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A quantum improvement to the gravitational

collapse of radiating stars.

F. Fayosi and R. Torres
Department of Applied Physics, UPC, Barcelona, Spain.

Abstract. Based on previous works by Bonanno and Reuter [1][2] we postulate
a renormalization group improved solution for the exterior of a collapsing object
that emits radiation. We show that, contrary to Vaidya’s radiating solution,
backscattered radiation is bounded in the eikonal approximation, so that this
solution provides us with a more consistent description of the last stages of
collapse. We also show its limitations as the exterior of collapsing stars endowed
with very high negative pressures. Finally, we are able to describe the profile of
the luminosity of a collapsing object as seen by a far away observer in situations
where Vaidya’s solution can not deliver an admissible answer. We illustrate this
with models for the collapse of scalar fields where such a profile had not been

possible to obtain so far.

PACS numbers: 04.20.Cv, 04.40.-b, 04.90.4-¢, 98.10.+z

1. Introduction

The pioneering work on stellar models in the framework of General Relativity by
Oppenheimer-Snyder [3] treated the collapse of a dust cloud surrounded by a void.
Subsequent models tried to overcome the idealizations assumed in this work in order
to get more realistic models. For example, a natural step forward was to replace
Schwarzschild’s void exterior by an exterior which took into account the outward
flux of radiation coming out from the star. The first work in this regard was due

to Vaidya [4], who found a solution modeling the outgoing incoherent radiation§.

§ See also [5] for more on the physical interpretation of this solution.
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Following this line, many authors considered radiating stellar models using this
outgoing Vaidya solution to model the radiating exterior together with a wide variety
of interiors. See, for example, [6][7][8] and references therein.

It soon became clear that the use of radiating exteriors could give rise to the
possibility that a model could radiate away its entire mass. Such behaviour was
apparently first considered by Bondi [9] and was later studied in many works. In this
way, it was found that the evaporation process could give rise, on the one hand, to
models that avoid the formation of singularities (see, for example, [10][11][12]) and,
on the contrary, to models which develop naked singularities at the final evaporating
event (see, for example, [13][14][15]). These evaporating models had, however, a
setback when Waugh and Lake [16] showed that, when approaching zero mass, the
backscattered radiation in an outgoing Vaidya metric becomes blueshifted without
bound. This means that the exterior of a collapsing and radiating star approaching
its evaporation event can not be correctly modeled by the outgoing Vaidya solution.

On the other hand, it is expected that quantum effects will play a key role in the
late stages of gravitational collapse. However, since the outgoing Vaidya solution is
derived classically, it is obvious that these effects are not taken into account, what
can be viewed as a second problem for Vaidya’s solution in these extreme situations.

In this paper we consider an alternative to Vaidya’s solution that could solve
both problems up to a certain degree. The origin of this alternative can be traced
back to a paper by Bonanno and Reuter [1] in which they introduced an effective
quantum spacetime that took into account the quantum gravitational effects in
spherically symmetric black holes. They did this by using the idea of the Wilsonian
renormalization group [17] in order to study quantum effects in the Schwarzschild
spacetime. Specifically, they obtained a renormalization group improvement of the
Schwarzschild metric based upon a scale dependent Newton constant G obtained
from the exact renormalization group equation for gravity [18] describing the scale
dependence of the effective average action [19]]20].

Later [2], in order to investigate the impact of the leading quantum gravity
effects on the dynamics of the Hawking evaporation process of a black hole, the

improved Schwarzschild solution was slightly modified. In this way, the obtained
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solution now also included ingoing negative energy radiation so that the black hole
could be evaporating, i.e., its total mass could decrease. We will call this solution
the improved ingoing Vaidya solution.

The aim of this paper is to slightly modify the improved Schwarzschild solution,
in the spirit of [2], in order to get a solution containing, however, outgoing positive
energy radiation: The improved outgoing Vaidya solution. Provided such a solution
has the correct properties, it could be used as a quantum replacement to the outgoing
Vaidya’s solution as the exterior of collapsing radiating models. In particular, if we
are able to show that the backscattered radiation is bounded in this solution, the
two problems stated above would be (at least, partially) solved.

The paper is divided as follows: in section 2 we deduce the improved outgoing
Vaidya solution from the improved Schwarzschild solution and interpret its physical
meaning in terms of contributions from the vacuum and from the radiation. This
will allow us to ascertain the total luminosity as measured by an observer at rest at
infinity. In this section we will also study other properties of the solution, such as
the existence of singularities and the behaviour of its horizons. Section 3 is devoted
to the study of the backscattered radiation in this solution. Some restrictions to its
possible interiors are shown in section 4. Finally, in section 5 we use the new solution
to get some stellar models that were not possible to obtain using the outgoing Vaidya
solution for their exterior. In this way, for example, their total luminosity profile is
obtained for the first time.

Throughout this article we will use natural units in which ¢ = A = 1.

2. Improved outgoing Vaidya solution

The renormalization group improved Schwarzschild solution found by Bonanno and

Reuter [1] can be written as
ds? = — (1 — W) dt* + (1 — W) B dR* + R*dQ*. (1)
R R
where
B GoR?
R3 + 0Go(R + yGoM)’

G(R) (2)



A quantum improvement to the gravitational collapse 4

Gy is Newton’s universal gravitational constant, M is the mass measured by an
observer at infinity and @ and « are constants coming from the non-perturbative
renormalization group theory and from an appropriate “cutoff identification”,
respectively. Tt is argued [1][2] that the qualitative properties of this solution are
fairly insensitive to the precise value of v. In this way, following [2], we can choose
~v = 0 henceforth, what will allow us to perform many calculations analytically. On
the other hand, @ can be found by comparison with the the standard perturbative
quantization of Einstein’s gravity [21]. It can be deduced that its precise value is
@ = 167/307, but again the properties of the solution do not rely on its precise value
as long as it is strictly positive. (Note, for example, that the value © = 0 would
turn off the quantum corrections).

At this point, Bonanno and Reuter [2] introduced an advanced time parameter
replacing the time coordinate ¢ in order to obtain their evaporating black hole
solution. However, since we want an outward radiating solution, we will use a

retarded time parameter u through the coordinate change defined by

duzdﬁ—(b—%ﬁgyg)qdR. (3)

The next step is to allow the mass to change with this retarded time. This lead us to
the improved outgoing Vaidya solution which can be written in radiative coordinates
{u, R, 0, ¢} [22] as

ds* = — (1 - W) du® — 2dudR + R*d$)*. (4)

In order to interpret the physical meaning of this solution let us suppose that
it has been generated by an effective matter fluid in such a way that the coupled
gravity-matter system satisfies Einstein’s equations G, = 87GyT},,. Consider now
a radially moving observer with an arbitrary 4-velocity u and an orthonormal basis
{u,n,wp,w,} such that wy = R df, w, = R sinf dy and n is a space-like 1-form.
Any radially moving observer can write the energy-momentum tensor as:

TZR+V, (5)
where R is the radiative part and V is the part of the energy-momentum tensor

corresponding to the vacuum energy density and pressure:

RZP2I®] (6)
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VgQvu®u+pvn®n+pl(w9®w9+w¢®w¢), (7)

here | = 0/0R is a radial light-like 4-vector pointing in the direction of the
future directed radiation, oy is the vacuum energy density, py is the vacuum normal
pressure, p, is the vacuum tangential pressure and ®2 is the flux of radiation
travelling along the radial null geodesics u =constant. By using the field equations,

one can obtain their explicit expressions:

GM
@2 _ »U
47TG0R2 ’ (8>
MG’
ov = m = —DPv, (9)
MG//
_ 1
pL 87TGOR’ ( O)

where G' and G” are, respectively, the first and second derivatives of G with respect
to R.

Note that if M (u) =constant then only terms coming from the vacuum already
found in the improved Schwarzschild solution appear [1]. On the other hand, if
M (u) #constant then a new contribution to the energy-momentum tensor in the
form of a flux of outgoing radiation appears.

The radially moving observer would measure an energy density ¢ = T}, ufu”
with contributions from the vacuum and from the radiation. However, (2) and (9)
indicate that the contribution from the vacuum decays very fast with distance, so
that for an observer at infinity there is only contribution from the radiation. In this

way, if we calculate the total luminosity measured by an observer at rest at infinity

Loo(u) = 1i ATtR*q = —M,, (u), 11
(U) R—>oo,cllr}?/d7'—>0 T 9 ’ (U) ( )

where 7 is the observer’s proper time, the result is equivalent to Vaidya’s case [23].
Therefore, in order to the observer at rest at infinity to observe a non-negative

luminosity, the inequality
M, <0 (12)

or, equivalently, ®* > (0 should be satisfied||.

|| Hence the square we use in ®2.
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2.1. On the presence of R = 0-singularities in the improved Vaidya solution

First, we would like to point out that, whether R = 0 belongs to the spacetime
or not, it is easy to see [24] that it is a timelike curve or singularity, respectively.
Now, as a consequence of its definition, a spacetime does not possess R = 0 scalar
curvature singularities if the scalar invariants polynomial in the Riemann tensor
remain finite at R = 0. A full independent set of invariants was found in [25]. By
using this set one arrives to the following statement [26][27] for our case: All scalar
invariants polynomial in the Riemann tensor will be finite, preventing the existence
of scalar curvature singularities in the improved Vaidya solution with an unspecified

~ if, and only if,

. G(R,u)
If we test this on G given by (2) with v # 0 we get
: G(R7 u) ~ —1
m ——— = (WwGoM(u))™" (14)

Therefore, as long as M (u) # 0, the scalar curvature singularities seem to be absent.
On the other hand, if we carry out the same calculation for v = 0, there always seems
to be a scalar curvature singularity since (13) is not satisfied and the divergence goes
like 1/R (what, anyhow, is milder than in Vaidya’s case where the divergence goes
like 1/R?). One should be careful with the truthfulness of these results since the
approximations used to deduce the improved Schwarzschild solution fail when R is
too small [1]. The safest prediction could be that, in case there were a real R = 0

singularity, it would be much weaker than its classical counterpart.

2.2. The horizons

In order to find the apparent 3-horizons [24] of the solution we have to find the

solution to y = 0, where

2GM
X =9g"0,RO,R=1— R (15)

If we define M., = \/@/Gy then, in the case v = 0, for any given u = ug there will
be [2]:

9 A similar structure is found for v # 0 [1].
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e Two zeros of x(R,u = up) =0 (R4 (ug) and R_(uyg)), if M(ug) > M,,.
e A double zero of x(R,u = ug) =0 (Ry(up) = R_(up)), if M(ug) = M,,.
e No zero of x(R,u = ug) =0, if M(uy) < M.,

= [0 ()] 19

Clearly, the structure of the spacetime is similar to the Vaidya-Reissner-Nordstrom

where

solution [28][26] which describes a spherically symmetric spacetime with radially
directed radiation and a regular electromagnetic field, and where the role played by
the charge @) is now played by M,,.. Therefore, it is easy to describe the improved
Vaidya solution by using this analogy and the results in the references above. Here
we would just like to point out a case that will be later used in which, from a certain
u = ug (such that M(ugr) > M,,), the mass is radiated until reaching M = 0. The

corresponding Penrose diagram and its description can be found in figure 1.

3. Backscattered radiation in the eikonal approximation

While there is a flux of outgoing radiation travelling along the u =constant null
geodesics with tangent 4-vector 1, one expects that part of this radiation will be
backscattered due to the curvature of the spacetime [30][31][32] and will travel
inwards along the affinely parametrized radial null geodesics with tangent null 4-
vector k. In order to evaluate the relevance of the backscattered radiation in this
spacetime let us consider a given point where the ingoing radiation is emitted and
another point at its future where this radiation will be observed. The associated
frequency shift will be

Ve e

— 17
. e (17)
where v, (v,) is the emitted (observed) frequency and e.(0) = Ve(o), k%, being ve(o
the timelike 4-velocity of the emitter (or the observer). Clearly, if v, >> v., as in

the outgoing Vaidya’s case [16], the backscattering radiation can not be neglected.
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Figure 1. Here we show the Penrose diagram corresponding to an improved
Vaidya solution radiating all its mass. A single chart in radiative coordinates
covers only the upper region drawn in black, while the lower region drawn in grey
corresponds to a possible extension to the past. (The reader could consult on
such extensions [29][26]). In this example there are three important values for
the retarded time: wp that corresponds to the beginning of radiation emission
(depicted here by wavy arrows), u., that marks when the mass reaches its critical
value M., (and, therefore, where the outer apparent 3-horizon R converges with
the inner apparent 3-horizon R_) and u = 0 that has been chosen as the time
when all the mass is radiated away. To the future of the lightlike hypersurface

u = 0 all is left is Minkowski’s spacetime.

In order to evaluate (17) we will use that the radial null geodesics of the

backscattered test field satisfy
dR 1 2G(R)M
R I e S 18
du 2 ( R ) (18)
and that the geodesic equations with affine parameter \ are

v RMG — GM [du\”
(=) =0 19
n TR (d)\) : (19)
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@R GM,, (du)’
- U - — ) 2
TR (d/\> 0 (20)
By using (18), one gets
Ldu/dA
_ 1 21
2du/dr’ (21)

where 7 is the proper time of the emitter (or the observer). The results of Waugh
and Lake [16] showed that, in the case of the outgoing Vaidya solution, du/d\ grows
without bound as the geodesic approaches R = 0. Then also the frequency shift
(17) must do so and, therefore, one cannot neglect the ingoing radiation around
R = 0. We will now show that this is not the case for the improved outgoing Vaidya
solution in which du/d\ remains finite as R = 0 is approached providing a perfectly
bound backscattered radiation.

Equation (19) can be integrated into the form

du GM — RMG'
e Aexp (/ Tdu) : (22)

where A is an integration constant. If we now use (18) and the explicit expression

for G(R) with v = 0 in (2) we can rewrite this as

du  ~ (R*+ Gow 1 1 ¢
7= () [af (7)) -

where A is a constant. Every ingoing radial null geodesic approaching R = 0 must

do so, according to (18), satisfying
lim —° = — . (24)

So that if we arbitrarily choose that the geodesic reaches R = 0 at u = 0 then we

can write
1 2

If we now insert this into (23) we finally show that du/dA remains finite when

approaching ©u = R = 0 since
du
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4. A constraint on the interiors of the improved outgoing Vaidya

solution

Consider that we want to model a collapsing object using the standard procedure
of matching a spherically symmetric interior spacetime V to a radiating exterior
spacetime V, that we choose to be the improved outgoing Vaidya solution. Not
all possible interior solutions will be able to be matched, by the accurate use of the
Darmois [33] junction conditions, through a time-like hypersurface ¥ to the improved
outgoing Vaidya solution and, even if they match, not all possible matched models
will be meaningful. In this section we will show a restriction for the possible interior
solutions in the usual case in which the interior has a Type I [34] energy-momentum
tensor. With this purpose, let us consider the orthonormal basis in which the energy-
momentum tensor diagonalizes {04, N4, Wy, W, }. In this basis the energy-momentum

tensor can be written as
T:pdﬁd®ﬁd+pdﬁd®fld+pT(UJQ®(.|J9—|—LU¢®W¢). (27)

Let us remark that this interior will be formed in general by contributions from
a collection of different matter fields. Thus, an observer with 4-velocity t; could
measure an energy density p; made up with contributions from, for example, a scalar
field, an electromagnetic field, an anisotropic fluid non-comoving with t; and so on.

Provided that we have obtained a matched model intended to represent an
isolated spherically symmetric astrophysical body, the aforementioned constraint on

the interior can be written as

Proposition 4.1 The luminosity measured by an observer at rest at infinity will be

non-negative if, and only if,

P
Pa = pv- (28)

This result is easy to show if one considers a spherically symmetric matching
hypersurface > provided with a tangent time-like 4-vector u and a normal 4-vector

n that we can always relate to the previous basis through
iy = coshéu+ sinhén (29)
ng = ¢(sinh éu + cosh¢n), (30)
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where ¢ = 1. On the other hand, Israel’s junction conditions [35], which are a

consequence of Darmois’ junction conditions, imply

[T,mtn”] =0 (31)
= pasinh? € + pgcosh? € = N2®? + py, (32)
and
[T, m*u” Z 0 (33)
= (pg + pa) sinh € cosh € = N2@?, (34)
where [...] Z 0 means that the corresponding quantity, when measured from every

side of ¥, must coincide. In addition, we have used for the exterior the energy-
momentum tensor of the improved Vaidya solution (5,6,7) and we have defined the
normalizing factor N such that 1 = 9/0R = N(u+ n).

Finally, by combining these two equalities we arrive at
N?®% = (py — py)ef cosh €. (35)

2 2
Consequently, pg > py < ®? > 0 what, taking into account (8) and (11), ends the

proof.

5. Particular models of radiating collapsing stars

We will exemplify our results by choosing as our interior solution the well-known
spatially homogeneous and anisotropic flat Robertson-Walker (RW) solution. We

can write the line-element in its isotropic form as
dshy = —dt* +a*(t) [dr® + r* (d6” + sin® 0dp?)] . (36)

In order to have a complete stellar model we need to match the interior
solution with the radiating exterior solution through the evolving star’s surface. The
matching of two spherically symmetric space-times through a time-like matching
hypersurface ¥ using Darmois’ junction conditions can be found, for example,
in [10]. First, we need to identify an embedding of ¥ in both the improved-
Vaidya and the RW space-times. To that end let us consider a general timelike

hypersurface o preserving the spherical symmetry of the exterior spacetime and with
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intrinsic coordinates {*} = {7, 9, ¢}, where 7 is a future-directed time coordinate
defined only on the hypersurface. The general parametric equations of o are:
u=u(t), R=R(1), 0 =1, ¢ = ¢. The unit normal vector of o is
i — ; [—u{% + (xi+ R) %} . (37)
U(xt + 2R)

Similarly, let us take a general timelike hypersurface & preserving the spherical
symmetry of (36). This hypersurface is assumed to be diffeomorphic to o, and thus
the intrinsic coordinates are chosen to be the same {£*} = {7,9, p}. The general
parametric equations for & are: t = t(7), r = r(7), = 9, ¢ = ¢. This hypersurface
is timelike whenever

.9 2
7;—2 = (%) < é (38)
The corresponding unit vector normal to &, whenever it is time-like, is chosen in

agreement with (37) [10] to be

I a27’“2+f£
a2 22 ot or)

At this stage, we impose the Darmois gravitational junction conditions [33][10],

S

which are the best suited for our purposes, requiring that the first and second
fundamental forms of ¥ be identical when computed from either the interior or the
exterior manifold. This provide us with a full set of matching conditions which in

the case under consideration becomes after a little computation

R Zar, (39)

MG 2 %, (40)
!

oS- ;ggfgg) t 42)

where = means that both sides of the equality must be evaluated on ¥ and we have

defined:

2
)= 200,44 +a,

43
3a,? (43)
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It is interesting to note that 7(¢) can be physically interpreted as the ratio between
the total pressure and the total energy density as measured by an observer at R = 0
over the course of time™.

Assuming that we know the interior, i.e. a(t), the general procedure to solve the
matching conditions (39)-(42) is the following: (i) Equation (42), with the help of
(39), can be considered a simple ordinary differential equation for the unknown r(r),
which will have solution if the right hand of (42) satisfies Lipschitz’s conditions. The
solution will depend on an arbitrary constant rq, and thus we obtain a one-parameter
family of possible solutions for X. (ii) By substituting the solution r(¢, ) into Eq.
(41), we obtain another differential equation for the unknown wu(t). Solving this
equation, we obtain u(t, rg, ug), where ug is a new arbitrary constant. (iii) From Eq.
(39) we immediately find R(t, o), which together with wu(t, o, ug) provides the form
of the hypersurface ¥ as seen from the improved outgoing Vaidya spacetime. (iv)
Finally, we get M (¢, 1) from equation (40) and, combining this with w(¢, 7o, ug), we
find the mass M (u, ro, ug) for the improved outgoing Vaidya solution explicitly.

It is worth noticing that, once a model satisfying the matching conditions (39)-
(42) is obtained, by construction it will have for its exterior an improved outgoing
Vaidya solution (4) which, at the same time, comes from a defined infrared cutoff
identification [1]. Therefore, the cutoff originally chosen for a specific solution

remains unaffected by the matching of this solution to another interior solution.

5.1. Measured luminosity

The luminosity measured by an observer at rest at infinity at the latest stages of
the collapse is of the utmost importance since it gives away the signature for an
evaporating collapse as seen from outside the collapsing object. Given an interior,
i.e. a(t), we can obtain L., as a function of ¢ through the matching conditions

(39-42) and, after some algebraic manipulation, we can write it in the useful form
L —_y = r?(3G — RG")(3Gn + RG")(1 + ra,; )*a,?
T 6G(1 + 1) |

(44)

where, according to (39), R Z gr and G = G(R(t)).

T And, in fact, by any observer moving with 4-velocity 9/0t.
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5.2. Restrictions on the homogeneous-isotropic interiors

The temporality condition (38) on the matching hypersurface could be written now

with the help of (39) and (42) as

5 3G — 2RG’
—1<n<({R)=—F+F+— 45
2o =222 (45)
and using the explicit expression for G (2) with v =0

3R* — Gow
Y SR Go)

what imposes, for every value of the areal radius of the matching hypersurface at a

(46)

precise inner time ¢, lower and upper bounds on 7.
On the other hand, the application of the condition on the non-negative

luminosity (28) to this case can be written using (39) and (40) as

= RG'
>ER) = ——— 47
N2 ER) =2 (47)
where £ can be rewritten using (2) with v = 0 as
2Gyw
R=—r . 48
§(R) 3(Gow + R?) (48)

In this way, for every value of the (areal) radius of the collapsing object, this imposes
the real minimum value for 7. In particular, the absolute minimum of £(R) is at
R =0 and its value is —2/3.

Another straightforward consequence of (47) when one takes into account (2)

with v = 0 is that the evolution equation (42) should satisfy

dr =
— <0 49
T 20, (19)
where the equal only applies in case the object does not radiate.

Restrictions (45) and (47) together imply
DY
§<n<g, (50)

what can be conveniently summarized in a graphic, as shown in figure 2. The
importance of the inequalities in (50) is that they provide us with some clues about
the behaviour of the interior (7) as the star evolves. In this way, it can be seen
that, if the model completely collapses, then the value of 1 at this moment should

satisfy —2/3 < n|ge.—0 < —1/3. However, for an areal radius much greater than the
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Lof

-1/3

273

Figure 2. Given a homogeneous and isotropic interior matched to an improved
outgoing Vaidya solution, the matching conditions provide us with the parametric
equations { R(t),n(t)}, where R = Rx./\/Gy. These equations define a curve which
is limited by the temporality condition (¢) and by the non-negative-luminosity
condition (§) and, therefore, should be inside the shadowed region of the graphic.
We have depicted a possible curve () satisfying the conditions. On the other
hand, in the power-law case (54) the curve for n is just a horizontal line (60)
what, as shown, limits its applicability to a maximum R ~ 1.3, corresponding to

n — 1.

Planck length, n should be approzimately between 0 and 1 (being this range exact
only when Ry — 00).

A final restriction that should be satisfied by a model is that, if we assume that
7 and u should both grow towards de future, then the right hand of (41) should
be positive. Combining this with the timelike condition for ¥ (38) one gets the

additional restriction

rs(t)a,, > —1. (51)

5.3. Interiors dominated by a scalar field

Now we would like to construct a toy model for a collapsing star assuming an
interior dominated by a scalar field, in addition to the simplifying assumption of
its homogeneity and isotropy. This kind of models have been profusely used in the
literature (see, for example, [36][37][38]). One expects that such an interior will also

possess an inner mechanism responsible for the emission of radiation to the exterior,
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in addition to an energy-momentum tensor with, at least, a term R describing the

inner radiation:

mf=@¢@¢—%ygyﬁ%¢%¢+vwﬂ+RW+H. (52)

or specifically for the homogeneous and isotropic case
2W=&@@+%WB&—Vw4+RW+W (53)
However, as the collapse proceeds the scalar field contribution dominates over
the contribution from the radiation R and the other terms. In this way, from now
on we will assume, as usual [37][38][39], that their contributions can be neglected.

Let us consider in the first place the most usual scale factor studied in the

literature: the power-law case, i.e.,
a(t) = Alt[", (54)
where A and n are positive constants and the absolute value is taken since we choose

the collapse to proceed in the range —oo <t < tfpq (< 0).

The potential and the field are easily obtained since the field equations provide

us with [39]
Vig(n) = 2t et (59
07 = ﬁ (56)
what implies that in this power-law case
- néigo—ti) (57)

n
6 = bu+oy| g nl (58)

where 02 = 1. So that

n(3n —1) Ar G
V(ip) = ———— -2 - : 59
()= e m« o\ =26~ ) (59)
On the other hand, using (43) it is easy to check that in this case
2—3n
= . 60
n=—- (60)

In this way, the condition on the non-negative luminosity (47) together with the

temporality condition (45) can be satisfied around the collapsing event only if
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Figure 3. To the left we show the evolution of the areal radius of the star surface
around the total collapse event as a function of time in Planck’s time units. The
interior follows a power-law with n = 3/2, however the behaviour does not depend
of this precise value, as long as it fulfills the required condition 1 < n < 2. We have
also chosen as the initial condition for the evolution equation r(—1) = 0. In other
words, we choose that the energy density measured by an observer comoving with
the center of the star to be extremely large at the collapse event: approximately
one third of Planck’s density or 1.4 -10%kg/m3. The evolution of the star’s mass
during the same period is shown to the right. (Due to the mentioned limitations
of the power-law behaviour it is meaningless to consider the evolution further to

the past).

1 < n < 2. As a consequence of n being constant there will be a maximum
areal radius for the star (see figure 2) that turns out to be too small to model
any astrophysical object. Anyhow, we can consider the power-law behaviour as
an approximation valid only around the collapsing event and obtain the evolution
of the star’s surface around R = 0 from the evolution equation (42) and with the
help of (39). This has to be done numerically and the result, which is qualitatively
similar for all the allowed values for n, is shown in figure 3. We also show in the
same figure the behaviour of the mass, which is radiated away until reaching the
total evaporation. Despite extremely high energy densities are reached at the total
evaporation event, no singularity appears.

As explained, the power-law case cannot model the complete evolution of an
object of stellar size. In order to get a complete model we will use the following

ansatz:

a(t) = (aft|™ +Blt|™™) 7, (61)
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where a, 3, n and m are constants satisfying 1 < n <2 and 1/3 < m < 2/3. The
idea behind this ansatz is to take profit of the power-law behaviour for [t| ~ tp
(a ~ [t|™), that we have just analyzed, and also for |t| >> tp (a ~ [t|™) when we
want the object to be of astrophysical size, provided that m is chosen to satisfy the
restrictions on 7 for large Rs (see figure 2).

Again, one can obtain the evolution of the star’s surface from the evolution
equation (42), and with the help of (39). The result, which is qualitatively similar
for all the allowed values of n and m, is shown in figure 4. For example, the fact that
the object should collapse is not surprising since this model satisfies a,; < 0 what
combined with (39) and (49) implies that dRy/dt < 0 for ry > 0. Since a(0) = 0,
this implies that the evolving surface must reach Ry, = 0 in the range —oco < t < 0*.
We also show the big increase in the energy density measured from the center of the
star in the last stages of the collapse. As expected, with the adequate values for o
and (3, there are no limitations to the past for the evolution’s time. In this respect,
let us remark that the values used for the figure provide exactly the allowed curve
1 that has been depicted in figure 2.

As explained when discussing on the restrictions for the interiors, in order to get
a satisfactory model it is still necessary to check condition (51). We explicitly show
the fulfillment of this condition for our specific model in figure 5. It is interesting to
note that, as a consequence, none of the model’s 2-spheres will be a closed trapped
surface. This is easy to see since, the interior 2-spheres will be closed trapped

surfaces if, and only if, y < 0 [10], where
X=9"0,RO,R=(1—a,r)(1+a,r). (62)

Now, since our models satisfy a,; < 0 and (51), it is obvious that ysx > 0. On the
other hand, (62) tell us that the interior (r < ry) satisfies 0 < Xx(tn) < X(r, ) <1
for every t,, in the allowed range, i.e., the interior lacks of closed trapped surfaces.
Taking into account that the matching conditions imply y(¢,) z X(t,), where u,,
is the advanced time parameter corresponding to t,, through the matching, then (2)
and (15) tell us that the exterior satisfies 0 < xs(tum) < X (U, R) < 1 for every u,,.

* (Clearly, the same argument can be applied to the power-law case.
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Figure 4. To the left we show the evolution of the areal radius of the star
surface. Now the interior follows the ansatz (61) with n = 3/2 and m = 1/2,
however the behaviour does not depend of these precise values, as long as they
fulfill the required conditions. Our ansatz allows us to treat the collapse during
any chosen period and from any initial radius. We have chosen the same initial
condition that was chosen in the power-law case. This provides us with the same
extremely high energy densities in the total evaporation event (see the caption
of figure 3) which are reached in a short period during the last stages of collapse

(graphic to the right).

0.8
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Figure 5. The graphic shows the fulfillment of condition (51) during the same

period of time used in figure 4.

The absence of closed trapped surfaces both in the interior and the exterior shows
that none of the model’s 2-spheres will be a closed trapped surface.

Finally and of utmost importance, the luminosity can be also obtained
numerically from (44) once the evolution equation has been integrated. The result

for this case is shown in figure 6.
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Figure 6. We show the evolution of the luminosity as measured by an observer
at rest at infinity. The luminosity does no vary much during the lifetime of the
star. Only in the last stages of the collapse the luminosity increases dramatically.

This sudden final explosion signals the total evaporation of the star.

6. Conclusions

In this paper we have postulated the tmproved outgoing Vaidya solution as a
replacement to Vaidya’s solution in models in which the areal radius reaches small
enough values. In this way, not only are quantum effects on the vacuum considered,
but, as we have shown, also the problem of the unbound backscattered radiation,
present in the original outgoing Vaidya’s solution, disappears.

As can be deduced from proposition 4.1, a remarkable property of this solution
is that it admits interiors possessing negative pressures. This is interesting
since Vaidya’s solution does not admit them [40][41]. Moreover, for the case of
homogeneous and isotropic interiors we have shown that negative pressures are not
only admitted, but required as the model approaches the final stages of the evolution
(see figure 2 and compare with Vaidya’s case where 0 < n < 1 [10][40]). This is
interesting since it has allowed us to model collapsing self-gravitating scalar fields
which evolve from positive to negative pressures (what, incidentally, agrees with
the behaviour expected in Loop Quantum Gravity interior models [42]). A Penrose
diagram of the singularity-free model is shown in figure 7. Finally, we have been
able to provide the profile of the luminosity of the collapsing scalar field as measured
by an observer at rest at infinity, what had been impossible to obtain so far.

The reader should be aware that we have not considered the leading quantum
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Figure 7. The complete model with a homogeneous and isotropic interior. Note

the absence of singularities.

gravity corrections that would modify the interior while keeping it homogeneous and
isotropic. Some work at this respect has already been done in a cosmological context
(see, for example, [43] and references therein) in which the homogeneity and isotropy
assumptions imply that the infrared cutoff can only be a function of the cosmic
time t. In case a similar approach worked for a homogeneous and isotropic stellar
interior, one could expect an inner running Newton’s constant G(¢) and a much
more complicated energy-momentum tensor which should now contain information
not only about a possible scalar field but also, for example, about the vacuum
polarization. In this way, the same scale factor could produce different physical
interpretations depending on whether it is used in a RG-improved homogeneous
and isotropic solution or not. However, if the matching with the improved outgoing
Vaidya solution were carried out, we would not expect modifications in our main
results for the matched modelsf since these results depend only on the homogeneity
and isotropy of the interior and its specific scale factor. Despite this, we consider the

f Namely, the evolution of the model’s surface, the behaviour of its luminosity or the restrictions

on the scale factor.
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search for renormalization-group improved interior solutions an interesting subject
for future research.

With regard to the limitations of the improved Vaidya solution and, therefore,
to the models presented in this paper, we expect this effective solution to be reliable
only for values of the areal radius much greater than Planck’s length. However,
for R of the order of the Planck length the renormalization effects become strong
and the quantum corrected geometry differs too significantly from the classical one.
Probably only a full Quantum Gravity Theory could provide us with the accurate

behaviour in the very final stages of collapse.
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