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GEOMETRIC SATAKE, SPRINGER CORRESPONDENCE,
AND SMALL REPRESENTATIONS II

PRAMOD N. ACHAR, ANTHONY HENDERSON, AND SIMON RICHE

ABSTRACT. For a split reductive group scheme G over a commutative ring k
with Weyl group W, there is an important functor Rep(G,k) — Rep(W,k)
defined by taking the zero weight space. We prove that the restriction of this
functor to the subcategory of small representations has an alternative geomet-
ric description, in terms of the affine Grassmannian and the nilpotent cone of
the Langlands dual group G. The translation from representation theory to
geometry is via the Satake equivalence and the Springer correspondence. This
generalizes the result for the k = C case proved by the first two authors, and
also provides a better explanation than in that earlier paper, since the current
proof is uniform across all types.

1. INTRODUCTION

1.1. Let G be a split reductive group scheme over a commutative ring k, and let W
be its Weyl group. A representation of G is said to be small if its weights belong to
the root lattice of G, and the convex hull of its weights does not contain the double
of any root. In [AH|, it was shown that when k = C, a number of remarkable
features of small representations can be explained in terms of geometry related to
the Langlands dual group G: specifically, the geometry of its affine Grassmannian
Gr and its nilpotent cone N.

These are, of course, the varieties appearing in the geometric Satake equivalence
and the Springer correspondence, respectively. Consider these four functors:

e The geometric Satake equivalence .7 defined in [MV2] restricts to an
equivalence & between Pervg(o)(Gr™, k), where Gr*™ is a certain closed
subvariety of Gr, and the category Rep(G,k)sm of small representations.

e By [AH| Theorem 1.1], there is a finite map  : M — N where M is open
in Gr*™, giving rise to a functor ¥ : Pervg (o) (Gri™, k) — Pervg (N, k).

e W acts on the zero weight space of any representation of G. Tensoring this
action with the sign character, we obtain a functor @, : Rep(G,K)sm —
Rep(WV, k).

e W also acts on the Springer sheaf Spr in Pervg (N, k), giving rise to a functor
S¢ = Hom(Spr, —) : Pervg (N, k) — Rep(W, k).

All notation will be defined fully in Section
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These functors form the diagram:

e .
Pervg (o) (Gr™, k) —— % > Rep(G,Kk)¢m

(1.1) “’i l

Pervg (N, k) S Rep(W, k).

One of the main results of [AH] implies that this diagram commutes when k = C.
The proof given in [AH| was not totally satisfactory: after reducing to the case of
simple G and irreducible small representations, it relied on case-by-case arguments,
including Reeder’s computations of zero weight spaces [R1, [R2].

The main result of this paper is that (1.1)) commutes for any ring k for which
the geometric Satake equivalence holds.

Theorem 1.1. Let k be any Noetherian commutative Ting of finite global dimen-
sion. Then there is a canonical isomorphism of functors:

(I)(;O (S;m <— SgoVg.

(The sense in which the isomorphism is canonical will be explained in ) Theo-
rem provides a geometric construction of the functor ®x, valid in much greater
generality than in [AH]. Notably, our result applies in the setting of modular repre-
sentation theory, when k is a field of positive characteristic; see Inthe k=C
case, it provides a new proof of Reeder’s results and Broer’s covariant restriction
theorem; see

Moreover, our proof of Theorem is uniform, and thus provides a better ex-
planation of the commutativity of than [AH] did. Indeed, for general k, a
case-by-case argument does not seem feasible: the irreducibles in Rep(é, k)sm and
Rep(W, k) are poorly understood, and in any case, calculations with irreducibles
would be insufficient, since the categories in need not be semisimple.

1.2. Instead, our approach is based on the following elementary observation: Any
representation of W is determined by the action of the simple reflections. The proof
of Theorem can be thought of as having just two steps:

(1) For G of semisimple rank 1, commutes by direct computation.

(2) Every functor in commutes with ‘restriction to a Levi subgroup’.
Together, these two statements imply that becomes commutative after com-
position with any forgetful functor Rep(W, k) — Rep(Wp, k), where W7, is the Weyl
group of a rank-1 Levi subgroup. The elementary observation above says that an
object of Rep(W,k) can be recovered from its images in the various Rep(Wp, k), so
one might think that the commutativity of follows.

However, there is a subtlety here, which makes the proof far more difficult than
this sketch suggests. Of course, a representation of W is not determined by objects
in the various Rep(Wp, k) alone; rather, we need those objects together with identi-
fications of their underlying k-modules. The two paths around each yield such
identifications, but for the proof to go through, we need to know that both paths
give the same identifications. As a consequence, when showing that a diagram of
functors ‘commutes’, as in Step (2), it is insufficient to show the existence of an
isomorphism of functors; rather, we must keep track of what the isomorphism is.

Our arguments are therefore forced to be 2-categorical. Most of the ‘commuta-
tive diagrams’ in the paper are not ordinary 1-dimensional commutative diagrams,
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but rather ‘labelled 2-computads’, which contain 0-cells (categories), 1-cells (func-
tors), and 2-cells (natural transformations). For such a diagram, commutativity
is an assertion about equality of compositions of 2-cells, rather than isomorphism
of compositions of 1-cells. We explain the necessary 2-categorical background in
Appendix [A]

We believe that our method will be useful in proving other isomorphisms of
functors in geometric representation theory. With this in mind, we have collected
in Appendix [B] the commutativity lemmas that we invoke throughout the paper,
expressing the compatibilities of fundamental functors between derived categories.

Note that the method of reducing to the case of SL(2) using geometric restric-
tion functors is not new in the context of the geometric Satake equivalence, see
e.g. [BEM, BE| BrF]. However, in these instances this idea is used at the level of
objects rather than categories and functors, so that the 2-categorical subtleties do
not arise.

1.3.  Consider the case when G = GL(n, C), so that W = &,, and G = GL(n, k). In
this case, Gr*" has two irreducible components (at least when n > 3 —see [AH| §4.1]
for details). For convenience, replace Gr°™ with its irreducible component Gr*™*,
which is essentially the compactification of N introduced by Lusztig in [L1]. The
corresponding category Rep((}, k)sm + consists of representations of GL(n,k) whose
dominant weights are of the form (A —1,..., A\, — 1) where A= (A\y > --- > \p)
is a partition of n. An important object of this category is F = (k™)®" @ det ™.

What makes the GL(n) case special is that the functor PervG(g)(Grsm’+,k) —
Pervg (N, k) obtained by restricting W is an equivalence of categories [Maul, §1.3].
Mautner’s results in [Mau, §1.4] imply that Wg (75" (E)) = Spr, and that the
action of &,, on Spr corresponds to the action of &,, on E defined by permutation
of the tensor factors. Given this, the commutativity of (or rather, its analogue
for Grsm’+) is equivalent to a purely representation-theoretic statement:

(1.2) ®s : Rep(G,k)sm+ — Rep(W,k) is isomorphic to Hom(E, —).

This follows easily from a well-known analogous isomorphism between two defini-
tions of the Schur functor; see [Jal A.23(5)].

In a sense, then, Theorem can be regarded as a generalization to all G of the
property of GL(n), with the Springer sheaf Spr playing the role of E.

1.4. Suppose that k is a field of characteristic £. The irreducible representations
of G are parametrized by their highest weights: let L(\) denote a small irreducible
representation with highest weight A. We have L(\) = .#g"(IC(Gr*,k)) where
IC(Gr’\,k) is the simple perverse sheaf supported on the closure of the G(9)-orbit
Gr*. Applying Theorem we obtain an isomorphism of representations of W:

(1.3) Ds(L(N) = Sa(Va(IC(Gr, k).

The obvious question is whether we can compute the right-hand side of in the
£ > 0 case, to obtain new information about modular representations of G and W.

We emphasize that the geometry involved in the right-hand side is of varieties
over C, and k occurs solely as the field of coefficients. Hence the computation of
U (IC(Gr?, k) is largely the same as that carried out in [AH] for the k = C case:
since the finite map © : M — N, for simple G, is generically 1-to-1 or 2-to-1,
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subtleties can arise only when £ = 2. In particular, when £ # 2 we know that the
perverse sheaf W (IC(Gr*,k)) is semisimple.

What remains is to determine the value of S¢ on simple objects of Pervg (N, k).
This will be the goal of a subsequent work, relating S¢ to the modular Springer
correspondence of Juteau [Ju]. See Remark

1.5.  When k = C, the main result of the present paper, Theorem is very sim-
ilar to [AH|, Theorem 1.3]. The difference is that the horizontal arrows in are
reversed from those in the diagram in [AH, Theorem 1.3]. Our current equivalence
SEM is inverse to the equivalence that was called ‘Satake’ in [AH]. Our current S¢
is left inverse to the functor called ‘Springer’ in [AH] (which in general has no right
inverse). The result of this change is that the k = C case of Theorem is slightly
weaker than [AH| Theorem 1.3]. The additional content of the latter result may
be restated as follows: when k = C, the functor S¢ is faithful on the image of Ug,
unless G has factors of type G.

However, as mentioned above, our new proof of Theorem has an advantage
even in the k = C case: it is independent of Reeder’s calculation of the functor
@ in [RI,[R2], and thus provides an alternative way to carry out that calculation.
Namely, one can compute the right-hand side of by combining the computation
of W (IC(Gr*,k)) done in [AH] with the known values of Sg on simple objects
(dictated by the ordinary Springer correspondence). For the exceptional groups,
this is not markedly more complex than Reeder’s method.

Finally, we remark that one of the motivations for [AH] was the search for a
geometric proof of Broer’s covariant theorem [Bro]. This theorem can be interpreted
in terms of local equivariant cohomology on Gr and on N, and [AH] §6.4] explains
how to deduce Broer’s result from the commutativity of for k = C. In the
context of [AH], this argument was circular, because some of Reeder’s calculations
used Broer’s result. With our independent proof of Theorem the geometric
proof of Broer’s covariant theorem is now complete.

1.6. Here is a brief outline of the paper. In Section 2] we set forth our notation and
conventions, and define the categories and functors in the main diagram (L.1). In
Section [3| we explain the method of proof of Theorem[I.1] showing how to reduce to
the case when G has semisimple rank 1, modulo a certain property of the functors
in . A precise statement of the required property is given there: in essence,
what we need is that each functor in commutes with restriction to a Levi
subgroup, in a way that is compatible with transitivity of restriction.

The remainder of the paper verifies the various ingredients of the main proof.
In Section [4| we define restriction functors for each of the four categories in ,
and the transitivity isomorphisms that they satisfy. In Sections [5 [6] [7] we prove
the required commutativity statements for the functors in . In Section |8 we
complete the proof by considering the rank-1 case.

Finally, Appendix[A]is a survey of the 2-categorical formalism that is used in the
paper, and Appendix [B]contains the basic commutativity lemmas for sheaf functors
on which our arguments rely.

Acknowledgments. This work was greatly assisted by discussions with D. Juteau,
whose modular Springer correspondence [Ju] was a key inspiration. The authors
are also grateful to S. Lack for helpful advice on 2-categories, and to C. Mautner
for explaining the results in [Maul].
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2. PRELIMINARIES

In this section, we recall and define the principal notation and conventions of
this paper, with the goal of explaining .

Fix a Noetherian commutative ring k of finite global dimension. All our sheaves
will have coefficients in k. If X is a complex algebraic variety (or ind-variety)
and H is a complex algebraic group (or pro-algebraic group) acting on X, we
write DP(X,k) for the bounded constructible derived category of X with coeffi-
cients in k (for the strong topology), and Pervy (X, k) for its full abelian subcat-
egory of H-equivariant perverse k-sheaves on X, as considered, for example, by
Mirkovié—Vilonen [MV2]. We write D (X, k) for the constructible equivariant de-
rived category, defined by Bernstein-Lunts [BL]. To abbreviate the notation for
these categories, we will sometimes omit k.

Some of the results we will use or prove are better known in the context of Q-
sheaves for the étale topology, but we will avoid any use of comparison theorems,
referring to the étale setting only in side-remarks.

Given a morphism f : X — Y of varieties, we have functors f,, fi : D*(X,k) —
DP(Y,k) and f*, f' : DP(Y,k) — DP(X, k) as defined in [KaS], and equivariant ver-
sions of these defined in [BL]. (We omit the letter R indicating derived functors.)
The isomorphisms and adjunctions satisfied by these functors, and the compatibili-
ties between these, will be our basic computational tools; Appendix [B] contains the
precise statements that we need.

We use the double arrows =, =, <= for natural transformations and nat-
ural isomorphisms of functors, except in specific sorts of diagrams explained in
Appendix [A] If & : G => H is a natural transformation, and the domain of the
functor F equals the codomain of G and H, then the induced natural transformation
FoG = FoH is written F o« (following [MacLl §XII.3]); similarly for composition
on the other side.

We write Mod(k) for the category of finitely-generated k-modules. If T is a group
scheme over k (for instance, a finite group), we write Rep(T', k) for the category of
representations of I' over k that are finitely generated over k, and For' for the
forgetful functor Rep(I', k) — Mod(k).

Throughout the paper, we let G be a connected reductive algebraic group over
C. We choose a Borel subgroup B of G and a maximal torus T of B. Let g D b D t
denote the Lie algebras of these groups. Let U be the unipotent radical of B, and
n its Lie algebra. We write W¢ for the Weyl group Ng(T)/T.

We will often consider a parabolic setting, where we have chosen a parabolic
subgroup P of G containing B, with Levi decomposition P = LUp where the Levi
subgroup L contains 7. In this context, we let C' denote B N L, which is a Borel
subgroup of L containing 7'

Of course, L and T are also connected reductive groups, so any notation we define
in terms of the triple G D B D T applies alsoto L D C DT andtoT DT D T.
We generally use subscripts to indicate which group is meant, as for example in the
Weyl groups We, Wi, and Wp. When only the one group G is under consideration,
the subscript G may be omitted (as in Section [1} where we wrote W for Wg).

2.1. The geometric Satake equivalence. Let & = C((t)), © = C[[t]]. The
affine Grassmannian Grg is defined to be the ind-variety G(R)/G(9), on which
G(O) acts by left translation. We define Gry for an arbitrary algebraic group H
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in the same way; observe that any homomorphism H — H’ of algebraic groups
induces a morphism Grg — Grg/, which is injective if H — H’ is injective.

Recall that Pervg(o)(Grg,k) has the structure of a tensor category under the
convolution product x (see [MV2]), and that the functor

Fo = H'(Gl’g, —) : PervG(D)(Grg,k) — MOd(k)
is a tensor functor (see [MV2] Proposition 6.3]). Consider the k-group scheme
G = Aut*(Fg)

of automorphisms of the tensor functor Fg. It follows from [MV2] and [DM, Propo-
sition 2.8] that G is a split connected reductive group scheme over k, dual to G in
the sense of Langlands. Moreover, the action of G on F¢ gives rise to an equivalence
of tensor categories

S Pervg(oy(Grg, k) = Rep(é,k),

known as the geometric Satake equivalence. By definition, For® o .74 = Fg.

Let X = X, (T) be the cocharacter lattice of T', which we can identify with Gryp.
For A € X, we let t) be the image of A\ under the embedding X = Gry — Grg.
Recall [MV2] that Grg is the union of the G(O)-orbits

Gr* = G(D) - ty,

and that Gr* = Gr” if and only if A and p are in the same Wg-orbit. Furthermore,
Grg is the disjoint union of the U(R)-orbits

Ty = U(R) - ty,

as A runs over X. Let £y : Ty < Grg be the inclusion. (Note that in [MV2],
the notation ¥ is used for orbits of the unipotent radical of the opposite Borel
subgroup instead.)

Using the identification of Grp with X, the group T (of automorphisms of the
tensor functor Fr) is identified with the k-torus Homz(X,k*). In particular, the

character lattice X*(7') is canonically identified with X. Define the functor

FX = D H*(Sx, (12)'(-) + Perveo)(Gra, k) — Rep(T.k),
reX

where we identify Rep(7,k) with the category of X-graded finitely-generated k-
modules. By [MV2, Theorems 3.5 and 3.6], we have a canonical isomorphism of
functors

(2.1) Forl o FX «= Fq.

Moreover, FX is a tensor functor, and is an isomorphism of tensor functors.
So FX is the composition of /5 with a tensor functor Rep(G,k) — Rep(T,k)
compatible with forgetful functors. By [DM| Corollary 2.9], the latter functor is
induced by a group morphism Lg : T — G. Tt is proved in [MV2] that Lg': is injective,
and identifies T with a maximal torus of G.

Let R C X denote the set of roots of (G, T), or in other words coroots of (G, T).
The Weyl group We = NG(T) /T is identified, as a subgroup of the group of
automorphisms of X, with Wg. We will call it W¢ (or W) rather than W.
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2.2. The base connected component of the affine Grassmannian. Let Gr°
be the connected component of Gr containing the base-point tg. This is the union
of the G(9)-orbits Gr* where A runs over ZR. Let zg : Gr° < Gr denote the
inclusion. We have a fully faithful functor

(2a)« : Pervgoy(Gr® k) — Pervg(o)(Gr, k).

The essential image of .7 o (2¢)« is the subcategory Rep(G,k)Z(%) of Rep(G,k)
consisting of representations whose T-weights belong to ZR, or in other words

representations on which the centre Z(G) acts trivially. Let

I : Rep(G,k)?(%) < Rep(G,k)
denote the inclusion; then by definition there is a unique equivalence of categories

SE + Pervgo)(Gre k) = Rep(é,k)z(é)
such that
(2.2) Ino0 56 = Sao(2a)s
Now (zg)« is left adjoint to (2¢)', and I is left adjoint to
()@ : Rep(G,k) — Rep(G,k)%(),

the functor of taking Z(G)-invariants. We therefore obtain a canonical isomorphism
of functors

(2.3) (—)2©@ 0 S5 = FZ0(25)".

2.3. The functor .7g". Recall that A € X is said to be small for G if it belongs
to the root lattice ZR and if the convex hull of W - A does not contain any element
of the form 2& for @ € R. We denote by Gr*™ the closed subvariety of Gr which
is the union of the G(9)-orbits Gr* for small A € X. Let fg : Gr*™™ < Gr be the
inclusion. We have a fully faithful functor

(fa)« = Pervgoy(Gr™ k) — Pervg(o)(Gr, k).

The essential image of .7g o (fg). is the subcategory Rep(G,k)sm of Rep(G,k)
consisting of small representations, that is, representations whose T-weights are
small. Let

I : Rep(G,k)sm — Rep(G,k)
denote the inclusion; then by definition there is a unique equivalence of categories
SE : Pervg(o)(Gr™ k) = Rep(G,K)sm
such that
(2.4) Igo S8 = S0 (fa)e.

We denote by f& : Gr*™ < Gr° and T2, : Rep(G,k)sm — Rep(G,k)Z(S) the
inclusions, so that we have fg = 2¢f& and [x =I5 0 I%. Then there is a unique
isomorphism of functors

(2.5) [ o &0 <= LG o (fé)«
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that makes the following diagram of isomorphisms commutative:

(2.2)

I 0 780 (&)
(2.6) ..

- o
IGOHéo b

Fa o (za)x 0 (f&)

i

]IG o yém —— Yo (fg)*

Here (Co) denotes the composition isomorphism defined in §B.1.1]

2.4. The functor ®. For any V € Rep(G, k), we have a natural action of W =
Ng(T)/T on the zero weight space Vi = VT Tt is convenient for us to tensor this
action by the sign character € : W — k* (which we declare to be trivial if k has
characteristic 2). The resulting map from representations of G to representations
of W, together with the obvious map on morphisms, constitutes an exact functor

Po

% : Rep(G,k) — Rep(W,k).

The composition For" o @% : Rep(G, k) — Mod(k) is the functor of T-invariants.
We define

Dy = (I)%OHG : Rep(G,k)sm — Rep(W,k)

to be the restriction of @% to the subcategory of small representations.

2.5. The functor V¢. Following [AH]|, we let Gry := G(O7) - to, where O~ :=
C[t™!] C & Let & be the kernel of the evaluation map G(O~) — G at t = cc.
Then there is a natural morphism from & to the kernel of the evaluation map
G(C[t71]/t7?) — G, which we can identify with the Lie algebra g of G. Moreover,
we have an isomorphism & — Gry : g — g - tg. Hence we obtain a G-equivariant
morphism 7TZ; :Grg — g
We define
M = Gr'" N Gry,

an open subvariety of Gr®™, and denote by jg : M < Gr®™ the inclusion. Note that
M is G-stable, so we have an exact functor

(o) - Pervg(o)(Gr™, k) — Pervg(M, k).

Let N C g be the nilpotent cone. By [AH, Theorem 1.1], we have 7, (M) C N,
and the restriction

¢ M = N
is a finite morphism. (The assumption in [AH] is that G is simply connected and
simple, but the result for general G follows immediately.) It follows that 7 induces

an exact functor (7g). : Pervg(M, k) — Pervg (N, k) (see [BBD), Corollaire 4.1.3]).
We then obtain an exact functor

Vo = (T(G)*O(jG)! : PervG(D)(Grsm,]k) — PervG(N,]k).
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2.6. The functor S¢g. Recall the Grothendieck—Springer simultaneous resolution
pg : GxPb = g (g,2) = g-a.
It is well known that ug4 is proper and small, so
Groth := (pg)ike 5 p[dim g]
is an object of Pervg(g,k). More explicitly, we have a canonical isomorphism
Groth 2 (jg)uu ((4E)1k, 1 oo [dim )

where jg : g*° < g is the inclusion of the open set consisting of regular semisimple
elements, and pg denotes the restriction of uy to ugl(g“). Since py is a Galois
covering with group W, we obtain an action of W on Groth by automorphisms in
Pervg(g, k).

Let ig : NV < g be the inclusion of the nilpotent cone, and let » = dim g — dim N
be the rank of G. Let pun : G xPn — N be the Springer resolution, i.e. the
restriction of yy to G xB n. Since yy is proper and semi-small, the Springer sheaf

Sproi= () ik s, [dim N]
is an object of Pervg (N, k). By base change applied to the cartesian square

GxBn——GxBp

we obtain a canonical isomorphism
(2.7) Spr = (ig)"Groth[—r].

We use this isomorphism to define an action of W on Spr by automorphisms in
Pervg (N, k). This induces a functor

S¢ : Pervg(N,k) — Rep(W, k),

defined on objects by M > Hompep,, (ar)(Spr, M ). We will show in Proposition
that Sg is exact, or in other words that Spr is a projective object in Pervg (N, K).

Remark 2.1. The above W-action on Groth was defined by Lusztig [L1] (although
he worked in the étale setting, with k = Q). From it one may obtain a W-action
on Spr in two ways: via the restriction functor (iq)* as above, following [BM], or
via the Fourier—Deligne transform, following [Bry| (under some assumptions on k).
When k is a field of characteristic zero, it is known that these two actions coincide
up to tensoring with the sign character; the easiest proof uses the fact that the
homomorphism End(Spr) — End(H*(G/B,k)) obtained by taking the stalk at 0
is injective. It follows that the ring homomorphism kW — End(Spr) resulting
from the restriction definition is an isomorphism (this was first proved in [BM]).
Hence, for any simple object M of Pervg(N,k), Sg(M) is either an irreducible
representation of W or zero, with each irreducible representation of W occurring
for a unique M. This is the Springer correspondence, as formulated by Lusztig.
For general k, the homomorphism End(Spr) — End(H*(G/B,k)) is not injective.
Nevertheless, we will show in a subsequent paper that the two W-actions on Spr
coincide up to tensoring with the sign character, and hence relate the functor Sg
to Juteau’s modular Springer correspondence [Ju], which uses the Fourier—Deligne
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transform definition. This result is not required for the proof of Theorem [I.I} but
may be necessary for the application of Theorem [I.1] envisaged in

3. PLAN OF THE PROOF OF THEOREM [L.1]

In this section, we will show how to deduce Theorem [I.1] from certain statements
that will be proved in subsequent sections. From this section on, 2-categorical
methods will be ubiquitous. Before proceeding, the reader may wish to consult
Appendix [A] for a survey of the notions we need.

3.1. An easy result. For any subgroup W’ of W, let
RV, : Rep(W,k) — Rep(W' k)
denote the restriction functor. Note that we have For" o R%, = ForV. In particu-

lar, we will use the functor R%, in the case where W’ is the subgroup W, generated
by a simple reflection s.

Proposition 3.1. Suppose we have two k-linear functors G,H : A — Rep(W,k),
where A is some Kk-linear category, and a given isomorphism of functors

¢ : For' oG = For o H.
Assume that for any simple reflection s € W there is an isomorphism of functors
UEEE R%S oG = RVVKS oH such that ForV: o oW = ¢.
Then there is a unique isomorphism of functors
o" G = H
such that For’ o ¢V = 6.

Proof. The isomorphism ¢ consists of isomorphisms of k-modules

~

ox : G(X) — H(X)

for all X in A (with compatibility conditions). This isomorphism can be lifted to
an isomorphism ¢" as in the statement if and only if ¢x is a morphism of kW-
modules for any X. However, our assumption ensures that ¢ x commutes with the
action of any simple reflection in W. As simple reflections generate W, this implies
that ¢x commutes with the W-actions. The uniqueness of ¢"V is obvious. O

3.2. Restriction, transitivity and intertwining. To prove Theorem we
must define an isomorphism of functors

(3.1) ag ‘I)Goyém :~> Sgo\llg.

As foreshadowed in the introduction, we will construct a¢ in a way that is com-
patible with certain restriction functors from each of the four categories involved
to the corresponding category for a Levi subgroup L:

%g . Pervgo)(Grg' k) — Pervy o) (Gri" k),
RY : Rep(G.K)em — Rep(L,K)sm,

R(L; : Pervg(Ng, k) — Pervp (N7, k),

R%f : Rep(Wg,k) — Rep(Wp,k).
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The last functor R%f has already been defined. The other three functors will be
defined in general in Section For now, we will just define them in the special
case where L = T. Note that Rep(T',k)qn is the category of trivial representations
of T. We define Rg to be the functor that assigns to any G-representation its zero
weight space. Next, Gri" and N are both just single points, so any k-module can
be regarded as a perverse sheaf on one of these spaces. With this in mind, we put

M¢ = HY (Grg,—) and RE = H)(Ng,—).

For all of the above restriction functors we will define transitivity isomorphisms:

RE = RLom¥,
RS <= REoRY,
RY «— REoRE,
RIYe = RUWZoRNE.

Note that Wy is trivial, so Rep(Wr, k) = Mod(k), and R%g is the same as For’¢. So
we can (and do) define the last of these transitivity isomorphisms to be the identity

isomorphism from For'V¢ to itself. The other three transitivity isomorphisms will
be defined in Section @

Remark 3.2. In each case, a more general transitivity isomorphism exists, where T
is replaced by a Levi subgroup contained in L. As this generality is not needed for
the proof of Theorem we do not consider it.

The bulk of our work will be in showing that the four functors in (1.1)) intertwine
the restriction functors in a way that is compatible with the transitivity isomor-
phisms. More precisely, we will define intertwining isomorphisms:

RpSods <« ®;oRY,
RE oWy <= WoR?,
Rfo g = Sfmone.
RWCoSe <= SpoRY

and show that the following four prisms commute, in the sense explained in Exam-
ple Here we label each triangular face by the appropriate transitivity isomor-
phism, and each square face by the appropriate intertwining isomorphism, whether
that is the general (G, L) version or either of the (G,T') and (L,T) versions that

are entailed as special cases.

Rep(G, Kk)sm Rep(Wg, k)
R{ Rivy
3.2 RS .
( ) 3 Rep(La k)sm oy Rep(WL7 k)
N /Ré M RIVL
Rep(T7 k)sm Rep(WTa k) T
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Ve

Pervg(o)(Grg', k) Pervg (Ng, k)
R RE
RE
(3.3) ng

PerVL(g)(Grim,k) T, PervL(J\fL,k)

Pervy (o) (Gry', k)

W
sm yém ~
PervG(D)(GrG 7]]{) Rep(GJk)sm
R¢ R¢
R

4 < .
(3.4) R Perv,0)(Gri" k) e

L -

Pervy(oy (Gry', k)

iz
Pervg (Ng, k) Sc Rep(Wg, k)
€] rRWYe
RL R;‘;G W
A7

(3:5) R Pervy (N1, k)

—RE L

PervT (NT, k)

St

The definitions of the intertwining isomorphisms for ®~ and ¥¢, and the proofs
that and commute, will be given in Secti The definition of the
intertwining isomorphism for .#g" and the proof that (3.4) commutes will be given
in Section [f] The definition of the intertwining isomorphism for S¢ and the proof
that commutes will be given in Section lﬂ

3.3. Constructing ag. Assuming all the definitions and commutativity results
referred to in the construction of the isomorphism proceeds as follows.
First, we construct an analogous isomorphism for 7. Observe that the functor
Ur : Pervy(o)(Gry', k) — Pervy (N7, k) is the obvious isomorphism of categories.
Moreover, recalling that Rep(Wyr,k) = Mod(k), we have that @ : Rep(T,k)sm —
Mod(k) is also an obvious isomorphism. The composition ®; o 3™ is the equiv-
alence of categories H" : Pervy(o)(Gry, k) — Mod(k). Since Spr,, is canonically
isomorphic to the constant sheaf k,; , we have a canonical isomorphism

(36) [€7% A @Toffm é STO\I/T.

We can now state a more precise version of Theorem (1.1
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Theorem 3.3. There is a unique isomorphism ag : ®x o S = S¢ o U that
makes the following cube commutative:

m ysm -
PerVG(D) (GrsG ) k) < ReP(Ga k)sm
e N
RE Perva(Ng, k) 5 - Rep(W¢, k)
RS
(3.7) - i
T >
PervT(D) (Gr}m, H«S) kS 1 R@p(T’ k)sm R‘VAV/?

SR 5%
Y 4

Pervy (N7, k) Rep(Wr, k)

St

Here the top face is to be labelled by ag, the bottom face by ar, and the other faces
by the appropriate intertwining isomorphisms.

In Section [8] we will prove Theorem [3.3]in the special case that G has semisimple
rank 1. Assuming that, the proof of Theorem in general is as follows.

Proof. First, note that from the isomorphisms already defined we have an isomor-
phism

(3.8) par + RS o®s o SN =5 RV 0Sg o Ug,

namely that obtained as the composition of the five already constructed edges of
the hexagon (A.6) associated to our cube:

Wa . sm
Ryo o®so S

~

Ry ©Sg o ¥a ®;0RG o
(3.9) ﬂ ﬂ
SGoRgo\PG Q)Toyémo%g
SgoV¥ro Eﬁg

Saying that ag makes the cube (3.7) commutative is the same as saying that
R%ﬁ oag = ¢a,T-
By Proposition [3.I] the existence and uniqueness of such a¢ will follow if we can

show that whenever L has semisimple rank 1, there exists an isomorphism

Pt L RS 0D 0 SE" = RS 0SgoWg suchthat RyZo¢" = ¢gr.
For the remainder of the proof, let L have semisimple rank 1. By the special case
of Theorem [3.3| that we are assummg7 there is an isomorphism oy, : ®; o .5M =
Sy, o ¥y, such that the cube , with G replaced by L, is commutative; in other
words, such that R Loqap = qu T. Then we can glue to this commutative cube

the four commutatlve prisms , , , to produce the labelled 2-
computad shown in Figure
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5 §
Pa(o)(6rg) Rep(G)sm
e Poc(Ng) Rep(Wg)  Rep(Wg)
L /
G
sm RZ VG 4
RnG PL(o)(GrM) —2— | —X Rep(L)em . Rwp wy
9wk \ \ Wa
PrL(NL) —> Rep(Wr) Ryg Rgg
RE RE
s
Pro)(Gry) — Rep(T
x \
Pr(NT) Rep(Wr)

FIGURE 3.1. Diagram for the proof of Theorem (Here, to save
space, we abbreviate P = Perv.)

Notice that we have glued the prisms together along the triangular faces that
they share, except that we have left unglued the two copies of the face labelled by
the transitivity isomorphism RVVE — R%; ) R%f Recall that this isomorphism
is in fact just an equality.

By the gluing principle of §A.3] the labelled 2-computad in Figure is commu-
tative. Its boundary consists of two pasting diagrams with domain R Sodso SN
and codomain RW;; 0S¢ o Ug, one of which (on the underside of the plcture, from
an imagined viewpoint above and to the right) has composite ¢¢ r and the other of
which has composite Ry;; We “ 0,1, where ¢ L, R Fodno ST = RWG oSgoV¥g is
defined in the same way as ¢, but with L in place of T. Hence R O¢G L = %arT,
and ¢z, is the required isomorphism ¢"'=. a

Having constructed the isomorphism ag : ® 50 /3" = SoU to be compatible
with restriction to the maximal torus T, in the sense of Theorem we can easily
deduce that it is compatible with restriction to any Levi subgroup L containing 7.
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Proposition 3.4. For any Levi subgroup L containing T, the following cube is
commutative:

m 7 s
PervG(D)(GrSG ’k) < Rep(Gak)sm
\‘IJ/‘G \CDG/‘
Re Pervg(Ng, k) Se . Rep(We, k)
R7
RE  am v
Pervy, (o) (Gri", ) X “Rep(L; kL Ry

<I>L
7 Ty

Pervy, (N, k) Rep(Wy, k)

S

Here the top face is labelled by ag, the bottom face by ay, and the other faces by
the appropriate intertwining isomorphisms.

Proof. Consider once again the commutative labelled 2-computad of Figure [3.1
(We no longer need to assume that L has semisimple rank 1 to construct this,
because Theorem is now proved for any connected reductive group, and in
particular for L.) It shows that R%; o ¢g,1. = ¢dg,r Where ¢g 1, and ¢g r are

defined as above. We also know that R%; o R%f oag = R%g oag = ¢g,r. Since
Ry~ is faithful, it follows that RjyS o ag = ¢¢,.. This equality is equivalent to the
commutativity of the cube in the statement. ([

3.4. Canonicity of ag. In Section [2] we fixed a choice B O T, but the isomor-
phism ag of Theorem is actually independent of this choice. We conclude this
section by briefly explaining why.

To make sense of this assertion, we must first replace the various categories and
functors in by versions that do not depend on the choice of Borel subgroup
and maximal torus. If G D B’ D T" is another such choice, then of course there
are g € G such that gBg~' = B’ and ¢gT'g~! = T’. The key observation is that
although ¢ is not unique, the induced map of quotients

B/|B,B] — B'/[B',B/]

is independent of g. Thus, the groups B/[B, B] and B’/[B’, B'] are canonically
identified. Let T denote either one of them. We call T the universal mazimal
torus for G. Its Lie algebra §), the universal Cartan algebra, is acted on by a
reflection group W, the universal Weyl group. (See |[CGlL Lemma 3.1.26] and the
discussion following it.) The pair B D T determines a unique isomorphism Wg =
W. Moreover, the induced action of W on Spr is independent of this choice, so the
Springer functor Sg can be regarded as taking values in Rep(W, k).

Similar considerations lead to the notion of the universal zero weight space of a
G-module V. Let B C G be the Borel subgroup corresponding to B  G. This
group contains 7' and determines a partial order on the set of characters of 7.
Let V¢ (resp. V50) be the submodule on which T acts with weights that are > 0
(resp. > 0) in this partial order. Define VZ, and V. similarly, but with respect to
another pair B’ D T”. As above, suitable elements of G give rise to noncanonical
isomorphisms V>g — V<, and V5o — V<, and to a unique isomorphism

Vzo/V>0 — VéO/V;O
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Moreover, the universal Weyl group W and the dual universal maximal torus T
act on these spaces (the latter acting trivially), and the isomorphism is W- and T-
equivariant. We therefore have a universal version of @~ taking values in Rep(W, k),
as well as a functor Rg taking values in Rep(T,k)sm.

The existence of a universal version of 9{% taking values in PervT(g)(Gr%", k),
is proved in [MV2, Theorem 3.6]. This result is less elementary than the situations
considered above: roughly, as the choice B’ D T’ varies, the various functors R%,
(perhaps better denoted %g,DT,) can be assembled into a local system on G/T.
That local system is trivial because G /T is simply connected, so the various functors
RE, 7 are canonically isomorphic to one another. The same argument shows that
RE has a universal version as well.

For the remaining functors in , the independence of the choice of B D T
is obvious. Taken together, the preceding paragraphs describe how to construct a
version of whose 1-skeleton is universal. A priori, the top face is labelled by
a 2-cell ag = agHp-7 that depends on the choice of B D T, but the uniqueness
asserted in Theorem [3.3] implies that ag5p->r = ag>po7 for any other choice
B’ D T'. In other words, ag is independent of this choice.

4. RESTRICTION TO A LEVI SUBGROUP

Throughout Sections [dH7] we fix a parabolic subgroup P C G containing B,
and we let L be the unique Levi factor of P containing 7. We denote by Up
the unipotent radical of P. Of course, any notation or construction for the triple
GDODPDLcanbeused for GOBDOTor L DC DT, where C=BnNL.

In this section, after reviewing some well-known properties of the Satake equiv-
alence with respect to restriction to a Levi subgroup, we define the restriction
functors (from the category associated to G to the category associated to L) for the
categories Rep(G,k)sm, Pervg(o)(Grg', k) and Pervg(Ng, k), and the transitivity
isomorphisms for these restriction functors.

4.1. Review of the Satake equivalence and restriction. Consider the diagram

(4.1) GrL&GrngrG

where ¢p is induced by the projection P — L whose kernel is the unipotent radical
Up, and ip is induced by the embedding P — G. Define the functor

R = (gp)s o (ip)' : D"(Grg,k) — D"(Grp, k).

This functor does not map the subcategory Pervg (o) (Grg, k) of DP(Grg, k) into the
subcategory Pervy, o) (Grr, k) of DP(Gryr, k); however, the following modification of
this functor has this property.

Recall that the connected components of Gry are parametrized by characters of
Z (Z), where L C ( is the Levi subgroup containing 7' whose roots are dual to those
of L (and Z(L) is its centre), see [BD, Proposition 4.5.4]. If M is in D*(Gry,k)
and y € X*(Z(Z)), we denote by M, the restriction of M to the corresponding
connected component. Define the functor

R D°(Grg,k) — DP(Grp,k)
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by the formula
7G ~
R (M) = P (REGD) [0 200 —206)],
XEX*(Z(L))

where pg and py, are the half sums of positive roots of G and L. (Here we use that
the cocharacter 2p;, — 2pg of T factors through Z(L).) Then it is proved in [BD]

=G
Proposition 5.3.29] that 9’ restricts to a functor

ﬁf . Pervg(oy(Gra, k) — Pervpo)(Grr, k).

Moreover, it is explained in [BD, §5.3.30] that this functor is a tensor functor.
Applying base change for the cartesian square

Grg — Grp
(4.2) | o]
Gre — Gry,
we obtain a natural isomorphism of functors:
(4.3) RE «— REoRF : D*(Grg, k) — DP(Grp, k).

More precisely, this isomorphism is defined by the following pasting diagram:

DP(Grg) 5 DP(Grp) 25 DP(Gry)
. ) o'
)

(44) Db(GrB) &) Db(Grc)

()«

Db(GI’T)

For simplicity, we have not indicated the morphisms; all of them are the obvious
ones (induced by the inclusions of groups for the (-)' functors, or by projections
for the (). functors). The notations (Co) and (BC), and similar notations for
isomorphisms of functors used in later diagrams, are explained in Appendix [B]

Restricting to perverse sheaves and taking shifts into account, one can easily
check that isomorphism induces an isomorphism of functors

(4.5) ﬁ? — §;0§f : Pervg(o)(Grg, k) — Pervp(o)(Grr, k).

Consider the case P = B, L = T. The morphism ip : Grg — Grg is a bijection
and a locally closed embedding, which factors through a natural identification

GrB :—) |_| ‘Z,\.
rex

Using this identification, the composition of 9, with the equivalence

1+ Pervp(o)(Grr, k) = Rep(Tk)
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is identified with the functor FX of §2.1] so that induces an isomorphism
(4.6) Feo < Forl o %1 o ﬁ? = Fro ﬁg

Hence, composing isomorphism with Fp provides an isomorphism of functors
(4.7) Fo <= FLoRy.

It is explained in [BD] §5.3.30] that this isomorphism is an isomorphism of tensor
functors. If L is the k-algebraic group provided by the constructions of for the
group L, we obtain using (4.7) a morphism of algebraic groups
. . —G -~
§ 0 L = Aut*(Fr) — Awt*(FLo®R)) = Awt*(Fg) = G.
It is known that Lg is injective, and that its image is the subgroup denoted L above
(see [BD) Lemma 5.3.31]). We can therefore identify L with L. Note that the
following diagram of isomorphisms of functors is commutative by construction of

isomorphism (4.7)):

(4.6) —
FG - S FT (@] %g
(4.8) 1» 1»
E9,

FLoﬁf FToﬁioﬁg

Let
E? : Rep(G,k) — Rep(L,k)
be the restriction functor (i.e. inverse image for the morphism Lg) We have
(4.9) For” oﬁf = For®.
By construction, isomorphism lifts to an isomorphism of functors
(4.10) RS 0 7 = S oMy

In the case P = B, L = T the morphism Lg : T — @G is the morphism considered
in Moreover, by commutativity of (4.8]) we have

L%OL% = L?.
It follows that we have
(4.11) RS = REoRY : Rep(G.k) — Rep(T,k).

Lemma 4.1. The following prism is commutative:

Pervg (o) (Gra, k) e

"y R

=G
Nr PeI’VL(D)(GI’L,k)

T L

PervT(D)(GrT, ]k)
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Proof. In more down-to-earth terms, we have to prove that the following diagram
of isomorphisms of functors is commutative:

=L =G @) —a ’ G
R7oRj OyGRT oygét%o%

410“@ 1»

ﬁéoyL0§f :7T0§;o§f.

As the functor For” : Rep(T,k) — Mod(k) is faithful, it is enough to prove the
commutativity of the diagram obtained by composing each functor with For”. But
the resulting diagram can be identified (using ) with diagram , which is
commutative by construction. (I

4.2. Restriction functor for small representations. Consider now the functor
RS = ()20 R o1y ¢ Rep(G,k)4@ - Rep(L, k)ZD),
By ([@.11) and the fact that Z(G) C Z(L) € Z(T) = T, we have
(4.12) RS = REoRY : Rep(G,k)?@ — Rep(T, k)%,
Lemma 4.2. There is a unique functor
RS : Rep(G,k)sm — Rep(L,k)sm
such that
(4.13) RYoI% = IV oRS.

Proof. We have to show that for any V' € Rep(G,k)em, the object V/ := (EgV)Z(L)
is in Rep(L,k)sm. By definition, the L-action on V' factors through L/Z(L), hence
all the T-weights of V' are in ZR. Moreover, the convex hull of weights of V' is
included in the convex hull of weights of V', hence does not contain any weight of
the form 2@ for a root & of L. In other words, the T-weights of V' are small for L,

which proves the lemma. O
We deduce from (4.12)) that we have
(4.14) RS = REORY.

We therefore define the transitivity isomorphism for Rg to be simply this equality.

4.3. Restriction functor for Pervg(o)(Grg'). As an intermediate step, we first
construct restriction functors for connected components of base points in affine
Grassmannians. Let us consider the diagram

o o

(4.15) Gr <2 Gr% — 25 Gr

obtained by restriction of diagram (4.1)) to connected components of the base points,
and the functor

R = (¢p).0(i%)' : DP(Gry, k) — DP(Gry, k).

Recall that zg denotes the inclusion Grg; < Grg; define zp, zg, similarly.
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Lemma 4.3. There is a canonical isomorphism of functors
(4.16) (1) 0Ty = %Yo (20).

In particular, the functor ﬁf restricts to a functor (denoted similarly) from the
category Pervg(oy(Grg, k) to Pervy o) (Grg, k).

Proof. We have a cartesian square
Gro, 25 GrS,
(4.17) Zpl ] JZL
Grp F GFL

Then the pasting diagram

DP(Grg) 25 D (Grp) 225 Db (Gry)

(4.18) za)' (zp)! (z1)'
Db(Ger) —_— Db(GrOP) —— Db(Gl’z)
(7/?9)‘ (QP)*
defines the desired isomorphism, since (zz)' o ﬁf =(z1)' o Dzig O

Restricting the cartesian square (4.2) to connected components of base points
produces the cartesian square

Gry — Grp
(4.19) l ] l

Grg — Gry,
Then, using the pasting diagram

D (Gr3) L DP(GrS) 25 DP(Gr2)

(4.20) DP(Gryy) &5 DP(Gre,)

DP(Gr5)
and restricting to perverse sheaves we obtain a canonical isomorphism of functors
(4.21) R —= REonf . Pervg (o) (Grg, k) — Pervp o) (Gry, k).
Since P is not reductive, we have not hitherto defined the notation Gry'. We set

Grd' == Gre N (ip)*l(GrsC',"),
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and denote by fp : Gr3' < Grp the inclusion. Note that although Grg' depends on
G, we omit G from the notation for brevity; we have analogous definitions of Gr'
(omitting G from the notation) and Grgy' (omitting L from the notation).

The following result is a geometric counterpart of Lemma [£.2]

Lemma 4.4. There is a unique morphism
g Grd — Gr"
such that fr, 0 ¢ =qpo fp.

Proof. We have to show that ¢p(Grp') C Gr7"; assume the contrary. As Grp' is
L(O)-stable and ¢p is L(O)-equivariant, there exists A € X which is not small for
L and such that ty € ¢p(Gr¥'). Then gp(Gry') N TL # 0, where TX is the locally
closed subvariety of Gry, defined in (for the group L instead of G). This implies
that Gry' N (gp) " H(TL) # 0, hence that

GrZ Nip((gp) " (TX)) # 0

(since ip (GrE N (gp) 1 (TX)) C Gr Nip((gp)H(T)))-

However we have ip((gp)"H(T%)) = T (see the cartesian square (4.2)), hence
Gri’ N X$ # (0. This means that there exists x4 € X which is small for G and such
that Grfy N T§ # 0. By [MV2, Theorem 3.2] we deduce that X is in the convex hull
of Wg - u, which contradicts the fact that \ is not small for L. O

Using the lemma we can consider the diagram

-sm

aF P
sm sm
Grp Grg

(4.22) Gry"
where 755" denotes the restriction of ip to Gr3', and thus define the functor
RE = (), 0 () : DP(GrT, k) — D"(Gry", k).

Let us denote by fp : Grp' — Grp the (closed) inclusion; recall the notation f&
and f} for the analogous inclusions.

Lemma 4.5. There is a canonical isomorphism of functors
(FD) o RE = RF o (f&)s

In particular, the functor ER% restricts to a functor (denoted similarly) from the
category Perve oy (Grg', k) to Pervy o) (Gri" k).

Proof. By definition of Gry', we have a cartesian square

5|

Grﬁ?l—g>GrZ~1r1
(4.23) f}%J [] Jfé

Gr —— Gry
P 7;?3 G
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Then the pasting diagram

(ism)!
RO RIN

Do (Grr) L ph(arp) U ph (G

(4.24) (F&) (F2)x (F2)+
D"(Grg) —— D"(Grp) —=5 D"(Gry)
(%) (ap)=
produces the desired isomorphism. ([l
Now we construct a transitivity isomorphism for iﬁf We need some preparation.
First, observe that the morphism Grp — Grp induced by the inclusion B — P
induces a morphism Gri§' — Gr%'. Similarly, as the composition Grg — Grg — Grp,

coincides with the composition Grg — Grp — Gry, one can deduce from Lemma
that the natural morphism Grp — Gre induces a morphism Grg' — Grer'.

Lemma 4.6. The following square is cartesian:

Gry — Gry

bl L] Jqspm

Gret' = Gri"
Proof. Let € Grp' and y € Grg' be such that ¢ (z) = ¢ (y). As (4.19) is
cartesian, there exists z € Gry such that a(z) = z and b(z) = y. The fact that
x € Gry' implies that ip(x) = ip(z) € Grgy'. This proves that z € Gry', hence the
lemma. O

Using Lemma the pasting diagram

DV(Gr) > DP(Gr) & DR(Gr)

o )

o
(4.25) DP(GrT) 5 DP(GRT)

()

DP(Gr")
produces (by restriction to perverse sheaves) the desired isomorphism of functors
(4.26) RE = REoRT : Pervgo)(GrE k) — Pervyo) (G, k).
4.4. Restriction functor for Pervg(Ng). Consider the diagram
(4.27) Ny <22 Np 225 Ng

where ANp C p denotes the nilpotent cone of P (as with our notation for reductive
groups), pp is induced by the projection P — L, and mp is induced by the inclusion
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P — GG. We define the functor
RE = (pp)« o (mp)' : D°(Ng,k) — DP(Ny, k).

Our first goal in this subsection is to prove the following result. (The analogue
for Q,-sheaves is due to Lusztig; we need a different proof since in our context the
categories are not semisimple.)

Proposition 4.7. The functor Rg restricts to an exact functor (denoted similarly)
from Pervg(Ng, k) to Pervy (Ng, k).

In order to prove this result, it is convenient to consider the functor defined
similarly on equivariant derived categories. First, a general remark on equivariant
perverse sheaves: although we have defined Pervg(X) as a full subcategory of
DP(X), there is also the full subcategory of the equivariant derived category D (X)
consisting of perverse sheaves (see [BLL §5.1]), which we will denote Perv’y(X).
Recall that for connected H, the forgetful functor For : D% (X) — DP(X) restricts
to an equivalence For : Pervy (X) — Pervy (X) (see [MVI, Theorem A.3(i)]).

We denote by R the composition of functors

ForP (mp) ForL

DY (NG) —5 Db (W) 2% Db (V) 225 Dl (A7) 2

Here, P acts on N7, via the projection P — L, and the functors are defined as in
and 3‘. The functor RY lifts R in the sense that there is an isomorphism

(4.28) R$ o For <= ForoR§

D} (NL).

obtained from the following pasting diagram:

ForG P For? L

DY(Na) — Dh(Ng) 25 Db (W) 2225 Dl (A7) —s DY (A7)

For For For For For

(NG) (7nP) Db(NP) (pp)« Db(N—L)

The functor RY has a left adjoint Z& : DP(NL) — DR (Ng), defined as the
following composition:

DY(Ng) <2 DY (Ng) L2 Dy (W) L25 Dly (A) <22 DY ().

Here, v is the left adjoint of Forf (see [BI §3.7.1] or QB.10.1‘ . Note that since
Up is contractible and acts trivially on Nz, the functor v : D2 (N7) — D% (NL)
is an equivalence, with inverse For} (see [BIL Theorem 3.7.3]).

Lemma 4.8. The functor fLG 1s right exact for the perverse t-structure.

Proof. For any L-orbit & C N, we denote by jg : @ — N, the inclusion. Then,
for any L-equivariant local system £ on &, we consider the object

A(6,€) = (jo)€[dim O]

of DY(NL). (By a local system, we mean a locally constant sheaf of finitely-
generated k-modules, not necessarily free.) These objects can be used to describe
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the perverse t-structure on DY (N7,) as follows: pDEO(/\/ 1) is the smallest full sub-
category of D? (N7) that contains all A(€, E)[n] with n > 0 and is stable under
extensions. Hence to prove the lemma it is sufficient to prove that

(4.29) IEN(0,E) € "DE"(Ne)

for all & and €£.
Let us fix such a pair (£, €). Consider the map

ne : GXP(@)—FUP) — Ng

induced by the (adjoint) G-action on Ng, where up is the Lie algebra of Up.
For # € Ng, an estimate of the dimension of the fiber n,'(z) is given in [L2]
Proposition 1.2(b)]:

(4.30) dim(n,'(z)) < %(dim G —dim(G - z) — dim L + dim ©).
Now, by definition we have ffA(ﬁ, &) 2 y§ Mg g, where
M(ﬁ’g = (]b)l (5 & kup) [dlm ﬁ]

and j% : 0 +up < Ng is the inclusion. Let also ig : O +up < G xF (0 +up) be
the natural inclusion. Then we have

—
—
=+

~

n

'ng@5 = ’yg(nﬁ)!(iﬁ)! (5 X k) [dim ﬁ} = (nﬁ)!’yg(iﬁ)g (5 X k) [dim ﬁ]
where (Int) is defined in §B.10.1l As explained in §B.17| the composition 7§ (i¢): :

DY (0 +up) — D2(G xF (0 +up)) is an equivalence of categories, and is inverse to
(i¢)*ForG|— dim(G)+dim(L)]. Tt follows that & (i), (£Xk)[dim O] is concentrated
in degree —dim(0) — dim(G) + dim(L). Hence, using (4.30), we deduce that, for
any = € Ng,

H(EEA@,).) = Hi(ng! (@), (15 (i0) (€ KK dim O], 1)

vanishes unless i < —dim(G - ), see [Iv), Proposition X.1.4]. This proves (4.29),
hence the lemma. a

Remark 4.9. The dimension estimate amounts to saying that ne is semismall.
That notion is usually applied to proper maps, where it implies that the push-
forward of the constant sheaf is (a suitable shift of) a perverse sheaf. Here, since
ne is not proper, we obtain only a one-sided statement.

Let P~ be the parabolic subgroup of G which is opposite to P (i.e. the T-weights
of the Lie algebra of P~ are opposite to those of the Lie algebra of P). We have a
diagram
N <2 Np- =55 N
hence we can consider the functor

"RE = (pp-)ro(mp-)* : D"(Ng) — D°(AL).

As for Rf, this functor has a lift / ﬁf to equivariant derived categories, which is
the composition

(Pp- For?

Forg_ (mp-_)* -
Dh(Ne) 2 Dy (W) L Db (W) 22 Dy (W) B D ().
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The functor 'R¢ has a right adjoint 'Z¢, defined as the composition

G P

b Doy (mp—)« 1 p p-)' L b
DY (o) <2 Dy (W) Z22 Db (W) 2270 DY (W) <5 DY (A).
Here, T is the right adjoint of Forf (see [BIJ, §3.7.1]).

Lemma 4.10. The functor ’i’f is left exact for the perverse t-structure.
Proof. Similar to the proof of Lemma [4.8] using the objects
V(0.€) = (jo)«€[dim O]
instead of A(0,E). In this case, the required vanishing statement is provided by
Lemma [L.T7] below. O

Lemma 4.11. Let X be a smooth variety, and Y C X a closed subvariety of
codimension d. Then for any local system £ on X we have

HL(X,E) = 0
unless 1 > 2d.

Sketch of proof. The case £ is constant follows from [Ivi Theorem X.2.1]. One
deduces the general case using a covering of X which trivializes £ together with the
excision exact sequence [Ivl I1.9.5] and the excision isomorphism [Ivl I1.9.6]. O

Proof of Proposition 7} As the left adjoint Z& of RS is right exact (see Lemma
, R is left exact. As the functor For : Pervg;(Ng) — Pervg(Ng) is an equiv-
alence, using (4.28)) and the definition of the perverse t-structure on D2 (Ng), it
follows that RY sends Pervg(Ng) inside PDZ0(NT).
By the same argument (using Lemma , the functor ' Rg is right exact. As
above, it follows that "R¢ sends Pervg(Ng) inside PD<O(NL).
Finally, by [Bral Theorem 1], for any M in Pervg(Ng) there is an isomorphism
RE(M) = "RE(M),
hence both of these objects are in Pervp (NL). O

Remark 4.12. Since by definition an object of the equivariant derived category is
a perverse sheaf if and only if its image under For is perverse (see [BLL §5.1]),

one deduces from Proposition that the functor RY restricts to a functor from
Perv, (Ng) to Perv (N7.).

Finally we must explain how to construct a transitivity isomorphism
(4.31) RS = REORY : Pervg(Ng, k) — Pervp(N7, k).
In fact, using the cartesian square
N — Np
(4.32) | o]
Ne — N,
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(where all morphisms are the natural ones), the pasting diagram

DP(Ng) 5 DO (W) 25 PP ()

(4.33) DP(Np) > D (Ne)

DP(Nr)

produces the desired isomorphism of functors (by restriction to perverse sheaves).

5. THE FUNCTORS ®5 AND W5 AND RESTRICTION TO A LEVI

Our aim in this section is to define intertwining isomorphisms R%‘; CROFIES
oo Rg and RY o Ug <= VU, o RY that are compatible with the transitivity
isomorphisms we have defined, in the sense that the prisms (3.2) and (3.3) are

commutative.

5.1. The functor ®5. Let V be an object of Rep(G, k). Since Z(L) C T, the zero

weight space of V' is the same as the zero weight space of vz, of course, the
sign character of W restricts to that of Wy. Hence we in fact have an equality

(5.1) RIVS 0 @y = @ oRY,

and we declare this to be the intertwining isomorphism.
Since all the isomorphisms labelling faces of the prism (3.2]) are equalities, the
prism is trivially commutative.

5.2. Intertwining isomorphism for the functor ¥s. We need some prepara-
tory results. In the next lemma, we identify Gry with its image in Grg.

Lemma 5.1. We have equalities
Gra,G NGr;, = GraL, McNGrp, = M.
Proof. The first equality follows from the fact that
Grog = {z € Grg | Slingos-x = to},

where the G,,-action considered here is the loop rotation. (This fact follows from
the Birkhoff decomposition.) The second equality is a consequence, using the ob-
vious inclusion Grgy' N Gry C Gri™. O

Lemma 5.2. The following square is cartesian:
M — Mg
| O e
N — Ng
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Proof. Note first that the square commutes by [AH|L Lemma 2.4]. Let Z°(L) denote
the identity component of the center of L, and let x € Np. Since z is fixed by Z°(L)
and 75" (z) is a finite set, each point y € 7' (z) must be fixed by Z°(L) as well.
It is known that the fixed-point set of Z°(L) on Grg is precisely Gry. In view of
Lemma we have y € Mg N Gry, = M. But then 7y, (y) = z. In other words,
y €1t (z), so w1 () = n5t (), as desired. O

Now recall the diagram relating Gry" and Grg', and the diagram
relating N7, and Ng. We need a similar diagram relating My and Mg. Since P
is not reductive, the notation M p does not yet have a meaning; we therefore make
the definition

Mp = (¢B") " (My)

and denote by jp : Mp — Gry' the inclusion. Note that Mp depends on L and G
also; for brevity, we omit these from the notation. We have analogous definitions
of Mp (when (G, L) is replaced by (G,T)) and M¢ (when (G, L) is replaced by
(L,T)).

The following is a generalization of [AH| Proposition 6.9] (with a similar proof).

Proposition 5.3. We have ip(Mp) C Mg, and there is a morphism wp : Mp —
Np making the following square cartesian:

Mp <2 Mg
ﬂ’PJ/ l:l Jﬂ'c

NPQWNG

Proof. By definition, ip(Mp) is contained in z'p(qgl(GraL)) =L(O7) -Up(R) - to.
Now we have Up(R) = Up(O~) - Up(9) since Up is unipotent, so Up(R) - tg =
Up(O7) - tg. Therefore

(5.2) ip(Mp) C P(O7)-ty C Grge.

Also ip(Mp) Cip(Gry') C Grey, so ip(Mp) C Mg. Moreover, implies that
76(ip(Mp)) CpNNg =Np. Let m1p : Mp — Np be the restriction of 7g o ip.

To prove that the square is cartesian, we have to show that if x+ € Mg and
7e(z) € Np, then z € ip(Mp). So, consider some x € Mg such that g (z) € Np.
For convenience of notation, we identify M and Mp with their images in M.
First, if 7¢(z) € N7, then by Lemma [5.2] we have x € M, which proves the result.

Assume now that mg(r) € Np ~ N. Assume also, for a contradiction, that
x & Mp. Let A = (2p¢ — 2p1) € X, where pg, respectively gy, is the half sum of
positive coroots of G, respectively of L. Consider the point

y = lim A(s) - z.
5—0

As x ¢ Mp, we have y ¢ M. As y € Gry, we deduce from the second equality in
Lemma that y ¢ M. Similarly, consider

z = Slgrolo A(s) - x.

If 2 € My, then x € Mp- (where Mp- is defined in the same way as M p, but for
the parabolic P~ opposite to P), hence we would have ng(z) € Np N Np- = N7,
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which is not the case by assumption. Hence z ¢ M, which implies as above that
z ¢ Mg. It follows from these considerations that the orbit

{As)-z | s € C} C Mg
is closed in M¢. As 7 is a finite morphism, we deduce that the orbit
{\(s)-mg(z) | s € C*} C Ng

is closed in M. This is absurd since g (z) € Np~NL, which finishes the proof. O

Let iﬁ/‘ : Mp - Mg and qﬁ" : Mp — My be the restrictions of ip and gp
respectively. We now have a diagram of commutative squares

Jja ™
Grgy <> Mg —5 Ng

zi—[,"] ‘ ig"] [ ] Jmp

(5.3) Gr <5 Mp T2 Np
qi’J‘J [] lqﬁ" JPP

sm
Gr —— My —— N

where the top right square is cartesian by Proposition and the bottom left
square is cartesian by definition of Mp.

Recall that the functors ¥¢g, ¥y, 9‘{%, and Rg are obtained by restricting, to
the appropriate perverse subcategories, functors that are defined on the level of the
derived categories. So to define our intertwining isomorphism, it suffices to define
an isomorphism RY o Ui <= ¥, 0 RY of functors from DP(Grd") to DP(NL). We
define this isomorphism by the following pasting diagram:

DO (Grr) L DY (M) L DP(NG)

DM(Gri") = D (M) 72 DV(N2)

where the morphisms are those in (5.3)).

5.3. Proof that the prism (3.3) is commutative. It suffices to prove the anal-
ogous statement with the categories of perverse sheaves replaced by their ambient
derived categories.
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Proposition 5.4. The following prism is commutative:

DP(GrT) Yo DP(Ng)
nE RY
RE
mG
’ D"(Gry") T D"(N)
ok . R
DP(Gri™) o D*(Nr)

Proof. By Lemmas [B.6(d)], [B.7(d)| and [B.8(d)} the constituent prisms and cube in
the following prism are all commutative, so the prism as a whole is commutative
by the gluing principle:

(5.5)
DO(Gri) be) D"(Mg)
()" )"
| ()"
. )" D"(Gry)) ur) l >(Mp)
N ~
D (GrY) uz) Db(M .
() . DP(Gr") ‘ - D* (M)
)" -
— N ‘(')* \" /
()*() Db(Gr%n) (JC) J/ Db(MC
o - ()" . <0
(Gr7") D>(Mr)

The only new cartesian squares required to define (5.5 are

Mp — Mc Mp —> Mp
(5.6) J [] l and J ] l
S Me — My

The first one follows from the cartesian squares giving the definitions of Mz and
M, namely:

Mp — My Mo — Mr
lo] e | 0oO]
Gr — Gry" Gret' — Gry’

The second cartesian square follows from the one of Lemma [£.6] the first cartesian
square in ((5.6) and the bottom left cartesian square in ([5.3)).



30 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND SIMON RICHE

By Lemmas |B.6(a)| [B.7(c)| and [B.8(b)} the constituent prisms and cube in the
following prism are all commutative, so the prism as a whole is commutative:
(5.7)

PP (M) o). D*(Ne)
' !
!
(')! b (WP)* b
o D>(Mp) DP(Np)
/ () ()« J 4 oF
DP(Mp) - D*(Np) )
() . DP(My) — D" (NL)
() o (nc) ‘“* N)* 4
o DP(M¢) — DP(Ne)
L, I
D" (M) T DP(N7)

The only new cartesian square required to define (5.7)) is

Mp — Ny
(5.8) | o]
Mp —— Np

which follows from the cartesian square in Proposition and its analogue with B
in place of P.

We can then glue the prisms and together along the face with vertices
DP(Mg), DP(My), DP(Mr7) to obtain the desired commutative prism. O

6. THE SATAKE EQUIVALENCE AND RESTRICTION TO A LEVI

Our aim in this section is to define an intertwining isomorphism Rg o SN =

5™ o R making the prism commutative. As with the definition of the
transitivity isomorphisms for RCL? and RY in Section 4} we need to consider first
the analogous situation for the connected components Grg;, Gry and the categories
Rep(G,k)Z(%), Rep(L,k)Z(L).

6.1. Intertwining isomorphism for .5. We begin with the compatibility be-
tween the transitivity isomorphism for ﬁf : Pervg(0)(Gra, k) — Pervy o) (Grp, k),
defined in (@.5)), and that for RS : Perve (o) (Grg, k) — Pervy o) (Grg, k), defined in
@21).
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Lemma 6.1. The following prism is commutative:

(za)'

Pervg(o)(Grg) Perv(o)(Grg)
w7 %Y
RF

"y

Pervy o (Grz) o Pervyo)(Gry)
25
/ﬁé v %

Pervp (o) (Grr) o Pervr oy (Gry)
27

Proof. Since every functor and isomorphism in this prism extends to the ambient

N

. . . «=G i~ .
derived categories, and since (27)' 0 Ry = (27)' 0 RE and so forth, it suffices to
prove the commutativity of:

D(Gre) ) D(Gr2,)
RE RE
& AN
6.1 RO
(6.1) R D> (Gry) — DP(Gr9)
/9}:’; v /mL
DP(Grr) DP(Gry)

(z7)'
But, by definition, the prism is obtained by gluing together two prisms and
a cube that are known to be commutative by Lemmas [B.6(d)] B.7idE|7 and [B.8(d)}
The gluing picture is identical to , but with jg : My < Gry replaced by
2z : Gry < Gry for all groups H. The only new cartesian square required here is

Gry — Grg
(62 | o]
GI’B e Grc

which follows from the (G,T) and (L, T) cases of (4.17). O

Recall that we have defined an isomorphism E(L; 0 Sq = SLo ﬁf in (4.10).

To define an analogous isomorphism Eg o SE = S o gf, we use the following
cube:

Pervg (o) (Gre) e Rep(G) )
Z(G
\(ZG)! Y (G)
R®Y PeI’VG(D)(Gron) e . Rep(é)Z(G‘)
RS
(6.3) 3 : =
Pervi(o)(Gre) T » Rep(L) L
e (5)
Pervp,o)(Gr7) —s Rep(L)Z(L)
L

Here every face is labelled with an already-defined isomorphism of functors (or an
obvious equality of functors, in the case of the hidden face on the right) except the



32 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND SIMON RICHE

front face marked with ‘?”. Since (z¢)" : Pervg(o)(Grg) — Pervg(o)(Grg) is full and
essentially surjective (being the projection onto a direct summand of the category
Pervg(o)(Grg)), there is a unique isomorphism with which to label the front face
so as to make the cube commutative; see Example for this principle.

We now prove that the isomorphism ECE o Sh <= SL o %f defined by is
compatible with the relevant transitivity isomorphisms.

Lemma 6.2. The following prism is commutative:

o 78 .
Pervg (o) (Grg) g Rep(G)?(©)
RE ) R¢
R
e Gr [0
PervL(g)( FL) 75 Rep( )
/ﬁRL M /RL
Pervy(o)(Gry) > Rep(T)2(™ ~7

Proof. By the essential surjectivity of (2g)" : Pervi(o)(Gra) — Pervg(o)(Grg), it
suffices to prove the commutativity of the prism obtained by gluing together those
in Lemmas and along their common triangular face; see Example for
this principle. This glued prism has the following form:

FEo(za)

PervG(D)(Grg) Rep Z(G)
iy
6.4 =" 8
(6.4) T Pervy,o)(Grr) o) Rep(L)#®)
ro(zr
Pervr(o) (Grr) PR Rep(T)7(")

The same prism can be obtained by an alternative gluing procedure, in which the
pieces to be glued are the commutative prism in Lemma[4.1] the commutative cube
in its (G,L), (L,T), and (G,T) versions, and the following prism which is
trivially commutative because every face is labelled by an equality:

B (_)Z(C’) .
Rep(G) Rep(G)Z(@)
YSJ X(EJ
RS
65)  ®S ) ’ .
Rep(L) 7D l Rep(L)
/i /,
. R7 M . RE
Rep(T") a T Rep(T)Z(1) 7
Hence (6.4)) is commutative as required. O

6.2. Intertwining isomorphism for .“g". We now want to pass from the setting
of the functor .75 to that of the functor #&". Recall the transitivity isomorphism
for ZRE, defined via the diagram , and the isomorphism relating 9‘{% and ﬁf,
defined via the diagram .
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Lemma 6.3. The following prism is commutative:

(f&)~

Perve (o) (Grg') Pervg(o)(Grg)

Rne 2 Ry
Rr
RZ o
r Pervy,o)(Gri") T Perv,(0)(Gr7)
/i“% - "L
Pervp (o) (Gry") ) Pervp (o) (Gry)
7

Proof. Since every functor and isomorphism in this prism extends to the ambient
derived categories, it suffices to prove the commutativity of the prism obtained by
replacing Pervg (o), Pervy (o), Pervpp) with DP. By definition, that prism is ob-
tained by gluing together two prisms and a cube that are known to be commutative
by Lemmas [B.6(a)} [B.7(c)] and [B-8(b)} The gluing picture is identical to (5.7)), but
with g : My — Ny replaced by f5 : Grif' < Gry for all groups H. The only
new cartesian square required here is

Grg' — Gr¥’
(6.6) | O |

[e] o
GFB — GrP

which follows from (4.23) and its analogue with P replaced by B. O

We come now to the definition of the intertwining isomorphism RCE o SN —=
S5 o RE. Consider the following cube:

g

Pervg(o)(Grg) Rep(é)z(é)
@ %
il Perve(o)(Grg) o Rep(G)sm
G Eg
(6.7) o ;
. L e -5 )
Perv,(0)(Gry) £ > Rep(L)Z(1) RS
r H%
(f2)
sm ¥
Pervr, o) (Gry") e Rep(L)sm

Here every face is labelled with an already-defined isomorphism of functors except
the front face marked with “?". Since I : Rep(L)sm — Rep(L)?H) is full and
faithful, there is a unique isomorphism with which to label the front face so as to
make the cube commutative; see Example for this principle.
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6.3. Proof that the prism (3.4) is commutative. Consider the following prism,
which is trivially commutative because every face is labelled by an equality:

Rep(G)sm g Rep(é)z(é)

R¢ ) Xi‘i
R
(6.8) RS . .
3 Rep(L)sm i Rep(L)Z(L)

/Ré l /L
s T nz(f) Bf

Rep(T)sm o Rep(T)%(™)

T

Since 1% : Rep(T)sm — Rep(T)Z(T) is faithful (indeed, an equivalence), to prove
that (3.4) is commutative it suffices, by the principle of Example to prove the
following result.

Proposition 6.4. The prism

sm H%oycs;"‘ . .
Pervg (o) (Grg') Rep(G)Z(G)
R RY
RZ
nE sm 7\ Z(L
Pervy o) (Gri") Sorr Rep(L)%(H)
R l et
Pervy (o) (Gry') — Rep(T)%(T) ~7
Iz057

obtained by gluing (3.4) and is commutative.

Proof. This prism can be obtained by an alternative gluing procedure, in which
the pieces to be glued are the commutative prisms in Lemmas and and the
commutative cube (6.7)) in its (G, L), (L,T), and (G, T) versions. O

7. THE SPRINGER FUNCTOR AND RESTRICTION TO A LEVI

In this section our aim is to define an intertwining isomorphism R%f 0Sg <—
SroR§ that makes the prism ([3.5) commutative, with the transitivity isomorphisms
for R%f and RY defined as in Section

7.1. Restriction for equivariant derived categories. Our first step is to pass
from categories of equivariant perverse sheaves to equivariant derived categories.
Recall the functor RY : D2 (Ng) — DR (VL) defined in There is a transitivity

isomorphism for this functor, namely an isomorphism

(7.1) RG «— REoRE : DR(Ng) — D(Np),
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defined by the following elaboration of (4.33]):

ForG (.)! () For?
Dg(Ng) — Dp(Ne) — Dp(Np) = Dp(N) — Dp(NL)
P P P Forg L
ForG Forp Forp Forp Forg
orp
.)! Vs ForZ
Diy(NG) 5 Di(Np) 2 Dh(NL) =5 D (L)
» O O 0%
Vs ForZ
(7.2) Dy (W) 5 Dh(No) =5 DE(No)
o () ()
b Forg b
D (N7) — D& (NT)
Fm% For%
Dp(NT)

Recall also that we have defined an isomorphism RY o For <= For o ﬁf in (4.28)).
Lemma 7.1. Isomorphism (4.28)) is compatible with transitivity in the sense that

the following prism is commutative:
F
Dh(Ne) o DP(N)
RE RE
RE

RE

DY (NL)
— %

DP(N1)

& /R%
D(Nr)

L
T

DY (Nr)

For

Proof. By definition, this prism is obtained by gluing together cubes and prisms
whose left faces are the squares and triangles in , and whose right faces are the
non-equivariant analogues. These are commutative by Lemmas [B.12(a)], [B.12(c)}
IB.12(f)| [B.13(a)} [B.13(d)| and [B.14(a)l (Recall that For : DY (X) — DP(X) is the

same as Forﬁ} 2 O

Now consider the diagram
Perv; (Ng) o Perve (Ng) Se, Rep(W¢)
(7.3) ﬁfl Rfl leg
Perv, (N7) —2> Pervy (N,) S Rep(W7r)

(where the left-hand square is well defined by Proposition and Remark [4.12)).
Our goal in this section is to define an isomorphism for the right-hand square in
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(7.3) and show that it is compatible with transitivity. We already have such an
isomorphism for the left-hand square, and it is compatible with transitivity by
Lemma Since For : Pervg;(Ng) — Pervg(Ng) is an equivalence, it suffices
to define an isomorphism for the outer square in 7 namely an isomorphism
R%f 0S¢ oFor <= Sy oForo 7%%;7 and show that it is compatible with transitivity
(see Example for the principle involved here).

Now S¢ o For : Perv;(Ng) — Rep(Wg) is clearly isomorphic to the functor
St : Pervi;(NG) — Rep(W¢) defined on objects by M Homper,, (nvg) (SPr,, M),
where by abuse of notation we let Spr , denote the object of Perv; (Ng) defined in
the same way as the object of Pervg (Ng) with that name. The following observation
allows us to consider Si, instead of S¢ o For.

Lemma 7.2. Suppose we have an isomorphism
(7.4) R oSy <= S}, oRY

that is compatible with transitivity in the sense that the following prism is commu-
tative:

Perve; (NG, k) g Rep(Wg, k)

RE . Ryvs
ng

Perv’; (N7, k)

/ﬁ

Perv/, (N7, k)

RE

L
T

St
Then the isomorphism R%f 0Sqg o For <= Sy, o For oﬁ% defined as the composition

7.4 ~ ~
(7.5) RIS oS¢ o For <= R}/ oSy S} o R <= SpoForoRY
is also compatible with transitivity.

Proof. This is immediate from the pentagon interpretation (A.8]) of commutativity
of a prism. O

The functor Sj; extends to a functor D2(Ng) — Rep(W¢) defined on objects
by M — Hompp (n) (Spr,, M). We will denote the latter functor by S¢; also. Our
conclusion is that it suffices to define an intertwining isomorphism

DE(Ng) —2s Rep(Wo)

(7.6) 7 Rt

D} (N2) —5— Rep(1V2)

and show that it is compatible with transitivity.
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7.2. Induction. Now, recall the left adjoint fLG of ﬁf defined in There is a
transitivity isomorphism

(7.7) 16 «— TkoIS : DR(Ny) — D2(Ng)

defined by the following pasting diagram:

DY(Ng) <& Dh(Ng) £ Dh(Wp) £ DY (W) 42 DE (A7)

p y y AN |
D (W) < DY (W) 5 DY (A7) 25 DA

- OF OF )
(78) Dy (Wg) £ Dy (W) <5 D(Ne)
" Ok Ok

D7 (Nr)
We can express the functor Si; as the following composition:

—(Spr,,)
2Prg

D2(Ng) — Mod(k)PeWNe)™ Rep(W¢)

where Y is the Yoneda embedding for Dg(Ng) (see §B.1.3) and —(Spr,,) is the
functor of evaluating on the object Spr , of D2 (Ng), on which W acts. Thus we
are led to consider the diagram:

—~(Spr,,)

DY (Ng) ks Mod (k) P& Ne)*™ Rep(We)

(7.9) RS l l—o(ff)w Ry
op —(Spr,)

DY (V1) ———— Mod (k) PE V) > Rep(Wy)

Note that — o (fg)"p has its own transitivity isomorphism, defined by the pasting

diagram obtained from (|7.8)) by replacing every category C with Mod” and every
functor a with — o a°P, reversing all arrows. We will still refer to this isomorphism

as isomorphism ({7.7).
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We have an isomorphism for the left-hand square in (7.9)), namely the following
composition of adjunction isomorphisms:
(7.10)

For@ (mp)" (pp)s Forf,
DR (Wg) ——— Dh(Ng) ————— DR(Wp) ———— DR(Ny) ——— DY (W)

_ Gyop — op *,0p _ Pyop
o (v§) o (mp)] 5o (pp)™ ° ()
MPE NP ——5 DR (We)°P —— PhWp)°P ——— 5 DR(NL)P ——=5 DR (V)P

(Here, to save space we have written M for Mod(k).)

Lemma 7.3. Isomorphism (7.10) is compatible with transitivity in the sense that
the following prism is commutative:

DE(Ng) - Mod (k) P& We)®?
R{ ) —o(Zf)™®
—o(ZF)°P
ﬁc O
’ DY (NL) - Mod (k) P2 (V)™
R e
DY.(Nr) T Mod (k)P W)

Proof. By definition, this prism is obtained by gluing together cubes and prisms
whose left faces are the squares and triangles in (7.2]), and whose left-to-right edges
are all Y. These are commutative by Lemmas|B.2(a)| [B.2(b)] [B.11(a)}|B.11(b)}

O

B.11(c)

By Lemma [7.3] and the gluing principle, what remains in order to construct
isomorphism and prove its compatibility with transitivity is to define an
isomorphism for the right-hand square in and prove its compatibility with
transitivity. Note that we can think of Ws and Wi, as one-object categories, and
then Rep(Wg) = Mod(k)"W¢, Rep(Wr) = Mod(k)"V=. So it suffices to define an
isomorphism

Spr
We ——<— DE,(Ng)
(7.11) z¢

Wy —g— Dy (ML)

r
—L

(where the left vertical arrow is the inclusion, and the left-to-right arrows are those
giving the Wg-action on EG and the Wp-action on EL) and to prove that this
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isomorphism is compatible with transitivity in the sense that the prism

Spr
Wea —< Dg (N G)
* FG
\ s Iz
WL Spr DE (M)
/ . /f%
W = Db.(N7)

T

is commutative. In plain terms, this amounts to defining a W -equivariant isomor-
phism Z{ (Spr ) = Spr o such that the following square of isomorphisms in D2(Ng)
commutes:

I (Spr, ) ————= Spr,,

(7.12) zT Tz

TG (Tk(Spr,)) ——= I (Spr,)

Remark 7.4. In the case k = Qy, the existence of a Wp-equivariant isomorphism
If(mL) = Spr,, is a special case of [L2, Theorem 8.3].

7.3. From Spr to Groth. By definition of the Wg-action on &G’ we have a Wg-
equivariant isomorphism Spr , = (ig)*Grothg[—r] where iy : N < g is the inclu-
sion and r = rank(G). So the functor Spr, : Wg — D2 (Ng) is isomorphic to the
composition

Groth, (ig)®

We = Dg(g) D&(Ne).

(Here and below we use the notation (-)¢ := (-)*[~r].) Using the same principle as
in Lemma it suffices to define an isomorphism

(i4) ¥ Groth
Wea e AN D%(NG)

g

Wi, D®(N1)

(i[)OGrothL

and show that it is compatible with transitivity. Thus we are led to consider the
diagram:

(ig)®

Groth,

Weo D) Db (V)
(7.13) T ng ng
W, — 2= by ph )

=G . .
where Z; is defined as the composition

2 OX O
D (1) —Dp(1) Dp(p) —
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(Here, as usual, the morphism p — g is the inclusion, the morphism p — [ is the

projection, and P acts on [ via the projection P — L.) Note that ff has its own

transitivity isomorphism

(7.14) T0 = TV 0Tk

defined by a diagram analogous to (7.8)) where Ny is replaced by § throughout.
We have an isomorphism for the right-hand square in ([7.13)), given by the fol-

lowing pasting diagram:

(7.15)

V8

Dp(s) ——— D (0)

L ()

Db (1) — = Dh(1) — L Dh(p) —

()© (i)® (ip)® (ig)® (16)°

DYNL) —5— DpNL) 57 DeWp) s Dp(Ne) —&— DeWa)

(mp)
(where iy, : Np — p is the inclusion).

Lemma 7.5. Isomorphism (7.15) is compatible with transitivity in the sense that
the following prism is commutative:

(i5)°
De(g) De(Ne)
z¢ i s
¢
fg b b
Dh() — D)
D(t) Dy(Nr)

(i)
Proof. By definition, this prism is obtained by gluing together cubes and prisms

that are commutative by Lemmas [B.6(c), [B.7(b)l [B.8(c)l [B.12(g)} [B.13(e)] and
IB.14(b)l All the required cartesian squares are obvious. O

So all that remains is to define an isomorphism for the left-hand square in (|7.13)
and show that it is compatible with transitivity. In plain terms, this amounts to
defining a Wy -equivariant isomorphism

(7.16) ff(GrothL) 5 Grothg,
such that the following square of isomorphisms in Dg(g) commutes:
T, (Groth, ) ———— Groth,;
(7.17) zT Tz
T (Tr(Grothy)) —— 7 (Grothy)

7.4. Another induction functor. Now recall that Groth, = (ug)ike 5, [dim g
where p; : G xP b — g is the Grothendieck-Springer simultaneous resolution,
and k¢, 5, denotes the constant sheaf on G x? b. This motivates us to introduce
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another kind of induction functor, Z§ : D2 (L x ¢) — DR(G x P b), as the following
composition:

P Y iy
D (L xC ¢) 225 DL xC ¢) L5 (P xB 1) L Dh(G %P b)

"/G
22 D (G xB o).

(Here, the morphism PxZb — L x%¢ = P xP ¢ is induced by the projection b — ¢,
the morphism P xZ b — G xP b is the natural inclusion, and P acts on L x© ¢ via
the projection P — L.) This functor has its own transitivity isomorphism, defined
by the following pasting diagram (where all morphisms are the natural ones):

(‘) ()"

G P
Y vy
DE(G x B b) ¢= D(G xB b) «= DR(P xB b) <= DY(L xC ) <& DY (L xC o)

P P P 76 L
a B B B Tc
B
b By O 5o O b ey 2 c
DY (G xB b)) «= DY (P xBb) «— DY(L x ¢) = D2(L xC ¢)
o) () () OF
. B
(7.18) DY (B xP b) 24 DY (C xcc)ﬁpg(c xC ¢)
)® “) “)

B
yC
DY(T xT t) «— D2(T xT )

DE(T xT )

We have an isomorphism (pg); 0 LG <= ff o ()1, defined by the following
pasting diagram:
(7.19)

P B
L () () P
DY (L xC ¢) ——— DR(L xC ¢) ——— DY(P xBb) ——— DH(G xB b) ——— DL(G xPb)

(ki) (1o (kp)t (gt (g)

DY (1) —_— DY (1)

Db
P BE P(P)

DY (9) DL ()
O rie e e

(Here, p1p : P xP b — p is the morphism induced by the adjoint action of P on p.)
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Lemma 7.6. Isomorphism (7.19) is compatible with transitivity in the sense that
the following prism is commutative:

DE(G x5 b) (o) Dg(a)
z¢ f 7
75
5 b
DE(L XC C) (Hl)' DL([)
/;g /fL
DE(T xT't) Db (¢) T

(ko

Proof. By definition, this prism is obtained by gluing together cubes and prisms
that are commutative by Lemmas [B.6(b), [B.7(a)l [B.8(a)] [B.12(h), [B.13(f)] and
All the required cartesian squares are easy. O

7.5. Definition of (7.16) and commutativity of (7.17). Neglecting the Wg-
action for now, we may think of Groth. as the composition

k[dim g]
_—

1 DB(G x B b) M Dg(g)

where 1 is the trivial group regarded as a one-object category. So to define an
. . =G ~ . .
isomorphism Z; (Groth; ) — Groth,, we need to consider the diagram:

k[dim g]
1———=Dg(G x"b) D¢ (g)

m\ IET IET
e AR——

Db (L xC o) — M pby

(ko)

(7.20)

We have just defined an isomorphism for the square in ((7.20). An isomorphism for
the triangle, or in other words an isomorphism Z¢ (k[dim []) = k[dim g], may be
defined by the following pasting diagram (see §B.1.4] §B.10.3] and §B.18.4] for the
notation):

G
b B ve (h b B
D& (G X7 b) «—— Dp(P x7 b)

K[dim g] k[dim I]

(7.21) L RN

P
k[dim [] L

DY (L x€ ¢)
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Lemma 7.7. Isomorphism (7.21) is compatible with transitivity in the sense that
the following tetrahedron is commutative:

DL (G xB

e \9
]k[dlm [

Db(L x €

k[m /

DY (T xT

Proof. By definition, this tetrahedron is obtained by gluing together things that are
commutative by Lemmas [B.15(b)l [B.16(b)}, |B.19(c)} [B.20(c)| and [B.21(c)l O

The diagram is now complete, so we have our isomorphism fg(Groth L) =
Groth,. Gluing together the prism in Lemma[7.6]and the tetrahedron in Lemmal7.7]
we obtain a tetrahedron whose commutativity means exactly that diagram (7.17)
commutes. At this point, there are no further compatibilities with transitivity to

. . . . =G ~ .
check. All that remains is to prove that our isomorphism Z; (Groth; ) — Groth is
W -equivariant.

7.6. Wp-equivariance. Now let jg : g™ < g be the inclusion of the open subset
of regular semisimple elements. Recall that j; : End(Groth;) — End(j;Grothg)
is injective (and even an isomorphism). So it suffices to prove that the induced

isomorphism ng L(Groth L) = JgGrothg is Wi-equivariant.
By base change, we have an isomorphism

(7.22) JaGrothg = (g )ik[dim g],

where p : G xP (b N g™) — g™ denotes the restriction of g to uy'(g"™). It is
well known that g’ is a Galois covering with group We, so (,U,;S)!]k is isomorphic to
a rank-|Wg| local system on g™, and carries a natural Wg-action (see e.g. §B.22)).
By definition of the Wg-action on Groth,, isomorphism is Wg-equivariant.

Define a functor ’Sff : DR (1N g*%) — DL (g") as the composition

e

oN () N
—— Dg(g").

P

Dy ((N g™) —>Dh(INg™) ——= Dh(p N g™) — Dp(g"™)
Here we have simply taken the definition of ff and intersected every variety with
g™. Note that [N g™ is an open subset of [". Let j{ denote the inclusion of [N g*®
in [, and p;>’ the restriction of p to py (1N g™).

We have an isomorphism jg ojf <= rsffO( Jji)*, defined by the following pasting
diagram:
(7.23)

L ()" o g
Db (1) —=— DY (1) ———— Dy (p) ——— Dh(g) ——— D (g)

Gn* Gn* Gp)* (Gg)* (3g)*

DY (1IN g™) — Dp(INg™) = Dp(pNg™) —5— Dh(g™)

= = Dl (g™)
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(Here, j, : p N g™ < p is the inclusion.)

We can modify the definition of lg in exactly the same way to obtain a functor
STE DY (L xC (cng™)) — DR(G xB (b g™)). This functor is related to Z¢ by
a diagram analogous to (7.23)), namely we have an isomorphism
(7.24) (ko)* 0 Zf <= ™IF o (k)"
where kg : G xB (bNg™®) — G xBband k[ : L x¢ (¢cNg™) < L x% ¢ are the
inclusions. The functor rst is also related to “‘Tf by a diagram analogous to
(7.19), namely we have an isomorphism
(7.25) (1) 0 "IF = T} o (™).

Lemma 7.8. The cube

D(G %P b) o) DY, (g)

N%)* : \W

2| [D&(G x” (6N ™)) ——rm D (™)
' z
(7.26) o :
B9 \
DY (L x% ) (o) » D (1) “Iy

\ e G07
(kD"

Di(L xC (cng™)) Dp(Ing™)

>N

15 commutative.

Proof. By definition, this cube is obtained by gluing together cubes that are com-
mutative by Lemmas [B.8(a)} |B.8(c)| and [B.14(b)| (used twice). O

We also have an isomorphism
(7.27) =2 (k[diml]) 5 kldimg,
defined by the obvious analogue of .
Lemma 7.9. The pyramid

D2(G xB b)

rSIGYDE(L x¢)
=r

A)*

DY (L x¢ (¢ g™))
s commautative.

Proof. By definition, this pyramid is obtained by gluing together things that are
commutative by Lemmas [B.16(b)[ and [B.21(c)| O
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Combining isomorphisms ((7.25) and ([7.27)) we obtain an isomorphism
(7.28) SZE (1) k[dim ) 5 (ug)k[dim g].

Gluing together the cube in Lemma[7.8 and the pyramid in Lemma [7.9] we obtain
the following commutative pyramid:

De(9)

(4g)*

D e TP
(729) 15 Groth
e DLO)
(1) kfdlim 1
Go”
Dp(tng™)

where the hidden face on the bottom is labelled by the obvious analogue of (7.22)).
This means that the following diagram of isomorphisms in D2 (g) commutes:

=G QO
JaZp (Groth;) JgGrothg

(7.30) (n)zl lz(m)
=G/ ., QD =G, sy . ) ) .
S5 (0 Grothy ) —=="Z; ((u™")ik[dim []) —— (p5’) k[dim g]

All the objects in this diagram are endowed with an action of Wy. (In partic-
ular, the action on (u;™')k[dim ] is induced by the Wr-action on L x© (¢ N g™)
obtained by restriction of the action on L x© (¢ N [*) considered in ) We want
to prove that isomorphism (I) in is Wy-equivariant. Isomorphism (II) is
clearly Wp-equivariant, because it arises from an isomorphism of functors applied
to Groth;, and the Wp-actions are those induced by the Wrp-action on Groth;.
As remarked above, isomorphism (IIT) is Wg-equivariant by definition of the W-
action on Groth, and isomorphism (IV) is Wi -equivariant for the same reason. So
it suffices to prove that isomorphism (V), namely (7.28), is Wp-equivariant.

Now is by definition the composition

~

ST (™ el ) — = ()L (i 1) — > (27) [ dimn g,

where the first isomorphism comes from 7 and the second comes from .
The second isomorphism is obviously Wg-equivariant, because the Wg-actions on
its domain and codomain come about purely because i’ is a Galois covering with
group We. So it suffices to show that the first isomorphism is Wy -equivariant. Un-
ravelling the definition of this isomorphism similarly, we see that it suffices to prove
the Wi -equivariance of the isomorphism 'ygw(uf)fk[dim = (,ugs)g’ygvgk[dim 0]
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coming from the following pasting diagram:

G
1 s v s
DR(P xB (b g™)) ——— DH(G xB (6N ™)) ——— DE(G xB (61 ¢™))
(y"n (wg (W)
DR (p N o™) - Dp () —————F5—— Dg(a™)
! e

. . 3,/ « . . . . .
Here, v and v are the inclusions and py,”" is the obvious restriction of i, which is

a Galois covering with group Wy. This is a special case of Lemma [B:22]

7.7. Exactness of S¢g. As a consequence of the intertwining isomorphism for Sg,
we have:

Proposition 7.10. The functor Sg : Pervg(Ng, k) — Rep(Wg, k) is ezact.

Proof. Since R%;’ is exact and faithful, it suffices to show that R%ﬁ oS¢ is exact.
But we now know that R%ﬁ o S¢ is isomorphic to St o Rgﬁ . As seen in t St is
an equivalence, and Rg is exact by Proposition [

8. COMPUTATIONS IN RANK 1

What remains is to prove Theorem [3.3]in the special case where G has semisimple
rank 1. Since all the functors involved in the statement of Theorem [B.3are invariant
under the replacement of G by G/Z(G), it suffices to consider the case where
G = PGL(2), and we assume this throughout Section [8 The arguments for this
group exploit the following two key facts:

(1) There is a specific object T € Pervg(o)(Grg', k) that plays a role analogous
to that of Spr € Pervg(Ng, k). There is an action of W on Tz, and this
enables us to define a functor

T = Hom(72,—) : Pervgo)(Grg', k) — Rep(Wg, k),

which acts as an intermediary between .#&" and Sg.
(2) Because W is abelian, the action of its nontrivial element s on a represen-
tation is actually a morphism in the category Rep(Wg, k).

8.1. Notation and preliminaries on 7. For brevity, we will write Gr for Grg,
W for W¢, and likewise for other notation involving G. The nontrivial element
of W is denoted s. Fix T' C G to be the maximal torus consisting of images of
diagonal matrices, and fix B C G to be the Borel subgroup consisting of images
of upper-triangular matrices. The coweights (resp. dominant coweights) of G are
naturally identified with Z (resp. the nonnegative integers).

We will make particular use of the geometry of the three G(9)-orbits Gr%, Grt,
and Gr?. For i € {0,1,2}, let j; : Gr' < Gr be the inclusion map. For any finitely-
generated k-module M, we write

IC; (M) = (i) (M), Ay(M) = "(ji) (M), Vi(M) = "(ji)«(M).

These are perverse sheaves supported on Gr'. Because Gr' C Gr is closed and
isomorphic to P!, there is a canonical isomorphism

(8.1) 101 (k) 2 ke [1].
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Set V' := H*(IC:(k)). This is a free k-module of rank 2. Moreover, the action
of G on V defines a canonical isomorphism

G = SL(V).
The torus 7" is the subgroup of G consisting of elements which stabilize the decom-
position V = H'(IC;(k)) ® H~"(ICy(k)). By definition, the category Rep(G,k)sm
is the category of G-modules whose T-weights belong to {—2,0,2}, and Gr*™ =
Gr U Gr.
The following object will play a key role throughout this section:
To = ICy (k) *IC; (k).

Since #¢ is a tensor functor, we have Z5(T2) = V ® V, which clearly belongs to
Rep(G,k)em. Let
n:Te = T

be the involution induced by the commutativity constraint on Pervg(o)(Gr), or in
other words the unique endomorphism of 75 such that

Fan) VeV = VeV is given by TRY — Y.

The involution 1 defines a W-action on 73, and hence a functor T = Hom(7z, —) :
Pervg(o)(Gr™, k) — Rep(W, k), as mentioned above.

We now recall the definition of n given in [MV2]. The construction involves
global versions of the affine Grassmannian over various schemes. Consider the
diagonal embedding A' — A2, and let U C A? be its complement. Let W act
on A? by exchanging the two copies of A, and let A = A2/W. Finally, let
U =U/W c A®. We have the following commutative diagram in which every
square is cartesian.

Gr! X Gr' —= Grj, X Grys <—— (Gry: x Gry1)|y

|

(8.2) Gr™ c Gri% < (Gry, x Grj.)|u
Gr®™ - Grilz - Griy

Here, (Gri: x Grj:)|y denotes the preimage of U C A? under the natural map
Gri: x Gry, — A2, This diagram is explained in a general setting in [MV2, §5]. For
a concrete description in the case of PGL(2), see the proof of Lemma below.

Next, let o : (Grix x Grii)|y — (Gri: x Grii)|y be the involution of swapping
the factors, and let o’ : Griz — Grjz be the involution induced by the W-action on
A?. We have o’¢’ = ¢’ and o’u' = u/o.

By definition, 75 = m(IC;(k) W IC;(k)) = mi(kg ¢ )[2], where the latter
isomorphism uses . By base change, we obtain an isomorphism

T2 = (e)*(m) (kGril %G, )[2].
Since m/’ is small and proper, this gives rise to an isomorphism

(8.3) To = (¢)"ul, (Ko, xart, o [4) -2
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. . ~ ok . o .
The natural isomorphism k¢ =X k(fov xGr! )l induces an isomorphism

riy xGryy)lu
(8.4) u;*(k(Grileril)WM]) = (U/)*u;*(k(GrélXGril)\U[ZLD‘
Then the involution 7 is the composition

(8-3)

1115

T2 (e')"ul, (k(cr}ﬂ1 xGrl )|y [4}) [—2]

() (o) ui, (k(crg1 XGrl )|y [4])[-2]

102

IR &

(e') ur, (k(Gril xGrl)|u [4])[-2]

®
12

Ta.

It is convenient to have an alternative description of 1. By base change and
using the fact that @’ is a finite morphism, (8.3) can be rewritten as

1%

T2 = e (@), (k(Gril xGri )y [4])[-2]

e’ u (@K 6t x|, [41) [~2)-

1

Lemma 8.1. Consider the involution of @k wgn ), resulting from the natural
A A

lv
isomorphism k(GjMGF;l)\U = a*k(GT;1XGri1)\U' The induced involution of To =

6*u!*(w!k(6fi\1 <Gr! )y [4)[—2] is exactly .

Proof. This follows by applying the appropriate parts of Lemmas [B.7] and [B-§] to
the diagram

7
G e Grs® u (Griy x Gryd)|o
o
~
\ sm e’ ‘ Gr® u’ ‘ UG 1 G 1
Gr l e l (Gran x Grya)|u
w/ w
’
W
Grsm ¢ GI’K?Q) m Gr?}r) “
\
\ sm \ G sm \ G sm
Gr € Fa® u rys
in which every square is cartesian. [

8.2. Geometric properties of 73. For PGL(2), the map 7 : M — AN is an
isomorphism of varieties. In this section, we will identify M with A via this map.
With this identification, we can extend the embedding j : N' — Gr®™ to a ‘global’
version. Note that N can also be identified with the nilpotent cone in the Lie algebra
gl(2) of the larger group GL(2), and that PGL(2) acts on gl(2). In the following
lemma we denote by gl(2) the Grothendieck—Springer resolution (see for the
group GL(2).
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Lemma 8.2. There is a commutative diagram of PGL(2)-equivariant maps

i)

vV gl(2) ——" gl(2)s
N ~ ~g( )\JJ ] £~1() J
i Gr! X Gr! ————— Grhy X Grh, «“—— (Griy x Griy)|y
m l”gl@) o'’ lu;s[@)
N —2 al(2) — k() A
Gr™ = Gritz) m e

FEvery square in this diagram is cartesian. Moreover, the isomorphism
(8.5) Spr = Ug(T2)
defined using base change for the left-most square is W -equivariant.

Proof. For the commutativity and cartesianness, we give only a brief sketch of the
argument. (A closely related result for GL(n) is proved in [Maul §1.4] using earlier
constructions in [MVy].) We start by interpreting the various affine Grassmannians
in terms of lattices. Specifically, let £ := D% C £2 be the standard O-lattice in &2
with natural basis (e, e2). We have identifications

Gr™ = Gr? = {L£y C 82| Ly C t 'Ly and dim(t ™' Lo/ L) = 2},
Gr' X Gr! = {(L£1,Ls) | Lo C Ly Ct7 1Ly, dim(L1/Ly) = dim(t 1 Lo/L1) = 1}

(where the £;’s are implicitly required to be O-lattices). The image of the embed-
ding j : N — Gr*™ is given by

N = {L£y € Gr*™ | the images of t~'e; and ¢t ‘e, form a basis of t 1 Lo/Ls}.

The global versions can be described using C[t]-lattices in C(¢)2. Let £o := C[t]?
be the standard lattice. We have:

GrR"('z) = {£2 C C(t)2 ‘ 2/2 C t71£0 and dim(tilgo/gg) = 2},
Gri: X Gry: = {(£1,£2) | £2 C £ Ct71€, dim(L,/L2) = dim(t™1Lp/L1) = 1}

(where £;’s are required to be C[t]-lattices). It is left to the reader to supply explicit
descriptions for the images of j/ and 7 and for the maps e and €. It follows from
those descriptions that the left-hand cube is commutative and that each square in
it is cartesian. The same holds for the right-hand cube because it is obtained by
forming pullbacks with respect to the inclusion U’ — A, N
Finally, recall that the W-action on Spr is defined using its action on gl(2)™.
Since this is just the restriction of the W-action on (Grj: x Grii)|y, it can be
seen from Lemma [8.1] and several applications of Lemmas and that the
isomorphism is W-equivariant. (I

Lemma 8.3. The functor g : Pervg(o)(Gr'™, k) — Pervg (N, k) is fully faithful.

Proof. Let Z C Gr"™ be the complement of the open set j(N) C Gr*™. This is
a closed, G-stable (but not G(9)-stable) subset of Gr®. It is well known that
Jix : Pervg (N, k) — Pervg (Gr™ k) is fully faithful, and that its essential image is
the full subcategory P? C Pervg(Gr'™, k) of perverse sheaves with no quotient or
subobject supported on Z. Moreover, j' is left inverse to ji.. In particular, j'|pz is
fully faithful. It is clear that Pervg(o)(Gr*™, k) C PZ, so the result follows. O
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In fact, U is an equivalence of categories (see [Mau, Theorem 1.3.1]), but we
will not need this stronger result. Lemmas[8.2]and 8.3 have the following immediate
consequence.

Corollary 8.4. There is a natural isomorphism of functors T <= Sg o Y¢.

8.3. Algebraic properties of 7. It is well known that 7 is a tilting object. In
particular, we have two exact sequences of perverse sheaves
The representations corresponding to these perverse sheaves under the Satake
equivalence are described as follows. We have .7 (A (k)) = Sc(Vo(k)) 2 k (the
trivial representation), and .#5(72) = V ® V. The sub-representation #5 (A2 (k))
of .Z(Tz2) consists of the symmetric tensors in V@V, i.e. the invariant submodule
of Zc(n). The quotient #(Va(k)) of Z5(Tz) is the symmetric square S%(V).
The following result is a special case of a general fact about stratified spaces, see
[RSW], Lemma 2.1].

Lemma 8.5. Any object of PervG(D)(Grsm,k) s a successive extension of objects
of the form IC;(M) fori € {0,2} and M a finitely-generated k-module.

Lemma 8.6. The object To ® Az (k) is a projective generator of Perve (o) (Gro™, k).

Proof. Recall from Proposition that S¢ = Hom(Spr, —) is exact, so Spr is a
projective object in Pervg (N, k). Tt follows from Lemmas and that 75 is a
projective object in Pervg o) (Gr'™, k).

Next, consider Ay (k). For any object M in Pervg (o) (Gr*™, k), we have

Hom(As (k), M) = Hom (kg [2], Xja) M)

by adjunction. As Gr® is open in Gr*™, the functor X(j»)' = (jo)' is exact, and
P(j5)' M[—2] is a local system on Gr?. As k¢, is projective in the category of local
systems on Gr? (which is equivalent to the category of finitely-generated k-modules),
it follows that Ay (k) is projective.

To finish the proof, it suffices, by Lemma to prove the following claim: For
any finitely-generated k-module M and any i € {0,2}, there exists n € Z>o and a
surjection (73 ® Ay (]k))@” — IC;(M). As the functor IC;(—) preserves surjections,
it is enough to prove this when M = k. However, by definition we have a surjection
Ay (k) — IC3(k), and by there is a surjection 73 — ICq(k). O

Lemma 8.7. (1) The action map kW — End(Tz) is an isomorphism.
(2) The object T(Aa(k)) € Rep(W, k) is a free k-module of rank one with trivial
W -action.
(3) The object T(T3) € Rep(W,k) is a free k-module of rank two on which
s € W acts as T(n).

Proof. Using the two exact sequences together with adjunction and the
fact that 75 is projective, we find an exact sequence
0 — Hom(Ap(k),Vo(k)) — End(72) — Hom(Az(k), Va(k)) — 0.

We also have Hom(Ag(k), Vo(k)) = Hom(Az(k), Va(k)) = k by adjunction, so it
follows that End(72) is a free k-module of rank two. It is spanned by the identity
map together with the composition ¢ : 7o — T3 given by

T2 — Ag(k) = Vo(k) — Ta.
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It is easy to see from the above description of the representations corresponding to
these perverse sheaves that ¢ is (up to multiplication by a unit in k) the action of
1 — s € kW. The result follows.

By adjunction, we have Hom (A4 (k), Ag(k)) = 0. It then follows from the first
short exact sequence in that we have an isomorphism Hom(A(k), Ag(k)) =
Hom(72, Ap(k)). In particular, the last term in the following short exact sequence
is a free k-module of rank one:

0 — Hom(72,As(k)) — End(72) 2 Hom(Tz,Ag(k)) — 0.

Thus, Hom(73, A2(k)) is identified with ker p, or, equivalently, with keri o p, where
i is the injective map Hom(7z, Ag(k)) — Hom(73,72) induced by the inclusion
Ag(k) = Vo(k) = T2. Now, iop : End(72) — End(7z) is induced by composition
with the map ¢ defined above. It follows that

Hom(7z2,A2(k)) = {a € kW | (1—s)a = 0} = k-(1+s) C kW.

Thus, Hom(73, As(k)) is free of rank one over k, and W acts on it trivially.

By definition, T(72) = Hom(7z, 72), which is isomorphic to kW as seen in
part . The action of s on T(7z2) comes from applying the involution 1 to the
first copy of T3 in Hom(73,72), so it corresponds to right multiplication by s on
kW. The action of T(n) on T(7z2) comes from applying 7 to the second copy of Tz
in Hom(73,72), so it corresponds to left multiplication by s on kW. Since kW is
commutative, left and right multiplication are the same. ]

An easy calculation with explicit generators for V ® V', left to the reader, yields
the following fact.

Lemma 8.8. The restriction of Sg"(n) : VRV - VeV to (V® V)T s the
action of s € W on &x(V V).

8.4. Proof of Theorem 3.3|for G = PGL(2). Asin we have an isomorphism
¢ : For'V odso0. 75" = For' 0SgoUg.

All we need to show is that for each object M € Pervg(o)(Grg', k), the map of

k-modules ¢ys is actually W-equivariant. Let ¢¥as @ Sg(Pe(M)) — T(M) be the

isomorphism deduced from Corollary By definition 1), is W-equivariant, so it
suffices to show that the composition

S = For'" (Yar) o dar = For'™ (@ (SE"(M))) — For' (T(M))
is W-equivariant. The functors ®5 o g™ and T are exact, so by Lemma it is
enough to prove this for M = T3 and M = Ay (k).

Suppose first that M = Ay(k). One can easily check that @ (78" (Az(k))) is
the trivial W-module (free of rank one over k). The same description applies to
T(Az(k)) by Lemma B.7[2), so any morphism of k-modules @ (L& (A2 (k))) —
T(As(k)) is W-equivariant.

Now suppose that M = T5. Since ¢’ is a morphism of functors, we have

(8.7) o7, o For'™ (@(E" (n)) = For'™ (T(n)) o ¢7,.

By Lemmas 8.8/ and [8.7)(3), the maps ® (g™ (n)) and T(n) each coincide with the
action of s on the appropriate object. Thus, (8.7) says that ¢7- commutes with the
action of s, as desired.
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APPENDIX A. COMMUTATIVE DIAGRAMS IN 2-CATEGORIES

Many of the arguments in this paper require us to keep track of equalities of
natural isomorphisms of functors, which means that we are effectively working in
the 2-category Cat (see [MacLl §XIIL.3], [KS]). To carry out computations in this
setting, we need some basic facts about commutative diagrams in 2-categories. In
this section, we summarize these facts for the benefit of readers who are familiar
only with ordinary 1-categorical diagrams (as were the authors, before this project).

We apologize to category theorists for the informality and narrowness of our
exposition. The ‘correct’ level of generality is that of Power’s n-categorical pasting
theorem [P2], but the cases of that result that we need are so special that explaining
them in their own right is easier than explaining how to see them as special cases.

A.1. The definition of commutativity. Let us first review the definition of a
commutative diagram in ordinary category theory. A diagram in a category A can
be defined as a pair (T, f), where I is a finite directed graph and f is a labelling
of ' in A: to every vertex v of I' we assign an object f(v) of A, and to every arc
e with source v and target v’ we assign a morphism f(e) : f(v) = f(v/). Iif yis a
directed path in I' with initial vertex v; and final vertex wvo, then the labelling f
(or more correctly, its restriction to ) defines a morphism f(v) : f(vi) — f(v2),
namely the composite of the labels of all the arcs in the path. One says that the
diagram (T, f) is commutative if, for any two directed paths 7,+" in I’ with the
same initial and final vertices, we have f(y) = f(v/).

The 2-categorical analogues of these concepts are as follows. A diagram in a
2-category A is a triple (T, A, f), where (', A) is a 2-computad and f is a labelling
of (T, A) in A. Here, following [P2], a 2-computad (T, A) is a pair of finite directed
graphs where the vertex set of A is a subset of the set of directed paths of I", and
every arc of A joins two directed paths with the same initial and final vertices.
To define a labelling f of (I'yA) in A, we must first give a labelling of I" in the
underlying 1-category of A, assigning a 0-cell (object) to every vertex and a 1-cell
(morphism) to every arc, as above; then, to every arc n of A, whose source is the
directed path v of I" and whose target is the directed path 7’ of T, we must assign
a 2-cell f(n): f(v) = f(7).

Among all 2-computads, the 2-pasting schemes play the role that directed paths
play among all directed graphs, in that they describe the valid ways to define a
composite of 2-cells, allowing a mix of ‘horizontal’ and ‘vertical’ composition. We
refer to [P2, Definition 2.2] for the precise definition. Up to isomorphism, any 2-
pasting scheme (I'; A) arises from a polygonal decomposition of a convex polygon
in R2, as follows:

e I consists of the vertices and edges of the polygons, with every edge oriented
in the direction of increasing z-coordinate (assume that no two vertices have
the same z-coordinate);

e there is one arc of A for every interior polygon, joining the two directed
paths that make up the boundary of that polygon, and oriented in the
direction of decreasing y-coordinate.
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Example A.1. The following is an example of a 2-pasting scheme, where dots and
single arrows represent I', and double arrows represent the arcs of A:

N
NN

Note that the boundary of the exterior polygon is the union of two directed
paths with the same initial and final vertices. We call these paths the domain and
codomain of (T, A), where the domain is the one with higher y-coordinates. We
are using z- and y-coordinates just to establish consistent orientations, and they
do not always correlate with the horizontal and vertical directions in our pictures.

It is shown in [P, Theorem 3.3] (also appearing as [P2, Theorem 2.7]) that any
labelling f of a 2-pasting scheme (I', A) in a 2-category defines a unique composite
2-cell f(T',A): f(a) = f(B) where a and § are the domain and codomain of (T, A)
respectively. We refer to a diagram (T, A, f) where (', A) is a 2-pasting scheme
simply as a pasting diagram.

In displaying pasting diagrams, we often indicate the arcs of A not by double
arrows but by shaded polygons on which a label (or reference number) can be
displayed more conveniently. This creates ambiguity about which is the domain
and which is the codomain of the 2-pasting scheme, but it does not matter since we
use this method of display only when the 2-cells under consideration are invertible.

Example A.2. A labelling of the 2-pasting scheme of Example in a 2-category
A might be depicted as:

B

A—*—B C
N ¢ ¢
(A.2) D—S . p
n 0
F
Here, the capital letters A, ..., F denote 0-cells of A, and the lowercase Greek
letters a,...,0 denote 1-cells of A with domains and codomains as indicated. In

one of the two possible interpretations of the picture, the named 2-cells are

X doa = v, Y 0ol = n and w:€eof = (o,
and the composite 2-cell defined by the pasting diagram has domain f o e o o «
and codomain 7 o-y. In the other interpretation, the domains and codomains of all
2-cells are switched. If we replace each of x, ¥ and w by a symbol indicating an
inverse pair of 2-cells, the two interpretations of the picture define an inverse pair
of 2-cells foeo foa <= no~.
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We say that a diagram (I, A, f) in a 2-category is commutative if, for any two
sub-2-computads (v, d) and (v/,d") of (', A), which are both 2-pasting schemes and
have the same domain and codomain, we have f(vy,d) = f(7/,¢’). The definition
of sub-2-computad is the obvious one. To restate this definition more loosely, a
diagram in a 2-category is commutative if any two pasting diagrams included in it
that have the same boundary also have the same composite 2-cell.

A.2. Polyhedral 2-computads. Apart from 2-pasting schemes, almost all the 2-
computads encountered in this paper are of a special polyhedral kind, for which
the definition of commutativity can be rephrased in simpler terms.

A convex polyhedron in R? (or rather, its boundary) gives rise to a 2-computad
(T, A) as follows:

e I consists of the vertices and edges, with every edge oriented in the direction
of increasing z-coordinate (assume that no two vertices have the same z-
coordinate);

e there are two arcs of A for every face, joining the two directed paths that
make up the boundary of that face, one arc each way.

When considering labellings of this 2-computad in a 2-category A, we always impose
the extra condition that, for each face of the polyhedron, the 2-cells assigned to
the two arcs on that face are inverse to each other, so that each determines the
other. (Thus, we really have a ‘2-computad with relations’.) For instance, when
A = Cat, such a labelling assigns a category to each vertex, a functor to each edge,
and a natural isomorphism of functors to each face. We simply refer to a cube,
tetrahedron, etc., meaning a diagram in a 2-category (specifically, Cat) obtained by
labelling the 2-computad associated with a cube, tetrahedron, etc. in R3.

Example A.3. Consider the case of a cube in a 2-category A. The 1-skeleton of this
cube, obtained by forgetting A, is a diagram in the underlying 1-category of A, of
the kind that one would ordinarily mean by a ‘cube’:

A Ba B N
1T,
(A3) AU
E L—)F \ L
™ \H

G

“w

That is, the letters A,..., H denote 0O-cells of A, and «,...,u denote 1-cells of
A with domains and codomains as indicated. To specify the full cube in our 2-
categorical sense, we must also specify, for each face, an inverse pair of 2-cells
between the two compositions of 1-cells around the edges of that face. For example,
the face ABCD in the above picture should be labelled by an inverse pair of 2-cells
dof < voa When we want to display the names of these 2-cells (or, more
often, the reference numbers of the results or pasting diagrams that define them),
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we use a picture such as

A .« B
N ~
€ c § ¢ D
(A.4) -
E - " ’
e ————H

To avoid clutter, we sometimes display just the 1-skeleton, when the context makes
clear which 2-cells are meant.

Many of our results, such as the lemmas in Appendix [B] assert that a particular
cube (or tetrahedron, etc.) is commutative. According to the definition of com-
mutativity given in this appears to require a number of different equalities of
2-cells, but in fact the equalities are all equivalent because of our assumption that
the 2-cells assigned to each face are inverse to each other.

Example A.4. Continue with the cube of Example One of the equalities of
2-cells entailed by saying that this cube is commutative is

A%B - A—2 - B .
EL\C 7 5\1) i / lc\D

(A.5) z = Z
E nl / le E——" > \ lo
NG ; H XG 7 #\H

Here we are abusing notation in a natural way, by letting these two pasting diagrams
stand for their composite 2-cells. Observe that these pasting diagrams are what
appear on the ‘front” and ‘back’ of the cube when viewed from the angle suggested
by the picture , with a particular choice of which of the two directed paths in
the visual boundary is the domain and which is the codomain. Other such equations
could be obtained by making different choices of angles and orientations.

However, all of these equations are equivalent to the statement that the following
hexagon of invertible 2-cells commutes, in the ordinary sense of diagrams in the
category of 1-cells from A to H:

fovyou
fodopf AoCoa
(A.6) ﬂ ﬂ
pomnof AoLOE
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Here the vertices of the hexagon are the six 1-cells A — H obtained by composing
1-cells labelling the edges of the cube, and the edges of the hexagon correspond to
the faces of the cube: for example, the 2-cell o do 8 = 0 o~yo« is the one induced
by the 2-cell o8 = yoa labelling the top face of the cube. The particular equation
is obtained by breaking the hexagon into its left and right halves.

This characterization of commutativity immediately implies statements of the
following kind: if the 1-skeleton of the cube has been specified, along with the 2-
cells labelling all faces other than the face ABC' D, and if the 1-cell 8 is such that
every 2-cell 8 o ¢ = 6 o0 is induced by a unique 2-cell ¢ = 1 (for example, if 6
is a full and faithful functor in Cat), then there is a unique way to label the face
ABCD so that the cube is commutative. The reason is that, in this situation, we
have all but one of the edges of the hexagon , so the remaining edge can be
filled in uniquely so that the hexagon commutes.

Similarly, if the missing labels are those of the face EFGH, and if the 1-cell € is
such that every 2-cell poe = tpoe is induced by a unique 2-cell ¢ = 1) (for example,
if € is a full and essentially surjective functor in Cat), then there is a unique way to
label the face EFGH so that the cube is commutative.

Ezample A.5. Because it plays an important role in the proof of Theorem [T.1] let
us examine also the case where the polyhedron is a triangular prism; we refer to a
2-category diagram of this shape simply as a prism. The 1-skeleton of a prism has
the form

A— B
; \cﬁp

(A7)

In fact, a prism can be thought of as a cube in which one face is trivial: namely, in
take G =F, H=F, k=1, A = 1p, p =+, and label the face FEFGH by
the identity 2-cell ¢ = .

The prism is commutative if and only if the following pentagon of invertible
2-cells commutes:

foyoa
(A.8) fodop (oa
tonof LEE

Notice that this condition uniquely determines the inverse 2-cells labelling the face
ABEF in terms of the rest of the data.

A.3. The gluing principle. An obvious yet important fact in ordinary category
theory is that a diagram composed of commutative triangles and squares (say)
joined together along their edges, in such a way that the result can be drawn in
R?, is commutative as a whole. We now want to explain a 2-categorical version of
this fact, which we call the gluing principle. We use this principle throughout the
paper to construct new commutative cubes, prisms, etc. from known ones.
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Ezxample A.6. Let us examine in detail the case of gluing two cubes along a common
face. We suppose we have two consistently oriented cubes in our 2-category A,

A— =B E——F

[V A

N

where the 1-cells and 2-cells labelling the face EFGH are the same in both cubes.
Then we can glue these together to obtain a cube

L\c >, 5

S L L\c |
) L\G -G S L

I\Hg\t Y S

by appropriate compositions of 1-cells and 2-cells as suggested by the picture. Our
claim is that if the original two cubes are commutative, so is the resulting cube.

One way to prove this is to write down the hexagon for the resulting cube,
and show that it can be obtained by joining together two hexagons induced by those
for the original two cubes, and two squares whose commutativity follows from the
2-category axioms. This argument can be found in [HKK| §4]. A similar proof
could be given for every case of the gluing principle that we need, but it would be
tedious to write out when the gluing is more complicated.

A better way to prove the claim is to use pasting diagrams:

(A.10)
— > B

7 NL N

=

NN TN

JE——

e =

K————> L K————> L

e i\ 71’
\H

N<—h=<—2 :]>

/ N / N /
~N<———h <0
N<——g=<—02
<=1

e
~

<~——o<—0U

/

|
:

N<——T=<—10

e
~

Here, each step uses the commutativity of one of the two cubes, expressed in the
form . The conclusion that the composite 2-cell of the first pasting diagram
equals that of the third is equivalent to the commutativity of the resulting cube.

Notice how this argument works visually: the first pasting diagram is what
appears on the ‘front’ of the gluing picture , and the third is what appears on
the ‘back’. The intermediate stage is obtained by ‘passing through’ one of the two
original cubes but not the other.
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This observation suggests a more sophisticated way to express the proof, using
the formalism of 3-categorical pasting [P2]. We can think of A as a 3-category where
the only 3-cells are identities. Then a commutative cube can be regarded as a 3-
computad labelled in A, where the 3-arrow joins the two 2-pasting schemes whose
labellings are the two sides of , and is labelled by the 3-cell that asserts the
equality of those two sides. The gluing picture is a valid 3-pasting diagram, so
it does define a composite 3-cell (this is the composition of the equalities in ),
and that 3-cell asserts the commutativity of the glued cube.

The gluing principle we need is not much more general than Example [AZ6 An
informal statement is: if we take a collection of commutative labelled 2-computads
of the polyhedral kind, and glue them along matching faces in such a way that the
gluing can be depicted in R3, then the resulting labelled 2-computad is commautative.

We will not state the gluing principle more precisely, because we do not need
to give a general proof. For every case of the principle that appears in this paper,
it is evident that one could give a proof consisting of a chain of equalities of (the
composite 2-cells of) pasting diagrams along the lines of , starting with the
‘front’ of the picture and working through to the ‘back’ by ‘passing through’ one
constituent polyhedron at a time. From the more sophisticated viewpoint, what
this means is that every gluing picture is a valid 3-pasting diagram. Representative
examples of gluing pictures are Figure and .

On a handful of occasions, we use a sort of converse to the gluing principle,
which allows us, under certain circumstances, to deduce the commutativity of one
of the constituent polyhedra in the gluing. Again, we content ourselves here with
the example of gluing two cubes.

Ezxzample A.7. Continue the notation of Example Suppose we know that the
cube ABCDEFGH and the glued cube ABCDIJK L are commutative; what can
we deduce about the cube EFGHIJKL? Under these assumptions we have the
first equality in and the composition of the two equalities, so we can deduce
the second equality. If the 1-cell € : A — FE has the property that a 2-cell ¢ =
is determined by the 2-cell ¢ o ¢ = ¢ o € it induces (when this induced 2-cell is
defined), then we can conclude that the cube EFGHIJKL is commutative. (For
example, an essentially surjective functor € has this property in Cat.)

Similarly, if we know that the cube EFGHIJK L and the cube ABCDIJK L are
commutative, and that the 1-cell § : H — L has the property that a 2-cell ¢ =
is determined by the 2-cell 8 o ¢ = 6 o %) it induces (when this induced 2-cell is
defined), then we can conclude that the cube ABCDEFGH is commutative. (For
example, a faithful functor 6 has this property in Cat.)

APPENDIX B. COMMUTATIVITY LEMMAS FOR SHEAF FUNCTORS

This appendix contains a collection of results asserting the commutativity of var-
ious 2-categorical diagrams. The diagrams, depicted in the figures on the following
pages, are all labelled 2-computads of the polyhedral kind described in where
the 2-category is Cat and the categories involved are derived categories of sheaves
on varieties. Thus, the results concern equalities of natural isomorphisms between
sheaf functors.

All varieties and algebraic groups are defined over C, and all sheaves use the
strong topology and have coefficients in the fixed ring k, assumed to be Noetherian
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and of finite global dimension. A few of the analogous statements in the context of
étale sheaves are proved in [Del §5.1, §5.2] (see also [Roul, §12]).

Some explanation on the use of this appendix is needed. Because the results
are so numerous, they are not stated in the usual ‘Lemma—Proof’ format; instead,
references such as ‘Lemma , here and in the main body of the paper, should
be understood as directing the reader to consult part [(d)] of Figure (The sole
exception is Lemma M) Each figure in the appendix mentions a ‘Setting’, which
is usually a certain commutative diagram of varieties and morphisms of varieties,
giving context and notation for the accompanying polyhedral diagrams. The proof
that the diagrams in a given figure are commutative appears in the section with
the same number. (That is, the commutativity of the diagrams in Figure is
proved in and so on.) In most cases, we will only give detailed arguments for
one or two diagrams in a figure, leaving the rest to the reader. We will frequently
use the gluing principle of

Some lemmas in this appendix show only ordinary (nonequivariant) derived cat-
egories, but are invoked in situations involving equivariant derived categories. For
a justification of this, see §B.9] below.

B.1. Notation. Before beginning the proofs of commutativity results, we first ex-
plain and fix notation for the basic isomorphisms of functors we will encounter.

B.1.1. Composition. Suppose we have a commutative triangle of variety morphisms

or in other words an equality f = f2f1. Then we obtain composition isomorphisms
fx = (f2)« o (f1)« etc., which will be denoted as follows:

DP(X) DP(X) DP(X) DP(X)
%)* \(fl))! %)* w)!
I DP(Y) fi DY) f* Dh(Y) f DP(Y)
(F2). — g G
D" (2) DP(2) DP(2) D" (2)

The first isomorphism is defined in [KaS| Equation (2.6.5)]: to construct it, one uses
the fact that, if 9, (f1)2 and (f2)? denote the non-derived direct image functors
(between abelian categories of k-sheaves), the natural morphism of functors

fo = R(f)) = R((f2)20(f1)2) = R((f2)?) o R((f1))) = (f2)so (f1)s

is an isomorphism. The second and third isomorphisms are defined similarly (see
[KaS, Equations (2.6.6) and (2.3.9)]. Finally, the fourth isomorphism is proved in
[KaS| Proposition 3.1.8]. Note that this fourth isomorphism is deduced from the
second one by adjunction, in a sense that will be made precise in Lemma
below.
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Consequently, given a commutative square of variety morphisms

w L x
fal lfz
Y52

we obtain natural isomorphisms (f2)« o (f1)« <= (f1)« © (f3)« etc., by composing
the composition isomorphisms (f2). o (f1)« <= f« and f. <= (f4) o (f3)« where
f = faof1 = fafs. These isomorphisms will be labelled ‘(Co)’ as well.

B.1.2. Base change. Suppose we have a cartesian square of variety morphisms
f’l ] lf
Y——2

Then we obtain base change isomorphisms g* o f <= (f')10 (¢/)* and ¢' o f. <=
(f")+ o (g")" which will be denoted as follows:

Db(X) L)*) Db(W) Db(X) L} Db(W)
fi (f') fe (f")«
DHZ) e DY) DP(Z) — DY)

The first isomorphism is proved in [KaS|, Proposition 2.6.7]. The second isomor-
phism is proved in [KaS|, Proposition 3.1.9]; in fact it is deduced from the first one
by adjunction, in a sense that will be made precise in Lemma [B.3] below.

B.1.3. Adjunction. For any morphism f : X — Y, the adjunctions f* 4 f, and
fi 4 f' give rise to (indeed, are equivalent to) adjunction isomorphisms

D (X) ——= ModP" () DY (X) —= Mod?" (O
/. oo Iz ()
D*(Y) —— Mod? ()™ D*(Y) —5— Mod? ()™

Here Mod is short for Mod(k) where k is the coefficient ring of the derived categories,
and Y : C — Mod®” denotes the Yoneda embedding [MacIl, I11.2(7)], defined on
objects by Y(¢) = Homc(—, ¢). The second isomorphism is essentially the definition
of the functor f': see [KaS, Theorem 3.1.5]. The first isomorphism is proved in
[KaS| Proposition 2.6.4]. It is deduced from the following observation: if we denote
by f0 and f§ the non-derived direct and inverse image functors (between abelian
categories of k-sheaves), then for any complex M of sheaves on Y, the natural
morphism of functors

R(Hom(f;M,—)) = R(Hom(M,—)o f)) = RHom(M,—)o f,
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f1 fa

Setting: X—Y——7
——— Mod?"¥ —— Mo dDb
& - & O
(f2f1)« fzf ) dDb(y)op(fzfl) f2f1 MOdDb(y)op
/(2) M /—O(fz)*’Op /(fz)! /—O(fZ)?p
>(Z) Mod?" (£ D*(Z) —— Mod?"(®™

(a) (b)

FiGURE B.2. Composition and adjunction

is an isomorphism.

B.1.4. Constant sheaf under inverse image. Let 1 denote the trivial group, regarded
as a one-object category. The datum of the constant sheaf ky on a variety X defines
a functor

ky : 1 — D°(X).
We have a canonical isomorphism ky = ak,, where ax is the morphism X — pt.
Hence for any morphism f : X — Y we obtain an isomorphism

Pley) 2 F(ar) ) = (ax) (k) & k.

We can regard this as an isomorphism of functors:

ky DP(Y)

B.2. Composition and adjunction. For Part @, one can easily check that the
similar statement where derived categories are replaced by abelian categories of
sheaves, and the derived functors by their non-derived variants, holds. Then our
claim follows, by construction of the adjunction f* - f, (see , using the
following easy properties of derived functors and morphisms between them:

o If I\ G, H are three composable functors which admit derived functors (as
well as their compositions), then the diagram of natural morphisms

R(FoGoH)=——= R(FoG)oRH

Y Y

RF o R(Go H) == RF o RGo RH

commutes;
eIf p: F= Gand ¢ : G = H are morphisms of functors which admit
derived functors, the induced morphisms between derived functors satisfy

R(¢' o) = R(¢') o Ry;
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Db(X) '\/IOC]DI)()()op ( /)0p
—o(g")"
Setting: (g}A b \ b 117\0p
: D>(W) Mod? W)
w L) X I frop
f [] f - i (f) o
Y (1)) 8 —° '
Y —— 2 D(Z) ' Mod® O
\ w09
g! b ? b o
D>(Y) —— Mod? ™M™

FiGure B.3. Base change and adjunction

o If F,G, G, respectively F, F’ G, are functors which admit derived functors
and ¢ : G = G, respectively ¢ : F' = F’, are morphisms of functors, then
the diagrams of natural morphisms

R(FoG)=—= R(FoG') R(FoG)=—= R(F' 0o G)
\/ g \/ \/
RF o RG=—=> RF o RG' RF o RG=—=> RF’ o RG
commute.

For Figure recall that in [KaS| Proposition 3.1.8], the isomorphism
(fof1)! <= (f1) o (f2)" is deduced from the isomorphism (fof1) <= (f2)i o (f1)
by adjunction. In other words, it is defined precisely so as to make this prism com-
mutative. (This makes sense because Y : D(X) — Mod®?" )™ is full and faithful;

see Example [A.4] )

B.3. Base change and adjunction. In [KaS| Proposition 3.1.9], the isomorphism
g o fo <= (f")so(¢")" is deduced from the isomorphism f* o gi <= (g')1 o (f')*
by adjunction. In other words, it is defined precisely so as to make this cube
commutative.

B.4. Cocycle property of composition. For part one easily checks the
similar claim where derived categories are replaced by abelian categories of sheaves,
and derived functors by their non-derived counterparts. Then our claim follows,
using the same properties as in the proof of Lemma

The proofs of [(b)| and are similar.

Finally, part follows from part adjunction, using Lemma To

be more precise, what follows from part |(b)|is the commutativity of the following
tetrahedron:

Mod?" ()

—O(fy \—o(fm

(B.1) Mod" (M) <" — Mgd?.t4)""

o(fth /o(f3)§’1>

ModP" ()
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f1 f2 f3

Setting: W X Y——Z7 and f=fs3faf1
D"(X) D"(X)
(V \(foz)* (h/ \jﬁ%fﬂ!
DM(W) —=——D"(2)  DM(W) ———D"(2)
2 2)L
mk L/ G (fzk AD!
DM(Y) DM(Y)
(a) (b)
D"(X) D"(X)
(V sth)* <y H stfz)!
DhW) ———1D°(2)  DM(W) —L——D*(2)
(f2)" (f)
mh (f0)" (fzh ()
DO (Y) DO (Y)
(c) (d)

FiGUrE B.4. Cocycle property of composition

1
ky \
Setting:

ky
'Db(X) M_. Db(Z)

e
X f1 y f2 7 b
I IWEEH

DM(Y)

Ficure B.5. Constant sheaf and composition

Another description of this tetrahedron is as follows: it is obtained from the (not
yet known to be commutative) tetrahedron in part @ by gluing on four instances
of Lemma [B.2(b)] one to each face. Because the Yoneda embedding is faithful, this

implies that Figure [B.4(d)[ commutes (see Example [A.7).

B.5. Constant sheaf and composition. Since the isomorphism (CII) was de-
fined using the isomorphism (Co) for (-)*, this follows easily from Lemma |B.4(c)|

B.6. Iterated composition. Part @ follows from the gluing principle, since the
prism can be obtained by gluing together three tetrahedra that are commutative
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XI

f1 fi
f/

Y ——Y

ey

X

Setting: f

Z 9z Z, ’
DP(xX) — 2 ph(x7) Db(X) — 2 ph(x)
(fl)* (fl) (fl)‘ (f1)
fL !
fx fl
DY) (9x) Dh () DY) (gx )1 DY)
5 )i . . ) o - i
/ /
DZ) — > D@ D(Z) —(— D(Z)
(a) (b)
Db(X) — 2 poixn Db(X) L) pbixn
(F1) TN (1) )
F9* "
F !
DO(Y) ——— DY) DY) — Db (V")
gy
/(f2)* /(}2/)* /(fZ) /(fé)l
Dh(Z) ——— D"(Z) b(z — D"(2')
(92) (9z)
(c) (d)
FIGURE B.6. Iterated composition
by Lemma [B.4(a)l namely:
DP(X) DP(X) Db (X)

/ Yﬂ* V &Yfl)* (fly YX)*
(F2)

DP(Z) i . DP(Y) DP(Y) ————» DP(v’) DP(Y) <—————— DP(X)

(97 f)x« (97 f )« (f"ax/)*
A (97 f2)« (fggy\ (F4)= N /

Db(Z ) DP(2%)

The proofs of parts |(b)H(d)| are similar, using the other parts of Lemma

B.7. Base change and composition. We begin with part @ By construction,
the base change isomorphism is deduced from a similar isomorphism between non-
derived functors (which we denote with a sub- or superscript “0”). As for Lemma
one can check that it is enough to prove the corresponding statement for
the non-derived functors. In concrete terms, to prove the latter statement we have
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Setting:
%5 | .
Z —— 7' 2
(9x) b (9x)" b /
——— DY( DP(X) «———— D (X")
(f1)* ()" (f1)r (f)
(f)* (f'n
by fi b by
(gx )1 D Y 2 (Y) (gx)" D (Y)
| . |V i
! !
D (Z) (gz) D (Z) D (Z) (92)" D (Z)
(a) (b)
(9x )« Db(X,) Db(X) (9x)’ ,Db(X/)
(f1)! AN} (f1)% ()
) 7 )
f
Y) ———— D(Y") D (V) ——— D(Y")
i gy
/(fg)' /(fé)! /(f2)* v ‘/(fé)*
D7) ——— D7) D(2) ——— D"(Z)
* 9z

FIGURE B.7. Base change and composition

to prove that the following diagram of isomorphisms of functors commutes:

(f)5(g92)f <= (F)5(f2)5(92)7 <= (f)5(9v ) (f2)5

] i

(9x)7 f5 (9x)7 (F1)5(f2)5

Now recall that the isomorphism (f)§(g2)) <= (gx))f; is obtained by adjunction
from the morphism of functors (gz)?f? = (f)%(g9x)? induced by the composition
isomorphism (g2)f? <= (f")%(gx){, and similarly for the other base change iso-
morphisms (see [KaS|, Proposition 2.5.11]). One can check (using in particular the
non-derived version of Lemma that the commutativity of diagram
follows from the commutativity of the following diagram:

(gzjfff (92)7(f2)2(f1)? (fé)‘i(gﬂ)?(fl)(i
(f)%(gx)? (f3)2(f1)29x)?

which itself follows easily from the non-derived version of Lemma [B.4(a)|
The proof of part @ is similar.
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W%X

hw J g
hy hx

VA

Setting:
w’ i 4> hz
I ——. %
1 Y/ o ZI
PP (W) — L pr(x) PP (W) — L pP(X)
i fu
n h N o
» Dh(Y) Db (2) " DY) e D¥(2)
wh 9 (hw)« g
(hx ) (hx)x
(hy ) (hy )«
7\ ¥ ) ( hoh 75\! ) ( h )*
Db(W,) , (91) Db(X ) (hz) Db(W,) , (91) ,Db( ,) (hz
(fin “ (F1)~ s
Db(y/) _ Db(Z/) b(Y/) ' Db(Z/)
(91) (g1)
(a) (b)
Ph (W) — 2 ph(Xx) P W) — L ph(x)
I N 7
> ™~ (fF ™
Dh(Y Db (Z Db(Y Db (Z
- () —5 @, () — (2)
(hx)" \ (hx)'
(hy)7 (hy)
N hz)* o hz)'
oy Y Dh(X') Ok ) A
ro (f1)” r\ . (f1)’
(0 R b D o b
V) —o— (&) DY) —n— D2
() (d)

Ficure B.8. Base change and iterated composition

The proof of part is similar to that of Lemma [B.4(d)} the claim follows from
part |(b)l using Lemma and Lemma [B.2(b)l Similarly, part @ follows from
part |(a)l using Lemma and Lemma B.2(a)|

B.8. Base change and iterated composition. Part @ follows from the gluing
principle, since the cube can be obtained by gluing together the following prisms,
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which are commutative by Lemma [B.7(b)|

(g")" (g')*

Db(W) DhX) DA PH(X)

(hw )
o4 N T 5
D> (W) 4 ) DP(X') '(f S (hzf)
C) 1thx)t (hy f')
(hy £1)s | () i DY) — D"(2)

o b ..“ub b /(hy)! bv /(hz)!

D> (Y') ()" DP(Z') DP(Y") ‘(gl—)*D (Z")

The proofs of the other parts are similar.

B.9. Equivariant versions of the above isomorphisms. Every isomorphism of
functors described above has an equivariant version, where all varieties are assumed
to have an action of an algebraic group H, every morphism is assumed to be H-
equivariant, each derived category DP(X) is replaced by the equivariant derived
category DY (X) of [BL], the constant sheaf ky is replaced by the equivariant
constant sheaf k& of [BI] §3.4.2], and f., fi, f*, f' are defined as in [BIJ, §3.3].
The equivariant versions of the isomorphisms are constructed from the ordinary
isomorphisms, as explained in [BL §3.4]. We continue to use the notation ‘(Co)’,
‘(BC)’, and so on for the equivariant versions.

As mentioned before, we will cite any of Lemmas when we actually
require the statement for the equivariant versions. To justify this, and for future
reference, we briefly recall how the equivariant categories, functors and isomor-
phisms are defined.

For any H-variety X, an H-resolution P of X means a variety P endowed with
a free H-action and a smooth H-equivariant morphism P — X. By definition, to
specify an object M of DY (X) is to specify a compatible collection of objects of the
categories DP(H\P) for various H-resolutions P of X. More precisely, for each P
in a ‘sufficiently rich’ class of H-resolutions of X we must specify an object M (P)
of DP(H\P), and for any smooth morphism g : P — @Q between such resolutions
we must specify an isomorphism g*(M(Q)) = M (P), where g : H\P — H\Q is the
morphism induced by g, such that a natural compatibility condition holds when we
consider the composition of two smooth morphisms. See [BL, §§2.4.4-2.4.5] for the
details.

The functors f., fi, f*, f' between equivariant derived categories are defined by
means of the corresponding functors for the ordinary derived categories DP(H\P).
Explicitly, if f : X — Y is an H-equivariant morphism and M € D% (X), then
feM € DY (Y) is defined by (f.M)(P) = (fF).(M(P xy X)), where the fibre
product P xy X is defined using f : X — Y, and fg : H\(P xy X) — H\P is
the map induced by the projection P xy X — P. The definition of fi is the same
but with (ff), instead of (fH).. If N € DY (Y), then f*N € DY (X) is defined
by (f*N)(P xy X) = (]?II})*(N(P)) (The class of H-resolutions of X of the form
P xy X where P is an H-resolution of Y is ‘sufficiently rich’.) The definition of f'
is the same but with (fZ)" instead of (fH)*.

As an example of an isomorphism of equivariant functors, consider the com-
position isomorphism for (-).. Suppose we have H-equivariant morphisms f :
X - Y and g : Y — Z. To define an isomorphism between the two functors
(9f)« : DY(X) — DY%(Z) and g. o f. : DY (X) — DY (Z), it suffices to define, for
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each object M of DY (X) and each H-resolution P of Z, an isomorphism between
((9.f)«M)(P) and (g.(f+M))(P) that is suitably natural in P. But by definition,

(g (£M))(P) = @GR ((fMYP x2Y)) = (G5)u(flx,v)s(M(P x 2 X)),
where we have identified (P xz Y) xy X with P xz X. Since the composition
~ —H
ggngzY :H\(P xz X) — H\P is exactly (gf)p, the ordinary (Co) isomorphism

(G5). 0 (ngZY)* = ((gf)g)* provides the required isomorphism.

To show the equivariant version of Lemma [B.4(a)l we can restrict attention
to a single object M of DY (W), and evaluate all the resulting objects of DY (Z)
at a single H-resolution P of Z. Unravelling the definitions, the commutativity
statement we have to prove becomes a special case of the ordinary Lemma

By similar arguments, every part of Lemmas [B:2HB.8] implies the corresponding
equivariant statement.

B.10. Notation for isomorphisms of equivariant functors. As well as the
equivariant versions of (Co), (BC), etc., we need to consider some isomorphisms of
functors specific to the equivariant setting.

B.10.1. Forgetting and integration. Let K be a closed subgroup of H, and X an
H-variety. There is a ‘forgetful’ functor Forf : DY (X) — D% (X), denoted Res
in [BIL §2.6.1], which is defined so that for M an object of D% (X) and P a K-
resolution of X, we have

(Forg M)(P) = M(H x* P).

Here and subsequently, we use the obvious identification of H\(H x X P) with K\P.
When K is the trivial group, Fory becomes the forgetful functor For : D (X) —
DP(X) under the obvious identification of DY (X) with DP(X).

We also have an ‘integration’ functor v : DY (X) — DY (X) defined as follows:
for M an object of D% (X) and P an H-resolution of X, we have

(VM) (P) = (gp)M(P)[2dim(H/K)],

where ¢p : K\P — H\P is the quotient morphism and M (P) is defined by regard-
ing P as a K-resolution of X. It is easy to see that v¥ is isomorphic to the functor
denoted Ind, in [BIJ, §3.7.1], and therefore it is left adjoint to Fork. In fact, we
can see this adjunction explicitly: for any H-resolution P of X and objects M of
DY (X) and N of DY (X), we have natural isomorphisms

Home(H\P)((QP)!M(P)[2d1m(H/K)] (P))
= Hompo g\ p) (M(P), (gp)'N(P)[— 2dim(H/K)))
= Hompo g\ p) (M(P),(qp)*N(P))
= Hompn i\ p) (M (P), N(H x* P))
where the second isomorphism uses the isomorphism (gp)' <= (gp)*[2dim(H/K)]

which holds since ¢qp is smooth, and the third isomorphism uses the isomorphism
(gp)*N(P) = N(H x¥ P) which is part of the structure of N as an object of
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DY (X). We thus obtain an adjunction isomorphism

DY (X) —= ModPh(X)”
Forgh —0(’)’? )Op
DY (X) —— ModPk ()™

As stated in [BL, Theorem 3.4.1], there are isomorphisms

b Forﬁ b b For% b b For% b b For% b
Di(X) — Dg(X) Di(X) — Di(X) Di(X) — Di(X) Di(X) — Dr(X)

‘ml ml m) m)

DhY) — Dh(Y) DY) — DY) DL(Y) —5 DR(Y)  DR(Y) —p DR
K K K K

for any H-morphism f: X — Y. To illustrate, we explain the first of these isomor-
phisms. It suffices to define, for any object M of D? (X) and any K-resolution P

of Y, an isomorphism between (Forkl £, M)(P) and (f,Forf:M)(P) that is suitably
natural in P. But by definition,

(Forie fM)(P) = (fff, s p)« M((H x* P) xy X), and
(fForfe M)(P) = (FE)M(H x* (P xy X)).

Thus, the required isomorphism is supplied by the obvious H-variety isomorphism
HxE (Pxy X)5 (HxX P) xy X.
As stated in [BLL Proposition 3.7.2], there are isomorphisms

DY (X) —5— Db(X) Dy (X) —=— Db (X)

f f~ fi i
Dy(Y) «—— Di(Y) Dy(Y) «—— D(Y)
YK TK

for any H-morphism f : X — Y. To define the first of these, it suffices to define,
for any object M of D% (Y)) and any H-resolution P of Y, an isomorphism between
(YEf*M)(P xy X) and (f*yEM)(P xy X) that is suitably natural in P. But by
definition,

(VEFM)(P xy X) = (apxyx)i(fE)*M(P)[2dim(H/K)], and
(M) (P xy X) = (fH)*(ap):M(P)[2 dim(H/K)).

Thus, the required isomorphism is supplied by the base change isomorphism for the
following cartesian square:

K\(P xy X) —% . K\P
(B.3) x| ] Jr
H\(P xy X) —— H\P




70 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND SIMON RICHE

The other (Int) isomorphism is defined similarly, but using the composition isomor-
phism for (+); instead of base change.

B.10.2. Transitivity of forgetting and integration. If we have a chain of closed sub-
groups K C J C H, we have transitivity isomorphisms

D (X) . Dy (X) "
Forf DY (X) R DY (X)
DY (X) D (X)

The definition of the former uses the obvious identification of H x” (J xX P)
with H x¥ P, and the definition of the latter uses the composition isomorphism
(g5 <= (¢p)1 0 (¢5 7)1, where the superscripts on gp indicate the groups
involved.

B.10.3. Constant sheaf under forgetting and integration. Let K C H be a closed
subgroup, and X an H-variety. By definition, the equivariant constant sheaf kﬁg
assigns to every H-resolution P of X the constant sheaf on H\P. Hence we have
a canonical isomorphism k% 2 Forf (k%).

Assume now that H/K is contractible (for instance, that H is the semidirect
product of K and a normal unipotent subgroup). Then for any H-resolution P of
X the natural morphism

(ap) ik p[2dim(H/K)] = (QP)!(QP)!kH\P = ky\p

induced by adjunction is an isomorphism. We deduce a canonical isomorphism
FHR) = k¥, (In fact, & is left inverse to Forj in this situation; see [BL]
Theorem 3.7.3].)

We depict the resulting isomorphisms of functors as follows:

1 K 1 K
%‘ &
Kl ph(X) kb DY (X)
F —n
b Ork b TK
Dy (X) Dy (X)

B.11. Forgetting, integration, and adjunction. Unravelling the definitions,
one finds that part @ is equivalent to the statement that for any objects M of
DP.(Y) and N of D2 (X), and any H-resolution P of Y, the following diagram of
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Setting: X—f>Y and KCJCH

ModPH(O™ Dy (X) Mod P ()

—o(vg)*? N o(vF)°P
H\, \ TK \ \ YK

or OTH
| T D) ModPk (™ T DR (X) 5 pogPk (9
; e i . —a(fi)°?
—o(f1)°P
Dh(Y) -4 >ModDb<Y)”7o(W w D) X ' ModPal )of,)
Forg\ : a Forg\‘ T
DY(Y) —5— ModPk ()" Dy(Y) ModPk ()"
(a) (b)
D}’{ MOdDH(X)Op

ForJ —o('yH)"p
—o(vii)°P

X) ——— Mod®i00”

/ForIJ( e

—o(7%)°P
D (X) o pog PR " F
(c)

Forfl K

FIGUurE B.11. Forgetting, integration, and adjunction

natural isomorphisms commutes:

Hom((f£)*M(P), (apxyx)'N(P xy X))

N

Hom((gry x ) (FK)* M(P), N(P xy X))
Hom(M(P),(fg)*(QPxYX)IN(P xy X))
Hom((fH)*(gp)1M(P),N(P xy X))

Hom(M(P), (g7)'(JF). N (P xy X))

T

Hom((qp):M(P), (FE).N(P xy X))

Here, to save space, we have omitted the subscripts DP(H\P) etc. indicating which
derived categories we take Hom(+,-) in. The isomorphisms are all either adjunctions
or base changes for the cartesian square (B.3]), so the commutativity of this diagram
follows from Lemma Similarly, pa and follow from Lemma

In proving part one also needs the fact that, when P is an H-resolution of X,
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Setting: X—f>Y and ICKCJCH
Dy (X) D (X)
FOFV Yorf( V i Yf
b Forf b b i b
DY (X) = Ph(x) D (X) T——Ph(X)
J J
'%J Fory r’Y\ I
Dh(X) D5(X)
(a) (b)
f 1
Dy (X) ——— Dy(Y) Dy (X) «————— Dy (Y)
For’; Forlf For’; ForJH
Forﬁ Forf
F % b b F % b b
D3(X) N Dj(Y) D3(X) “ D3(Y)
/FOVJK M /For / /For{( M /For J
b b K b b K
D (X) ——— D(Y) D(X) e D(Y)
(c) (d)
fi £
Dy (X) ———— Dy(Y) Dy (X) ————— Dy(Y)
For? For’; For’; For
Forf\f For;{
F g i b ForIIg b b
D3 (X) N D3(Y) D3(X) «——— Dj(Y)
‘/For']K v ‘/For‘]K ‘/FOVJ ¥ '/For‘]K
D (X) ———— Dy(¥) D} (X) —— D(Y)
(e) ()
fr fi
Dy (X) Dy(Y) Dy (X) Dy(Y)
vy | V5 vy f vy
YK ’)/f\{
v v
" Di(X) — Dh(y) D3(X) — D3(Y)
- A - A7
b b K b « b ke
D (X) 5 Dk (Y) Dg (X) 7 D (Y)

FI1GURE B.12. Forgetting, integration, and transitivity

the composition
KCJy! JCH\! KCJy* JCH\* gcog KCH\* KCH\!
(qgp=") o(gp=") <= (gp~")" o (gp=")"[n] (gp=")"[n] = (¢p=")

(where n = 2dim(H/K)) coincides with (¢5<7)" o (¢5H)' £ (g5
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f1 f2

Setting: X—=Y—+7 and KCH
Forfl Forj
r(X) = % (X) Dy (X) ———— Di(X)
(f1)« (f1)« (f1)* (f1)*
(f2f1)« (f2f1)"
(f2f1)« (f2f1)"
) Fol rK DH(Y) ForK
. /(fz)* L ‘/(fz)* . /(f2)* b /(fz)*
D}(2) —— Dk (2) D7) — o D (2)
(a) (b)
Forfl Forfl
) ———— D(X) Dy (X) — D(X)
(fo)r (1! TN
(F2f1)r (f2£1)"
(f2f1)r (f241)"
(V) —— Di(¥) Dl (V) ——— DR(Y)
b / bv /(fz)! b /(fz)! b /(fz)!
Dy (2) ——— Di(2) Dy(7) — o Di(2)
(c) (d)
H
Db Db
(f1)* (f1)* (fi) (fi)r
{(faf1)" (fefih
(f2f1)" Db (f2fih Db
VK ’YK
. /(fz) . /(2)* N /(fz)! o /(fz)!
Dy (Z) Dy (Z) Dy (Z) F Dy (Z)

(e) ()

Ficure B.13. Forgetting, integration, and composition

B.12. Forgetting, integration, and transitivity. Parts[(a)] [(c)] [(d)} [(e)} [(F)]fol-
low easily from the definitions. Since we know from Lemma that the tran-
sitivity isomorphism for v can be obtained from that for For by adjunction, part
follows from part @ by the same argument we used to deduce Lemma, from
Lemma Similarly, part follows from part and part follows from
part

B.13. Forgetting, integration, and composition. Parts @f@ follow easily
from the definitions. Since we know from Lemma that the (-)* version of
isomorphism (Int) can be obtained from the (-), version of isomorphism (For) by
adjunction, part @ follows from part @ and Lemma |B.2(a)l Similarly, in view of
Lemma part follows from part @ and Le

B.14. Forgetting, integration, and base change. Part |(a)|is easy. In view of
Lemmas [B.11(a)] and [B.11(b)] part [(b)] follows from part [(a)| using Lemma
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W—X
Setting: I ] lf
Y ——— 7
b Forz b b R b
Dy (X) D (X) Dy (X) D (X)

.| Bohn) —kn) | QD) DR (W)
* Oor i ! TK
oz f
(f/)* (f)'
DYy(2) 5| RN | | Dy (z) |- RGN | |
g 9"
g!\‘ b b g\/‘ b b
DYy (Y) —— DR (Y) DYy (¥) ——— Dk(Y)

FiGURE B.14. Forgetting, integration, and base change

Setting: KcJCH and (for[b)) J/K,H/J contractible

1
Qv g
H
ke
'k %;rK '/’YR B Vi

(a) (b)
Ficure B.15. Constant sheaf and transitivity

B.15. Constant sheaf and transitivity. Part@is easy. By definition, part@
is equivalent to the commutativity of a diagram of isomorphisms in D (H\P) for
a given H-resolution P of X. This follows from Lemma [B.2(b)|

B.16. Constant sheaf under inverse image, forgetting, and integration.
Part @ is easy. Unravelling the definitions, part @ is equivalent to the commuta-
tivity of a diagram of isomorphisms in DP(H\ (P xy X)) for a given H-resolution
P of Y. This follows from Lemma [B.3l

B.17. Induction equivalence. Let K C H be a closed subgroup, and X a K-
variety. Form the induced H-variety X = H xK X,and let 7 : X — X be the
inclusion. The category of K-resolutions of X and smooth K- morphisms over X
is equivalent to the category of H-resolutions of X and smooth H -morphisms over
X via the functor P+ H xX P, whose inverse is Q — @ x ¢ X. This equivalence

induces an equivalence of categories Ind% : Db (X) 5 D}’{()Z' ). Namely, if M is an
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Setting: X—f>Y, K CH, and (for@) H/K contractible

FiGure B.16. Constant sheaf under inverse image, forgetting, and integration

object of DY (X) and P is a K-resolution of X, we set
(IndM)(H x% P) = M(P),

where as usual we identify H\(H x¥ P) with K\P. This is the inverse of the
equivalence DY (X) 5 Db (X) denoted v* in [BIJ, §2.6.3], which is isomorphic to
1" o Forg in our notation.

Consider the composition v o, : Db (X) — DY (X). If M is an object of
DY (X) and P is a K-resolution of X, we have

(AM)(H x5 P) = (agre )75 p)tM (P)[2 dim(H/ )],
where we have identified (H x* P) x 3 X with P. Since qHXK}ngKP is identified
with the identity map from K\ P to itself, the composition isomorphism for (-), gives
us an isomorphism & o 4 <= Ind%[2dim(H/K)]. We depict this isomorphism as
follows:

Dy (X) == D}(X)
Ind¥[2 dim(H/K)] ik
D (X) == D(X)

From now on we omit the o from the name of ,YII}I o 1) since we regard it as a basic
functor in its own right. Within this appendix, we consider both versions of the
induction equivalence, Indg and £, using the former to help study the latter. In
the main body of the paper, only v, appears.

B.18. Notation for isomorphisms involving induction equivalence. Con-
tinue with the setting of

B.18.1. Transitivity of induction equivalence. Suppose that K C J C H, and let
i1: X = Jx® X and iy : J x¥ X — X be the inclusions. As usual, we identify
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H x7 (J x¥ X) with H x¥ X = X. We have an obvious transitivity isomorphism
for the Ind version of induction equivalence:

_ Ind? )
DY (X) «— DH(IxFX)

J
" Indy
Indy

DR (X)

We can define an analogous transitivity isomorphism v4 (i2) o v{(i1)1 <= ~Hi,
using isomorphisms we have already defined:

7 (i2)1

DY (X) PLE DY(X) «—— D5(J xK X)
b -7 (i2), b K J 7
DY (%) 2" DY (Ix K X) h Vi -
TK
H. Vi (1)1 = Db (X) {2 Db (1 x K Xx)
T
Dy (X) (i)

DR (X)

B.18.2. Integration and induction equivalence. Suppose that I is a closed subgroup
of H such that H = IK. We can identify I x/™% X with X. From the definitions,
we have an obvious isomorphism:

b Ind%L b
Dy (X) —— Di(X)

H K
1 YInK

Dh(X) o Dy (X)
INK

We define an analogous isomorphism for the other version of induction equiva-

lence:
fd ’Y;I?’i! b o ’Yg o ] b
Dy (X) «—— D (X) Dy (X) —— Dy (X) —— D (X)
H
v Vi = v e VK
DY(X) 57— Dk (X) DY(X) S Dhxe(X) 5 D (X)

B.18.3. Inverse image and induction equivalence. Let f : X — Y be a morphism
of K-varieties, g : X — Y the induced morphism of H-varieties, and j : Y — Y the
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inclusion. Then we have a cartesian square

x 1y
zl [] Ja’
X —q Y
From the definitions, we have an obvious isomorphism
Dl (X) < DR (x)

g" =

Dy (Y) Di(Y)

H
Ind %

We define an analogous isomorphism for the other version of induction equiva-
lence:

~ ’yHi! o 'YH ad 7
Dy (X) ——— D(X) Dy (X) —— Di(X) —— Di(X)
g* f = g* g I
Dy (V) «—— D(Y) Dy (V) 5 D(¥) —— Di(Y)
T I TK :

B.18.4. Constant sheaf under induction equivalence. It is clear from definitions
that we have a canonical isomorphism Indg(kgg) = kg. Using the isomorphism

~

yii) = Ind¥[2dim(H/K)] we deduce a canonical isomorphism ~ii(k¥) =
kg [2dim(H/K)]. We depict the resulting isomorphisms of functors as follows:

1 K 1 K
\kx} &}
k2 Dh.(X) kZ[2 dim(H/K)] Db (X)
»/ldH /I—I
ndy ~ YU

Dy (X) Dy (X)

B.19. Compatibilities of transitivity of induction equivalence. To prove
part @, fix a K-resolution P of X and consider the following commutative diagram:

=K KCJ
()5 xp 9yxKp

K\Pe—""5 \J <K p J\J xK P

_—
~K (2) gy xp (2) gy xp
‘HxKp qfcy

K\H xK P """ \NHxK P

qJCH
KCH HxEKp
IyxKp

H\H xK P
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Setting: KcJcH, n=2dim(J/K), m=2dim(H/K),

X JxKE X2 g xE X = X, i =igiy

Dy (X) D (X)
v (da) : i Ind% [m—n]
Ind %% [m]
iy
TR DB xE X) == DB(J xX X)
/v;’((il)! /Ind‘}([n]
Dy (X) Dy (X)
(a)
1 1
y \ijKX k;[m] ijKX[n]
b nd? b RARSC A NI
Db (X) =l Dh(J xK X) Db(X) Dh(J xX X)
34 kX
Indg Ind3, "y}}(li! i Y (B2 )
Di(X) Di(X)

Ficure B.19. Compatibilities of transitivity of induction equivalence

Denote by 7« K\P = J\J xX P, 75 : \J xK P = H\H xX P and 7 =
H 5 7 the natural isomorphisms. The statement we must prove is equivalent to the
commutativity of the diagram obtained by gluing the following two prisms, where
all faces are labelled by (-); composition isomorphisms:

( KCJ )|

9;xKp

DP(K\J xK P) DP(J\J xK P)

(@, ke p)t )
(@) 5 p)

DP(K\P) DP(J\J x& P)

(!

(i)
I h
Db (K\H xX P) e DY (J\H x¥ P)
<K p/!
(QES}I(P)!

DP(K\H xX P) DP(J\H xX P)

@ xep) (@)% p)t
@5 )
KCH )I

(quKP ’

Db(K\P) D 'Db(J\J xK pP)
/(Tf(’)! 0 l /H
Db(H\H xK p) (H\H x K P)

Hence the result follows from Lemma [B.6(b)]
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Setting: H=1I1K, H/I contractible, n =2dim(H/K),
X—sHxKX =X
D} (%) (%),
A I
H \
~ b ~
| PR ——i(X)
Ind£Ln)
'Y}mxi!
b 5 |nd§mK[”]
Dg (X)) =———= D)
. YInk
QLTINS b
Dini (X) =——= D (X)

7(X)

D
i

I .
Ying¥

-

’Y;Igi!

~T

i (X)

’Y;.(qK
Dy (X)
(c)

FiGURE B.20. Compatibilities of integration and induction equivalence

Part @ is easy. By definition, the tetrahedron in part is obtained by glu-
ing the prism in part @ to the tetrahedron in part @ (with appropriate shifts
included).

B.20. Compatibilities of integration and induction equivalence. Part @
can be proved in the same way as Lemma [B.19(a)} Part @ is easy. By definition,
the pyramid in part is obtained by gluing the cube in part @ to the pyramid
in part @ (with appropriate shifts included).

B.21. Compatibilities of inverse image and induction equivalence. The

proof of part [(a) is similar to that of Lemma [B.19(a)| but using Lemma [B.7(b)
rather than Lemma|B.6(b)| Part easy. By definition, the pyramid in part|(c)|is

obtained by gluing the cube in part|(a)[to the pyramid in part @ (with appropriate
shifts included).

B.22. Equivariance under a finite group action. Let f : X — Y be a mor-
phism of H-varieties, and assume that we have an action of a finite group A on
X which commutes with the H-action, and such that f is A-equivariant for the
trivial A-action on Y. Then we obtain a canonical action of A on the object f!k)g
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x—oy
Setting: K C H, X=Hx®X, l = lj . n=2dim(H/K)
X—5Y

Y
Dy (X) Dy (X) ,
;*\ N
| D) D}y (¥)
KU
i1 IndfLin]
Yink ¥
b o b |“d§mk[”]
Dy (X) ==—1 DR |
Dy (Y) D (Y)

FiGURE B.21. Compatibilities of inverse image and induction equivalence

of D% (Y), in which the action of a € A is given by the following composition:

(c1)
fkY =
Here we use a to denote the action of @ on X, and the base change is for the
cartesian square
X —2 5 x
[]

Y=Y

[y
<

(Note that the fact that this construction defines an action of A follows from Lem-

mas and [B.7(a)l)
Now, consider a closed subgroup K C H, a K-variety X, and an H-variety Y.
As usual, let X = H x% X and let i : X — X be the inclusion. Assume that we
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have a commutative diagram

X——X

A

Y
such that g is H-equivariant. Then f is automatically K-equivariant. Assume
furthermore that a finite group A acts on X compatibly with K and that f is
A-equivariant for the trivial A-action on Y. Then we have a natural A-action on

X and g is A-equivariant. In particular, we obtain A-actions on the objects fik%s X
in DY (Y) and gdkli in DY (Y). Recall that we have constructed an isomorphism

(CIE)
kK = K v[2dim(H/K)] in §B.18.4 Applying the functor g1, this induces an
isomorphism

. (CIE) ' (Int) ' Ce
(B.4) gk[2dim(H/K)] = gryRiky = yRgikyk = ¢ fkk.

Lemma B.22. Isomorphism (B.4) is A-equivariant.

Proof. Let n = 2dim(H/K). The compatibility of (B.4]) with the action of a € A
is equivalent to the commutativity of the diagram obtained by gluing the pyramid

—
o+

—~
Q
o

=

D} (X)

Yid
/K< )
Dy (X)
which is commutative by Lemma to the two cubes
D (X) ——— Di(¥) Dy (X) — 22— Dh(v)
\a - \ \a - > \
S PR D) | D) ——— DhY)
7 - id, v =
Dy (X) W SDROAN | Dy (X) - IDRON |
NN e AN ”*“f
Di(X) ——5—— Di(Y) Dy (X) Di(Y)
which are commutative by Lemmas [B.8(a)| and [B.14(b)l respectlvely O
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