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STRONG EXISTENCE AND UNIQUENESS FOR STOCHASTIC DIFFERENTIAL
EQUATION WITH HOLDER DRIFT AND DEGENERATE NOISE

P.E. CHAUDRU DE RAYNAL

ABSTRACT. In this paper, we prove pathwise uniqueness for stochastic degenerate systems with a
Hélder drift, for a Holder exponent larger than the critical value 2/3. This work extends to the
degenerate setting the earlier results obtained by Zvonkin [Zvo74], Veretennikov [Ver80], Krylov and
Rockner [KRO5] from non-degenerate to degenerate cases. The existence of a threshold for the Holder
exponent in the degenerate case may be understood as the price to pay to balance the degeneracy of
the noise. Our proof relies on regularization properties of the associated PDE, which is degenerate in
the current framework and is based on a parametrix method.

1 Introduction

Let T belongs to R™* and d to N*, we consider the following R? x R? system for any ¢ in [0, T7:

{ dX} = By (t, X}, X2)dt + o(t, X}, X)Wy, X} = x4, (1.1)

dX? = Fy(t, X}, X?)dt, X2 = 29,
where (Wy,t > 0) is a standard d-dimensional Brownian motion defined on some filtered probability
space (Q, F,P, (Fi)i>0) and Fy, Fy, o : [0,T] x RY x R? — R? x RY x My(R) (the set of real d x d
matrices) are measurable functions. The diffusion matrix a := oo™ is supposed to be uniformly elliptic.

Wy »

The notation “x” stands for the transpose.

In this paper, we investigate the well posedness of (1.1) outside the Cauchy-Lipschitz framework.
Notably, we are interested in the strong posedness, i.e strong existence and uniqueness of a solution.
Strong existence means that there exists a process (Xi, X?, 0 < t < T) adapted to the filtration
generated by the Brownian motion (W;, 0 < ¢ < T') which satisfies (1.1). Strong uniqueness means
that, if two processes satisfy this equation with the same initial conditions, their trajectories are al-
most surely indistinguishable. Here, we show that under a suitable Holder assumption on the drift
coefficients and Lipschitz condition on the diffusion matrix, the strong well-posedness holds for (1.1).

It may be a real challenge to prove the existence of a unique solution for a differential system without
Lipschitz conditions on the coefficients. For example, in [DL89], DiPerna and Lions showed that under
integrability conditions on b, Vb and div(b), the integral equation: Y; = fg b(s,Ys)ds, Yo =y admits
a unique solution defined as a regular Lagrangian flow (see [DL89] for the definition of such a solution).

In a stochastic case, the first result in this direction is due to Zvonkin. In [Zvo74], the author
showed that the strong well-posedness holds for the one-dimensional system

t
Y, / b(s, Yu)ds + Wi, Yo—y € [0,T], (1.2)
0

for a measurable function b in LL°°. Then, Veretennikov [Ver80] generalized this result to the multi-
dimensional case and Krylov and Rockner showed in [KRO05] the strong well-posedness for b in
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2 P.E. CHAUDRU DE RAYNAL

L{)OC, p > d. There are some extensions of these works and we refer the reader to the paper of
Zhang [Zha05] and references therein for a summary of the results. Finally, when b is a measurable
and bounded function, Davie showed in [Dav07] that for almost every Brownian path, there exists a
unique solution for the system (1.2). We emphasize that this result implies the strong uniqueness, but
the converse is not true. Indeed, in such a case, there exists an a priori set Q' C Q with P(?) =1
such that for all w in Q" the solution of (1.2) is unique.

All these results rely on the regularization of differential systems by adding a non-degenerate noise,
and we refer to [Flall] for a partial revue on this subject. In (1.1), the noise added is completely
degenerate w.r.t the degenerate component X?2. This sort of system has also been studied by Vereten-
nikov. When the drift is measurable and bounded and the diffusion matrix is Lipschitz w.r.t the
non-degenerate component X!, besides if they are two times continuously differentiable functions
with bounded derivatives w.r.t the degenerate component, the author showed in [Ver83] that the
strong well-posedness holds. Therefore, he did not consider the regularization in the degenerate di-
rection.

Their proofs rely on the deep connection between SDEs and PDEs (see [Bas98] or [Fri06] for a
partial revue in the elliptic and parabolic cases). The generator associated to the Markov process Y is
a linear partial differential operator of second order (usually denoted by £) with the transition density
of Y as fundamental solution. As explained by Fedrizzi and Flandoli in [FF11]: “if we have a good
theory for the PDE:

%u +Lu=®, on [0,T] ur=0, (1.3)

where the source term ® has the same regularity as the drift, then, we have the main tools to prove
strong uniqueness”.

In this paper, we show that the noise regularizes, even in the degenerate direction, by means of the
random drift. Unfortunately, there is a price to pay to balance the degeneracy of the noise. First, the
drift must be at least 2/3-Holder continuous w.r.t the degenerate component. We do not know how
sharp is this critical value, but it is consistent with our approach. Secondly, the drift F5 of the second
component must be Lipschitz continuous w.r.t the first component and its derivative in this direction
has to be uniformly non degenerate: this allows the drift to regularize.

Our proof also relies on regularization properties of the associated PDE, and the “good theory” is
here a “strong theory”: a Lipschitz bound on the solution of (1.3) and on its derivative w.r.t the first
component. In our case, the generator £ is given by: for all 1) in CH21(]0, 7] x R? x R% R%):

Lap(t,xy,x9) = %Tr(a(t,xl,xg))Dfﬂlw(t,xl,xg)) + [Fi(t, 21,22)] - [Dyy ¥(t, 21, 22)]
+ [Fg(t,xl,xg)] . [Dx2¢(t,$1,x2)] . (1.4)

where T'r(a) stands for the trace of the matrix @ and “-” denotes the standard Euclidean inner product
on R? and where for any z in R, the notation D, means the derivative w.r.t the variable z. Here, the
operator is non uniformly parabolic. When the coefficients are smooth and the Lie algebra generated
by the vector fields spans the whole space such an operator admits a smooth fundamental solution (see
[H667]): it is said to be hypoelliptic. The assumption on the uniform non-degeneracy of the derivative
of the drift Fy w.r.t z1 can be understood as a sort of weak Hormander condition.

In our case, the form of the degeneracy is a non-linear generalization of Kolmogorov’s degeneracy,
in reference to the first work [Kol34] of Kolmogorov in this direction. Degenerate operators of this
form have been studied by many authors see e.g. the work of Di Francesco and Polidoro [DFP06],
and Delarue and Menozzi [DM10]. We also emphasize that, in [Menll], Menozzi deduced from the
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regularization property exhibited in ([DM10]) the well weak posedness of a generalization of (1.1).
Nevertheless, to the best of our knowledge, there does not exist a strong theory, in the sense defined
above, for the PDE (1.3) when L is defined by (1.4). We investigate it by using the so called parametrix
approach (see [Fri64] for partial revue in the elliptic setting).

In comparison with the works of Veretennikov [Ver80, Ver83], Krylov and Roéckner [KRO05], and
Flandoli and Fedrizzi [FF11], asking for F} to be only in L, p > d might appear as the right frame-
work. Since the parametrix is a perturbation method and we are interested in L°° estimates, we
suppose the drift F; to be Holder continuous w.r.t .

1.1 Organization of this paper

Subsection 1.2 states useful notations, detailed assumptions and the main result of this paper:
strong existence and uniqueness for (1.1). In Subsection 1.3, we provide the strategy to prove this
result, which includes the regularization properties of the associated PDE. Finally, our main result is
proved in Subsection 1.4. The remainder of this paper is dedicated to the proof of the regularization
properties of the associated PDE.

The strategy is exposed in Subsection 1.5: it is based on a smooth approximation of the coefficients
and the parametrix. Existence and uniqueness of a smooth solution for the PDE with smooth coeffi-
cients is given in Subsection 1.6.

Section 2 explains the proof of the regularization properties in a simple case and allows to understand
our assumptions and how the proof in the general case can be achieved. Section 3 defines the mathe-
matical tools and the proof of the regularization properties of the PDE is provided in Section 4. This
is the technical part of this paper.

1.2 Main Result

Notations. In order to simplify the notations, we adopt the following convention: z,y, z, &, etc..
denote the 2d—dimensional real variables (x1,z2), (y1,v2), (21, 22), (§1,&2), etc.. Consequently, each
component of the d-dimensional variables x, k = 1,2 is denoted by xx;, [ = 1,--- ,d. We denote by
g(t, X;) any function g(t, X}, X?) from [0,T] x R% x R? to RN, N € N. Here, X; = (X}, X?) and then
F(t,X;) is the R?? valued function (Fy(t, X}, X?), Fa(t, X}, X2))*. We rewrite the system (1.1) in a
shortened form:

dX; = F(t, Xt)dt + BO’(t, Xt)th, (15)

where B is the 2d x d matrix: B = (Id, Ogaypa)*. “Id” stands for the identity matrix of M (R), the
set of real d x d matrices. When it is necessary, we write (X5*);<,<7 the process in (1.1) which starts
from z at time t, i.e X" = z.

We denote by GL4(R) the set of d x d invertible matrices with real coefficients and by ¢ a measurable
function from [0, T] x R? x R? to R2. Each one-dimensional component of this function is denoted by
oi, 1 = 1,2 and plays the role of one coordinate of F;. Hence, ¢; satisfies the same regularity as F;
given latter. We recall that a denotes the square of the diffusion matrix o: a := ogo™*. Subsequently,
we denote by ¢, C, C', C" or C" a positive constant, depending only on known parameters in (H),
given just below, and may change from line to line and from an equation to another.

We recall that the canonical Euclidean inner product on R? is denoted by “” and the notation D,
means the derivative w.r.t the variable z. Hence, for all integer n, D? is the n'® derivative w.r.t z and
for all integer m the n x m cross differentiations w.r.t z, y are denoted by D7 Dy". Furthermore, the
partial derivative 0/0; is denoted by 0;.

Hypotheses. (H). We say that assumptions (H) hold if the coefficients satisfy:
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(H1): Regularity of the coefficients. There exist 0 < Bg <1, 1<1,5 <2 and three positive constants
Cy,Cy,Cy such that for all (t,z1,x2) and (t,y1,y2) in [0,T] x R% x RY,
1 2
|Fy(t, @1, w2) — Fi(t,91,92)] < Ci(lzn — 1|t + g — 92/°1)
2
| Byt w1, 9) — Fa(t,y1,52)| < Cal|er — y1| + oo — 2| ™)
|o(t, 21, 22) — o(t,y1,42)| < Co (|21 — y1] + |22 — w2l)-

Moreover, the coefficients are supposed to be continuous w.r.t the time and @2 >2/3, i =1,2. There-
after, we set B3 = 1 for notational convenience.

(H2): Uniform ellipticity of co*. The function oc* also satisfies the uniform ellipticity hypothesis:
JA > 1 such that V¢ € R¥, A7YC|? < [oo™(t, 1, 22)¢] - ¢ < A|¢)?,
for all (t,z1,13) € [0,T] x R x R4,

(H3-a): Differentiability and reqularity of x1 v Fy(.,x1,.). For all (t,x3) € [0,T] x R%, the function
Fy(t,.,m3) : a1 = Fy(t,x1,20) is continuously differentiable and there exist 0 < o' < 1 and a positive

constant Cy such that, for all (t,z3) in [0,T] x R? and 21,y in R,

~ 1
|D$1F2(t7x17x2) - DI1F2(t7y17$2)| < 02|l‘1 - y1|a .

(H3-b): Non degeneracy of (Dy, F2)(Dy, F2)*. There exists a closed convexr subset £ C GLg4(R) such
that for all t in [0,T] and (x1,x2) in R2? the matriz Dy, Fy(t,x1,22) belongs to £. We emphasize that
this implies that

3A > 1 such that ¥¢ € R, A7YCP? < [(Dy, Fo)(Dy, Fo)*(t, 21, 22)C] - ¢ < AICJ%,
for all (t,z1,z5) € [0,T] x R x R,

Remark. Consequently, the sentence “known parameters in (H)” refers to the parameters belonging

to these assumptions.
The reason for the existence of the critical value 2/3 for the Hélder regularity of the drift in (H1) and
the particular “convexity” assumption (H3-b) are discussed in Section 2.

The following Theorem is the main result of this paper and regards the strong well-posedness of the
system (1.1).

Theorem 1.1. Let T > 0 and suppose that assumptions (H) hold true. Then, strong existence and
uniqueness hold for (1.1).

1.3 Strategy of proof

Let us expose the basic arguments to prove Theorem 1.1. Existence of a weak solution is straightfor-
ward and follows from the regularity of the coefficients, see e.g. [SV79]. Then, if the strong uniqueness
holds, the strong existence follows. The main issue consists in proving the strong uniqueness. As we
already mentioned, the strategy relies on regularization properties of the linear system of PDEs:

{ Oy, (t, ) + Luy(t,x) = Fy(t,x), for (t,r) € [0,T] x R,

u,(T,x) = Opa, ©=1,2. (1.6)
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This works as follows: suppose that there exists a unique Cl;l ’2’1([O,T] x R% x ]Rd,]Rd) solution u =
(ul,u?)* of this system such that u and D,u are Cp Lipschitz continuous, where Cr is small as T is
small. Thanks to It6’s formula, for all ¢ in [0, T7:

t t
/ Fls, X.)ds = u(t, X;) + / Dyu(s, Xa)Bo(s, X)dBs.
0 0

Then, fg F(s, Xg)ds is Lipschitz continuous w.r.t X, with Lipschitz constant Cp. The uniqueness can
be proved for small T by a circular argument and the result can be deduced by iterating this strategy
on sufficiently small intervals.

The main issue here is that the PDE (1.6) does not admit a C;’z’l([O,T] x R? x R4, R?) solution.
Nevertheless, we do not need to obtain the existence of a regular solution but only the existence
of Lipschitz bounds for v and D,u depending only on known parameters in (H). Therefore, we
investigate these bounds in a smooth setting. Indeed, thanks to assumptions (H), there exists a
sequence of mollified coefficients (a”, F7’, F§')n>0 with bounded derivatives of any order such that:

(an,Fln’an) —+> (a7F17F2)7 (17)

n—-+090

uniformly on compact subsets of [0,7] x R? x R? and such that (a”, FJ*, F}) satisfy (H) uniformly
(in n). Let us denote by L™ the regularized version of £ (that is the version of £ with mollified
coefficients), one has:

Lemma 1.2. Letn in N. The PDFE,

ol (t, ) + L P (t, x) = F'(t,x), for (t,z) € [0,T] x R* u™(T,z) = Oga, i=1,2,
admits a unique solution u™ = (uf',u)*, which is infinitely differentiable with bounded derivatives of
any order.

Moreover the solutions u™, n > 0 satisfy:

Proposition 1.3. For T small enough, there exists a positive constant Cp depending only on T and
known parameters in (H) and not on n such that:
[[Dgyt"||oo + || Dyt || oo + HD%lu"Hoo 4[| Day Dyt || oo < O

and Cp — 0 when T — 0.

We emphasize that the estimates on the solutions u™, n > 0 are obtained uniformly in n (that is
independently of the procedure of regularization) and we do not have to solve the limit PDE problem.
Besides, the terminal condition u™(T,.) = 0 is very important: it guarantees that the solution and its
derivatives vanish at time 7. Hence, it allows to control the Lipschitz constant of u™ by a constant
small as 7' is small.

1.4 Proof of Theorem 1.1

As we discussed, we only have to prove the strong uniqueness, since the weak existence holds.
Thereafter, we denote by “1” the 2d x 2d matrix:

Id ORdXRd
ORdXRd ORdXRd ’
Let (X, t > 0) and (Y3, > 0) be two solutions of (1.1) with the same initial condition 2 in R??.

Let u™ be the solution of the linear system of PDEs (1.6). By using Lemma 1.2 we can apply Itd’s
formula for u™ (¢, X;) — Xy and we obtain:
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t t
u(t, X)) — Xy = / [Oru" 4+ Lu"] (s, X5)ds — / F(s,Xs)ds+u"(0,2) —x
0 0
¢
+ / (Do — 1] Bo(s, X,)dW,.
0

In order to use the fact that dyu™ + Lu™ = F™, we rewrite:

t t
u(t, Xy) — Xy = / [Opu 4+ L") (s, Xs)ds + / (L—L"u"(s, Xs)ds
0 0

t
—/ F(s,Xs)ds +u"(0,2) —x

0

t
—|—/ [Dyu" — 1] Bo(s, Xs)dWs,

0

and then,

W X)) — X, = /Ot (L — LMY (s, X.)ds + /Ot(F"(s, X,) — F(s, X2))ds + u"(0, 7) —
+ /Ot [Dyu"™ — 1] Bo(s, Xs)dWs,
By the same argument, we obtain:
u(t,Y:) - Y, = /Ot (L—L"u"(s,Ys)ds + /Ot(F"(S, Ys) — F(s,Ys))ds +u"(0,2) — x
+ /0 (Do — 1) Bo(s, Y.)dW..

By taking the expectation of the supremum over ¢ of the square norm of the difference of the two
equalities above, we get:

E | sup |X;— V>
te[0,T

< CE| sup |[u™(t,X;) — u"(t,Y;)?
te[0,7

T
+CE [/0 I[Dau"B] (s, Xs) — [Dau"B] (s, Ys) |2 ‘U(S,}G)’2d3:|

T
+C8 | [ DBl 4 1) llo(6.Y0) - o(s. K]
+CR(n,T),

where

sup |FU (1Y) — F(t,Yy)]?
te[0,7

+E | sup |(L" —.C)u"(t,Y})]2

R(n,T) = CT <E
te[0,7

)

sup [(L" — L)u"(t, Xt)\2]> .

te[0,7

sup ‘F(n) (t7Xt) - F(taXt)F
te[0,7

+CT (E +E
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First, note that from (1.7), for both Y; and Xy, we have:

+E

te[0,T

E | sup |[F™(t,X;) — F(t, X;)[?
te[0,T]

sup |(L" — £)u”(t,Xt)|2] — 0, as n — o0,
so that R(n,T) — 0 when n — oco. Secondly, we know from Proposition 1.3, that for 7" small enough

and for all ¢ € [0, T, the functions u"(t,.,.) and Dy, u"™(t, .,.) are Lipschitz continuous, with a Lipschitz
constant independent of n. Since Dyu"B = (Dg,u",0gdyga), by letting n — oo and using the two

arguments above, we deduce that for 1" small enough:
T
<C(T)JE +Equfww@],
0

where C(T') — 0 when 7" — 0. Then, the strong uniqueness holds for 7" small enough. By iterating
this computation, the same result holds on any finite intervals and so on [0, 00). U

sup |X; — Y}F

te[0,7

E | sup |X;—Y[?
te[0,T

1.5 Strategy of proof of Lemmas 1.2 and Proposition 1.3

First of all, each coordinate of the vectorial solution u; of the decoupled linear PDE (1.6) can be
described by the PDE

atui(tv$) + £nui(t7x) = ¢i(t7x)v for (t,l‘) € [OvT] X R2d7 uz(T7$) =0, (18)

where ¢; : R?? — R satisfies the same hypotheses as Fj given in (H). Therefore, we only have to prove
Lemma 1.2 and Proposition 1.3 for (1.8) instead of (1.6).

Secondly, we do not solve the limit PDE problem (1.6). The estimates in Proposition 1.3 are
obtained for mollified coefficients a”, FT*, F3', ¢7, ¢5, n > 0 ! but depend only on known parameters
in (H). Consequently, we forget the superscript “n” which arises from the mollifying procedure, and
we further assume that:

Hypotheses. (HR): We say that assumptions (HR) hold if: Assumptions (H) hold true and
F1, F5, 91, 02 and a are infinitely differentiable bounded functions with bounded derivatives.

The existence of a smooth solution under (HR) is established in Subsection 1.6 below. Then, the
estimates on this solution are obtained by using the parametrix method (see [Fri64] for a revue in the
elliptic setting).

1.6 Proof of Lemma 1.2

Strategy. We show that under (HR), there exists a unique solution u of the linear system of PDEs
(1.8) which is infinitely differentiable with bounded derivatives of any order. Existence and regularity
are proved by adopting a viscosity solution approach, and uniqueness by using the Feynman-Kac
representation. This proof is decomposed as follows:

We propose a candidate u; as:

T
wi(t,z1,m9) = E [/ qﬁ,-(s,Xsl’t’x,Xf’t’x)ds , (1.9)
t

1here, (47, 5 )n>0 denotes the sequence of mollified coefficients (¢1, ¢2): they are infinitely differentiable with bounded
derivatives of any order and they satisfy the same hypotheses as the (¢1, ¢2) uniformly in n.
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where the process (X!, X?) satisfies (1.1).

(i) We show that w; is a viscosity solution of the linear systems (1.8).

(ii) We show that for all ¢ in [0,77], the function w;(t,.,.) : (z1,72) € R*? > w;(t, x1,x5) is infinitely
differentiable with bounded derivatives, thanks to the property of differentiation of the mapping
(X1 X2 i € R2 s (X 12 X207,

(iii) From the Markov property, we deduce that, for all (x1,z9) in R??, the function u;(.,z1,22) : t €
[0,T] — u;(t,x1,22) is infinitely differentiable with bounded derivatives.

(iv) Since a smooth viscosity solution is a classical solution, we obtain the existence and regularity of
a classical solution of (1.8).

(v) We conclude the proof of uniqueness by using the Feynman-Kac representation of the solution.

Proof. Let i € {1,2} and consider the function w; defined in (1.9):

(i) Under (HR) we deduce from [Kun82] and Theorem 70 of [Pro04] that there exists a unique
strong solution X = (X!, X2) of the stochastic system and an a.s. continuous version of this process
(XS1 ’t’x,Xg ’t’x)tgng. From the regularity of ¢;, we deduce that u; is continuous. By using Theorem
5.1 p 69 of [FS06], we conclude that u; is a sub and super viscosity solution.

(ii) Thanks to [Kun82], we know that for all ¢ in [0, T], for all s in [t, T], the mapping X&' : x > XL*

is as. infinitely differentiable and, for all k in N, for all (i1, ix) € {1,2}" the tangent process
(Dléil i, Xz’m)tgsg:r satisfies:

Since ¢; is Lipschitz continuous, it satisfies the domination property:
|0i(X7") — 0i(X77)| < K|z — 2,

where K’ is a random constant with finite moments of all order according to the Kolmogorov’s Theo-
rem. Then, one can apply the Lebesgue differentiation Theorem on the right hand side of (1.9) and,
for all ¢ in [0, T], we deduce that D, u;(t,z1,2), j = 1,2 exist and satisfy

2
»L l7 L
Dajui(t, @1, 02) =E | Do ¢i(X7") Dy X707 (1.10)
=1

By iterating this argument, we obtain that w; is infinitely differentiable w.r.t the space variables
(z1,x2) and its derivatives are bounded.

(iii) On a first hand, we know that (X2 X2"%) is continuous w.r.t ¢ (see Lemma 4.6.1 of [Kun82]).
So that for all z in R??, the function u;(., 1, z2) : t € [0,T] — u;(t,z1,22) is continuous. By using
the Markov property we deduce that, for all 0 < h < t:

t
wit — h,z1,22) = E [ui(t, Xhthe vat—hvx)] ~E [ di(s, X 1t—he x2t-haygel - (1.11)
t—h
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On the other hand, by applying It6’s formula on R? x R for wu;(t, th’t_h’x, th’t_h’x) and taking the
expectation we have:

E [ui(t,th’t_h’x,Xf’t_h’x)] (1.12)

t
= ui(t,z1,20) + [ Lu(t, X e, vat_h’x)dr}
t—h
t
+E [ Dyug(t, XHt-he x2t=haypo(p xLi=he vat—hvx)dwr} :
t—h

where the last term in the right hand side is equal to 0.

By summing (1.11) and (1.12), we obtain:
uz(t - h7 Zq, :EQ) - ul(t7 Zq, :EQ)
h
1 t
=" [ | Lt X, XPERE) — i, X, X |

The continuity of u; w.r.t ¢t and letting h tends to 0 give:

ou;
—8—2(@%17%2) = Lu;(t,z1,x2) — ¢i(t, 1, x2).

(iv) Then, by iterating this argument and using the boundedness of the tangent process at every or-
der we deduce that the function u; defined in (1.9) is infinitely differentiable with bounded derivatives
of any order. Since a smooth viscosity solution is a classical solution, this concludes the existence part.

(v) Let v; be such a solution, by applying It6’s formula for v;(T), X%’t’x, X%’t’x), where (X 1b®, X262)
is a solution of the SDE (1.1) such that (th’t’x,Xf’t’x) = (x1,x2) a.s. and taking the expectation we
have:

T
vi(t,xl,xg):E[/ bi(s, X10T X200 ds |
t

then, v; = u; and the uniqueness follows. This concludes the proof of Lemma 1.2. O

2 The linear and Brownian heuristic

This section introduces the main issue when proving Proposition 1.3 in a simple case. Furthermore,
it allows to understand the role of some of the assumptions in (H) and to present in a simple form
the effects of the degeneracy. By “simple”, we mean that the following assumptions hold:

Hypotheses. (HL) We say that hypotheses (HL) hold if (H) and (HR) hold with : Fy = Oga,
o =1d, Fy(s,x1,29) = Fy(x2) + I'sxy where T's belongs to the convex subset £ in GLq(R).

The SDE (1.1) becomes:

{ dx! = dw,, X} =1, 2.1)

dX? = (Fp(X2) + DX} )ds, X7 = s,

for all ¢+ < s in [0,7], = in R and under (HL) this system admits a unique strong solution X. We
recall that the associated PDE is:
{ Opui(t, ) + Lu;(t,x) = ¢i(t,x), for (t,x) €[0,T] x R
i=1,2

ui(T,z) =0, (2.2)
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In this section, we explain the parametrix method for (2.2) and show how it permits to prove Propo-
sition 1.3 when the assumption 85 > 2/3 is satisfied.

2.1 The frozen system and parametrix

Kolmogorov’s example. Let d = 1, in [Kol34] Kolmogorov showed that the solution of: dY; =
aWdt, (o # 0), admits a density. Notably, this density is Gaussian and given by:
2
) e
with the following covariance matrix K;:

V3
K, — (( t (1/2)at? ) . (2.4)

p(07$17$2;t7y17y2) =

1y 10 N
exp <_§‘Kt /(y1—$17y2—$2—t04$1)

ant?
1/2)at?  (1/3)a?t3

This example illustrates the behaviour of the system in small time: it is not diffusive. The first co-
ordinate oscillates with fluctuations of order 1/2, while the second one oscillates with fluctuations of
order 3/2. As a direct consequence, the transport of the initial condition of the first coordinate has a
key role in the second one.

The frozen system. The parametrix method consists in freezing the coefficients. As the Kol-
mogorov’s example suggested, we have to freeze the system along the curve 6, = (9}75,925)*, s in
(t,T] that solves the ODE:

d = x
b1 = (0ga, Fa(03,() + Tu0L,(6)) " 01u(6) = €,

for all ¢ in R??. This permits to keep track of the transport of the initial condition. This curve can
be written as:

L) =€ 02,6 =€+ / €L+ Fy(62,(€)] dr. (25)
t
The frozen system is: - -
d)gg = dWS7 _ )_(tl = T, (2 6
X2 = (Fy(02,(€) + T X1) ds, X7 =, -6)

for all s in (¢,7]. This is our candidate to approximate (2.1).
2.2 Existence of a density for the frozen system

In this case, the crucial point is the specific form of the covariance matrix ¥; s of X, standard
computations show that:

s _( (s=1) [ [] Tududr
Xt = <ft8 [/ Tududr  [7 ([ Tudu) ([ Tudu)® dr> ’ (2.7)

for all s in (¢,7]. We emphasize that the existence of a transition density of X results from the
non-degeneracy of this matrix. In [DM10], the authors proved:

Lemma 2.1. Suppose that assumptions (HL) hold true, then, the solution of (2.6) admits a transition
density q given by, for all s in [t,T]:

1 N — O *
q(t, 1,225 8,y1,Y2) = W det (X 5) 172 exp (—]Et,slm(yl —x1,Ys — mtzf(a:)) \2) ) (2.8)
where

mff(:ﬂ) = T +/ T,zdr —1—/ Fg(@ir(g))dr,
t

t
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and where i‘,m is the uniformly non-degenerate matrix given by (2.7).

As shown in [DM10], the spectrum is controlled uniformly in " € £ which explains the assumption
(H3-b). We can show that the transition density ¢ satisfies:

Lemma 2.2. Suppose that assumptions (HL) hold true, then, for T small enough, the transition
kernel ¢ and its derivatives admit a Gaussian-type bound: there exists a positive constant ¢ depending
only on known parameters in (H) such that for all & in R?4:

DthDﬁmDiV;QDﬁqu_(t,$1,$2;S,y17y2)‘ (2.9)
< (5 — )" BOVE2EN)+NT1LNY1] /2 ¢ |y1 — 351|2 n ly2 — mtz,’ss(x”2
=\° (s —t)%d R s—t (s —t)3 ’

for all s in (t,T), any N', N*1 N®2 NY1 less than 2.
Proof. The proof is given in Section 3 for a more general framework, see Proposition 3.1. O

This Lemma says that each differentiation of the transition kernel w.r.t. the diffusive component
gives a singularity of order 1/2 while the differentiation w.r.t. the degenerate component gives a

singularity of order 3/2. Note that the mean mf fp(:z:) of X7 satisfies the ODE:

d _
PR Fy(6074(6)) + Tul(ps — 075(6)), w0 = wa. (2.10)

Under (HL), when £ = z, the forward transport function (67 ,(z))i<s<r is also a solution of (2.10), so
that: 0 s(v) = mi (x) for all s in [¢,T] and all = in R4,

2.3 Representation of the solution

~ By standard computations, it can be checked that the transition density (2.8) of the frozen process
X is the fundamental solution of the heat equation:

0q(t,x; Ty) + Lq(t, 23 T,y) = 0, ¢(T, 25T, y) = 5y (),
where £ = (1/2)A,, + [Fg(@iT(E)) + I'rxy1| - Dy,. Note that the PDE (2.2) reads:

Oyui(t, ) 4+ Lui(t,x) = ¢i(t, ) + (£ — L)ui(t, ), for (t,z) € [0,T) x R
ui(T,z) =0, 1=1,2.
So that, the unique solution of this PDE can be written as:

ui(t, z1,22)

T
2/ Gi(s,y1,y2)q(t, 1,225 5, Y1, y2)dy1dyads
t R2d
T — —
- / /]RZd[F2(y2) - FQ(HE,T(S))] : DIQUi(Suyl7y2)Q(t7wlux2; 3791792)dyldyzd3~
t

2.4 A priori estimates

For sake of simplicity, we suppose throughout this subsection that 5, = 0, so that

T
wi(t, z1,22) = / /2d ®i(s,y1,y2)q(t, 1,225 5, Y1, y2)dy1dyads. (2.11)
¢ Jr
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In order to prove Proposition 1.3, we need to obtain estimates of the supremum norm of the first and
second order derivatives of the u;, i = 1,2. As shown in Lemma 2.2, the differentiation of the transi-
tion density gives a time-singularity, so that it is not obvious that Lebesgue differentiation Theorem
can be applied in (2.11).

Set ¢ in {1,2} and let us focus on the worst case in Proposition 1.3, that is, the cross derivative
D, , Dy,u;. Having in mind to use the Lebesgue differentiation Theorem, we focus on the cross dif-
ferentiation of ¢, which gives a time singularity of order 2. In order to invert the integral and the
differentiation operator, we split the integral: for any ¢ > 0, we can write:

T
wi(t,z1,x2) = / ®i(s,y1,Y2)q(t, 1,225 5, Y1, y2)dy1dy2ds
t+e JR2d

t+e
+/ y ®i(S,y1,Y2)q(t, 1, 25 5, Y1, y2)dy1dyads,
¢ R

and thanks to Lebesgue differentiation Theorem we have:

T

Dy Dyyui(t,xy, x2) = / 2d¢z‘(87y1,y2)Dx1Dx2(i(t,$1,$2;87y1,y2)dy1dy2d8 (2.12)
t+e JR

t+e
+D:C1DSCZ |:/ 2 (bi(sa Y1, yQ)Q(t7 x1,%25S8,Y1, y2)dyldy2d3:| .
t R

On a first hand, the last term in the right hand side reads®:

t+e
DxlD:CZ |:/ /2d ¢i(3791792)‘7(’57$17$2§ S7yl7y2)dy1dy2d3:|
t R

t+e
= D, D,,E [ bi(s, X0, Xf’t’x)ds} .

t

It follows from the proof of Lemma 1.2 in Section 1.6 that Lebesgue differentiation Theorem applies
and there exists a positive constant K such that

t+e€ B _
sup E [ Dy, Dyybi(s, X100, ngt’w)ds} < Ke. (2.13)
t

(t,z)€[0,T| x R2d

On the other hand, for all s in [t, 7] we have:

/2d ®i(5,Y1,Y2) Doy Doy q(t, 1, 725 5, y1, y2)dy1dye

R

= /2d (0i(s,y1,52) — ¢il5, Y1, 07 4(€))) Doy Dy G(t, w1, 23 5, Y1, y2)dy1 dys
R

+ /]de (bi(sa Y1, 925(5))DI1DIQQ(t7 xT1,2258,Y1, y2)dy1dy27

and the last term in the right hand side is equal to 0. In the sequel, we refer this argument as the
centering argument. Combining this argument and the estimate for D,, D,,G in Lemma 2.2, we have,
for T' small enough and all s in [t,T:

/ (¢i(3,y1,y2) - ¢i(s7y170t2,5(£))) DmlDiEQ(j(tv:Elv:EQ; S,yl,yg)dyldyg

R2d

< / {(S — )72 ¢i(s,y1,y2) — di(s, 1,07 4(€))]
R2d

—x 2 —mf’g x 2
Xi(s _ct)2d exp <—c (‘yls_tl‘ + |y2 (s—;)g )| )) }dyldy%

2The superscript “t,z” stands for the starting time and point of the process X.
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where ¢ depends only on known parameters in (H). Using Holder regularity of ¢; supposed in (H1),
we have:

/Qd(s — )72 |Gils, y1, y2) — dils,y1,074(£))] @t, 1, w25 5, y1, y2)dyr dys
R

2
cof L powmp 0O
- R2d (S — t)35?/2 (3 - t)2d

— —m2t
X exp (—c <‘y18—t1| + |y2 G _tts)( )| })) dyrdyo.

Now, we use the off-diagonal decay of the Gaussian exponential: by letting £ = 2 (and then 93 J(z) =

m? *(x)), for all n > 0, there exists a constant C' > 0 such that?

o — m2Z (@) \* i —a1* e - T\ -
<—(s—t)3/2 ) xeXP<—77< 1S—t1 + G 1)? <,

where C' depends on 1 and ﬁ? only. Thus, by increasing the constant ¢ in the exponential, we obtain
the following estimate:

(2.14)

/2d(3—t)_2 |0i(s,y1,92) — Bils, 51,07 (2))| G(t, w1, 25 8, Y1, y2)dyr dyo
R
2,£

2 -m
< /R2d(s - t)—2+35i2/27(s _Ct)2d exp <—c <|y1s—_:1;1\ + s T _tts)( il >> dyrdys.

Therefore, by choosing the value of 32 > 2/3, the singularity (s —t)_2+35i2 /2 becomes integrable. From
(2.14), letting € tends to 0 in (2.12) and using (2.13), we deduce that:

| Dy Dayus|| o, < C"THH36172,

From this discussion, one can also see the specific choice of the freezing curve as the one that matches
the off-diagonal decay of the exponential in ¢ when £ = .

3 Mathematical tools

In this section, we introduce the ingredients for the proof of Proposition 1.3.

3.1 The frozen system

Consider the system:

dX3" = Fi(5,00,5(€))ds + 0 (s, 0;,5(€)) AW,

AXI" = Fy(s,0,,6(€))ds + Dy, Fa(s, 0 4(€)) (X3 — 0},(€))ds (3.1)

for all s in (t,T], any t in [0,T], and for any initial condition x in R?? at time ¢ and any ¢ € R?? and
where (6;5(€))i<s<7 is defined by:

da
ds
The following Proposition holds:

Or,5(§) = F(s,0:,5(6)), 0re(§) =& (3.2)

3By using the inequality: Vn > 0, Yg >0, 3C > 0s.t. Yo >0, 0% " < C.
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Proposition 3.1. Suppose that assumptions (HR) hold, then:
(i) There ezists a unique (strong) solution of (3.1) with mean

(mf,s)tSSST (mt ’357 my §)t<s<T7

where
m%f( ) =x1+ /ts Fi(r,0:.(£))dr
m%(W—@+LﬁPWﬁw@D+Dm&W@AQWﬁ—%A&
+ Do, Fo(r,0,,(6)) /t "R, et,v(g))dv} dr,

and an uniformly non-degenerate covariance matriz (X4 s)i<s<7:

2 _ < s j;gs UO-*(T’ etﬂ‘(g))dr j;g 'r' 04 r(g))dr )
b\ oot (r, 00 (€)) Ry ((E)dr [ Rt,r (7“ 9t,r(f))RZ‘,r(f)d7“ ’

where:

R, (&) = [/tr Dxng(v,Hm(g))dv} , t<r<s<T.

(ii) This solution is a Gaussian process with transition density:

q(t, z1, 258, y1,Y2)
3d/2

= 7(27_()6[/2 (det[it,s])_l/Q exp < ‘2_1/2( mtf( ) Yo — mtf( )) ’2> :

for all s in [t,T].

(3.3)

(3.5)

(iii) This transition density § is the fundamental solution of the PDE driven by LY and given by:

£ = T [t 60s(©)D2] + [Fi(t0,(0))] - D,
+ [F2(t7 Ht,s(f)) + DSL‘1F2(t7 Ht,s(f)) (‘Tl - etl,s(f))] ' DSL‘Z‘

(3.6)

(iv) For T small enough, there exist two positive constants ¢ and C, depending only on known

parameters in (H), such that

q(t,x1, 58, y1,y2) < CQe(t, x1, 2255, y1,Y2),

where

. , c = mf @ - mi @]
qC(t,$17$2737y17y2):meXp ¢ s—t BN ’

and:

Nt N*1 \N*2 yNY1 ~ .
Dt Dxl sz Dy1 Q(t7$17$2757y17y2)‘

_ « t x o
< O(s — t)TBWTHNOENTANI2G (4 21 2938, 91,92),

for all s in [t,T] and any integers N', N¥1, N*2 NY1 [ess than 2.

(3.7)
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Proof. (i) First of all, note that, under (HR), the ODE: [d/ds|0; s(§) = F(s,0:,5(£)), 0,(§) = £ admits
a unique solution and (3.1) admits a unique strong solution X. One can write (3.1) as:

Xsl’t’m = +/ts Fy(r, 9t,r(§))dr+/ts o(r, et,r(g))dW’“’
X2T = g4 /ts [F2(7‘7 01+ (&) + Dy Fo(r,0:(£)) (21 — Htl,r(g))

+Dﬁgwﬁwgn/ﬂuuaﬂamﬂw

t

+lﬂ%wanaaoyfkwﬁm@»wmw

Then, the expressions of the mean (3.3) and the variance (3.4) follow from the stochastic Fubini Theo-

rem and standard computations. The uniform non-degeneracy of (it,s)t<s§T arises from assumptions
(H) and Proposition 3.1 in [DM10].

(ii)-(iii) These assertions result from standard computations.

(iv) For all s in (t,T], we know from Proposition 3.1 in [DM10] that the matrix ;4 is symmetric
and uniformly non degenerate. Besides, from Subsection 2.3 and Proposition 3.4 in [DM10] there
exists a constant C' depending only on known parameters in (H) such that: for all s € [t,T], for all
(2,9,€) € R x R* x R,

S = mif @) g = @) - 1= mif @), ye - mif @)
- mis@) g2 - mif@)\ | [ (- mide) g - mid@)\
(s )1/2 ) (8 —t)3/2 : (s —t)1/2 , (s )3/2 .

Fori,j =1,2, let [Zt )i 7 denotes the block of size dx d of the matrix Et s at the (i—1)d+1, (j—1)d+1
rank. We can deduce from (3.4) that there exists a positive constant C depending only on known

parameters in (H) such that (we also refer the reader to Lemma 3.6 and to the proof of Lemma 5.5
in [DM10] for more details), for all s in (¢, 7], for all ¢ in R%:

<-C

[Srala¢] < Cls =) ¢l
Sitliad| + |Sidlaac] < Cs = 0721¢), (3.8)
(£ il22¢| < Cls =) 72 [¢],

)

hence, E ! has the same structure as K % in (2.4).

Now, we compute the derivatives w.r.t. each component:

‘szg(t7xl7x2;suylay2)‘
<_2[igsl]271(y1 mt’sg( )) 2[2153]2 2(y2 _mtf( ))) (j(t,$1,$2;8,y1,y2)

< C@_04m<@17m5>> (y2 — mis (@)

(s —t)1/2 (s —t)3/2

< C/(S — t) 3/2QC(t €1,x2;5 S, ylayQ)

> Q(taxluxQ; S7yl7y2)

Note that the symmetry D,,G(t, z1,22;5,y1,y2) = —Dy,q(t, 1, 22; 8,91, y2) holds. Now, we have
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‘Dqu(taxlax%suyhyQ)‘
= ‘(2[2&,1]1 Wy —miS (@) + 2[5 12 (e — mPs(x ))) q(t, 1,225 8,91, Y2)
S C(S ) 1/2QC(t x1,T25S, ylayQ)

Unfortunately, the transport of the initial condition of the diffusive component in the degenerate
component breaks the symmetry and Dy, §(t, x1,22;8,y1,Y2) # —Dy, G(t, 1,255, y1,y2). Indeed

Dy q(t, 1,225 8, y1,Y2)
=(4@$u@em£m>2muu@—mﬁm>
208701 [(Rus(©) (1 — mif ()]

2057 [(R0©) (2~ mES(0)] a5, m. )

Since the term Ry 4(§) is of order (s — t) (this is the transport of the initial condition from time ¢ to
s), we deduce that

‘Dﬂvlg(t7x17x2; Saylqu)‘
<C@—Wﬂﬁ(m mﬁ(W (92— mi(@))

(s —t)3/2

(s —t)1/2

(y2 — mig ()
(s — )

< C'(s — ) V2G.(t, 21,23 5,91, y2).-

(s —t)1/2

(y1 = mys (e ))‘

‘ }@(taiﬂl,SEz;S,yl,yz)

Finally,

D2 G(t, x1, 725,51, 92)
= (=287 Daymi @) = 257 2 Dy () = 257 2 [ (Res(€) Dy ()
—2[%7, )22 [(Rt,s(f)) Dw1m2 §(x)D q(t, 1, w255, y1,92)
+ (<287 — mif @) — 257 v — i (0)
~2087 T [(Rus(©) (1 — mif(@))]
~ 2
=208, oz [(Real©) (w2 = (@) )t o, aais, . ).

Note that, from (3.3) we have Dmlmf,s(x) = (Id, Rt 5(§))*, so that,

D2, G(t, 1, 22; 8,41, y2)| < Cs — )7 Ge(t, 21, w25 5,51, 2)-
Since ¢ satisfies the Fokker-Planck equation
Ot T,y) + L4%G(t 2, Toy) = 0, §(T,2,T.y) = 6,(x), .y € R*,

we deduce from previous estimates:
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|0k (t, @1, w25 5, y1,y2)| < Os — )72 (t, w1, w25 5,91, y2).
The other derivatives can be deduced from these computations and the estimate (3.7) follows. O

Remark. From this proof, one can deduce that the symmetry D,,q = —D,,q holds. Therefore, for all
t in [0,T], all s in [t,T] and yi, 1,29 in R?,

/d Dy, q(t, @1, 22; 8,91, y2)dy2 = 0. (3.9)
R
This argument is very useful in the sequel.

3.2 Representation and differentiation of the solution
Lemma 3.2. Suppose that assumptions (HR) hold, then, for allt in [0,T], the solution u = (uy,ug)*
of the PDE (1.8) can be written as:

T
wi(t,x1,22) = / R2d¢i(8,y1,y2)q~(t,$17$2;8,y17y2)dy1dy2d8
t

T ~
+/ /Zd(ﬁt’§ — L)ui(s,y1,y2)d(t, x1, 225 5, Y1, Y2)dy1dyads, (3.10)
¢t Jr

for i =1,2. Moreover, this solution is infinitely differentiable and for all € > 0 all integer n and all
multi-index (j1,--+ ,jn) € {1,2}"™, we have:

Dy, Dy ui(t, x1,72) (3.11)

Tj1

T
= / o Gi(8,Y1,Y2) Doy, -+ Dy q(t, 21,25 8, Y1, y2)dy1dyads
t+e

T
+ / 2d (£t75 - E)ui(sa Y1, y2)ij1 e ijn g(u xT1,225S8,Y1, y2)dyldy2d3 + 0(6)7
t+e JR

fori=1,2 and where LY is given in (3.6).

Proof. We recall that the PDE (1.8) is given by:
atui(t,iﬂl,iﬂg) —|—£ui(t,x1,x2) = ¢i(t,$1,$2), ’LLZ'(T,:E1,:E2) =0, 2=1,2, (3.12)
and it can be rewritten as:

atui(t, X1, :Eg) + Et’fui(t, X1, :Eg) = (Zt’gui(t, X1, :Eg) — Eui(t, ry, l‘Q)) + ¢i(t, ry, l‘Q),
ui(T,xl,ajg) = 0, 1= 1, 2. (313)

From Proposition 3.1, we know that the fundamental solution of £%¢ is . Then, any solution of (3.13)
reads:

T
wi(t,x1,22) = / y ®i(S,y1,Y2)q(t, 1,23 8, Y1, y2)dy1dyads
t

R
T ~

+/ /zd(ﬁt’g—ﬁ)ui(taiﬂlaiﬂz)@(t,th;8,y1,y2)dy1dy2d8-
¢ Jr

Given € > 0, we have
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T
wi(t,z1,2) = / Ny ®i(8,y1,Y2)q(t, x1, 23 5, Y1, y2)dy1dyads
R
/ / (LY — L)yui(t, x1,29))q(t, w1, 225 5, Y1, yo)dy1 dyads
t+e JR2d
t+e
+/ /2d Gi(s,y1,y2)q(t, 1,225 8, Y1, y2)dy1dyads (3.14)
¢ R

4‘/tt+E /Rw(zt’5 — L)ui(t, x1,72))q(t, 21, 72; 5, y1, Y2 )dy1dy2ds.
The two last terms in the right hand side read:
R [ R R (25 = Ly, K2, K200 s
t
Let n be a positive integer, for all multi-index (j1,--- ,jn) € {1,2}", by following the proof of Lemma

1.2, it follows from the regularity of each ¢; and u; under (HR) that there exists a positive constant
K (n) such that

(D% D, E [(JSi(S,X;’t’x,Xg’t’x) + (L8 — ﬁ)ui(t,X;vt’x,X}tvx)] ( < K(n).
The claim follows from Lebesgue differentiation Theorem. O
4 Proof of Proposition 1.3
4.1 From parametrix to uniform Lipschitz estimates

We give preliminary results in order to prove the Lipschitz bounds. These bounds are obtained under
(HR) but depend only on known parameters in (H).

Some notations. For all ¢t < s € [0,7], for all ¢ € R?? we denote by A;¢(¢) the perturbation
operator defined by:

\V/(S,y) € [07T] X R2d7 At,s(g)g(svy) = g(Svy) - 9(87915,8(5))7
for all measurable function g of [0,7] x R? x R?. By analogy with our standard notations, we also
define for all y € R*: A} (§)g(s,y1,y2) = 9(s,y1,92) — 9(s,0£,(£),y2) and A7 (E)g(s,y1,92) =
9(s,y1,52) — 9(s,y1,074(€)) with the convention y € R* = (y,5) € R* x R%.
Considering these notations, (3.10) becomes: for all 2 € R?? and t € [0, T],
T
ui(t,z) = / i(s,1)q(t, x; s, y)dyds
t JRred
/ / ~Tr [Ars(€)a(s,y) D2 ui(s,y)] 4(t, x; s, y)dyds
R2d 2

_ /t /R2d [At,s(g)Fl (S, y)] . D:c1ui(37 y)q(L xS, y)dyds

T
[ D P DAL (O — Aua©)Pals)] - Dy )it 35, )y

= H}(tit,x) + H}(t;t,x) + HP (4 t,2) + Hi (t;t, %), (4.1)
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for i = 1,2, with the notation (¢, z;s,y) for ¢(t,z1,x2;s,y1,y2). When splitting the time integral as
n (3.14), we write for all € > 0:

ui(t,z) = Hz-l(t +et,x) + Hf(t +et,x)+ Hf’(t +et,x) + Hf‘(t + e t,x) + O(e), (4.2)

where the terms Hf(t +et,x), j=1,---,4 are properly defined by identifying (3.11) with (4.1).

Proof of Proposition 1.3. We prove Proposition 1.3 by using a circular argument since the
representation (4.1) of each u;, i = 1,2 involves the derivatives themselves. In the following, wu;
denotes the " component of the solution u = (u1,us)* of the linear system of PDE (1.8). The
following Lemmas hold for i = 1, 2.

Lemma 4.1. Suppose assumptions (HR) hold. Then, for T small enough there exist two positive
reals 04 1 and 64 1 and a positive constant C depending only on known parameters in (H) such that:

HD2 ’LLZHOO < T54‘1C(1 + HDSDQUZHOO) )

and
[ Dayti o < T?41C (1 + || Dayui o) -

Lemma 4.2. Suppose assumptions (HR) hold. Then, for T' small enough, there exist a real 649 > 0
and a positive constant C' depending only on known parameters in (H), such that:

| Daytil o < OT*4.2 (14 || Dy Dy ) -

Lemma 4.3. Suppose assumptions (HR) hold. Then, for T small enough, there exist a positive real
d4.3 and a positive constant C, depending only on known parameters in (H) such that:

| Dy Doy o, < CT43.

Proposition 1.3 follows from Lemmas 4.1, 4.2 and 4.3. O

4.2 Proof of Lemma 4.1

Here we prove that for 7" small enough, there exists a positive constant C' depending only on known
parameters in (H) such that:

. 2 al
)18, < €{ (1932 £ THD2) D)

# (T2 ) Doyl + TR 4 T
(”) HDmul”oo < C{ (T1/2+352/2 +T(3+oz /2> Hnguz”

(T +T) | D2+ TOHED2 T(1+35?>/2}.

Proof of (i). Let € > 0, from the representation (4.1) and Lemma 3.2 we have:

D it 1, 2) ZD2 HJ (t+ € t, 1, 22) + O(e). (4.3)
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. 2 171 ) .
First, note that D3 H; (t + €t,x1,22) reads:
T

DilHil(t—l_E;t’xl’x?) = Dgl/ 2dAt,s(&)@i(s,yl,y2)(j(t,$1,$2;S,yl,yQ)dyldygdS (44)
t+e JR

T
+D£1 / R2d ¢i(37 etl,s (5)7 935(5))g(t7 T1,22;8,Y1, y2)dyldy2d3-
t+e

After integrating w.r.t y; and ys, the last term in the right hand side does not depend on x; and so
is equal to 0.

Secondly, from (4.1) and Lemma 3.2, D?ClH;l(t + €;t,x1,x9) reads:

T
D2 tana) = [ [ [Da P00 02, (€) AL Om = MO Pals. . )]
t+e
'szui(37yl7y2) [Dilq(taxlux% 3791792)] dylddeS'

Note that for all s € [t,T] and y, ¢ in R??, the following estimate holds:

| [At,s(g)FQ(s’ Y1, y2) - leFg(S, etl,s(g)’ 9?,5(5))At1,s(£)y1] |
< C (1828l + 1AL ©EmI™H) (4.5)

Indeed, by applying a Taylor expansion with integrable remainder, for all s in [¢,T] we have:

07 .(€)
Fy(s,01,(€),02,(€)) = Fals,y1.62,(6)) + / Dy F(s, 0, 024 (€))dA,

Y1

and plugging into:

[FZ(tv Y1, y2) - F2(s7 etl,s(g)v 0378(5)) - Dm1F2(t7 Htl,s(g)’ etz,s(g))(yl - Htl,s(g))] ’

we obtain:

|:F2(Say17y2) — Fy(s, 1,07 4(€))

0,5(8)
- / DI1F2(37 A, 9132,3(6))60‘ - DSL‘1F2(37 etl,s(g)v 9132,3(5))(y1 - Htl,s(g)):| '

Y1
< ‘F2(87y17y2) - F2(87x179t2,5(£))‘

07 .(¢)
" / | Dy Fa(5, X, 62,(€)) — Dy, Fa(s,614(€),67,(€))] N

Y1

08
< Colys — 02,(9)% + Gy / A — 6L, (6)]" dA

Y1

< ¢ (ly2 = 621 + (o - O1, (D),

this proves (4.5).
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Plugging (4.4) into (4.3), we have:
D2 ui(t,x1,72)
T
= / /2d At78(£)¢i(87 Y1, y2) [D:%‘lq(t) T1, 2258, Y1, y2)] dylddes
+e JR
e 2 2 ~
—= 5y Tr [Ars(€)als,y1,y2) D7 ui(s,y1,y2)] [D2, q(t, 21, 2055, y1, y2)] dyrdyads
t+e JR
/ / Ats Fl S ylqu)] 'Dglui(s7yl7y2) [Dilq(t7xl7x2;suyl7y2)j| dylddeS

/ | [P Fa(s, €. B AL € — Al Falsom, )]

2ui(8,y1,y2) [D2 4t 1,223 8,91, y2)| dyrdyads + O(e).

From Proposition 3.1, we know that for all s in [¢, T, D21q(t r1,22; 8,91, Y2) < C(s—t)714.(t, 21, 2258, Y1, yo).
Combining this argument with the regularity of the coefficients given in (H), and thanks to (4.5), we
obtain:

‘D w;(t xl,x2)|

AL |
< ' N j 1/2)6 t,s
—C{/ +E{ =0 /dez oo
ch(tyxlax%3791792)}dyldy2d3-
Ag,s(g)yl

R (S LNy B S

ch(ty x1,2255,Y1, yQ)}dyldyst

+/+ {(s—t )" Dy il o / Z 1)1/

XQC(t7 x1,22,5,Y1, yQ)}dyldyZdS

’ _ 1 ) 352/2
v /HE{@ 07 1Dl [ [<s 1

1+al
A%,s(g)yl i
02

(s —1)G-179)

. ﬁj
Ai,s (S)yl '
DI

A (f)y2 %

m

+(S_t)(1+a1)/2

]éc(t, T1,22; 8, Y1, yz)}dy1dy2d8} + O(e).

Set £ = x, by using the off-diagonal decay of the Gaussian exponential in . (see Subsection 2.4) and
by integrating w.r.t the space variables we have:
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|Dglu,~(t, 1, azg)‘

T 2 .
< O//{ / (s — t)—1+(j—1/2)ﬁfd8
t

+e€ j=1

T
+/ ((s — t)_1/2 + (s — t)l/z) HD?CluiHOO ds
t
T 2 .
e D, s
t+

T
+/ <(S _ t)—l+35%/2 + (8 _ t)(al_l)/2> ||Dm2u2Hoo ds}
t+e

+0(e).

By letting ¢ — 0, we finally obtain:

[ uill, < C{ (729372 4 T+ D) | Dy 4+ (T2 4 T72) Dy
# (172 4 19) D]+ 107 4 192

Taking T small enough such that C"”(T'/? 4+ T3/?) = 1/2, the assertion (i) follows from a circular
argument. The proof of the second statement (ii) can be done by the same arguments and concludes
the proof of Lemma 4.1. O

4.3 Proof of Lemma 4.2

We first derive a representation formula for H? and H} to handle the singularity of the derivative
of the kernel §. These formulas are given in the following claim and serve for the proof of Lemma 4.2.

Claim 4.4. For all (t,x1,22) € [0,T] x R?, for all € > 0, we have:
Dy, HA(t + €;t, 21, 29) (4.6)
1T )
= _5/ /de Tr [[A7 (§)a(s, y1,y2)| D2, wi(s,y1,y2)] [Dand(t, x1, 225 5,51, y2)] dyrdyads
t+e
1 (T ([ P
__/ {[Z/]RM |:—al-(37y176t2,5(§)):| . [A%,s(f)Dx1ui(saylay2)]
¢ =1

+e Oy

[\

X Dy, q(t, w1, 2258, y1,y2)] }dy1dy2d8
1 T
_§ZZ:;/H-E /]RQd [Atl,s(g)aL(&ylyetz,s(g))] ' [A%,S(S)D:c1ui(saylay2)]

0
X |:Dm2 <—Q(t7$17$2;87y17y2)>:| dyrdyads,
Oy

where “a;” denotes the I'" line of the matriz a, and
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Dy, HY(t 4 €;t, 21, 29) (4.7)

/ /]RZd {( At25 F1(37y17y2)] . Dxlui(s,yl,y2)>
t+e

Xszg(t7 xT1,225S8,Y1, yQ)}dylddeS

- / ' { /]R y ([A%,s(é)Fl(s,yl,ef,s(é)ﬂ - [A () Dayui(s, y1, )] >

t+e

XDy, q(t, x1,22; S, Y1, y2)}dy1dy2ds.

Proof of Claim 4.4: Start with (4.6):

H?(t + e;t,x1,x2)

R

Xg(u xT1,225S8,Y1, yQ)}dylddeS

_ /:6 /de { (%Tr [[A7 (©als, y1,y2)| D2, uils, y1,y2)] >

Xq(t, x1,x2; 8, Y1, y2)}dy1dy2d8

—/:E /RM{@TT [[A; s(©)als, 1,07 ((€))1D2 uz(&ylawﬂ)

Xg(t7x17x2§Saylay2)}dyldy2d3- (4.8)

Now, we focus on the term (4.8): we know from (H) that the coefficient a is Lipschitz continuous, so
that, it is a.e differentiable. By an integration by parts argument we have:

/ /de §Tr A%S (&)a (s,yl,Hﬁs(g))]Dxluz(s yl,yg)] q(t, 1,225 8, y1, y2)dy1dyads (4.9)
t+e

= _52/:‘,—{-5 /de [%A%,s(g)al.(svylv0378(5)) -Dmlui(s,yl,yg)(](t,xl,x2;s,yl,y2)dy1dy2d8

0
_ Al 92 Dx ; ¢ 7 durdund
2 ; /t-i-e /]RZd [ t,S(S)al.(Su Y1, Ls(f))] L Us (S Y1, y2)ay1 ( xr1,%2;S8,Y1 y2) y1dyads.

Note that, for all I € {17 e 7d}7 [8/8yll]A%,s(£)al.(Svy1701%,s(£)) = [8/8yll]al.(s7yl)@%,s(&))‘ One can
center the two terms in the right hand side w.r.t the derivative D, u; as follows:
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L am k@t €I om0

xXq(t,x1, 258,91, yz)}dy1dy2d8

/Jre /RM{ [@al 5 y1,9§8(£))] - [A7 ((€) Doy ui(s, y1, y2)]

xXq(t, x1, 258,91, yz)}dy1dy2d8

0

1L ([T 1 2 CTA2 . o
_§l§:;/t+5 /]RQd{ [At,s(g)al-(svylaet,s(g))] [At,s(g)Damuz(s’yl,ZD)] 3y1z

xq(t, x1, 258,91, yz)}dy1dy2d8

/+ /R2d{ [@al S y1,91§275(£)):| .le’LLi(S,yl,Ht%s(é'))

q(t, z1,x2; 8, Y1, y2)}dy1dy2d8

1 Z /+E /R } { &)ar (5,91, 02,(9)] - Doy i, 1, 62,(9))

X O—Q(t x1,72; 8, Y1, y2)}dy1dy2ds.
Y1

Thanks to (3.9), after integrating w.r.t y, and differentiating w.r.t zo the two last terms in the right
hand side are equal to 0. Thus, (4.6) follows.

Proof of (4.7). Note that H} can be written as:
H}(t + €t 21, 22)

T
—/ y (A7 () Fi(s,y1,92)] - Dayui(s,y1,y2)d(t, 21, 223 8, y1, y2)dy1 dyads
t+e JR
/ / { Fl(S y170ts(§))] : [A?,S(S)Dxlui(suylayQ)]
t+e JRR2d
Xq~(ta$17$2§3,91,92)}dy1dy2d~9

T
- / R2d [Atl,s(g)Fl (87 Y1, 928(5))] ' Dml’LLi(S, Y1, 9?,5(6))@(157 T1,T25S,Y1, y2)dy1dy2ds-
—+€

From (3.9), by integrating w.r.t yo and differentiating w.r.t o, we deduce that the last term in the
right hand side is equal to 0 and (4.7) follows. This concludes the proof of Claim 4.4. O

Proof of Lemma 4.2. It follows from the representation (4.1) and Lemma 3.2 that, for all ¢ > 0:
4
Dy, ui(t,xy, x0) = Z Dy, H] (t + €;t, 21, 22) + O(e) (4.10)
j=1
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We bound each szHl-j . We recall from Proposition 3.1 that there exists a positive constant C
depending only on known parameters in (H) such that, for all s in [¢, T

Dayd(t, w1, 23 8, y1,y2) < C(s — ) 732Gc(t, w1, 25 5, 51, Y2). (4.11)

Bound of Dy,H}. We have:

T
Dy, H} (t+ €t a1,22) = / y A7 J(©)9i(5,y1,y2) [Dan(t, w1, 223 5,1, 2)] dyr dyads
t+e JR

+/ s [/ (s, 91,07 (€)q(t, w1, w23 5,91, y2)dy | ds,
t+e
and by using (3.9) the last term is equal to 0. We deduce that:

l)xzftli1 (t + €1, 21, xg)

T
= / » A?,s(f)ﬁbi(& Y1, Y2) [DayG(t, 1, 225 8, y1,y2)] dy1dyads. (4.12)
t+e

So,

‘DzzHl-l(t + 6,%1,%2)‘

/ / §)=3/20-32)
t+e JR2d

62
A7y |
d qC(t7x17x2;SuylayQ)dyldyZdS

(s —t)3/2
By setting £ = x, we have
T
|DI2HZ~1(1§+ et 11, 32)| < C"/ (s — t)_3/2(1_5i2)ds. (4.13)
t+e
By letting ¢ — 0, we obtain
| Dy HY|| < C"'TY235 D), (4.14)
Bound of Dy, H?. Thanks to (4.6),
Dy, HX(t 4 €;t, 21, 29) (4.15)
1T _
=735 / /RQd Tr [Ais(f)a(s7ylayQ)Dilui(SaylayQ)] [DZ‘2Q(t7‘T17‘T2; S7yl7y2)] dylddeS
t+e
1
—= — 62 (A2 (&)Dg,uils, y1, 4.16
2 lzz:/-l-s /]RZd{ |:8yllal S, Y1, t,s(g)):| [ t,s(f) 1 U (3 Y1 yQ)] ( )
X [Da,q(t, x1,22; 8, Y1, Y2)] }dyleJst
1 d
+2 Z/ / ts a’l S ylvet 8(6))] : [A%,s(g)Dxlui(svyhy?)]
1=1 7 t+e JR

X | Dy, —Q(t x1,%2; 8, Y1,Y2) | | dyidyads,
Iy

and using Mean Value Theorem, we have:

‘A?,s(g)Dmlul(SvylvaM < ||DI1DI2UZHOO |A§,s(£)y2| (417)
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Since from Proposition 3.1 we have: for all s in [¢, T}, for all [ in {1,--- ,d}
’DIQ ([8/8911] (t x1,225S8,Y1, y2))’ < C ( ) 2@c(t7 x1,22;S8,Y1, y2)
It follows from the Lipschitz regularity of a and (4.17) that:

!Dw2H2(t + et ZEl,l‘Q)

SC,,{ 2 il / /
t+e JRR2d

D2y Dyt / /
t+e JR2d

D2y Dyt / /
t+e JR2d

By setting ¢ = x and letting ¢ — 0 we deduce that:

Azs
: 3/2 (t €1,T2;5S, ylny)dyldy2dS (418)

ts

3/2 dc(t, 1,225 8, 41, y2)dy1 dyads

Atls
(s —1t) 1/2

A%,s (g)yQ
TENEE

Ge(t, x1, 225 8,91, y2)dy1dy2ds}.

||Dm2Hi2“OO < C"'T (|| Dy, Dgyui| o + HDilulHoo) . (4.19)

Bound of D, H?. From (4.7):
Dy, HX(t 4 €;t, 21, 29) (4.20)

T
—/ /RM (A7 (O F1(5,y1,52)] - Dayui(s,y1,y2) Day@(t, o1, 325 5, y1, y2)dyr1dyads
t+e
L8k ©R 6,00 - (87 Do) (1.21)

XD:CZ@(tu T1,x2;58,Y1, yQ)}dylddeS

Then, by using the regularity of Fy, (4.11) and (4.17), we have:

| Doy HY(t + €51, 21, 25)| (4.22)

T
< C’”Dmuiﬂoo/ {(S_t)—3/2(1—5§)

t+e
2
X
R2d

Bi
T
+O D2 Desil, | {<s—t>ﬁ%/2
t+e

5| A2
% / t,s (g)yQ
R2d

(s —t)3/2
By setting £ = x, we obtain
| Doy HY (t + €58, 21, 22)|

A%,s(f)y2

(s— 1) @c(tvfﬂlvazsSjyl,yz)}dyldyzds

A%,s(f)yl
(s —t)1/2

Ge(t, x1, 225 5,91, Y2) }dyldy2d3-

T
= C// | Dy il oo (5 — t)—3/2(1—ﬁ§) + ”D:mD:czuiHoo (s — t)ﬁ%/zdsa (4.23)
t+e

so that, by letting ¢ — 0 the following bound holds:



STRONG EXISTENCE AND UNIQUENESS FOR DEGENERATE SDE WITH HOLDER DRIFT 27

Do, < C" (TEHD2 4 TH02) | D, Dy (4.24)
Bound of Dy, H}. From (4.1),

szHA‘ t+et,x,x0)

/+ /de (O Fa(s,51,07 (€)) — Day Fa(s,0; (€),07 ()AL ()]

[Dx2u1(37 Y1, y2)]DZ‘2q(t7 T1,%258,Y1, yZ)dyldy2d3

T
—/ /2d (A7 (&) Fa(s,y1,y2)] - Dayui(s,y1,y2) Dy @(t, 21, 223 5, Y1, y2)dy1dyads.
+e JR

So that, by using the regularity of F», (4.5) and (4.11), we have:

| Doy Hi (t + €58, 21, 22)|

1
r AL©w |
S C/”D:CzuZHoo/ (S_t)_1+a1/2/ t’71/2 QC(t7x17x2;SuylayQ)dyldyZdS
e r2d | (s — t)
T 2 A%s(g)yQ %
+C' ||D(E2uiHoo/ (s — t)_3(1_52)/2/ | et w1, 2238, y1, y2)dy 1 dyads.
t+e R2d (S - t)
By setting ¢ = x and letting e — 0, we obtain
|Dx2HZ4(t, I, xg)‘
T
<0 [ IDsyul (s 072 4 (5 = )70 as, (4.25)
¢
so that
HDMH;lHOO <" (T(35§—1)/2 + Ta1/2) HDSBQUZHOO . (4.26)

Combining (4.14), (4.19), (4.24), (4.26) and using estimates of ||Dy, u;l|., and || D2 ;]| from
Lemma 4.1, we can find a non negative real d4 9 such that, for 7" small enough:

&
[ Datiilloe < CT4-2 (14 || Dy Doy il o) »

where C' and 04 9 only depend on known parameters in (H). This concludes the proof of Lemma
4.2. O

4.4 Proof of Lemma 4.3

We first derive a representation formula for H} to handle the singularity of the derivative of the
kernel ¢q. This formula is given in the following claims and serves for the proof of Lemma 4.2.
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Claim 4.5. For all e > 0, we have:
Do, HA(t + e;t, 21, 19) = (4.27)

/+ /de < (E)F2 (5,1, 07 5(€)) — Dy Fa(5,07.5(€), 07 5 (€)) A5 (€)1] (4.28)

A} ((€) Dyyui(s, 1, y2)> Dy q(t, @1, 25 5, y1, Y2)dy1 dyads

T
—/ /2d [A?,S(f)Fz(S,ybyz)] “ Doyui(s,y1,y2) Dy G(t, 21, 25 5, Y1, y2 ) dy1dyads,
+e JR

Proof of Claim /.5: From (4.1) and Lemma 3.2, we can center the term D:ch;l w.r.t the derivative
D,,u; as follows:

Do, HA(t + €;t, 21, 29)
/ / ALL(E)Fa(s, 91, 62,(6)) — Day Fa(s, 61,(6), 02, (£) AL (€]
t+e JR2d

A%s g)Dl‘zuZ(S y17y2):| szq(t T1,T2;5S, y17y2)dy1dy2d3

_D:cg [/+ /de ts F2 3 ylvet s(f)) _DI1F2(376t1,5(§)7928(6))At1,s(§)y1]
'DIZUi(S, Y1, 928(&))q(t7 x1,22;S8,Y1, y2)dy1dy2ds

T
—/ /2d (A7 (O F2(s,51,52)] - Dayui(s, y1,y2) Day@(t, m1, 325 5, y1, y2)dyrdyads.
+e JR

By (3.9), the second term in the right hand side is equal to 0. This proves Claim 4.5. O

In order to prove Lemma 4.3, we need to obtain an estimate on the regularity of Dy, u; w.r.t. xs.
This estimate is given in the following claim.

Claim 4.6. Under the assumptions of Lemma 4.2 for all v < 3inf{B?, B3} — 1, the semi-Hélder norm

of exponent v/3 of Dy,u; w.r.t xo is bounded uniformly in t and xy:

|Dm2ui(t7 wy, w2) — D$2ui(t7 wi, w/2)|
|wa — wh|7/3

||D$2ui||oo,oo,'y/3 = sup < Cr

wi,w2,wheR?, t€[0,T]

where Cp, depending only known parameters in (H) and T, is small as T is small.

Proof of Claim 4.6: Let us first introduce the quantity:

D t, D t !
M(Dyyu;, T) = sup /| Q;,WZ( wl,wz)ﬁ ol wlg’%”
w1, wawheRY, t€(0,T] [wo — wh|V/3 + |we — wh|P2 + |wa — wh [P + |wy — wh|

From (4.1) and Lemma 3.2, for all (t,21) in [0,7] x R? and (z2,22) in R? x RY we have:

| Dayui(t, @1, 22) — Dayui(t, 71, 22)| (4.29)
4
<3 (Daat]) (4 ety m1,02) = (DaHY) (4 €5t,21,29)| + Ofe).
j=1

We recall that (HZJ, j=1,---,4) depend on the freezing point £ = (£1,&2) of the process which started
from x1,x2 and x1, zo at time t. Here, we choose the same freezing point “£” for the two processes
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(with different initial conditions). Let us note that, from (4.1) each D,, H ZJ can be written as:

. T .
szHi](t—l-E;t,l'lyxﬂ :/ /2d *Fz'](saylay%etl,s(g)a933(5))139626@7%17%2;Svylva)dyldy2d37
t+e JR

where Fij is some function properly defined by (4.1). We set S = {s € [t,T] s.t. |x3 — 2| < (s —1)3/?}
and 8¢ = {s € [t,T] s.t. |z3 — 25| > (s — t)*/2}. We have:

(DzzHij) (t+et,zr,22) — <Dsc2sz) (t+ et 21, 22)
j=1

4 T '
ZZL}%@@%%%%@@@
j=17t+e

(Dmff(t, x1,%2; 8, Y1, Y2) — Dy q(t, 1, 223 8, Y1, y2)> }dy1dy2d8

4 T '
+Z/1&/{W@%m%£mmw

=1 t+e R2d

szg(t7 xT1,X258,Y1, y2) - DSL‘ZQ(L x1,2255,Y1, y2)> }dylddeS

4
Pl (t+ et,x;2,8) +ZPij(t+e;t,:E;z,SC). (4.30)
j=1

i
VM’” 5

Il
,_.

J

As a first step, we bound the sum Z?:l Pij (t+et,x;2,S) in (4.30). We first prove that for all s in
S the following inequality holds:
| Dy q(t, 21,225 8,41, Y2) — Doy 4(t, 21, 223 8, Y1, Y2)|
< C(s — 1)~ BM2G,(t, 2y, w3 5,51, ) |22 — 22773, (4.31)

where ¢ and C depend only on known parameters in (H).

By using Mean Value Theorem and the Gaussian estimate of wacj from Proposition 3.1 we have:

‘szg(t7x17x2; 37?417?42) - D:Czq(tuxlu 22, Saylqu)’

< sup |DZ,q(t,x1, 22+ p(z2 — 22); 5, Y1, 42) | |22 — 20|
p€(0,1)

<C'(s—t)7° S?p)éa(t,wl,wz + p(w2 — 22); 8, Y1, Y2) |72 — 22, (4.32)
pEe(0,1

where ¢ is a positive constant depending only on known parameters in (H). Note that on S, the
following inequality holds:

s?p)da(t,xl,xz + p(we — 22); 8, y1,y2) < C"q4c(t, 21,725 8, Y1, Y2), (4.33)
pe(0,1

Combining (4.32) and (4.33), we obtain:
‘szg(t7 xT1,2258,Y1, 92) - szq(t7 x1,22;8,Y1, y2)’
S C///(S - t)_quC(thlwa; 37?417?42) “T2 - 22‘ )

Let 0 < v < 1 and rewrite |3 — 23| = |za — 22| ~7/3|29 — 22|7/3. Since |25 — 23| < (s — t)*/? we have
2o — 29| < (s — t)3/277/2|29 — 2,[?/? and (4.31) follows.
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Bound of Z;’:l ‘Pij(t +¢€ t,a;;z,S)‘. Following the proof of Lemma 4.2 and using (4.31) instead of
(4.11) when bounding the terms (4.12), (4.15) and (4.20) and setting £ = x we deduce that

N

Pl(t + €t x; 2,8)‘ (4.34)
1

T
< [ im0 O ot 0 DDl 070

<.
Il

t+e
[ Doy il oo (5 — £)"CF7=3/2 L ID . Dy o (s — t)_”_ﬁ%)/z}ds\mz — 23,
for all v < 3inf(B87,57) — 1

Bound of PX(t + €;t,x;2,S). Thanks to (4.27), we have:
PMt +€t,1;2,8)

/ 1 [ (Ais Fy(s.1.02,(€)) — Dy Fals, 01,(6), 02, (€) AL ()]
t+e R2d

‘A?,s(f)szui(S,yhyz)) (D, q(t, 21, 22,41, y2) — Dy q(t, w1, 225 t, Y1, y2)| dy1dyads

/ 18/ ts (s ylayz)] * Dyyui(s, y1,92) (4.35)
t+e R2d

X [DyG(t, w1, 223,91, Y2) — Dayq(t, 21, 2058, y1, y2)] dyrdyads.
From (4.5) and (4.31), we deduce that:

‘Pf‘(t +6t,3;2,85)| (4.36)
62
T A2 (§)y2 2
! 1 D, u; _ 4)3(B3-1—/3)/2 | s
O /tv-i_E S/]RQd { || 2u HOO (S ) 2 (S o t)3/2
al /3
AL ©wm | 2 = 02,)[
M (Dgyu;, T)(s — )1 77/2et /2| ZLenscs — /2 | 2]
+ ( 2U I )(S ) (S _ t)1/2 (3 ) (S _ t)3/2
62 52
—|—(S )352/2 0?8(6) ! +( _t)352/2 0?8(6) ?
(s —t)3/2 (s —t)3/2
Y2 — 925 g ~
+(s —t)3/? (.9—7;)3(/2) )qc(t,th; Saylyy2)dyldy2}d3|332 — 23,

for all v < 352 — 1.

By setting £ = z in (4.36) and letting € — 0 in (4.34) and (4.36), we deduce that there exist two
positive constants Cr and C7. depending only on known parameters in (H) and T, such that:

4

> Pl(t,3;2,8)| < (CFM(Dayui, T) + Crl|Dayaytiil o) |72 — 22772, (4.37)
j=1
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for all v < 3inf(87,85) — 1 and where Cr and C/ are small as T is small.

As a second step, we bound the sum Z?:l Pl-j(t + ¢ t,2;2,8° in (4.30). Note that this sum reads:

4
ZPj(lH-et x; 2,89

]:

4
Z{/ ]-Sc /]de S y17y270t 8(5) 9?5(5)) wg(j(t7$la$2;s7y17y2)dy1dy2d8
= | Jite
_/ 1se /2d F;:j(svyby279tl,s(£)7035(6))D$26(t7x17z2;87y17y2)dy1dy2ds}
+€ R

4
= Z{ﬁf (t+et,z1, 29,8 — ﬁf (t+et,z1,22,8}, (4.38)
j=1

and that for all s in S¢ we have:
1< (s—1)"2 |zg — /3. (4.39)

On a first hand, by plugging (4.39) in (4.13), (4.18) and (4.22) in the proof of Lemma 4.2 and setting
¢ = x we obtain that:

NE

‘ T (t + e;t, 21, 22, S°) (4.40)
j=1
T 2
< 0/ (s — 1) 3WHB=E02 L ID2 | (s — )% + || Dy Dayus| o (s — £) 772
t+e
[ Daytiloo (s — ) 2IFVBFD2 41Dy Doy (s — t>-<v-ﬁ%>/2}ds|x2 — |/
and plugging (4.39) in (4.27) and setting £ = x, we deduce that
|+ et 21, 22,59) (4.41)

T
< 0{ / | Dayttil o (5 — £)3 3129/ 205| 2y — 257/3 4+ CM(Dyyus, T)
t+e

[t (o - P P s - f>‘°’/2>ds}

t+e

><|$2 — z2|7/3.

On a second hand, we have to deal with the terms ﬁf(t + et w1, 22,8), for j € {1,--- ,4}. Since
we take the same freezing point for the two solutions with different initial conditions, we have to
re-center each integrand of ﬁf (t+e€;t,21,22,8°) in order to use the off-diagonal decay of the Gaussian
exponential w.r.t the degenerate component. In this case, this off-diagonal decay is given by: |ys —
mt’f(xl,z2)| for all s in [¢,T.
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Bound of f[}(t + et 21, 29,5¢). We have:

t + € t xl,Zg,Sc)

2/ / 1scdi(s,y1,Y2) Do (t, 21, 225 S, Y1, Y2)dy1dyads
t+e

!

/ /2d 1se ¢z(8 Y1,Y2) — ¢i(87y1,m?,’§(w1,22))> Dy, q(t, w1, 22; 8, Y1, y2)dyr1dy2ds
t+e JR

+/ / 1sepi(s yl,mfsg(xl,Zz))DxQQN(t,m,Z%8,y1,y2)dy1dy2d8-
t+e

By using (3.9), we know that the last term in the right hand side is equal to 0, so that:

ﬁzl(t+67 tax1722786)‘

2
Yo — mi’f(wl,%)
(s —t)3/2

T
<C {156(3_@—3(1—6%7/3)/2 /

4.42
t+e R2d ( )

Xqc(t, x1, 22; S, Y1, y2)}dy1dy2ds|:1:2 — 2|1/,

for all v < 382 — 1.

Bound of ]5[22(15 +€;t,x1,29,5°). We can split this term as:

t —I— €t l‘l,ZQ,Sc)
B 2, 2
1Sc Tr S y17y2) a(suylamt,s (‘T1722)) Dmluz(37yl7y2)
t+e R2d
X Dy, q(t, w1, 225 8,91, y2)] }dy1dy2d8
vy [ s [ e[t im0 - s.01,0.2.060)] P to.n.00)
t4e R2d

X [szq(ta T1,22,S8,Y1, y2)] }dylddeS
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By using the integration by parts argument (4.9) and a centering argument w.r.t. D, u; on the last
term in the right hand side above, we obtain:

Z2 t+€t, 1, 22,S8°)
2,
/ 136/ { a(s,y1,Y2) — a(S,yhmtf(iEl,Zz))} Dilui(s,yl,yz)]
t+e R2d

X [Dy, q(t, v1, 225 5, Y1, y2)] }dy1dy2d8
27§
/ 150/ {( [—az (8,91, M5 (961,22))}
t+e R2d
|:Dx1ui(87 Y1, y2) - Dmlui(s7 Y1, m%sg(xly Z2))] > [Dm26(t7 x1,22;8,Y1, y2)] }dylddes

+3 Z [ [ { s ) - oot 02.0)
: [Dxlui(sayl7y2) - D:c1ui(37ylam?f(xl?z?))]

0
X |:Dx2 <JQ(t ‘T1722737y17y2)>:| }dyldy2d37
/ toe [ | |ensommESton. 20 - 5. 01,(6.62,(0)
t+e R2d

(s mES o, 2) | - (Do, mif o)
1

0 .
X | Dgy | 5—0q(t, 71, 22; 5,91, Y2) dy1dyads,
oy

where the last term is equal to 0 from (3.9). From (4.39), (4.4) and Proposition 3.1 we have:

‘ﬁf(t + €;t, 1, 29, SC)‘ (4.43)
<o [ s [ Jioguiete o[22 i 2

N _t:i)(f/é’ &

(5 = 1)77|Dey Daytil oo | = _(j_tt)(:/lz 2 (s 9;1581%) (4.44)

X Ge(t, 1, 22; 37y17y2)dy1dy2}d3’332 — 2["/3

T 2,8
- Y2 —mys (21, 22)
+C||Dsc1Dm2ui||oo/ Lse(s —1) 1/2/ = 373 Ge(t, 1, 225 8, Y1, y2)dyr dyads
e R2d (s—1t) /

X |mips (w1, 22) = 67,4(€)),
for all v < 2.



34 P.E. CHAUDRU DE RAYNAL

Bound of ﬁf’ (t+e€t,21,22,8°). From (4.7), this term can be centered w.r.t. the coefficients as follows:

~23(t + € tax1722786)

T

2/ 136/ { [Fl(S,yhln) —Fl(S,yl,mi’sg(xl,Zz))} “[Dzyui(s, Y1, y2)]
+e R2d

/quad X szé(tuxlu 223 S7y17y2)}dyldy2ds

T
+/t+6 Lse /[R2d [F1(37y17m§,§(x17z2)) —F1(379t1,s(§)179f,s(§))]

[Dayui(s,y1,y2)] Dy q(t, 21, 223 5,1, y2)dy1dy2ds,

and then, it can be centered w.r.t. D, u; as follows:

3( t+et,x1,20,5°

T
=/ sa/ Fi(s,y1,y2) — Fi(s, yhmtf(ﬂﬂl,zz))]
t

+e
“[Dayui(s,91,Y2)] Dy G(t, w1, 225 5, y1, y2)dy1dyads

T
+/ 1se F1(37y17m§’§(9€1,2'2)) - F1(879t1,s(§)79t2,s(5))}
t+e ]RZd

|:Dw1uz(8 Y1,Y2) — Dm1u(3yy1,mi§(xlyz2))] Dy, (¢, 21, 225 8,1, y2)dy1dyads
T

+/ 1se - F1(37y17m§’§(9€1,2’2))—F1(879tl,s(§)79t2,s(§))}
t+e

{Dxluz s ylam?ss(fplazZ)) D, q(t, 1, 221 5, y1, y2)dy1 dyads,

where the last term is equal to 0 from (3.9). From (4.39), (4.4) and Proposition 3.1, we can deduce
the following:

‘ﬁ?(t+€;t7$17z2786)‘ (445)
T Y- 83
<o 1s / Dl (s — £)-30-BE /372 V2~ Mz (@1 22)
N t+e R2d ! (s —t)3/2
2, 1 Bi
, B )2 | Y2 T s (21, 22) —0;5(8)
+HDJ:1DJ:2UZHOO(S t) 1 (S — t)3/2 (S — t)1/2 (446)

X Gc(t, x1, 22; 87y1,y2)}dy1dy2d3’332 — 2"/?

+CHD5L’1DSL’2ulHOO/ 180/
+e R2d

% |mp S (1, 22) — 07,(€)|F

Y2 —mts (w1, 22)
(s —t)3/2

qAC(tu T1,22,S8,Y1, y2)dy1dy2ds

for all v < 352 — 1.
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Bound of ﬁf‘(t + €;t,x1,29,8°). From (4.27), this term can be written as:

f{f(t + E;t7x17 Z27SC)

T
- / / {ISC [F2(s’y1’y2) - Fz(s’yl’m?,f(fnlv*z?)) [Dayui(s, y1, y2)]
t+e JR2d
XDIzg(thleQ;Saylay2)}dy1dy2ds
T e
—i—/ /R2d 1se [FQ(&yl,mt”s (1,22)) — Fg(s,Hg’s(g), st(g))
t+e

_D$1F2(87 01‘/1,5(5)7 9152,3(5))A%,s(£)y1:| : [szui(37 Y1, y2)] D:Bg(j(ta Ty, 2258, Y1, yz)dyldyzd&

It can be centered w.r.t. Dy, u; as

N’L4(t + € tu‘rlu 22780)

T
= [ L s [Fatsonom) = FatsummiS o 0] - (Draviton. o)
t+e JR2d
Xszq(t,$17Z2;87y17y2)}dy1dy2d8
T 2
[ {1sc [F2<s,y1,mt;§<x1,z2>> ~ Fy(s.0,(6).62,(6))
t+e JR2d
_DSC1F2(87Htl,s(é)?6?,5(5))A%,5(€)y1:| : [szui(saylayQ) - Du’vzui(37y17m§,7§(x1722))]
X Dy, q(t, 1, 22; 87y17y2)}dyldy2d8
T 2
[ {1sc [F2<s,y1,mt;§<x1,zz>> ~ Fy(s,01,(6). 62,(0))
t+e JR2d
_DIlFQ(Sv 9131,5(5)76152,3(5))A%,s(€)y1:| : [szui(svylvmgf(‘rl? 22))

X szd(u x1,2258,Y1, yQ)}dyldy2d37

where the last term is equal to 0 from (3.9). By using (4.4), (4.39) and Proposition 3.1 we have:

35
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H} t + e;t, 21, 2, S°) (4.47)

T
< O/ Dyl /

t+e
X
R2d

{1 se(s — £)-3=83+2/3)2

2
Yo — mi’f(xh 22)

Ge(t, 1, 225 8,91, Y2 dy1dy2}d8|$2 — /3

(s —t)3/2
y2 — myf (21, 22) 2 g2 Y2~ mt’§($1,22) & 52
(s —t)3/2 w2 = 2l + (s —1)3/2 w2 = 2|2
- _(smt 85)(:/12, &l |z — Z2|} X Ge(t, 21, 225 8, Y1, Y2)dy1dyads,

for all v < 36%/2 — 1.

Now, note that from (3.3),
mys (w1, 22) — 07 (x) = 20 — 22,
Hence, by setting £ = = and letting e — 0 in (4.42), (4.43) and (4.47) and combining the resulting esti-

mates with (4.40) and (4.41), we deduce that there exist two positive constants Cr and C/. depending
only on known parameters in (H) and 7', such that:

Zﬂj(t,fﬂ;zjsc) < (C%M(szui,T)+CT||Dw1Dw2ui||00) (4.48)

2 2
X (’xg — 2’2’“{/3 + ‘mg — 22‘62 + ‘mg — 22’51 + ’xg — Zg’) ,

for all v < 3inf(87,85) — 1 and where Cr and C/ are small as T is small.

Finally, by plugging estimates (4.37) and (4.48) in (4.29), we deduce that there exists a positive
constant C7 which is small as T is small such that:

| Daoi(t, 1, 22) — Dayui(t, 21, 22)|
< Cr (14 CpM(Dyyu;, T)) <|$2 — 2|73 + |9 — 29|% + |wg — 20| + |2 — Z2|) :

Together with the boundedness of D,,u; from Lemma 4.2, this concludes the proof of Claim 4.6. [

Proof of Lemma 4.3. It follows from the representation (4.1) and Lemma 3.2 that, for all ¢ > 0:

4
Dxlezui (t, xy, 1’2) = Z DxlezHZ-j (t +et, 2, xg) + O(E) (4.49)
j=1

We bound each DxlezHZ-j . We recall that from Proposition 3.1, there exists a positive constant C'
depending only on known parameters in (H) such that:

D$1D$2(j(t7 T1,22;5,Y1, y2) < C(S - t)_2DIE1DIE2qC(t7 T1,225S5,Y1, y2) (450)
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1 .
Bound of Dy, Dy, H; . From (4.12) we have:
1
Dy Dy, Hy (t + €8, 21, 32)

T
= / R2d A%78(§)¢i(37 Y1, 92) [Dxl szg(t7 x1,%25S8,Y1, y2)] dylddeS-
+e

So that,

|Dyy Dy, H (t + €5, 21, 22)|
B
Az%,s(f)y2 ~

T
_ 2
C'/ / (s — 1) 2F0/20 52| et 1,258, y1, yo)dyrdyads
the JR2 (s—1)

Since 5,'2 >2/3, i =1,2 from (H1), by setting £ = x and letting ¢ — 0 we deduce that:
1Dy Dy HY|| . < CMTB52/27D),

Bound of Dy, D, H?. Thanks to (4.6), we have
DmlezHZ?(t + €t 21, 12)

T
= _% /t—l—e /de {Tr [[A7 ((©als, y1,y2)| D2 uils, y1,y2)]

X [Dyg, Dy q(t, w1, 223 8,9, Y1, Y2)] }dy1dy2d8

/+5 /de{ [@al 5 y1,9,5275(£))} - [AF ((€) Doy ui(s, y1,y2)]

X [Dyg, Dy, q(t, 1, 223 5, Y1, Y2)] }dy1dy2ds

%ij [ L st©asmton
- [AF (&) Dayuils, y1,12)]
X |:D:c1D:c2 <%§(E$17$2;87y1,y2)ﬂ }dyldy2d3-

By using (4.18), we deduce that:

| Dy Dy HE (t + €58, 21, 22) |

T A7 (Oy2 | .
' 2 —1/2
<C { HleuiHoo/H_E(S —t) / /RM m Ge(t, x1, 23 8, Y1, Y2 )dy1 dyads
r A7 (Oy2| .
+ HDZ‘1DZ‘2U’Z”00/ (S - t)_1/2/ 732 (t x1,T25 S, ylqu)dylddeS
t4e R2d (S — t) /
r Al Oy || A2 (O)y2
Dy, Dyyu; —t —1/2/ L b
+ 1 Dey Doy il o /t+6(3 ) rea || (s — )12 ]| (s —1)3/2

XqAC(ta T1,%258,Y1, yZ)}dyldyZdS}

37

(4.51)
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By setting ¢ = x and letting € — 0 we obtain:
HD$1D$2HZ'2HOO < o'r/? (HDmleuiHoo + HDﬂzﬁluZHoo) . (4.52)

Bound of Dy, D, H?. From (4.7):
leDmH?(t + € ta$la$2)
T
_/ / { [Ais(g)Fl(S7yl7y2):| : Dxlui(sayhyZ)

t+e JR2d

X [D:ch:cQQ(t7$17$2§37ylay2)] }dylddeS

/ / { FI(S ylaet 5(5))] : [A?,s(g)Dxlui(syylyzD)]
t+e JR2d

X [DiyG(t, 21,725 8, Y1, y2)] }dyldyzds-

By using (4.22) we deduce that:

‘DmlezH?(t + € t7$17$2)‘

T
< ORIl / (s 1)-2+38/2 /
t+e R2d
T 1
—i—HDxlezuiHoo/ (s—t)(ﬁl—l)ﬂ/ {
t+e R2d

XqAC(ta T1,%2;58,Y1, yQ)}dylddes}

52
Azs(f)y2 ! .
(St’_w Ge(t, 1,223 5, Y1, Y2)dy1dyads

Atl,s(g)yl
(s —t)1/2

} Ais(f)yz
(s —t)3/2

By setting £ = = and letting ¢ — 0 we obtain the following bound:
HleszHigHoo < ol (TSB%/Q—l + T(1+5})/2) HleDwzuiHoo ] (4‘53)
Bound of Dy, Dy, HY. Thanks to (4.27), we have

Dy Dy, HY(t + €;t, 21, 12)
[ AL Fa1 02,6 = D ol 1,061 0 ()AL ]

A?s(S)szuz(s ylayQ)]D:chxzq(t x1,,2;S, ylqu)dylddeS

—/ /2d (A7 (&) Fa(s,y1,52)] - Dayui(s, Y1, Y2) Dy DayG(t, 21, 223 8, 1, y2)dy1 dyads.
+e JR

By using Claim 4.6, the regularity of Fy, (4.5) and (4.50), we obtain:
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|D$1Dw2Hz4(t + € t,:l?l,ﬂjg)‘

T
< C/ ||D9E2ui‘|007007'y/3/ (3 _ t)(—3+’*/+a1)/2/
t+e R2d

{ NG

(s — t)3/2

XqAC(ta T1,%258,Y1, y2)}dy1dy2d8

T

B
A7 (Eya [
_ 2 N
(S - t) 2+362/2/ tsj qC(t7 x1,T2;S8,Y1, y2)dyldy2d3-

' D:c )
+C ” 2 U Hoo/ R2d (S—t)3/2

t+e

Since this inequality holds for all v < 3inf(83, 57) — 1, v can be chosen such that the first term in the
right hand side is integrable®. Then, by letting £ = z and letting ¢ — 0 we deduce that:

1Dy Day B < €7 (TOA271 4 7O D2) Dy (4.54)

Combining (4.51), (4.52), (4.53), (4.54) and using estimates on || Dy, u;l| o, || D2, ui]|  and || Dyyuil|s
given in Lemma 4.1 and Lemma 4.2, we deduce that there exists a non negative real 54.3 depending
only on known parameters in (H) such that, for 7" small enough:

| Dy, Dayusl|,, < CT4.3.
This concludes the proof of Lemma 4.3. .
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