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Abstract

The efficiency of the penalization methods ([6]) depends strongly on a tuning param-

eter due to the fact that it controls the extent of penalization. Therefore, it is important

to select it appropriately. In general, tuning parameters are chosen by data-driven ap-

proaches, such as the commonly used generalized cross validation. In this article, we

propose an alternative method for the derivation of the tuning parameter selector in pe-

nalized least squares framework, which can lead to an ameliorated estimate. Simulation

studies are presented to support theoretical findings and a comparison of the Type I and

Type II error rates, considering the L1, the hard thresholding and the Smoothly Clipped

Absolute Deviation penalty functions, is performed. The results are given in tables and

discussion follows.

Key words and phrases: Penalized least squares, tuning parameter, error estimation,

generalized cross validation.

AMS Subject Classification: Primary 62J05, 62-07, Secondary 62K15

1 Introduction

The penalized least squares approach [6] has been consistently demonstrated to be an attrac-

tive regression shrinkage and selection method. This procedure is different from traditional

approaches of variable selection in that it selects the significant variables and estimate re-

gression coefficients simultaneously. The produced estimators are as efficient as the oracle

estimator. In addition, insignificant variables are deleted by estimating their coefficients as

0. Recent related studies include [5], [7], [9] and [10].
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However, the efficiency of this methodology depends on appropriately choosing the tuning

parameter which is involved in the penalty functions. Several methods are useful to select

the tuning parameter. They are established through the use of an appropriate criterion.

The minimization of this criterion with respect to the tuning parameter, can lead to the

desirable selector. Data-driven approaches, such as cross validation (CV) and generalized

cross validation (GCV) [4] are the most known existing methods. In this work, we are based in

the estimates of the norm of the error in the solution of systems of linear equations, proposed

by C. Brezinski et al. [2], [3]. The authors showed that it is possible to use these estimates

as a regularization parameter selection method, by suitably adapting its expression to the

chosen regularization technique. For this reason, they developed particular representations of

it, specially suited to some classical regularization methods, such as Tikhonov regularization.

This prompted us to derive a formula, which by minimization, can produce a tuning parameter

selector in penalized least squares framework.

This paper is organized as follows: The error estimates introduced in [2] and [3] will be

briefly discussed in Section 2. In Section 3 we modulate these estimates in order to obtain

a tuning parameter selection method. In Section 4, we use some simulation experiments

and we give the averages of the Type I and Type II errors derived from penalized least

squares methodology, using our method and generalized cross validation to estimate the

tuning parameter. The presented results are discussed and some comments, derived from the

methods’ comparison, are given. In Section 5, some general conclusions are presented.

2 Error estimates for linear systems

C. Brezinski et al. [2] studied several estimates for the norm of the error in the solution of

systems of linear equations. They also extended these estimates in [3] to the least squares

problem

min
x∈Rn

‖Ax− b‖ (1)

where A ∈ Rm×n is ill-conditioned and b ∈ Rm is a data vector which is considered to be

contaminated by random noise with zero mean, so that the use of a regularization method

is necessary in order to obtain feasible results. In contrast with their previous work [2], they

imposed no restrictions on m and n, thus allowing either m ≥ n or m < n.

Consider the least squares problem (1), with A ∈ Rm×n, rank(A) = r ≤ min(m,n) and

let x∗ be the normal solution of (1). Denote also by x any approximate solution of (1) and

consider the error vector e = x∗ − x, the corresponding residual r = b−Ax and the normal

residual ρ = AT r. Let also A = UΣV T be the singular value decomposition (SVD) of A [8],

with

U = [u1, . . . ,um], ui ∈ Rm, UTU = Im,

2
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V = [v1, . . . ,vn], vi ∈ Rn, V TV = In,

Σ =

(
Σr 0

0 0

)
∈ Rm×n,Σr = diag(σ1, . . . , σr),

and σ1 ≥ . . . ≥ σr > 0. C. Brezinksi et al. proposed the following estimate of the norm of

the error

‖e‖2 ' η2ν = dν−10 d5−2ν1 dν−32 , ν ∈ R (2)

where

d0 = ‖r‖2 = ‖UT r‖2 =
m∑
i=1

α2
i

d1 = ‖ρ‖2 = ‖AT r‖2 =
r∑
i=1

σ2i α
2
i

d2 = ‖Aρ‖2 = ‖AAT r‖2 =

r∑
i=1

σ4i α
2
i (3)

and αi = uTi r. For more details regarding the derivation of the aforementioned estimate, as

well as its application to various regularization methods such as Tikhonov regularization, the

interested reader is referred to [3].

3 Tuning parameter selection

We now consider the case of the linear regression model y = Xβ + ε, where y is an n × 1

vector, X is an n× d matrix and ε= (ε1, ε2, . . . , εn)′ is the n× 1 vector of iid random errors,

where εi ∼ N(0, σ2) for all i = 1, 2, . . . , n. The least squares estimate β̂ is obtained via

minimizing ‖y−Xβ‖2.
Fan and Li [6] proposed a family of variable selection procedures via penalized least squares

and nonconcave penalized likelihood. These new methods select the significant variables and

estimate regression coefficients simultaneously. In their paper, a form of the penalized least

squares is

1

2
(y−Xβ)T (y−Xβ) + n

d∑
j=1

pλ(|βj |), (4)

where pλ(.) is a penalty function and λ is an unknown thresholding parameter, which can

be chosen by data-driven approaches, such as cross-validation (CV) and generalized cross-

validation (GCV, see [4]). Minimizing (4) with respect to β leads to a penalized least squares

estimator of β. The most common penalties are the L1 penalty pλ(|β|) = λ|β| which results in

the Least Absolute Shrinkage and Selection Operator method (LASSO, see [11]), and the hard

3
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thresholding penalty pλ(|β|) = λ2 − (|β| − λ)2I(|β| < λ) (see [1]), where I(·) is an indicator

function. However, these penalties do not simultaneously satisfy the necessary mathematical

conditions for unbiasedness, sparsity and continuity. Therefore, Fan and Li [6] proposed the

continuous differentiable penalty function, known as Smoothly Clipped Absolute Deviation

penalty (SCAD), the first derivative of which is defined by

p′λ(β) = λ
{
I(β ≤ λ) +

(αλ− β)+
(α− 1)λ

I(β > λ)
}
, (5)

for some β > 0 and α > 2, with pλ(0) = 0. For the choice of α, according to the relevant

literature, the value α ≈ 3.7 appears to perform quite satisfactorily in numerous variable

selection problems. Compendiously, the penalized least squares estimator is obtained as

follows.

Suppose that we are given an initial value β(0) that is close to the true value of β. When

β
(0)
j is not very close to 0, the penalty pλ(|βj |) can be locally approximated by a quadratic

function as

[pλ(|βj |)]′ = p′λ(|βj |)sgn(βj) ≈ {p′λ(|β(0)j |)/|β
(0)
j |}βj , (6)

otherwise, set β̂j = 0. With the local quadratic approximation, the solution for the penalized

least squares can be found by iteratively computing the following ridge regression with an

initial value β(0):

β(1) = [XTX + n
∑

λ
(β(0))]−1XTy, (7)

where
∑

λ(β(0)) = diag{p′λ(|β(0)1 |)/|β
(0)
1 |, . . . , p′λ(|β(0)d∗ |)/|β

(0)
d∗ |}. We note that d∗ is the number

of statistical significant factors, for the other factors the corresponding penalty is 0. The

estimators from the full models can be used as initial estimators, as long as they are not

overly parameterized.

Motivated by C. Brezinski et al. work, we now propose a new method for estimating the

parameter λ. The solution of (4) is determined by

[XTX + n
∑

λ
(β(0))]β(1) = XTy, (8)

which implies the relation

XT rλ = n
∑

λ
(β(0))β(1), (9)

where rλ = y−Xβ(1). Moreover, by using our matrix notation and equations (3), the estimate

(2) becomes

ην(λ) = ‖rλ‖ν−1 · ‖XT rλ‖5−2ν · ‖XXT rλ‖ν−3, ν ∈ R. (10)

Hence, substituting XT rλ by n
∑

λ(β(0))β(1) in (10), we have the following formula

ην(λ) = ‖rλ‖ν−1 · ‖n
∑

λ
(β(0))β(1)‖5−2ν · ‖Xn

∑
λ
(β(0))β(1)‖ν−3, ν ∈ R. (11)

4
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A proper minimization of (11) can lead to an ameliorated estimate of λ. Specifically, we start

with a chosen interval containing the initial values of λ. For each λ, we use the Fan and Li

algorithm [6] so as to compute a solution β(1) and then we evaluate the norm of the error by

formula (11). We note that in our formula, β(0) is the before-last value when implementing

the Fan and Li algorithm. The parameter which minimizes (11) is the finally chosen tuning

parameter. We also note that, in the case when the produced penalties are all zeros, instead

of (11), we minimize the initial expression (10). Otherwise, the diagonal matrix
∑

λ(β(0))

would contain only zero elements and as a result, equation (11) would not be applicable.

4 Simulation results

To compare the performance of the proposed method we applied simulations for a wide range

of underlying models and for five statistical designs and two simulated datasets. We used three

different penalty functions, the hard penalty, the L1 penalty (LASSO) and the SCAD penalty,

with two different approaches for estimating the thresholding parameter λ: The generalized

cross validation (gcv) and our method (ην(λ)) as an alternative. A 25 factorial design (FD),

a 28−2 and a 210−3 fractional factorial of resolution V design (FFD), an OA(18,7,3,2) and

an OA(27,13,3,2) are included in our simulations. In addition, the first simulated dataset

(denoted as dataset 1) has 100 rows and 10 columns, the first six components (columns)

of which are standard normal. The last four are independently identically distributed as a

Bernoulli distribution with probability of success 0.5. The second dataset (denoted as dataset

2) has also 100 rows and 10 columns and all its components are independently identically

distributed as a U(0,20).

For our simulation experiments, we developed linear models with coefficients taking values

randomly selected from −5 to 5. When a generated coefficient was ”almost zero” then it

was replaced by 50% of the maximum coefficient. The distribution of the contrasts is not

effected by the coefficients magnitude but it depends on the relative size of the coefficients.

An εi ∼ N(0, 1) for all i = 1, 2, . . . , n random error has been added to each corresponding

observation yi. Only main effects models were considered in the simulations. The true active

variables were also selected randomly, according to the uniform distribution, from the set

of {1, . . . , d} potentially active factors, with respect to the number of active variables of the

design matrix. The coefficients of the non-active variables, in the true model, were set equal

to zero. The necessary parameter α for the used methods was selected according to the

suggestion in the original paper it appears. Specifically, we chose α = 3.7. We initially set

the level of significance to be 0.1 for both F-enter and F-remove in the stepwise variable

selection procedure for choosing an initial value for the penalized least squares procedures

with SCAD, LASSO and hard penalties. However, this choice could affect the penalized

5
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methods’ performance, as well as our results. Therefore we also investigated the case in

which the level of significance is set to be 0.05 for both F-enter and F-remove and also the

case when it is set to be 0.05 for F-enter and 0.1 for F-remove.

The parameter ν can take every real value. C. Brezinski et al. [3] found out that, for

solving discrete ill-posed problems by Tikhonov regularization, it is better to choose ν ≥ 2.

This is probably due to the need of giving a sufficient weight to the residual ‖rλ‖ in the

expression of ην(λ). Our simulations prompted us to choose ν ≥ 3 in order to gain the best

results. Therefore, we used the value ν = 4 in all our simulations, which were conducted

using MATLAB codes. We must stress that, due to the fact that gcv also uses some initial

values of λ in its routine, the same values were given in both methods, in order to make a

strict and fair comparison of them.

In Tables 1-21, the results obtained by our simulations are presented. Specifically, in the

first column of these tables the specific type of the used design or dataset is presented. In the

second column, the number of true active factors q used in the simulated models is shown. In

the next columns we present the Type I and Type II error rates for the compared methods.

These are the penalized least square approach with the SCAD penalty (SCAD), L1 penalty

(LASSO) and hard thresholding penalty (Hard), using the gcv and the proposed, in this

paper approach, ην(λ), as a thresholding parameter selection method. For each design type

and simulated dataset and for each number of the active factors, we randomly (concerning

the active variables included in the model and their coefficients) developed 1000 linear models

and used them to evaluate the methods.

Simulation results for the case when the level of significance is 0.1 for both

F-enter and F-remove

Table 1. Methods performance for random model coefficients using 1000

simulations in a two level factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

25FD 1 0.12 0.00 0.00 0.00 0.11 0.00 0.03 0.00 0.11 0.00 0.01 0.00

2 0.11 0.00 0.01 0.00 0.10 0.00 0.02 0.00 0.10 0.00 0.01 0.00

3 0.10 0.00 0.00 0.00 0.11 0.00 0.02 0.00 0.11 0.00 0.01 0.00

4 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

Table 2. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

28−2FFD 1 0.11 0.00 0.00 0.00 0.10 0.00 0.02 0.00 0.11 0.00 0.01 0.00

2 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.11 0.00 0.01 0.00

3 0.11 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.10 0.00 0.01 0.00

4 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

5 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.10 0.00 0.00 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

7 0.11 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.12 0.00 0.01 0.00

6
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Table 3. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

210−3FFD 1 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.10 0.00 0.00 0.00

2 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.00 0.00

3 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00

4 0.10 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.11 0.00 0.00 0.00

5 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

7 0.11 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00

8 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

9 0.11 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.09 0.00 0.01 0.00

Table 4. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(18,7,3,2) 1 0.13 0.00 0.00 0.00 0.13 0.00 0.07 0.00 0.13 0.00 0.04 0.00

2 0.12 0.00 0.01 0.03 0.13 0.00 0.06 0.01 0.13 0.00 0.04 0.01

3 0.12 0.00 0.01 0.03 0.13 0.00 0.07 0.01 0.12 0.00 0.04 0.00

4 0.12 0.00 0.01 0.02 0.12 0.00 0.07 0.00 0.12 0.00 0.03 0.01

5 0.10 0.00 0.01 0.02 0.11 0.00 0.09 0.00 0.12 0.00 0.04 0.01

6 0.11 0.00 0.01 0.02 0.11 0.00 0.09 0.00 0.12 0.00 0.05 0.00

Table 5. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(27,13,3,2) 1 0.14 0.00 0.00 0.00 0.14 0.00 0.06 0.00 0.14 0.00 0.03 0.00

2 0.14 0.00 0.01 0.01 0.14 0.00 0.05 0.00 0.14 0.00 0.03 0.00

3 0.13 0.00 0.00 0.01 0.13 0.00 0.04 0.00 0.14 0.00 0.03 0.00

4 0.13 0.00 0.00 0.01 0.14 0.00 0.05 0.00 0.14 0.00 0.04 0.00

5 0.13 0.00 0.01 0.01 0.13 0.00 0.06 0.00 0.12 0.00 0.03 0.00

6 0.13 0.00 0.01 0.01 0.12 0.00 0.06 0.00 0.13 0.00 0.03 0.00

7 0.13 0.00 0.01 0.01 0.12 0.00 0.07 0.00 0.13 0.00 0.03 0.00

8 0.11 0.00 0.01 0.01 0.11 0.00 0.08 0.00 0.12 0.00 0.03 0.00

9 0.11 0.00 0.01 0.01 0.12 0.00 0.08 0.00 0.11 0.00 0.04 0.00

10 0.11 0.00 0.01 0.01 0.12 0.00 0.09 0.00 0.12 0.00 0.04 0.00

11 0.11 0.00 0.01 0.00 0.09 0.00 0.08 0.00 0.10 0.00 0.03 0.00

12 0.11 0.00 0.00 0.00 0.11 0.00 0.10 0.00 0.11 0.00 0.04 0.00

Table 6. Methods performance for random model coefficients using 1000

simulations in dataset 1

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 1 1 0.10 0.00 0.00 0.00 0.10 0.00 0.02 0.00 0.09 0.00 0.02 0.00

2 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

3 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

4 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

5 0.11 0.00 0.00 0.00 0.09 0.00 0.02 0.00 0.10 0.00 0.02 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.02 0.00 0.10 0.00 0.02 0.00

7 0.10 0.00 0.00 0.00 0.09 0.00 0.02 0.00 0.09 0.00 0.02 0.00

8 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

9 0.11 0.00 0.00 0.00 0.10 0.00 0.02 0.00 0.11 0.00 0.02 0.00
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Table 7. Methods performance for random model coefficients using 1000

simulations in dataset 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 2 1 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.02 0.00

2 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.02 0.00

3 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.02 0.00

4 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

5 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.02 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.01 0.00

7 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.01 0.00

8 0.09 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

9 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.01 0.00

Simulation results for the case when the level of significance is 0.05 for both

F-enter and F-remove

Table 8. Methods performance for random model coefficients using 1000

simulations in a two level factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

25FD 1 0.06 0.00 0.00 0.00 0.05 0.00 0.02 0.00 0.06 0.00 0.01 0.00

2 0.06 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.06 0.00 0.01 0.00

3 0.05 0.00 0.01 0.00 0.06 0.00 0.01 0.00 0.05 0.00 0.01 0.00

4 0.06 0.00 0.01 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.00 0.00

Table 9. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

28−2FFD 1 0.05 0.00 0.00 0.00 0.05 0.00 0.02 0.00 0.05 0.00 0.00 0.00

2 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.00 0.00

3 0.05 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.06 0.00 0.01 0.00

4 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00

5 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.06 0.00 0.01 0.00

6 0.05 0.00 0.00 0.00 0.04 0.00 0.00 0.00 0.05 0.00 0.01 0.00

7 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.06 0.00 0.01 0.00

Table 10. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

210−3FFD 1 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.00 0.00

2 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.00 0.00

3 0.04 0.00 0.00 0.00 0.06 0.00 0.01 0.00 0.05 0.00 0.01 0.00

4 0.06 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.05 0.00 0.00 0.00

5 0.06 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.05 0.00 0.00 0.00

6 0.06 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00

7 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.06 0.00 0.01 0.00

8 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.05 0.00 0.00 0.00

9 0.05 0.00 0.00 0.00 0.06 0.00 0.00 0.00 0.06 0.00 0.01 0.00
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Table 11. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(18,7,3,2) 1 0.07 0.00 0.01 0.03 0.07 0.00 0.04 0.00 0.06 0.01 0.03 0.01

2 0.06 0.00 0.00 0.03 0.06 0.01 0.03 0.01 0.06 0.00 0.03 0.00

3 0.07 0.00 0.01 0.02 0.06 0.00 0.04 0.00 0.06 0.00 0.04 0.00

4 0.05 0.00 0.01 0.02 0.06 0.00 0.06 0.00 0.05 0.01 0.03 0.01

5 0.06 0.01 0.01 0.02 0.06 0.00 0.06 0.00 0.06 0.01 0.04 0.01

6 0.05 0.01 0.01 0.02 0.06 0.01 0.06 0.01 0.05 0.01 0.04 0.01

Table 12. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(27,13,3,2) 1 0.07 0.00 0.00 0.02 0.07 0.00 0.04 0.00 0.07 0.00 0.03 0.00

2 0.07 0.00 0.00 0.01 0.07 0.00 0.03 0.00 0.06 0.00 0.03 0.00

3 0.07 0.00 0.01 0.01 0.07 0.00 0.03 0.00 0.06 0.00 0.03 0.00

4 0.06 0.00 0.01 0.01 0.07 0.00 0.03 0.00 0.07 0.00 0.03 0.00

5 0.06 0.00 0.00 0.01 0.06 0.00 0.04 0.00 0.06 0.00 0.03 0.00

6 0.06 0.00 0.01 0.01 0.06 0.00 0.04 0.00 0.06 0.00 0.03 0.00

7 0.06 0.00 0.01 0.01 0.06 0.00 0.05 0.00 0.05 0.00 0.03 0.00

8 0.06 0.00 0.01 0.00 0.06 0.00 0.05 0.00 0.05 0.00 0.03 0.00

9 0.06 0.00 0.01 0.00 0.06 0.00 0.06 0.00 0.05 0.00 0.03 0.00

10 0.06 0.01 0.00 0.01 0.07 0.01 0.06 0.01 0.06 0.00 0.03 0.00

11 0.05 0.03 0.01 0.03 0.05 0.03 0.05 0.02 0.05 0.03 0.03 0.03

12 0.05 0.08 0.01 0.08 0.05 0.08 0.04 0.07 0.05 0.07 0.03 0.07

Table 13. Methods performance for random model coefficients using 1000

simulations in dataset 1

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 1 1 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

2 0.04 0.00 0.00 0.00 0.06 0.00 0.01 0.00 0.05 0.00 0.02 0.00

3 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

4 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

5 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

6 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

7 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

8 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.02 0.00

9 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.04 0.00 0.01 0.00

Table 14. Methods performance for random model coefficients using 1000

simulations in dataset 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 2 1 0.05 0.00 0.00 0.00 0.05 0.00 0.02 0.00 0.05 0.00 0.01 0.00

2 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

3 0.04 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

4 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

5 0.06 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

6 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

7 0.05 0.00 0.00 0.00 0.05 0.00 0.01 0.00 0.05 0.00 0.01 0.00

8 0.06 0.00 0.00 0.00 0.06 0.00 0.01 0.00 0.05 0.00 0.01 0.00

9 0.05 0.00 0.00 0.00 0.04 0.00 0.01 0.00 0.06 0.00 0.01 0.00
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Simulation results for the case when the level of significance is 0.05 for F-enter

and 0.1 for F-remove

Table 15. Methods performance for random model coefficients using 1000

simulations in a two level factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

25FD 1 0.06 0.00 0.00 0.00 0.06 0.00 0.03 0.00 0.06 0.00 0.01 0.00

2 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.12 0.00 0.01 0.00

3 0.11 0.00 0.01 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

4 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00 0.12 0.00 0.01 0.00

Table 16. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

28−2FFD 1 0.07 0.00 0.00 0.00 0.07 0.00 0.02 0.00 0.07 0.00 0.01 0.00

2 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.11 0.00 0.00 0.00

3 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.00 0.00

4 0.11 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.10 0.00 0.00 0.00

5 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00

6 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.11 0.00 0.01 0.00

7 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

Table 17. Methods performance for random model coefficients using 1000

simulations in a two level fractional factorial design

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

210−3FFD 1 0.08 0.00 0.00 0.00 0.08 0.00 0.02 0.00 0.07 0.00 0.00 0.00

2 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.00 0.00

3 0.12 0.00 0.00 0.00 0.12 0.00 0.01 0.00 0.11 0.00 0.00 0.00

4 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

5 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.09 0.00 0.00 0.00

7 0.10 0.00 0.00 0.00 0.11 0.00 0.00 0.00 0.10 0.00 0.00 0.00

8 0.11 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00

9 0.10 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.11 0.00 0.00 0.00

Table 18. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(18,7,3,2) 1 0.08 0.00 0.01 0.04 0.08 0.00 0.04 0.00 0.08 0.00 0.04 0.00

2 0.13 0.01 0.01 0.02 0.12 0.01 0.05 0.01 0.12 0.00 0.03 0.00

3 0.13 0.00 0.01 0.03 0.12 0.00 0.06 0.00 0.12 0.00 0.04 0.00

4 0.13 0.00 0.01 0.02 0.12 0.00 0.08 0.00 0.11 0.01 0.04 0.01

5 0.10 0.00 0.01 0.02 0.10 0.00 0.08 0.00 0.11 0.00 0.04 0.00

6 0.09 0.00 0.01 0.02 0.11 0.00 0.09 0.00 0.10 0.01 0.03 0.01
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Table 19. Methods performance for random model coefficients using 1000

simulations in a three level orthogonal array of strength 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Design Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

OA(27,13,3,2) 1 0.10 0.00 0.00 0.02 0.10 0.00 0.05 0.00 0.10 0.00 0.03 0.00

2 0.14 0.00 0.00 0.01 0.14 0.00 0.05 0.00 0.14 0.00 0.04 0.00

3 0.14 0.00 0.01 0.01 0.13 0.00 0.04 0.00 0.13 0.00 0.03 0.00

4 0.13 0.00 0.01 0.01 0.14 0.00 0.05 0.00 0.13 0.00 0.03 0.00

5 0.14 0.00 0.01 0.01 0.14 0.00 0.06 0.00 0.14 0.00 0.03 0.00

6 0.12 0.00 0.01 0.01 0.13 0.00 0.07 0.00 0.13 0.00 0.03 0.00

7 0.13 0.00 0.01 0.01 0.12 0.00 0.08 0.00 0.12 0.00 0.04 0.00

8 0.12 0.00 0.01 0.01 0.12 0.00 0.09 0.00 0.12 0.00 0.03 0.00

9 0.12 0.00 0.01 0.00 0.11 0.00 0.08 0.00 0.11 0.00 0.03 0.00

10 0.11 0.01 0.01 0.01 0.12 0.01 0.10 0.01 0.11 0.00 0.04 0.00

11 0.11 0.01 0.01 0.01 0.11 0.02 0.10 0.02 0.10 0.02 0.04 0.02

12 0.10 0.04 0.00 0.04 0.09 0.03 0.08 0.03 0.10 0.03 0.04 0.03

Table 20. Methods performance for random model coefficients using 1000

simulations in dataset 1

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 1 1 0.07 0.00 0.00 0.00 0.06 0.00 0.01 0.00 0.06 0.00 0.01 0.00

2 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

3 0.11 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.02 0.00

4 0.10 0.00 0.00 0.00 0.09 0.00 0.01 0.00 0.10 0.00 0.02 0.00

5 0.09 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.02 0.00

6 0.10 0.00 0.00 0.00 0.10 0.00 0.02 0.00 0.10 0.00 0.03 0.00

7 0.09 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.02 0.00

8 0.10 0.00 0.00 0.00 0.11 0.00 0.02 0.00 0.10 0.00 0.02 0.00

9 0.10 0.00 0.00 0.00 0.11 0.00 0.02 0.00 0.11 0.00 0.02 0.00

Table 21. Methods performance for random model coefficients using 1000

simulations in dataset 2

q SCAD(gcv) SCAD(ην(λ)) LASSO(gcv) LASSO(ην(λ)) Hard(gcv) Hard(ην(λ))

Dataset Factors Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II Type I Type II

Dataset 2 1 0.07 0.00 0.00 0.00 0.07 0.00 0.02 0.00 0.07 0.00 0.01 0.00

2 0.10 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.10 0.00 0.02 0.00

3 0.11 0.00 0.00 0.00 0.11 0.00 0.01 0.00 0.10 0.00 0.02 0.00

4 0.10 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.10 0.00 0.01 0.00

5 0.10 0.00 0.00 0.00 0.09 0.00 0.01 0.00 0.11 0.00 0.02 0.00

6 0.10 0.00 0.00 0.00 0.09 0.00 0.01 0.00 0.10 0.00 0.01 0.00

7 0.10 0.00 0.00 0.00 0.09 0.00 0.01 0.00 0.10 0.00 0.02 0.00

8 0.09 0.00 0.00 0.00 0.09 0.00 0.01 0.00 0.10 0.00 0.01 0.00

9 0.09 0.00 0.00 0.00 0.10 0.00 0.01 0.00 0.09 0.00 0.01 0.00

In the following remark, we quote some general conclusions, which can be obtained from

the Type I and Type II error rates, appeared in the above tables.

Remark. From the Tables 1-21, we extract the following conclusions:

1. The improvement of Type I error rates is obvious and extremely satisfactory when

implementing our method for selecting the thresholding parameter.

2. Concerning the rates of Type II errors, they generally remain at the zero level, regardless

of the thresholding parameter selection method we use. There is only a negligible

difference when we use the two OAs.
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3. Between the penalized methods with the use of ην(λ), we notice that when the design

matrix is one of the five statistical designs, the rate of the Type I error is lower in the

SCAD(ην(λ)) method, followed by the Hard(ην(λ)) method and then the LASSO(ην(λ))

method. On the other hand, the rate of the Type II error (at the expense of the Type

I error) is lower, when using the LASSO(ην(λ)) method, followed by an almost equal

performance of the Hard(ην(λ)) method. The SCAD(ην(λ)) method has a slightly

different Type II error rate in the case of the two OAs. However, when we use the two

simulated datasets, the LASSO(ην(λ)) and the Hard(ην(λ)) method have an almost

equal performance and the SCAD(ην(λ)) method has both error rates equal to zero.

4. The important advantage when using our approach to select the parameter λ, is that

the penalized methods (apart from the LASSO(ην(λ)) method in the case of the two

OAs) have a stable performance with both error rates generally at an almost zero level,

regardless of the growth of the important factors.

5. Moreover, the alteration in the value of the significance level for F-enter and F-remove in

the stepwise variable selection procedure does not substantially affect the performance

of the penalized methods when using ην(λ). We only observe a slight increase in the

Type II error rates as the number of the true active factors grows, but only for the case

when we use the OA(27,13,3,2), which however, are almost equal with the Type II error

rates of gcv. Therefore, the selection of the significance level is left to the decision of

the experimenters.

5 Concluding Remarks

In this paper we extend the estimates given in [2] and [3] of the norm of the error in the

solution of systems of linear equations, to the case of penalized least squares. We derive a

new expression which by minimization can lead to an estimate of parameter λ. The choice

of this parameter is very crucial because it controls the extent of penalization. In addition,

it influences the magnitude of Type I and Type II error rates of the penalized methods.

There is always a cost of declaring an inactive factor to be active (Type I error), and a cost of

declaring an active effect to be inactive (Type II error). As a result, one must keep these error

rates at a low level. To this end, generalized cross validation is essentially used. Despite its

popularity and effectiveness, our simulations highlight that our method is a quite trustworthy

procedure, as it produces low error rates, which in general are at a zero level. Moreover, it is

easy to implement. Therefore, it could be considered an effective alternative.
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Letter to the Referees concerning our revision of the submission LSSP-2011-0018

Tuning parameter estimation in penalized least squares methodology

by E. Androulakis, C. Koukouvinos and K. Mylona.

This letter describes the revision of our LSSP-2011-0018 submission entitled ”Tuning

parameter estimation in penalized least squares methodology” according to the requests of

the referee’s report. Taking into consideration the points you kindly mentioned at your report

we give a response as follows:

We left the reference [1], as it is used in order to cite the hard thresholding penalty. Please

see page 4, line 1.

1

Page 16 of 15

URL: http://mc.manuscriptcentral.com/lssp E-mail:  comstat@univmail.cis.mcmaster.ca

Communications in Statistics - Simulation and Computation

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60


