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Abstract 

 This paper presents a new steady state model which contains fewer polarisation curve 
fitting parameters compared to other semi-empirical models. The established model is also 
defined at no load operation and can be fitted perfectly to the static polarisation curve for a 
wide range of cell currents. The model links the fuel cell voltage to the current by a simple 
function to which various useful derivative laws can be applied. As a result, many analytical 
expressions, for example, polarisation resistance or power density, can be evaluated directly 
from the model.  
 
Keywords: Proton exchange membrane fuel cell; steady state model; polarisation curve; semi-empirical model; 
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1. Introduction 

Polymer electrolyte membrane fuel cells (PEMFCs) are the attractive solution for zero 
emission energy productions. They are the promising alternative sources for stationary and 
transported applications. To improve the efficiency of the fuel cell system, designers need a 
simple but accurate model of the fuel cell. Unfortunately, the mentioned model is not yet 
existence. 

The straightforward method to create the fuel cell model is to develop the physics model 
that is to say coupled partial differential equations model. However, the fuel cell system is 
usually incorporated with many auxiliary systems such as compressors, cooling system and 
flow control valves, so that, the physics model, which is constructed from physics, 
electrochemical and thermodynamic laws of each system element, will be very complicated 
and difficult to use. 

The empirical or semi-empirical fuel cell models are the other option to the designer. This 
kind of model is usually a simple mathematical formula with some curve fitting parameters 
which form a relationship between the interested variables, in this case the terminal voltage 
and current of the fuel cell. The drawback of this model is that it usually contains the 
logarithmic function which makes the model undefined at zero current operation. 

This paper presents a new empirical model of PEMFC. The proposed model contains only 
two curve fitting parameters which is less than the usual empirical (or semi-empirical) models 
may have. Further more, there is no logarithmic function in the model, so that, it is continuous 
and differentiable.  
 

2. The fuel cell models 

At present, there are three main types of PEMFC models which are the mass transport, the 
empirical equivalent electrical circuit model and the empirical mathematic model. 
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2.1 Mass transport model 

 This kind of model describes entire physical phenomena of electrochemical reactions, 
such as the transports of gases, water, protons and current, that lead to the relationships 
amongst fuel cell voltages, currents, temperature, and material parameters [1]-[3]. Several 
aspects are involved in this kind of model, for example, multi-species diffusions through gas 
diffusion layers, electrochemical reactions in the activation layers, and water and protons 
transport through the membrane. All these phenomena are strongly coupled and thermally 
dependent [4]. Some parameters, for example the current density, are space dependent which 
make them not just difficult to solve but also require a high computational cost. Moreover, 
this detailed model contains many adjustable parameters. 
 This kind of model is necessary to predict and analyse the static or transient behaviour of 
a fuel cell, or just a part of them by means of computer simulations in different running 
conditions. However, the model is very difficult to understand and is not well suited for 
control applications. 
 

2.2 Empirical equivalent electrical circuit model 
 The empirical model is a model that has no solid link between the model and the physical 
system. The model always needs an experimental result from the real system to adjust the 
model parameters. The circuit model is one form of the empirical model of the PEMFC. The 
circuit in Fig. 2 is a common and practical circuit model for a PEMFC [5]-[7]. It consists of 
three resistors where the rm represents the membrane resistance, ra and rc stand for anode and 
cathode charge transfer resistance due to the hydrogen oxidation and oxygen reduction, 
respectively. Cdl,a and Cdl,c are the double layer capacitances at the electrode/membrane 
interfaces. Finally, Zw,a and Zw,c are the diffusion impedances of the gas diffusion layer in the 
anode and the cathode side, respectively. Normally, these parameters are identified by using 
an electrochemical impedance spectroscopy (EIS) [8]. 
 The feature of the model is the low computational cost and its use in control applications. 
However, as shown in figure 1, there ares a lot of parameter to estimate.  
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Anode CathodeMembrane

 
 

Fig. 1. An Equivalent circuit of a PEM fuel cell 
 

2.3 Empirical mathematic model 
  

Some of them are based on a strong, though simplified, physical description of the MEA 
behaviour [9] [10]. The advantage is that they allow the experimental determination of 
important parameters governing the electrode processes. In this sense this type of model is 
used to confirm the physical interpretation of PEM single cell behaviour in contrast to a 
simple prediction of a polarisation curve. However, contrary to our model, those semi-
empirical models are typically intended for single PEMFC and not for stacks. 

 



 3

Other models are quite simple compared to the pure theoretical models previously 
described. The empirical equation is used to establish the relation between voltage and current 
of the fuel cell [11], [12]. For example, one of the most preferred models is: 

  RI)Iln(bUU o −−=   (1) 

  )Iln(bUU oro −=   (2) 

where rU  is the reversible cell voltage, b is the Tafel slope, and Io is the exchange current 
density and R is the ohmic resistance.  
 Kim et al. [13] proposed the improved version of this expression by adding a term that 
would correct the observed difference between the voltages computed from (1) and the 
measured one. This difference has been fixed with the following exponential function: 

  )nIexp(mU =∆   (3) 

where m and n are constant. Then, (1) can be rewritten as: 

  )nIexp(mRI)Iln(bUU o −−−=   (4) 

 This kind of model is quite accurate in a wide operating range. However, as it can be seen 
in (4), the relation is undefined for no-load operations (i.e. I=0) and there are five parameters 
that have to be determined.  
 
 

3. The proposed static model 

The new static model, which was established in this work, is simpler than those described 
above as it has only two parameters to be determined. Moreover, this model is defined at I=0 
at atmospheric pressure and for a given temperature stack, it is continuous, differentiable and 
simple, as follows: 

  αaI
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=

1
  (5) 

where oU  is the open circuit voltage (OCV) and I is the fuel cell stack current. As seen in (5), 
αaI  has no unit, this implies that the parameter “a” can be expressed as α−

hI , where Ih is 

equivalent to an electrical current  and its unit is cancelled with I. Then, (5) can be rewritten 
as: 
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where α  and hI  are the only two parameters to be determined. 
 We can try to link the parameter hI to a fuel cell characteristic parameter, for instance to 
the open circuit voltage. By rearranging and applying the logarithmic function on both sides, 
(6) can be rewritten as: 
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 From (7), we can deduce that the current hI  is equal to I at U = UO/2. However, this is just 
a theoretical value because a healthy stack cannot safely reach this static operating point. By 
the experimental results and using the non-integer power law function, the polarisation curve 
is fitted by a least squares method. 

As mentioned, the other useful behaviour laws can be derived from the proposed model, 
for instance the function of the current-electric power curve and the current-polarisation 
resistance curve will be shown here. 

Since the electric power of the fuel cell is simply the product of the voltage and the 
current, the function of the current-power derived form the model is: 
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The last example is the derivation of the current-polarisation resistance curve. 
Generally, the fuel cell voltage, U, can be expressed as a function of the steady state open 

circuit voltage (U0) where the voltage drops due to the cathode and anode activations ( ac η ,η ) 

and the membrane (mη ) as follow: 

  mcao ηηηUU −−−=   (9) 

Each term of the voltage drop can be considered as a result from the parasitic resistance of 
each part. 

 The fuel cell resistance is a sum of those resistances [14] and the steady state fuel cell 
voltage can be rewritten as: 

  IRUU po −=   (10) 

This resistance is usually measured using the EIS method. The analytical expression of the 
fuel cell in (6) enables us to evaluate pR in (10) as follow: 

  α

α









+










=

h

ho
p

I

I

I

I

I

U
R

1

  (11) 

 
 

4. Experimental setup and results 
 

For model verification, the experiments are performed on a sixteen cell stack. The 
stack temperature is assumed to be homogenous through the system. The details of the 
experimental set up is shown in Fig. 2. The parameters are given in Table I. Only the inlet air 
is humidified. 
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Fig. 2. PEMFC test bench 

Table I 
 Fuel Cell Parameters 

 
 
 
 
 
 
 
 
 
 
 
 
 

Table II 
Model parameters for different cathode relative humidity 

 
RHc 37% 63% 

Ih [A] 449.7 483.2 

α  0.338 0.350 

 
A comparison between the proposed model in (6) and the experimental result for two 

different humidification conditions has shown in Fig. 3. The values of Ih and α  are obtained 
using a least squares method and given in Table II. It should be noted that the coefficients Ih 
andα  depend on the humidification of the inlet gas.  

Fuel cell type Proton exchange membrane 

Power 500 W 

Number of cells 16 

Active area 100 cm² 

Anode operating pressure 1 atm 

Cathode operating pressure 1 atm 

Stack temperature 60 °C 

RHa 0 % 

RHc 37 % and 63 % 
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Fig. 3. Comparison between the polarisation curves from (6) and the experimental results 

For the current-power characteristic function in (8), the function provides an accurate 
result compared to the experimental curves as shown in Fig. 4. Since the mass transport 
limitation does not appear under the normal fuel cell operation, the power curve under normal 
operating range is roughly a linear function of the current.  
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Fig. 4. Comparison between the current-power curves from (8) and the experimental results 

The evaluated polarisation resistances versus current of the fuel cell at different relative 
humidity of the inlet air are plotted in Fig. 5.  The computed polarisation resistances from (11) 
are definitely corresponding to the ones obtained experimentally. 
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Fig. 5. Measured and computed polarisation resistances. 

 
Therefore, the model is in good agreement with experimental results.  
Since, the parameters are determined under constant and homogeneous temperature and 
pressures, several additional experiments are needed when temperature or pressure are 
changed. 
 
 

4. Conclusion 

In this work, a new PEMFC steady state model has been established. This model contains 
less fitting parameters than the usual ones, but presents many advantages for control 
application. The important property of the model is the validity at open circuit operation, in 
contrast to the other model that is undefined when the current approaches to zero. Further 
more, the model is differentiable which is preferred by electrical engineers. Various analytical 
expressions can be derived from the model, the expressions of current-electrical power and 
current-polarisation resistance are derived here as examples. The curve of the cell resistance 
from the expression is in accordance with the resistance at the low frequency measured by 
EIS method without any extrapolation [15]. 
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