18. "Detatled description of the band structure”. Letn > 0 and take
sufficiently large r accordingly. Then there exists a small constant € > 0, a constant Cy,
which is independent of V', f and N, and a decomposition of the Hilbert space HY (P):

Wi (P) = Ho ® Hy .. ®Hy ® Hon (1.25)

such that, writing T for the projection onto the component Hj, along other compo-
nents,

(1) &b~ < dimHy < Coh~? for 0 < k < n while dim H,.41 = oo,
(2) 7™ < Cy for 0 <k <n+1,

(3) |7®) o By o 70| < Coh* if k # ¢,

(4) for 0 <k <n+1, it holds

min

I7%) 0 Fy 0 7®||345 (p) < Co sup (ewz) IDfol 5, |l Idet Dfm]Eu|_1/2) . (1.26)
xeM

13



(5) for 0 <k <n and u € H,, it holds

—1/2
) Jullyg
(1.27)

E. u

max

|90 E) ], 2 5 inf (¢ ID L1 e D,
H7 (P) zeM

provided that h > 0 is sufficiently small.

We suppose now that the external annulus 4, defined in ([1.20)) is isolated from other
annuli Uk21 Aj.. We have seen in 1) how to achieve such situation by a suitable choice
of the potential V' (z).

Theorem 1.19. “Weyl formula and index formula for the number of reso-
nances”. If the external annulus Ay is isolated, i.e. r{ < ry, then the number of
resonances in the external annulus Ay is given by the “Weyl formula”

i {Res <FN) ﬂM(N) (Ao)} = NVol, (M)+ O (Nd—l) (1.28)

with Nsvy (Ao) defined in and with the symplectic volume of M given by
Vol, (M) := [,,w"¢/d!.

More precisely, for N large enough, let 11y denotes the spectral projector associated
to the isolated external band (i.e. on the spectral domain |z| > rqy — d (N)) then the
rank of Ily is exactly given by the Atiyah-Singer index formula:

rank (Ily) = /M [eN“’Todd(TM)]zd (1.29)

where
Ny

Nw __
e’ Y=1+Nw+ ...+ d

1s the Chern character,

Todd (TM) = det( Q(TM) ) _ . (T

1= exp (= (T) 5 +...€e H)p (M)

is the Todd class of the tangent bundle defined from the Riemannian curvature ) (T M)
and [.],,; denotes the restriction to volume 2d-forms.

Theorem [I.19 above follows from two theorems that will be stated in Section [2.4] where
we will introduce a differential operator A = D*D acting in C¥ (P) called the rough
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Laplactan. In Theorem we will show that its low energy spectrum has band spectrum
and that the cardinality of the eigenvalues in the first (or the lowest) band equals the
quantity on the right hand side of the formula (1.29). The latter is actually a consequence
of a theorem in geometry. Then, in Theorem [2.21I] we will show that the rank of the
projector Il coincides with the rank of the spectral projector for eigenvalues in the first
band. We thus obtain the formula . Then the Weyl formula is a direct

consequence. Indeed we have [¢N“Todd (TM)] 0g = N Zfd + O (N?') and hence

/M [eMTodd (TM)],, = NVol, (M) + O (N*") .

Remark 1.20. In the case of M = T? which correspond to example and treated in
[16], the projector Il has exactly rank (Ily) = N. Indeed, for Riemann surfaces M of
genus g, we have Todd (TM) =1+ @ with first Chern number [, ¢ (TM) =2 —2g
(the Gauss-Bonnet integral formula). Hence rank (Ily) = [, (Nw) + [,,¢1 (TM) = N for
M = T2

2 Preliminary results and sketch of the proofs

In this Section we begin with establishing some preliminary results which will be used in
the rest of the paper. Then we sketch the proofs of the main theorems presented in Section

itk

2.1 Proof of Theorem [1.4]

This Section may be skipped for a first reading.

Under Assumption 1 on page , existence of a U(1)-principal bundle 7 : P — M with
a connection A satisfying the condition is standard in differential geometry. See
[25][42], prop 8.3.1]. Notice that the connection one form A satisfying is determined
up to addition by a connection Ay with dAy = 0 i.e. a flat connection. Below we choose
a connection appropriately so that the second claim in Theorem holds true. We first
prove the following lemma.

Lemma 2.1. Let 7w : P — M be a prequantum bundle over a closed symplectic manifold
(M,w) with a connection 1-form A such that dA = —i (27) (m*w). Let f: M — M be
a diffeomorphism. The following conditions are equivalent

(1) There exists an equivariant lift f : P — P preserving the connection.

(2) For any closed path v C M, we have

ha(f (7)) = ha(7) (2.1)
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where hy (7) € U(1) denotes the holonomy along v (with respect to the connection
A).

(3) f preserves the curvature two-form on M :

o = = — (dA 2.2
Fo=w  w= (A (2.2
and the homomorphism
h
rat H(MZ) = U), raly) = 400D (2.3)
ha(v)

(which is well-defined if holds true) is trivial:

rA = 1 (24)

The equivariant lift f as above is unique up to a global phase (if it exists): g is
another equivariant lift if and only if there exists € € U(1) such that §g = e f.

Proof. The proof of Lemma can be found in [43, Prop 2.2 p.632|. We give it here since
some details of the proof will be useful later on. The idea of the proof is illustrated in

Figure [2.1

/
RTel @
D\ela . .
D1

Figure 2.1: Picture of f construction.

The assertion (1)=-(2) is obvious because holonomy is defined from the connection
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preserved by f hence holonomy of closed paths is preserved by f.

To prove the assertion (2)=(1) we construct f explicitly. Let py € P and zo = 7 (py) €
M be some given points of reference. We choose qy € Py, an arbitrary point in the
fiber Py, and set f (po) = qo- By equivariance, this defines f on the fiber P,,: for any
e’ € U(1), we have to set f(eiepo) = . Let zy € M be any point. We want to
define f on the fiber P,,. We choose a path 7 : [0,1] — M which joins 7 (0) = z to
7 (1) = z; and then take the unique horizontal liff[y : [0, 1] — P of v such that 7 (0) = po.
Put p; := (1) € P,,. Next let f(vy) be the unique horizontal lift of f () such that
£ (7) (0) = go. Since f preserves the connection, it send 4 to a horizontal lift of f (7). We
define f (p1) = q1 := f(7) (1) € Py(a,). For equivariance, we define f on the fiber P,, so
that f (¢p1) = e?qy for any € € U(1).

The definition of f described above depends a priori on the choice of the path v. Below
we check that the condition (2) guarantees the well definiteness (or independence of the
choice of the path ) of this definition. Suppose that 4’ is another path such that 4" (0) = x
and 7' (1) = 1 and that we define p| € P,, and ¢ € Pj(;,) in the similar manner as above
using 7 in the place of 7. Then we have p| = ¢®p, for some e € U(1) and ¢, = ¢*?¢, for
some e? € U(1). From the definition above, we have f (p}) = f (e?py) = e f (p1) = €'q.
For well definiteness, we have to check that ¢} = f (p}) or, equivalently, that ¢’ = €. Note
that I := 7' oy~ is a closed path with holonom ha (D) =eand f (L) = f(v)of(y)""
is that with holonomy ha (f (I')) = ¢*. Therefore the required condition e = e is
equivalent to the condition (2). By construction f preserves the horizontal bundle hence
the connection A. We have obtained (1).

Let us show that (2) and (3) are equivalent. Let v = do be a closed path which borders
a surface 0 C M ie. [y =0in H; (M,Z). The curvature formula [LI] gives the holonomy

) o) = (-i2n )
ha (F (7)) = exp (-m /f ; w) ~ exp (-m / f*w) |

The condition ha (f (7)) = ha (7) for any closed path v = Jo as above is therefore equiv-
alent to the local condition f*w = w. In that case, for any closed paths « and ~' such that

] =[] € Hi (M, Z), we have ha (f (v) o f (¥)™") = ha(yo (y)™"), and hence

ha(f () _ ha(f (7))
ha (') ha(y)

3By definition, ¥ € P is a horizontal lift of the path v (¢t) € M if 7 (7 (¢)) = «(¢) and if the tangent
vector is horizontal at every point: A (%) = 0. It does not depend on the parametrization of ~.
4By definition, the holonomy of a closed path ' (¢t) € M, I'(1) = I'(0) is h(I') € U(1) computed as

follows. We construct T (t) € P, a horizontal lift of T’ and write T' (1) = /(T (0) € 7~ (I" (0)).

Also
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Therefore the map ([2.3]) is well defined. Now the equivalence of the conditions (2) and (3)
is obvious. O

The next lemma give the choice of the connection in the latter statement of Theorem

T4

Lemma 2.2. Letnw: P — M be a prequantum bundle over a closed symplectic manifold
(M,w) with connection 1-form A such that dA = —i (27) (7*w). Let f : M — M a
symplectic diffeomorphism and f. : Hy (M,R) — H; (M,R) the linear map induced in
the homology group. If Assumption 2 on page[§ holds, there exists a flat connection Ag
such that holds for the modified connection A + Ag.

Proof. 1f Ay is a flat connection (i.e. dAg =0) let A" = A+ Ay be a modified connection.
For a closed path v the modified holonomy is

har (7) =ha () - ha, (7) -

We have a well-defined homomorphism P4, : Hy (M,Z) — R/Z, called the period map,
such that ‘
ha, () = €277 0). (2.5)

Suppose that f is symplectic i.e. f*w = w. For the connections A and A’ = A + Ay, we

have the relation:
ha (f (7)) _ ha(F (7)) hay (f (7))
har (%) ha(y)  ha, (7)

or, in terms of the maps ([2.3)) and ([2.5)), we have

rar =raexp (121 (Pa, (f« — 1))) .

Hence if we choose the flat connection Ay so that

exp (127 (Pa, (f« — 1)) =14,

then the condition ([2.4)) is realized for the modified connection A* = A 4+ A,;. From
Assumption 2, this is possible. Indeed, if we can write r4 = e'?™#4 with Ry : Hy, (M,7Z) —
R and choose a flat connection A so that Py, = —Ra (f« — I)fl. O]

From Lemma the conclusion of the corollary above implies that there is an equiv-
ariant lifted map f : P — P , which is unique up to a global phase. This proves Theorem
L4
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2.2 Semiclassical description of the prequantum operator Fy

We give a local expression of the transfer operator Fy defined in (1.18)) with respect to
local charts and local trivialization of the bundle P. These local expressions will be useful
in the sequel of the paper.

As in Section , let (Uy),e; be a finite collection of simply connected open subsets
which cover M and, for every open set U, C M, let

T, Uy, — P

be a local section of the bundle. For a given N € Z, an equivariant function u € C (P)
defines the set of associated functions’|u, : Uy — C, a € I, defined by

Uy () = u (1, (7)) (2.6)
for x € U,. Conversely one reconstructs u from (u,)aes by the relation

0

w(p) = u (7, (2)) = € (7 (2)) = Voo (2)  for p= ¥

To () and z € U,.

Recall the one forms 7, in the local expression (1.9 of the connection A.

Proposition 2.3. “Local expression of Fy”. Let u € C¥ (P) and v := Fyu €
C% (P) with respective associated functions ug (z) = u (74 () and ul, (z) = v (74 (z)),
with x € Ug, f~* (x) € U, . Then

U = eV - Lrug

with .
(Lrug) (x) == 2N Ag,a(®)y, (f_1 (m)) (2.7)

where

Asa@) = [ = [mse)
= [ ) = ) + o). (2.8

v
In the last integral, xo € Ug is any point of reference, v C Ug s a path from xy to x and

¢ (xg) does not depend on x. In other words, the prequantum operator Fy is expressed
locally by the transfer operator €V L; defined in .

5In the language of associate line bundle, these functions v, are sections of L&V expressed with respect
to the trivializations.
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Remark 2.4. Notice that the integral (2.8]) does not depend on the path v from xy to x
because the one form ((f™)" (1) — 1) is closed. Indeed d ((f™)" (na) —n) = (f ) w—

w = 0 since f~! is symplectic.

Proof. From definition ([1.16]) of the transfer operator

wp (@) = ol (s (@) = (Fu) (7 (@) " (F7 (73 2)))

To prove the proposition, we have to show (15 (z)) = Lyu,. Let v C Ug be a path from
xo to x. Let 4 : t — 7 (t) be the lifted path parallel transported above 7 starting from
75 (x9) and ending at point p. (See Figure ) Since the connection one form vanishes
along the path 7, we have

0= (T;A) (%) = (idf — i2mny) (%)

with 75 = T ' (). From the construction of the lifted map f in the proof of Lemma [2.1
we have

p= eia(x)Tg (x) (2.9)

a<x>zédezawlnﬂ.

with

Figure 2.2:

Let 6y given by f=1 (15 (0)) = €1, (1 (x0)). Similarly we have

f7H (p) = e Or, (f71 (x)
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with

a (z) = 2w / Nex-
A0
From equivariance of f and 1} we have =1 (p) = ef@(@) f~1 (75 (z)). Therefore

f—l (7_5 (I)) _ e—ia(z)f—l (p) _ e—ia(z)ez‘@oeia’(a:),ra (f—l (:L')) _ eiQWAﬁ’a(x)Ta (f—l (1’))

with 9
M@ = [ = e g2
1710) v 2w
We conclude

u/ﬁ (x) _ eV(x)u (f—l (7—,3 ($)>> _ e\/(x)u (6i277A5,a(:0)7_a (f—l (il?)))
— V(@) i2tNAs o (2),, (Ta (f_l (x)))
— eV(x)eiQﬂNA57a(x)ua (f_l (.Z'))
as required. O

The following composition formula should be obvious but will be useful.

Lemma 2.5. “Composition formula” If f1, fo: M — M are symplectic diffeomor-
phism with corresponding prequantum transfer operators Fyu := uo f; Fru = uofy !
then

FfzoFf1:Ff20f1

(equality up to some global rotation). Consequently in local charts their local expression

satisfy
Lg, oLy =Liof, (2'10)

with appropriate setting of local trivializations.

The next few results will concern some semiclassical aspects of the transfer operator.
The first easy result but of fundamental importance is the following Proposition. (It is not
used in the proofs in this paper and the explanation below may be a bit sloppy. But it
gives the background of the following argument.)

Remark 2.6. For the general definition of the Fourier Integral Operator, we refer to Mar-
tinez [28], Evans-Zworski [14] or Duistermaat [13]. If the reader is not familiar with Fourier
Integral Operator, it is enough for the reading of this paper to understand the rough idea
of a Fourier integral operator F', which is quite simple as explained in [10]: if a function
¥ is localized at point € M and its Fourier transform is localized at point { € T;M
(which means that these functions decay fast outside these points and we say that ¢ is
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micro-localized at (x,€) € T*M ) then the operator F' transforms this function ¢ to a
function ¢ micro-localized in another point (z/,¢') € T*M. The map F : (z,§) — (2/,¢)
is called the associated canonical map. Note that we are interested in the situation
€] 2 N = (2rh)~! > 1 and, in the limit N — oo (or A — +0), we will normalize £
by multiplying A.

Proposition 2.7. The prequantum transfer operator F is a Fourier Integral Operator
if we view it in the local trivializations as in . The associated canonical map on
the cotangent space is given by

R TS TU P )= (eop e dmton-miwy ) 210

where x € U,, f(x) € Ug and € € T U, . The map F, g preserves the canonical
symplectic structure

2d
Q=) dr; Adg
j=1

on the cotangent space on T*U,.

Proof. The transfer operator is given in local chart by . This expression shows that it
is the composition of two operators Fyo Fy where F} is the pull-back by the diffeomorphism
f~! and F, is the multiplication by a phase function. Both operators are basic examples
of F.I1.O as explained in |28, chap.5| and the Proposition follows. See the explanation
below. [

We give here a more detailed explanation of the associated canonical map (2.11)). From
1} the transfer operator Fy can be decomposed as elementary operators. Let

A

Fi:oou@) —u(f ().

This is a F.I.O. with canonical map

A(D-(0)-(dih) e

Indeed it is clear that supp () is transported to f (supp (¢)) hence 2’ = f(x). Also an

oscillating function u (z) = e#¢ is transformed to u’ (y) = e#&f ' ®) and, for y = f (z) + v/
with [y/| < 1, we have f~' (y) = 2+ Df, ./ + o (|y']) , hence

u/ (y) ~ 6%5.(x+Df;,1.y’) = O@%t(Dﬂ:’l)&y = Ce%zf/‘y
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with ¢ =1 ( fo )§andC—eﬁ &@=DI 1@ We deduce (2.12).
Next we consider a multiplication operator by a “fast oscillating phase” (recall i < 1):

A

Fy: o () = 5Oy (x)

For the same reasons, it is a F.I.O. and its canonical map is

F2<:§>_<£+§S(x)>

Indeed u (z) = €747 is transformed to o/ (y) = e#E¥+S®) and, for y = z 4y with |y| < 1,

we have _
u' (1) ~ er(&ytdSy)

with & = £+dS. From these two previous examples and , we can deduce . Notice
that the multiplication operator by e" does not appear in the canonical map because it is
not a “fast oscillating function” (in the limit & — 0).

Notice that the canonical maps F, g in the last proposition is not consistent for different
choice of local trivializations if we simply regard T*U, and T*Ujs as a subset of T* M. This
is because of the curvature of the bundle P. The following proposition gives a global and
geometric description of the canonical map .

Proposition 2.8. Consider the following change of variable on T*U, for every o € I:

(g)eT*Ua%(sz&ina(:@))eT*M (2.13)

Then the canonical map get the simpler and global expression (independent on
the set U, ) on the phase space T* M

F:T*M —T*M, F ( “z ) = (DF*)™! ( Zf > = ( t(gg)l)c ) (2.14)

The symplectic form preserved by F' is:

2d

Q= (de; Ad(y) + 7" (w). (2.15)

j=1

Remark 2.9. The change of variables to get the global geometric description
is standard in the semiclassical problems involving large magnetic fields on manifolds. In
a more geometric (but more abstract) approach one can show that the cotangent space
(T*M, Q) is interpreted as an “affine cotangent space” and can be geometrically defined as
the space of connections on the principal bundle P — M, see [8, appendix].
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Proof. The relation (2.14)) is obvious from (2.11)) and (2.13)). To prove (2.15)), we write in

coordinates
2d
o = > mide;
j=1

and the fact

w=dn, = Z (ggj> (dx; A dz;).

i,J

Then
2d 2d 2d 2d 877‘
QO = ) dayAdg = du; A(d( —dny) =) dr; A <dgj = (a {) dxi>
i=1 =1 =1 i—1 \ITi
2d
= Z (dl‘] A dCJ) +w
j=1

O

In relation to the global expression (2.14]) of the canonical map associated to the pre-
quantum transfer operator Fly, it should be natural to introduce the following definition.

Definition 2.10. The trapped set K € T*M is the set of points (z,£) € T*M which
do not escape to infinity in the past neither in the future n — 0o under the dynamics
of the canonical map F :

K :={(z,£),3C >0, (n)| < C,¥n € Z, with (z(n),£(n)) == F"(x,§)}.

In terms of the theory of dynamical systems, the trapped set K is the non-wandering
set for the dynamical system generated by F.

As one expects naturally, we will show that the trapped set K’ C T*M and the dynamics
of the canonical map F' on its vicinity are the main geometrical objects which explain all
the results of this paper about the resonances. It should be noted that, in the context of
quantum scattering, this idea has been investigated extensively (but, for different types
of evolution equations than the prequantum transfer operator), initiated by Combes and
Baslev in the 70’ and Hellfer-Sjéstrand in the 80’.

Proposition 2.11. “Description of the trapped set K”. The trapped set K C T*M
18 the zero section:

K={(x,Q)eT*M |z €M, (=0} (2.16)
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This is a symplectic submanifold of (T*M,Q) isomorphic to (M,w). For every point
p € K the tangent space is decomposed as an §2-orthogonal sum of symplectic linear
subspaces

T,(T*M) =T,K & (T,K)* (2.17)

Moreover each part is decomposed into isotropic unstable/stable linear spaces
T,K =D (p) @M (p),  (T,K) =& (p) ®EP (p) (2.18)

where the subspaces g (p) for i = 1,2 and 0 = s,u are d-dimensional subspaces
defined by

EV (p) =T, KN E(p), EP (p) = (T,K)"NE}(p) foro=s,u.

lea

Here the decomposition

T,(T"M) = E;, (p) ® E; (p)

is that into the unstable and stable subspaces with respect to the action of DF' ,(which
is dual to the decomposition (1.1])):

Ei(p) ={veT,(T"M) | |[DF,"(v)| = 0 as n — oo}

and
Ey(p) :={veT,(T"M) | |[DF}'(v)| = 0 as n — oo}.

All the decompositions above are invariant by the map F. See figure [2.5,

Remark 2.12. There is another F-invariant decomposition:

T,(T*M) = T,K & T M
—_—— M =
4d 2d 2d

with © = 7 (p) and T} M the fiber of the cotangent space. However this sum is not Q-
orthogonal and moreover 1) M is {2-Lagrangian.

Proof. First it is clear that the trapped set is the zero section {(z,(),{ = 0} since it is
invariant and, if ¢ # 0, we have |F" (z,()| — oo at least either as n — oo or n — —oc.
From k= w therefore 7 : (K,w) — (M,w) is a symplectomorphism. The
symplectic maps f: M — M and F : K — K are conjugated. For every point p € K,
T,K is a linear symplectic subspace of the symplectic linear space T}, (1T*M) and therefore
admits a unique symplectic orthogonal (7K ). The decomposition ([2.17) is invariant
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T,K / / Trapped set
I A — Y | K={=0}
! ' ua is Q— lecti
p\\_/,/l ) is symplectic
/ :

Cq ............ : F /
/ X
T,T(*M)

Cp | —

— (T M, Q)

M, w) symplectic
15" ) e

Figure 2.3: The decompositions of the tangent space T,(7*M).

under the map F because the trapped set K is invariant and because F' preserves the
symplectic form €. O

In the next proposition, we introduce convenient local coordinates, called normal or Dar-
boux coordinates. We will use them later in the proof.

Proposition 2.13. “Normal coordinates”. On a sufficiently small neighborhood U
of every point x € M, there exist coordinates

= (q.p) =(d",...¢"p",...p")

and a trivialization of P such that the connection one-form in (@ 15 given by
n=> Lidp - Lpidg (2.19)
—~\2 2

and consequently the symplectic form w is given by

d
w=dn= Z dq' A dp". (2.20)

i=1

On the cotangent bundle T*U, there is a change of coordinates ® : (x,&) — (v, () where
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the variables ¢ = ( g,(g)jzl , are already defined in (2.15) as

.....

. . ) ) 1 .

G o= Gtm =6+ 50 (2.21)
i i i i1

Cq: = gq_'_nq:gq_ip

while v = (Vg, V;]))j 1,..q @re given by

J J J 1 J J
. ) . 1 . .

o= PG =+

This change of variables transforms the symplectic form £ in to the normal
form:

d
Q=" (dv) Ad) + (d¢) A dC) . (2.23)
7j=1

Remark 2.14. Recall from that T,K = {(v,{),( =0}. Then implies that
its symplectic orthogonal is given by (TpK) = {(v,{),v =0}. In other words, (v,()
are symplectic coordinates related to the decomposition . These coordinates were
introduced in the paper [16] treating the linear case, under the different names (@, P;) =

(vg, vp) and (Q2, P2) = ((, (y)-

Proof. Darboux theorem on symplectic structure (see [I]) tells that, if we take sufficiently
small neighborhood U of , there exist coordinates = = (¢,p) = (¢*,...¢% p',...p%) such
that the symplectic form is expressed in the normal form w = dg A dp = Zle dq* A dp'.
Take any local smooth section 7" : U — P and let 1’ be the local connection one form
(see (L.9)) with respect to the corresponding local trivialization of P. Since we have
din —n) =w—w =0 for n in (2.19), there is a smooth function y : U — R such that
n—n= %dx. Setting 7 = eX7’ and recalling the formula , we see that the former
statement of the proposition holds for the coordinates z = (¢,p) = (¢',...¢%p",...p?)
and the trivialization of P associated to the local smooth section 7 thus taken.

We prove the latter statement. (2.13) and (2.19) imply (2.21). Clearly (2.21) and

(2.22) are coordinates on U as we can give the inverse explicitly. Starting from ([2.15) we
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get

d
Q = > (dg/ NdG)+dp) NdC) + dg’ A dp)
j=1
d
= > ((dvg +dG)) NG+ (dvy — d¢j) NG +d (vy + G) A (dv) — dG))
j=1

d d
= Y dv) Ndv) —d NdG) = dvl Adu) +d¢) A dG.

j=1 j=1
This completes the proof. O

Remark 2.15. Since the symplectic 2-form w = >~ dg’ A dp’ on Ty M = R?? is non degen-
erate, it defines an isomorphism, called flat operator,

b: R — (Rm)*, v =w(v,-).
Its inverse is called the sharp operator.
f=b"": (R*)" —» R™

For a one-form « € (]RQ‘Z)*, ot is defined by the relation o = w (ozﬂ, ) In coordinates, for

n n

9 9 S .
v = ;Uga—qj —H);];@ = (vy,vp) ER*™ and o= ;agdqj +aldp = (ag, o) € (R*)
we have .
v = Z —vldg’ + vidp = (—vp,v,) € (R2d)* (2.24)
j=1
"9 -0 J
Oétt = ;ai,a—q] — Oé‘;@ = (O(p7 —Oéq> c R2 (225)
We also have
a(v) = =1’ (") eR, b'=—b =4 (2.26)

where b’, #* denote the transposed maps. Using these notation, the relation (2.22)) can be
written in a more intrinsic manner:

vi=x— (¥ (2.27)
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Proposition 2.16. The normal coordinates (vy, vy, Cp, () introduced in the last propo-
sition can be chosen so that the differential of the coordinate map ® : 7=+(U) — R

at any point p € K such that 7 (p) = = € U carries the subspaces £ (p), Y (p),
EP (p), S (p) in to the subspaces

Ry = {(14,0,0,0) |y, € R}, RE :={(0,14,0,0) | v, € R},
RE = {(0,0,¢,,0) | G € R}, RE :={(0,0,0,¢,) | ¢ € R}

respectively. That is to say,

J

1
T,(TM) = £V () @M (p)DED (0) @ P (p)

oK (TpK)L
Do | 1 1
1
Ry, = (R,eR,) & (RioR)
—— ——
T*qu T*Rgp

With respect to these coordinates the differential of the canonical map DF),
T,(T*M) = Ty, (T*M) is expressed as

®oDF,0d ' =FVgF®  FO= ( %’” o ) . PP = ( fé”” e )
(2.28)

T

where Ay : RY — R? is an expanding linear map.

Proof. We can take the coordinates x = (q,p) = (ql, g pt, .pd) in the beginning of
the proof of the last proposition so that the stable and unstable subspaces, Fs(z) and E,(x),
correspond to the subspaces given by the equations p = 0 and ¢ = 0 respectively, because
they are Lagrangian subspaces. Then the coordinates and the trivialization constructed in
the proof have the required property. The differential of the Anosov map Df, : T,M —
Ty M splits according to the invariant decomposition T,M = E, (z) ® E, (z) as D f, =
(Az, B;) with
Ay = D |p,oy: Bu(2) = Eu (f (@)

and

But since E, (z) and F,(z) are Lagrangian subspaces, w provides an isomorphism b :

E,(x) = E,(x)" by b(S) : U € E,(z) - w(S,U) € R for S € E,(z). Because Df, is
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symplectic, i.e. preserves w, then B, =bo?A-! ob™! is isomorphic to *A 1 and

Df, = ( f(‘;‘ o ) (2.29)

2.3 The covariant derivative D

The connection one form A on P induces a differential operator D called the covariant
derivative. We recall its general definition and give its expression in local coordinates. We
will use it for the definition of the rough Laplacian operator A in the Section and also
to treat the affine models on R?? in Section 4.2

Recall that the exterior derivative du of a function u € C*° (P) (i.e. the differential of
u) is defined at point p € P by

(du), (V) =V (u) (p)

where V' € T,P is any tangent vector. The connection one form A € C* (P,A' ® (iR))
on the principal bundle 7 : P — M defines a splitting of the tangent space at every point
p € P:

T,P=V,P® H,P

with H,P = Ker (A (p)) and V,P = Ker ((D7) (p)). The subspaces V,P and H,P called
respectively vertical subspace and horizontal subspace. We will denote
H:T,P— H,P (2.30)

the projection onto the horizontal space with Ker (H) = V,P. Explicitly if V' € T,,P then
from ([1.8)) its horizontal component is

HV =V +iA(V) %. (2.31)

This can be checked easily from the requirements that A(HV) =0and V — HV € V, P.

Definition 2.17. If u € C*° (P) is a smooth function, its ezterior covariant derivative
Du € C* (P;A') is a one form on P defined by

(Du), (V) = (HV) (u)) (p) for p€ P,V € T,P (2.32)

The operator D is equivariant with respect to (or commutes with) the U(1) action ([1.6)
in P and therefore restricts naturally to the operator

D:C¥ (P) = C¥ (P,AY)
for every N € Z.
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2.3.1 Expression of D in local charts

Proposition 2.18. With respect to the local trivialization of the bundle P over
open sets U, C M, if u € CF (P) then Du is expressed as the first order differential
operator Dy, : C* (U,) — C* (U,, A') given by:

D u, = dug, + ;—iuana (2.33)
with ug := (uo 1) € C*(U,) and Dyug := (Du)ot, € C® (U,, A'). More specifically,
in the normal coordinates x = (q,p) = (ql7 gt pt L .pd) and the local trivialization

on U, in Proposition it 1s expressed as
i~ ~
== > (Gua ) do’ + (Gua ) dp’ (2.34)
j=1

with the basis (dq,dp) of AL, where Cg and C{; are the differential operators on C'*° (de)
defined respectively by

~ ~ 1 o~ )
G = & - §p7 with & = —zha—qj and by (2.35)
G = 8+t wimd——inl
P P 2q p - o

Remark 2.19. Notice that the canonical variables ({;, (,) defined in are the symbol
of the operators as a pseudodifferential operator. In more geometrical terms, the
symbol of the covariant derivative —ihD is the one form o (—ihD) = (dx = Y. (Jdg’ +C) dp’
on T*U,. This can be understood as a generalization of the simpler case of the exterior
derivative d : C™ (M, AP) — C> (M, AP*!) (by taking n = 0, i.e. a connection with zero
curvature), for which the principal symbol is known to be o (d) = % (&dx) A ., 37 (10.12)
on p.162].

Proof. Consider local coordlnates r = (xl . 2d) €U, C M andlet V=V a + V9 8
be a vector field on P. From and ( . we have

=V + (—=df (V) + 2mn, (V)) %
0

20

HV = V+iA(V )59

= v o (v o

Then, from the definition ([2.32)),

ou

a x
(Du) (V) = (HV) (u) = V= + 2100 (V) =
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Suppose now that u € C° (P) and write p = €7, (z) € P. Then

u (€74 (2)) = eMNu (1, (2)) = €™uq (2)

and hence
Du), (V) = ™ (V2" 4 iNamg, (VP
= ™ (du, (V) +iN2mn, (V) ug)
e (dua + %uana) (V).
Hence .
i
Dyug = (Du), 0 7o = dug + 7 Ualla
We obtain the rest of the claims by simple calculation. ]

2.4 The rough Laplacian A

In order to define the adjoint operator D* and the Laplacian A = D*D which is used
in geometric quantization we need an additional structure on the manifold M, namely a
metric g compatible with w. References are [41] p.400],[7, p.168],[38, p.504].

2.4.1 Compatible metrics and Laplacian

We recall [34], p.72] that on a symplectic manifold (M, w), there exists a Riemannian metric
g compatible with w in the sense that there exists an almost complex structure J on M
such that

w (Ju, Jv) = w (u,v) and g (u,v) = w (u, Jv) for all € M and u,v € T,M.  (2.36)

In general J is not integrable, i.e. it is not a complex structure. In the rest of this Section
we suppose given such a metric g and an almost complex structure J on M.

The metric ¢ on M induces an equivariant metric gp on P by declaring that [38],
ex.1,ex.2 p.508|:

(1) for every point p € P, V,P L H,P are orthogonal,
(2) on the horizontal space H,P, gp is the pull back of ¢ by = (gp)/HpP =7*(9g)
(3) on the vertical space V, P, gp is the canonical (Killing) metric on u (1) i.e. || 4 ng = 1.

This metric gp induces a L? scalar product («|B8)a1(,) in the space of one forms A (p).
Using the volume form pp on P in ((1.15)), we define a L? scalar product in the space of
differential one forms C™ (P, A') by

(alB)r2par) = /(a ()18 (P))arydpp(p) for a,f e C= (P,A") .
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The L? product of functions is of course define by

(@l8) 2y = [ @) 5B duply) for a5 € O (PAT)

Then the operators D* and A are defined as follows.

Definition 2.20. The adjoint covariant derivative D* : C* (P,A') — C> (P) is
defined by the relation

(ulD*a)2pary = (Dula)2py for allu € C*(P)  and a € C™ (P, A').
The rough Laplacian A : C* (P) — C* (P) is defined as the composition

A=D"D.

The operators introduced above is equivariant, i.e. D*Ry = RgD* and ARy = RpA,
because so is the metric gp. Hence D* and A restrict naturally to

D*:C¥ (PAY) = CF (P) and Ay :CY(P) = CF (P)

for each N € Z. We have denoted Ay for the restriction of A to C¥ (P).

It is known that, for every N € 7Z, the operator Ay is an essentially self-adjoint
positive operator with compact resolvent. Hence its spectrum is discrete and consists
of real positive eigenvalues. The next theorem shows that these eigenvalues form some
“clusters” (also called “bands”) in the lower part of this spectrum. Precisely the eigenvalues
of %LNA N concentrate around the specific half-integer values %d + k with d = %dim M,
k € N. (These half-integer values correspond essentially to the eigenvalues of a harmonic
oscillator model as we will see later.) See Figure . These clusters of eigenvalues are
called Landau levels or Landau bands in physics. The existence of the first band is given
in various papers, see [27, cor 1.2| and reference thereinﬂ

Theorem 2.21. “The bottom spectrum of Ay has band structure”. For any
a > 0, the spectral set of the rough Laplacian ﬁAN in the interval [0, «] is contained
in the N~ ¢-neighborhood of the subset {g +k, ke NU {0}} for sufficiently large N,
with some € > 0. The number of eigenvalues in the N~ “-neighborhood of ;—i + k (orin

6 The result for all the bands seems to be known to specialists although it does not appear explicitly
in the literature to the best of our knowledge.
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the k-th band) is proportional to N?, that is, if we write By for the spectral projector
for the eigenvalues on the k-th band, we have

C7'N? < rank P, < CN?

for some constant C' independent of N. In particular, for the spectral projector P, for
the first band, we have

rank () = /M [N Todd (TM))],, (2.37)

Further, for the relation to the prequantum transfer operator F v, we have
rank B, = rank ) = dim M, for0<k<n

for sufficiently large N, where n, ® and H;, are those in Theorem

< A=d/2+2

< A=d/2+1

rankPo { = <=— N =d/2

Figure 2.4: The Landau levels of the spectrum of the rough Laplacian %LNA : L% (P) —

L% (P) for N> 1.

A proof of this theorem will be given in Section Note that the proof of the index
formula (2.37)) is given in |21} th. 2|, see also [27], cor. 1.2] and references therein.

2.4.2 Expression of D* and A in local charts

Let us see the expression of differential operators D* and A introduced above in the local
trivialization. Consider a local trivialization (1.7)) of the bundle P over an open set U, C M.
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The operator D : C¥ (P) — C%¥ (P,A') in such local trivialization is represented by the
operator

D, : C*®(Uy) = C™ (Us,A'),  Dyu, = (Du)oT,
where u € C¥ (P) and u, = (uo7,) € C®(U,). Similarly D* : C¥ (P,A') — C¥ (P)
and Ay = D*D are represented by operators

D C® (U, AY) = C® (U) and A, : C® (Us) = C(Us) .

The next proposition gives the explicit expression of the operators D,, D} and A, using
a local coordinates (xl, e ,x2d) on U,, though we have already obtain such expression
for D, in Proposition 2.18 Note that the operators D}, and A, depend on the Riemann
metric g on M and also on N (or &) though it is not explicit in the notation. We write
9=> g;xdz? @ dz* for the metric tensor and gF = (gﬁk)_; for the entries of the inverse

j?
matrix.

Proposition 2.22. With respect to the local trivialization and coordinate system de-
scribed above, we have the following expressions for D, D* and A = D*D:

. 2d
7 -~ ) o~ 0
Datia = + ; (Cﬂua) al,  with & = —iho (2.38)

2d .2
0 (3t ) = 5 30 (240 - (0

=1 k=1
L A R
Aatte =35 (gﬂkgjgk — ih (9;7) gk) U (2.39)
k=1

Proof. The expression (2.34) gives (2.38). Let v = Z?il vida! € C®(U,,A'). Using
integration by parts, we have

. )
<U7Dav)L2(P) = (Dauvv)LQ(P,A) = /<du+ﬁ77u|v>d=”
= Z/ ((%u + %T]ju> gjkvkdqj = — Z/ <ﬂaj (gjkvk) + %Ujﬂgjkvk) dx
J.k 4.k
B . . i
— —/ujzk (((9]-99’“) ve + ¢'F (8jvk + ﬁnjvk>> dx.

Hence ,
Div = L (gjij —ih (ngjk)> Vg
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We deduce (2.39)) from the computation

Ajug = D:Dyu, = —% > (gjké’\j —ih (ajgjk)> % (Q’A’“ua>

= %Z <gj'“CAj(A’“ — i (9;9"%) CA’“) Ua
7.k

Corollary 2.23. In local Darboux coordinates v = (q,p) = (ql, gt pt L .pd) on U,
and in the special case of the Euclidean metric g = %Z;.lzl d’ @ dg’ + dp? @ dp?, we

have
1 d /}2 /}2
Ao= 50 ZC + (2.40)

A~ o~

with G, ¢ given in (2.35).

The operator (2.40)) is called the Fuclidean rough Laplacian. In Section .6 we will
deduce the cluster structure (or the Landau levels) of the spectrum of the Euclidean rough
Laplacian by identifying it with the harmonic oscillator.

2.5 Sketch of the proof of the main theorems

So far, we have presented preliminary results which contain some aspects essential in the
proof of the main theorems of this paper. The main idea is somehow depicted in Figure
page[20} It give a schematic picture of the action of the canonical map F' associated to the
prequantum transfer operator F v; the trapped set K is a compact symplectic submanifold
of the phase space T*M; and the dynamics is hyperbolic in the transverse directions.

In order to focus on the action of the canonical map on the vicinity of the trapped set
and relate it to the spectral properties of the prequantum transfer operator Fy, we use
an escape function (or a weight function) Wy (z,£) on the phase space, which decreases
strictly along the flow outside a vicinity of the trapped set K, and use it to define some
associate norm and associated anisotropic Sobolev spacesﬂ From the fact that the trapped
set is compact in phase space and from the property of the escape function mentioned
above, we deduce that the spectrum of the prequantum transfer operator Fy is discrete

"This idea of defining a generalized Sobolev space using an escape (or weight) function on the phase
space has been used several times before and not new in this paper. For instance, in the context of
semiclassical scattering theory in the phase space, such an idea was developed by B. Helffer and J. Sjéstrand
in [22]. In the context of transfer operators for hyperbolic dynamical systems, it was developed in [4] [5]
more recently.
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in these anisotropic Sobolev spaces. The eigenvalues are called “resonances” (from the
physical meaning in scattering theory).

The fundamental process of using an escape function W (z,€) in phase space will be
explain below. Here are the main stages for the proof (though those will be presented in
different order):

(1)

(4)

In Section we will consider a system of local charts on the manifold M depending
on h (or on N), which is of small size '/~ < 1 in the semiclassical limit & — 0,
and then consider the local trivializations of the prequantum bundle P — M on
each chart, as in Proposition and 2.16] On each of such charts, the map [ is
approximated at first order by its linear approximation, namely its differential D f
which is a linear hyperbolic map as given in . In Section , we show how to
decompose the global prequantum operator into “prequantum operators on charts”
and how to recompose it, i.e. passing from global to local and vice versa.

In view of the decomposition above, we study first the spectrum of resonances of a
prequantum operator associated to a linear hyperbolic map. This is done in Section
[ The prequantum operator for a linear hyperbolic map turns out to be the tensor
product of two operators, according to the decomposition : one operator is
a prequantum operator associated to the linear map tangent to the trapped set K
and the other is that associated to the linear map in its (symplectic) orthogonal.
The first part is a unitary operator, while the second part is treated by using the
property of the escape function W (x,&) as described above and shown to display
discrete spectrum in Proposition [3.20] For rigorous argument, we will present some
technical tools first:

(a) the Bargmann transform B, which represents functions and operators in phase
space, is explained in Section |3.1

(b) definition of the escape function in phase space and the associated anisotropic
Sobolev space, for the hyperbolic dynamics orthogonal to the trapped set, in
Section 3.3

In Section [5| we develop some results that will be used in Section @ in order to show
that non-linearity of the map f can be neglected in the reconstruction of the global
prequantum operator from its local parts.

Finally in Section @ we assemble all these previous results and obtain the proofs of
the main theorems.

In parallel to the treatment of the prequantum operator, we will also consider the rough
Laplacian A = D*D in every sections. In Section [6.6] the Laplacian is decomposed into
local charts and approximated by an Euclidean Laplacian. In Section we establish some
lemmas in order to show that non-linearity can be neglected. In Section .6 we describe
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the spectrum of the rough Euclidean Laplacian. For this, we use the Harmonic oscillator
described in Section B.5

Finally let us mention that Sections|3|and [4] where we study the resonances of the linear
model, are the core of our argument because they reveal the main mechanism responsible
for the band structure of the spectrum described in Theorem [1.16] This mechanism was
discovered in the paper [16] originally in the study of the prequantum linear cat map.

3 Resonances of linear expanding maps

This Section is self-contained. The main result of this Section is Proposition [3.20]

3.1 The Bargmann transform

3.1.1 Definitions

In this section, we recall some basic facts related to the so-called Bargmann transform.
For more detailed account about the Bargmann transform, we refer the books 28] chap.3]
[19, p.39] [3] [30, p.19].

Let D be a positive integer. Let h > 0. We consider the Euclidean space R? with its
canonical Euclidean norm written |.|. For each point (z,¢) € T*RP = RP ¢ RP | we assign
the complex-valued smooth function ¢, € S (]RD ) defined by

] 1
6s(0) = apexp (16 (= 3) = g5l — ) (5.)
with
ap = (nh)~P/, (3.2)

We will henceforth consider the measure dx on R defining the Hilbert spaces L? (]RD )

and the measure (277) " dzd¢ on T*RP = R?P defining L? (R*P). The constant ap is
taken so that [|@s¢l| j2goy = 1.

Definition 3.1. The Bargmann transform is the continuous operator

By : S(R) = S(R?P), @M@@=/ﬁﬂ@w@@ (3.3)

on the Schwartz space S(R”). The (formal) adjoint of By is

dzd¢

B; : S(R?P) — S(RP), @%Mw:/@AwWWQ@gﬁ

Lemma 3.2. [28, p70, Proposition 3.1.1] We have that

(1) By, extends uniquely to an isometric embedding By, : L*(RP) — L*(R?P).
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(2) B; extends uniquely to a bounded operator B; : L*(R*P) — L*(RP).
(3) B; o B =1d on L*(RP).
Proof. For any u € S(R”), we have

CL !
1Byl ooy = —2— / 60 c( Va0 - Do @)uly)dadedydy

(%h) /U(y) (y') exp (ﬁf(y —y) - 1h (lz —y* + |:c—y'|2)) dudgdydy

— (wh) PP / fu(y)|? exp(— |z — y[/B)dzdy

— [ o) Pty = e,

This gives the claims of the lemma by the usual continuity argument. O
This lemma implies that the space L?(R?P) is orthogonally decomposed as

L*(R?P) = ImBy; @ ker B;. (3.4)

3.1.2 Bargmann projector

Proposition 3.3. The Bargmann projector Py, is defined by

Py = BroB; : L*(R*P) — L*(R*P). (3.5)
This is the orthogonal projection onto Im B, C L*(R?P). It can be expressed as an integral
operator Prv(z) = [ Kp (2, 2") v(2')dz" with the kernel:
Kpp(z,2") =exp Lw(z 2 — ! —|z— 2 (3.6)
P,h\ < o ) Ah .

with z = (x,€), 2 = (2/,€) € R*P, the measure dz' = dx'd¢'/ (2nh)”, the Euclidean norm
|22 := |z|* + |£]? and the canonical symplectic form on T*RP w(z,2') =z & — & -

Proof. Py is an orthogonal projection because Pj = (Bj, o Bf)" = Py, and P = By o B} o
B, o B, = Py, from Lemma [3.2] From Definition [3.1] the kernel of Pj, = B, o B} is

Kpa(2,2) = [ dyog)onty)
= a%/RDdyexp (—@%(y—§)+z%( _g)—%(|y—x|2+|y—x’|2))
— oy (igp6o - €)= o (1ol +12') )
< [avess (3666 =9+ @) - 310k
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We use the following formula for Gaussian integral in R?:

_1 . (2m)” 1 _
/RDe 2 WA by gy — T P AT ), beCP A L(RY) (37)

with A= (2/h)-1d, b= 1 (£ — &) +  (z + 2) and get

1 (2n)P? o
(x1) " (2/m)""?

X exp <Z%(§$ — &) - % (|l=|* + WP))

K’pﬁ (Z, Z/) =

(5 0€ -9+ @+ o))

= exp (g (1€ =€ lo = o'P) + (60— €4+ (€ = ) (o447

‘ 1
= exp (%iw(z,z') - E|Z - z'|2) :

3.1.3 The Bargmann transform in more general setting

We have seen that the Bargmann transform gives a phase-space representation, i.e. a
unitary isomorphism: By : L?(RP) — Im (B;) C L*(T*RP). The next proposition gives
the Bargmann transform in a slightly more general setting. We start from a symplectic
linear space (E,w) of dimension 2D and a Lagrangian subspace L C E. Let g(-,-) be a
scalar product on E that is compatible with the symplectic form w on E in the sense that
there is a linear map J : E — E such that J o J = —Id and holds

g(2,2)=w(zJ) forall z,2' € F.

This is nothing but the point-wise version of the condition (2.36)). Let L*¢ be the orthogonal
complement of L with respect to the inner product g, so that a point z € E can be
decomposed uniquely as z =x + &, 2 € L, £ € L9,

For each point z =2 + &, 2 € L, £ € L9, we define the wave packet ¢, (y) € S (L) by

Z

1
=) - ﬁ|y - x|§> for y € L.

6.0) = apesp (gl - 2

We define the Bargmann transform By, : S (L) — S (F) and its adjoint B} : S (E) — S (L)
as in Definition [3.1] Then the statement corresponding to Lemma [3.2] and Proposition [3.3
holds. Namely

Proposition 3.4. For the Bargmann transform Bj and its adjoint defined as above,

(1) By, extends uniquely to an isometric embedding By, : L*(L) — L*(E).
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(2) B; extends uniquely to a bounded operator B; : L*(E) — L*(L).
(3) B;oBy=1d on L*(L).

(4) The Bargmann projector Py : L*(E) — L?(E), defined by P, := Bj o B;, is the
orthogonal projection onto Im B, C L?*(E). It is expressed as an integral operator
with kernel (3.6)) with | - | replaced by | - |,.

Remark 3.5. Notice that the Bargmann projector Py, : L? (E) — L?(E) can be defined
directly from its kernel ({3.6) and is independant on the choice of the Lagrangian subspace
L.

Proof. There are linear isomorphisms ¢ : RP? — L and ¥ : R?? — E such that the
following diagram commutes:

R? Y E

L
D P
RY —— L
where p : R?P = RP? @ RP — RP is the projection to the first D components: p(z,§) = x,
and p’ : E — L is the orthogonal projection to L with respect to g, and moreover that

the pull-back of the symplectic form w and the inner product g by ¥ coincides with the
standard Euclidean inner product go (2, 2’) = z - 2/ and the standard symplectic form:

wo(z,2)=a-& —¢&-a forz=(2,¢), z7=(a',&) € T*RP.

Through such correspondence by ¥ and v, the definition of the Bargmann transform and
its adjoint above coincides with those that we made in the last subsection. Therefore the
claims are just restatement of Lemma [3.2] and Proposition [3.3] O]

The next proposition will be useful later on in Lemma 4.6, Note that the Bargmann
transform and its adjoint are defined for each combination (£, w, g, L) of a linear space F,
symplectic form w, a compatible Euclidean metric g on E and a Lagrangian subspace L C
E. Let (E;,w;, g, L;) for i = 1,2, be two such combination and suppose that (E,w,g, L)
is the direct product of them in the sense that

E=FE ®FE,, w=w®w, g=g®Dg, L=L &L,

Then the Bargmann transform By, its adjoint B} and the Bargmann projection P, defined
for (F,w, g, L) are the tensor product of those, denoted by B;, B;, and P;;, defined for
(E;,wi, gi, L;), i = 1,2. More precisely

Proposition 3.6. The following diagram commutes:

L* (E) &l IX(L) &l IX(E)

l ! l

B 1 2,h
L2(B) © L2 (Ey) L2 (L)) ® L2 (Ly) 22520 2By @ 12 (E,)

>k >k
1,h,®82,h,
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where the vertical arrows denotes the natural identification. Consequently the Bargmann
projector Py, = By, o By defined for (E,w,g, L) is identified with the tensor product Py ®
Pon = By 0 Bin) @ (B0 Bap).

3.1.4 Scaling

The operators By and B; are related to By and B (i.e. with i = 1) by the simple scaling
x — hY?z. Though this fact should be obvious, we give the relations explicitly for the
later use. Let us introduce the unitary operators

sp o L*(RP) — L*(RP), spu(z) = B P (%) (3.8)

and
Sy LA(R*P) = L2(R?P),  Spu(z, &) = u(h ™2z, h71%) (3.9)

Then we have

Lemma 3.7. The following diagram commutes:

L2 (RZD) Sh s LZ <R2D)

5 | 5|

S

L? (RP) —— L*(RP)

3.2 Action of linear transforms

Definition 3.8. The lift of a bounded operator L : L*(R?) — L?(R?) with respect to the
Bargmann transform By, is defined as the operator

L' .= By o Lo B} : L*(R*) — L*(R?P) (3.10)

By definition, it makes the following diagram commutes:

Aift

L2(R2D) LN LQ(RQD)
BET BJ (3.11)
L*(RP) —L L2(RP).

Since Py, o Lt o P, = L the lift L' is always trivial on the second factor with respect
to the decomposition L*(R?*") = ImBj, & ker B; = Im P, @ ker P, in (3.4), that is,

Llift = (Bﬁ o L o BZ)ImPh ©® (O)Kerph : (312)

8Recall the convention on the norm on L?(RP) and L?(R?*P) made in the beginning of this section.
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Lemma 3.9. For a invertible linear transformation A : RP — RP | we associate a unitary
transfer operator defined by

1

L, : L*RP) - LARP), Luu= cuo At 3.13
Then we have
LA = d(A) . B;; e} LA@tA—l o) Bh, (314)

where L ygiq—1 : L*(R?P) — L2(R?P) is the unitary transfer operator given by

(Lagra-1u) (z,€) = u (A" 'z, Ag) (3.15)
and we set
1 1/2
d(A) = det (5 (At tA—l)) |
Consequently the lift of La, _
L = ByoLyoB; (3.16)

is an isometry on Im B, = Im Py, C L*(R?P) (hence, a bounded operator from ) and
expressed as

L% — d(A) - P o Lygi s 0 Py (3.17)

Remark 3.10. (1) The expression shows that L4 can be expressed as an operator
on the phase space defined in terms of the Bargmann projector and the transfer op-
erator L gqt4-1, but with an additional factor d (A), sometimes called the metaplectic
correction. This may be regarded as a realization of the idea explained in the last
section: L4 can be seen as a Fourier integral operator and canonical map is A@*A™?
on T*RP. But notice that the correction term d(A) will be crucially important for
our argument.

(2) For an orthogonal transform A € SO (D), we have d(A) = 1.
Proof. To prove (3.14]), we write the operator B; o L agt4-1 0 By, as an integral operator
B} o Lagta—1 o Bru( /Kyy )dy'
with the kernel

ddg
(2rh)P

K(y,y) /%5 ba-teinc(y)
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Using the formula (3.7)) for the Gaussian integral and change of variables, we can calculate
the integral on the right hand side as

do'de’
(2rh)”

= a / L€ A )~y ' (20— ly— a2/ (2) 02"
(2rh)”

= (nh) P12 5(y — A7 Yy) - /e—IA1y—a:’|2/(2ﬁ)—|y—Ax’|2/(2ﬁ)dx/

(I’l — A_ll‘, fl :tAg)

K(y.y) = / brviaiely) Do e (F)

_ 7_(_—D/2 . 5(?/ . A_ly) . /€_|t|2/2_At2/2dt (t _ (.CC, . A_ly)/h)
= det((I +'AA)/2)712 .6y — A 1y).
Therefore we have
(Bi o Lageat 0 Buuly) = det((I +"AA)/2)72 - u(A7'y) = d(A)~" - (Law) ()
and hence the claim (3.14]) follows. This implies
tht = Bh o) LA o B;{ = d(A) : Pﬁ o) LA@tAfl o Pﬁ.
The other claims follow immediately. ]

Lemma 3.11. For (x¢,&) € T*RP = R?*P | we associate a unitary operator defined by

Tl - P(RY) = LP(RP), (Tiapeov) () = 5 0 2)u (y — a0) (3.18)
Then we have
Tao,e0) = By, o 7?930,50) o B, (3'19)
where Ty ¢« L*(R?P) — L2(R?P) is the unitary transfer operator given by
T(zo,e0)u(x, &) = ez (G0 T=m08)y, (x — 0, & — &) (3.20)
Consequently the lift of T, ¢, 18
o) =B © Taoo) © B = Pu 0 Tiao o) © P (3.21)
Proof. The Schwartz kernel of Bj o T4, ¢,) © By is
G (fom—- ——— dxd¢
Ky) = [ b 090, ) e a®) ot
R2D (27h)

:a%./ drd€ o (paa0-€) i (6 (v 5 )~(€—€0)- (v~ 252)) o= 2 (I~ (z—0) P+ ly—al?)
(2mh)”

— (wh) PP 5 (y —y + m) ento (v%) /e_éy_mpdx
=0 (y —y + o) - erto(v+),

This is the kernel of the operator T(,, ¢,)- O
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Corollary 3.12. The lift of the operator Ty, ¢, s expressed as

Tlift ) = Bh o T(Io,ﬁo) o BZ — 7-(10’60) le) Pﬁ = Pﬁ @) 71’«“0,50)' (322)

(%0,80

Proof. We can check the equality 7(5.)© Pr = Pn o T(zy,¢) on the left by showing that the
Schwartz kernels of 7(z.¢,) © Pr and P o Ty, ¢,) are equal. This an easy computation using
the expressions (3.6) and (3.20). The rest of the claim follows from Lemma O

3.3 The weighted L* spaces : L*(R*" (W})?)
For each t > 0, we define the cones
Co(t) ={(x,) R [ [¢] < t-af}, C_(t) ={(2,§) e R* [ |z[ <t-[¢]}.

Take and fix a C'*° function m : P (RQD) — [—r, r], called order function, on the projective
space P (R?") so that

-7, if (x,&) € C(1/2);

+r, if (z,€) € C_(1/2). (3.23)

m ([(z, §)]) = {

We then define the escape function (or the weight function) by
WR® SRy, W) = (|(w, )P
where (s) := (1 + 52)"% for s € R and |(z,€)|? := |z|*> + |¢|°. From this definition we have
W (2, &) ~ (|(z, )" if [z = 2|¢land [(z, §)] > 1

and
W (z,&) ~ (|(z, )" if [z] < [¢]/2and |(z,£)| > 1.

For convenience in the later argument, we also take and fix C'**° functions
mt,m™ P (R*”) = [—r,7]

such that

and
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and define the functions W"* : R?”? — R, by
T ’n’Li xT
W' (2, €) o= (|, )y (=D, (3.24)

Obviously we have

Wh(z,§) < W'(x,§) < W (x,¢). (3.25)

These functions, W and W"*, satisfy the following preferable condition that we will make
use of later on: For any € > 0 and multi-index «, there exists a constant C, > 0 such that

|05 W (2,6)] < Cae{| (2, &))"= W (2,€) for all (z,€) € R*P (3.26)
and the same inequalities for W7"*(-) hold.
Definition 3.13. For A > 0, let
WrRP SRy, Wiz, €) = W (Y22, imY2) = W o Sy(x, €) (3.27)
where S}, is the operator defined in . We consider the weighted L? space defined as
LR, (W))?) = {v € L, (R2P) | W] - ol|aqgam) < o0} (3.28)

Likewise, we define the functions W, and the weighted L? spaces L*(R?”, (W;"*)?) in the
parallel manner, replacing W" by W=,

Note that the function W7 (and W"¥) satisfies the condition
W(x,&) < C-W(y,n) - (|(2,6) = (y.m))*" for any z,y € R’ (3.29)
for some constant C' > 0. Consequently the function W} (and W;i) satisfies
Wi(e,&) < C-Wi(y.m) - (h72((2,€) — (y,m))*" for any z,y € R™. (3.30)

The next Lemma characterizes a class of bounded integral operators in L*(R?P | (W]')?)
in terms of its kernel.

Lemma 3.14. If R : S(R*") — S(R?P) is an integral operator of the form

Rule,§) = [ Ko &', €ula’ €)d'd¢
and if the kernel Kg(-) is a continuous function satisfying
|Kr(w, &', &) < (W12 (2,6) — (2, €)) ™
for some v > 2r + 2D, then it extends to a bounded operator on L*(R*P (WT)?) and
IR« L2(R*P, (W;)?) — L*(R*”, (Wy)*)|| < C,

where C), 1s a constant which depends only on v.
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Proof. From (3.30]), we have

% Kp(w, &', &) < O 2| (x,€) — (2/,€)))" .

Hence, by Young inequality, the operator norm of u — W} - R((W}) ~! - u) with respect
to the L? norm is bounded by a constant C,. This implies the claim of the lemma. O]

From expression (3.6]), the Bargmann projector Py satisfies the assumption of the last
lemma. Thus we have

Corollary 3.15. The Bargmann projector Py, is a bounded operator on L*(R?P (WT)?).

3.4 Spectrum of transfer operator for linear expanding map

Below we consider the action of a linear expanding map.

Lemma 3.16. If A: R” — RP is an expanding linear map satisfying
1
A7 < X for some X > 1. (3.31)

Then the lift Li% of L, defined in , extends to a bounded operator
L L2(R?P(W)?) — LA(R*P, (W))?). (3.32)
Further, if X > 1 is sufficiently large (say X > 9), Li% extends to a bounded operator
LY L(R?P, (Wy7)?) — LA(R*P (W )?). (3.33)

Proof. From (3.17) in Lemma and Corollary [3.15, we have only to check bound-
edness of Lgiq-1 as an operator on L2(R?P (W7)?%) (resp. from L2(R?*P (W"~)?) to
L*(R?P (W™T)2). But this is clear from the definitions of W and W"*. O

To look into more detailed structure of the operator L, and L1 we introduce some
definitions. For k € NU {0}, let Polynom® be the space of homogeneous polynomial on
RP of order k. Then we consider the operator

T® . C=(RP) — Polynom™, (T(k)u) (x) = Z 9"u(0) -z (3.34)

o!
la|=k

This is a projector which extracts the terms of order k in the Taylor expansion. Clearly
the operator T™) is of finite rank and satisfies the following relations

70 oy _ J TV, ik =F (3.35)
o = .
0 otherwise,
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and
T® o Ly=LaoT®, (3.36)

As in (3.10) we define the lift of the operator T*) by

T8 = ByoT® o B;. (3.37)
Lemma 3.17. Let n € N and r > 0 such that
D
r>n+2+5. (3.38)

Then for 0 < k < n the operator E(k) extends naturally to bounded operators
T PR (W) = LR, (W) (3.39)
and
T DR, (W)?) = LR, (W))?). (3.40)
Further if we write the operator E(k) as an integral operator
(790) (0.6 = [ Koo uta' ar'ag

the kernel K(-) satisfies the estimate

< O Y2|(2, N (2| (' €)Y (3.41)

‘ W;;y—i_(m’g) 'K(xvg;xlygl)

Wy (@, &)

< O 2)(2,€) — (2, €N (3.42)
for some constants C,C" > 0 that do not depend on h > 0.
Proof. For each multi-index o € (Z, )P with |a| = k, we set

0“u(0)

al

.xa

7@ . S(RP) — S(RPY, T@u(z) =

and hence to
T =By o T o By : S(R?’) — S(R?P)'.

Since 7%(@ = Za;\a|:k 7%(0‘), the claims of the lemma follows if one prove the corresponding

claim for 7;(&). The kernel of the operator 7%(&) is written as

L k() k€

Tl

K(z, &2, ¢)

48



with
ki (2, §) = /%,s(y) (R Py)dy, k(€)= B2 9%, 60 (0).
Applying integration by parts to the integral in the definition of k. (-) above, we see
|k (2, €)] < O, - (B2 |])* - (Y21

for arbitrarily large integer v, where C,, is a constant depending only on v. Also a straight-
forward computation gives the similar estimate for k_(-):

k- (&, &) < O, - (NS (2 a)
These estimates for sufficiently large v imply that
Wi(@,€) - [k (@, )] < CV2|(, )

and {

Ak (2. €& <Ch71/2 AN
for some constant C' > 0 independent of A > 0. Thus we have obtained the last claim on
the kernel K (-). Since r — k > r —n > 2D from the assumption (3.38)) on the choice of
r, the former claim on boundedness of the operators follows from this claim and Young

inequality. [
The following is a direct consequence of the relation (3.36)).
Corollary 3.18. For 0 < k, k' <n, we have

k .
T o ) = {Th( k=W

0, otherwise,

and
LLi‘ft o 7;1(16) _ 7;1(16) o Lgft =By,oLsoT® o B;.

Let us set

To=1d— > T LARP, (W))?) — L3R, (W))?). (3.43)
k=0

Then the set of operators 7;L(k), 0 <k <mn, and ’ﬁ form a complete set of mutually
commuting projection operators on L*(R?P (W})?) such that

D+k—1>  (D+k—1)

D—1 —m, rank'ﬁl:oo.

rank E(k) = dim Polynom™® = (

Let _ _
Hy:=ImT,"  and H=ImT,.
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Then the Hilbert space L*(R*P (W}')?) is decomposed as
LX(R* (WI)>)=Hy® H & Hy - ® H, ® H (3.44)

Since the operator L' commutes with the projections ﬁ(k) and '7%, it preserves this de-
composition and therefore the operator L' acting on L(R?*?, W) is identified with the

direct sum of the operators
L8 H, — H, for0<k<wn, and LS:H — H.
The former is identified with the action of L4 on Polynom®, because the diagram

LE‘A“
Hk —_— Hk

Polynom(k) _La, Polynom(k)

commutes and the operator By : Polynom®) — Hj in the vertical direction is an isomor-
phism between finite dimensional linear spaces.

To state the next proposition which is the main result of this Section, we introduce the
following definition:

Definition 3.19. The Hilbert space H} (RD ) cS (RD ) of distributions is the completion
of § (]RD ) with respect to the norm induced by the scalar product

- dxd
(U, U)H}TL(RD) = (Bhu, BﬁU)LZ(R2D7(W£)2) = /(Wg)Q . Bhu . Bﬁvﬁ for u,v € S(RD)
The induced norm on Hj (RP) will be written as ||u| my®p) = || BrullL2g2p (wry2)-

Proposition 3.20. ”Discrete spectrum of the linear expanding map”. Let A :
RP — RP be a linear expanding map satisfying |lA*1|| < 1/X for some A > 1. Let Ly

be the unitary transfer operator defined in 43.13 o Lau = \/ﬁu oA™Y Letn > 0

andr >n+2+ %. Then the Hilbert space H} (RD ) defined above is decomposed into
subspaces of homogeneous polynomial of degree k for 0 < k < n and the remainder:

Hj (RP) = (@ Polynom(k)> ® Hr,
k=0

where H;, := T(Hj (R”)) with setting

T:=1d-) 1" (3.46)
k=0

(The operators T™") are defined in (3.34).) This decomposition is preserved by L.
There exists a constant Cy > 0 independent of A and h such that
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(1) For0 <k <n and 0 # u € Polynom™, we have

||LAU||H;;(1RD

Co 1 Allas - [ det A7 < L < Coll Ak, - | det 4] /2

HUHH;;(RD)
(Recall for the definition of || + ||max and ||+ ||min-)

(2) The operator norm of the restriction of La to ﬁh 15 bounded by

Comax{[| Al ™ - [ det A|72, | A7, - | det A['/2}.

min min
The following equivalent statements holds for the lifted operator:

LI 2R, (WE)%) = DR, (W))°),

The operator L1 preserves the decomposition of L*(R?*P (WT)?) in and

(1) For 0 <k <n and for 0 # u € Hy, we have

Lliftu 5D e
Co | All k- | det A2 < LA ull 22 e ow)

||U||L2(R2D,(Wg)2)

(2) The operator norm of the restriction of L' to H is bounded by .

(3.47)

(3.48)

L < CollAllRE, - [ det A2 (3.49)

Remark 3.21. Proposition shows that the spectrum of the transfer operator L, in
the Hilbert space H} (]RD ) is discrete outside the radius given by . The eigenvalues
outside this radius are given by the action of L4 in the finite dimensional space Polynom®).
These eigenvalues can be compute explicitly from the Jordan block decomposition of A.

In particular if A is diagonal then the monomials are obviously eigenvectors.

Proof. For the proof of 1) and {} we use the fact that the space Polynom™® is
identical to the space Sym (]RD ) of totally symmetric tensors of rank k. For the linear

operator (A*1)®k acting on (RD )®k, we have a commutative diagram:

(RD)®k (‘47—1)> (RD>®k

Sme{ Syml

Sym* (RP) Mt A e gk (RD)
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where Sym denotes the symmetrization operation. For every 0 # u € (]RD )®k we have

1A e <

max — ~
]

< || AllE

min *

Since the spaces are finite dimensional (and hence all norms are equivalent), we deduce
for some constant Cy > 0 independent of A, and also independent on A because of
the scaling invariance . The proof of the Claim (2) is postponed to Subsection
as it requires more detailed argument. [

3.5 The harmonic oscillator

In this subsection we present the harmonic oscillator in the setting of Bargmann transform.
(We refer [19],[14] for more detailed treatment.) We will need it in dealing with the
(Euclidean) rough Laplacian Ay, later on. Associated to the standard coordinates

(3:75) = (x17$27 tU 7$D7517£27 o agD)
on T*RP = R?P we consider the operators
. S(R?P) — S(R?*P) ond £ S(R?P)  — S(R?P)
€T; . 11 i-
U — (Ppo A (x;) o Pr)u u — (Pro (&) o Pr)u

where . (x;) and .# (&;) on the right hand sides denote the multiplication by the corre-
sponding functions. These operators are usually called Toeplitz quantization of x; and &;.
Then we set

D
- 1 . 1 A
Pi=_— <A2 2) = 5% (Ai Li i 7,> .
o e+ & 27”1;:1 TioZ;+&0& ), (3.50)
which is usually called the harmonic oscillator operator.
Lemma 3.22. "Spectrum of the harmonic oscillator”. The operator P in 5

a closed self-adjoint operator on L*(R?*P) and its spectral set consists of eigenvalues

D
54‘/@’, ]{ZGNU{O}

The spectral projector Q,gk) for the eigenvalue % + k 1s an orthogonal projection operator
of rank (D+k_l). We have

D—1
mo® = {5, (p- Pol (k)
m@Q," = {By(p - ¢o) | p€ Polynom™ } (3.51)

where

52



In particular, we have the following orthogonal decomposition of L*(R?P):
L*(R”) = Do
k=0

Proof. Since z; and fl are the lift of the operators

ur—x;-u and uw— —ih-0yu

respectively, the operator P= % (3%2 + 52) is the lift of

A L*(RP) — L*(RP), (Hu) (z) = % <—% ( %) (z) + %W : u(:c)> (3.52)

Therefore the conclusion follows from the argument on quantization of the harmonic oscil-
lator 27 |38, p.105]. O

Remark 3.23. Tt is possible to compute directly that the eigenfunctions of P using the
“creation operator” a; = \/Li (ij + zé) and showing that it is multiplication par z; in phase

space. (See [19,3]) Then we can identify QS) as projection onto homogeneous polynomials
of degree 7 in z; = x; + i&;.

Recall that operators Q,%k) and 7#) have the same rank (D ; k Il) The next lemma gives
a more precise relation between them.

Lemma 3.24. For 0 < k < n, the operator Q;’“) extends to a continuous operator
Q" : S'(R?) — S(R?),

The restrictions:

(2500") : &b, T — @k ImQy (3.53)
and ‘ ‘ .
(59?:07%(@)) : @fZOImQ,(;) — @fzofmﬁim (3.54)

are well-defined and bijective. The operator norms of , and their inverses are
bounded by a constant independent of h.

Proof. Recall that the operator Q%k) is the orthogonal projection to its image , which
is finite dimensional and contained in S(R?”). Hence we have the first claim and well
definiteness of the operators and is an immediate consequence.

To prove that and are bijective, we have only to show that they are

injective, because the subspaces in the source and target have the same finite dimension.
We prove injectivity of (3.53). Let u € (@fzolm’ﬁi(z)) Such u can be expressed as u = Byp
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with p a polynomial of degree at most & on R”. Suppose that <6§§:0Q§j)> u = 0. Since

(@fzo Q?) is an orthogonal projection operator, u is orthogonal to @fZOImQ,(;) and hence
we have

(P, q - o) r2rpy = (Bip, Bi(q - ¢0)) 12wy = 0
for any polynomial g of order at most k on RP. Setting ¢ = p, we see that (p, p-¢o) [2(RD) =
(Ip1, ¢0)r2@®py = 0, showing p = 0 and u = 0. We have shown that is injective.

To prove injectivity of (3.54), let u = qpo € <EBf:UImQ,(;)> with ¢ a polynomial of

degree at most k on R”. Let p = (@1?207;(1) ) u be the Taylor expansion of v at 0 up to

order k. Suppose that p = 0. Since ¢(0) # 0, ¢ is invertible as a formal power series, we
deduce that ¢ = 0. Hence (3.54) is injective.

The operators (3.53)) (resp. (3.54))) for different i > 0 are related by the scaling ([3.9))
and hence we get the last claim. ]

3.6 Proof of Claim (2) in Proposition [3.20]

We prove Claim (2) on the lifted operator L in the latter part of the statement, which
is equivalent to Claim (2) in the former part. In the proof below, we may and do assume
h = 1, because the Bargmann transforms for different parameter A are related by the
scaling , as we noted in Subsection . Accordingly we will drop the subscript A from
the notation. Let y : RP? — [0, 1] be a smooth function such that

1 if || <1
_ < 3.55
x(#) {o if |z| > 2. (3:5)

Below we use Cy as a generic symbol for the constants which do not depend on A (but
may depend on r, n and D). Letting A smaller if necessary, we suppose

A=At > 1

for simplicity. We write .# () for the multiplication operator by ¢.
To prove the claim, it is enough to show

L5 o | p2mep w2y < Co - max{ A" det A|7/2, A~"| det A|'/?}

where T is the operator defined in (3.43) with & = 1 and | - [[z2(m2p,(wr)2) denotes the
operator norm on L*(R*’ (W7)?).
Let us consider the operators

X _ BO%(X) o B* . L2<R2D,Wr) N LQ(RQD,WT)

and

= LR, (W) = 2R, (W7)), (20) (0,6) = X (@) (6.

The next lemma is the main ingredient of the proof.
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Lemma 3.25. HLB‘& oXo "7\;0 E||L2(R2D’(W7‘)2) S CO : )\7(”+1)| det A|71/2.

Proof. Let 1¢_(2) be the indicator function of the cone

C_(2) = {(2,8) | 2] < 2]} = R*P\ C4(1/2)

and set
Wi(z,8) == Llo_@(=,&) - ()", Wiz, &) = (Jz)™"
Then the weight function W (z, £) satisfies
WT(Z'7§) S CO ' Wi(%,f) + C(0 ' W£<x7£)

for a constant Cy > 0. Hence, to prove the lemma, it is enough to show the claim

|W!-BoLyo.(x)oToB oZu| 2 < Co- A"V | det A|"V?||u| for any ue L2(R2>,W")
(3.56)

in the cases ¢ = 4, where T is the operator defined in . Before proceeding to the

proof of (3.56), we prepare a few estimates. Take u € L2(R?P, W") arbitrarily and set

0(0) = B 020 ) = [ anclonn (§]) uto. o) o

Then, for any multi-index o« € N? and arbitrarily large v, we have

|0y 0(y)] < Ca,y/ (o =y~ - (€N - u(, €)| dud§  for any y € RP. (3.57)

|§1<2A

Note that we have
(z—y))™" - (&) < Co- W"(x,€)  for any z,y, & € RPwith |y| < 2.
Hence

(o —yl) ™ - ([N < Col{la —yl) ™ el =224 - (e P2 W (2, €).

Putting this estimate in (3.57) with v > D/2 + 1 + r, we obtain, by Cauchy-Schwarz
inequality,

10, v(y)| < Co Nl T D/2FI=0 |5 gon yeyzy for any y € RPwith [y] < 2. (3.58)

Notice that, if || < n+ 1, we have |a| + D/2+ 1 —r < 0 from the assumption (3.38) and
hence the last inequality implies

1050(y)| < Callull2@ep (wry2y  for any y € RPwith |y| < 2. (3.59)

Next we consider the function



Note that the support of w is contained in that of x. It follows from (3.58]) that, for each
multi-index «,

0%w(y)| < CouAm@ el P2F=r0} 1y 2 gop 2y for all y € RP. (3.60)
Further, if |o| < n+ 1, it follows from (3.59) and the definition of T that

10, w(y)| < Ca ly[" 1 max |00+ h| < Coly|™ 1N || 2 g2 w2y for all y € RP.

ly|<2
(3.61)
Now we prove the claim in the case 0 = +. Let u, v, w be as above. We are
going to estimate the quantity

£ (BoLsod(x)o ToB o Zu)(x,€) = |det A|7V/2. fa/gbx,g(y) ~w(A™y) dy.
By integration by parts, we see that this is bounded in absolute value by

Couw| det A7V/2 Y /(Iff —yl) ™ AT 0% w(A )| dy

o' <a

for each v > 0, where C,, is a constant depending only on a and v. If v is sufficiently

large, we have from (3.60)), (3.61]) and then from ([3.38) that
S [t aly Ao A ) dy

o' <a

n+1—|a/|
S C’a}\_la" < Z (<"§‘>) + Z Amax{a’|+D/2+1—T70}) ||u||L2(R2D7(WT)2)

o'l |<n+1 a'n+2<]o/|<|a]

< Co A2y Jlul| aqgen w2
Therefore we obtain
(1€ - 1B o Laos(x)oT o B oZu(x,&)| < CA "] det A2 |lull 2z wryz) - (J])™
for arbitrarily large v. For (z,&) on supp W} = C_(2), we have (|z|) < 2(|{|) and hence
WL(x,€) < (JE])" < Co[gly P/t (Jgf)~P/2tmth),

Using this in the last inequality, we get

W@, €)l(Bo Lyo.a(x) o (ld—T,) 0 B' o Zu)(x,€)
< G det A2 full aqgen ey )2/ Jel) D,

This estimate for sufficiently large v implies the claim (3.56)) in the case 0 = 4, by Cauchy-
Schwarz inequality.
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We prove the claim (3.56)) for 0 = —. The proof is easier than the previous case actually.
Note that we have

IWZ - Bl < Co - [|{4)7" - ()l 2 wp).
Hence, from (3.61]) with o = 0, we get

HWi'BOLAO%(X)OTOB*OEU,HLQ = [|[W" - Bo Lsowlge
1/2

t/«w-”@vxfm+”¢n AT P
S CO ‘ ‘det A|71/2 . )\77171 . ||u||L2(R2D,(W’")2)'

Clearly this implies (3.56|) for o0 = —. O

To finish, it is enough to show

< Cp - | det A|7V/2.

IL o T — L 0 X o T 0 | 2 (gen w2y < CoA™"| det A2, (3.62)
Note the relations
Llj‘fto%ZBoLAoTvoB:BofoLAOB:%OLE‘&
and

Lo (Id— X)=BoLyo.#(1—x)oB
=Bo#(1—xa)oLsoB = (Id— X,)o Ll

where x4 = Yo A™! and X4 = Bo x4 o B*. Below we will prove the claims
L5 o (Id — X) || p2(rep (wry2) < CoA™"| det A|'/2 (3.63)

and
L5 o (Id — Z) || L2(rep (wryz) < CoA™"| det A2, (3.64)

Since T = Id— > o T is a bounded operator on L?(R?P, W), these claims would imply
HLE{t O (Id — X) O %HLQ(RQD7(WT)2) S CO . )\—r’ det All/Q

and

HL}A&OXO%O (Id—E) HLQ(RQD,(WT)Q) == HXAO%OLE‘&O(Id—E) HL2(R2D7(W’I’)2) S Co)\iT| det A’1/2

and therefore the conclusion (3.62)) would follow.
We can prove (3.63)) and (3.64)) by straightforward estimate. Writing the kernel of the
operator X4 explicitly and applying integration by parts to it, we get the estimate

mwwmmmsafw%m%&wwwww
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for arbitrarily large v, where
K@ €)= [ (ol lly = e - €1)
supp (1—x4)
From the expression (3.17)) of the operator Lif* in Lemma , we also have
Lo €] < Gl det A [ K@ € ol €)'
for arbitrarily large v, where
Ky (! Eal ) = / (' = i)~ (1€ = &) ™Ay — 2" 1) (" A — €)™ daylgy.

(We used d(A) < det A also.) From the definition of the function W" and the expanding
property (3.31)) of A, we have

W' (x4, &4)

Alx =Y\ <O AT i 1—4).
W (A-Tay, LAG) (v —y[)™™" < Gy if y € supp (1 — xa)

Also note that, from the property (3.30) of W, we have

W (x,€) - (Jo —yl) ™ (ly — &) 7 (Ja" — a4) 7" < Co - W (24,&)

and
1

Summarizing these estimates, we obtain

1

‘ 1 o N—2r gt el —27"< .
A7y = 2P )PAG = &7 < Co e gy

W’"xﬁ

PN / K (2, &a' € y) - K (2!, €52, €")da'dg!

<cn [ [ KT o) KO @ Gl g

By Young inequality, the integral operators with the kernels K"~ (-) and K" 72" (-) are
bounded operators on L?(R?*”) and the operator norms are bounded by a constant that
does not depend on A, provided v is sufficiently large. Therefore the last estimate implies

(3.63). We can prove the claim (3.64]) in the same manner.
4 Resonance of hyperbolic linear prequantum maps

The main result of this section, Proposition 1.9 concerns the spectrum of the prequantum
transfer operator for hyperbolic symplectic affine maps. In the last subsection, we will also
consider the spectrum of the Euclidean rough Laplacian A = D*D on R*,
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4.1 Prequantum transfer operator and rough Laplacian on R*

In this section, we study prequantum transfer operators and rough Laplacian in a special
and easy case: The Riemann manifold M is the linear space R?? with the coordinates

z=(qp) =(¢",...¢",p",...p") e R (4.1)
We regard it as a symplectic manifold equipped with the symplectic two form

d
w=dgNdp:= qui A dp'. (4.2)

i=1

The prequantum bundle P is the trivial U(1)-bundle 7 : P = R?! x U(1) — R?? over R*?
equipped with the connection one form A = idf — i(2m)n where

d

| P | P
n=> (;ﬂdpl - §p’dq’) : (4.3)

i=1
The corresponding curvature two form is then
O = —i(27)(7m*w)

because w = dn. Under these settings, we may rephrase the construction of the prequan-
tum transfer operator for a symplectic diffeomorphism on R?? and also that of the rough
Laplacian.

Let f : U — U’ be a symplectic diffeomorphism between two domains U and U’ in
R?® with respect to the symplectic two form w. Let f : U x U(1) — U’ x U(1) be the
equivariant lift of f preserving the connection A, that is, the map satisfying the conditions

(L.12), (1.13) and in Proposition [1.4 Then we define
F:0®U xU(1)) - O°(U' x UQ1)),  Fu(z)=wuo f(z)
and let R
Fy:C¥(U xU1)) = C (U xU(1))

be its restriction to the space of functions in the N-th Fourier mode. This construction is
exactly parallel to that we have given in Subsection [I.2] but for the set V' = 0. Let

Ly : C*(R*) — C=(R*)

be the expression of the prequantum transfer operator Fy with respect to the trivialization
using the trivial section 75 : R?? — P = R??x U(1) defined by 79(z) = (x,1). This operator
Ly is called the prequantum transfer operator for a diffeomorphism f : U — U’. (Note
that £; depends on the integer N € Z and hence on h.) We recall its concrete form from

Proposition [2.3]
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Proposition 4.1. The operator L as above is written
Lu(z) = e @y (f7' () (4.4)
with the (action) function
Ay (x) = A(fl)*n —1 (4.5)
where 7y is a path from a fixed point xy € U’ to x.
Let us assume now an Euclidean (and w-compatible) metric
1 (<K , , .
9=5 (; dq' ® dg' + dp' ® dpl>
on R??. We may consider the rough Laplacian in the setting above as the operator
Ay = D*D : C*(R*) — C>(R*).

This operator is called the Fuclidean rough Laplacian and given in Proposition [2.40]

4.2 Prequantum operator for a symplectic affine map on R*

Let f:R?? — R2?? be an affine map preserving the symplectic form w, written:
f:R* 5 R*  f(x)=Bx+b (4.6)
where B : R?? — R?? a linear symplectic map and b € R?? a constant vector.

Proposition 4.2. The prequantum transfer operator Ly for an affine map f as above is

written as _
Lru(x) = entr@y (f' () (4.7)
with the (action) function
1
A (x) = —gw (b,x) . (4.8)

Remark 4.3. Notice that the function Ay in (4.8) does not depend on the linear map B
which enters in (4.6)).

Proof. For simpler notations we can write the one form 7 in 1) as n = %m A dz. Then,
for any x € R??, we have

T T 11
0 0 2 0o 2
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Therefore for a linear symplectic map f, (x) = Bz, the action defined in ([2.8]) vanishes:

£ M=) x
A= [ = [n=o
£ 10) 0

2

For a translation map f; () = x + b, the action is

z—b x m—bl 11 1
Af1(37>:/ 77—/77=/ QyAdyzf5((t$—b)Ax)dt:—§be
-b 0 —b 0

with setting y (t) = tx — b. Finally for the affine map f (x) = Bz +b = (f; o f2) (x), the
action is

1 1
Ap= A + Ap o fyl = Ap, :—§be:—§w(b,x).
[

We next consider the lift of the operator £; above with respect to the Bargmann
transform Bj. Following the idea explained in Subsection [2.2] we express it with respect
to the coordinates (v, ¢) introduced in Proposition m Then, in the next proposition, we
obtain an expression of L as a tensor product of two operators: each of the two operators
is associated to the dynamics of the canonical map F =! Df~1: T*R* — T*R* of L; in
the directions along and orthogonal to the trapped set K, which is

K ={(z,§) e R* | (=0}

in the simple setting we are considering. (See Proposition [2.13])
Let us write the change of variable given in Proposition [2.13| as

O:| q,p,6,6 | ER¥ORY = | v,,1,,6,¢ | € R* @R (4.9)
M~ N~ N——~ \\{./
X £ v

It transfers the standard symplectic form €y = dx A d¢ on R?? @ R?? to
(D®*)"H(Q) = dv, A dv, + d, A dC,

and the metric gy = 1dx? + 2d¢? on R* @ R?¢ gy is the metric induced by g on T*R?? as
explained in Section [2.4.1)) to the standard Euclidean metric on R?¢ ¢ R??:

(D®") ™ (g0) = dv* + dc*.
The unitary operator associated to the coordinate change ® is defined as
o*: L* (RO RY) — L* (R ®RYY), (P'u) :=uod.

Here (and henceforth) we make the convention that the subscript in the notation such as
R2? indicates the name of the coordinates on the space.
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We define the operators

(l/q,l/p)

B,, : L? (qu) Ny (R?ﬁq’%)) and B, : L? (RM ) Ny (Rﬁq)

as the Bargmann transform Bj and its adjoint B} in Subsection for the case D = d.
We define

.12 (d 2 (m2d « .12 (p2d 2 (md
B, L (ch) — L (R(cp,cq)> and B :L (R(cp,cq)) — L (R<p>
similarly. Suppose that P,, and P, are defined correspondingly: That is to say, with
setting D = d, we define

B, =B

P

=By, B, =B =B, and P,, =P, = Py
Next we define the operators
.72 (To2d 2 (Todd * . 72 (Tad 2 (T2d
B,: L? (R™) — L (R™,) and B::L? (RY,) — L* (R%)
by
B,:=6'oByooc and Bi:=0'oBios (4.10)
where Bj, and B; are now those in the case D = 2d, and
o: LX(R2) — L*(RY) and & : L*(R{],) — L*(R{{ )
are simple unitary operators defined by
ou(z) =27 W(27Y%z) and  Gu(x, &) = v(27 Y2, 2Y/%).
Correspondingly we set
P, =B,oB:i=6"1oPyo05. (4.11)

Remark 4.4. (1) In terms of the (generalized) Bargmann transforms considered in Sub-
section [3.1.3] the operators B, and B} are the Bargmann transform and its adjoint
for the combination of the Euclidean space E = R*, the standard symplectic form
Qo = dz A dE, the metric gy = 3da* + 2d€? and the Lagrangian subspace R2%. Since
the metric go corresponds to the standard Euclidean metric through &, the defini-
tion of the operators B,, B and P, above is more convenient and natural for our
argument than those without ¢ and . Indeed, from Proposition [3.6, we have

Prod* = d* o (P,, @ P,)". (4.12)

(2) In the notation introduced above, the subscripts indicate the related coordinates.
Though this may deviate from the standard usage, it is convenient for our argument.

Notice that the operators introduced above, such as B,, depend on the parameter A
(and hence on N).
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Lemma 4.5. Let Ly be the associated prequantum transfer operator for a symplectic
affine map in (@ Then the following diagram commutes:

L (&) —5 L (&)

J J
2 (re ) @ 1 (RE) 220 2 (RE) @ 12 (RY)

where U, M, (f) and M¢(B) are the unitary operators defined respectively by

U L* (RY) @ 1% (RY) = L* (R, L{:B;oq)*o(lqu@lgcp), (4.13)
M, (f) : ( )—)LZ( ) — \d(B) - B, o (ex“¥? . L) o B,
M (B) : I? (Rd) Ny (R?) MC(B):W‘BZPOLBOBCP

with d (B) = det (B +'B~1) /2)"?, e3¢ (L pu) (v) = e3:%®Y) (o f~1) (v) and Lpu =
wo B™! as before. Equivalently, in terms of lifted operators, we have the following com-
muting diagram:

lift
PERYeRY) L RRMeRY)

Tq»* Tq»* (4.14)

M (f)eME(B)

1 (®) 0 12 (BY) 2 (RY) @ 12 (RY)

Proof. Recall the operators b : R?? — (R?4)* = R* and f : (R??)* = R?* — R?? introduced
in Remark [2.15, The expression 1} shows that L can be written £; = T(b,_ 1) © Lp

where the unitary transfer operator T(b 1) is defined in (3.18)). We apply Lemma [3.11
T2
Lemma [3.9] to obtain

Ly = Byo ’T(b,f%bb) o By o (d(B) - B;) o Lpgip-1 0 By
= d(B) ) B; © 77(1,7_%1)&) oB,o B; o LB@tB—1 o B,

= d(B)-Bfo(e%? - Ly)oB, (4.15)
with F(z,§) = (Bz+0b!B'¢—1V’) and ¢(z,§) = —30° - — b- & Since we have
tB~! = b o Bob~! for B symplectic, we get the following expression of F in the new

coordinates (v, ():

(q) oFo <I>’1) (v, Q) = (By—i— b,! B’lg) = (f (v) ! folg“) :

This implies
Lp=®"0(L;®Lp)o (®)7".
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From (4.12)), we have

.24
B,od"=B,0P, 00" =B,0d"0 (P, ®P,) =Uo (B, ®B,)"

and
((ID*)_1 oB, = (<I>*)_1 oProB, = (P, ®Pc,) 0 (@*)_1 oB, = (B, ®B,) ol

Using these relations to continue (4.15)) and noting that ¢ = w(v,b), we conclude

L;=d(B)-BioeH*LyoB,
—d(B)-B'od" o (ezwa ® LB> o (@) 0B,
=d(B)-Uo (B, o (e Ly)oB,,) @ (B, o LyoB,)) otd™!
—Uo (M, (f) ® M (B)) oU™,
O
Remarks:

o In the expression (??) for Ly, it is remarkable that we get a product of two operators
M, (f)® M, (B) (this is due of course to the fact that Df is constant). Each of these
operators is usually called a metaplectic operator, we refer to [19]. Here we have used
a derivation in phase using the Bargmann transform.

4.3 The prequantum transfer operator for a linear hyperbolic map

In this subsection, we restrict the argument in the last subsection to the case where f
in (4.6) is hyperbolic in the sense that f is expanding in R? @ {0} while contracting in
{0} ® R%. Since f preserves the symplectic form w, we may express it as (see last remark
in the proof of Proposition

Fan =Ban = (ata”y)  wiees= (L) @

with A : R? — R? an expanding linear map satisfying ||A7!|| < 1/ for some A > 1. Notice
that, since b = 0, the action A vanishes in and the prequantum transfer operator gets
the simpler expression:

(Lyu) (z) =u (B~ 'z) = Lpu(z). (4.17)

The next proposition is a special case of Proposition [4.5]

64



Proposition 4.6. The following diagram commutes:

ey s (R

Tu Tu (4.18)
L2 (qu) ® LQ (Rgp) LA®Ly L2 <qu> ® L2 <Rgp>

with the unitary operator U defined in . Equivalently using lifted operators, expressed
in Lemma (3.9, we have the following commuting diagram:

lift
PERYeRY) s L (R¥eRY)

Tcp* Tqyﬂ (4.19)

lift o 1 lift
Li*®Ly,

P ) o 0 (7)) A 1 (R o 12 ()

Proof. We have
d(B) = det((B +'B™")/2)"/? = (d(A))*

and Ly = Lp = Lagta—1. Hence, by the expression (3.14), we get

\/ B* 62’1 Lf)OBl,q :d(A) 'B;q OLA@tA—l OBuq :LA
and
=+/d(B) - Bi oLpobBg, = d(A) - Bi o Lagta-10B¢, = La
Putting these in Proposition 4.5, we obtain the conclusion. O

4.4 Anisotropic Sobolev space

In order to observe discrete spectrum of resonances, we have to consider the action of the
prequantum transfer operator £; on an appropriate spaces of functions. As we explained in
Section [2.5] we define such space of function, called anisotropic Sobolev space, by changing
the norm in the directions transverse to the trapped set K (that is, in the directions of the
variables ¢ ). Below is the precise definition.

Definition 4.7. We define the escape function or weight function
Wi REeRF R, and Wp* :R¥eRM - R,
by

Wi (2,€) =Wy (G Gg)  and - W' (,€) == Wy (G, ) (4.20)
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where the functions W] and W’i are defined in Definition [3.13) and ((,,¢,) is part of
the coordinates introduced in 1} The anisotropic Sobolev space H}, (]RQd) is the Hilbert
space obtained as the completion of the Schwartz space S(R??) with respect to the norm

[ullagy, == W5 - Boul 2

where B, is the operator defined in (4.10). Similarly, let Hg’i(de) be the Hilbert space
defined in the parallel manner by replacing Wi (-) by Wi (-).

By definition, the operator B, extends to an isometric embedding
B, : Hy(RY) — LR @ R, (W))?).
Since the weight function W"(-) can be expressed as
Wi = (1@ W;)o®,

where @ is given in (4.9)), we see that the following diagram commutes:

7 (R2) i Hy, (R2)
B By
L? (R% @ R, (W;)?) I (R2 @ R, (Wp)?)
o* or (4.21)
12 (R2) @ L? (R, (Wy)?) —220 2 (R2) @ I2 (R, (W))?)
B, ®By, B,,®Bc,

(R om(Ry) =29 12 () @ Hy (RE)

where ®* is an isomorphism between Hilbert spaces, and H (Rgp) in the last line is defined

in Definition [3.19, Hence, skipping the lines in the middle, we get:

MRS o ()

[u [u (4.22)

2 (R2) @ Hy (RE) =225 12 (R2)) @ 7 (RY)
with U the unitary operator defined in (4.13)). For the operator L4 ® L4 on the bottom
line, we know that the operator L4 : L? (]szll) — L2 (Rig) is unitary and Proposition |3.20

gives a description on the spectral structure of the operator L, : Hj (Rgp) — HJ (Rgp).
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Therefore we obtain the next proposition as a consequence. We fix some integer n > 0 and
assume

d
r>n+24 (4.23)

This assumption on r corresponds to (3.38)) in the last section.

Definition 4.8. For 0 < k < n, we consider the projection operators

D =Uo (IdaT®) ot Hj(R™) — Hj(R™) (4.24)
and .
h=1d=Y t\" =uo (Id ® T) oU™" L HI(RY) — HI(R) (4.25)
k=0

where T®) and T are the projection operators introduced in 1} and 1} respectively.

Proposition 4.9. The operators ték), 0 < k <n, andty, form a complete set of mutually

commutative projection operators on Hi(R??). These operators also commute with the
prequantum transfer operator Ly defined in . Consequently the space Hi(R?*?) has
a decomposition invariant under the action of Ly:

HI(R*N=H e H, & ®&H, & H where H), = Imt\"”) and H' = Im#,
For this decomposition, we have

(1) For every0 < k <mn, the operator Ly : H;, — H,, is conjugated by the isometric bi-
jection U to the tensor product of the unitary operator L, : L* (Riq) — L? (qu>

and the finite rank operator L, : Polynom™ — Polynom™. In particular, we
have for every u € H,

Co A" -1 det(A)| 2 - Jlullag, < [1€gullsg < Coll ATHI* - [ det(A)| 72 - [full g

(2) The operator norm of Ly : H' — H' is bounded by

Cy - max{||A71||"H . ]det A‘71/2’ HAfl“r . |det A|1/2},

The constant Cy is independent of A and h.

4.5 A few technical lemmas

In this subsection, we collect a few miscellaneous technical lemmas related to the anisotropic
Sobolev spaces Hj(R??) and H}*(R??), which we will use in the later sections. The fol-
lowing are immediate consequences of Lemma and respectively.
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Lemma 4.10. Suppose that f is a hyperbolic linear transformation defined for an
expanding linear map A satisfying for some large \ (say A > 9). Then the operator
L; extends to a bounded operator L; : Hy~ (R*¥) — H " (R??) and the operator norm is
bounded by a constant independent of h > 0 and f.

Corollary 4.11. The operator ték) for 0 < k <mn, defined in , extends to a bounded
operator
) Hy (R — Hy (R

whose operator norm is bounded by a constant independent of h.

For convenience in the later argument, let us put the following definition:

Definition 4.12. Let A be the group of affine transformation on R?? that preserves the
symplectic form w, the Euclidean norm and the splitting R? = R? @ R simultaneously.

Note that the function W} is invariant with respect to the transformation (a,’ Da™')
on T*R* = R* x R* when a € A. This fact, together with Lemma [3.9] yields

Lemma 4.13. Ifa € A, then the prequantum operator L,, defined in extends to an
isometry on Hi(R?).

The norm || - [|3; on the Hilbert space #j(R??) is induced by a (unique) inner product
(s )3z (r2a)- Notice that even if two functions u and v in H:(R?*) have mutually disjoint
supports, the inner product (u, U)Hg(de) may not vanish. This is somewhat inconvenient.
But we have the following “pseudo-local” property. We omit the proof because it can be
given by a straightforward estimate.

Lemma 4.14. Let € > 0. If d(suppu,suppv) > h=92 for u,v € Hj(R?>?), we have
|(u, U)H;;(R?dﬂ <Cpe- B - ||U||Hg(R2d)||U||Hg(R2d) Joru,v € HZ(RM)

for arbitrarily large v, with C, . > 0 a constant depending on € and v.

From the definition of the function Wy (-) and (3.29)), we have

Wi(z,8) < C-Wi(y,n) - (h7|(2,€) — (y,n)])*". (4.26)

The next lemma and corollary are direct consequences of this estimate. The proof is
completely parallel to that of Lemma

Lemma 4.15. If R; : S(R*? @ R?*?) — S(R?* ¢ R?*) is an integral operator of the form

(Fu) (2.6) = [ ol 50/, € ule ¢ o' de
depending on h and if the kernel K;(-;-) is a continuous function satisfying
|[Kn(w, & 0", )] < (B2 |(2,€) — (2", €))7
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for some v > 2r + 4d, then the operator Ry extends uniquely to a bounded operator on
L*(R* @ R* (Wr)?) and
||Rh||L2(R2deaR2d,(wg)2) <C,

where C,, is a constant independent of h. The same holds true with Wi replaced by W;=
stmultaneously.

Corollary 4.16. The Bargmann projector Py extends uniquely to a bounded operator on
LA(R* @R (WI)?) and its operator norm is bounded by a constant that does not depend
on h > 0. The same holds true with Wy replaced by Wg’i simultaneously.

4.6 The rough Laplacian on R*?

In this subsection, we consider the spectrum of the Euclidean rough Laplacian on R2?
defined in Subsection . This operator Ay is a closed self-adjoint operator on L?(IR??)
and its domain of definition is

D(Ay) = {u € L*(R*) | || Apul|z2 < 0o}
Note that D(Apy) becomes a Hilbert space if we consider the norm
lull s = ((w,u)a,)"? (4.27)
induced by the inner product
(u,v)a, = (u,v)r2 + (Apu, Apv) 2.
Obviously, Ay, gives a bounded operator
Ap (DA, [~ llan) = L2R*).

An important property of the operator A, that follows from the definition is that it
is invariant with respect to the action of prequantum transfer operators for symplectic
isometries:

Lemma 4.17. Suppose that f : R?*? — R?? is an isometric affine map preserving the
symplectic form w, then we have Apo Ly = Lo Ay, for the associated prequantum transfer

operator Ly given in .

By considering a commutative diagram corresponding to (4.21]), we obtain the following
commutative diagram similar to (4.22]):

pEE) s pE



where .7 is the harmonic oscillator operator defined in (3.52)) with setting D = d.
From the expression of the Euclidean rough Laplacian obtained in (2.40)), we have

hAzUo(Id@—(Cq +cp)) U,

Thus we may invoke the argument in Subsection [3.5] especially Lemma [3.22] and [3.24] to
derive the next proposition on the spectral structure of the rough Laplacian Ay. For k > 0,
let us consider the spectral projection operator

o =uo (e Q) ou "+ L* (RY) - I (RY) (4.28)

where Q,(ik) is the projection operator on level k of the harmonic oscillator 5#. Note that
it restricts to a bounded operator

g s (R = (D(An), | - lla,) € L*(R*) (4.29)
whose operator norm is bounded by a constant independent of A.

Proposition 4.18. The rough Laplacian A, = D*D on the Euclidean space R?*? is a closed
self-adjoint operator on L?(R?*?) and its spectrum consists of integer eigenvalues g—i- k with
k € NU{0}. The spectral projector corresponding to the eigenvalue C§l+k 15 the operator q?(ik)
given in and together they form a complete set of mutually commuting orthogonal

projections in L?(R*?). Consequently we have

L*(R%) = @ HY,  with HY == Img\".

The next proposition is an immediate consequence of Lemma [3.24]

Proposition 4.19. The operator &F th and ®F Oth)

g @k Im el — @ Im ¢

restricts to the bijections

and , , .
af ot el jimg) — @F JImel)

respectively. The operator norms of these operators and their inverses are bounded by some
constant independent of h.

5 Nonlinear prequantum maps on R*

In this section, we prepare some basic estimates on the effect of non-linearity of the Anosov
diffeomorphism f on the anisotrpic Sobolev space HE(R??). Most of the results in this
section may be rather obvious at least for those readers who are familar with Fourier
analysis. However we have to be attentive to the following particular situations in our
argument:
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e The escape function WY in the definition of the anisotorpic Sobolev space Hj(IR??) has
variable growth order m(-) depending on the directions. This leads to the fact that
the (prequantum) transfer operators associated to a non-liner map may be unbounded
even if the map is very close to identity.

e The spectral projection operators ték) in Proposition is also very anisotropic and

rather singular. It is not well-defined (or bounded) on any usual (isotropic) Sobolev
spaces of positive or negative order.

e The escape function W} is not very smooth, viewed in the scale (~ h'/?) of the
smallest-possible wave packets in the phase space. In terms of the theory of pseu-
dodifferential operators, this implies that the escape function YW/ belongs only to the
symbol class of “critical order”. We have to avoid carefully the difficulties caused by
this fact.

For these reasons, we are going to give the argument to some detail. The main result in
this section is Proposition which concerns the third item above.

Recall that the stable and unstable subspaces E (x) and E,(x) for the Anosov diffeo-
morphism f depend on the point € M not smoothly but only Hélder continuously. We
let 0 < 8 < 1 be the Holder exponent. (See Remark [1.2(1).) In what follows, we fix a
small positive constant 6 such that

0<6<p/s. (5.1)
The open ball of radius ¢ > 0 on R?? is denoted by

D(c)={z e R*||z| <c}.

5.1 Truncation operations in the real space

We first consider the operation of truncating functions in the (real) space by multiplying
smooth functions with small supports. Below we consider the following setting:

Setting I: For each h > 0, there is a given set 25 of C™ functions on R?** such that, for
all p € Zy and h > 0,

(C1) the support of 1 is contained in the disk D (C’*hl/%g) and

(C2) |02y(z)| < O bzl for cach multi-inder o € N2,

where C, > 0 and C,, > 0 are constants independent of v € Xy and h > 0.

In the next section, we will consider a few specific sets of functions as 2 and apply
the argument in this section to them.
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Remark 5.1. The condition above on %2} is equivalent to the condition that the normalized
family

D ={p @) =0 (B> %) e C= (R¥) | v € 23} for >0 (5.2)
are uniformly bounded in the (uniform) C'* topology and supported in a fixed bounded

subset of R24,

Recall the transformations
B:): . L2(R2d) N LZ(RZd D RQd), B; . LZ(RQd D R2d) — L2(R2d)
and
P, := B, 0B, : L*(R* @ R*) — L*(R* & R*),

which are defined in and as slight modifications of the Bargmann transform
By, its adjoint B; and the Bargmann projector P in the case D = 2d. Notice that the
operators B,, B: and P, depend on the parameter % (and hence on N).

Below we write .# () for the multiplication operator by a function ¢. Since h'/27¢ >
h'/? for small h, the functions in 2} are very smooth (or flat) viewed in the scale of the
wave packet ¢, ¢(-) used in the Bargmann transform B;. This observation naturally leads
to the following few statements.

Lemma 5.2. For each 1) € 2y, let M () = B, o A (1)) o B: be the lift of the multipli-
cation operator A (1) with respect to the (modified) Bargmann transfrom B,. Then it is
approximated by the multiplication by the funtion 1 o . Precisely, there exists a constant
C > 0 such that, for any h > 0 and b € 2}, we have

H%hft(w) - %(w © ﬂ-) © P‘I“LQ(RQd@RQd,(W}g)Q) < Ch9 (53)

and

H%hft(zm —Pro M (Yorm) HLQ(RMEBRM’(WQQ) < CH

Consequently we have

|| [Pﬂ?a %(w O 7T)] ||L2(R2d@R2d,(Wg)2) < Ch0 (54)

where [A, B] denotes the commutator of two operators: [A, Bl = Ao B— Bo A. The same
statement holds true with Wy replaced by ng

Proof. The kernel of the operator
M)~ M o) 0P, = Byo M) 0 By — M(or)oB, o B,

1s written

K(z, & x/7§/) _ (QWH)d/e(i/h)(ﬁ(yw)é’(:v’y) ) e*\y7w|2/4hf|yfx’l2/4h(¢(y) — Y(x))dy.
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We apply integration by parts, using the differential operator

L 1-ile—e)9,
L+h (€= ¢&)%
which satisfies L (e@/MEW-2)=¢'e"=v)) = e(i/MEW=2)=¢"@"=v) for 1 times. Then we get

K(z,¢; :Jc’,{') _ (Qﬂh)d/e(i/ﬁ)(ﬁ(y—r)—é’(w’—y) . (tL)V (6—Iy—ﬂcl2/4ﬁ—Iy—w’\2/4ﬁ(¢(y) _ w(@)) dy

where 'L = (1 —4(§ — €)9,) /(1 + R (£ — &')?) is the transpose of L. Using the conditions
(C1) and (C2) on the family 2} and, in particular, the estimate

[ (x) = o) - (e —yl) ™ < OF (5.5)

that follows from the condition (C2), we see that the integrand is bounded in absolute
value by

CR - (R 2l =€)~ - (R Pl —y )™ - (V2" —y) ™.
Hence, letting v large, we obtain
K (2,62, &) < CR - (P16 = &)™ - (B Pl —2|) 7",

This estimate for sufficiently large v and Lemma give the first inequality (5.3]). We
can get the second inequality in the same manner. O

Corollary 5.3. The multiplication operator (V) by v € 2 extends to a bounded oper-
ator on H5(R*) and, for the operator norm, we have [ A (D)3 (m2ay < [[¥]loo + Ch for
all v € Zy, with a constant C' > 0 independent of h.

Proof. From the commutative diagram (3.11]), the operator norm of .Z () : H;(R?*?) —
H: (R??) coincides with that of the operator

%lift(w) : LZ(RM D R2d, (W};)Q) N L2<R2d D R2d7 (Wg>2)

restricted to the image of B, : H;(R??) — L?(R* ¢ R?? (Wr)?). Hence the claim follows
from the last lemma. O

Corollary 5.4. For u,v € H;(R*) and ¢ € 25 we have
(u, 1 - )HT (R2d) = (V- u V) + O(R’) - ||U||H;;(R2d) . ||U||Hg(R2d)

where O(R?) denotes a term whose absolute value is bounded by Ch? with C' a constant
independent of h.

Proof. This is a consequence of the equality

(u, ¢ - 0)gqp reay = (B, A (V) © Ba) p2raagmea owy)2)
= (BIU, //(w o 7T) e} BIU)L2(R2d@R2d,(Wg)2) + O(ha) . HUHH;L(RM) . HUHH;L(RM)

and the parallel estimate for (¢ - u, U)Hg(de), which follow from Lemma . ]

73



Remark 5.5. The statements of Corollary [5.3 and Corollary [5.4] above hold true with
Hi (R replaced by Hj™ (R2?) and the proofs are completely parallel. This is the case for

a few statements ( Lemmal5.8] Proposition[5.12, Lemma and Corollary [5.17] precisely)

in this section.

Next we recall the projection operators t%k) for 0 <k <nin l} and f; in (4.25)).
We henceforth assume
r>n+2+4d (5.6)

for the choice of . (This is a little more restrictive than (4.23)).)

Lemma 5.6. There exists a constant C > 0 such that
|[#w.6"]]

forany h >0, v € 2 and 0 < k < n.

Proof. From and the definition of the operator ték), we have
M) ot = B2 o () o Byolh o (Id @ T®)) otf ™!
=B, oM™ () 0 @ o (B,, @ B,) o (Ild@TW) o (B), @B;)o (@) ' oB,
=By oM™ (W) 0@ o (P, @ T,") 0 (2) " 0 B,

< CH

'H;’_ (RQd)_)'H;H‘ (RQd)

and, similarly

i o () = By o ®" o (P, @ T,") o (8°) 7 0./ ™ (1)) 0 B,.
Thus, from [5.2] it is enough to show that

< OR’.
L2(R2d@R2d’(Wgﬁ)2)_>L2(RQd@R2d7(W£»+)2)

(5.7)
From Proposition and Lemma [.17 if we write K(x,&; 2/,¢’) for the kernel of the
operator ®* o (P, ® E(k)) o (®*)71, it satisfies

W;;’JF(SC,E) Ay
i gy K@ 6] (5.8)

< Colh™ 2 lvg = v )™ (W Pl — v )T (R 216 G ORI DT (5.9)

< O 2 vy, 1) = (g v )1 ™R 216 G) = (G G ™Y (5.10)

for arbitrarily large v > 0, where C,,C!,C” > 0 are constants independent of & . The
variables v, 1, (g, G (vesp. v, v, (0, () are the coordinates for (z,§) (resp. (2/,¢')) in-

troduced in (4.9) and | - | denotes the Euclidean norms. The kernel K (x,& 2, &) of the
commutator in ((5.7)) is then

K(z,67.¢) = (Y(x) — (@) - K(z, &2, €).
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By (5.10) with sufficiently large v and (5.5)), we get

Wi (,€)

I Ay 0 /—1/2 . —(r—k—1)
Wg,,(x,’g,)\f((x,ﬁ,x,ﬁ)!SCh (==, &) = (v, m)l) :

Hence we obtain the required estimate by Young inequality, noting that r — k — 1 >

r —n — 1> 4d from the assumption (}5.6)). ]

Corollary 5.7. There exists a constant C' > 0, such that

|26 <CH for0<k<n

HHE(R%)

and

[ (@), 4]

for any ¥ € 2y, with C' > 0 a constant independent of h.

[
2y (R24) < Ch

Proof. The former claim is an immediate consequence of the last lemma. Since t; =
Id->7, ték) by definition, the latter claim follows. ]

5.2 Truncation operations in the phase space

In order to truncate functions in the phase space T*R?* = R?? @ R??, we consider the
smooth function

Vi : TR = [0,1], Ya(z. &) = x(B*"2|(z,€))) (5.11)
with x : R — [0, 1] a C* function satisfying (3.55]), and then introduce the operator
Vit LA(R*) — LA(R*)),  YVyu = B o (Yy) o0 B,. (5.12)

Note that the size (~ h'/27%) of the support of the function Y; is much larger than the
size (~ hY27%) of the region on which the Bargmann transform of the functions in 2}
concentrates, when A > 0 is small.

First of all, we show

Lemma 5.8. The operator Y, extends naturally to a bounded operator on H:(R??) and
we have
Hthng(Rw) <1+ Che

and

[ Vns A ()] |27 m2ay < CH’ for any ¥ € 23

with some positive constants C' independent of h.
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Proof. Tt is enough to show
| Py o (Y3) : L2(R* @ R*™ (Wr)?) — LAR* @ R*, W) || < 14 CH?
and
[Py o A (Y) 0 Py, A" (4)] : L2(R* @ R*, (W))?) — L*(R* @ R*, Wy)?)|| < CR’.

Note that we have ||[Py, 4 (Y3)]|| 12 (meacr2a,0np)2) < Ch by a simple estimate on the kernel.
The first claim is a concequence of this estimate. For the second, we use Lemma[5.2l O

The next lemma tells roughly that the truncation operator Y hardly affect the projec-
tion operators t%k), 0 < k < n, defined in Definition , if we veiw it in the anisotropic
Sobolev spaces.

Lemma 5.9. For 0 <k <n and ¢ € Z}, we have

k
1(1d = i) 0 o () 0 14 |yyr~ gty s+ 20y < CH
and

16 0 (1d = Yn) © A (1) gy ey sy oy < CH
with some constant C' > 0 independent of h.
Proof. For the proof of the first inequality, it suffices to show the estimate
|4 L2(R* @ R, (Wy0)?) — L(R* @ R, (W H)?)]| < OR’
for the operator
A=Pyo(d— (V) o Pyo ™ (1) 0 @ o (P, @ ) o (0*) L.

Recall that we already have the estimates (3.6 and ([5.9) respectively for the kernel of the
operator P, and ®* o (P, ® E(k)) o (®*)~1. Using those estimates with the property (4.26
of the escape function ngi and noting that

[(,8)] > h?7% for (x,€) €suppYy  (vesp. |z| < 2hY*7% for € supp ),

we can estimate the kernel of the operator . (W;'*)o Ao.# (W, ~)~" in absolute value and
obtain the required estimate. The second inequality can be proved in the parallel manner.
We omit the tedious details. ]
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5.3 Prequantum transfer operators for non-linear transformations
close to the identity

In this subsection, we study the Euclidean prequantum transfer operators for diffeomor-
phisms defined on small open subsets on R?? and is close to the identity map. Roughly we
show that the action of those prequantum operators are close to the identity as an operator
on H(R??), though this is not true in the literal sense.

In this subsection, we consider the following setting in addition to Setting I:

Setting II: For every h > 0, there is a given set 4, of C'*° diffeomorphisms
g : D(RY*2) = g(D(RY*2)) ¢ R

such that every g € 9y satisfies

(G1) g is symplectic with respect to the symplectic form w in ,

(G2) g(0) =0 and ||Dg(0) — 1d|| < CR?Y/2=9  and

(G3) llgllcs < Cs

where C' and Cy are positive constants that does not depend on h nor g € 9.

Remark 5.10. In the next section we will consider a few different sets of diffeomorphisms as
¢, and apply the argument below. At this moment, the meaning of the bound CA?(1/2-9) in
the condition (G2) may not be clear. This is a consequence of the fact that the hyperbolic
splitting is S-Holder continuous. The reason will become clear when we introduce a
family of local coordinates on M in the beginning of the next section.

For g € %, we consider the Euclidean prequantum transfer operator £, defined in
Subsection [£.1] Recall from Proposition [4.1] that this operator is of the form

Ly : C(D(A*2)) = C5o(g(D(R?7)),  Lyu(x) = e/ u(g™ (z))  (5.13)
with

Ag(z) = /7 (97") ' n—mn

where 7y is a path from the origin 0 to z. (For convenience, we take the origin 0 as a fixed
point of reference.)
We first show the following lemma for the (action) function A,(z).

Lemma 5.11. If g € ¥, we have
10°A, ()] < C, - min{|z|>~1* 1}

for any multi-index o with || > 0, where C,, > 0 is a constant independent of h.
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Proof. From the definition, we have
|0° Ay ()] < Ca

for any multi-index «. Hence the conclusion holds obviously in the case || > 3. The
first derivatives of A, at 0 vanishes from the assumption g(0) = 0 in the condition (G2).
Actually the second derivatives of A, also vanishes. Indeed, from the condition (G1), we
have (¢7!)*w = w. If we write the diffeomorphism g~! as

97 (1, q) = (9P, @), 94(p, 7))

in the coordinate z = (p, q) in (4.1]), we see that the condition (¢~1)*w = w implies

and

994 Ogp _ 094 Ogp _ J1 (i=1);
0 (i #j).

If we write the one form (¢~!)" 7 — 1 in the coordinates as above, we have

d d
vk 1 dg dg 1 dg dg
1 —pn== g 22 g ) dpy + = LI g 2 ;| dg;.
(97) n—mn 2§ (gq o % o, q) p+2z§1(9q 90 % g TP

=1

Then we can check that all of the first order partial derivatives of the coefficients of dp;
and dg; vanish at the origin 0 € R?? from the equalities above. (Note that we have
95(0,0) = ¢,(0,0) = 0 from (G2).) This implies that the second derivatives of .4, vanishes
at the origin. The claim of the lemma for the case |a| < 2 then follows immediately.  [J

In the next section, we consider the action of the operator £, maily on functions sup-
ported on D(A/27%) (or sometimes on D(2h'/2~%). For this reason, we take the C*°function

Xn - RQd — [07 1]7 Xﬁ(x) - X(h_1/2+6'x/2) (514)
with letting x be a C*°function satisfying (3.55) and consider the operator
Ly oM (xpn) : C°(R*) — C°(R*)

instead of the operator £, itself. The next lemma is the main ingredient of this subsection,
which tells roughly that the operator £, for g € ¥}, is close to the identity, under the effect
of truncation by the operator ).
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Proposition 5.12. There exist constants C > 0 and € > 0 such that, for any h > 0 and
g € Y, we have

||yf1 [e) (ﬁg — Id) ) %(Xh) ||'H2(R2’1) < Ohe and || (ﬁg — Id) o yﬁ o %(XE)HH;L(RQd) < Che

Proof. The proof below is elementary but a little demanding. We will use the following
estimate which follows from Lemma and the conditions in Setting II on %;: For any
r € R? with |z| < AY%79 it holds

|A, () — A (0)] < Claf® < ORI/, IDA,(z)]| < Clzf? < CRXY/2D),
|Dg(x) = Tdl| < CRPE20) - and l9(2) — o] < Claf +# < CRI+D/2-0

with C' a constant independent of & > 0 and g € G,. Also we note that, if (z,£) € supp Yy,
we have |(z,¢)| < 2h'/?72% and, in particular, |£] < 2h/27%
From Corollary [4.16] the first claim follows if we show

Recalling the definition of the operators B, and B} in (4.10)), we write the operator B, o
(L, —1d) o A (xn) o B as an integral operator of the form

da'd¢’

(B, o (L, —1d) 0 (xs) o Boaw)(x, €) = / K@, 20627 2P (el €) s

where
K(z.&; m’,f’) — a%/e(i/h)i((rﬂ)y)+(i/h)£’(y(x’/2)) e~/ 2h) —ly—a'|?/(2h) xn(y) - k(x, &, a2, 5”y) dy

and
k(z, &, 0,€y) = e@/MA9W)=/MEgy) —y)~(lgl)—e*~ly—al*)/(2h) _ 1

(The factor 2! appears because of the change of variable ¢ in the definition of B, and
B.+. But this is not important in any sense.) Applying integration by parts to the integral
above for v times, we see

K(z,&2',¢)
e / L (el/ME/2) D+ G/ME GG [2)) . oly—a /R~y @h)y (N k(. €, o/ € ) dy

e / G/ME(/2)—y)HGIME (r=(a'/2)) | (L (o= lomel/R—ly=2B/OW V(e € ! € ) dy

where L is the differential operators defined by

1 = 0
TR (”ZEﬁ _@')a_yj) !
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and 'L is its transpose:

2d 9 ]
Lu=|1—i (Q—f})—) ( — - u>
( ; dy; ) \T+h1g—¢P

Using the estimates noted in the beginning in the resulting terms, we can get the estimate

K (2, &', &) < Oy b - (Y2 (2,6) — (2, €))7 for (,€) € supp V)

for a small constant € > 0 and arbitrarily large v > 0, where C, is a constant independent
of h.

Remark 5.13. The result of integration by part is not very simple. But we have only to
consider the order about the parameter A, since we allow the constant C, to depend on the
derivatives of g. Hence it is not too difficult to do. Just note that 6 satisfies the condition

ED.
This estimate for sufficiently large v and (4.26)) yields the required estimate. The second
claim is proved in the parallel manner. [

As we noted in the beginning of this section, the operator £ 0. (x) may not extends to
a bounded operator from Hj(R??) to itself, even though g € Gy, is very close to the identity
map. The next proposition (and hyperbolicity of f) will compensate this inconvenience.

Proposition 5.14. For any g € %,, we have
H‘Cg © '//(Xh)|’H;’+(R2d)_>Hg(R2d) < CO and Hﬁg ° '///<Xh)||H2(R2d)_>Hg—(R2d) < CO (5-16)

for sufficiently small h > 0, where Cy > 1 is a constant that depend only on n, r, d, 0
and the choice of the escape functions W and W= in subsection . (In particular, Cy is
independent of the choice of the family %.)

The conclusion of this proposition is quite natural in view of the facts that
Wi o G(x,€) - xn(x) S Wy (a,€), Wy oG(z,€) - xul(z) < Wi(z,§) (5.17)
for the canonical map
G:RYeR* 5 R e R™, G(2,€) = (9(x), (Dg(x))7}(€))

associated to the operator £,. (Recall the argument in Subsection ) And it can be
proved in essentially same ways as the argument given in the papers [5] and [17], where
Littlewood-Paley theory and the theory of pesudodifferential operator is used respectively.
Below we give a proof below by interpreting the argument in [5] in terms of the Bargmann
transform. (But the reader may skip it because this is not a very essential part of our
argument and may be proved in various ways. )
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Proof. We decompose the operator B, o L, o . (xy) o B} as

ByoLyo M (xp)oB,=4(1—Y)oB,0L,0 M (xn) 0B,
+ A (Yn) 0 By o (Ly —1d) o 4 (xn) © B
+.#(1—Y}) 0B, o (xp)oB,.

If we apply Lemma m (or more precisely in the proof) to the second term and
Lemma to the third term, we see that these two operators are bounded operators on
H’(R??) and the operator norms are bounded by an absolute constant. Hence, in order to
prove the former claim of the theorem, it suffices to show that the operator norm of

M (1= Y3) 0By o Lyod(x)o By L(R*, (Wy™)%) — LA(R*, (W;)?) (5.18)

is bounded by a constant C with the same property as stated in the proposition. (The
latter claim is proved in the parallel manner.) Below we give a proofﬂ

We take and fix 1/3 < a™ < bt < a < b < 1/2. Then we introduce a C*partition of
unity {1, fnez (resp. {1 }ez) on R?? with the following properties:

e The function 1, (resp. ;") is supported on the disk |{] < 1 if n = 0 and on the
annulus 2/"71 < |¢| < 211 otherwise.

e The function 1, is supported on the cone C, (b) if n > 0 and on the cone C_(1/a) =
R24\ C(a) if n < 0. Respectively, the function 1" is supported on the cone C, (b™)
if n > 0 and on the cone C_(1/a™) =R\ C,(at) if n < 0.

e The normalized functions & — 1,,(2"¢) (resp. & — 17 (2"€)) are uniformly bounded
in C* norm.

For each h > 0, we define functions 1, and ¥} on T*R?! = R?! @ R?? for n € Z by

Unp(2,§) = 77Z1n(h_1/2g) resp. ¢;ﬁ($, §) = @D:(h_lﬂ()

where ( = ((,,(,) is the coordinates introduced in Proposition [2.13] Then, from the
definition of the partition of unities above, we have

o0
Wi - ullf < Co > 22 [dbnn - ull 2

n=—oo

and also
o

S 2t - ull2e < Col Wyt - ull2s (5.19)

n=—oo

9

Remark 5.15. The argument in the following part is a little sketchy. For the details, we refer the argument
in [6], though it will not be very necessary.
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for any function u(z, £) € C*(R*@R??). From the first inequality above and the definition
of the function Y}, we have

||Wg . (1 — Yh) . Br e} E o //(Xh) o B*UHLz

<Oy Z Z 22 ™|t - By o Ly o M (x1) o Bi( b )]s

[n|=h=f n'=-o00
For the summands on the right hand side, we observe that

e From Lemma , the L?-operator norm of B, o L, o .4 (xy) o B is bounded by 1, so

[+ By o Lg o (xn) 0 Byt - )z < MWy, - ull7a.

o If either |n| —|n'| > 3 or n < 0 < n/, we have
dist(DgL, (supp Y1), SUupp Y1) > Co - pl/2omax{nn} - for ¢ € supp xa
and, by crude estimate using integration by parts, we get the estimate
lnn - Ba o Ly 0 (xt) 0 Bi(ity - w122 < Clg) - 270Nyt 2

where the constant C,(g) may depend on g and v but not on A. Otherwise we have
n<n+3and 2™ < Cy2".

From these observations and ([5.19)), we can conclude the required estimate:

o0

Wi - (1= Ya) - By o Ly ot (xn) o Biulfa < Co Y 27 |[4h - ulfa < ColWiul[Z

n/=—oo

for sufficiently small A > 0. ]
The next lemma will be used in the key step in the proof of Theorem [1.18]

Lemma 5.16. There exist constants € > 0 and C' > 0 independent of h such that the
following holds: Let v € 2y be supported on the disk D(2RY?7%) and let g € %, 0 < k < n,
then it holds

H(ﬁg “1d)o.#(¢) o t;’“‘ o S O
and
Ht;f) o (L, —1d) o ///(@z))‘ iy = O

Proof. We decompose the operator (£, —Id) o (1) o th " into
(Lgod (x1)— Id)oyho///(w)ot( and  (Lyo0. (xp)—1d)o(Id— yh)o.//(zp)oth k), (5.20)
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(Note that we have yj - ¢ = ¢ from the assumption.) The operator norm of the latter is
also bounded by CA¢ from Lemma [5.9] and Proposition [5.14] We further write the former
part as

(Ly—1d) o A () 0 Yoty + (Ly o M (xa) = 1d) © Vi, A ()] 0

Then we see that the operator norm of the former part is bounded by Ch¢, from Lemma
b.12] Lemma [A.11 Lemma and Proposition [5.14 Thus we obtain the former claim.

The latter claim can be proved in the parallel manner. [

Corollary 5.17. There exist constants € > 0 and C' > 0 independent of h such that, for
any Y € Zy and g € 9y, it holds

i 0. w), 7]

< Ch" for0<k<n

Hr (R2d) 37 (R2d)

and also

H [‘c o '%(sz)? tﬁ” H'r RQd < ChE
Proof. The former claim is an immediate consequence of the last lemma and Lemma [5.7]
The latter claim then follows from the relation ¢, = Id — Y ¢ ). O

5.4 The multiplication operators and the rough Laplacian on R?

We close this section by the following lemma on the Euclidean rough Laplacian Ay con-

sidered in Subsection (4.6l
Lemma 5.18. For any v € 2}, we have

H[%( ) Af”l L2(R2d) S Ohe

and

DAl lay)—
H [///(1/’)7 qék)} ‘ L2(R2d) — CH’

where C' is a constant independent of 1 € 2} and h.

Proof. The first claim can be checked easily from the expression of Ay, given in Proposition
2.22] For the second claim, we can just follow the argument in the proof of Lemma
replacing th k) by q . (The proof is simpler actually.) D

6 Proofs of the main theorems

In this section, we give the proofs of the main theorems of this paper, Theorem and
Theorem [2.2I] We henceforth consider the setting assumed in Section [} In particular
A > 1 is the constant in the condition in the definition (Definition that f is an
Anosov diffeomorphism. Note that, by replacing f by its iterate if necessary, we may and
do suppose that ) is a large number. Below we write Cy for positive constants independent
of f, V and h and write C' for those independent of A but may (or may not) dependent on
fand V. Also we assume for the choice of r.
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6.1 Local charts on M and local trivialization of the bundle P — M

As in the last section, we fix a constant 0 < 6 < /8 with 0 < 5 < 1 being the Holder

exponent of the stable and unstable sub-bundle given in (1.3)). Below we take an atlas

on M depending on the semiclassical parameter h = 27+N > () so that it consists of charts

of diameter of order 2%, We consider R* as a linear symplectic space with coordinates
= (¢,p) = (¢",...¢%p",...p%) and symplectic form w = Zle dg' A dp'. The open ball
of radius ¢ > 0 is denoted by D(c) := {z € R?*? | |z| < c}.

_1

Proposition 6.1. “Local chart and trivialization”. For each h = 5

a set of distinct points

> 0, there exist

Pr={m; e M| 1<i<I}
and a coordinate map associated to each point m; € Py,
ki=rkip:D(c) CRY 5> M, 1<i<]I,
with ¢ > 0 a constant independent of h, so that the following conditions hold:
(1) ki (0) =m,.
(2) The differential of k; at the origin O maps the subspaces R @ {0} and {0} & R? (or,

the q- and p- axis) isometrically onto the unstable and stable subspace respectively:

(DR (B @ {0}) = B, (), (Dri)y ({0} ©RY) = E, (m).

(3) The open subsets U; := k; <]D <3h%’9>) C M for1 < i < I cover the manifold M.
The cardinality Iy, of the set Py is bounded by Cy - h~¥ =29 and we have

max §{1 < j < I, | UNU; # 0} < Co (6.1)

1<i<Iy
with Cy a constant independent of h.

(4) For every 1 <i <1, k] (w) =>.,dg" Ndp" on U; and with an appropriate choice of

2

a section 1; - U; — P, the statement of Proposition holds true.

(5) If U;NU; # 0, we denote the coordinate change transformation by k;; = /4;;1 oK
D (¢) — R Then there exists symplectic and isometric affine map A;,; : R* — R

that belongs to A (see Definition such that g;; := Aj,; o k;; satisfies

g;i (0) =0, |Dg;a(0) — Idl| < Cy - 0G0 and g,

os < Cs fors>2

where Cy for s > 1 are constant independent of h and 1 < 1,75 < Ij,.
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(6) There exists a family of C™ functions {1; : R* — [0, 1]}/, which is supported on the
disk D(R'/27%) and gives a partition of unity on M :

Iy
Z%O"f;lElO”M' (6.2)
i=1

The set of functions ; satisfies the conditions (C1) and (C2) in Subsection[5.1]

Remark 6.2. Since the vector unstable and stable sub-bundles, E, and E,; may be non-
trivial in general, we need to put the affine isometries A;; € A in the condition (5) above.

Proof. For each point m € M, we first define x,, as the composition of the exponential
mapping (in Riemannian geometry) exp,, : T,, M — M and a linear map R* — T,, M so
that the condition 1 (with x; = k) holds true. Then, using Darboux theorem, we can
deform such k,, into a symplectic map (condition 4) with keeping the condition 1. (See
Lemma 3.14 in [29, p.94] and its proof). We may then take a section 7 as in the proof of
Proposition so that the condition 4 (with x; = k,,) holds. Tt is then clear that, if we
take the points in &7, appropriately, the conditions 1 to 3 hold true with setting x; := K,.
The condition 5 and 6 are also obvious from this construction. O

In the following subsections, we fix the set &7, the coordinate maps k;, the isometric
affine maps A;; € A and the functions 1; taken in Proposition above.

6.2 The prequantum transfer operator decomposed on local charts

To proceed, we express the transfer operator F}, as the totality of operators between local
charts. First we discuss about an expression of an equivariant section u € C¥(P) as a set
of functions on local charts.

Definition 6.3. Let ;
h

& == C5e (D).

Let I, : C% (P) — & be the operator that associates each equivariant function u € Cg (P)
a set of functions I (u) = (u;)1", € & on local charts defined by the relation

wi () = (z) - u(ri (ki () for 1 <i < Ip. (6.3)
The inverse operation is given as follows.
Proposition 6.4. Let I} : @fil S(R?*) — C%° (P) be the operator defined by
Iy,

(T ((w)ih)) (p) = D e Py () - us(x) (6.4)

=1
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where xy is the function defined in (m, and x = k; ' (7(p)) and a;(p) is the real number
such that p = €' . 1;(w(p)). This operator reconstructs u € CY° (P) from its local data

u; = (In(w)), -
IZ o} Ih = Idc]O\;v(P) (65)

Consequently, I o Iy : & — & is a projection onto the image of 1j.

Proof. Let w := (I o I;) (v). From the expressions of I, and I and equivariance of v, we
compute

Iy, Iy

ZGINQ’ (xn(@) - i () - v (73 (ki (2)))) = Zwi (z)v(p) =v(p).

Finally I o If is a projector since (I 0 I%)> =T, 0 (If o I;) o I} = I o I O

Definition 6.5. We define the lift of the prequantum transfer operator F}, with respect to
I, as

Iﬁ Ih,
F; = IEOFNOIZ : @S(de)égﬁCeBS(Rw)- (6.6)

The operator Fj is nothing but the prequantum transfer operator Fy : CY(P) —
C¥(P) viewed through the local charts and local trivialization that we have chosen. This
is a matrix of operators that describe transition between local data that Fh induces. The
next proposition gives it in a concrete form.

Definition 6.6. We write ¢ — j for 0 < ,j < I, if and only if f (U;) (" U; # 0.
Clearly we have

max #{1 <j<I;|i—j} <C(f) (6.7)

1<i<Iy

for some constant C'(f) which may depend on f but not on .

Proposition 6.7. The operator Fy, is written as

In,
Fi((vi)ier,) (Z F;.(v; )
JE€IR

where the component

F;;: S(R™) — C5o(D(R'/?77))
is defined by F;; =0 if i /+ j and, otherwise, by

Fji(v) = Ly, (€77 4y xn - i)
where we set
fii = H;l o f oK,
Vi (@) =10 fi

and Ly, , is the Euclidean prequantum transfer operator defined in with g = fj.
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Proof. The expression of the operator Fy in local coordinates has been given in Proposition
2.3l Taking the multiplication by functions ¢;, 1 < i < I, in the definitions of the operators
I, and I, into account, we obtain the expression of F;; as above. O

We define
Vi =max{V(m) | meU;} forl<j<I,.

Since the function V' is almost constant on each U;, we have
Lemma 6.8. If we set
Zh ={jixn | 1 <4, < Iy, i — j} (resp. Xy ={e" T x| 1 < 0,5 < I, i — 5}),

it satisfies the conditions (C1) and (C2) in Subsection[5.1. (The constants C and Cy, will
depend on f and V' though not on h.) For 1 <i,j < I such that i — j, we have

||% Vefors ¢]’l Xﬁ) - 6 (¢]l Xﬁ)‘

<C(f,V)-h

er RQd
for some constant C'(f,V') independent of h.

Proof. The former claim should be obvious from the choice of the coordinates x; and the
functions 1; for ¢ € I;. We can get the latter claim if we apply Corollary to the
multiplication operators by eV % b, -y — €V by = (V7R — Vi) ahy i xp O

6.3 The anisotropic Sobolev spaces

Definition 6.9. The Anisotropic Sobolev space H}, (P) is defined as the completion of
C¥ (P) with respect to the norm

I 1/2
g = (Z Huz-nig(m) for u € O (P).
=1

where u; = (I (u)); € C° (D(hm—e)) are the local data defined in 1} and ||uz'||3{r(R2d)
h
is the anisotropic Sobolev norm on C§° (de) in Definition We define the Hilbert

spaces Hp* (P) in the parallel manner, replacing ||ui||3{T(R2d) by the norms ||u;] fﬂi w2
h h

respectively.

Remark 6.10. (1) By definition, the operation I, extends uniquely to an isometric injection

Iy Iy,
I M —>€BH’" D(R'*)) ¢ D H;(R*)

=1

where 1} (D(R'/?7)) denotes the subspace that consists of elements supported on the disk
D(h1/2_0).
(2) From (6.5), we have I} o I, = Id on H} (P) and also on H* (P).
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Lemma 6.11. The projector 1, oI} : & — &, extends to bounded operators
IhoIh @HT+ RQd _>®HT h1/2 9 )
and
Iy,
Iﬁ o I;L . @H RZd _) @H}Z h1/2 9))
i=1
Further the operator norms of these projectors are bounded by a constant independent of h.

Remark 6.12. The operator I o I} will not be a bounded operator from @fil HE(R??) to
itself.

Proof. To prove the claim, it is enough to apply Proposition [5.14]and Corollary [5.3]to each
component of I o I} with setting

gh:{Aj}ioﬁj,i | 1 §i7j§]h> UZQU]#Q} (610)
and
I =Avjorji-xnll<i,j <1, UnU;#0},
and use (6.1). (See also the remark below.) O

Remark 6.13. The affine transformation A;; in (6.10) is that appeared in the choice of
local coordinates in Proposition Note that the prequantum transfer operator Ly,

is a unitary operator on ’H};(RM) (and on Hy*(R?*!)), by Lemma [4.13] and hence we
may neglect the post- or pre-composition of L4, when we consider the operator norm on

r(R?%) (and on H,™(R??)). For the later argument, we also note that, from Lemma
the the prequantum transfer operator L4,, commutes with the projection operators thk

defined in (4.24)).

For the operator F}, on the Hilbert space H;(P), we confirm the following fact at this
point, though we will give a more detailed description later.

Lemma 6.14. The operator ¥y, defined in extends uniquely to the bounded operator

Fj, : EB%E (R4 —>€BH’“ (A7) (6.11)

and the operator norm is bounded by a constant independent of h. Consequently the same
result holds for the prequantum transfer operator Fy, : H} (P) — Hj (P).

Proof. From (6.7)), it is enough to prove that the operators F;; for 1 <4,j < Ij, with i — j
are bounded operators on H}(R??) and that the operator norms are bounded by a constant
independent of A. To see this, we express the diffeomorphism f;; in as a composition

fj,i = Qj; © G4, © Bj,i (6-12>

where
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e a;;: R?* — R? is a translation on R*,

A O

e Bj,: R?* — R is a linear map of the form (4.16), i.e. B;; = <O ‘-1

), with A

an expanding map such that ||A7|| < 1/,

e g;; is a diffeomorphism such that 4, = {g;,}1<i j<i, satisfies the condition (G1), (G2)
and (G3) in Subsection [5.3]

This is possible because, if we let B;; be the linearization of f;; at the origin and let a;; € A
be the translation such that a;;(f;,(0)) = 0, then a,;, B;; and g, := aj_,ilofj’iij_,il satisfies
the required conditions.

Remark 6.15. This decomposition of the diffeomorphism f;; will be used later in the proof
of Proposition where we study more detailed properties of f;;.

From the expression (6.12)) of f;; above, the operator F,; is expressed as the composition
Fj,=LY0LWor® (6.13)

where £ = L,;, and L2 =L B;, are the Euclidean prequantum transfer operators 1}
for the diffeomorphism a;; and B;; respectively, while LW is the operator of the form

£00 = £y, (@ vy ) 0 B2) )
with t;; the function defined in (6.9). Note that the functions
(V% ahy ;- xn) 0 Bl = (€% - xp) o B! (¢ 0a5; 0 g;4)

is supported on the disk D(2h/27%), provided that & is sufficiently small. Hence we may
write the operator L) as

LOv =L, o.M (xn) («evofo'” Wi Xxn) © Bjjl) - u)

From Lemma L, : Hp(R*) — H;(R*) is a unitary operator. From Lemmam
the operator Lp,, : Hj(R*) — H;" (R*) is bounded and the operator norm is bounded
by a constant independent of . From Lemma and Corollary [5.2], so is the operator
LA HPT(R?) — Hp (R??), because

P = {(eT° i ) o Bj_,il}lgi,jglm G = {95 hi<ij<n, (6.14)
satisfy respectively the conditions (C1), (C2) in Section[5.1]and (G1), (G2), (G3) in Section
B3l O
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6.4 The main propositions

In this subsection, we give two key propositions which will give Theorem [1.18| as a conse-
quence. To state the propositions, we introduce the projection operators

6 DHIRY) > PHRY), 7 (w)l) = @ (W),
for 0 < k <n and
Iy
ih : @H RQd _) @H RQd ih((ul)z]hl) = (fh(uz))fih
i=1

which are just applications of the projection operators ték) and tj, introduced in (4.24) and
(4.25) to each component. For brevity of notation, we set

£ty — g, (6.15)
Then the set of operators {t ”+é are complete sets of mutually commuting projection

operators .
The following Proposition shows that the projectors t,(f)
projector (I oIf).

almost commute with the

Proposition 6.16. There are constants € > 0 and C > 0, independent of h, such that the
following holds: We have that

Ht (Lo

< C. and
)@ﬁﬁQ<WQH@ﬁJQWW% ’

I,0I7 ot(k)H
H( ne i) i D1, Hy~ (R2) @, Myt (R2)

for 0 <k <n. (Hence the same statement holds as operators on @ZIL HE(R2).) Also we
have, for the norm of the commutators, that

Hpﬁxhoﬁﬂ < Ok (6.16)

H@fil My~ (R2) @Dk, HyF(R2) T
for0 <k <n.

Proof. From Lemma“ 6.11} T;0I; are bounded as operators from @)%, Hy" (R%?) to @1, Hj(R)

(resp. from @/, Hi(R*) to @Iﬁ Hy~ (R?*?)) and the operator norm is bounded by a con-
stant independent of A. From Lemma so are the operators t*) as operators from
DI, H (R to @, Hy(R™) (resp. from @™, Hj(R) to @, Hy* (R*)). Hence
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we obtain the first two inequalities. To prove (6.16), we take u = (u;) € @, Hy(R?)
arbitrarily. From the definition, we have

Iy

to Mol = Y o (Wy) oLy, 0t (xn)(u)
©:U;NU;#0 .
7j=1

and

Iy

Lo ot® )= > #(x)) oL, 0t (xa) ot (w)
:U;NU;#£0 =1

Applying Corollary and Corollary |5.7| to each components with the setting (6.10) and
recalling Remark [6.13] we obtain (6.16]). O

The next Proposition stated for Fy, is now very close to Theorem [1.18]

Proposition 6.17. There are constants € > 0 and C > 0 independent of h such that
|

Further there exists a constant Cy > 0, which is independent of f, V and h, such that

H , , <Ch for1<k<n+1. (6.17)
691‘21 H;’_ (RQd)"@iZ1 HQ(RM)

(1) For 0 <k <n+1, it holds

< Cosup (|e||Df|p. |t | det Df|p, |72

(k) (k) H
t,; oF,ot
H BT ERTI g g ey @,y (m20)

(2) Ifue @ Hi(R*) satisfies Ty o I;(u) = u and
[u— (Lo L;) oty (W)llseg < [[ulls /2 for some 0 <k <,

then we have

1t o By ot (W)l > Cot - inf (||| Df|p, Ikl det D[, [7/2) - |ullss.

Proof. We recall the argument in the proof of Lemma [6.14] in particular, the expression
(6.13) of the operator F;;. Then we observe that, for each i, j such that ¢ — 7,

(i) From Proposition 4.9[and Lemma , the projection operators t,(f) for 0 < k <n and
t, commute with the operator £© and £® (defined in (6.13))).

(ii) From Lemma {4.13] the operator £ is a unitary operator on H}(R??) and also on
Hy* (R,
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(iii) From Propositionm the operator L) extends to a bounded operator from H} ™ (R?9)
to Hi(R??) (resp. from Hj(R*) to Hy~ (R*?)) and the operator norm is bounded by
a constant Cy, provided that A is sufficiently small.

(iv) Applying Proposition to L2 we see that the operator £? is a bounded operator
on H7(R??) and that

I£2)u]

HUHH;(RM)

Hg(R2d)

IN

Co 1Byl I 7% - | det Byl g+ ] 71/ < Col| B; ! |+ || - | det Byl p+ |72

for 0 # u € H}, = Imt ) and for 0 < k < n, where ET = R @ {0}. Further we
have
1Pl w0y < Coll B g+ 11" | det Byl |72 [[ulleg ooy

for u € H' := Im#,. (We used (5.6) to see that the former term in (??) dominates
the latter.)

(v) By simple comparison, we have
Co ' - inf (|€V|||Df|EuH;§X| det Df|g,

1B e |1* - et Byl |72
< Cosup ([ [[|Dfe,llminl det Df g, 7%).

—1/2)

Here (and henceforth) Cj denotes positive constants independent of f, V' and A. For the
operator £, we further observe from the argument in Section |3| that

(vi) Applying Lemma to the setting (6.14) and Lemma we have
1£D ot — Y-t (1 xn) © Bil) ot |lagroay < CHE for 0<k<n  (6.18)
with some positive constants C' and € independent of A.

(vii) Applying Corollary to the setting (6.14)), we have that

LD, 65 gy 2ay < CRE for 0 <k <n+1

with setting tg Y = f, for the case k = n + 1. This is true with H:(R??) replaced
by Hp* (R24),

From the observations (i), (ii),(iv) and (vii) above, it follows
NF s 06 M gy iz 2y < R for 0 <k <m+1.
This, together with (6.7)), implies (6.17]).
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We prove Claim (1). Take u = (u;), € @™, H;(R??) arbitrarily. Let 0 < k < n +1
and set

k k
Vji = t% )0 F;;o t,(g )(Uz‘), Wi =i Xn-wi = (0 fii) xn-w (6.19)

for 1 < 4,7 < I such that + — j. Suppose that 0 < k£ < n. Then, using the expression

(6.13) of F;,;, we obtain, by (vi), (vii) and Corollary ,

k k
Vil reay = 157 0 LD 0 L@ 0 t0 ;340 eaay

. k €
=%ww@mﬂwﬁwww?mmﬁwq+mhmmwwﬂ
=e' || c® Oth (%z)”%g(n@d + O(h ||Ui||Hg(R2d))
where O(h° - ||u;|lyr2ay) denotes positive terms that are bounded by Che - |lu;lly m2a)-

Hence, from (iv), we get the estimates

vjllag < Co-€'7 || Bl g ||k

min

_ k s
| det Byl g ] 72 145 (g 13y + O (R - [luill g meay) (6.20)
and
_ . _ _ k €
[vsillag > Cotee¥s || Byl || det Byl |72 1457 () g — O (B |

for 0 <k <n.

Actually the upper estimate (6.21)) can be strengthen by modifying the argument above,
so that it also holds for £ = n+1. (Note that the argument above is not true for k = n+1,
because ([6.18)) does not hold in that case.) Indeed we can show that

[vgillsr+ < Coe' 1Byl lal det Byl 712 12 () 4 (6.22)
for all 0 <k <n+ 1. Let By : R?*? — R?? be the linear map defined by
Bo(vi,x_) = No-zy, Ayt -2_)  for (zy,2_) € R =RIpR?

where \q is an absolute constant greater than 9. (Say Ag = 10.) Then we write the operator
Fij as

Fij =LY 0Lp 0 LW o L@ with setting £V =Lpo LWLy, LV= Lp-top,,-

The operator Lp, is a bounded operator from Hj~ (R*) to #; " (R?%), from Lemma [4.10}

The operator £ is a bounded operator from Hj(R2) to H~ (R2?) and the operator norm
is bounded by C’Oev‘ from Proposition [5.14, And the observation (iv) holds true with £(2)
(6.22)

replaced b L . Hence we obtain
From in the choice of the coordinate system {r;}, (see Proposition and

from Lemma 4.14) we have

2

IF 0 2™ ()35 ey = vm) < Co Y Nvsallsy meay + O - [lull3y)
1]

j M 1,
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and
Z HUMHE{Z(RM) < Collull3
L))
Hence we obtain Claim 1 as a consequence of and the observation (v).
Remark 6.18. Because of the inconvenient property of the inner product (-, ')Hg, noted in
the paragraph just before Lemma [4.14] the two inequalities above are not an immediate

consequence of the estimate (6.1) on the intersection multiplicities of the supports of v;;
and u;;. We have to use Lemma [4.14]

We prove Claim (2). We continue the argument in the proof of Claim (1). Note that
we already have the estimate for each v;,;. Below we show that the functions v;; do
not cancel out too much when we sum up them with respect to ¢ such that ¢ — j. More
precisely, we prove the estimate

Z Re(vj,iavj,i/)Hg(RQd) Z —Che . HU.H%_LT (623)
4,4, ji— 7,0 — 7,0 F£1

where Zi,i,,thjJ,_ﬁ#i, denotes the sum over 1 < 4,7, j < I that satisfies i — 7, i — j'
and i # 4. For 1 < j < I, let I(j) be the set of integers 1 < ¢ < I, such that there exists
1< 00" < I satistying Uy NUp # O, Up N Upr # () and ¢ — 5. Note that we have

max #I1(j) < Cp. (6.24)

1<i<I

Consider 1 < 4,7, j < I that satisfies i — j, ¢ — j" and ¢ # i'. We express v;; as

Vji = t,%k) ¢) %(Gvoﬁj . Q/JJ) ©) Ef]z e} ték) wz Z Eﬁ,lg Ug

Lel(y)

We can of course write v;; in the same form with i replaced by ¢, but we rewrite it as

- tf(ik) © %(evo"{j : ¢‘7> o Efj,i © Elii’i/ o t(k 7,/ . Z LK il Vi ué

Lel(y)

We change the order of operators on the right hand sides above, estimating the commuta-
tors by Corollary and Corollary and noting the relation r;; o Ky = K; 4. Then we
get

Vg — A Ay o iy o Ly ot | DT Ly, (ug) < CE > luellpg reoy
LeI(j) 'HE(R2d) Lel(j)
and
OK ;1 - k €
Vi — A g o [ o Ly ot | D L, () < CR Y lugllpg (reay.
Lel1(j) Hr (R24) Lel(j)
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Therefore, by Corollary [5.4], we get

Re(vj, vjr) > ||-A <€V°”i’¢j : \/ vio fii o ﬁ) oLy, oty Z Ly, ()

ZG](j) Hg(R2d)

—On 3 el ey

tel(j)

>—Ch*- ) ey eay-

tel(j)

Summing up the both sides of the inequality above for all j,i,i" with ¢ — j, ¢/ — j and
i # 1" and using ((6.24]), we obtain ([6.23)).
From (6.23), (6.21]) and the observation (iv), we get

|Fy ot ”"m = ZZ% Vji» Vjir) Hj (R2d)
> > v

|7—L;L(R2d) - ChEHUHHg

1,7:0—]
_ ) _ — k €
> Y Gt 1Byl kel det Bl |71 () 13 m2a) — OB |[ull3
1,7:0—]
1. _ _ k €
> Cytinf (e[ [1Df |, kil det DF L, 72) > 16 () 13, p2e) — Ol (6.25)

1,J:—]

To finish the proof, we compare >, ;. ch (wi )“HT(RQd and HuHHT To this end, we use
the assumptions in Claim (2), of course. From the assumption and (| in Proposition

[6.16] we have

lullg <2+ 1T o T3) 0 687 () gy < 20188 o (T o L))l + CA g
— 201t (Wl + CH [l (6.26)
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We also have, from Corollary [5.7, Lemma and (6.1)), that

It (w)|[3,; = Znt (w)|| = Zt““ Zuﬂ

Ji—j

= Z t (Z M (Vj - Xh)uz')

< Z Z M (i xn) ot (u;)

Jii—jg

HT‘(RQd)
2

Hg(RQd)
2

+Ch€HuHH2

Hg(RZd)
k €

<Co Y Nt (5 xn) o 1 () 3y moay + C [l

1,J:0—]

k €
Co Y It (wia) 34 waay + Ch g
1,]:10—]

We conclude Claim (2) from these inequalities and (6.25]). O

6.5 Proof of Theorem [1.18

We finish the proof of Theorem [1.18] Actually we have almost done with the essential
part of the proof. Below we give a formal argument to complete it. Let us begin with
introducing the operators

7 =T ot o 1, - Hy(P) — Hy(P)

for 0 < k < n+ 1. From Proposition [6.16, these are bounded operators with operator
norms bounded by a constant C' independent of A, and satisfy

V(l) _|_ FEQ) N 7“}(") + 7‘(""'1) =1Id, (6.27)

175 o Tﬁ’“ 7 Mgip) < CRE for 0 <k<n+1, and (6.28)

T OT HT (P S or S s S n“[‘ Wlt .
np) < ChE for 0 < kK lwith & # &/ 6.29

for some constants e > 0 and C > 0.

We modify the operators %h(k), 0 <k <n+1, toget the projection operators Tr(k)

1 9

0<k<n,and 7 = 7}(”“) in the statement of the theorem. The estimate (6.28) implies

that the spectral set of the operator Tf(k) o ng ) (k) is contained in the disk |z| < Ch¢. By
the spectral mapping theorem [Dunford- Schwartz Part I, VII.3.11], the spectral set of the

operators %ék) is contained in the union of two small disks around 0 and 1:

D(0,Ch) UD(1, C’hE) where D(z,r) :={w e C | |w —z| <r}. (6.30)

For 0 <k <n-+1,let Th ) be the spectral projector of Th ) for the part of its spectral set
contained in D(1 C’he) The next lemma should be easy to prove. (We provide a proof in
the appendix for completeness.)
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Lemma 6.19. ||%}§k) — 7A'7§k)||7{; < Che for some C > 0 independent of h.

Thus we get the set of projection operators Th ) for 0 < k <n+ 1, which approximate

%,gk). As consequences of (]6.27 and (16.29|), we have

I1d = (GO 4 20 oo 5 2 ) < O (6.31)

and /
175 0 7 lpagpy < CRE it b # K (6.32)

We set Hy :=Im 7 Th ) for 0 <k <n+1 and put H = H,11. We have

Lemma 6.20. The Hilbert space H}(P) is decomposed into the direct sum:

Hi(P)=Ho®H,BHo D BH, ®H.

Proof. Since the sum 7 ( )+ ﬂél) +- 47 A(”) + %,g ") is invertible from (6.31)), we can set

i =20 G B e A T T for0<k <+l

We can express any v € Hj(P) as

n+1

v = ka with vy 1= ’/}Ek)(’l)) € Hy.

k=1

Thus the subspaces H;, for 0 < k < n+ 1 span the whole space HJ(P). Uniqueness of such
expression follows from ([6.32]). O

From the argument in the proof above, the operator Th cHi(P) = Hi(P) for 0 < k <
n + 1 are the projections to the subspace H; along other subspaces. Clearly we have

k Ak
I — 7]

ny < Ch°  and hence ||7}Ek) — k)H < Ch. (6.33)

6.5.1 Proof of Claim (1)

We actually postpone the proof of Clain(l 1 to the last part of the next subsection, Subsection
k)

, where we show that the rank of 7, for 0 < k < n is same as those of some spectral
projection operator for the rough Laplacian Ay.

6.5.2 Proof of Claim (2)

For the proof of Claim (2)-(5), it is enough to prove the statements with Ték) replaced by

%,g’“) because we have ((6.33). The operator norm of @E"“) : Hy(P) — Hj(P) is bounded by
a constant independent of A from Proposition [6.16] as we noted in the beginning of this
subsection.
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6.5.3 Proof of Claim (3) and (4)

From the definition of the operators Fj and i}fk)7 the following diagram commutes:

. /
Iﬁol’goték) thotgc )

Iy r In, r
K K
RON -G

7(P) — H;(P)

Since the operator Ij in the vertical direction is an isometric embedding, we have
(k) A (K « 4k k' v gk k K

HTTE )th o ng )||H;L(p) < |IpoIjo t% ) o F; o t% )HHZ =[[(IpoI}o t% )) o (té ) o F; o té ))||H£.
From Proposition we have

HIh ol o ték)

?—L'SCO for0<k<n

h

where C' is a constant independent of A, f and V. These estimates give also

because of the relation t%"H) =t =1d-> 1, t,gk) and Lemma [6.11] Now Claim (4) is an
immediate consequence of Proposition m (1). From Proposition [6.17| and Lemma m

we have

Iﬁ @) I; @) t%n+1) < 007

17 E) I L T
@121 Hg +(R2‘i)—>®iil Hﬁ(RQd)

Ht%k) o Fh e} ti(ikl)HHg < Ht%k) o t)(‘ik’) o Fh“?’[% + Cht = k¢
if k # k’ and hence Claim (3) follows.

6.5.4 Proof of Claim (5)

Take 0 # u € H; = Im T}gk) for 0 < k < n arbitrarily and set u = I(u). Then we have,

from (6.33)), that

* k - (k . (k
lu— (Lo L) ot ()]s = [Tu(u) — Ly o 77 (W) lagg = llu — 7 () ez )

k < (k € €
= (7" — 2Vl ey < CRENullag (py = CFE|ullag

Hence we can apply the second claim in Proposition to u and obtain Claim (5), noting
that [|[Fpulls; = [[Fhul#;p) by definition.
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6.6 Proof of Theorem 2.21]

In this subsection, we give a proof of Theorem [2.21) on the rough Laplacian. In former part
of the proof, we consider a rough Laplacian Ay, constructed from local data instead of the
geometric rough Laplacian Ay, and prove the claims of Theorem for A;. In the latter
part, we show that we can deform the rough Laplacian A, continuously to A, keeping
the “band structure” of the eigenvalues. This will imply that the cardinality of eigenvalues
in the first (or lowest) band coincides for A, and Aj. We note at this moment that, for
the argument on rough Laplacian below, we do not need Condition (2) in Proposition
6.1] (i.e. ortohogonality of stable and unstable subspaces) in the choice of the coordinate
charts {;}/", in Proposition that is, our argument below holds true for any choice of
coordinate charts {k; f’; , satisfying the conditions other than that condition.

We introduce a rough Laplacian A acting on the space C39(P) of equivariant functions.
We start from the operators on local data. Let

I Iy
AP = P LR, Adw),) = (Agu)it,
=1 i=1

where A, denotes the Euclidean rough Laplacian on R?? defined in Subsection . The
next proposition is an immediate consequence of Lemma [5.18, (So we omit the proof.)

Proposition 6.21. There exist constants C' > 0 and € > 0, independent of h, such that

A (T o Tl gyin, oa a, @, r2qeeey < O (6.34)
We define a rough Laplacian A, acting on C¥(P) by
Ap=TioA,ol, . C¥(P) = C¥ (P). (6.35)

Remark 6.22. Notice that this rough Laplacian operator Ay, is defined by gluing Euclidean
rough Laplacian on local charts and does not coincide with the geometric rough Laplacian
Ay = D*D with respect to a global metric on M defined in Subsection

The operator A defined above is a closed densely defined operator on C%9 (P). Its
domain of definition is by definition

D(A;) = {u € L% (P) | Al < oo},
which becomes a Hilbert space if we equip it with the inner product
(u, U)Aﬁ = (u,v)r2 + (Ah% AH,U)B-

We will write || - ||z, for the corresponding norm. It is easy to see the following Lemma.
(So we omit the proof.)
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Lemma 6.23. The norm || - ||z, above is equivalent to the norm

I 1/2
lullx, = <Z HquAh>

defined in terms of local data, where ||-||a, on the right hand side denotes the norm defined
mn . Consequently we have
Iy,
|uz||2Ah < oo} .
=1

Below we are going to construct the spectral projectors for Ay, corresponding to the
“bands of eigenvalues”. Again we start from local data: We consider the operators

D(A)) = {u c L% (P

k k
EBLQ (R*) ﬁ@ - lan) C@LQ R, @ ((w)imy) = (@ (w))im,

for 0 <k < n, where q,%k) is the operator defined in 1’ Recall 1) for boundedness

of these projection operators. The remainder is denoted as
In In
. 1 ~ 1 1 2
i =a"" :DLERY > DLERY,  g=q" =1 (g +a”+ - +q")

The last operator restricts to a bounded operator

Iy,

@ =a"" PO, a) = @(D(AH)> - llas)-

i=1
We next introduce the operators
N =Togq)! oL Ly (P) — (D). | - ]15,)

for 0 < k < n. These are bounded operators and the operator norms are bounded by a
constant independent of h. For £k =n + 1, we set

A = o g™ oL, =1d — (A0 + AW 4.4 A, (6.36)
Further we can prove the estimates

HXE{“) o A _ X%k)‘ <Ch* for0<k<n+1 (6.37)

LYy (P)=(D(An),IlI5,)
and

AW o 1)

( < CK for 0 <k, k' <n+ lwith k #£ ¥ (6.38)

LY (P)=(D(An), I l5,)
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for some constants € > 0 and C' > 0. (For the case where either of k or k' equals n+ 1, use

the definition (6.36)) to check (6.38)).)

Now we proceed in parallel to the argument in Subsection and obtain the following
lemma.

Lemma 6.24. There exist a decomposition of the Hilbert space (D(A), ]| - l4,)

DA) =HEMEBHD--DH, BN

and that of L3 (P) B
LA(P)=$H@®HH BN ®H DN

where § is the closure ofg in L3, (P). The subspaces $;, for 0 < k < n are of finite

dimension. If we write /\ for projection operators to )y (resp. to $ in the case k=n+1)
along other subspaces, then we have

(1) | = AP < CH for0<k <n,

H(D(éﬁxwuh)

(2) if k#K,
1N 0 A, 0 AL || DA lay,) L2 (P) < O,

(8) if 0 <k <n,

" d
‘ AR o BAy 0 AP — (5 + k) AP

(4) for k =n+1, we have

<C-I,
(D). Hla,) L3 (P)

A o AL (u)]| 2 > (g +k+1-— Che) lullzz  foru e $H=Hnt,

Therefore, by the general theorem on perturbatlon of closed linear operators [23], chap.IV,
th. 1.16], we obtain an analogue of Theorem [2.21] for the rough Laplacian Ay

Theorem 6.25. There exists a small constant € > 0 such that, for any o > 0, we have
. < d
dist (Spec (hAh> N0, o], {5 +k, ke N}n [0,a]> < kS

when £ is sufficiently small.
Further we have

Lemma 6.26. For sufficiently small h > 0, we have

dimH, =dim$He < A ¢=< N for0<k<n.
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Proof. To prove the equality dim Hy = dim $)g, it is enough to check that
rank ngk) = rank )\%k) for 0 < k <mn,
or equivalently ' '
rank &%, 7\ = rank &% ;A" for 0 <k <n.

The latter relation would follow if we show
ell (DA ) ullzz < I (@A) o (@ari?”) o (ShoM) ullze < 1) (@) ullzz

and
ell (Dh0m”) ully < | (S0 ) 0 (DA ) 0 (@4mi?) ullsg < O (Shri” ) ullag

for a constant 0 < ¢ < C, independent of h. But these are immedlate consequences of
Proposition (and the construction of the projection operators Th ) and A (k)
It remains to show

rank \" < h~? for 0 < k < n. (6.39)

For each point x € M, we associate a smooth function

Pz = E‘;ik) (595)

where ¢, is the Dirac measure at the point x. (The right hand side is well-defined and give
a smooth function that concentrates around x.) Consider positive constants 0 < ¢ < C
and take a finite subset of points )5 on M so that the mutual distance between two points
in Qy is in between ¢ - A/ and C' - h'/2. Let

= 0P (p,) |z € Qu} CTm AP,

Note that )\%k)(@p) is close to ¢, from Claim 1 in Proposition m It is not difficult to
check that

(1) if we let the constants ¢, C' large, the subset 2, is linearly independent, and
(2) if we let the constants ¢, C' small, the subset 25, span the whole space Im )\%k)

Indeed, to prove (1), we have only to observe that, if the constants ¢, C are sufficiently
large, the L%-scalar product between different elements ¢,, o,/ in 2; decay rapidly with
respect the distance between the corresponding points x, 2’ (relative to the size £'/2). To
prove (2), we see that, if the constants ¢, C' are sufficiently small, any element of Im /\ék)

well approximated by the linear combinations of the element in 2} and then, by successive
approximation it is really contained in the subspace spanned by 2. Clearly the claims

(1) and (2) imply (6.39). O
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Finally we compete the proof of Theorem [2.21] and Claim 1 of Theorem [I.18 We show
that the operator A, is continuously deformed to the geometric Laplacian A;, keeping
the band structure described in Theorem [6.25| For this purpose, we take a continuous
one-parameter family of splitting of the tangent bundle

T™ = EY ¢ EY
with ¢ € [0, 1] the parameter, such that

° EELO) = F, and EY = E, that is, the splitting above coincides with the hyperbolic
splitting associated to f when ¢t = 0.

e the sub-bundles EE_E ) for t = 1 are O and orthogonal with respect to the Riemann
metric g on M.

: : . I I
Then we consider a continuous deformation {x;.};", of the atlas {x;},", and, correspond-

ingly, the deformation {¢;;;1 < i < I;} of the family {¢;;1 < i < I} of functions so
that the all the conditions in Proposition hold uniformly for ¢ € [0, 1], but with the
sub-bundles E* and E* in the condition (2) replaced by E and E’.

We consider the rough Laplacian Ah,t defined, similarly to A in , from the
Euclidean rough Laplacian on local charts {;,}/*, and the family of functions {¢;s;1 <
i < I}. The argument in the former part of this subsection holds true uniformly for
t € [0, 1], that is, we can consider the spectral projection operators )\gfg, 0<k<n+1,
for Ah,t, which corresponds to /\%k) for A;. Since the deformation is continuous, we see by
homotopy argument that rank )\;;2 = dim )y, , is constant for ¢ € [0,1]. In particular we
have rank )\ék% = rank /\gfg.

Note that the operator Ah,l is close to the geometric rough Laplacian Ay. In fact, since
the derivative (Dk;1)o at the origin is an isometry with respect to the Euclidean metric

on R?? and the Riemann metric g on M, we can check by using the local expression of the
geometric rough Laplacian in Proposition that we have

|h&ns — B = (DA, 1|~ o) = L (P)]| < CI

Therefore, by the perturbation theorem [23 chap.IV, th. 1.16] for closed operators, we
obtain the “band structure” stated in the former part of Theorem We can also see
that the number of eigenvalues of the geometric rough Laplacian Ay = D*D in the k-th
band is same as that for A,. Hence, from Lemma , we obtain the rough upper and
lower bound on the rank of spectral projectors By in Theorem and also Claim (1) of
Theorem [L.18]
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A  Appendix

A.1 Proof of Theorem [1.16] from Theorem [I.18

Assume that Theorem holds true. We will prove Theorem [1.16] Let m > 1 and apply
Theorem to f™ and F§. On the right hand side of (|1.26)) and (|1.27]) we have

+ . Vin(z
T *= SUP (e m()
zeM

(0175, @) " @, 0] )

and
_ 1. - (x m —k m ~1/2
P = Co - inf (7@ (D75 (@) [detDffy, (@)]).
The following arguments using Neumann series for resolvents are very standard. For
0<k<n+1,let Ay :=mpoFyomy: Hr — H. From Theorem [1.18 we have ||Ax|| < r,j’m

and for £k < n we have also HA,;IH < (r,;m)_l. For convenience, we define Tem = 0 if
k=n+1.

Lemma A.1. Let 0 <k <n+1, and z € C with |z| <1, or|z| >r! . Then (z — Ax)
is invertible and its inverse Ra, (2), the resolvent operator, satisfies

1
e EN M)

[Ray (2)

Proof. If |z| > 7, > || Al, then H%H < 1 and we can write a convergent Neuman series

" Ra, ()= (- a0~ =1 (1- ﬂ>1

z zZ

giving

| ||Ak||)‘1 1 !
Ra, (DI < <1 L) T T N
H A ( )H |Z| |Z| (|Z| — ||Ak||) dist (|Z|, [rkayrngr’m})

Similarly if |2| < 7, < HA,;lH_l then we have ||z4;"|| < 1 and a convergent Neuman
series for

Ry, (2) = (2 — Ak)_l = —A,:l (1 — zA,;l)_l
giving
1 1
<

N (XTTRRTE) R CR Gy
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Thus A:=Ay® A1 & ... D A,41 is an operator A : ‘H; — H} and its resolvent satisfies

n+1

INGIEDS !

i dist (I2] [ricm: i)

The operator F{' can be written Fi = A + B with || B|| < Cyhf. We use a standard
“perturbation argument” |36, p.311] to show that if z € C is such that ||[Ra (2)|||B|| <1

then it is not in the spectrum of Fi: z ¢ o (Fﬁ) For this we write

(A.1)

=0 = 2—A-B
= (Z—A)(l—(Z—A)ilB)

hence

-1

(- F;y)_l (- (=A)"B) A

and using Neumann series we deduce:

R (2) ‘ < A= RaGIIBIN T 1Ra (2)l]

hence z is in the resolvent set of ]3’]\,”, ie. z¢ o (FX’,‘)

From (A.1)) and || B|| < Cyh, we see that the condition ||Ra (2)|| || B|| < 1 is satisfied if
for every k € {0,n+ 1}

dist (|z[ , [r,;m,r,:im]) > (n+ 1) Coh°.
and then z ¢ o (F]? . Taking the power 1/m and making & — 0 first and then m — oo
133

we get the result (|

A.2 Proof of Lemma [6.19]

It is enough to show that there exist constants C'; > 0 and C5 > 0 independent of A such
that

(W)\—1 C
[(p-1d —7") ”H;(P) =< min{|p|, |1 — p[} (A.2)
whenever p € C satisfies
min{|p[,[1 — p[} = CA°". (A.3)
In fact, the estimate would imply that, for rq = CsA¢,
175 =33l = / plp-1d = 73") " dp - / (p-1d = 7")dp
lp—1|=ro,lp|=ro lo—1|=ro i (P)

p—1)(p-1d—7")1dp

S

< ’

/ plp-1d —#7)"dp
lpl=ro

SQCl'TOIQCI'CQ'hG.

M lo—1|=ro
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To prove (A.2), we may and do assume |p| < 2||7:}§k)||Hg(P) because the claim is trivial
otherwise. Take u € Hj(P) arbitrarily. From the assumption made in the preceding
sentence, we have

k . (k . (k - (k - (k
Vo 7 ullar ey < Nl0%u — pi P ullagg ey + 17 (o — 750) g )

- (k < (k
< (ol + 15 sz cey) - (o - 1d = 7|34z )
. (k
< 3[|7]

pPu — 7

. (k
wpy 1o - 1d = 7 Yl ).

On the other hand, from (6.28)), we have
l0?u =7 0 5 ullagey = 0*u = 7 ullage) = C - e ulliger
> [p(p = DI - lullagey = 1o - 1d = 5 ullaggepy = C - Bl
Hence we obtain the estimate
(lop = DI = €~ 1) - [lullsg; < GIR lgey + 1) - 1o 1d = 7l
for some constant C" > 0. If we choose Cy so large that Cy > 4C”, the assumption

implies

min{ ||, |1 — pl}.

e~ =

1 )

plp = DI = C -1 = g minglp|, [1 = p[} = C- 7 2

Therefore, with such choice of Cy, the inequality (A.2]) holds if we let
Cr >4 (3117 ey + 1),

recalling that H%,,Ek) |37 (p) is bounded by a constant independent of /.
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