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Abstract

If H is (or is isomorphic to) a subgraph of G, we say that H divides
G if there is an edge-decomposition of G by copies of H. Many authors
(1], [2], [3], [5], [6], [8]) have studied this notion for various subgraphs
of hypercubes. We continue such a study in this paper.

1 Introduction and Preliminary Results

Definition 1 If H is (or is isomorphic to) a subgraph of G, we say that H
divides G if there is an edge-decomposition of G by copies of E(H).

Ramras [5] has defined a more restrictive concept.

*CNRS Université Joseph Fourier



Definition 2 A fundamental set of edges of a graph G is a subset of E(QG)
whose translates under some subgroup of the automorphism group of G par-
tition E(G).

In [5] we have shown that if G is a subgroup of Aut(Q,,) and for all g € G,
with g # id (where id denotes the identity element), g(E(H)) N E(H) = (),
then there is a packing of these translates of E(H)) in @,, i.e. they are
pairwise disjoint. If, in addition, | E(H)|- |G| =n-2""1 = | E(Q,)], then
the translates of E(G) by the elements of G yield an edge decomposition of
@, In [5] it is shown that every tree on n edges can be embedded in @, as
a fundamental set. In [6] this is extended to certain trees and certain cycles
on 2n edges. Decompositions of @),, by k-stars are proved for all k£ < n in [2].
Recently, Wagner and Wild [8] have constructed, for each value of n, a tree
on 2" ! edges that is a fundamental set for Q,,.

The structure of Aut(Q,) is discussed in [5]. For each subset A of
{1,2,...,n}, the complementing automorphism o, is defined by oa(Z) =
T 4 Y ica €i, Where e; is the n-tuple with a 1 in the ith coordinate and 0
elsewhere. Another type of automorphism arises from the group of permu-
tations S, of {1,2,...,n}. For 0 € S,,, we define py by pg(x1,z0,...,2,) =
(1), To(2), - - - Ta,)). Every automorphism in Aut(@Q),,) can be expressed uniquely
in the form o4 o pg.

To avoid ambiguity in what follows we make this definition:

Definition 3 By Py, the “k-path”, we mean the path with k edges.

Questions
(1) For which k dividing n - 2"~ does Py divide @Q,,?
(2) For which & dividing n - 2"~ does C}, the cycle on k edges, divide Q,,?
(3) For those k for which the answer to either (1) or (2) is “yes”, is the edge
set a fundamental set for Q,,7

We begin this introductory section with some examples. In later sections
we prove a variety of results relating to these questions, and in the final
section we summarize our findings.

Example 1

Let T be the 2-star (= the 2-path) contained in Q)3 with center 000, and
leaves 100,010. Then G = {id, 0123, 01p(123): T120(132), T3P(132) T23P(123) } 1S &
(cyclic) subgroup of Aut(Q3) of order 6, and the 6 translates of T under G
yield an edge decomposition of Q3. O



Note, however, that G does not work for the 2-star 7", whose center is
000 and whose leaves are 100 and 001. The subgroup which works for this

2-star is G’ = {id, 0123, 01p(132), T13P(123), O2P(123) 023P(132) } -

Example 2

Ps does not divide 3. For since ()3 has 12 edges, if Py did divide Q)3
then )3 would have an edge-decomposition consisting of 2 copies of Fys. The
degree sequence of Py is 2,2,2,2,2, 1,1, whereas (D3, of course, is 3-regular.
So 5 vertices meet 2 edges of one copy of Fs, and another 5 vertices meet
the other copy of Fs. Since ()3 has only 8 vertices, the 2 5-sets must have
at least 2 vertices in common. But that would force these 2 vertices to have
degree 4, a contradiction. O

Example 3

Py does not divide Q3. Since P, has 4 edges, we would need 3 copies of P,
for an edge-decomposition of ()3. The degree sequence of P, is 2,2,2,1,1,0,0,0.
Call the three copies of P, P, P® and P®. At each vertex v of Qs,
Yi<i<zdegpm (v) = 3. For each v with degpu)(v) = 0 or2, exactly one of
degpe (v) or degpws) (v) is 1. Thus a total of 6 + 2 = 8 1’s are required.
However, each of the 3 copies of P, has exactly 2 vertices of degree 1, and
so the total number of 1’s in the 3 x 8 array (a;) formed by the 3 degree
sequences is 6. Hence P, does not divide Q3. a

Example 4

The other tree on 4 edges does divide ()3. Let T' = the 3-star centered
at 000 union the edge < 001,101 >. Let G =< ga3p(123) >, which is a cyclic
subgroup of Aut(Q3) of order 3. A straight-forward calculation shows that
the translates of T" under G form an edge decomposition of ()3. O

Proposition 1 For k > 3, Pox does not divide Qop 1.

Proof. Suppose that k > 3, and suppose that Py divides QQoxy1. The matrix
(a;,) has 22**! columns, and

(2k + 1) - 2% /2% = (2K 4 1)2*
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rows. Then since each row has exactly two 1’s, the entire matrix has
(2k + 1)2¥1 1’s. But since each vertex of Q. has degree 2k + 1, each
column sum is 2k + 1, and thus each column has at least one 1. Thus there
must be at least 2%**! 1’s in the matrix. Therefore, (2k + 1)2F+1 > 22++1
This is equivalent to 2k + 1 > 2%, But for k > 3 this is clearly false. Thus
for k > 2, Py, does not divide Qo 1. O

We can generalize this proposition.

Lemma 1 Given any positive integer j there exists an integer ko > 0 such
that for all k with k > ko, 28771 > k.

Corollary 1 For any positive integer j there exists an integer ko such that
for all integers k > ko, Py—; does not divide Qopy1-

Proof. Choose ky by the lemma. We argue as in the proof of Proposition

1. Suppose that Pyr—; divides (Qory1. Counting the number of 1’s appearing

in the matrix (a;) we get the inequality (2k + 1)2F=7+1 > 2%+1  This is

equivalent to 2k + 1 > 2877 j.e. 2k > 2¢7J. This in turn is equivalent to

k > 2F=7=1 But by the lemma, this is false for k& > k. So for k > kg, Pyr—;

does not divide Qoxy1. O
The next result is Proposition 8 of [6].

Proposition 2 Let n be odd, and suppose that Py, divides Q),,. Then k < n.

Lemma 2 “Divisibility” is transitive, i.e. if Gy divides Gy and Gy divides
(s, then Gy divides GS3.

Proof. This follow immediately from the definition of “divides”. O
Corollary 2 If k divides n then Py divides Q.

Proof. By [5], Theorem 2.3, T divides Q,, for every tree T on n edges. In
particular, then, P, divides @,. Clearly, if k divides n then P, divides P,.
Hence, by Lemma 2, P, divides Q,,. O

We have the following partial converse.

Proposition 3 If P, divides Q,, and k is odd, then k divides n.
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Proof. Since Py, divides Q,,, k divides n-2"~!. But since k is odd, this means
that k divides n. a

Proposition 4 If k divides n then E(Qy) is a fundamental set for Q,. In
particular, Q) divides Q,,.

Proof. Let n =k - m. Define the permutation
0:{1,2,....,n} —{1,2,..., n}
by
0= (Lk+1,....(m=Dk+1)(2,k+2,...,(m—1)k+2)---(k,2k,...,mk).
Let py be the automorphism of (),, defined by
Po(T1, .-, Tn) = To(1)s - - - To(n)-

The order of 6 is m and so the order of the group (py) is also m. Let
H={oa|AC{k+1,k+2,...,n}|Al|iseven}. H is a subgroup of the
automorphism group of ),,_,. Finally, let G be the group generated by H
and pg, i.€.

G={oapei |AC{k+1,k+2,....,n},|Aliseven,1 < j <m,}.
G is a subgroup of Aut(Q,) of order m - 2"~*~1. Hence
G- 1E@Q0)|=m-2" (k-2Y) =n-2"7" = | E(,) |

To show that the translates of F(Qy) under G yield an edge decomposition
of @, it remains to show that for all 1 <i <k, A C {1,2,...,k},| A| even
and for all 1 < 57 < m,

oapei (E(Qr)) N E(Qx) = 0.

Now if e € E(Qy), its direction (the coordinate in which its endpoints differ)
is some 4, 1 < i < m. The direction of py;(e) is 67(i). Automorphisms of
the type o4 leave edge directions fixed, so the direction of o 4ppi(e) = 67(i).
From the definition of 6, 6(i) = k + i. One can then show by induction on
j that ¢7(i) = jk +i for 1 < j < m — 1. Hence 6?(i) > k. Since all edges
of Qr have direction < k, ogappi(e) # id. Now if j = m, 0™ equals id, so
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gapgm = 4. But if o4(e) = e, and o4 is not the id, then A # (), and so
o4 interchanges the ends of edge e. This is impossible since | A| is even, by
hypothesis. a

As an immediate consequence of Lemma 2 and Proposition 4 we have
Corollary 3 If k divides n and if P; divides Q) then P; divides Q)y,.
We have a more general consequence.

Corollary 4 If k divides n and T is any tree on k edges, then T' divides Q).
In fact, T is a fundamental set for Q,.

Proof. By [5], Theorem 2.3, T' divides Q. Hence by Lemma 2 and Proposi-
tion 4, T divides @,,.

For the second assertion, let Gy = {oappi | A C{k+1,k+2,...,n},|A]|
even }, where 6 is defined as in Proposition 4. Note that the order of
is m, where mk = n. Let Gy = {op|B C {1,2,...,k},| B|even}. Finally,
let G C Aut @, be the subgroup generated by G; and G,. If og € G5 then
poo s = 0g(B)pe- Note that 0(B) C {k+1,k+2,---;n} and thus ogpypy € G1.
So for all j with 1 < j <m,

0APeiOB = OAPei-100(B)Po = = = T AAGI (B)AGI~1(B)---AO(B) P63 -
| AAG/(B)A - - - AG(B) | is even, and furthermore,
AAGJ(B)A - Afd(B) =AU [Hj(B)AGJ*I(B)A - A0(B)].

Hence ongiB)a--noB)Ps € (Xn,ps), where ¥, = {o¢|C C {1,2,---,n}.
First we shall show that the translates of £ = E(T') are edge-disjoint. So
suppose that ocpgi(e) = e’, where e,e’ € E(T) and |C'| is even. Let the
direction of e be i. Then the direction of 6(e) is 6(i). Since translations o4
preserve the directions of edges, the direction of e’ is also 7. Thus 67 (i) = i.
Since 6 is a product of disjoint m-cycles, this implies that j = m, and hence
07 = 0™ = id. Thus oc = id. Hence ocpy; = id, and so the translates of
E(T) are disjoint.

Finally, we must show that every edge e € F(Q),,) belongs to some trans-
late of E(T). Let e € E(Q,). Then since E(T) is fundamental for E(Qy),
e = g’ for some e’ € E(T), and for some g’ € Gy. Since E(Qy) is funda-
mental for @, relative to Gy, e’ = g”(e”), where ¢” € T and ¢” € G;. Thus
e = g'g"(e” for some e € T. Since g'g” € G, the translates of F(T) by
elements of G do cover E(Q,). So E(T) is fundamental for F(Q),). O
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Proposition 5 Ifn is even, and j < n then P,; divides Q,.

Proof. Tt is proved in [1] that the cycle Cyn divides @,. The Hamiltonian
cycle Cyn is divisible by any path P,, as long as ¢ divides 2" and ¢ < 2".
Thus Cy is divisible by P,; provided j < n. The result now follows from
Lemma 2. O

Proposition 6 If n is even, and C is the 2n-cycle with initial vertex 0,
and edge direction sequence (1,2,...,n)%, then Q, is edge-decomposed by the
copies of C under the action of G = {oa| A C [n—1], | A| even}. So E(C)
s fundamental for Q,.

Proof. C consists of the path P, followed by o2 . .1 (P), where P is the
path with initial vertex () and edge direction sequence 1,2, ..., n. Note that
for any B C {1,2,...,n}, for any edge e,op(e) =e = B =0or |B| = 1.
Now we shall show that for every subset A C {1,2,...,n — 1} with |A]
even, 04(C)NC = . Tt should be noted that these A’s form a subgroup
of Aut(Q,) of order 2"2. So suppose that ¢ = (x,y) € C Nos(C). Let
the direction of e be i. Then the direction of oa(e) = i. If A # (), then
since |A| is even, g4(e) # e. The only other edge in C' with direction i is
or12,..n3(€). Soif oa(e) € C, then oga(e) = op12,.. ny(e). Therefore oy -

op2,..n1(€) = e, ie. O'AA{LZ__iL}(e) = e. Since A and {1,2,...,n} are
even, so is AA{1,2,...,n} = A. Hence AA{1,2,....,n} =0, i.e. A =
{1,2,...,n}. But n ¢ A, so we have a contradiction.

Thus we have a group G of automorphisms of C of order 2772, such that
for g€ G, g #1id , g(E(C))N E(C) = 0. Furthermore, since |E(C)| = 2n, it
follows that |G||E(C)| = |E(Q,)|. Hence by [5], Lemma 1.1, the translates
of E(C) via the elements of G form an edge decomposition of @,. a

Corollary 5 If k < n and k divides n then Py, divides Q).

Proof. Since k divides n, 2k divides 2n, and thus since 2k < 2n, Py, divides
the 2n-cycle C' of Proposition 6. Hence by Proposition 6, Py divides @),,. O

Corollary 6 If k is even and k divides n, and C' is the 2k-cycle with initial
verter (), and edge direction sequence (1,2,...,k)?, then C divides Q,,.

Proof. By the proposition, C' divides )i, and by Proposition 4, @), divides
@»- The result now follows from Lemma 2. O
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2 P4 divides Q5

If k£ is odd then by Proposition 3 and Lemma 2 P divides ),, and only if k
divides n. Thus the smallest value of k for which Question (1) remains open
is k = 4. Corollary 5 settles the matter in the affirmative when n is even and
thus we now only need to consider the case of n odd. Example 3 shows that
P, does not divide Q3.

In the next two sections we show that for all odd n with n > 5, P, divides
Q. We first, in this section, prove the result for n = 5. The strategy is to
find a subgraph G of ()5, show that G divides )5, and then show that P,
divides G. In the next section we deduce the general case.

00000 #\'

213, 4

‘::ii,:f; ,,,,,,,,, o -

Figure 1: @5 and the graph G

We define G as follows (see figure 1). First, some notation. For b,¢ €
{0,1}, Qé***bc) denotes the 3-cube induced by the vertices xizoz37425 With

24 =band 75 = ¢. If a € {0,1} Q"™ is the 2-cube induced by the
vertices with z3 = a,z4 = b, and x5 = ¢. We take G to be the union of (1) :

QU with the edges of QU™ deleted; (2): (*+10) with all edges deleted

except for (01010,01110) and (11010,11110); (3) : QY™ with all edges
deleted except for (01101,11101) and (01001,11001); (4): the 4 matching
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edges between Qé*l*oo) and Qé*l*m); and (5) the 4 matching edges between
é*l*oo) and Qé*l*m). Thus | E(G)| = 20. Since | E(Q5)| = 5-2* = 80, we

must exhibit 80/20 = 4 copies of E(G) that partition E(Qs).
Lemma 3 G divides Q5. In fact, E(G) is a fundamental set for Qs.

Proof. The group of translations G = {id, 094, 095,045}, applied to E(G),
partitions E(G). It is enough to check that for A = {24}, {25}, and{45},
oa(E(G)) NE(G) = (. We will do this for the case A = {24}. The others

are similar. Suppose e,¢’ € E(G) and oa4(e) = ¢’. If e lies in Q5" then
o94(€) is in QY19 which is (vertex) disjoint from QL) - Similarly, if
e € QU gaule) € QU It e € QU then oyy(e) € QU Ifeis a
matching edge (x,y) between Qg***oo)and Qé***lo) then x9 = y» = 1. Hence
oa(e) = (z',y’) where 25 = ys = 0. Thus o9(e) # e’. Finally, if e is a
matching edge (z,y) between Qé***oo)and Qé***m) then zo = yo = 1, while if
(x',y"y = oale), then 25 = xj = 0 and so oa4(e) # €. O

— 00000

Figure 2: P, divides G

Lemma 4 P, divides G.

Proof. 1t is easiest to describe the paths by their starting points and direction
sequences (see figure 2).



Path Starting Point Direction Sequence

A 00000 2,5,1,5
B 10100 2,5,1,5
C 10000 2,3,1,3
D 01000 1,4,3,4
E 00100 2,4,3,4
O
Corollary 7 P, diwides Q5.
Proof. This follows immediately from the previous two lemmas. O

3 P, divides @), for n odd, n > 5

Let us write Q5 as Q5 = Q300Q, = Q30Cy. Let Gy = Qé***oo), G, =
QU0 Gy = QU Gy = QU™ Fori e {0,1,2,3} let m; be the canoni-
cal mapping from G; to Q3.

* From the decomposition of Q)5 by P, we have a coloring ¢ : @5 —
{1,2,...,20} of the edges of Qs such that for any i € {1,2,...,20} the
set of edges of Q5 colored 7 induces a Pj.

* Consider now QQ30CYyy, for some k > 1. Let G{,...,Gj,_; ~ Q3. Let 7/, be
the canonical mapping from G/, — Q3 for i’ € {0,1,...,4k — 1}.
The edges of Q30Cy; are

Case A: the edges of G/, for any i’ € {0,1,...,4k — 1}.

Case B: for any i’ € {0,1,...,4k — 1} the edges (z',y’) for x’ € G/,,
y' € Gj,, where |j' —i'| =1 (mod 4k) and 7/ (z") = m;(y”).

x Let 6 be the mapping from (Q30Cy — @5 defined by: for any z’ €
G!,,0(z") = x where x is the element of G;, with i =4’ (mod 4) such that
mi(z) = m(z'). (Note that € is not a one-to-one mapping.)

Proposition 7 If (z’,y') is an edge of Q30Cyy then (0(x'),0(y’)) is an edge
of Qs.

Proof.
Case A
(x',y") € G/, for some i’. Then let i = i’ (mod 4). By the

10



definition of 6,0(z") € G;,0(y’) € G;. This implies that #(z’) and 6(y’) are
adjacent.
Case B
Assume z' € G}y’ € Gj, with |j"—i'| =1 (mod 4k). We
have 7/, (z') = mj,(y ). Then 0(z') € G; and 0(y’) € G; where [j —i| =1
(mod 4) since |j' —i'| =1 (mod 4) implies that |j —¢| =1 (mod 4).
Furthermore

m(0(x") “E w(a’) "L a(y”) L 1 00y")).

Thus there exists an edge between 0(x’) and 6(y’) O

Figure 3: Decomposition of Qg1

Definition 4 Consider the coloring E(Q3D0Cy,) < {1,2,...,20} of the
edges of Q30Cum defined by c'((z',y")) = c({6(x), 0(y))-
Lemma 5 For any i € {1,2,...,20} the set of edges of Q30Cy, such that

c'(z',y") = i is a set of disjoint paths of length 4. Therefore Py divides
Q30Cy,, for all m > 1.
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Proof. By definition of ¢’, for any vertex x’ of Q30CY; the number of edges
incident to z’ colored i by ¢’ is the number of edges incident to 6(x”’) colored
1 by c¢. Therefore this number is < 2. Furthermore, there is no cycle colored
1 in Q30Cy; because the image by 6 of this cycle would be a cycle of Q5
colored 7 with ¢. Therefore the set of edges colored i by ¢’ is a forest and
more precisely, because of the degree, a set of disjoint paths.

Notice that the image by 6 of a path colored 7 is a path of ()5 of the same
length (because of the degree of the endpoints of the paths). Therefore all
the paths are of length 4. a

Figure 4: Decomposition of Q9,43

Theorem 1 Forn > 4, P, divides Q,,.

Proof. 1f n is even, the result is true by Corollary 5. If n = 5 then we are
done by Corollary 7. Consider Qo13, for m > 2. Qopiz = Qopmr10Q5.
E(Q2,) can be decomposed into m cycles of length 2™ (Hamiltonian cycles)
by Aubert and Schneider [1]. Let D be one of these cycles. The edges of
(Qomy1 are the edges of the two copies of ()9, and a matching. But every
vertex of (Qa, appears exactly once in D so E(Qany1) can be decomposed
into 2(m — 1) cycles of length 2™ and DOQ; ~ Co2m0Q; (see figure 3).
Every vertex of Q41 appears once in DOQ)q, thus, for the same rea-
son, E(Qami3) can be decomposed into 8(m — 1) cycles of length 22* and
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DOQ10Q2 ~ Cyx0Q10Q5 ~ Cyen0Q3 (see figure 4).

Since k > 2, QQTm is an integer stictly greater than 1 so the cycles of length
22m are divisible by P;. By Lemma 5, P; divides Cy2n0Q3, and Py divides
E(Q,) for any odd n > 5. O

4 Products of fundamental sets.

We begin with an easy result about divisibility of the Cartesian product of
two graphs. Its proof is straightforward and so we omit it.

Proposition 8 Fori = 1,2, let G; be a graph that is divisible by the subgraph
H;. Then G10G5 is divisible by the subgraph H{OH,.

Lemma 6 Let G; and Gy be any two graphs, and for i = 1,2 let ¢; €

7
Aut (Gy). Define (¢1, ¢2) : G1OGy — G10OGy by (91, ¢2)((7,9)) = (¢1(2), P2(y))-
Then (¢1, (bg) € Aut (G1DG2).

Proof. Let (z1,x2) and (yi1,y2) be adjacent in G10G;. Then either (1)
and y; are adjacent in Gy and xs = yy or (2) ;3 = y; and x5 and y, are
adjacent in Go. We must show that (¢1, ¢2)(x1, 22) and (1, ¢2)(y1,y2) are
adjacent in G10G;. By symmetry, it is sufficient to prove this for case (1).
But then since ¢; € Aut (G1), ¢1(z1) and ¢(y1) are adjacent in Gy, and

since o = ya, P2(22) = ¢2(y2). Therefore (¢y, p2) (1, x2) and (é1, d2)(y1, y2)
are adjacent in G10G,. Thus (¢1, ¢2) € Aut (G10Gs). a

Corollary 8 Suppose that fori = 1,2, H; C E(G;) and H; is a fundamen-
tal set for the graph G; with subgroup H; of Aut (G;). Then H,OH, is a
fundamental set for GiOGs with subgroup Hi X Ho of Aut(G10Gs).

Proof. By assumption, for ¢ = 1,2 the translates of H; by H; are edge-
disjoint and their union is F(G;). Suppose that e = ((z1,22), (y1,92)) €
E(G10G,). Then either Case (1): (x1,11) € E(Gy) and x9 = y, or Case
(2): x1 = y; and (x9,y2) € E(G3). By symmetry, we need only prove our
assertions for Case (1). Since (x1,11) € E(G1), for some ¢ € H;, there exists
an edge (uj,v1) € Hj such that (z1,y1) = (¢1(u1), P1(v1)). Let id; € H;
denote the identity automorphism of H;. Then (¢1,ids) € Hq X Ho and
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((x1,22), (Y1,Yy2)) = (P1,ids) (((u1, x2), (v1,92))). So the translates of H;OHo
cover G;0Gs.

Next, we must show that these translates form a packing, i.e. that either
(@1, ¢92)(H1OHy) = () or that ¢y = idy and g9 = ids. Let ({(wy, ws), (21,22))) €
H,0H,. We shall show that (¢, ¢2) € Hi X Hs is the identity automor-
phism of H;OH,. For from this hypothesis, we have ¢;((w1,21)) € H; and
¢2((we, 22)) € Hs. Since H; and H, are fundamental sets for G; and Go,
respectively, ¢; = id; and ¢o = idy. Thus H;OH, is a fundamental set for
G10G4 with subgroup H; x Hy of Aut(G10Gs), as claimed. O

Corollary 9 If H is a fundamental set of edges for the graph G, with sub-
group H of Aut(G) then HOH s a fundamental set for GOG with subgroup
H x H of Aut(GOG).

5 (@ has a fundamental Hamiltonian cycle.

Remark. We say that the direction of an edge of @, is ¢ if the coordinate
in which its two endpoints differ is the i*". We shall describe walks in the
hypercube by specifying the starting vertex (generally 6) and the sequence
of edge directions.

It is well-known that the n-dimensional hypercube @),, is Hamiltonian,
and in fact has many Hamiltonian cycles. Aubert and Schneider [1] proved
that for n even, ), has an edge decomposition into Hamiltonian cycles.
However, their construction is technical. In contrast, in this last section we
shall show that for n = 2*, there is a single Hamiltonian cycle C' such that
E(C) is a fundamental set for Q.

More generally, we shall show that if G is a graph with a Hamiltonian
cycle whose edges form a fundamental set, relative to a subgroup G of the
automorphism group of G, then G? = GOG has a Hamiltonian cycle whose
edges form a fundamental set, relative to a subgroup of the automorphism
group of G2.

The next lemma is due to G. Ringel [7]. (The second statement is not
stated explicitly there, but is a consequence of his proof.)

Lemma 7 From a Hamiltonian cycle C of a graph G, there are two edge-
disjoint Hamiltonian cycles of G* = GOG. Each of them is isomorphic to
COC, via an automorphism (¢y, o), where fori = 1,2, ¢; € Aut (G).
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Corollary 10 If G has a Hamiltonian cycle C' and C' is a fundamental set
for G under the subgroup H of Aut G, then COC' is a Hamiltonian cycle of
GOG wunder the subgroup H x H of Aut (GOG).

Proof. This follows from Corollary 9 and Lemma 7. a
Proposition 9 Q, has a Hamiltonian cycle that is a fundamental set.

Proof. The edge direction sequence (12132124)?, together with any starting
vertex, yields a Hamiltonian cycle C. Let 6 be the permutation (13)(24).
Then the mapping ps : V(Q,) — V(Q.), defined by pg(x1,...,2,) =
To(1), - - - Ton) 18 an automorphism, which in this case generates a subgroup
of Aut(Qy) of order 2. It is easy to check that pyy is edge-disjoint from C,
and so we have the desired edge decomposition. O

Theorem 2 For any k > 1,Qqx has a Hamiltonian cycle that is a funda-
mental set.

Proof. This is trivial for k& = 1 since ()2 = (5 and holds for £k = 2 by
Proposition 9. The desired result now follows by induction, from Lemma 7
and Corollary 9. a

Corollary 11 For n and m each a power of 2, with m < n, there is an
m-cycle that divides Q.

Proof. Let m = 2P. By Theorem 2 @,, has a fundamental 2P-cycle, which
therefore divides @),,, = Q9. Since m and n are each powers of two, m divides
n. Hence by Proposition 4 and Lemma 2, this cycle divides @,,. a

6 Summary of Results

1. For k odd, if P is a divides @, then k divides n. (Proposition 3)

2. If k divides n, any tree on k edges is a fundamental set for @,,. (Corollary
9

3. If k divides n and k < n then Py divides @,,. (Corollary 5)

4. If n is even and j < n then Py; divides @,. (Proposition 5)

5. For k = 2n there is a k-cycle which is a fundamental set for ),, when n is
even. (Proposition 6)
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6. For n = a power of 2, there is a Hamiltonian cycle which is a fundamental
set for @,. (Theorem 2)

7.

For n = a power of 2 and m = a power of 2, with m < n, there is an

m-cycle that divides @Q,,. (Corollary 11)

8. For n > 4, P, divides @,,. (Theorem 1)

9. If k divides n then Q) is a fundamental set for @),,. (Proposition 4)
10. For k > 3, Py; does not divide Qoy41. (Proposition 1)
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