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Abstract:

An analytical and numerical study of the dynamic motion of a conical frustum over a planar
surface is presented resulting to a non-linear system of ordinary differential equations.
Wobbling and rocking components of motion are discussed in detail concluding that, in
general, the former component dominates the latter. For small inclination angles an
asymptotic approximation of the angular velocities is possible, revealing the main
characteristics of wobbling motion and its differences from rocking. Connection is made of
the analysis with the behavior of the ancient classical columns, whose three dimensional
dynamic response challenges the accuracy of the two dimensional models, usually applied in
practice. The consideration of such discrete-blocky systems can benefit from the present
study, through qualitative results and benchmarks for more complicated numerical methods,
like the Distinct Element Method.
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1. INTRODUCTION

The nonholonomic problem of a symmetric body by revolution, rolling on a planar surface,
was first formulated by Routh in 1868 [1]. Since then, a significant number of papers
appeared on this subject, focusing mostly on the study of the motion of a thin disk on a
horizontal plane. The elaboration of the problem of the thin disk is presented in most classical
textbooks of Dynamics [2, 3, 4, 5] providing to the readers a typical example of
nonholonomic motion. Noticing the early works of Appell [6] in 1900 (cf. also Korteweg [7],
1900) and Gallop [8] in 1904, where analytic solutions are given in terms of Gauss
Hypergeometric and Legendre functions, we pass to the corps of papers of the current decade.
The papers of O'Reilly [9] (1996), Kuleshov [10] (2001), Paris [11] (2002), Kessler [12]
(2002), Borisov et al. [13] (2003), Le Saux et al. [14] (2005) provide a deep insight to the
dynamic behavior of the thin disk. Equally important for the present study are also the papers
of Koh and Mustafa [15] (1990) and Batista [16] (2006), which discuss the motion of a disc of
finite thickness on a planar surface. In the latter papers the equations of motion of a
cylindrical drum are derived and numerical simulations are performed.

In the present paper we deal with the case of a conical frustum, rolling on a rough horizontal
surface. Using for the description of motion the Lagrange formulation, we distinguish
between the wobbling and the rocking of the frustum and comment extensively on these
components of motion. Stability analysis reveals the pure three dimensional character of the
motion, while further approximations of the angular velocities under small inclination angles
are elaborated to examine the main characteristics of the motion of the frustum. Finally, an
attempt is made to interpret the dynamical behavior of ancient classical columns considering
them as conical frustums with slightly different radii.

2. EQUATIONS OF MOTION OF A CONICAL FRUSTUM ON A
ROUGH HORIZONTAL PLANE

Figure 1. The conical frustum: 3D and 2D view.



The formulation of the problem is based on the following assumptions:

a. The body is a homogeneous, rigid conical frustum.

b. The contact with the horizontal plane is assumed punctual. Notice that Kessler and
O'Reilly [12] introduced a contact moment for simulating a ‘flat’ contact. This
additional complication is not considered here, because rolling friction is disregarded.

c. Atany given time the body is in contact with its horizontal planar base and only
smooth transitions in time are considered.

2.1 Formulation of the system

The position of the body in the inertial frame O(XYZ) is determined by the coordinates of the
contact point P(X,,Y,) and by the Euler angles (¢, 60,y), where ¢ is the precession angle,
@ the inclination (nutation) angle and i the rotation about {-axis (Figure 2). For € =0 the
frustum comes into contact with the horizontal plane by whole base. Hence, the motion is
restricted in the interval 6 [0,7/2].

Figure 2. Coordinate systems and Euler angles. O(X,Y,Z) is the inertial frame, P(Xp,Yp) the
contact point with the horizontal plane, 0 the inclination angle, ¢ the precession angle and y
the rotation about {-axis.

If the frustum rolls without sliding then the velocity of the contact point P(X,,Y,) is:

V,=-Ry (D

where R is the radius of the base of the drum. Applying the Frobenius criterion, it may be
easily proven that constraint (1) is nonholonomic.



Ground accelerations can also be considered by introducing the additional inertia terms:
X, +Ryrcosp=oii, (1) , Y,+Rysing=afi,(f) ()

where af , a; are two scalar quantities, constant in time, that express the direction of the

ground acceleration i, (7).

Given the frictional law of the materials in contact (eg. Coulomb friction), the estimation of
the sliding velocity is feasible by combining the velocity of the point P, regarded as a point of
the frustum, with the frictional forces developed at the contact. However, this formulation
extends the limits and the scope of the present paper and it will not be pursued further
hereafter. Numerical and parametric studies that include sliding are, of course, important for
practical applications, as they supply quantitative information to be used for design purposes,
but add little to the qualitative understanding of the basic dynamics of the system.

The angular velocity components of the body relative to C(&7¢) are:

0, =6
®, = ¢sin® 3)
@, = pcost+y
whilst the components relative to the central principal axes system C(x yz) are:
W, = Ocosy + ¢sindsiny
;= —Osiny + @sinfcosy 4)
@, =@cosf+y
Notice the coincidence of @, and @, , because z =¢ .
The coordinates of the center mass of the conical frustum in O(X Y Z) are given in terms of
the contact point coordinates P(X ,,Y,), by the following relations:
X, =X, —(cos(a+0)sing
Y =Y, +(cos(a+6)cosp (5)
Z,=(sin(a+0)

= 2
where ( = ‘RZJrlkfh2 , tana:@, k1:2ZC—’”, Ecmzwﬁ, ﬂ:i ,
4 2R h p +p+1 4 R

rand R are respectively the radii of the upper and lower rim of the conical frustum and /4 is
its height (Figure 1).

The velocity V.. of the center of the mass of the frustum yields:
X.=X,+(0sin(a+0)sing— (pcos(a+0)cosyp
Y. =Y, - (0sin(a+6)cosp—Lgcos(a+0)sing (6)
Z.=1l6cos(a+0)



2.2 Dynamic equations of motion
The kinetic and the potential energy of the drum are:
T= lmVé + l(oTICco
2 2
(7
V =mgz,

where I is the inertia tensor relative to C(x yz):

1

—k,mh® + mR’ 0 0

4 1 I 0 0
I.=1,- 0 ZklmthrmRz 0 [,I,={0 I 0],

0 0 mR’ 0 0 I

p_ 1 R | 2, 1 2 2
]E :E(k3+2)mR . I)? 21? :Z(k3+4)mR +E(k2 +3k1 )mh P
i 9 S4B +108° +48+1 ond & 3B
T2 (papel) s papel

The inertia tensor I, expresses the inertia moments of the body at the contact point P. For
cylindrical drums it holds &k, =k, =k, = S =1.

Introducing the generalized coordinates ¢, =¢, ¢, =60, ¢, =y, q, = X,and g5 =Y, the
general form of the Lagrange equations for non-holonomic systems are:

dlar=r)] ar-v) &, .
dt{ a4, } oq, ;ﬂ‘fB’"_O ®

With 4, we denote the Lagrange multipliers, while:

0{non-holonomic constraint equation 7'
B, = { a ]} , resulting to: {B,l.} =(
‘ oq, J

1

1 0 0 0O Rcos¢
0 1 0 0 Rsing)

For convenience we introduce the following dimensionless quantities:

. . X, . Y . u, . d(
h=2, rthg, eyl e (249
R R R R “ R dr ©)
- 1 . R .~ T 5 ~  F
I,=—%, o=0. |- T=—:, VzL, E=——
mR g mgR mgR mgR
where g is the acceleration of gravity and E the total energy of the system.
According to Eq.(8), the equations of motion are written in matrix notation:
A-U=B (10)

where U is:



U={¢".0"y" 4,4,%",7"} and A, B are matrices given in Appendix A.
The determinant of matrix A is:

det(A) = I7 417 ~1)17 -k Jsin® 0 )
_

288[(3kﬁ ey ) 43k, +4) ][ [3kkT + ey (ks +2) [+ 3(ky +2) Jsin* 6> 0

for 6 >0.

For =0, det(A)=0and the system of Eqs.(10) is singular. In the limit of # — 0", a smooth

full contact of the drum with the horizontal plane is reached. This collision is not trivial in the
sense that the impact is taking place between surfaces in the three dimensional space.
Consequently, the impact involves impulse reaction forces and torques, including torsion. The
hypotheses usually made for the dynamics and the contact point just after the impact [9, 17,
18] permit the application of the angular momentum principle and the calculation of a unique
restitution coefficient. However, these hypotheses are not straightforward, because of the spin
of the body at the instant of the impact, which may influence the dynamics of the collision
even in the frictionless limit. Besides, as it is will be shown in the next sections, impact
happens only when a special initial condition is satisfied.

Equations (10) describe the three dimensional motion of a frustum over a shaking rough
horizontal plane. These equations are non-linear and for € # 0 they become:

0" =[2,(0)¢' + 2,00 + g, (O) i,

o= [gzl(ﬁ)go' + g23(0)l//l]¢' +2,(0)+ g24(6?)ﬁ;

v =[g,(0)0' + g, (OW']0" + g,,(0), 12)
grAn

o1 o "
X'=¢'y'sing -y cosp+aiu,

”

gran

on ’o "
Y'=-@'y cosp—-y'sinp+a, u,

where:

2(1F —1)(2cot9i§ ~ k)
a(Ir=1)IF -k

40506’(1? —I)I;P
(I -1)IF -

g1 = —2cotl ; g,=

(IA)f .y —1)sin20—hAk1 cos 26 _ hk, sin 0 - 2cos 0 2(1? +1)sin0+l;k1 cos 6

g = - ;g = - S 8y = s
2 217 2 217 » 217

[4hAk1 cos0—4(f§ -Ir —1)sin9](i; —1)+2(4i§i; —2[r —2jf —ﬁzklz)cscﬁ
T a(Ir 1)1 -k} ’

2(I2 -1)(21f coto ~ ik
(17 -0)if -k

83 =~



20k (17 =1)esco 2sin 6 + hk, cos 6

84 = ]’lAzklz _4(1? _1)];,, (algr COS?”"'O‘;V Sin(p) 5 8 = ZIA;
4(17 =1)+2(I7 —1)cotO — *k}
83 = ( - 4zfp (1)fp )]:121{2 : (O.'lgr cosp+as Sinq))
vy z 1

We observe that the cot@ and cscé terms of Eq.(12) result into a singularity for ¢" and "
that is carried over 8”. The unphysical unlimited angular accelerations predicted by this

model for & — 0" imply that the assumption we made here of frictionless contact is too
strong for this limit, since “large” angular accelerations would lead to strong tangential
reaction forces. These forces would in turn violate the imposed non-sliding constraint. In
Figure 3 we plot: a) the normalized inclination angle and b) the mobilized friction coefficient
as functions of time. The mobilized friction coefficient is defined here as the ratio of the
magnitude of the total tangential force over the magnitude of the normal force developed at
the contact point. From this figure follows that in certain occasions a short duration slip would
occur leading to energy losses, because of the increased mobilized friction coefficient. The
energy dissipated in these short time intervals of sliding should lead to a high-frequency stick
and slip mechanism® depending on the assumed friction law [19], that will result eventually to
a practically smooth collisionless contact. This remark enforces the conclusion that in the
problem at hand, and in general, impact is unattainable.

& (1)
.umabja
ol e e
N | j/"'"“\\: e N
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Figure 3. Mobilized friction coefficient and normalized inclination angle of the column
presented in Figure 4. The energy dissipated during the short time intervals of sliding (peaks

of the mobilized friction coefficient) generally results to a practically smooth collisionless
contact.

For zero ground accelerations the system is autonomous and the Jacobi’s integral exists and
reduces to the total energy of the system [20]:

? In the experiment of a “wobbling” coin on a table this is sensed by a high frequency noise that is produced
towards the last phase of the motion.

g o gr
(—051 sing +a;y cos (p)



¥y

A—lAP 2 l 7P 2 3 TP _ : 7 :| ”2 l"P ”2
E= 2[}79 + 2[12 cos 9+sm9[(L 1)smt9 hklcose} o+ 5 v
+(ffcos€—%fzkl sin9)¢'w’+%e (13)

1"P21"P 21"P21'\ 1
=Elya)§ +E(Iy —l)a),7 JrEIE ; —Ehk,a),]a)g +Ee

In the general case of non-autonomous systems, as the one described above, the equations of
motion can only be numerically integrated. The numerical scheme that was applied here was
compared and validated by extending the analytical solution proposed for cylindrical drums in
[17] to conical frustums. The validation is presented in Appendix B.

3. THREE DIMENSIONAL CHARACTER OF THE MOTION

The initial conditions define the trajectory of the frustum on the horizontal plane. For certain
conditions this trajectory may be a circle, a line or even a point. In the particular case, where
the trace of the contact point is stationary and y; = ¢, =0, the motion degenerates into a two-

dimensional rocking in the vertical plane. In this case the behavior of the system is described
by the following equation only:

_ fzk1 sinf —2cos@

0" :
P
21!

(14)

Rocking is described by Eq.(14) with the additional assumption that when the block turns
back to the vertical position (€ = 0) it collides with the horizontal plane (i.e. it does not cross-
over). Then, the contact point changes abruptly to the other side of the circular base, the
angular momentum is preserved and the rotation continues about the new contact point until a
maximum inclination angle is reached. Therefore, rocking could be seen as a particular case
of the general three dimensional motion (Eqgs.12) between the time interval of two full
contacts with the horizontal plane. This consideration makes the stability analysis of rocking
meaningful for our study.

3.1 Linear stability analysis of rocking
Introducing the following small perturbations of the dependent variables,

PP+ @), 000 +0() Y >y, +(D) (15)
and by linearizing Eqgs.(12), we obtain:

(5// — [gll @! + gl3 lp!]e!
0'=g,0 (16)
l/’;” — [g31 (/3' + g33 1/7’]9,

Setting ¢’ =x, and y' = x, equations (16)a and (16)c become in matrix form:

(xi'j:g(gn g13j_[x1j (17)
X3 8 83\

Let p,, be the eigenvalues of system (17). Then:



4(17 ~1) (e coto+ 17 +1) - 6l (2/1k; cot 0+ k, +4)
a(ir )it - ik [3kkE ke, (ky +2) |7 43k, (K, +2)

PPy = 07 <0 (18)

Therefore, the system has two real distinct eigenvalues with one of those positive, which
means that in any interval between two collisions of the drum with the horizontal plane, small
out-of-plane perturbations of the motion grow exponentially in time (saddle point).
Consequently, rocking is an unconditionally unstable motion, independently of the

slenderness, h , and the conicity, S, of the frustum. As a result, the three dimensional
character of the problem prevails. This is not an astonishing result because rocking could be
seen as an inverted pendulum motion. Pendulum motions are also extremely sensitive to
out-of-plane perturbations as this is well-known. A numerical example confirms the above
result from linear stability analysis; Consider the column depicted at Figure 4. The column is
a conical frustum with ~A=4m, r=0.4m, R=0.5m, [ =0.8 and h=8. The equations of
motion are integrated numerically for the following three cases of initial conditions:

ICL: 9,=0, 6,=1, yw,=0, ¢,=0, 6,=0, y,=0 (19)
IC2: ¢,=0, 6,=1", y,=0, ¢;=0.01, 6 =0, ;=0 (20)
IC3: ¢, =0, 6,=1", y,=0, ¢ =0.1, 6 =0, w;=0 21

Initial condition IC1 refers to rocking. Notice that even for small values of ¢; (IC2 and IC3)
the contact point changes position (Figure 5) and it is not limited in the plane of the two
dimensional rocking motion, where X (1)=0 (C1).

0.4

0.5

Figure 4. Geometry of the column considered for the numerical examples.



s e S
1 L 1 L 1
: i1 :
e e
S i - == |
N IR IR
PSP ! |
0.5 7.0 1.5 2.0
| '\-t-——.__l————l
PP IS S N S
B O | O S LTI

Figure 5. Coordinate, X , of the contact point for initial conditions ICI, IC2 and IC3. Notice
that for rocking (IC1) the Xp coordinate of the drum remains constant (zero), while for IC2
and IC3 is not. This means that the contact point is not limited in the plane of the two
dimensional rocking motion.

3.2 Wobbling motion

An animation of the above three dimensional motion reveals an interesting kind of motion
that it is evolving for small inclination angles of the drum. In this paragraph, we distinguish
this special kind of motion, which is not limited in the vertical plane of rocking, but it is rather
evolving out-of-plane, in the three dimensional space, and is observed when the drum rolls on
its edge under small inclination angles (0 < @ <<1).We call this three dimensional motion for
small inclination angles wobbling. Another example of this particular motion could also be a
coin wobbling on a desk. The main difference of rocking from wobbling is that the pole of
rotation of the body is not kept constant in time and that the motion of the frustum needs three
angles to be described, i.e. the Euler angles, instead of one. Assuming small inclination
angles, 0 <<1_Eqs. (12) are linearized as follows:

o' =[ £ ()¢ + f,(O)w']0' + £,,(0)il, + O(O)

0" =[ /()0 + [ OW']@ + [, (O)+ 1r,(O)ill, + O(6”)

V' =10 + £5O)']0' + £,(0)i, + O(0) @)
X" = Q'y'sing—y"cosp + alg’ﬁ;

grAm

Y =—¢'y'cosp—y"sing + oy,
where:
A -)ir 20k (17 1) 1 4Ir(Ir )

S ) R ) o T




20(I7 — 17 1) =hk, p gk 1 P _ 2017 + ik,
b} 22 > 23

fo = A - -

B 21" 207 17 21"

)] 220+ I V)R 4k (1 -1)
BT e (Pt Rk 4l )i
L 4(ir-) 20k (17 1)
(T ey ey e i
2hk (17 -1 A
P _% 4(i§ _11()izp - 22]{12 (alg’ cosp+a¥ sinqo) 5 S = (0% + Zf& J(—algr sing + a¥’ cosgz))
A1 P-4 1 2hk(I7 -1 ) o

fo= 4(IA;}_1)]A;1_ e +§4(jyf _11() 5 _nglz (a6 cosp+af sing)

It is worth mentioning that in the above linearization the approximation is not uniform,
because if we truncate the 0(9) terms in Eq.(22)b an equilibrium point is lost.

4 .FREE WOBBLING

For zero ground accelerations we derive the rotational velocities of wobbling as functions of
the inclination angle @ (see Appendix C). These velocities are expressed as follows:

sl 29 g’

(23)

' el 1 s ~o 1

A ARy B

ok, A )i - R
where p = API , 8= — and ¢, and c, are constants specified by the initial
4 20k (17 1)
conditions:

0 (24)
<20 -5, , , ,
cz=e{ ‘;9 (¢)0+l//0)_§00002:|

o +y' =(g+wi)e * (25)



4.1 Approximations of rotational velocities
The behavior of the drum for 6 <, <<1 is approximated by expanding Eqgs.(23) in power

3
series. Neglecting terms of O(Bﬁj = 0(6‘1/2) and 0[%} = 0(5”2) that is for 6, = 0(53/2),

0
0= 0(82) and 0 < & <<1, we obtain:

!

2 ’ !
@' ~——(¢) +vy;)

/ ’ 2
+ (pS + 2)¢0 + 2‘)”0 (&j — 0(5_1)

0
ps ps 2 (26)
, ps+2, ., s+ 2)o) + 2w, ( 6 -
V/zp ((/70"“//0)_(1? ;(zo WO(EOJ - 0(¢ 1)

In equations (26) the second term on the right hand side is dominant and of O(¢™") whereas
the first term is a constant independent of &. Equations (26) can be reduced to the
approximation suggested by Srinivasan and Ruina [21] if one neglects the constant term and
assumes that ¢, and y, are quite small. This approximation is indeed satisfactory in the near
collision state, but fails to reproduce the global response of the wobbling motion. The
numerical integration of the equations of motion corroborates the current asymptotic
approximations for ¢,y # 0 and the comparison of the asymptotic with the fully numerical
solution is presented in the following figures. For the numerical comparison, the same
geometrical parameters were used with section 2. The initial values were: ¢, =0,

6, = % ~0.17,y,=0, ¢ =0.1, 6, =0, y,; =-0.2; notice that the range of & is within the

limits of the above approximation.

Figure 6. Precession velocity, ¢, and inclination 0 versus t. The precession velocity obtains
large values for small inclination angles.
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Figure 7. On the left ¢’ versus 0 is plotted for a) the numerical solution (solid line) and b)

the approximation of Eqs.(26) (dashed line). On the right the relative error of the
approximation is presented, which is less than 6%o.
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Figure 8. On the left w' versus 0 is plotted for a) the numerical solution (solid line) and b)
the approximation of Eqs.(26) (dashed line). On the right the relative error of the

approximation is presented, which is less than 6%o.

Both angular velocities ¢" and ¥’ depend on the slenderness h , and the conicity f# of the
frustum because of the term ps~' in Eqs.(26). In Figure 9 we present the contour plot of
ps(fz, S). From the contours we observe that ps™', and consequently ¢’ and v, increase for
decreasing h and increasing 8 with #<0.5.For 8>0.5, the term ps~' is practically not
affected by £ . This observation would support the approximation of typical classical column

drums ( # = 0.8) by cylinders. However, this statement must be checked with numerical
analysis of the multi-drum system response, which is out of the scope of the present paper.



Figure 9. Contour plot of ps(h, B) as function of the slenderness h and the conicity B of the
conical frustum.

: ' ' . . 6 )
Equations (26), show that ¢’ and ', are quadratically dependent on the ratio 5" . Yet, their

sum is practically constant (see Eq.(25)). Combining Egs.(3) and (25), the spin of the drum is
approximated by:

o, ¢ +y' e+ (27)

From the above approximation we infer that for small inclination angles the spin of the
frustum, @, , is defined by the initial conditions, it is independent of the geometrical

parameters and it is practically constant in time. In Figure 10 we plot @, (7) for:

é, =0, 9():%, W, =0, 4 =01 6=0, y =05.

o, 20

& 8,
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Figure 10. Spin, g of the body (solid line). It holds o, ~ @) + .



4.2 Impact with the horizontal plane

In the following we derive the condition for impact to take place. As mentioned above, at
impact the drum is spinning, which shows that the dynamics of the collision are complex
since they involve impulse reaction forces and torques, including torsion. This complication is
pursued further here. Equations (23) show that the precession velocity and the spin increase

and become infinite for & — 0" . Introducing Equations (23) into the total energy equation of
the system, Eq.(13), we obtain:

~ ([A;)_l) sc, — pc ’ sc, — pc
Bt [Hra ] o e @8)
2p o o

However, the total energy must be finite in the limit & — 0. This implies that impact occurs
only when the following condition is met:

8¢ = pe, (29)
Using Egs.(24) the impact condition becomes:
i 2
Yol —— r 1= 14 Lg 1+ L g ro(6) (30)
? ), e 2 377 18s
" le s —1|s+26,

First we note that impact is not affected by the angular velocity 6;. By the same token, we
note that the choice of the initial inclination angle, §,, plays a subordinate role in the criterion

for impact and in view of Eq.(27), we get from Eq.(30) that impact takes place if the
(practically constant) spin of the frustum is:

S ’
o, z%% 31)

Equation (31) shows that the impact condition is not affected by the conicity of the frustum,
for f#>0.5 (Figure 9). If the initial conditions satisfy exactly the impact condition, Eq.(29),

the energy equation (13) can be solved for the inclination velocity at the instant of the impact,
yielding to a non-zero value that is compatible with impact:

—
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On the contrary, if for given initial conditions the body does not overturn and the
aforementioned impact condition is not met, the body oscillates between a maximum 6, and

a minimum inclination angle &, (Figure 11). The values of 6, and 6,

. .in can be specified by
introducing Egs.(23) into the total energy of the system, Eq.(13), leading to rather

complicated algebraic expressions for 6,

max, min *

The fact that in the general case of initial conditions the conical drum doesn’t collide with the
horizontal plane is one more fundamental difference of the dynamics of rocking (2D) from
wobbling (3D).



0.0 l . . . Z
0

Figure 11. Oscillation of the conical frustum between 0, =6, = % and 6

min ?

9, =0.

5. APPLICATION TO ANCIENT CLASSICAL COLUMNS

The last decades an increased interest arouse in the dynamic response of ancient classic and
Hellenistic temples. In certain cases this kind of structures may undergo intense earthquake
actions without collapsing. A particular element of these monuments is the multi-drum
column. Each column is made by sometimes astoundingly fitted stone drums, which are
placed without mortar on top of each other on a perfect fit [22]. From the Mechanics point of
view, the dynamic response of the classical columns, seen as rigid-body assemblies, is
definitely non-linear and it involves rocking, sliding and wobbling of the drums (Figure 12).
This response has also little in common with the dynamic response of modern structures,
which exhibit ‘tensegrity’ (tension + integrity) in the sense that they can bear tensile stresses.
The stability and resistance of modern columns to axial and lateral loads and moments is
owed to the development of internal tensile forces, while the stability and resistance of
classical columns is owed only to their self-weight [23] and geometric characteristics. This
fundamental difference makes inapplicable most of the available structural theories and
classical computational tools.

In the frame of a simplified mechanical model, both monolithic classical columns and single
column drums can be seen as rigid conical frustums with slightly different radii. The vertical
flutes that are often sculptured on the faces of the columns are of small extent and can be
ignored in a first approach. Under these assumptions, the results that were exposed in the
previous paragraphs can be used for the qualitative understanding of the dynamic behavior of
a classical column.



Figure 12. Mechanical damage of a column of Parthenon (see also Bouras et al. [24]). The
relative displacements and rotations of the column drums corroborate the wobbling motion
and the three dimensional dynamic response of these articulated systems.

According to Section 3, wobbling dominates rocking and therefore the drums of classical
columns wobble under dynamic excitations. Consequently, the two dimensional analyses
often performed [25, 26, 27, 28] should fail to capture the response of these articulated
systems, as the out-of-plane motion cannot be ignored. In parallel, the mechanism of energy
dissipation at wobbling is different from rocking. In particular, the dissipation of energy at
wobbling is attributed to the frictional forces that are being developed at the joints during the
stick and slip motion of the drums, while at rocking the dissipation is attributed to the impact
with the horizontal plane. But even if impact is realized at the last moments of the wobbling
motion, the spin of the drums involves frictional torsion at the collision, leading to an
additional factor of energy dissipation. Figure 12, corroborates the above arguments, showing
the relative rotations of the drums of a column of Parthenon.

The presented dynamic model can be used directly to study the dynamic behavior of classical
monolithic columns®. However, for the study of multi-drum columns and colonnades, more
sophisticated numerical tools have to be applied. The Distinct Element Method (DEM) seems
to be a promising choice for the study of such systems and it has already been used for the
modeling of multi-drum columns. The results were quite satisfactory [29]. However, the
inherent theoretical assumptions of the above three dimensional numerical method that
concern the contact laws, the contact detection and the integration of the equations of motion,
question its reliability and accuracy for the modeling of such systems. The authors are not
aware of any comparison of the above mentioned numerical method with the physical model
proposed here (Egs.12,19). However, this comparison exceeds the scope of the current paper
and it should be followed in a different work.

? All the analytical calculations in the present paper have been performed with the symbolic language
mathematical package Mathematica. The Mathematica files are available to the reader upon request to the

corresponding author.



6. COCLUSIONS

The objective of the present paper was the study of the wobbling motion of a conical frustum
on a rough horizontal plane. For the analysis, the equations of motion were derived using
Lagrangian formulation. The system is finally described by a set of nonlinear equations that
cover both the in-plane (rocking) and out-of-plane (wobbling) motion of the conical frustum.
Linear stability analysis shows that rocking is unconditionally unstable and that wobbling is
the dominant motion for frustums. In the general case of initial conditions, the frustum
oscillates between a maximum and a minimum inclination angle. Impact takes place under
certain initial conditions, while at the instant of the impact the spin of the frustum is not zero
resulting to impact reaction forces and torques, including torsion. Practically, for small
inclination angles, the spin of the body remains constant during the motion. On the contrary,
large angular velocities appear as the inclination angle takes small values. The energy
dissipation of the system is attributed to this instantaneous increase of the angular velocities,
leading to a stick-slip motion of the drum, depending on the friction law. The aforementioned
fundamental characteristics of the dynamic response of frustums enable us to get an insight to
the dynamic behavior of classical multi-drum columns. In the particular case of single
monolithic columns the proposed approach is directly applicable and may be treated as
benchmark for other general purpose numerical tools, often used in the study of blocky
systems.
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APPENDIX A

Matrices of the equations of motion A and B
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APPENDIX B
Validation of the numerical integration scheme
As was first proposed by Appel [6] and Korteweg [7], Egs.(12) can be transformed as
follows:
d*w do 2(1F -1
2§+Cot6’ < 'e - ( . ) —w, =0 (B.1)
do o sing kg =4(17 -1)i!

Rk —4(1F -1)IF 4 2hk, (17 -1
w, = Al ( - ) a)¢+ ~ 1( < ) @, (B.2)
Rkl —4L +4 dO Rk} 41 +4

In the case of an infinite thickness disk (hA =0 and k, =k, =k; = f=1) Eq. (B.1) reduces to
the one derived by Appell. Setting g = cotd, Equation (B.1) yields:

2d’o dw
(q2 +1) dsf +q(1+q2)d—f+4(b+cq)a)¢ =0 (B.3)
~p Ap
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Equation (B.3) is a special case of the Riemann—Papperitz equation with two singular points.
Its solution is given in terms of Hypergeometric functions below (Batista, [17]):

@ (0)=AT(0)+4,T,(9) (B.4)
where:

A, A, are complex constants that depend on the initial conditions of @, and its derivative at
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1
A = 7 + 4(b - ic) and F (a, b; c; z) is the Gauss Hypergeometric function (Abramowitz and

Stegun, 1970).

Combining Egs.(13), (B.2) and (B.4) the equations of motion are integrated for given initial
conditions. The integration involves the calculation of the Gauss Hypergeometric function,
which finally is performed numerically. For that reason, the result is obtained through a semi-
analytical approach.

The validity of the numerical integration scheme that was currently applied was juxtaposed
with the abovementioned semi-analytical solution. The solutions obtained were identical, with

an num

. : 8
an average relative error, ———"—, of order of magnitude 10™.

@,

APPENDIX C

Analytical solution of the wobbling ODEs

Equations (22)a and (22)c are linear in respect of ¢’ and y' and are written in matrix form:

X' =LX (C.1)
where
X= ((p;j and
v
, 617 (1217 +3hk,0 — 6 ) I + ke, 3k, +36)) 12(if -1)ir
Lol a(Ir 1)L =i a(Ir-1)iz -k
L=-2

301 120+ 2(-120] ~ 6hk@ +6) 1! + 67’k +12hk 0 2(IL ~1)(3hk0 61! )
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The eigenvalues and eigenvectors of L are:
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with
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Replacing (C.3) into (C.1) and after some algebra we obtain:
Y =D-S"'S)Y (C.4)



where D = (A'
0

Equation (C.4) can be solved for Y and the solution of (C.1) is obtained using Eq.(C.3):
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LEGENDS

Figure 1.The conical frustum: 3D and 2D view.

Figure 2. Coordinate systems and Euler angles. O(X,Y,Z) is the inertial frame, P(Xp,Yp) the
contact point with the horizontal plane, 0 the inclination angle, ¢ the precession angle and y
the rotation about {-axis.

Figure 3. Mobilized friction coefficient and normalized inclination angle of the column
presented in Figure 4. The energy dissipated during the short time intervals of sliding (peaks
of the mobilized friction coefficient) generally results to a practically smooth collisionless
contact.

Figure 4. Geometry of the column considered for the numerical examples.

Figure 5. Coordinate, X , of the contact point for initial conditions IC1, IC2 and IC3. Notice
that for rocking (IC1) the Xp coordinate of the drum remains constant (zero), while for IC2
and IC3 is not. This means that the contact point is not limited in the plane of the two
dimensional rocking motion.

Figure 6. Precession velocity, ¢’ , and inclination 8 versus 1. The precession velocity obtains
large values for small inclination angles.

Figure 7. On the left @' versus @ is plotted for a) the numerical solution (solid line) and b)

the approximation of Egs.(26) (dashed line). On the right the relative error of the
approximation is presented, which is less than 6%o.

Figure 8. On the left ' versus @ is plotted for a) the numerical solution (solid line) and b)

the approximation of Egs.(26) (dashed line). On the right the relative error of the
approximation is presented, which is less than 6%o.

Figure 9. Contour plot of ps(ﬁ, ) as function of the slenderness h and the conicity £ of the
conical frustum.

Figure 10. Spin, o, of the body (solid line). It holds @, = ¢, + .

Figure 11. Oscillation of the conical frustum between 6, =6, = 18 and 6 . ,6,=0.
Figure 12. Mechanical damage of a column of Parthenon (see also Bouras et al. [24]). The
relative displacements and rotations of the column drums corroborate the wobbling motion

and the three dimensional dynamic response of these articulated systems.
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