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A MEASURE-THEORETIC VARIATIONAL BAYESIAN
ALGORITHM FOR LARGE DIMENSIONAL PROBLEMS.

A. FRAYSSET AND T. RODET*

Abstract. In this paper we provide an algorithm adapted to the variational Bayesian approxi-
mation. The main contribution is to transpose a classical iterative algorithm of optimization in the
metric space of measures involved in the Bayesian methodology. Once given the convergence prop-
erties of this algorithm, we consider its application to large dimensional inverse problems, especially
for unsupervised reconstruction. The interest of our method is enhanced by its application to large
dimensional linear inverse problems involving sparse objects. Finally, we provide simulation results.
First we show the good numerical performances of our method compared to classical ones on a small
example. On a second time we deal with a large dimensional dictionary learning problem.

keywords: ill-posed inverse problems, variational Bayesian methodol-
ogy, sparse signal reconstruction, infinite dimensional convex optimization

1. Introduction. The recent development of information technologies has in-
creased the expansion of inverse problems for very large dimensional datasets. There
is currently a significant growth in the number of measurements involved in recon-
struction problems together with an expansion in the size of considered objects. Thus
it is often necessary to handle the reconstruction of more than one million param-
eters. At the same time, signal processing techniques have helped to overcome the
limitations of measurement instruments and to supply the design of systems involv-
ing indirect measures. These new instruments introduced different signal processing
challenges, such as super resolution, deconvolution, source separation or tomographic
reconstruction. All these problems are ill posed, the only information contained in
the data and in the model of acquisition are not sufficient to obtain a good estimation
of the source objects.

To solve these ill-posed problems, additional a priori information is often needed.
The Bayesian approach appearing in this paper consists in a modelisation of sources
of information as probability density functions [11, 24, 18]. This approach allows the
development of unsupervised estimation methods, such that the parameters of proba-
bility distributions also called hyperparameters, typically the different variances, are
adjusted automatically. These hyperparameters can tune the trade-off between infor-
mation coming from data (likelihood) and a priori information. All the information
related to the object and to the hyperparameters is summarized by the posterior dis-
tribution. This distribution allows the construction of several estimators such as the
maximum a posteriori (MAP) or the posterior mean (PM), optimal for some given
cost functions. These estimators can in fact be obtained by summing up the infor-
mation contained in the posterior distribution. However the information given only
by these estimators cannot be sufficient in the context of inverse problems, especially
when recursive or online methods are required. Moreover the determination of these
estimators needs an exact knowledge of the posterior distribution, which is generally
intractable. Hence this posterior distribution is in practice approximated thanks, in
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general, to numerical methods. The most classical method is given by Markov Chains
Monte Carlo(MCMC) methods, see [35, 36|, or particular filtering [12] in recursive
frameworks. However, these methods are no longer tractable for large dimensional
problems. Indeed, in this case, the rate of convergence is too slow to allow reasonable
practical use.

Another approach, considered here, is to determine an analytical approxima-
tion which leads to Laplace approximation or to Variational Bayesian Approximation
(VBA), [43]. These approaches are more suitable when the full information has to
be propagated along recursive methods, see [43, 1] or for experimental design 38, 39]
where marginal distributions need to be calculated quickly. One of the first works on
variational Bayesian inference was introduced by D. MacKay in [25]. This methodol-
ogy has been used in a computer science context, see [20] for instance, and in signal
processing for different applications such as source separation using ICA [27, 10], Mix-
ture Models estimation [30], hyperspectral imaging reduction [5], deconvolution [8, 3]
or recursive methods [42, 43]. The main outline of the variational Bayesian methodol-
ogy is to determine an approximation, in terms of Kullback-Leiber divergence, of the
posterior distribution by a simpler, typically separable, law. Thanks to this method,
the initial inverse problem appears as a convex optimization problem in a function
space. Moreover, in classical Bayesian variational methods, the prior distribution is
chosen to be conjugated with the likelihood one. Hence the posterior distribution
belongs to a given family and the optimization becomes an optimization of its param-
eters. Unfortunately, this variational method induces intricate formula that require
the implementation of numerical approximations. They are hence approximated by
fixed point methods such as alternate minimization. For large dimensional problems
this turn out to be an important drawback. Some recent works, such as [4] [39], pro-
posed accelerated variational Bayesian algorithms based on iterative approximations
for update equations.

In the present paper we choose a different approach by directly considering a
numerical resolution of the infinite dimensional optimization problem involved in the
variational Bayesian framework. This approach induces fewer approximations and
ensures numerical convergence to the true solution of the variational Bayesian opti-
mization problem. The goal is to construct an iterative algorithm able to provide in a
reduced computation time a close approximation of the solution of the functional vari-
ational problem. The main principle is to adapt a classical optimization algorithm,
the gradient descent method [33], to the space of probability measures. Based on this
principle, we derive here an efficient algorithm for the variational Bayesian framework,
based on an optimization in the density probability functions. Our algorithm is based
on the exponentiated gradient introduced in [23] for discrete measures. The first con-
tribution of this paper is to set out the definition and the convergence properties of
this algorithm in the probability density functions set. In Section 3 we also illustrate
its application in the context induced by the variational Bayesian methodology.

The second contribution, exposed in Section 4, consists in the application of the
mentioned methodology to linear inverse problems given by the Gaussian white noise
model. Concerning the prior distribution, we emphasizeinformation of sparsity. A
sparse Bayesian methodology using a Laplace prior was developed by Seeger [3§]
[40] or Elad [49]. But more generally, a sparse prior information is introduced by
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heavy-tailed distributions, such as Bernoulli Gaussian law, [16], mixtures of Gaussian
[44, 17], Cauchy distribution, or a-stable distributions. The Gaussian Scale Mixture
class, a generalization of the previous ones, is introduced in [46] as a model of wavelet
coefficients of natural images. The main advantage of Gaussian Scale Mixtures is
that they can moreover be easily written as Gaussian distributions, conditioned by a
hidden variable and thus allow the use of Gaussian based tools.

In Section 5, we present simulation results, first on a tomographic example where
the a priori information promotes pulses or extremely sparse solutions and secondly
on an identification problem in a very large dictionary learning context. Finally,
Section 6 concludes the paper.

2. Optimization algorithm in a measures space. In this part, we assume
that we stand in the measurable space (R, B(RY)), where B(RY) is the o-field of
Borel sets of RY. This section is devoted to the construction of a gradient based
algorithm adapted to the optimization problem involved in the variational Bayesian
methodology. This problem can be seen as a maximization of a concave functional in
a probability density functions set.

Concerning probability density functions there are several possible representations
of such objects. The first one is to consider that this set is a subset of the positive
cone of L'(RY). As L'(R¥) is a Banach space, classical optimization algorithms
holds in this case. However, one has to pay a particular attention to the fact that
the positivity of the functions together with the fixed total mass imposes additional
constraints which can be hardly tractable in some case. Another point of view, see
[28], is to consider this set as a subset of the space of signed Radon measures M (RY),
that is measures that can be written as u = p+ — ", endowed with the norm of total
variation. Once again this is a Banach space, see [28]. The classical gradient descent
can also be adapted to this framework, as shown in [29]. However in [29], measures
obtained at each iteration no longer have densities, and this algorithm cannot converge
to a solution of our optimization problem. Moreover, this space does not take into
account the separability property of measures, which plays a crucial part in our case.
Hence in the following we rather consider the Cartesian product of one-dimensional
Radon measure spaces, M(RY) = Hfil M(R), endowed with the norm:

N
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Note that when p is a density measure, i.e. du(z) = g(x)dL(x) = g(x)dx, L
standing for the Lebesgue measure, its total variation norm coincides with the L!
norm of its density function q.

Furthermore, a separable probability density function is considered as an element
of the closed convex set 2, defined by

N
O={pe Mv; du(x) = Hqi(xi)dxi, where ¢; € L'(R), ¢; > 0 a.e. and dp(x) =

i=1 RY
(2.2)
Note that this set can also be written as the Cartesian product of the sets (€2;);=1,... ~
3
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where
Q; = {p; € M(R); dpi(x) = ¢;(z;)dx;, where ¢; € L*(R), ¢; > 0 a.e. and / dpi(z;) = 1}.
R

2.1. Preliminaries. Our purpose in the following is, given a concave functional
F : M — R, to define an algorithm which approximates a probability measure P
solution of

uPt = arg max F (). (2.3)
ne
This problem can be seen as a constrained convex optimization problem in the infinite
dimensional Banach space (M, ||.||ry). In this framework, most results of optimiza-
tion are based on duality results, see for instance [22, 9]. In the present paper we
consider a gradient-like descent algorithm defined directly on the probability mea-
sures set, as in [28].

Let us introduce some notations from [28]. Let F : M — R. As M is a Banach

space, one can compute the Fréchet derivative of ' at p € M as the bounded linear
functional dF),(.) : M — R satisfying

F(u+v) = F(u) = dE,(v) = of[[vllrv), when || = 0.

We also consider the Gateaux derivative of F':

e M, 0F.() = ti Fp+ tut) —F(p)

In some cases, as in the following one can find a function df : M x RY — R
continuous and upper bounded, such that the Gateaux differential of F' can be written
as

YweM, OF,v)= /RN df (u, z)dv (). (2.4)

Consider an auxiliary concave functional G : M = R. An important property
appearing in the following is that its Fréchet differential is L-Lipschitz on €2, i.e.

Y(u, p2) € 9%, Yo e M |dGy, (v) — dG, ()] < LIvlrv||m — pallrv.  (2.5)

The Lipschitz differential condition of G together with its concavity implies that,
see [32] for instance,

Vg1, p2) € Q% 0> G(u) — Guz) — dGpuy (1 — p2) > =Ll — pallfy.  (2.6)

Furthermore we say that a function " is twice differentiable in the sense of Fréchet
at pu € M if dF), is differentiable. If it exists, d*F is a bilinear application from M x M
to R.

2.2. Statement of the main result. Let us consider as a first step the hy-
potheses imposed on the functional F' in the rest of this part, given by the following
definition. .

HypPOTHESIS 1. Let F: M — R be a concave functional. We say that F' satisfies
Hypothesis 1 if:



(i) F can be written as F = G + H where G is a concave L-Lipschitz Fréchet-
differentiable functional whereas H corresponds to the entropy of the proba-
bility measure, that is the Kullback-Leibler divergence from this measure to
the Lebesque measure.

(ii) For p € M, G is twice differentiable in the sense of Fréchet at u and the first
order derivative of F satisfies Equation (2.4).

(111) hmHHH—’W F(u) = —0Q.

REMARK 1. Hypothesis (i) can be replaced by the more restrictive hypothesis that
F is L-Lipschitz Fréchet differentiable.

Our purpose is to construct an iterative algorithm providing a density at each
iteration and approximating the solution of (2.3) for a certain class of functionals
F. The key principle of our method is given by the Radon-Nikodym Theorem, see
[37] for instance. Let k& > 0 be an integer and assume that u* € M is a probability
measure absolutely continuous respectively to the Lebesgue measure. We construct
uFtl € M as a measure which is absolutely continuous with respect to p*. In this
case, the Radon-Nikodym theorem ensures that this measure should be written as

At (@) = hy(@)dp (), (2.7)

where hy € L'(p¥) is a positive function. Our aim is to determine a function hy €
L (p*) which ensures that F(u**!) > F(u*), F being a concave functional satisfying
Hypothesis 1. Following the classical iterative scheme given by the gradient descent
method, we consider hj, as a function of the derivative of F at u* and, according to
our structure

hi(x) = Ki(o) exp(oxd f (1", @), (2.8)

where df is defined by (2.4) whereas «y > 0 is the optimal algorithm step-size at
iteration k and Kj(ay) is the normalization constant such that [,y du*™(z) = 1.
We also impose the convention that hi(z) = co when exp(axdf(u”,z)) is not in-
tegrable. One can see that as soon as u¥ is a measure absolutely continuous with
respect to the Lebesgue measure, so is each p*. This choice of h is motivated by the
positive, integrable assumption together with, as mentioned earlier, its coherence with
the structure of the gradient descent method. Furthermore the exponential function
is the more suitable when dealing with entropy constraint, see [45] for details. This
descent algorithm is defined as the “exponentiated gradient” descent in [23]. Since [23]
it has been widely studied in the context of machine learning even in the Bayesian
framework, see [15] for instance.

The optimization algorithm involved in this paper is the following:

Algorithm 1 Exponentiated Gradient algorithm

INTIALIZE( 10 € Q)

repeat

Compute df (u*, x)

Compute ay, = argmax,, Ky (a)exp(adf(p¥,.))uk
Compute p**! = K () exp(agdf(u*,.))
until Convergence

Let us now state the main convergence result of this paper.
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THEOREM 2.1. Let F' be a concave functional satisfying Hypothesis 1. Let, for
every k > 0, ay, be the optimal stepsize of Algorithm 1. Then the sequence (,U,k)kzo of

elements of M given by p*+! = Kp(ag) exp(apdf(u¥, ) converges to a mazimizer
of F' on Q.

2.3. Proof of Theorem 2.1. Before considering the convergence results, let us
introduce some differentiability properties of the entropy function in our context.

Note that as our purpose is to construct measures with a density, thus we consider
in the following that for each k& > 0, du* = ¢*dx. The term H in Hypothesis 1 also
corresponds in this case to the entropy #H of the corresponding ¢¥. Concerning the
entropy of density functions, one can notice that it is not differentiable in the sense of
Fréchet. However in our case, such as in [13], one can find directions A such that the
Gateaux differential of H at ¢* in the direction h can be defined. This is the result
stated in the following lemma.

LEMMA 2.2. Let us assume that (¢*)ren is the sequence of densities corresponding
to the measures provided by Algorithm 1. Let k > 0 be fixed and define

Wi == {h € L®(¢"dL), h > —1 a.5.}.

Then as soon as h € Wy, H is differentiable at ¢* in the direction hq* and

O (") = — [ (n(a" @) + Dh(a)o" (z)de.

Proof.

Following the development made in [13| for simple functions, let us now prove
that when h € W, the Gateaux derivative of H at ¢* in the direction hg® can be
defined. Hence we consider

H(d +hg")~H(g") = - / (1 +h(e))d* (@)dz- / (g (@) +h(2)* (@) h(@)q" (@) de,

where the existence of each term is ensured by the fact that h € W.
Let us define
O (") = — [ (e (@) + Di(e)et (2 da.
we thus have

In(1+ h@))g* (@)de — [ Ing*(@)h(@)* (@)da

RN

H(q" + ha") — H(q") — OH e (hq") = —/

RN

- / In(1 + h(2))h()¢" (@)de + / (In(¢*(2)) + h(2)q" (2)da)

_ / (1 + h(@)(1 + h(@)d @) dae + | h(@)d* (z)dz.
RN RN
In order to conclude, let us now consider that h is such that ||h||f~ — 0. In this
case, for almost every x one has h(x) — 0 and In(1 + h(x)) ~ h(x). This induces

M0 +ha")=H(a")~0Hyp (") ~ = [ hl@)1+h(@) (@)dot [ @) (@)de == [ (oo (e)da.
6



and as p*(dz) = ¢*(x)L(dz) is a probability measure, one has

|7—[(qk + hqk) — 'H(qk) — quk (h)| ||h||i2(qkd£)

~ < 17l z2(grac).
|| oo 12l oo (grac) LAgtdL)

which yields the desired result.
0

Concerning the proof of Theorem 2.1, it involves two main steps. As a first step we
prove that the sequence (F(1%))ren is an increasing sequence. Secondly, we consider
the convergence of the sequence (*)g>0 to a solution of (2.3).

LEMMA 2.3. Let F be a functional satisfying Hypothesis 1. Let also (u*)ren be
the sequence provided by Algorithm 1. Then there exist ag > 0 such that

Va € (0,00) F(u*) = F(ut) > 0. (2.9)
Proof.
Let k > 0 be fixed and p* be given. For every a > 0 we define pu® as the

measure defined for all x € RN by du®(z) = Ki(a)exp(adf(uf, x))dp*(z) =
ha (¥, 2)dpu" ().

We define furthermore gi(«) := F(u®). Thus gi is a function from R* to R and
Qopt 18 an optimal step-size if gx(opr) = max gi (), i.e.

Qopt = argmax g (). (2.10)

According to the point (iii) of Hypothesis 1, F'(u) = —oo when ||u|| — oo ensures
that we can find an o, not necessarily unique, such that

Va >0, F(u®) < F(u®o). (2.11)

Let a > 0 be given and consider the decomposition given by point (i) of Hypothesis
1. Thanks to Equation (2.6) one has

G(p®) = G(p") = dG e (u® = p*) = L u® = ¥ |3y (2.12)

Furthermore, as u® = hq (¥, .)p* and p* is a probability measure one can notice
that

—L|u® = i l7yv = —Llha(e®, ) = Ui gy = ~Llha(p®, ) = UTagum)-  (213)

Furthermore,
dp®
H(p®) =— In{ — ) du®
== [ w () @)
_ k k o du* k k
—HE") — [ et 2)det @) — [ (L) (el @) — 1det @),
RN RN dc
Applying Lemma 2.2 to ¢*, the density of u* and h = hq(u*,.) — 1 gives

k
o ) = [ (G5 ) - Dl @) - D), (20
7



This entails

In(ha (¥, 2))duc () / (¥, ) ~1)d* ()

H(pu®)—H (i) > OH . (u*—p*)— / -
(2.15)

RN

And thus
) = HGM) =0 (i =) = = [ Gt (@), (216)

as [on (ha(WF, @) — 1)dp*(z) = 0.
Finally, from (2.12), (2.13) and (2.16) one has

P = F) 2 0F, (0 = 1) = Lo, ) = sy = [ 10010 2 @)

(2.17)

Finally, F'(u®) — F(u*) is positive if the right side of Equation (2.17) is positive.
This part being quite technical it is included in Appendix 7.1. O

Lemma 2.3 ensures that for a > 0 small enough, F(u®) > F(u*). As we choose
phtl = pert where a,p is defined by (2.10), we obviously have F(uf*1) > F(u*).

Finally the sequence (F(u*))gen is increasing and upper bounded in R, thus con-
vergent. It thus also satisfies that F(u*+1) — F(u*) — 0.

In order to conclude we have to show that (1*)en indeed converges to a maximum
of F on . But, for every k > 0, u* € Q, which is a bounded set in M and thus in
M(RY). Furthermore, the latter is the dual of Cy, the space of continuous functions
f that tend to zero at infinity, which is a separable Banach space. As a consequence
of the Banach-Alaoglu Theorem, see [37] for instance, there exists p!™ € M and a
subsequence (1*7),en such that for every continuous function that goes to zero at
infinity,

[ t@ttaz) - [ @y @)

i.e. when k — oo, we have pf» —* plim ¢ Q.
(¥ ) pen by critical
From Lemma 2.3 we know that

F(Mk+1) = gk(aom) > gr(a), Va>0.

However the analytic form of aq,p: is not tractable. We thus approximate it by a
calculable agypopt, ot necessarily smaller than ag. In order to determine this ogypopt
let us determine the differentiability properties of the real valued function g(a) =
F(p®). From the definition of %, it has a density with respect to ¢* which belongs
to Wy. As G is assumed to be differentiable, so is F. Furthermore, G is also assumed
to be twice differentiable in the sense of Fréchet and from Equation (2.14), so is H
in the direction of h,. Hence g; is twice differentiable and the Taylor-Young formula
gives, for o small enough,

2

gr() = gr(0) + ag,(0) + %gg(()) + ae(a) := pr(a) + oe(a), (2.18)
8



where e(a) — 0 when a — 0.
9.(0)

The critical point of ¢ (@) is Qsypopt = — i)
k

as soon as g;, (0) # 0 exists, which
gives in (2.18):

9;.(0)
gk (asubopt) = 9k (O) - 2;,,(0) + aiuboptg(asubopt)v (219)
k
and by construction of pF*+1,

F() > g1 (@nanopt) = 900~ 20 02,1 @riont) = P~ 102, ()
= subopt 29;;(0) subopt subopt 29%(0) subopt subopt )+

As F(u*+1) — F(u*) — 0, obviously klim g;’;,(,o(zf) = 0. Let us now consider a

— 00 k
convergent subsequence (k,)nen and denote by (Vi, Jnen the sequence defined Vn €
N by v, = —Z’f," Eg;, that is the sequence of suboptimal stepsizes. We have then

’ 2
—% =g}, (0)y%, — 0. As df is supposed to be continuous in Equation (2.4), the
kn n

sequence (g, (0))nen is convergent and either vy, — 0 or g; (0) — 0. Let us assume
that v, — 0 and that g; (0) =1 # 0. As 7k, — 0 we have, for n large enough,

2

v
9 (W) = 91, (0) = e, 9k, (0) + g8, (0) + 77, ()
1
= §'ang;gn (0) +77.e(Yk,)-
Hence,
9k, (Vk,) — 9k, (0) 1
120600 g O+ oo, (2:20

and when n tends to infinity 7, tends to zero and taking limits in (2.20) one obtains

l =5 5,

which is impossible. Hence, g; (0) — 0 when n — ooc.
Let us determine the derivative of the different functions gi. For this purpose, we
have to determine the derivative of the function g : a + ho(u¥,.). As ho(u*, ) =

Kk(oz)e”‘df(“k*z), its derivative is given by

9, . 0K,

o (a, @) = 9 (a)eadf(“k’m) +df(uk,ac)Kk(a)eo‘df(“k’m). (2.21)

Ve e RY,

As « is supposed to be close to zero, one can assume that it is not greater than
one and the Lebesgue’s Theorem thus allows to invert differentiation and integration
in the evaluation of aa%. As

1
f eadf(uk,m)duk (33) ’
9

Kk(oz) =

(2.22)



we have

0K},

Jdf(uF @)t W8 2)dpk ()
(a) = -
Ox

(] eotr G ) dyi (z)?

= —Kala) [ dft o @) (@) = ~Ki(a) [ dF G @)t (@),
(2.23)

Combining (2.21) and (2.23) yields

ve e B, (0 a)du @) = ap” (a) (dfw,a:) -/ df(uk,wdu%y)) |
(2.24)

dht0) = 08,52 = [ anet,a) (a5t o)~ [ aft i) ) aue @),
which leads to

h0) = 0Fu @O = [ arG.2) (aft2) = [ a5t it @) it (a)

- /RN df(p*, @) " (da) — </sz df(u’“,y)du’“(y))2
(2.25)

Hence, for n large enough,
I f (e M2y = NAF I ey = O,

and df(u*,.) converges to a constant ), independent of = € RV,
Let v be any element of , then OF,uim (v — pt™) = 0, and from concavity of F
we have

F(v) < F(pl™) Vv € Q.
Which means that F(p!™) is a maximum of F over (2.

In the present part we have presented the convergence properties of our algo-
rithm, which is well adapted to the space of probability measures. Our interest in the
following is also in its application in the context of variational Bayesian methodology.
For the sake of completeness, let us recall this methodology introduced in [25].

3. Application to variational Bayesian methodology.

3.1. Classical variational Bayesian algorithm. For the sake of simplicity we
consider in the following density functions ¢ instead of the corresponding measures
i. We denote by y € RM the M dimensional vector containing the data informa-
tion whereas w € RY represents the vector to be estimated, which is considered as
a realization of a random vector W. We also denote by p the prior probability den-
sity function (p.d.f.) of W. The Bayes rule entails that this prior distribution is

10



closely related to the posterior one, p(wly), up to a normalization constant. Even in
simple cases this posterior may not be separable. Hence, in the variational Bayesian
framework, we approximate it by a separable probability density

g(w) = qu(wl) (3.1)

Taking separable laws obviously simplifies the problem even if it introduces some
approximation errors.

Therefore, the purpose of variational Bayesian methodology is to determine a
separable probability density function q close to the true posterior in the sense defined
by the Kullback-Leibler divergence see [42] for instance.

The optimal approximating density ¢ is then given by

Vie{l,...,N}, qi(w;) =K} exp (< Inp(y, w) >1‘[j¢iqj) ’ (3.2)

where K} is the normalization constant and < In p(y, w) > 0= Jpn—1 Inp(y, w) [Tz 4j(wy)dw,
is the mean of Inp(y, w) under the probability J[,_; g;-

Although this solution is obtained analytically, Equation (3.2) clearly does not
have an explicit form. In order to have implementable methods, several approaches
can be considered. The first is to impose conjugate prior distributions which ensure
that the posterior distribution belongs to a given family and to reduce the optimization
problem to an approximation of its parameters. A different approach, introduced in
[39] is to consider approximating law in a given family, namely the Gaussian one,
which does not necessarily contains the posterior distribution. These approaches
also reduce the functional optimization problem to a parametric one. However even
in these cases the intricate form of (3.2) imposes a numerical approximation of the
solution. A natural method in this case is to consider alternate descent algorithms.
However this method is time consuming, each update step needing N iterations, one
for each component ¢;. This drawback can be diminished by relaxing the separability
assumption and considering instead a descent by groups of coordinates. In this case
the main drawback is given by the covariance matrix of each group which needs to
be stored and inverted. Several techniques, such as the numerical preprocessing of
this matrix in [4] have thus been considered to overcome this drawback. In [39]
an alternative way is developed, based on concave-convex programming. But for
very large dimensional problems these methods remain inefficient in general, as they
need several intricate approximations. In the present work we consider instead the
application of the algorithm defined in Section 5.1.1 to the functional optimization
problem induced by the Bayesian variational problem.

3.2. Variational Bayesian Exponentiated Gradient Algorithm. In this
section we define an iterative method which allows to compute efficiently at each it-
eration each ¢; independently of the other ones.

A first step is to rewrite the minimization problem as a convex optimization
problem independent of the posterior distribution to be approximated. Instead of
minimizing the Kullback-Leibler divergence, we thus remark, as in [10], that

_ 1 Pyw)
Inp(y) =1 D)’ (3.3)

11



where w is the vector of hidden variables and parameters.

As the log-likelihood Inp(y) in (3.3) does not depends on w one can write

Inp(y) = F(q) + LLqllp(-|y))]-

In this case,

Fo) = [ atwyn (P22 o, (3.4)

is the negative free energy. Thus, minimizing the Kullback-Leibler divergence is ob-
viously equivalent to maximizing this negative free entropy.

Therefore, in the following we consider the problem of maximizing

Flg) = /RN Inp(y, w)q(w)dw — - In(g(w))q(w)dw (35)
= (Inp(y,.))q +H(q),

where
Hia) = = [ mfalw)atw)dw.

is the entropy of ¢. The main advantage of this approach is that the objective func-
tional does not depend on the true posterior anymore but only on the joint distribution
p(y,.), which is more easily tractable.

One can also notice that the problem of finding

q°rt = argmax  F(q) (3.6)
qseparable p.d.f.

is equivalent to the problem of finding

Pt = arg max F(p). (3.7)

HEQ

I

Where the functional F' is defined F'(u) = F(q), as soon as p € €2 is such that ¢ is the
density of u. Let us also define in the following 0f by V& € RN, 0f(q, x) = df(¢L, x).

A classical method in this context is to consider each density ¢ as a L'(RY)
function and to apply classical optimization algorithms. In the present framework,
taking the non-negativity and the total mass assumptions into account, the algorithm
involved is given by the projected gradient method which gives:

vweRY  ¢"H(w) = Po(q" (w) + p*9f (4", w)), (3.8)

where Pg is the projector operator on the subspace © = {¢ € L'(RY); q(w) >
0 and ||g||z: = 1} and Of denotes the Fréchet differential of F at ¢*. However, this
algorithm requires that 0f(q*, w) € L'(R") which is not the case in general.

Therefore in the following, we rather apply Theorem 2.1 and the algorithm in-
troduced in Section 2 to the Variational Bayesian framework of Section 3.1. One can

12



easily see that the function F' can be written as an entropy term added to a differen-
tiable function G = (Inp(y,.))q. As Inp(y,.) does not depend on g, this function is
clearly Lipschitz differentiable respectively to ¢ and twice differentiable in the sense
of Fréchet. Hence F' satisfies Hypothesis 1.

We consider

Flq) = (np(y,.))q + H(q).
In this case, the Gateaux differential of F(u) = F(q) at u € Q separable is given
by dF,(v) =32, [en df (uis 2i)vi(de) with df (ui, xi) = 9f(gs, ;) such that
vie{l,...,N}, VYwEe RY, Of(qi,w;) = (1np(y,w)>1—[#i g —In qi(w;) — 1.
Let k > 0 be given and ¢* be constructed. Following the scheme defined by

Algorithm 1 and Equation (2.8), at the following iteration we consider ¢ given, for
a > 0, by

vw e RY,  ¢*(w) = Kj(on)q" exp [a,df(¢", w)] (3.9)

exp (< Inp(y, w) >, q;_c(wj))
qf (w;)

= Ky (ar)q" (w)

= Ki(ar)q" (w) (H ZEZ;) (3.10)

where K}, (ay) is the normalization constant and ¢” is an intermediate function defined
by

Vi e {]-a BERE) N}a q:(wz) = exp (< hlp(va) >1_[j¢i q;.“(wj)>

The main challenge is to determine the value of o > 0. This optimal value oope
should satisfy g} (aopt) = 0. However, this quantity is hardly tractable in practice.
Therefore, we consider instead the suboptimal value given by

_9x(0)

subopt — 5 3.11
Goutert = gr0) &1

when g;/(0) # 0. This leads to the main algorithm of this paper.

Algorithm 2 Variational Bayesian Exponentiated Gradient Like Algorithm
1: INITIALIZE( ¢° € ©)

2: repeat
3: function ITERATION( Compute ¢*1 = Kq" exp [akﬁf(qk, w)])
4: Compute ¢! (w;) = exp (< Inp(y, w) >0, q;_c(wj)) foreveryi=1,...,N
5: Compute ¢*(w) = Ky ()" (w) (Zkgzg) .
Compute qsypopt = *gf’?ﬁg))
k

6

7. Take qk+1 = g subopt,
8: end function

9: until Convergence

13



4. Application to linear inverse problems.

4.1. Statement of the problem. The next part of this paper presents the
application of Algorithm 2 to linear inverse ill-posed problems. The model of obser-
vations chosen in the following is given by

y=Hx+b, (4.1)

where y € RM is the vector of observations given as a linear function of the unknown
vector € RN to be estimated. Here, b € RM is the noise vector whereas H is a
matrix in My . We also suppose that x is a realization of a random vector X.

In the following we stand in a white noise model which induces that the noise is
supposed to be an iid Gaussian vector N'(0,07I). The corresponding likelihood is

_|y—H:cT |

4.2
7 (4.2)

p(ylz) = (2mo7) M/ exp [

Concerning the prior distribution we choose to take sparsity into account by consid-
ering X distributed following a separable heavy tailed distribution. The most general
case is given by Gaussian Vector Scale Mixture (GVSM) defined in [19]. In this case,
for i = 1,..., N, we suppose that X; ~ U;/\/Z; where U ~ N(0,021), Z = [[ Z;
is a positive random vector of independent positive coordinates and U and Z are
independents. As a consequence the density of X is given in an integral form as

Vie{l,...,N}, p(x;) = / (\/ze;ﬁd)zl(z,)dz,
R

21)1/20,

Note that in the definition, for the sake of simplicity, we consider Z as a precision
parameter and not a dilatation one. Gaussian Vector Scale Mixture forms a large
class of nongaussian random variables recently developed as a model of wavelet coef-
ficients of natural images, see [46]. The main interest of this model is, by solving an
extended problem due to the presence of a hidden random vector Z, to allow the use
of Bayesian hierarchic approaches. The Gaussian Scale Mixture family offers a large
class of random variables including Gaussian mixture, when Z ~ ZI a discrete ran-
dom vector or Student laws if the Z; correspond to Gamma random variables. With
different hypothesis on the distribution of Z one can also define Generalized Gaussian
distributions or a-stable ones, see [46]. Indeed GSM offers a simple representation
of a large class of nongaussian probability distributions, which justify the increasing
interest in this model.

In our context, we choose to consider Z as a independent Gamma random vector,
ie fori=1,...,N, we have Z; ~ G(a;,b;) and

. 6?7 Z; _Z’iw? Gl —2 b
Vie{l,...,N}, p(ﬁi):F(&-)/R(Zﬂ\)lﬁ/?a e 278 plimlemRibigy, (4.3)

For @; = b; = ¥ the p.d.f. of X corresponds to a Student-t distribution, as in the

|14

2
model used in [8]. This model of Z ensures that X satisfies the conjugate priors
condition.
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One can easily check that when the prior information is given by (4.3), Equation
(4.2) gives the following posterior distribution

_ lly - Ha|? f b2
p(x, z|y) o< o M exp { L . (4.4)
b 207 H 2 2 T'(a;)

Considering that we do not know the constants involved and that the mixing
matrix H is high dimensional, this posterior distribution cannot be evaluated directly.

4.2. Numerical implementation. The aim of variational Bayesian methodol-
ogy and therefore of our method in the context established in Part 4 is the approxima-
tion of the posterior p.d.f given by (4.4) by a separable one q(z, z) = [[, ¢;(%:) [[; 4;(2;)-
As we have chosen conjugate priors for X and Z, the optimum approximating distri-
bution of X is known to belong to a Gaussian family, whereas the p.d.f. of Z belongs
to a Gamma one.

o ~ [T (i) k(0

q" ~ Hg(ak(j)>bk(j))

Hence at the initialization stage, we consider
¢° = N'(my, Diag(op))

= Hg(ao(j)> bo(7))

where Diag(v) is a diagonal matrix with v on its diagonal, and o2 € R¥ is the vector
of initial variances.
Our minimization problem can be analyzed following the alternate iterative scheme:

cjkﬂ = arg {nax f(qk(j)

¢t = arg max ]:(qq

k+1)

4.2.1. Approximation of §. One can see in Equation (4.4) that the conditional
posterior p(z|xz,y) is fully separable. In this case the classical Bayesian variational
approach is efficient enough to be 1mplemented directly. Hence all the q’“‘l can
be computed simultaneously, knowing only ¢*. Thanks to the classical variational
Bayesian approach, [25], described in Section 3, we deduce ¢**! thanks to Equation

(3.2) and Equation (4.4), for every i =1,..., N

4)
k1
G; " (%) x exp << Inp(y, x, z) >, q;y(zj)qk(w)) (4.5)
~ 1 3z 7 k ~k
xexp | (a; — 5)111(22‘) — [ 207 + z;b;) qu (xl)gqj (zj)dadz
- 2,
X exp <(&i — %) In(z;) — 2z;:b; / :;ZUEZ qf(xz)dosl>
_ 1 (o7 (i) + mE(i))2
cesp (05— )G — s - LT
(@) +mi)
x z; exp (zl [bl + T} (4.6)



This entails that (jf“ corresponds to a Gamma p.d.f. of parameters:

1

Vie{l,...,N}, ariali) =i + 3, (4.7)
2/ 2 _

bros1(i) mk(zé;ak(z) T b (4.8)

4.2.2. Approximation of ¢ by Algorithm 2. Let us assume that at the initial-
ization stage, ¢° is a Gaussian p.d.f. with mean mg and covariance matrix Diag(o?).
At each iteration k+ 1 we determine the approximation of ¢**! thanks to our method.
Let us define an auxiliary function ¢” by ¢7 (z;) = exp <<ln p(y, x, z)>1—[#i gt (mj)qk+1(z)) ,
thus Vi € {1,...,N},

qi (x;) = exp (< Inp(y,x, z) >, q;_c(xj)qkﬂ(z)) (4.9)
ly — H:c||2 3z ~k+1
o<exp( /( 207 202 qu z;)§" " (z)dedz
J#i
2’HTHzx —22TH Ty = 22z g+
o exp {/( 207 + 202 ) Hq] x;)§" " () daedz;
J#i
1
o< exp [_M (x?diag(HTH)i — 22;(H"y); + 22;(H" Hmy,);
b
—2x;diag(H H))zmk(l)) + ik (i) (4.10)
202bj41(7)

where diag(A) is the vector composed by the diagonal entries of A. Note that ¢"
corresponds, up to the normalization term, to the density of a Gaussian distribution

with mean m, and variance o2, where, for every i = 1,..., N,
N |
) diag(HTH); a1(1) )
2 1 +
o (1) = + - 4.11
0= (T 1y
and

. (4.12)

2(;) <HTy — (HTH ; diag(HTH))mk>
b i

Therefore, by Equation (3.10), we have for every i =1,..., N,
16



oo\ (i)
e e
X oxp {_a —2;(m, ()3 (i) - mk<z'>2«f%<(iz>)>a+%$r<i>%z(i) - mk@zag@}
B R G )
< oxp H (_2% (o (i) + a(?<(>iif(>) - mu()oR ) | t(a))]

m,(i)% 0} (i) —mi (i) 2o 2()
202 (1)o7, (1)
constant. Finally, ¢f* still corresponds to a Gaussian p.d.f. with parameters m, and

Diag(o?) satisfying:

is a

where ¢% is defined in Section 5.1.1, and t(a) = «

0,2 (2) _ U%(i)ai(z (413)
“ o(i) + a(ai (i) — o} (i)

o (§) = my(i)o2(i) + a(m,.(i)o i (i) — my(i)o2(i))
e o2(0) + a(@2(0) - 720) (4.14)

In order to construct ¢**?

in Equation (3.11).

we choose in the previous equation a = asypopt defined

Finally, we obtain the following algorithm.

Algorithm 3 Supervised Sparse Reconstruction algorithm (SSR)

1: INITIALIZE(¢?, §°)

2: repeat

3. function ESTIMATE ¢*1(¢")

4: update ar+1 by Equation (4.7)

5: update bii1 by Equation (4.8)

6: end function

7: function ESTIMATE ¢F+1(gh+!)

8: compute ¢" < (m,.,o2) by Equation (4.12) and Equation (4.11)
9: compute ¢ < (mq,02) by Equation (4.14) and Equation (4.13)
10: compute Qgypopt and Equation (?7).

11: compute gFtl = g¥subort,

12: end function

13: until Convergence

4.3. Unsupervised algorithm. The algorithm described in the previous part
is not a fully Bayesian one as it still depends on some hyperparameters, namely the
variances induced by the model (4.1) and (4.3). We see in the following how this
method can be extended to an unsupervised one by estimating these parameters. The
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parameters of the underlying Gamma random variable are not estimated in the fol-
lowing as they define the sharpness of the prior distribution. We thus only estimate
the variance parameter of this prior together with the trade off between the prior and
the noise.

In order to simplify the different expressions, we introduce in the following the
notations 7, = 1/07 and s = 1/02. Hence, v, and v, are the precision parameters
of the noise and of the prior distribution. From now on they are also assumed to be
random variable with Gamma prior of parameters (ap, l;b) resp. (as,b 9) As we do not
have any information on these precision parameters 7, and s, this prior is a Jeffrey’s
prior obtained by fixing a, = 0, by =0 resp. as = 0, by = 0.

With these assumptions, the posterior distribution from Equation (4.4) can be
written as

B&i Z{iifle—zil;i

p(, 2,7, Vs |Y) o< ) eXP[ wly - Sc”} H\/ZQXP[ %221%} Z ZF(ai)

bgfb,yab 1 —'ybbb bas as Le=sbs

I'(ap) I'(as)

X

(4.15)

As in the previous section, the conditional posterior p(z, s, vs|®, y) is separable
and can be approximated thanks to the classical variational Bayesian approach. Once
again only the distribution of X needs the use of Algorithm 2. Here the alternate
optimization scheme to carry out is:

Gt = arg max]—"(qqub q*)

¢ = arg maXf(q i agqk)

gt =arg max]-'(q’“+1 7+ 0"
4

Qfﬂ = arg max]—"(qkﬂ ~k+1 k+1q )

qs

4.3.1. Optimization of the approximate p.d.f. ¢,. Concerning the random
vectors Z and X, the updating process follows the same scheme as the supervised
case, see Section 4.2, and is not recalled here. The main differences reside in the
update of the parameter distributions.

As the distributions of ~;, and 7, are supposed to be Gamma, which is coherent
with the conjugate priors hypothesis, at each iteration we just adapt the parameters.
Hence we initialize our algorithm by considering that

b~ Glay, bp)

At iteration k + 1 we consider the maximum of the free energy from Equation (3.2)
18



which gives

g5 () oc exp [< Ip(2, Y. 2,9, 75) >17, 5+ @) 11, q;f‘“(z.f)qf:(ws)]
M ly — He|®> -
X exp [< (5 +ap = 1) In(y) = (= +b) > i)
M
o exp (7 +ap — 1) In(7)
N
1 1 . . =
—%(5”9 — Hmy|* + 5 Zdlag (H'H), ofa (i) + bb)
i=1
So qkle is a Gamma p.d.f. of parameters:
M
ot =+ (4.16)
N
1 1 . N T
it = 5”’!] — Hmy|* + 3 Zdlag (H'H), oy (i) + by (4.17)
i=1

4.3.2. Optimization of the approximate p.d.f. ¢;. As for 7,, the approxi-
mation of g, is performed in the family of Gamma distributions. Hence at the initial-
ization step we assume that

C]S ~ g(a’sv bg)
and at iteration k 4 1, thanks again to Equation (3.2), we obtain

" (vs) o exp < Inp(x,y, 2, Y,7s) >H qk+1(xj)l—l qk+1(zj)qk+1(,yb):|

N 1 -
B D FL AT

xew |< < (3 +a D) - ZZ:fj m3 (i) + 0341 (D) + 5.)

So ¢**1 is a Gamma p.d.f. and its parameters are deduced by identification.
abtt = ﬁ +as (4.18)
b+t = Z DD (2 1(0) + 040 (0)) + b (4.19)

bk+1 )

Finally, the algorithm can be summed up as follows.
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Algorithm 4 UnSupervised Sparse Reconstruction algorithm (USSR)

1: InrriaLize(q®, ¢°, ¢, ¢°)

2: repeat

3: function EsTiMATE 81 (¢, ¢F, ¢%)

4: update a1 using Equation (4.7)

5: update by41 using Equation (4.8)

6: end function

7: function ESTIMATE ¢**1 ("1, ¢F, %)

8: compute ¢"(x) + (m,,o?) using Equation (4.12) and Equation (4.11)
9: compute ¢%(x) « (m,,o0?2) using Equation (4.14) and Equation (4.13)
10: compute sypopt

11: compute ¢Ft! = gsuvort,

12: end function

13: function ESTIMATE ¢ T (g1, ¢"*1)

14: update a; ™! using Equation (4.16)

15: update bf“ using Equation (4.17)

16: end function

17: function ESTIMATE ¢F+1(ghtL ¢ +1)

18: update a**! using Equation (4.18)

19: update b8! using Equation (4.19)

20: end function

21: until Convergence

5. Simulations. This section is devoted to numerical validations of the method
proposed in this paper. For the sake of completeness we will treat two inverses prob-
lems. The first one is given by a tomographic example. The goal is to enhance the
accuracy and the effectiveness of our approach, in comparison with classical ones, such
as classical Variational Bayesian methods or Monte Carlos Markov Chain (MCMC)
methods. From the limitations of these concurrent approaches, we choose to consider
only a small dimensional inverse problem (4096 unknowns), and thus to invert the
Radon transform of a small sparse image (64 x 64 pixels).

The second experimental result is devoted to a relatively large inverse problem
(= 300000 unknowns). In this case, the problem is to identify different components in
a dictionary learning process. This learning is performed in a very noisy environment,
where the signal-to-noise ratio can have negative values. This signal processing prob-
lem can appear for instance in an astrophysical context (detection of gravitational
waves [34]) or in radar imaging [47, 2]. This second example illustrates the perfor-
mances of the method for large dimensional problems.

In both cases the sparsity information is introduced by an iid Student-t prior.
This prior is a particular case of GVSM. In the following we thus fix a; = 5 and

b; = & in Equation (4.4).

5.1. Tomographic example. For the sake of completeness, a short description
of the concurrent approaches is given, enhancing the main differences between them.
In a second part, we describe the phantom together with the simulation parameters.

5.1.1. Algorithms descriptions.
20



Filtered Back Projection (FBP). Filtered Back Projection is the classical ap-
proach to invert the Radon transform [31, 21]|. This algorithm is obtained by sampling
the continuous inversion formula. Each line of the sinogram (see Fig. 5.1) is filtered
with a ramp filter. The filtered data are backprojected. The discrete version of the
backprojection operator is given by H*.

Monte Carlos Markov Chain. The MCMC method contains a large class of Bayesian
algorithms [36]. In the following we consider the Gibbs algorithm for its efficiency
when the size of the problem increases. This algorithm is used for a wide class of
applications [26, 14, 6]. The principle is to obtain samples of the posterior law given
by Equation (4.4) by an alternate sampling with conditional laws.

The algorithm is as follows:

(i) 2" is sampled with p(z|y, =

(ii) x* is sampled with p(z|y, z¥)

(iii) go to i) until convergence of the Markov chain.

As the conditional law p(z|y,wk_1) is a separable Gamma distribution, the com-
putation of the sample z* is easy. Furthermore p(z|y, z*) is a correlated Gaussian
distribution with a covariance matrix Ry, = M{ M), = [O%g H'H+ U%%Diag(zk)]’1 and

kfl)

a mean my = %RkH ty. The sampling under this correlated distribution is per-
b

formed by sampling a vector of centered iid Gaussian random variables with variance
1. This vector is then multiplied by the correlation matrix M} and added to my.

REMARK 2. At each sampling iteration the covariance matriz of size N x N has
to be inverted.

Classical Bayesian Variational approach. This method was already described in
Section 3. In the alternate descent algorithm, one can choose the degree of separability
of the approximate distribution. In the following we consider two cases. In the
first case, the so called VBBloc, we consider, as in [4] that the separation of the
approximating law is only between x and z. This leads to a consideration of the
approximating distribution as:

q(z, z) = q()q(z)
and
qn~ N(ma R)
qnr~ g(av b)

Thus, with Equation (3.2), we obtain Vi € {1,..., N} the following updating equa-
tions, at iteration k + 1:

. v 1
ap1(i) = 3 + >
~ v m2(i) + diag(Ry)(i
bk+1(l):§+ £() 202( (©)
1 ( 1 -1
Ry1 = (UQDiag(a/ka) + JgHtH>
s b
1
mrg41 = 72Rk+lth-
T%

REMARK 3. At each step, the updating of the covariance matriz requires the
inversion of an N X N matriz, but the convergence rate is better than for the MCMC
approach.
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To overcome the limit given by a matrix inversion in the classical variational
Bayesian framework, we can construct an approximate distribution separable on X.
Hence, we estimate a vector of variances instead of the matrix of covariance. This
approach is called VBComp in the following.

q(z, z) = IL;qi(z4)q(2)

In this case Equation (3.2) gives the following updating equations, Vi € {1,..., N}:

)

mi (i) + o3 (i)

2
20

DN | =

a(i)p41 =75+

NR NR

brt1(i) = 5 +

And, for every i € {1,...,N}:

7ha() = ( 3000 /bua () + o (HH) ) )
b

S

i) = ZE () () (HH) o 0)
d= Hthk

REMARK 4. For each pizel x;, the corresponding value of d = H*Hm,, must be
determined.

5.1.2. Simulation configuration. The test image is given by a sparse phan-
tom, composed of 7 peaks on a grid 64 x 64 (see Table 5.1 and Fig. 5.2(a)). Data have

Coordinate | (28,28) | (25,28) | (28,25) | (40,28) | (32,38) | (48,48) | (8,52)
Value 1 1 1 [ 05 0.7 0.8 0.6
TABLE 5.1
Peaks definition in the phantom

been simulated in a parallel beam geometry. These projections are collected from 32
angles 6, uniformly spaced over [0,180[. Each projection is composed of 95 detector
cells. We add a white Gaussian noise (iid) with a standard deviation equal to 0.3
(see Fig. 5.1). Data have thus a relatively bad signal to noise ratio and the number
of unknowns is larger than the number of data, which leads to an ill-posed inverse
problem.

0 10 20 30 40 50 60 /O 80 90 s

45
920
135

180
6

Fic. 5.1. Data collected : sinogram composed of 32 angles and 95 detector cells.
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5.1.3. Results and discussion. In this section, we expose the inversion of this
tomographic problem with the approaches described earlier.

All the iterative approaches are initialized with a zero mean and a variance equal
to one, and the hyperparameters 05, 02 and v are respectively fixed at 1, 0.05 and 0.1.
The original image and its different reconstructions given by Filtered BackProjection
and posterior mean estimators, are summed up on Fig. 5.2. A comparison of Fig.
5.2 (b) with 5.2 (c¢), 5.2 (d) and 5.2 (e) clearly shows that the analytical inversion
of the Radon transform performed by Filtered Back Projection (FBP) is less robust
to noise than Bayesian approaches. Asymptotically, in Bayesian cases, theoretical
results are favorable to the MCMC approach as they do not need any approximation.
In practice, the number of samples is too small to fit with the asymptotic results
of MCMC methods, which explains the bad reconstruction observed in Fig. 5.2(c).
Finally, the Supervised Sparse Reconstruction (SSR) (see Fig. 5.2(f)) has the same
reconstruction quality as the classical variational Bayesian approaches (see VBBloc
Fig. 5.2(d) and VBComp Fig. 5.2(e)). However, when we compare the execution
time (see Table 5.2), we see that our approach is 10 time faster than the VBBloc
approach, 40 time faster than the VBComp approach and 370 faster than the MCMC
approach for this small inverse problem. Moreover, this ratio increases with the size
of the problem as both MCMC and VBBIloc need the inversion of a covariance matrix
at each iteration, which is not the case for our algorithm.

(d) (e) ()

Fic. 5.2. Images are presented with the same inversed grayscale: (a) true image of 7 peaks,
(b) FBP with ramp filter, (c¢) MCMC Gibbs approach, (d) classical variational Bayesian (VBBloc)
with bloc optimization, (e) classical variational Bayesian (VBComp) with component optimization,
(f) SSR approach.

5.1.4. Hyperparameters estimation. As seen in Section 4.2, our approach is
defined in a fully Bayesian framework. We thus estimate the values of hyperparameters
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TABLE 5.2

Comparison of the different approaches: computing time (second) and quality of estimation (SNR).

Method FBP | VBBloc | VBComp | VBGrad (SSR) | MCMC Gibbs
CPU time (s) | 0.05 | 586.20 1759.1 44.41 37079.50
Nb of iterate 1 15 8(x4096) 500 1000

SNR -2.04 5.87 9.76 6.00 -0.60

by introducing a non-informative Jeffrey’s prior, as described in Part 4.3. We estimate
thus the trade-off between the likelihood and the prior through the estimation of ~,
and vs. Hence, we apply the algorithm UnSupervised Sparse Reconstruction (USSR)
(see Algorithm 4) in our tomographic dataset. As for the previous simulation, the
initial values of the mean are fixed at zero and the variance are fixed at one. For the
hyperparameters -, and ~s the initial values are respectively fixed at 1 and 0.05.

0 200 400 600 800 1000 0 200 400 600 800

nb of iterations nb of iterations
(d) (e)

Fia. 5.3. Results with hyperparameters estimation: (a) True image, (b) reconstructed image
with SSR algorithm (hyperparameters are fized), (c) reconstructed image with USSR (image and
hyperparameters are estimated jointly), (d) logarithm of ag : the dashed line correspond to the true
value, (e) logarithm of o2

1000

The results are summed up in Fig. 5.3. We observe that the hyperparameters
estimation intensifies the sparsity of the reconstructed image together with the SNR,
as it goes from 6.00 db in the previous case to 10.06 db. Estimating the true hyperpa-
rameters is in this case more relevant than arbitrarily chosen parameters. We observe
on Fig. 5.3 (c¢) that the background is equal to zero even if some additional peaks
appear in the reconstructed image.

Finally we see in Fig. 5.3, (d) and (e), the behavior of the estimation of the
hyperparameters respective to the number of iterations. This plot is in a logarithm
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scale due to the dynamic of the fluctuations. We observe that for o this estimation
converges to the true value (dashed line). For 02 we do not known the true value, but
one can notice that this estimation also converges.

5.2. Component identification (denoising). The main advantage of our ap-
proach is that it can address larger problems (= 300000 unknowns in the present
case). In the present part, our purpose is to treat an identification problem in a re-
dundant dictionary decomposition such as in [48, 7, 41]. More precisely, we identify
chirps components in a linear mixture. Unfortunately, this mixture is corrupted by
noise and spurious signal. To identify each chirp in the mixture and to remove the
effect of the spurious signal, we develop a dictionary learning approach. For the sake
of simplicity, the construction of the dictionary is included in Appendix 7.2.

The simulated data are sampled at a frequency F. = 44khz, and they are com-
posed of N = 216 points, thus the duration of measurement T},.5 is equal to 1.5 second.
The dictionary components are stored in a matrix H and we denote by & € RV the
vector of weights to be estimated. Hence, the measurements can be modeled as

y=Hx+b, (5.1)

where b ~ N(0, JEI ) is a Gaussian white noise. Note that, as described in Appendix
7.2, H represents here an overcomplete dictionary.

We also consider different simulation contexts, with different noise levels and a
growing number of components. In each case the simulated data are composed of
N = 26 points.

As a first step, the data are composed of two cosine terms together with height
chirp functions whose parameters are given in Table 5.3. Simulated data have a
relatively bad SNR, at 5.68 db. These data are given in Fig. 5.4.

TABLE 5.3
Parameters of the different components

type of function | Amplitude | frequency (hz) | rate (hz) | first time (s)
cosine 1 5169.7 - -
cosine 0.8 4834 - -
Chirp 14 - 8000 0.2
Chirp 14 - 10000 0.25
Chirp 1.0 - 16000 0.22
Chirp 1.0 - 20000 0.5
Chirp 1.2 - 10000 0.4
Chirp 1.0 - 18000 0.41
Chirp 1.0 - 20000 0.6
Chirp 14 - 8000 0.3

This inverse problem is then solved thanks to our unsupervised approach. Our
algorithm was launched with the shape parameter of the Student-t equals to v = 0.01
in order to introduce a very sparse prior. The initialization parameters are:

e The mean of ¢, mg = 0,

e the variance of ¢, 03 = 1,

e the mean of qg, is equal to 1077,
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Fic. 5.4. Data in different fields: (a) time, (b) frequency, (c) time-frequency

e the mean of ¢°, is equal to 10°.

After 400 iterations (316 s), the algorithm (USSR) converges to a stable solution.
We consider here that the estimation & is obtained by the mean of the approximate
distribution q. Our method find the right position of the coefficients in the signal.
Concerning the amplitude, the relative error obtained is between 0.4% and 2%, thus
very close to the right value.

Estimation § of s is performed thanks to the estimation of the coefficients & and
Equation (7.6). The SNR of § is equal to 22.6 db.

As a second step, we show the performances of the algorithm USSR when the
signal s is hidden by the noise, the SNR of data being equal to -5 db (see Fig. 5.5 (a)).
We generate a signal composed of four chirps of parameters summed up in Table 5.4.

TABLE 5.4
Parameters of the different components

type of function | Amplitude ‘ Chirp rate (hz) ‘ first time (s)

Chirp 0.9526 16000 0.1530
Chirp 1.1606 16000 0.1945
Chirp 0.7369 18000 0.2000
Chirp 1.1724 18000 0.1865

The estimation of coefficients is performed using our USSR algorithm with the
same initialization as in the previous case. After 400 iterations we obtain the coef-
ficients illustrated in Fig. 5.5, (¢) and (d). The reconstructed coefficients are repre-
sented by a line and the true values of the coefficients are marked by a cross. We
observe that all coefficients are in the right place and that the peak amplitudes are
systematically underestimated, but the estimated values are relatively close to the
true ones. Fig. 5.5 (b) points out the estimator §. We see that the shape of the signal
is close to the true one, and that when the signal is missing, between 1 and 1,45 s,
the level of the residual noise is relatively low.

TABLE 5.5
Signal to Noise Ratio (SNR) in db

data | USSR approach | Wiener filter | wavelet shrinkage | STFT shrinkage
-5.0 | 15.05 | L1941 | 1.8677 | 9.2147
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In Table 5.5 we compare the reconstructed signal § with the reconstruction ob-
tained with three classical denoising approaches, namely the Wiener filter, the soft
wavelet shrinkage, with the four vanishing moments symmlet, and the hard shrink-
age in the STFT domain. In these three methods, we furthermore have to tune a
parameter which is the correlation power for the Wiener filter and the threshold for
the soft wavelet and the hard STFT shrinkage.We therefore choose the value of this
hyperparameter which minimizes the Signal-to-Noise Ratio (SNR), which depends on
the signal. Our approach hugely increases the SNR (20 db) as the noise level is divided
by 100 whereas the classical methods reduce the noise only by a factor of 4, 5 and
26 respectively. As expected, Wiener and wavelet approaches are not adapted to the
considered problem and give insufficient results. Moreover the USSR approach in-
creases the SNR of 6 db respectively to the redundant decomposition given by STFT
shrinkage, even if the STFT decomposition seems well adapted in this context. This
result comes from the sparsity of the reconstructed signal, which is larger in the case
of the USSR reconstruction.

02 04 06 08 1 12 14 02 04 06 08 1 12 14
time in second time in second
(a) (b)
Chirp with speed 16000 hz Chirp with speed 18000 hz
12 1.2
1 R 1
0.8] 0.8]
x
0.6 0.6
0.4 0.4
0.2] 0.2]
G0 0.2 0.4 0.6 G0 0.2 0.4 0.6
time in second time in second

() (d)

Fic. 5.5. Limit case: (a) data and true signal, (b) reconstructed signal

Finally, we study the robustness of the USSR algorithm with respect to the Signal
to Noise Ratio. This simulation allows a better understanding of the reconstruction
properties of our method. Hence we consider simulated data with 6 different SNR
(—5,-2,1,2,5,10) and with low (4) and high (16) numbers of components. For each
SNR and each number of components, we consider 30 datasets, the components of the
signal being randomly chosen in the dictionary.

We reconstruct these 360 sets of data by the USSR algorithm taking the same
configuration and the same initialization as in previous cases.

The results are summed up in Fig 5.6 (a-d). Each point of the plot is computed by
averaging the results of 30 reconstructions. In Fig 5.6 (a), resp. (b), we plot the true
positive proportion, resp. false positive proportion, of the significant reconstructed
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coefficients®.

At first sight we see that there are no false positives with our approach. Indeed,
as the approach is unsupervised with a sparsity prior, the coefficients with low energy
are considered as noise. Moreover we can reconstruct 16 components without loss
when the SNR is greater or equal to 5 db and resp. 4 components when the SNR is
greater to 1 db. Fig. 5.6 shows that the reconstruction is more difficult when the
number of components increases. Fig. 5.6 (c) is obtained by calculating the SNR of
the reconstructed signal s. We observe a quite linear behavior. For 4 components the
gain is of 17 db whereas for 16 components we gain 11.5 db. Finally, Fig. 5.6 (d)
exposes the quadratic error of the peaks amplitude. There are two cases here. When
all the components are found this error is linear (see Fig. 5.6 (d) the bottom curve
when SNR> 1) but it increases more quickly when some components are not found
(see Fig. 5.6 (d) the bottom curve when SNR< 1).

Proportion of true positive Proportion of false positive
100 +— 3 100 —+NbComp=4
// -*-NbComp=16
8% 80
60 60
40 40
20 20
—+NbComp=4
0 -NbComp=16 * S—ke 3k
-5 0 5 10 -5 0 5 10
SNRin db SNRin db

(a) (b)

30 10°
—+NbComp=4
225 § E —>NbComp=16
=] i=4
o) =
g20 £107
2 5
815 5
|5} =
S @
2 101 2107
g
@
5 —+NbComp=4 ] r
- NbComp=16 6
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-5 0 5 10 -5 0 5 10
SNR in db SNRin db

(c) (d)

Fic. 5.6. Study of Robustness versus noise, each point of the curve being calculated by averaging
30 reconstructions with components randomly chosen: (a) True positive proportion of the significant
reconstructed coefficients, (b) False positive proportion of the significant reconstructed coefficients,
(¢) sNR of the estimated signal 8, (d) Quadratic error of the peaks amplitude

6. Conclusion. In this paper, we have defined an iterative algorithm based on
the descent gradient principle and adapted to the context of variational Bayesian
methods. We also prove the convergence of this method in the probability density
functions sets, ensuring that it converges to an optimal approximation of the posterior
distribution. The main interest of this algorithm is that it converges faster than the

*the significant coefficients are obtained by applying a threshold equal to 0.2 on the coefficients
vector. This threshold is equal to the third of the minimum value of the true non zero coefficients.

28



classical Bayesian methods and allows a use on large dimensional datasets. We have
furthermore give its implementation in the case of a white noise model when the prior
information enhances some sparse behavior. A small tomographic application allows
to compare our method with classical ones. We see that even in small cases, our
algorithm can be faster than classical ones. A second simulation part, corresponding
to a dictionary identification allows to understand the behavior of our method for large
dimensional problems. Once again this method has good reconstruction properties in
this case.

7. Appendix.

7.1. Proof of Lemma 2.3. In order to ensure that for small values of «a, we
have F(u®) > F(u*), we show that the right part of Equation (2.17),

F(p®) = F(u*) > 0Fx (u® — p*) = Ll ha (1", ) = 1172y */RN n(ho(p*, 2))dp® (),

is positive.
2.dF; (g% — %) — & (¢™ — ¢*)?|| > 0, for all & < . This ensures that F(g*) >

F(q*) for a € (0, ap).
First, one can notice that

- / (o (¥, ))dp® () = — / (adf (i, @) + In Ky () ha (¥, 2)dps* ()
RN RN
= —a </]RN df(u®, x)he (u*, z)dp® () + ;ank(oz)) .

But Jensen’s inequality ensures that

In Ki(a) < —a - df(u*, x)du® (x). (7.1)

Which leads to

- / In(ho (4, 2))dp® () > —a / A (i, @) (ha (4, ) — Ddeh(@).  (72)
RN RN

Hence,

OF, i (u* — p*) — /

RN R
-- ;a/RN(adf(“k»‘B)HHKk(a))(ha(u"}@ — Ddpt () _/RN
- ;a /RN(O‘df(“k»"’) +1n Kk (a)) (ha (1", 2) — 1)dp* (@),

as M is constant and [,y (ha (1*, @) — 1)dp*(z) = 0.
Finally,
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OF, (1" =) = Ll = ey = [ a4, 2)du" (@)
> [ (<adf<u’2w> K (@) (£ — 1) = L(ha (i, 2) - 1>) (ha (¥, ) — 1)yt (2)
RN (6%

-/ (@) + I @) (5 = 1) = Lol ) = 1)) (i) — D)
{z:ad f(uF,@)+In Kk (a)>0} «

((ad Fi. ) + 0 K (@) (& ~ 1) — L{ha (s, ) - 1)) (ha(i, @) — 1)y ().
(7.3)

Let us consider each integrals appearing in Equation (7.3) separately. First, we
can notice that if adf(u¥, ) + In Kx(a) < 0, so is ha(p¥,.) — 1. Furthermore, for
every a > 0 and & € RN, we have h,(1*,.) — 1 > adf(u*, z) + In Ki(a). Hence if
x € RY is such that adf(u*, z) +In K;(a) < 0 and a < 1 then

(<adf<u’2 ) 10 K (0)) (- 1) — Lha () - 1>) (ha(*, @) 1) = (ha (", 2)—1)? (1 S1- L) ,

<
{z:adf(pF,z)+In K (a)<0}

«

. . cps 1
which is positive as soon as o < 177

Consider now that € RY is such that adf(u*,x) + In Kx(a) > 0. The Mean
Value Theorem applied to the exponential function ensures that one can find, for
every £ € RNV and a > 0, a (z, ) € (0,adf(p*, ) + In K;()) such that
ho(u*, x) = e@df (u* @) +In K (o) 1+(adf(pu*, 2)+In Kj(a)e’ @) > 14 (ad f(u*, 2)+In Ki (o).
This entails that
1 1
((@d (@) + I K@) = 1) = Lol 2) = 1)) = (0 f () +1n K ~1-Le" @),

Furthermore, from Jensen’s inequality

« kw n « « kw_ kiE k$ .
0 < adf(it,a) +nKele) < a (A7) - [ asta)dnta) )

Thus, in this case,

df(u*, @) —/

» df (¥, y)du*(y) > 0.

And
1< ef@) < o (1F @) < e (df (" @)= [on df(/tk»w)duk(w)),

If we consider the function o — é—l—Lea(df(“k’m)ffRN df(”k’m)d“k(“’)), it is decreasing
and, as df is continuous, it is also positive for small values of a. Hence, one can find

an a1 > 0 such that for every a < aq,
L L pee(af Gt @)= fon df (u*@)dnt(2)) <
o >

Finally one has

. 1
Va < ap = min(ay, m), aFM(uo‘—uk)—Lthx—lHZL?(M)_/RN(O‘df(uk,w>+1nKk(a))dMa(w> > 0.
(7.4)
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7.2. Context of simulation 5.2. In this part we present the dictionary decom-
position of Section 5.2 together with the components of the data used to enhance the
reconstruction performances of our unsupervised method.

To build our DFT-chirps dictionary we make the following assumptions : all chirps
have the same duration Tcpirp, the chirps rate ¢ is digitalized on very few values
(eight in the present case), and the Discrete Fourier Transform basis is included
in the dictionary. In this context, the spurious signals can be represented on very
few coefficients of the dictionary. However, we do not make any assumption on the
variance of the noise or on the number of chirp functions in the mixture.

Nfreq Nh"ans Nrate
s(t)= > (witju)di(t)+ Y Y crilt—IA), (7.5)
i=1 I=1 k=1
where
¢i(t) = exp [2j7fit],
corresponds to a pure frequency f; with j2 = —1 whereas

Vi (t) = cos(2m(fot + %tzCk))HmTcmp ()

corresponds to the chirps components. Here, fj is the starting frequency (at time t =
0), ¢k is the chirp rate, that is the increasing rate of the frequency, II(¢) is a gate func-
tion, Topirp is the duration of the chirp, A; is the shift between two chirps functions
and ¢; = lA; is the first time where ¥ (¢t — lA;) is not null. We merge all the dictio-
nary’s coeflicients in a single vector = (uq, ... yUN freq>Uls -+ UN freqs Cl,1s - -+ s cNtmns,Nmte)t.
Where N freq is the number of pure frequency functions contained on the dictionary
whereas Ntrans is the number of chirp shifts and Nrate is the number of chirp rates.
The sampled version of Equation (7.5) is given by

s=Hza, (7.6)

where s = (s(tg),...,s(tn))".
Observations are thus given by Equation (5.1).

The dictionary is composed of chirp functions with only 8 different chirp rates
(Nyate = 8). The frequency fo is 5000 hz, the chirp rates (; are uniformly spaced
between 6000 and 20000 hz, the shift parameter rate A; is fixed up to a sampling
period (T, = 1/F.). Finally, the duration of the chirp (Tchirp) is equal to the half
time of the measurements (7),.s). Our dictionary is redundant as the number of
coeflicients is 4.5 times greater than the number of observations.
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