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REGULARIZATION BY STOCHASTIC DRIFT

P.E. CHAUDRU de RAYNAL
May 30, 2012

Abstract

We here prove pathwise (strong) uniqueness for degenerate systems with Holder drift,
for Holder exponent larger than the critical value ¢, = 2/3. This work extends the one
by Veretennikov [Ver80], Krylov and Réckner [KRO05] and Flandoli [Flall] from non-
degenerate to degenerate cases. In comparison with, the non trivial value for ¢, is here
the price to pay to balance the degeneracy of the noise. The main tool for proving strong
solvability relies on regularization property of the associated PDE, which is degenerated
in the current framework.

Key words: Kolmogorov operator, Strong uniqueness, Holder drift, Degeneracy, Stochastic
Differential Equation.

1 Introduction

Given a real T" > 0 and a function b from R to R, we consider the following deterministic
system:

dXt = b(t, Xt)dt on (O,T], and XO = 2. (11)

When b is at least Lipschitz-continuous, the Cauchy-Lipschitz Theorem provides strong exis-
tence and uniqueness for the system. When b is less than Lipschitz-continuous, strong unique-
ness may be a real challenge. For example, under integrability condition on b, Vb and div(b),
a famous work of DiPerna and Lions |[DL89] shows that for almost every initial condition,
there exists a unique flow that satisfies (ILT)). Nevertheless, uniqueness does not hold pathwise
(so called strong uniqueness). A possible way to regularize a deterministic system consists in
adding a “microscopic” noise i-e by considering the stochastic system:

dX; = b(t, Xy)dt +dW; on (0,7], and Xy = o, (1.2)

defined on a filtered probability space (2, F,P, (F;)o<i<r) endowed with a Brownian motion
(W, 0 <t <T). The first work in that direction is due to A.N. Zvonkin. In [Zvo74], he showed
that strong solvability holds for b in IL.*° in the one dimensional case, by using a transformation
that allows to get ride of the drift part. Since, strong solvability of stochastic system (L2]) has
motivated many authors. Veretennikov [Ver8()] generalized the result to the multidimensional
case and N.V. Krylov and M. Rockner showed in [KR05] that pathwise existence and uniqueness
hold for b in LY |, p > d. Then, X. Zhang (see [Zha05]) extended the result for multiplicative
noise with Sobolev matrix diffusion and F. Flandoli and E. Fedrizzi gave in [FF11] another proof
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2 1 INTRODUCTION

of the result of N.V. Krylov and M. Réckner. All of these works rely on the deep connection
between SDEs and PDEs (see [Bas98] or [Eri06] for a partial revue): the generator associated
to the Markov process X is a linear partial differential operator of second order (usually de-
noted by L) with the transition density of X as fundamental solution. The proof of the strong
solvability of the SDE then relies on regularization properties of parabolic (or elliptic) operators.

The result that we present here is in the same spirit of these works: let Fy, Fy, 0 : [0,7T] %
R? x RT — R? x R x My(R) be measurable functions, and for all ¢ in [0, 7] and s in (¢, 77,
define:

{ dX! = Fi(s, X}, X?)ds + o(s, X}, X2)dW,, X! =z, (1.3)

dX? = Fy(s, X}, X2?)ds, X2 = 1y.

This is the generalization of (ILT) where we add a degenerate noise, or a “macroscopic” noise
if one focuses on the second component. We here show that strong solvability holds for (L3])
outside the Cauchy-Lipschitz framework: only suitable Holder assumption on the drift coeffi-
cients are needed. Our approach relies on [Flall] and, then, on the connection between SDE
and PDE. The key is to obtain Lipschitz bounds on the solution of the associated PDE and on
its derivative with respect to (w.r.t.) the non degenerate component.

The main issue is that the PDE associated to such a system is non-uniformly parabolic. In
that case, the generator L of the process (X}, X?)i>0 is given by: for all ¢ in C121([0,T] x
wai

Lt ma) = 5Tt o, 22) DRt o0, 02)) + [Filts 21, 2)] - (Dt 1, )]
+ [Fg(t, x1, l‘g)] . [DmQ’(Z)(t, xy, ZL‘Q)] . (]_4)

where “” denotes the inner product and @ = oo*. A popular result, due to Hormander [Hor67],
says that such an operator admits a fundamental solution when the coefficients are smooth (say
C*) and when the Lie algebra generated by the vector field spans the whole space. This is
referred to as “Hypoellipticity”. In our case, the form of the degeneracy can be seen as a (par-
ticular) generalization of Kolmogorov degeneracy, in reference to the first work [Kol34] of Kol-
mogorov in that direction. Degenerate operators of the form A = ST a;; ()43 bi(2)0,,,
N > Ny have been studied by many authors. When the degenerate part is linear (b; linear for
i > Ny), Di Francesco and Polidoro in [DFP06] obtain Schauder estimates and Harnack type
inequality. Also, they succeed to give a Gaussian lower bound for the fundamental solution by
using parametriz. Delarue and Menozzi consider in [DM10] a noise propagating in a n cascade
of d—dimensional oscillators (Ng = d, N = nd, n > 1). Under Lipschitz assumption on the
drift and Holder condition on the diffusion matrix, they show that the solution of such a sys-
tem admits a density which is upper and lower bounded by a Gaussian like type bound. The
approach is based on a truncated parametriz expansion of the transition density and related
stochastic control problem. Thanks to their Aronson type control on their transition density,
Menozzi [Menll] shows that the system admits a unique weak solution.

We prove that adding degenerate noise restores strong solvability. We emphasize that our
assumptions ensure the existence of a (weak) solution of (IL3)) (see [SV79]). Hence, strong solv-
ability follows from strong uniqueness. As we discussed, the proof relies on the regularization

Li-e C' in time, C? for the diffusive component, and C! for the degenerate component.



1.1 Overview 3

properties of L. We investigate the PDE: d,u + Lu = ®, wup = 0, when the source term &
has the same regularity as the drift. We show that under our assumptions, this PDE enjoys
suitable regularization properties. Namely, the solution and its derivative w.r.t. the diffusive
component are Lipschitz continuous. By using 1t6’s Formula with u, we get ride of the irregular
drift coefficients that appear in (L3)). The resulting SDE involves the solution and its deriva-
tive. Thus, we recover the Lipschitz property and, then, strong uniqueness. Unfortunately,
there is a price to pay to balance the degeneracy: Firstly, the function x5 — F(.,., x2) must
be at least ¢.-Hélder continuous, ¢, > 2/3. Secondly, the function z; — Fy(.,x1,.) must be
Lipschitz and its derivative D,, F, uniformly non degenerate. Finally, the drift coefficient Fj
is supposed to be Holder continuous w.r.t. x;. We refer the reader to Section [3 for further
discussion on the existence of a critical value ¢.. The second assumption is quite natural. This
allows the noise to propagate in the second component. That is, a sort of weak Hormander
condition. Further details can be found in Section Bl The third assumption is a direct con-
sequence of our approach. In comparison with the works of Veretennikov [Ver80], Krylov and
Rockner [KR05], and Flandoli and Fedrizzi [FE11], asking for F; to be in IL” only might appear
as the right framework. Unfortunately, we are not able to establish an L°° estimate on the
second order derivative of the solution w.r.t. the non degenerate component in this case. Also,
the PDE admits only generalized solution, so that, It6’s Formula does not apply and one has
to derive an [to-Krylov type Formula. Consequently, we have to deal with Calderén Zygmund
estimate on the solution and to handle the second order derivative by using Krylov inequality
(see [Kry09]). Recently in [BZ11] M. Bramanti and M. Zhu exhibit IL” estimates for general
class of Hormander vector field with drift. But, to the best of our knowledge, there is no Krylov
inequality for such a degenerate process.

1.1 Overview

The natural generalization of such a result is its extension to the case of a random noise
propagating through a chain of n differential equations:

dXsl = F1(37X317"' 7X:)d8+0-(8’X31’“. 7X:)dWs
dX? = Fy(s, X}, -+, X[)ds
AX3 = Fy(s, X2+, X1)ds

dX" = F,(s, X', X™)ds

where (F})i<j<n are some measurable functions from [0, 7] x R®=/+24 to R?. By using Gaus-
sian estimates from [DM10], Menozzi shows in [Men11] that weak existence and uniqueness hold.

Nevertheless, we failed to generalize the result to this n-case. This again comes from the
regularization properties of the associated generator: the classical way for studying these opera-
tors is the parametrix. This approach relies on the associated frozen system (that is the system
with constant coefficients). The solution of the PDE can be seen as a time-space convolution
of a perturbed kernel with the frozen density. In this case, the frozen system is Gaussian and
its nd x nd covariance matrix is homogeneous to:



4 2 GENERAL SETTING AND MAIN RESULT

t/2Id 0 .- 0
0 3/21d .- 0
: o - 0
0 o0 ti21q

Then, the differentiation of the frozen transition density over the j-th component generates a
time-singularity of order j — 1/2, which is not integrable. Unfortunately, the regularity of the
perturbed kernel does not prevent such a singularity.

1.1.1 Application

For example, Eq. (L3) describes the dynamics of some Halmitonian systems (see e.g. Soize
[So194] for a general overview or the more specific works by Talay [Tal02] and Hérau and Nier
[ANO04] for questions of convergence to equilibrium). Also, it corresponds to the dynamics
used in mathematical finance to price an Asian option (see for example [BPV0I] for a specific
discussion of the regularity of the price in such a degenerate case).

1.2 Organization of the paper

In Section Pl we state the detailed assumptions and the main Theorem of this paper: strong
existence and uniqueness hold for the system (LL3]). Then, we explain how the proof works and
introduce the mathematical tools. Also, we give the regularisation properties of L. Thanks to
these properties, we prove our main result. In Section [8] we illustrate the effect of the degen-
eracy by investigating the case when X is a Brownian motion. We also make some comments
about our result and our assumptions. This study allows to understand how the degenerate
system behaves, and how the analysis must be achieved. The remainder of the paper is dedi-
cated to the investigation of the smoothing properties of L. This is done under regularization
procedure, but the estimates are obtained uniformly. In Section [ the main tools for studying
these properties are presented: the parametrix and the linearization of the system play a central
role. The proof is derived in Section Bl This is the technical part of this paper.

2 General setting and main result

2.1 Framework

Let T belongs to R™*, ¢ to [0, 7], and d to N*. Consider the following R? x R? system for any
sin (¢, T]:

{ AX! = Fy(s, X}, X2)ds + o(s, X}, X2)dW,, X} = o, 2.1)

dX? = Fy(s, X!, X?)ds, X? =z,

where (W, t > 0) is a standard d-dimensional Brownian motion defined on some filtered prob-
ability space (Q, F,P, (F;)i>0). F1, F» and o are some measurable functions satisfying:

Hypotheses. (H1). For all (t,z1) € [0,T] x R?, the function Fy(t,.,x5) : x1 — Fy(t,x1,22)
is continuously differentiable and there exist 0 < 3! <1,1<4,7<2,0<a’<1,i=1,2 and
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three positive constants Cy, Cy, C, such that for all (t,x1,2s) and (t,y1,y2) in [0,T] x R x RY,

|Fu(t, 21, 2) = Fi(t,yn,10)] < Calon — | + [ — 1))

|Bo(t, x1, ) — Bolt,yn, )| < Callzn — 1|2 + |2 — 1))

| Da, Fa(t, 21, 32) — Doy Fa(t, 41, 92)| < Calwn — n|* + |22 — 12|™)

|a(t, z1, m2) — at,y1, y2)| < Callzr — p1] + |22 — 2])
and there are continuous time functions. Moreover, 3 =1, B2 > ¢., i = 1,2, where ¢, = 2/3.
The function o also satisfies the uniform parabolic hypothesis:

JA > 1 such that V¢ € R*, A7YC|? < [oo*(t, 21, 22)C] - ¢ < A|CJ%

for all (t,x1,z2) € [0,T] x R x RY, where “” stands for the transpose.

Finally, we also suppose the following assumption: there exists a closed convex subset
E C GL4(R) such that for all t in [0,T] and (x1,zs) in R* the matriz D,, Fy(t, v, z5) be-
longs to &.

In the sequel, the sentence “known parameters in H1” refers to the parameters in this hy-
pothesis.

Notations. Since the notation can become a bit heavy, we rewrite the system (L3) in a

shortened form:
dX, = F(t, X;)dt + Bo(t, X;)dW,, (2.2)

where X; = (X}, X2), F(t, X;) is the R?? valued function (Fy(t, X}, X2), Fy(t, X}, X2))* and B
is the 2d x d matrix: B = (Id, Ogayga)*. Here, Id stands for the identity matrix of M4(R), the
set of real d x d matrix.
We sometimes denote by g(t, X;) the function g(t, X}, X?) from [0,7] x R? x R? to R?*?. In
the same way, we often denote by x,y or £ the 2d—dimensional variable (x1,z3), (y1,¥y2) and
(&1,&2). Consequently, each component of the d-dimensional variables x, k& = 1,2 are denoted
by 2y, | = 1,---,d. We denote by ® (resp. ¢) a measurable function from [0,7] x R? x R4
to R?? (resp. R?). Each d-dimensional component of this function is denoted by ®; (resp. ¢;),
1 =1,2. We emphasize that we often switch from one notation to another in the following.
The inner product is denoted by “”. In the sequel, we denote by C' a positive constant, de-
pending only on known parameters in H1, which may change from line to line and from one
equation to another.

2.2 Main Result.

We have the following:

Theorem 2.1. Let T' > 0. Suppose that assumption H1 is in force. Then, strong existence
and uniqueness hold for the 2-system of d-dimensional SDFEs:

dXsl = F1(87 Xsl7 XSQ)dS + U(S’ Xsl’ X‘?)dWs’
4X? = Fy(s, X1, X?)ds, (23)

for all s in (t,T], any t in [0, T], and for any initial condition (x1,x3) in R* at time t.



6 2 GENERAL SETTING AND MAIN RESULT

2.3 Strategy of proof.

Existence of a weak solution is straightforward: it follows from the regularity of the coefficients
(see [SVT9]). Then, if strong uniqueness holds, strong existence follows. The main issue consists
in proving strong uniqueness. As mentioned before, the strategy for proving strong uniqueness
consists in investigating the regularization properties of L. This is done by assuming that the co-
efficients of (2.3)) are smooth. Indeed, under H1, one can find a sequence of mollified coefficients
(a", F*, Ft, 7, ®F),> such that (a”, FT*, Fy, @7, L) tends to (a, Fi, Fy, Py, o) uniformly on
compact subsets of [0,7] x R? x R? This is referred to as “reqularization procedure” in the
following. For all n > 0, we connect the degenerate system (ZI]) with the systems of PDEs:

" (t,x), for (t,x) € [0,T] x R (2.4)

) =
1,2,

™ (t, z) + L™l (¢,
Z( )(T,a:) = Oga, =

where L™ denotes the regularized version of L, and where the (CDZ("))Z-:LQ are the regularized
versions of (®;),_,,. In the whole paper, the functions (®;),_, , are supposed to be at least

regular as F} in H1. We emphasize that the derivative w.r.t x5 is only of order one. We have:

Theorem 2.2. Let T' > 0 be “small enough”. Suppose that assumption H1 is in force.
Then, for all n > 0, the linear systems (2.4) admit a unique solution u™ = (uﬁ"’ ué"’) €
CL21([0,T] x R R?),

Moreover, there ezist two constants Cr and C., only depending on T and on known param-
eters in H1 such that, for alln >0, the following inequalities hold: for all (x1,y1) and (x9,ys)
in R??,

sup Jud™ (t, 21, 22) — u{” (t,y1,92)| < Cr(lzr — yi| + |2 — pol), (2.5)
te[0,T)
sup |DJ31 u, )(t,l’l,l'g) D$1u§ (t’ylay2)| S Cfll"(|x1 - y1| + |[L’2 - y2|)7 (26)
t€[0,T

fori=1,2 and where Cr and Cl, — 0 when T — 0.

The key point is that the estimates of the solution in Theorem are obtained uniformly
in n. The terminal condition in (2.4]) is very important: it guarantees that the solution and its
derivatives vanish at time 7.

We now expose the basics arguments for proving our main result. Let the source term &
be the drift term F. Thanks to It6’s Formula, one can replace the drift of the stochastic
process which solves ([2.3) by the solution of (2.4). By splitting the interval [0, 7] on sufficiently
small intervals, one can recover the Lipschitz property of the coefficients of the SDE on each
small time-interval (see Theorem 2.2)). By splitting the whole interval in a sufficiently small
subdivision, one deduces strong uniqueness for (2.3]).

Finally, the most technical part of the proof consists in showing smoothing properties of the
generator L defined by (L4). This is done in Section @ by using the so-called parametriz
approach (see [Fri06] for a partial revue).
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2.4 Proof of the main result: application of Theorem to the system ([2.3])

In the following, “1” denotes the 2d x 2d matrix:

Id ORdXRd
Ogixra Oraxre/
Let (Xt > 0) and (Yy,t > 0) be two solutions of (2.3) for the same initial condition z
in R?. Let u™ be the solution of the linear systems of PDEs (Z4) with ®™ = F®_ Then,

for T' small enough, we know from Theorem that one can apply 1td’s Formula to both
u™(t, X;) — X; and u™(t,Y;) — Y. One gets:

t t
u™(t, X,) — X, = / [gu(") + L(")u(")] (s, Xs)ds — / F(s, X,)ds +u™(0, z9) — x0
0 0

t

t
+ / [D,u™ — 1] Bo(s, X,)dW,, (2.7)
0

and

t t
u™(t,Y;) - Y, = / [gu(”) + Lu(")] (s,Ys)ds — / F(s,Yy)ds +u™(0, z0) — x0
0 0

t

t
- / [D,u™ — 1] Bo(s, Y,)dW,. (2.8)
0

Since u(™ is a solution of (Z4)), the first term in the right hand side in the two equalities
is equal to F. By taking the expectation of the supremum over ¢ of the square norm of the
difference between (2.7) and (2.8) we get:

E sup |X; —Y* <C sup Elu™(t, X;) —u™(t,Y;)* + CTE sup |F™(t, X;) - F(t, X,)|?
te€[0,T] t€[0,T] t€[0,T]

+CTE sup [F™(t,Y;) — F(t,Y)[
te[0,7

T
+CE/ [D,u™ B = B] (5, X,) — [D,u™ B = B] (5,Yy)[ (s, V)2 ds
0
T
+CE / D B||_|lo(s,Y;) — ols, X,)]|* ds.
0

Note that D,u™ B = (D,,u™, Ogayga) and that, for both Y; and X,

E sup |F™(t, X,) — F(t,X,)|> = 0, as n — oo.
t€[0,T]

So that, from estimates (2.5 and (2.6) of Theorem 2.2 and by letting n tends to the infinity,
we deduce that:

T
E sup |X; - Y,|* < C(T) {E sup | X, — Yi|? —HE/ | X — Y'S\st} ,
0

te[0,T] te[0,T]
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where C(T') — 0 when T" — 0. Then, strong uniqueness holds for 7" small enough. By iterating
this computation over a sufficiently small subdivision of the interval, the result follows.

Remark 1. From now, we omit the superscript “(n)” that follows from the regularization
procedure. We only work with smooth coefficients and show how to obtain the reqularization
properties of L depending only on known parameters in H1.

3 The linear and Brownian heuristic.

This Section introduces the main issue when solving (Z3)) in a simple case. Furthermore, it
allows to understand some assumptions in H1 and to present in a simple form the effect of the
degeneracy.

Let us introduce the Kolmogorov example: in [Kol34] Kolmogorov showed that the solution
of: dY; = aW,dt, (a # 0), admits a density, which is Gaussian and whose covariance matrix is

given by:
( t (1/2)at2)
(1/2)at? (1/3)a?t3 )"

This simple example illustrates the behaviour of the system in small time. The diffusive coordi-
nate oscillates with fluctuation of order 1/2, while the degenerate one oscillates with fluctuation
of order 3/2. As a direct consequence, the transport of the initial condition of the first coordi-
nate has a key role in the second one. This observation is crucial in the following.

B Suppose now that F; = 0, 0 = Id and F5 is homogeneous and linear w.r.t x; i-e Fy(s, 1, 22) =
Fy(x9) + Tszq for all s in [¢, T] and where 'y belongs to the set M4(R) in (Z3]). The SDE (23))
becomes:

{ dX1 = dw,, X} =m, 3.1)

dXS2 = (FQ(XSQ) + FSXSl)dS, Xt2 = Z9,

for all s in (¢, 7).

As we said, we investigate the regularization properties of the generator L of (B.I]) by using the
parametriz approach. It is a perturbation method. It consists of a Gaussian approximation of
the fundamental solution of L by a McKean-Singer expansion (see [MSG7]). Here, our approach
is a first order expansion or, similarly, a variation of parameter approach. We approximate the
original operator L by a Gaussian operator L for which the fundamental solution enjoys well
known properties. This is done by considering a Gaussian stochastic system of generator L
that approximates the system (BI). In a uniform elliptic case, a classical way for deriving such
a system consists in freezing the coefficients of the original SDE at the starting point. Here, as
required by the degeneracy, the choice of the “freezing” point for the parametriz strategy must
be done carefully. Indeed, the degeneracy of the second variable breaks down the diffusive time
scale, so that the transport of the initial condition of the first component into the second one
can not be neglected. Then, the freezing curve 6,, = (6} 923)*, s in (¢, T] solves the ODE:

t,s?

d — *
get,s = (Opa, F2(07,(6)) +&1)", 01a(8) =€,

for all ¢ in R??. Tt is of the implicit form:



010(6) = [ U+ 0L (€] dr 6 (32
where,
v = (T ). (33)
The Gaussian frozen system is:
dX!=dw, X} =,
| (R s ) s, X2 o

This is our candidate to approximate (3.)). In the reminder of this Section, we first illustrate
the existence of the critical value c. in H1. Then, we explain why the derivative of F; w.r.t x;
is supposed to be in a convex set of GL4(R).

(i) Suppose that, for all s in (t,T], T's =1d. We have:

Lemma 3.1. The system (3.4) has a unique solution that admits a Gaussian transition density
q gien by:

1 _ - %
(?(757 L1, T2; 57y17y2> = W det (stt) 12 €xp <—\Ks—1t/2(y1 —T1,Y2 — mff(ﬂf)) |2) ) (3-5)

where m?f(:c) = xy+ (s—t) a1+ [ Fo(07,.(€))dr and where K,_, is the uniformly non-degenerate

matrix:
o (s—)Id  (1/2)(s —t)21d
Kot = ((1/2)(s—t)21d (1/3)(s—t)31d>' (3.6)

Moreover, the transition kernel ¢ and its deriwatives admit a Gaussian-type bound:

Nt N1 yN®2 myNY1 - .
Dt D:vl D:vg Dy1 Q(tv'xhx?vsvyluy?)

(3.7)

_ x t x 1 C _ _ 2, *
S (S _ t) [B(N®24+N")+N 1+Ny1]/2mexp (—C 1|Tt,;(y1 — T1,Ys — mt7§(l‘)) |2> s

for any t in [0,T), all s in (¢t,T], any N*, N** N*2 N¥ in N and where ¢ denotes a positive
constant depending only on known parameters in H1. Here,

-1 (T - t)_l/zld ORdXRd
TT*t - ( ORdXRd (T - t)73/21d ’ <38>

is called the time-scale matrix of the system (3.1) and gives the order of the fluctuation of each
component.

The deterministic ODE associated with X%* has the form:
d - _ * -
g0 = (0a0, Fo(07,(€)))" + Un, (3.9)

where U, is now the sub-diagonal identity matrixd. The system (B.9) is the deterministic coun-
terparts of (B.]), for which the mean of the Gaussian process is a solution. Note that, when

2U, is given by: U, = (OR;QW gizxi;l).
X
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the freezing point and the initial condition are the same (i-e when ¢ = x), the frozen curve
(015(z))s>¢ defines the flow of the ODE (89). So that, the freezing curve (6;s(z))s>+ matches
the mean of the Gaussian process X, i-e: Vs € [t,T], Vo € R*: 0, ,(x) = m] (x).

The transition density (B.3]) is the fundamental solution of the Kolmogorov degenerate PDE:
0uq(t, a3 T, y)+LEG(t, 25T, y) = 0, (T, 25T, y) = 6, (x), where L5 = (1/2) A, +[F(077(€)) + 21]-

D,,. Then, any solution of:

Dt x) + £5ult 1) = o(t, ), (3.10)
t
writes:

u(t, z1, x2) / / (s, y1,y2)q(t, x1, 25 8, Y1, Y2 )dy1dyads. (3.11)

As the proof of the Theorem 2.I]shows (see Subsection [2.4]), one can replace the drift coefficients
of (XIt® X2b% s > t) by the solution of the PDE (BI0) with source term ¢ = (Oga, Fb)*.
In order to obtain estimates of Theorem [2.2] one needs to bound the supremum norms of

D, u, Dy,u, D? U and Df: 2,0 independently of the regularization procedure. As representation

(B11) shows, the differentiability of u can be seen as the time-space convolution of the source
term ¢ with the derivative of the fundamental solution of £¥. Lemma B.I] shows that such a
differentiation gives a time-singularity, which is not always integrable. Moreover, it shows that
the cross derivative D> L, generates the time-singularity of higher order, that is of order 2. It
must be compensated by the regularity of F» under H1:

(s — )72 |Fay) — Fo(07,(9))| a(t, x5 5,y)

2
A

SCls—t (s —t)3%32 (s —1)X eXp <_071|Ttisl (Y1 — 21,9 — mi’f(x))*IQ) ’

from Lemma 3.1l By letting ¢ = «, there exists a C' > 0 such thatfl

ly2 — 67, (2)|*
(5 — t)3P3/2

Thus, by damaging the constant ¢ in the exponential, one obtains:

x exp (—c 7Ty (y1 — 21,92 — m?:(ﬂf))*|2) <C.

(s =) | Fa(yo) — Fo(67,(2))| a(t, 23 . y)
_ 2 C . . . .
< C<3 - ) 230/ (S . t)zd exp (_C 1‘Tt,sl<y1 — T1,Y2 — m?:s (:L’)) |2) :

Then, the value of 42 must be such that (s—t)~2t3%/2 is integrable, and one gets: 52 > 2/3 = c,.
This is the reason of the existence of the critical value. From this discussion, one can also see
the specific choice of the freezing curve as the one that matches the “off-diagonal” decay of the
exponential in ¢ when & = .

Proof of Lemma [3.1] One can write the second component as:

X2=ay+ (s —t)x; + /S F5(67,.(£))dr + /T(T — s5)dWs. (3.12)

3By using the inequality: Vg > 0, 3C > 0 s.t. Yo > 0, 0%¢™ 7 < C.
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We deduce that the 2d x 2d covariance matrix of the process (X!, X?) is given by:

._ (s —t)Id (1/2)(s — t)’1d
Koot = ((1/2)(3 —t)2Id  (1/3)(s — t)31d) :

Basic computation shows that K, = ']I';ltf( -t

s—t?

A—l_ 4 _6
K _<—6 12)

As a generalization of the Kolmogorov ezample the Gaussian transition density is of the form,
for all s in (¢, T7:

for all s in (¢, T], where:

1 - - x
q(t, x1,72; 8,91, Y2) = W det (Ks—¢) 2 exp <_|Ks—1t/2<y1 — L1, Y2 — mff(:c)) |2> . (3.13)
The reminder of the proof follows from easy computations. For details, we refer to the proof
of Proposition below in a more general case. O

(ii) Let us now suppose that I's # Id. The frozen system writes, in a shortened form:
dX, = [F(6;,(8)) + U, X,] ds + BdW,, (3.14)

for all s in (t,T], with the initial condition X; = x, where F' = (Oga, F3)*, where U, is given
by [B.3)) and where (6, )¢<s<r is the forward curve ([3.2)). In this case, the crucial point is the
specific form of the covariance matrix 3, of X%*. As the proof of Lemma Bl above shows, it
is given by:

S = ( (s=1) [ Tupdr )

LS f‘tﬁ‘d?ﬂ j;s f‘t’rf‘zrdr

for all s in (¢t,7] and where: Ty, := [/ T',du. Existence of a transition density of X follows
from the non-degeneracy of this matrix, this is what we investigate in the following.
Let ¢ be a function in the space L ([0, T],R?), the deterministic counterpart of (BI4) is:

d - _ _
Ewt = (Oge, F2(071(£)))* + Uiy + By, (3.15)

that is, the controlled version of (89)). In [DMI10] (see Proposition 3.1), the authors show
that controllability of the system above is equivalent to det (3;7) > 0. Also, they prove that
det (I's) > 0 for a.e s in [t,T] is a sufficient condition for having controllability of (3.I5]) and
then, det (¥;7) > 0. Then, the right choice of I" seems to be I" in the set of real d x d invertible
matrix: GLg(R). Unfortunately, this condition is not sufficient: whereas it preserves the non-
degeneracy of ;1 for a given T, it does not ensure a uniform control in GL4(R). Let t = 0
and T = 1: in [DM10], the authors show that (see example 3.5 p.22) one can find a sequence of
(T7)n>0, s € [0, 1], such that det(T'7*) = 1 for all m > 1 and for which the variance of the second
component converges towards 0 as O(m~2). So that, det(3o) vanishes although det(I'™) = 1 is
constant. This could be resume as follows: the mapping U € Ly ([0, 1], Mgg(R)) — % is con-
tinuous for the weak topology. This ensures the controllability of (315, so that, det(3g1) > 0.
Nevertheless, as the example above shows, the set of invertible matrix is not closed for the weak
topology, but the convex set £ in H1 is.



12 4 SMOOTHING OF THE LINEAR SYSTEMS OF PDES

4 Smoothing of the linear systems of PDEs

The regularization properties of (2.4]) are the key of the proof. We also recall that, outside
the regularization procedure, the ®;, ¢ = 1,2 in Theorem are supposed to satisfy the same
regularity as F; in H1. For the reader convenience, we study the scalar version of systems

24):

{ &tUi(t, .T) + Lui(tv SL’) = (bi(tv .T), for (tv SL’) € [O’T] x R (41)

w(T,z) =0, i=1,2,

where (¢;),_, , are functions from [0,7] x R?? to R, that is, ¢; is the scalar version of ®;. We
give a preliminary version of Theorem 2.2
Proposition 4.1. There ewists a unique solution u = (uy,uz)* € CH*1([0,T] x R* | R?) of the

systems (4.1). Moreover, for T' small enough, there exist two reals g, gy > 0 and two
constants Gy, g1 depending only on known parameters in H1 such that:

sup |u;(t, x1,2) — ui(t, y1, ya)| < CE:DTM(W =yl +[r2 — yal), (4.2)
te[0,7
sglp} | Dyyui(t, 21, w3) — Dyyui(t, y1, y2)| < C@Tﬁﬂﬂxl — 1|+ v —we]),  (4.3)
tef0,T

fori=1,2.

We emphasize that Theorem easily follows from this Proposition. Indeed, each coordi-
nate of the vectorial solution of the decoupled linear systems of PDEs (2.4]) has the properties
described above.

Strategy of proof: The proof of Proposition [4.1]is done in four steps:

Step 1: We first show that there exists a unique solution u of the linear systems (41]),
which is a C;° function. Existence and regularity are proved by adopting a viscosity solution
approach. We propose a candidate u as:

T
u(t, x1,xe) = E/ o(r, X:’t’x,Xf’t’x)dT,
¢

where the process (X1, X?) satisfies (2.3). Then, we show that u is a viscosity solution of the
linear systems (A1) and that it is a smooth function. Since a smooth viscosity solution is a
classical solution, we get existence and regularity of a classical solution of (4.1]). One concludes
by proving uniqueness of the Feynman-Kac representation of u, thanks to It6’s Formula.

Step 2: As we explained in Section [3, we approximate the original operator L by a Gaussian
operator L for which the fundamental solution enjoys well known properties. Then, we rewrite
the systems of PDEs ([£.1]) as:

Ayui(t, x) + Luy(t,x) = (L — L)u;(t, z) + ¢5(t, ), for (t,z) € [0,T] x R
w(T,z) =0, i=1,2.
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The solution u = (uy, us)* of these systems writes:

T T
t 2d t 2d

for © = 1,2. The parametrix consists in investigating the regularizations properties of the per-
turbed operator (E—L). The aim of this step is to get the “good” operator L that approximates
L. This is done by considering the frozen stochastic system of generator L.

We recover the Gaussian framework by a zero-order Taylor expansion of F;. The Brownian
heuristic shows (see Section [3]) that the linearization has to be done around the frozen forward
curve that solves:

d

Eet,s(g) = F(5,0,5(&)), 0.4(¢)=¢.

We obtain the Gaussian SDE,
dX5" = F(s,0,4(€))ds + BD,F(s,0,4(€))(X5 — 0,,(€))ds + Bo(s,0,4(€))dWs, (4.5)

where B is ‘the real 2d x d matrix (Ogaxra, Id)*. Then, we check the existence of a transition
density of X. We denote by L' the generatoit] of (£5) and ¢¢ its fundamental solution. This
is our candidate to approximate L.

Step 3:  We focus on the properties of the frozen system generated by L“¢. In Section 3]
we give the explicit form of the frozen transition density ¢“¢. From this form and discussion
of Section 3, we deduce a Gaussian type bound with the “right-scales” for ¢ and its derivatives.

Step 4: This last step consists in investigating the smoothing properties of the perturbed
operator (E — L). We derive the Lipschitz estimates on the u;, i = 1,2, depending only on
known parameters in H1. These estimates follow from the boundedness of the derivatives of
the representation (4.4]). This representation can be seen as an expectation of C'*° functions
(thanks to step 1), so that, it is differentiable uniformly in the freezing point £. Thanks to the
smoothing properties of the perturbed kernel, by differentiating and by letting £ = x (the freez-
ing point to be the started point), we deduce the Lipschitz bounds. The strategy is presented
in Section [£.4] and we give the detailed proof in Section Bl

4.1 Regularity of the solution in smooth case

Here, we prove the following result:

Proposition 4.2. There exists a unique Cg° solution of ([{.1]) which is given by the function
w:[0,T] x R* — R?:

T
u(t, xy,xe) = E/ o(r, X:’t’x,Xf’t’x)dr.
¢

4Here, the superscript “t,&” stands for the dependence on the freezing point.
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Proof of Proposition

Lemma 4.3. let: .
u(t,xy,x0) = E {/ ¢(S,X;’t’x,Xf’t’x)ds . (4.6)
t

Then, u is a viscosity solution of (4.1)).

Proof. First we have to prove the continuity of u. From regularity of the coefficients, there
exists an a.s. continuous version of the process (X4 X24%) o, (see [Kun86]). Since (¢;)i=12
are smooth, continuity follows. We show now that u is both a sub and super viscosity solution:
this follows from Theorem 5.1 p 69 of [F'S06].

O

Lemma 4.4. There exists a unique strong solution X = (X', X?) of the stochastic system:

dX! = Fi(s, X}, X2)ds + o(s, X!, X2)dW,, X} =y,
dX? = Fy(s, X!, X?)ds, X2 = 1,

s € [t,T]. It is infinitely differentiable w.r.t x;, i = 1,2, and, for all k in N*, for all (i1, - - ,ix) €
{1,2}* the process D§i17~~ ikX;“” satisfies:

X

E

T

sup )D’;il,_ ] < K.

s€t,T)

t,x
ig XS

Proof. The result follows from the regularity of the coefficients, from [Kun86] and from Theorem
70 of [Pro04]. O

Lemma 4.5. Let f be a C° function from R* to R. Let v(t,x) = Ef(X5), where X5* is a
solution of (21). Then, for any i = 1,2, D,,v(t,x) exists, is continuous, and:

D,v(t,z)=E

2
ZijﬂX%ﬂC)DmX%’”]- (4.7)
j=1

Proof. Thanks to Kolmogorov criterion, there exists a a.s. continuous version of the process
which solves (Z1I). Moreover, it follows from Lemma A4 that, for all ¢ in [0, 7], for all s in
[t,T], the mapping X% : z — X5* is a.s. continuously differentiable. Since f is Lipschitz, f
always satisfies the domination property:

[F(X7") = F(XP)] < Ko — 2,

where K is a random constant with finite moment of all order by Kolmogorov Theorem. One
can apply the Lebesgue differentiation Theorem so that D, v(t,z), i = 1,2 exists and satisfies

@m.
O

Lemma 4.6. Let u be the function defined in Lemma[f.3. Then u is C**! and:

0
a—;b(t, xlaxQ) = _Lu(tv xlaxQ) + ¢(t7$1ax2)'
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Proof. We know that (X!"* X2%%) is continuous w.r.t ¢ (see Lemma 4.6.1 of [Kun86]). So
that for all x in R*¢, the function u(.,x1,22) : t € [0,T] — u(t, x1, 25) is continuous. Using the
Markov property we deduce that, for all 0 < h < t:

t
u(t _ h, IE1,$2) _ Eu(t,th’t_h’x,th’t_h’x) - E ¢($’Xsl,t—h,x’XSZ,t—h,x)d&
t—h

By iterating Lemma 4.5 one deduces that u is two times differentiable w.r.t the space variables.
Combing with Lemma [4.4] one deduces that the space derivatives of u are bounded. Then,
applying It6’s Formula on R x RY to u(t, th’t_h’gﬁ, th’t_h’x) and taking the expectation lead to:

t
Eu(t, X" XP) = ult,x,20) + E / Lu(t, X270 X2y dr
t—h
t
+E / Dyu(t, X1 X270 Bo (r, X 00 X250 AW,
t—h
where the last term in the right hand side is equal to 0. Then:

t—nh — uft 1 [
U( 7$17$2}z U( 7x17x2) _ EE/ [Lu(t’Xi,t—h,x’Xg,t—h,x) + ¢(T’ X},t—h,a:’XE,t—h,m)] dr.
t—h

By the continuity of u w.r.t ¢t and by letting h tends to 0 we deduce that:

0
a_?(t,fflﬁz) = —Lu(t, x1,v2) + ¢(t, 1, T2).

O

Then, by iterating Lemma and by using the boundedness of the tangent process at every
order from Lemma 4] we deduce that the function u defined in (£.0) is Cp° for all ¢ in [0, 7.
Combining Lemmas [£.3 and .6l and existence of a smooth classical solution of (4.1]) follows. Let
u be such a solution, by applying It6’s Formula on u(T, X ;"' X%"*2) where (X """, X%"*2) is
a solution of the SDE (2I)) such that (X*"**, X}"**) = (z,, x,) a.s., and taking the expectation
we have:

T
U(t,l‘l,lj) =K [/ QZ)(S,XSl’t’x,st’t’x)dS s
t

and then, uniqueness follows. This conclude the proof of Proposition O

4.2 Linearized frozen system and “Parametrix”
4.2.1 Linearized frozen system
Here, we give the Gaussian frozen system that approximates (2.3). We refer the reader to the

discussion in Section [3 or to the beginning of Section Ml for further details.

Let a1, 2, belong to R? and ¢ to [0,7]. Recall that we are interested in the following
non-linear and degenerate system of SDEs:

{ dX bt = (s, XP0e X262)ds + o (s, X 0o X262)dWV,, th’m*’ = 74, (48)

2t 1,t, 2.t, 2tx _
dX29 = Fy(s, X 0", X2")ds, X0 = g,
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for all s in (¢, T7.

We must linearize the system around some well chosen “freezing curve”. This forward
transport function solves:

%Qm(f) = F(s5,005(&)), 0:(&) =¢. (4.9)

The linearized system is:

d):(;,m = F1(s,0:5(8))ds + (s, 0,,5(§))dWs, (4.10)

AXP0 = Fy(s,01,5(§))ds + D, Fa(s, 01,4(§)) (X7 = 0, (&) ds. '
The deterministic counterparts of (ZI0) writes

d _

2505 = (5,005(8)) + BDoE (5, 00,5(6)) (05 = 005(€)), 0 =, (4.11)

where B is given by ([{.H). In Section[3] we showed that the controllability of (A1) is a sufficient
condition for the non-degeneracy of the covariance matrix of X and, then, for the existence of
transition density. Also, we showed that the controllability of (A1) follows from the specific
non-degeneracy of (D,, F»)(D,, F2)*. Thanks to H1, Proposition 3.1 and 3.4 in [DM10], we
know that this system is controllable. So that, the covariance matrix of the solution of (4.0
is invertible. The transition density § of X% is givenﬁ by:

/2 - .

qt, w1, 00, T, y1,92) = (2 )72 (det[Ser])) " exp (‘\2;%/2(?}1 — My, Yo — My s)"| ) :

where:

mi%(az) =1 +/t Fi(s,0.5(€))ds (4.12)
wifo) —a+ [ [Dmms, 00(6) (a1 — 61,(6))

FE(5.0,6) + DunFr(5,06) [ Fifa et,u@)du] ds,

t

and where the covariance matrix X, r is given by:

>, = ftT o0*(s,05(€))ds ftT Ry r(&)oo*(s,0:.5(€))ds
ZLT <LT 0‘0’*(3, et,s(f))R;T(f)ds J;T R&T(ﬁ)aa*(s, et,s(g))RQs(f)*dS) ) (413)

U D, Fo(r, 0;,.(€))dr ] .

Note that the mean me(a:) = (mtT(az) mfé( ))*, of X5* satisfies the ODE (@II). As
discussed in Section B, when £ = x the forward transport function ;7 (x) is also a solution of
[@ID), so that: 6,7 (x) = m{,(x), for all x in R*.

with:

To analyse the smoothing effect, we have:

SFor the sake of simplicity, we forget the superscript “t,£” on the frozen transition density. When a specific
choice of £ is done, we mention it.
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Lemma 4.7.
For all z,& in R*,

|[Fa(t, 21, 20) = Fo(t,017(€)) = Doy Fo(t, 6,.0(€)) (21 = 0,1(6))] |
< Clag = 6701 + Cl(z1 — 010(€))M".

Proof. We first apply a Taylor expansion with integrable remainder:
1 2 2 (N 2
E5(t,0,0(6), 0:0(8)) = Fa(t, 21, 0,1(8)) +/ Da, F5(t, y1, 0;0(8) ) dyr.-
1

And plugging into:

[F2<t7 1, 'TQ) - F2<t7 9151,T<§)7 9152,T(£>> - D$1F2<t7 9151,T<§)7 9152,T<£>><x1 - ez},T(g))] ’
we get:

|[Fo(t, x1, 2) — Fa(t, 0,0(€)) — Doy Fo(t, 0,.0(E)) (w1 — 6;.1(E))]|
< | Folt, w1, 29) — Folt, 21,67 1(6))]

0f 1(€)
+ / D, Falt, 41, 021(€)) — Doy Falt, 610(6), 620(6))| dip.

1

9§,T(§)
< Clas — 02,(8)B + C / g — 6Ln(6) dyn.

xr1

< Claz = 70(€)% + Ol (21 — 0} p(€)].

We will often use this property.

4.2.2 The Parametrix

Remember we are interested in:

8’&@' .
E(t,%,%) + Lu;(t, 21, 29) = ¢i(t, x1,22), 1=1,2.

The operator (L14€2),c,cp associated to the Gaussian process (X!, X2, t < s < T) in

writes:

£ = T [alt 0,4(€) D] + [Fu(t,0.(0))] - D

+ [FQ(ta 9t,s<§)) + Dl‘lFQ(tv 915,3(5)) ('rl - 92&{5(5))] ’ Dl“?'

The fundamental solution is §. We rewrite the systems of PDEs (4.17]) as:

3ui ~ ~ .
E(tﬂl, T) + Lui(t, 21, 9) = (L"uy(t, m1, m9) — Lug(t, v1, 1)) + ¢i(t, 21, 2), i

The solution is given by, for i = 1, 2:

(4.14)

(4.15)

(E.10)

(4.16)

1,2,
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uz(ta Zy, :L‘Q) —

T
/ <Z5z'(57 Y1, yz)@(ta T1,T2;5,Y1, yz)dy1dy2d8
t R2d

T 1 R
/2d —TI' CL(S, 9t178<£)7 9?,5(&))) o CL(S, Y1, y2)Di%ul(S7 Y1, yQ)] q(t7 L1, 22358, Y1, y2)dy1dy2d8
R

2d

=

T

T
+/ / [Fi(5,0; ,(£),67,(€)) — Fi(s,y1,y2)] - Dayui(s, y1,32)q(t, w1, 25 5, y1, y2)dy1dyads
+

[F2(5,0,,4(), 07,(€)) + Dy Fa(s,0,.4(8), 07, (€)) (1 — 0,.4(&)) — Fals,y1,12)]
RQ

Dy, (5 ?/1,?/2) (t Ty1,22; 8, y1,yz)dy1dy2ds
= HZ- (t,x1,29) + Hf(t, x1,22) + Hf’(t, x1,22) + Hf(t, x1,T3). (4.17)

£

4.3 The frozen system

C

Proposition 4.8. There exists a Gaussian type function . defined by:
Ge(t, 21,025 T, 1, o) = T 1)

2
X exp (—cl ) ;

where ¢ is a positive constant depending only on known parameters in H1, and where T, % 18
the 2d x 2d scaling matriz given by (3.8), such that:

- 1, 2
T, 1 (g — mys (), yo — m5(x))”

Q<t7 L1, T2; T7 Y1, y2) S qAC<t7 Ty, Tg; T7 Y1, y2)7

and:

DY DY DY Dyt wy, wa s,y ye)| < Cls — ) BNENDENTENRG (4 0y ooz, ),
(4.18)
for any N*, N®t N2 N¥ 4n N.

Proof. We know from H1, arguments of Section [ (controllability of (£11l)) and previous dis-
cussion, that the matrix ¥, r is symmetric and uniformly non degenerate. By definition (£.13]),
on deduces that there exists a constant C' depending only on known parameters in H1 such
that:

veeRM, —[Sihc] ¢ < —C[K7h) ¢
where K.!, is defined by (3.6). Then, from Lemma B.1] in Section Bt
veeRM, —[Siic] ¢ < —C 1] - [Ta¢)
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— [Sibn — mi§@), v = mE@)] - [ = mif )9 — mE(@))]

< O [T3 i = mif @)y =i (@) ] - [ Toklon = mif(@). 00— mif ()"

Fori,j=1,2, let [it_sl]” denote the block of size d x d of the matrix flt_sl at the (1 — 1)d +

1,(j — 1)d + 1 rank. Then, it follows from the definition [@I3) of ¥ that for all s in (¢, T], for
all ¢ in R%:

Mz

[
[
[

where [T,,]; stands for [T,,];; with the notation above. Compute now:

t sl]J iCl < C(s— t)_jH/Q ‘[ngt]jg )
oo ligCl < Cs — )7 mmCDF2 TN C] (4.19)
0s ligC| < Cs — )7 CIH2 T ] vCl

My M

Doty 21,0355,y1,92)| = C | =208 ol — mi (@) = 2085 oy — i (@)
xq(t, w1, 7258, Y1, Y2)

< Cls =0 2| — miE@)| + [Tl — mis())| |
Xq(t,x1,%2; S, Y1, Ya)
< C(s—1t)” 3/2 Ge(t, X1, 25 8, Y1, Y2 ).
1Dy, (t, 21, 238,51, 92)| = C |2[S i1 (yn — my S (x ) + 2[5 12 (y2 — mps(x))

Xq(t,x1,22; 8, Y1, Y2)
< C(s— )7 2Gu(t, 21, 225 5,91, Y2).

| D2, q(t, 71, 255, Y1, Y2)|
=205 i (o — mys (@) = 205 1 2(yo — mipé ()
205 e [(Rusl©) (o = ()] = 2055 a2 [ (Rus(©)) (2 — mi (@)
Xq(t, x1, T2; 5, Y1, Y2)
< C(s = )2 {41 1 = i @)] + [T Jale — mi(2)
+C(s =) ((s = 072 [T 1 = mif@)] + (s = 072 [T ol — m(@)]) |

xq(t,x1,22; S, Y1, Ya)
<C(s—t)” 1/2qc(t T1, 7238, Y1, Y2)-
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Note that, from the definition (4.12]) of mf,s(a:), one has:
Fori,j =1,2, ‘szmts( )‘ <Cl(s— t)min(i’j)_llizjld‘ . (4.20)

Then, combining with the estimate above,

|D§§§(t75€17$2;87yby2)\

218 11 Dy § (2)) = 2[5 12 Daymi's (2)

205 s [(Resl€ >>Dxmts<>]—2[it,sJ [(B04(6) Doy ()|
Xq(t, x1, 25 8, Y1, Y2)

|20 = i) = 208 s — miS (@)

205 1o [(Rus©) (o = ()] = 215052 [(Res(€)) (2 — mi (@)

X |D$1Q(ta X1,T25S5,Y1, ?/2)|
S C(S - t)_l(jc(t, Z1, X258, Y1, ?/2)

Since § satisfies the Fokker-Planck equation [0/8,]G(t, z, T, y)+L"¢q(t, =, T,y) =0, §(T,z,T,y)

6,(z), z,y € R?® one deduces from the previous estimates:

q(t, x1, w258, 91, 92)| < C(s—1)~ 3/261@(75 T1, 2258, Y1, Ya)-

0
3,
The other derivatives can be deduced from the computations above and (£20)). The estimate

follows. O
EI8)

We emphasize that the frozen density transition ¢ satisfies:

Remark 2. For all smooth function f from [0,T] x R?*? to R, for all z, in RY:

T
D [/ / f(t,y1, 22)q(t, w1, 225 8, Y1, Yo )dyrdyeds | =0, VI=1,---  d. (4.21)
Lol t R2d

Also, note that the marginal law of X? involves the initial condition of X*.

4.4 From parametrix to uniform Lipschitz estimates

In the following, we denote by C(T') a constant, depending only on known parameters in H1
and T, that tends to 0 with 7". This constant may change from line to line or from one equa-
tion to another. We give here the strategy for obtaining Lipschitz bounds on u;, = 1,2 and
its derivative, depending only on known parameters in H1. That is, the estimates (£2]) in
Proposition [l We refer the reader to Section Bl below for the detailed proof.

Before running into the strategy of the proof, let us observe that the representation (£I7))
is differentiable w.r.t. the space variable, uniformly in the freezing point &, and that Lebesgue
differentiation Theorem applies. So that, the derivatives of the solutions u;, © = 1,2 are the
time-space convolution of the perturbed kernel (IZ — L)u with the derivatives of §. As we
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show in Proposition [4.8], the differentiation of this function generates a time singularity which
is not always integrable. The main idea to restore integrability consists in “smoothing” this
singularity. This can be done by using the regularity of the coefficients and the exponential
decay of ¢. Let us illustrate this argument by computing the second order derivative over z; of

the integrand of H} defined by ([{.I7):

Digintegrand[- -]
< C(s =) [Fi(s,y) = Fa(s, 00s(O)] | Dy il o et 23 5, 9)

2
(—1+382)/2 ly2 — 07, ()|
(5 — t)351/2

1
(—1+81)/2 ly1 — ‘9151,3@)‘61
(s —t)P1/2

(a) (0)

< O Dayuillg 4 (5= 1) +s—1) Ge(t, 35, y).

The inequality above holds for all ¢ in R??. By letting £ = z, we know that the freezing curve
matches the mean of the Gaussian process: Vs € [¢,T], Vo € R*: 0, ,(x) = m{ (z). Then
the terms (a) and (b) are compensated by the exponential decay in ¢. (see Proposition 4.8 and
Section [J)), and this term is integrable. This is how the regularity of the coefficients counter-
balances the singularity generated by the differentiation of the frozen kernel. We emphasize
that the control depends only on known parameters in H1 and on the supremum norm of the
derivative of the solution. Moreover, it is small as 7" is small. In the following, this observation
is crucial.

The representation (417 of each u;, i = 1,2, involves the derivatives of the solution itself.
In order to obtain the Lipschitz bounds, one has to estimate each derivative that appears in
(@IT) and use a circular argument. In the following, u; denotes the i component of the solu-
tion u = (uy, ug)* of the linear systems of PDE (4.1]). The steps of the proof that are described
below hold for i = 1, 2.

i) Bound on D, ,u; and D?,u;: In these cases, the regularity of the coefficients allows to
) p gularity
1

compensate the singularity generated by the differentiation of §. By using a circular argument,
we obtain in Section [5.]] an estimate of the supremum norm of D,,u; and DiQUi in terms of the
1

supremum norm of D, u;:

HDigui < C(T) (1 + || Dayualloo) » (4.22)
1D, wilog < C(T) (1 4[| Dayuill ) - (4.23)

(ii) Bound on D,,u;: In that case, the singularity induced by the differentiation the frozen
kernel is of order 3/2 (see Proposition[4.8)). The first way for smoothing this singularity consists
in using the regularity of the coefficients from H1. Nevertheless, the regularity of the coefficients
“Fi” and “a” do not settle the problem, indeed:

2 2
o) ()2 BN (3]

—3/2 — 375} ‘yl
(S_t> 4 |F1(S7 y) o F1<87 et,8<£)| < C(‘S_t) ( ) (8 o t)ﬁ%/Q +C<S_t) (8 _ t)3ﬁ%/2
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Because of the specific choice of 37, the second term in the right hand side is integrable. But
the first term is not integrable. A way for overcoming this difficulty consists in using the a
priori regularity of the solution. This can be done by centering the term as:

T
/ / . [Fl(‘S? etl,s(g)a 0152,5(&)) - Fl(sv Y1, yQ)} ’ Dﬂ&lui(sv Y, yQ)g(ta L1, L2 8, Y1, yQ)dylddes
R2

:/ /de [F1(s,y1,0§8(§))) — Fi(s,91,92)] - Doyui(s, y1, y2)

Xq(t,x1,22; S, Y1, Y2)dy1dyads

b T 00.82.060) ~ FiCs,m B2,00) - [P 1,2) = Do, €]
R2d
Xq(t, w1, 225 8, Y1, Y2)dyrdyads

/ /RQd F1 S etls g) 01523(&“)) - Fl(saylaez?,s(g))} : Dm1ui(saylaet,s(€))
Xq(t, x1,x9; S, Y1, Y2)dy1dyads.

By differentiating w.r.t xo, the last term in the right hand side is equal to 0 (see Remark [2I).
Having in mind that the cross derivative of D2 , u; is bounded, we use the Lipschitz regularity
of D, u; w.r.t the degenerate component. This allows to smooth the singularity: by the Mean
Value Theorem:

|y2 — 07,(8)]

(s = )72 | Dyyui(s,y1,52) — Daui(s, y1, 00,5(6))| < || D24, u ZHOOW7

which is compensated by the exponential decay of the Gaussian transition density when & = x.

The argument does not work with the diffusive term H? in (£I7). Because the derivative of the

solution that appears in this term is Digui. The idea is to use an integration by parts argument,
1

in order to recover the same framework as H?. Then, by using the centering argument described
above, one can differentiate the “centered” version of H? w.r.t x5 and get ride of the singularity.
Same type of argument as in (i) allows to control the derivative of the term H}. Then, we deduce
in Section [(.21a bound on the supremum norm of D,,u; depending only on 7" and on supremum

norms of Dy u;, D?*u;, D2 u;. By a circular argument and (i) (the constants behind the
1

estimates are small as T" is small), one has:

| Dayusl| oo < C(T) (1+ || D2, 1,ua| ) - (4.24)

(111) Bound on D> 112 : In order to conclude the circular argument, it remains to bound the
supremum norm of D? 19:2“'- Proposition [4.8 shows that the singularity that follows from the
cross differentiation of ¢ w.r.t 1 and x5 is of order 2. We emphasize that the procedure describe

in (ii) allows to estimate the terms D? . H}, D2 H? D2  H?butnot D? , H}. Indeed, the
derivative of u; that appears in this term is D,,u; and we can not use the same argument as

in (7i), since we were not able to estimate Digui. Then, we investigate the Holder-regularity of
2

D, u; wr.t zo. In Section 5.3 we obtain the following estimate: for all ¢ in [0,7] and z; in R?,



23

v<l’2722) € RQd‘DmQUi(t,l’l,lQ) — D12ui<t, .Tl,ZQ)‘
<o (1+ HDi%ui

) |~I2 - 22|,Y/37
oo

for any v < 1. Then, by differentiating w.r.t x; and x5 the centering versions of (LIT), we
deduce in Section [5.4] the following bound:

| Dz, ui|| . < C(T). (4.25)

T1T2

(iv) Summarizing estimates (£22)) and (4.23), and combining with (£.24) and (4.25), this
completes the proof of the circular argument and gives the required uniform bounds for Propo-

sition .11

5 Boundedness and regularity of the solution in small time: proof

This part is devoted to the investigation of the regularity of the solution and its derivatives
given by Proposition LIl We recall that these estimates are obtained under the regularization
procedure, but only depend on 7" and on known parameters in H1.

5.1 Supremum norms of Dfﬁu and D, u in terms of D, u:

We can give the following bound:

Proposition 5.1. Let u = (uy,uz)* be the solution of ({.1) defined by (4.17). Then, for T
small enough, there exist two positive reals d5 1 and J51) and a constant C' depending only on
known parameter in H1 such that:

|22

< TBIC (14 || Dayuill)

and

| Dy till o < TEIC (1 + | Diyuill,)
fori=1,2.
Proof. We have the following Lemma:

Lemma 5.2. Under our assumption, it holds:

2
|22

<C { <T3ﬁ%/2 X T(1+a1)/2> | Dy
I (Tﬁll/z +T35%/2) 1Dyl 4 TB/2 +T36?/2}
1Dzl < € { (759572 4 7602 Y D

+(T +1?) HDifui +r+8h/2 4 T(1+35?)/2} ’

for1=1,2 and where C is a positive constant depending only on known parameters in H1.
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From Lemma [5.2] we easily deduce a bound for the supremum norms of D? 22 Ui and D, u;
only depending on known parameters in H1 and on the supremum norm of DmuZ . Such a

bound is small as 7" is small enough.

U
Proof of Lemma [5.2:  Let i € {1,2}. From the representation (£I7), one has:
D%u,(t, z1, } 5.1
[ ot (t,21,72) (z1,2)=(£1,82) (5:1)
T
:/ ¢i(8,ylay2) [D%C](twl@z;saybyz)] dy,dyods (5-2)
t JRr2d (z1,72)=(61,€2)

#3500, 800 — an,) Pt )]

x | D%,q(t, x1, T2 8, Y1, } dyrdysds
[ x%Q( 17238, Y1 %2) (z1,22)=(£1,62) Yiet2

T
[ IR 8L, — Filsmn )] - Dyt o)
t Jr2

><D2~t,55737§57 , } dy1dyods
|: x%q< 1,42 Y1 y2) (z1,22)=(&1,£2) e

[ T 8860 + D P, 00, 62,(€0) 01 = BL,() — Fals 0]

'Dmgui(sa Y1, y2) [DquN(ta T1,22;8,Y1, ?/2) dyldyst'
! (z1,22)=(£1,62)

From Remark 2] one can center the term (5.2)) as follows:

[D2 / / ®i(s,y1,y2)q(t, x1, 225 5, y17y2)dy1dy2d8]
(z1,22)=(£1,62)

(0i(s,y1,52) — 0il(,0,,(£).07,(£))) A(t, w1, 25 s, yl,yz)dyldyzdS}

R2d (z1,m2)=(£1,£2)

[Dil / gbl(sa etl,s(g) etzs(g)) (t xl’ :EQ’ S yl,yQ)dylddeS}
t JR2d (z1,22)=(1,€2)

/ (0i(s, 41 y2) — di(s,0; ,(€), 07 ,(€))) G, 21, 223 5, yl,yz)dyldyzdS}
R2d (z1,22)=(£1,82)

+

Z
Plugging (5.3]) into (5.1]), using Proposition 4.8, Lemma [£.7] and regularity of the coefficients
(hypothesis H1), we get:

/R?d (¢i(3a Y1, Y2) — Gi(s, 0§7S(§), 9152,5(5)))
X [D

2 ~
t,x1,T9; S, Y1, dy,dysds. 5.3
;@Q( 1, 25 8, Y1, Ya) (21,22)= (61 £2) y1ay2 (5-3)
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‘ [Dfﬁul(t, Zy, .§L’2>:|

(z1,22)=(&1,€2)

T
< C/ s—1t)”
t R2d
T
+c |
/ Z (J 1/2) [TS lt] ( 9?8 ))‘ qAC<t7 517 527 S, Y1, y2)dy1dy2] ds

+c/

/ Z (] /25 ’[Tsft] (v — Qg,s(g))’ﬁl Je(t, €1, €25 5, ylanZ)dyld?ﬁ] ds
de

+c/
t

X / (s — t)gﬁg/z ‘[T;—ltb(y? - 9152,5(5))‘65 +(s— t)(Hal)/Q HT;—lth(yl N 91}78<§))‘1+a1
R2d

B; A
(] 1/2) B] qc(ta gla §27 S, Y1, yQ)dylddes'

Mw

(T 245 (ys — 60].4(6))

J:1

(s—1)"

Qul

o0

(s =) [ Dayuill o

(5 =)' [ Doyl

ch(ta gla §27 S, Y1, yQ)dyldy2] ds.

So that, by integrating w.r.t the space variables:

‘ [D§2u2<t, Zy, .TQ)]
(z1,22)=(£1,€2)

T
< C/ —1+(j—-1/2) B]dS + C/ ((8 o 75_)—1/2 + (S _ t)1/2)
t

2

ds
*C/ HUYAB D, | ds

+C / ((3 1) AR (5 = )@ D) D ds
t

Finally, we obtain:

) < C{ (T%%/? +T(1+a1)/2> Hszuz‘”oo

+ (T2 4 T2 || Dy il

+(TY? - T97) HDiguiH +TA? T?’ﬁ?/?},
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and the result follows for 7" small enough. The proof of the second statement of Lemma
can be done by the same arguments.

5.2 Supremum norm of D,,u in term of supremum norm of D? _ u:

Proposition 5.3. Let u = (uy,us)* be the solution of ({{-1]) defined by ({-17). Then, there exist
a real 53> 0 and a constant C' depending only on known parameters in H1, such that, for T
small enough:

| Deyill oo < CTBI (14D} 0] )
fori=1,2.
Before proving this result, we first give the following:
Lemma 5.4. Let u = (uy,us)* be the solution of ({.1]) defined by ({{.17). Then,

[Dmgui<t7x17x2>]
= D$2HZ~1(t,l‘1, IL‘Q) + DmQHiQ(t,l‘l,fEQ) + DmQHig(t,l‘l,fEQ) + D$2Hl4(t, ZL‘1,I‘2),

for i = 1,2 and where the (H})j—1.. 4 are defined by ([F17). Moreover, for all £ € R, all
(t,z1,12) € [0,T] x R* one can write:

D$2H t , L1, 1‘2)

/ / (6405, 41, 32) — 64(5, 41, 62,(6))) [Das(t, 21, 223 5, 91, )] dyadlyods. (5.4)

/ / d TI' 8 yl’ et S(S)) - a(‘S?yla yZ)) DiQUi(S, y17 yZ)
]RQ
$2q t xlal‘Q; S yl,yQ):I(xl $2) (&-1 &-2 dyldyZdS
_—Z/ / [ﬂaz (s yh@is(f))} (Dayui (8,91, y2) — Dayi(s, 91, 0:.5(6))]

X [Da,q(t, 21, 225 8, Y1, Y2)] dyrdyads
d T
1
P B I R G X G RN R AG))
=1 7t 2

0
' [Dlvlui<37 y17y2> - Dll?lui<37 Y1, 923(&))] |:D$2 (8—

Yyu

(j(ta T1,T2;S, Y1, y2))] dy1dyads,

where a;. denotes the I'" line of the matriz a.
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DxQH t.Tl,SL’Q) (56)
/ /d (s, 41,07 ,(€)) — Fi(s,y1,92)] - Dayui(s,y1,92)
RQ

XDx2q t , L1, T2; S, ylayQ)dyldyZdS

/ / 4 Fl S ets ) elfzs(g)) - Fl(saylaetz,s(g))] ’ [leui(saylayQ) - leui(saylaeis(g))}
R2
XDy, q(t, x1, 25 8, Y1, Y2 ) dyrdyads.

Proof. Let i € {1,2}. The H} case: from (&IT) we know that, for all £ € R* all (¢, 21, 79) €
[0, 7] x R

T
Hil(taxlaxZ) :/ ¢i(3,yla?/2)q~(t,$1,$2;5,?/17?/2)d?/1dy2d8,
t ]R2d

so that,
DxQH tl‘l,ZL‘Q)

/ / ¢z S y17y2 @(S Y1, ts(f))) [ngfj(ta 3717372;57y17y2)] dy1dy»ds
+/ D$2 |: o (bZ(S y17‘91525<£>> (t Ty, L2; S, y1,y2>dy1dy2 ds.
t R

By differentiating w.r.t x5 and using Lemma (2]), we get:

DmQH t , L1, .TQ)

/ / ¢z S yl,yQ gbz(s Y1, ts(g))) [D@g(taxlax?;saylay?)] dyldyst'

The H? case: here, we deal with the term H? by using “centering” and “integration by
parts” arguments as discussed in Subsection L4l Note that H? can be written as:

r 1
Hz?(thl)xQ) = / / . STr ((1,(8, 0;73(§)’ ef,s(g)) - (I(S, ylayQ)) Di%”i(sayla yZ)]
RQ
Xq(t, z1, 295 5, ylayz)dmdyzds

/ /RM—TT Syh@ts(&))—a(s,yl,w))Dggui(s,yl,w)}

xq(t, z1, T2; 8, Y1, Y2)dy1dyads (5.7)
/ [ 5 [(als. 01,00, 82.0€0) — ol 91, 62.(9)) D, 1.0
R2
q(t, w1, 225 8, Y1, Y2)dyrdyads. (5.8)

Now focus on the term (5.8)): we know from H1 that the coefficient a is Lipschitz continuous,
so that, it is a.e differentiable. By an integration by parts argument we get:
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/ /R?d —Tr (s Qtls(f) 938(5)) —af(s, yl,ets(g))) D? Qul(s Y1, )

Xf] (t,z1, 225 S, Y1, Y2)dy1dyads

= —— —aj. 8 7928 : Dzvlui S, )
z [ [ [oantsun @] Dt

XQ(t,%,@, S, Y1, Y2)dy1dyads (5.9)

1 - g 1 2 2
_'_5 ;[ /]R;Qd [a’l-<87 91&,3(5)’ 92&,5(5)) - al~(87 Y, 9t,s<§))] ’ Dll?lui<87 Y1, y2)

X P q(t, 1, x2, 8, Y1, Y2)dyrdyads. (5.10)
Yu

The terms (5.9) and (5.10) can be centered (w.r.t the derivative D, u;) as

/ /de [%az S ?/1,9,52,5(5)) . [Dmui(s,yl,yg) — leui(s,yl,eis(g))}

XQ(t> X1, X2, S, Y1, ?/2)d?/1dy2d8

1 - [T
£33 L [ ) 00 s )] - (Dol 02) — Do, )

0
X@ q(t, 1,22, 8, Y1, Y2)dy1dyads (5.11)
yll

S [t 0] Dt 000
=1 R2d | OYu
XQ(t T1, T2, 8, Y1, Y2)dy1dyads

"2 Z/ / [ (5, 01,(6), 02,(€)) = av(5,91, 62,(8))] - Dayus(s, 31, 02,(€))

8 Q(t T1, T2, S, Y1, Y2 )dy1dyads.

Yyu

The functions which appear in the two last terms of the equality above do not depend on the
variable “y”. From Remark 2] by differentiating w.r.t x5, these terms are equal to 0. Then,
plugging (5.11)) into the expression for H? and by differentiating w.r.t x, we get:
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DmQH t.ﬁlfl,ﬂfg
/ / Tr a(s,y1,054(€)) — al(s,y1,42)) Daui(s, y1,y2)
mq (t, 1, 72; 8, Y1, Y2)] dyrdyads
2 (1 B0 [Dass 1) = Do, ()
=1 R2 [ OY11

X [D1'2q<t7 T1,T2; S, Y1, Y2)| dyr1dyads

52 [ e 00 )~ ano )

0

' [Dlvlui<37 Y1, y2) - Dlvlui<37 Y1, 933(&))] [D$2 (8—
yu

The H? case: note that H? can be written as:

H3 t IL‘l,l‘Q
/ / Fl S » Y1, ts(g))_F1<37y17y2>} 'Dmlul(svyluy?)
Xq(t, w1, @25 8, Y1, Y2 ) dy1dyads

/ /d F1 S etls g) etzs( )) - Fl(svylvez%,s(g))} ’ [D$1ui($7y17y2) - Dm1ui(say179§,s(€))}
R2
xq(t, w1, 295 8, Y1, Y2)dy1dyads

/ [ 501,060, 02.(60) = Fios 1. 02.(6D)]) - Doy, 8,(6)
Xq(t, x1, T3 S, Y1, Yo)dy1dyads.

(j(ta L1, T2; 57y17y2)>] dydyads.

By differentiating w.r.t x5 and by Remark 2] one has:

D, H}(t, )

/ /R2d S Y15 ts(&)) - F1<87 Y1, yQ)] ) Dmluz(s’ Y1 y2)

X D, G(t, x1, 225 8, Y1, Yo )dy1dyads

/ /R?d Fl 5 etls efs(g)) - Fl(S,yl,eis(f))} ’ [Dﬂﬁlui(‘saylay?) - Dﬂ&lui(saylveis(g))}

XDy, q(t, x1, 23 S, Y1, Y2 )dy1dyads.
]

Proof of Proposition 5.3l Let ¢ € {1,2}. The H! case: from Lemma (5.4), one can
write:

DmQH t , L1, .TQ)

/ / ¢z S y1,y2 %(5 Y1, ts(f))) [szqN(taxlaxQ;SaylayQ)] dy1dyads.
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Then, using Proposition 4.8 we have:

)[DmHl(t D] e (5.12)
/ [ 0t =2 2 ot~ 82,
R2d
X [DxQQ(taxlaxZ;Saylvyz)](xham):(gl,&) dyldyZdS
T
< C/ (s — t)_?’/z(l_ﬁf)ds.
t
And then, .
| Dy HY|| < CTVE%D), (5.13)

The H? case: from Lemma (5.4]), one can write:
DmH (t, 21, x2)
/ [ (ol 8060 = ats o) D2t m, )
Dy, q(t, 1, w25 8 1917192)](;,;1 )= (61,62) W1 dY2ds
= / [ [l 86| Dt 1) = Do, 1,60, (€)

X [qu(t, x1,T2;8,Y1, y2)] dyldyZdS
d_ ,T
1
350 [ s 0.8, - o, (60
=1 t 2d

0 .
: [Dazlui(saylayZ) - Dmui(S,ylﬁis(f))] |:D$2 (8—Q(t,9€1,$2; 5,?/1,?/2))] dy1dysds.
yu
Using Mean Value Theorem, we have:

|D:v1ui<37 y17y2) - leui<87 Y1, 9258( ‘ < HD:legulHoo |y2 - 9152,s<£>| (514>

Combining (5.14]), Lipschitz regularity of a from H1 and Proposition 4.8 we obtain:

’[D@H (t, $17$2)]($ 2)=(1.22) (5.15)
< ¢ HDJ%%uZ / 9t28< ))‘qc(t7§17§2; 87y17y2>dy1dy2d5
2d
+CHD$1$2ulH / / ( ))|@c(t 1,825 8, y1,y2)dy1dyzds

vl [ [T = BTt - .00

ch(ta 617 €2a S, Y1, ?/2)d?/1d?/2d3-
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Then:

|Dsi?||,, < OT (|| D2, + || D2

OO) . (5.16)

r1T2

The H? case: from Lemma (5.4]), one can write:

DxQH t , L1, 1’2)

/ Aw 18,91, 62:(6) = Fi(s, 1 92)] - Doyus(s. 1, 92)

X Dy, q(t, x1, 725 8, Y1, Yo )dy1dyads

/ / Fl S etls 9?3(&)) o F1<87 Y1, 91?,3(5))} ) [Drlui(s7y17y2) - Dmlui(s7y17 9?,3(5))}
R2d
X Doy G(t, w1, 23 5, Y1, Y2 ) dyrdyads.

From Proposition L8] ineq. (514) and H1 we get:

(5.17)

’ [DmHiB(tu T, xQ)] (z1,x2)=(£1,£2)

<UDl [ (=720 [ T2 - 2, (©)
XGe(t, &1, €2: 8, Y1, yo)dyrdyads
HO D2l [ =04 [T = O T2t~ 2000
Xe(t, &1, €23 8, Y1, y2)dyrdyads,

and we obtain the following bound:

|Des B, < € (TOH02 4 TEH22) D2 (5.18)

xr1T2

The H} case: recall from (EI7) that:

H4(t,$1,2)
T

= / [F2(5,00,4(9), 62(€)) + Da Fa(s,6,,,(€), 6,()) (91 = 61,4(€)) = Fals, y1, )]
t Jr2

Dyyui(s,y1,y2)q(t, 1, 23 S, Y1, Y2)dy1dyads,

by using Proposition 4.8, Lemma [4.7l and H1, we get:
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)D

(t T152 )} (w1,72)=(61,£2)

/ / |Fy(s,91, ) — Fals,00,(€), 62,()) — Dy, Fo(s, 01, (€), 00.(6)) (91 — 01|

X | Dgyui(5, Y1, y2)| [Day@(t, 21, T2 5, ?/1,?/2)](931 )= (61,62) W1dYy2ds

53
< O D2l / / s = I ot — 6,60

+($ _t) Ts 1t] ( etls(g))}l—’—a ] dc(taglagé;SaylayZ)dyldyst
< C(TO% D To*/?) 1Dzt

So that:
|Das |, < € (TOH72 4 722) | Dy, (5.19)

Combining (5.13), (5.16), (2.I8), (E.19), Proposition .1l one can find a real g57 > 0 such

that, for T" small enough:

1Dayuillo, < CTB3 (14D, uil) -

where C' and d53 only depend on known parameters in HI1. O

5.3 Holder estimate of D, u.

We have the following:

Proposition 5.5. Let u = (uy,us)* be the solution of ({{-1]) defined by ({-17). Then, there exist
a positive real 057 and a positive constant C, depending only on known parameters in H1 such
that, for T small enough:

IDsslloss < C(TEB|D?, |, +TOH1072)

1,2

fori=1,2 and for any v < 1, where ||.||;....;s denotes the Hilder norm of exponent /3 w.r.t
ZTo.

Before proving this Proposition, we give the following:

Lemma 5.6. Let H}, i = 1,2 be the terms of (£.17). Then, for all (t,x1,x5) € [0,T] x R*
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and ¢ € R?,
Do, H}(t, z1, 75) (5.20)
/ [ [, 01069.62,(60) + Dy Fals, 81,61, 02,6)) 1 = 01,(6) = s )]

"Dy ui(8, Y1, Y2) Dy G(t, 1, T3ty Y1, yo)dyrdyads

= [ [ I 80,0 + Dol 8,60, () 1 — 0L,6)) — Filo, 1 )

[ Daytti(s,91,92) = Dayui(s, 91,07 (6))] DayG(t, 21, 223 1, 91, y2)dyr dyads

/ /Rw [Fa(s,51,07 ,(€)) — Fa(s,y1,42)] - Dayui(s, y1, y2)
X D, q(t, x1, 225 t, Y1, Yo )dy1dyads,

fori=1,2. Moreover:

T
Sup }DIQH;(tu .CUQ, .TQ)} S ”D{L’QuiHC»,»,'\//3 / (S - t)_(2+a1+y)/2d8
t

(z1,m2)€ER?4
T 2
+||D$2ui||oo/ (s —t) 3012, (5.21)
t
fori=1,2.
Pmof. Let i € {1,2}. From (@IT), we can write:
t .Tl,.TQ
/ / [Fa(5,01.(), 02,(6)) + Day Fals, 01, (), 02,(6)) (31 — 01.,()) — Fa(s,1,92)]
Dayui(s,y1,y2)q(t, o1, 223t y1, y2)dyrdyads
= [ U B0, 0.060) + D il 0,060, 8O 01— 81,6) — Filos1, 2, (©)
RQ

[szuz (8,Y1,Y2) — Dy,u(s, ?/1,9,55(5))} q(t, o1, 293, y1, Y2 )dy1dyads

T
/ [Fa(s,y1, 07 ,(€)) — Fa(s,y1,y2)| - Dayui(s, y1, y2)q(t, w1, w23 t, y1, y2)dirdyods

R2d

<]
T
[ [Pl 20 = Pas. 0,06, 02,(6)) = Dy Fa(s. 01,6 GO n = 0L, )]
-Dyyui(s, y1, 07 ())q(t, w1, a5 t, y1, y2)dyr dyads.
By differentiating w.r.t o and by using Remark 2| we obtain

D

szz'Ll(tv L1, x2)
T
- / » [F(s,0; ,(£),07,(€)) + Dy, Fa(s, 0} ,(£), 07 () (y1 — 0L,(€)) — Fals, 41, 07,(€))]

2Ui(S, Y1, Y2) — Dayus(s, y179t5(5>)} Dy, G(t, w1, m9;t, y1, y2)dyrdyads

D
/ /d [Fa(s,y1,07,(€)) — Fa(s,y1,92)] - Dayui(s, y1, y2)
R2
XngQ(taxlax?vtaylayZ)dylddesa
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and this conclude the proof of (5.20).

Finally, from (5.20)) we have:

|:D£B2Hl4<t7 L2, x2)] (z1,22)=(&1,£2)

= /T /R?d [F2(5,01,5(€): 07,(€)) + Dy Fa(,0,,(€), 07.5(6)) (51 — 03,4(€)) — Fals, 91, 07,4(€))]
[ Daytti(5,91,92) = Dayuii(s, 91,07 (€))] [DayGts 21, 231,91, 92)) (0 1) = (61 00) W10y
/ [ B0, 02,(60) = Pt )] - Do)
(Do G(t, @1, 2238, Y1, Y2)] (1) n)=(e1,60) W1AY20S,

by assumption H1, Proposition .8 and Lemma [L.7 we get:

) (D, H} (t, 22, 25)]

(z1,22)=(€1,€2)

T 1
< | Dayttill o s / (5 — t)-@ral+/2 / T2 01 — 0L () |IT oy — 62,
t 2d
XGe(t, &1, &5t Y1, Yo )dyrdyads

T
_3(1—52 _ BZ .
+||Daczui||oo/ (s—1t) s 52)/2/ . HTs—lt]z(yz —91525 ’ 2 Qc(t, &1, 623ty Y1, Y2 ) dyrdyads.
t R2
Then,

T
Sup }DI2HZ4(t7 .CUQ, .TQ)} S ”D{L’QuiHC»,»,'\//3 / (S - t)7(2+a1+7)/2d8
t

(x1,z2)€R24

T
+ HszuiHoo/ (s — t)730=83)/2 s,
t

O

Proof of Proposition Let i € {1,2}. For all (¢,z) in [0,7] x R? and (z9, z2) in R*,
one has:

4
| Dyui(t, Ty, ) — Dyyui(t, 1, 29)] Z DmH (t,z1,29) — (DJ;QHij) (t,:pl,zQ)}, (5.22)

for i« = 1,2. We recall that the (Hij)j:1 .. 4 depend on the freezing point of the process which
started from 1, x5 and z1, 2o at time . Here, we choose the same freezing point “€” for the
two processes (with different initial conditions).

Suppose first that:

Ty — 2| < (s — )% (5.23)
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Using Mean Value Theorem we obtain:

|D$2q~(t7 T1,22;S,Yr1, y2) - DI2§(t’ T1, 2255, Y1, y2)|

< sup )Di%cj(t,xl,xg + P(xz - 22)§ 5,?/1,?/2)‘ |$2 — 22|,
pe(0,1)

and we know from Proposition [4.8] that:

sup
p€(0,1)

<C(s—1t)7% sup Ge(t, z1, 22 + p(T2 — 22); 8, Y1, Ya),
pe(0,1)

Dig@(taxl, Ty + p(T2 — 22); 8, Y1, Y2)

where ¢ is a positive constant, so that:

|D$2§(t7 T1,T2;S,Y1, y2) - D$26<t7 T1,22;5,Y1, y2)|
< Cs—1)7° sup Go(t, 21,22 4 plx2 — 22); 8, Y1, Y2) |22 — 2], (5.24)
pe(0,1)

for all t € [0,T] and s € (¢,T] and ¢ in R??. Note that one can deduce from (5.23) that:

sup Gz(t, 1, 2 + p(x2 — 22); 5,91, y2) < const. Go(t, 21,225 8, Y1, Y2). (5.25)
pe(0,1)

Combining (5.24) and (5.25]), one has:

‘DI2Q<t7 Ty, Tg; S7y17y2) - DZBQ&(L T1, 2255, Y1, y2)|
S C<8 - t)*3ch<t’ x1,T2;S5,Y1, y?) "TQ - 22‘ )

for all t € [0,7], s € (¢,T] and ¢ in R??. Rewrite: |xy — 25| = |19 — 2|1 77/3|my — 25|73 for any
0 < v < 1. Using (5.23)) we know that:

|20 — 25| < (5 — )22 |3y — 25|73, (5.26)

and then:

| Dy G(t, 21, 225 8, y1,Y2) — DayG(t, 21, 293 S, Y1, Y2) |
< O(s — )" C2G.(t, a1, 955, y1, o) |oa — 22|72, (5.27)

The H! case: from Lemma [5.4] one can write:
DxQH t .’12‘1,.1’2) DIQH (t .Tl,ZQ)

/ / (0i(s,y1,y2) — di(s, y1, ts(f))) [Dayq(t, 21, T2: 5, y1,Y2) — Doy G(t, 21, 225 5,91, y2)] dy1dyads,
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so that,

}D$2HZ~1(t,l’1,l’2) — Dy, H} (t, 21, zz)}

< [ 100000 = 0 B DDt 5,30,) = Dot 1,555,120 s,
Using Proposition 8] assumption H1, eq. (5.27) and by letting £ = x, we have:

}DmQHl t .’,12‘1,372) — DmQHil(t,SL’l,ZQ”
< [ [ s = ot Tt~ )
R2d

}DJCQHil(taxlv xQ) - D$2Hi1(t’ L1, Zz)’ < T<36¢27177)/2|x2 - 22|7/37 (528)

2.
" qe(t, 1, 225 8, Y1, Y2 )dyrdyads | |xo — 22|V/3-

Then,

for any v < 1.
The H? case: from Lemma [5.4] one can write:
DxQH t .’,12‘1,.1’2) DmQH (t .Tl,ZQ)

/ [ [0t 62.00) = s, ) D, )

x2q t y L1, L2; S, Y1, y2) Dx2(j(t7 T, 22 57?/17?/2)] dylddeS

-1 / [ s 86| - [Davtlsvn, ) = D 8,9
R2d yu
X [Dx2q(t7 x1,T2;8,Y1, 92) - Dx2(j(t7 X1, %22;8,Y1, ?/2)] dylddeS

d T
1
_'_5 Z/ / [al~<879tl,s(£>79t2,s<§)) - a’l-(s7y179tz,s(£)>} ’ [Dll?lui<37y17y2) - leui(s7y179t2,s<§))]
=1 t R2d
0 0 .
D,, —Q(t,%, T, S, y1,y2) - D,, —Q(t,$1, 2258, Y1, yz) dy1dyads.
ayu ayu

Using Proposition 4.8 assumption H1, eq. (5.27) and by letting £ = z, we get:

‘DmQHf(t, 1’1,372) — DxQHZ2<t, Zy, 22)}

T
<C HDifui [/ (5 - t)_y/z/ @c(twl@z; 3,ylayz)dyld?/2d5] |f752 - Z2|y/3
[e’e] t RQd

T
+C HDzlzgquoo {/ (s — t)_WQ/ Ge(t, 71, T2; SaylayQ)dyldy2d3:| |zg — Zz|7/3,
t R2d

and then:

}1)12]¥2 t .’,12‘1,372) — DmQHz(t %1,22)} (529)
< CT' 2 (| D2l + || D2, ] ) o2 = 227,
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for any v < 1.

The H? case: from Lemma [5.4] one can write:
DxQH t .’,12‘1,.1’2) DmQH (t .Tl,Zg)

/ /R%z Fl 8 » Y1, ts(g)) - Fl(s’yl’yz)} ) Dﬂﬁlui(s’yl’yz)

D,,q(t,x1, 25 8, Y1, Y2) — Dy q(t, 1, 225 8, Y1, Y2)| dyrdyads

/ / Fl S etlg ‘91525<§)) - F1<87y179t2,s(£)>} ' [Dm1ui(s7y17y2) - Dmlui(&ylae?,s(é))}
(D, q(t, x1, 25 8, Y1, Y2) — DayG(t, 21, 225 8, Y1, Y2)| dyrdyads.

Using Proposition 4.8 assumption H1, eq. (5.27) and by letting £ = z, we get:

}DIQH t 1’1,372 DxQH (t %1,22)}
< C||Dx1ul||oo[/ / —(3+7-367)/2 HTS 1, (yg—eis(l‘))lﬁf

Xqc(t, x1, T2 8, Y1, yz)dyld?/QdS} |20 — 25|73

T
—(y—p! _ - B1
+ONDE gl [ [ 5= 07t = (o) T2 )
t 2
Xqe(t, T1, 725 8, Y1, y2)dy1dy2ds} |72 — 22‘7/37

and then:

‘D$2H§<t7 T1,T9) — D$2H23<t7 21, 22)‘ (5.30)
< C (TR D+ TOHP D2 | ) = 2],

for any v < 1.

The H} case: from Lemma 5.6, one can write:
Dx2Hz4(t’ Iy, :L‘Q) - DxQH;l(t7 T, 22)
T
_ / /R (B, 01,(6). 62,(€)) + Dy Fal,81,(6). 62, () (1 = 6,,(6)) — Fals,91,6,())]
¢

. [Dmui(s Y1, Y2) — Dyu,(s, ?/1,9152,5(5))}

D,,q(t, x1, x5 t, Y1, Y2) — Day(t, 21, 225 t, y1, y2)| dyadyads (5.31)
/ [ [l 82.060) = Falov )] - Doy,

RQ

(D4, q(t, x1, T25t, Y1, Y2) — DayG(t, 21, 225, y1, y2)] dyrdyads. (5.32)

By using (5.27), Proposition 4.8, Lemma [£.7], assumption H1 and by letting £ = z, one gets:
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T
2 _q1_ _ B3
@) < o[ [ -0t - @) 63)
t 2

X ||D$2u2||oo (jc(t7 T1,22;8,Y1, ?/2) |y2 - 22|A{/3 dyldyzds
< OTCWSBRNZ| Dy il lye — 2

and,

(B3 < C / / O =02 |2 ) (1 - 0, ()

3 A
X |[T2 Ja(ys — 9152,5@))’7/ [Dzythillvrs Get, 21, %25 8, 1, Y2 ) dyrdyads(5.34)
< CT 2| Doyt s -

Summarizing these estimates, one deduces:

’DZQH?(t?xlaxQ) _ngH?(tathQ)’ (535)
< CTCELDR Dy fye = 22+ T2 [ Doy g

Consider now the case: |1y — 29| > (s — )32, It implies that
1< (s—1)72 |zg — 23 (5.36)
From (5.22), one deduces:

| Dyyui(t, 21, 2) — Dayyui(t, 21, 20)| < QZ sup ‘szHg(t7C17C2)} .
]:1 (417<2)€R2d

From inequality (5.12)) in the proof of Proposition B.3]in Subsection .2, we have:

T
sup | Dy, Hi (t, G Go)| < C/ (s — t) 30002,
t

(¢1,¢2)ER2d

so that, by (5.36),

sup Do, H (1,1 G)| < € / I ds |y — 2]V
(<17<2)€R2d

< CTBHED2 gy — 23, (5.37)

for any v < 1. From inequality (B.15]) in the proof of Proposition in Subsection [.2] one
deduces:

T
+ HDwmule> /t (s — t)*W/QdS s — 22‘7/3

+ HDmeuleTl"m) |zg — 22\7/3, (5.38)

sup  |Dg, HE(t, (1, G)| < (HDQQUZ

(¢1,¢2)ER2d

IN

C (’ Diz{uz
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for any v < 1. From inequality (5.17)) in the proof of Proposition [5.3]in Subsection [£.2], we get:

sup }Drng(tu C17C2)‘
(<17<2)€R2d
T T
< (C HDiful / (S t) 3/2(1-B3+v/3) ds + HDmxgulHoo/ (8 _ t)(“fﬁ%)ﬂds) |:L’2 B 22‘“//3
[e.e] t t

wll o) T2 2 — 27 (5.39)

xr1T2

<0 ([P

TBR-1=1/2 HD

for any 7 < 1. Finally, from inequality (5.21]) of Lemma [5.6] one immediately deduces:

b D H GG S Dyl gss T 2ds (5.40)
(Cl 7<2)€R2d

T
HIDal [ (5= OO sy —
t

Combining (5.29), (5:30), (5.28), (5:35), (5.37), (G38), (5:39), (5.40) with the estimates on

D? 2 Ui and D, u; of Proposition 5] and the estimate on the supremum norm of D,,u; from

Prop051t10n (.3l this conclude the proof of Proposition (.5l O

5.4 Supremum norm of D’ u in small time:

We have the following:
Proposition 5.7. Let u = (u1,uz)* be the solution of (£.1) defined by (£.17). Then, there
exists a real 471 > 0 such that, for T small enough, we have:

D2, uil| . < CTET,

forv=1,2, and where C' is a constant depending only on known parameters in H1.

r1T2

Proof. We know from Proposition 4.8 that the time-singularity that follows from the cross dif-
ferentiation of ¢ w.r.t x; and x, is of order 2. Let ¢ € {1,2}.

The Hij, j =1,2,3 case: one can proceed with the terms H}, H? and H} as for the proof of
Proposition in Subsection By using Lemma [5.4] and by differentiating again w.r.t xy,
this leads to the same type of inequalities as: (5.12), (5.15]) and (5.17), where each integrand
in these inequalities is multiplied by (s —¢)~'/2. We then get the following bounds:

D2, 1, < CTVE% (5.41)
|D2 12 < T2 (|02 il + || D2 ) (5.42)
|02, 1, < C (TOA22 L 7OED2) D2 | (5.43)

The H} case: one can proceed as in the first part of the proof of Proposition5.5in Subsection
(.3 By using Lemma and by differentiating w.r.t z;, we get the same type of inequalities
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as (5.33) and (5.34) , where each integrand in these inequalities is multiplied by (s — ¢)~1/2,
By integrating these terms w.r.t the space variables, and by taking the supremum in the right
hand side we finally obtain:

D2, H ||, < CT® D2 | Dyyullegs + CTEE D2 Dy (5.44)

T1T2

Combining (5.41)), (5.42), (£.43)) and (5.44), Proposition and Proposition [B.5], one can
find a real gz 11> 0 depending only on known parameters in H1 such that, for 7" small enough:

D2, ui| . < CTEIL

T1T2

This conclude the proof. O
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