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Abstract

(MSC=11D04) More than one century after its formulation by the Belgian mathe-
matician Eugene Catalan, Preda Mihailescu has solved the open problem. But, is
it all ? Mihailescu’s solution utilizes computation on machines, we propose here
not really a proof as it is entended classically, but a resolution of an equation like
the resolution of the polynomial equations of third and fourth degrees. This solu-
tion is totally algebraic and does not utilize, of course, computers or any kind of
calculation. We generalize our approach to Pillai and Fermat-Catalan equations
and discuss the solutions.

(Keywords : Diophantine equations, Catalan, Fermat-Catalan, Pillai, Conjec-
tures, Proofs, Algebraic resolution)

Introduction

Catalan theorem has been proved in 2002 by Preda Mihailescu. In 2004, it became
officially Catalan-Mihailescu theorem. This theorem stipulates that there are not
consecutive pure powers. There do not exist integers stricly greater than 1, X > 1
and Y > 1, for which with exponants strictly greater than 1, p > land ¢ > 1,

YP=X7+1
but for (X,Y,p,q) = (2,3,2,3). We can verify that
32=2 11

Euler has proved that the equation X®+1 = Y has this only solution. We propose
in this study a general solution. The particular cases already solved concernp = 2,
solved by Ko Chao in 1965, and ¢ = 3 which has been solved in 2002. The case
g = 2 has been solved by Lebesgue in 1850. We solve here the equation and prove
that Pillai and Fermat-Catalan equations are related to this problem.

The resolution

Let Catalan equation
YP=X7+1



We pose

c: N C:
& Y5
Thus
G P
e+
/
XP—eyhp1= 06 g _Tete
c+c c+c
And
Xq—yp_l_w
-  (c+ )2

We have XP > 7Thence d < 0and ¢ > and Y% > 3thus0 < ¢ + ¢ < 2. We will
prove now that ¢ + 1 = 2p. We have to discuss two cases 2>land <1

¢®>1 Wehave

36 — (c+ )2 — (Tc+c)?

X7 - X% =
(c+c)?
36 — 36¢2
< — =<0
(c+c)?
We deduce
qg+1<2p
Also
02 X1 _ X% — 72¢% — 2% (c + ) — (Te + )?
(c+)?
- 64c? — (Tc+ )2 _ (c—=d)(15c+ ) -0
(c+)? (c+)?
And
2x0 X% 36c2 — (c+ )2 — (Te+ )?
(c+)?
- 36¢2 — (Tc+ )2 _ (¢ —=c¢)(13c+ ) <0
(c+)? (c+)?
But
22X > 22X > X% = 962 > X
Let
902 n 42 _m+ 2
S on41 S om+1

We want to prove that X > 2¢?. Itis evident thatn < 0andm < 0 (2X—1-X—1=

X —2 = 7% > 0). We have for u, v verifying v = —u, (X —1)(2¢* —= 1) > u =
2 2
3n+1) ~ 3
= (2u — v)*n? + (12u® — 6uv — 16u — 4v)n + Yu® — 12u + 4

= 9u’n? 4 (18u® — 12u)n + 9u? — 12u + 4
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= (9n? +18n+9u? — (12n —12)u+4=9(n + 1)*u* - 12(n+ Du+4=0
= ((2u4v)n +u—2)% —4u(2on® + (20 — 2u +2)n +2 — 2u) =0

u +(2u+v)n+u—2
(X —1)2 X-1

S um+1)2+n2m+ u+v)(m+1)—2u—v+3v+2)+ (u—2)(m+1)+2—2u

=

+20n% + (20 — 2u+2)n +2 —2u > 0

=u(m+ 1) +n2un + 2u+v)m +3v+2) + (u —2)m —u >0
= (um+ovn)(m —1)+ (2n+ 2)(um + vn) + 2(u — 1)m +2(v + 1)n
=u(m+ 1) +n2un + 2u+v)m +3v+2) + (u —2)m —u > 0
= (um+ovn)(m —1) 4+ (2n+ 2)(um +vn) > —2(u — 1)m — 2(v + 1)n
= (um+ovn)(m—14+2n+2)=(um+ovn)(m+2n+1) > -2(u—1)m—2(v + 1)n

:>(um—kvn)(m+n+l)+(u—1)m+(v+1)n>0

2 2
But
mileno2X 222 1 2-X
X—-1 22-1 22 -1 X -1
_2X—1+4c2—2—2c2X_X(2—02)+02(4—X)—3<O
(X —1)(2¢2 1) (2¢2 —1)(X — 1)
1 2n + 2

=C2n+1)(m+1)<0<2n+1l)=-1-m< -1+

“2n—1 —2n-1
1
— = SE— 2 1 1
= m<_2n_1:>m(n+ ) <
>m+2mn—-1<0=2m+2n+2mn<m+2n+1
1
:>(um—i—vn)(m+n+mn)—i—(u—l)m—i—(v+1)n>(um—l—vn)(%+n+§)—|—(u—1)m—|—(v+1)n>0
= m(un +um+umn+u—1) +n(vm+ovn+vmn+v+1) >0
=um(m+1)(n+1)—m+wnim+1)(n+1)+n>0
:>u(m—|—1)2(n+1)+n—i—1—{—v(n—|—1)2(m—|—1)—(m—|—1)
(m+1)(n+1)
um+1)2+1 vn+1)2-1
m+1 n+1

>u—+v

>u+v
1 1 )
umt+u—u+—+vn+v—v———=um+X—-1+vmnm—2¢c*+1>0
m—+1 n-+1
( X — 262 )
=u
(X —=1)(2¢2-1)
u
(X =1)(2¢2-1)
= X-22>0=>X>22>X
= X0 5 92X > X% > X = g +1=2

—um —vn = u(n —m)

(X —26%)(1 —

) >0



Thus
27 > X >2% = X =262

= 2¢%YP = 2(XP —1)? = XYP = X9 + X
:>%:gw+4_2xw4+4X%16N
> X=2= 214l 0= g=2p-1=3
=Y =+3

The equation becomes
YP=2""141

And also
(A —1DYPX P l=0=XP"1 1 xpP2=0r71 1 9P 2 9r2_1

=>p=2=q=2p—-1=3=Y =43

<1
oXd _ X2 _ 72 —2(c+)? — (Te+)?
- (c+c)?
64 — 49¢?
(c+)?
Thus
X4 ZXQp_l
Or
q+1>2p
Also 2 2( /)2 ( /)2
T2¢* —2¢c*(c+ ) — (Tc+ ¢
2 o _
2c¢ X1 - XP = cr )
64c? — (Tc+)? (c—)(15c+ )
” (c+¢)? - (c+c)? >0
And
2xa_ X _ 36c2 — (c+ )2 — (Te+ )?
(c+c)?
36c2 — (Tc+ )2 (d —c)(13c+ )
< (c+¢)? - (c+c)? <0
Let
2072_71—1—2 X_m+2
Cn+1’ Com+1

Itisevidentthatn <0andm <0(2X -1-X -1=X —-2= ~ > 0). And

22 =1+

L >3=n< L
n _—
n+1 2



We have for u, v verifying v = —u, (X —1)(2¢ 2 —1) > u = 3 255 >0

n+1)
= (2u —v)*n? + (12u® — 6uv — 16u — 4v)n + Yu® — 12u + 4

= 9u’n? 4+ (18u® — 12u)n + 9u? — 12u + 4
= (92 +18n+9u? — (12n —12u+4=9(n + 1)*u? - 12(n+ Du+4=0
= (2u —v)*n? + (12u® — 6uv — 16u — 4v)n + 9u® — 12u+4 =0
= ((2u4v)n +u—2)% —4u(2on® + (20 — 2u +2)n 4+ 2 — 2u) =0

2 —9
= (Xﬁ1)2+( u+§()7it“ 2o+ (20— 2u+2)n +2— 2u >0

u(m +1)2 +nun+ u+v)(m+1) —2u—v+30+2)+ (u—2)(m+1) +2 —2u
=um+1)2+n2um+ u+v)m+3v+2)+(u—2)m—u>0

= (um+ovn)(m —1)+ (2n+ 2)(um + vn) + 2(u — 1)m +2(v + 1)n
=u(m+ 1) +n2un + 2u+v)m +3v+2) + (u —2)m —u >0
= (um +on)(m — 1)+ (2n+ 2)(um +vn) > =2(u — 1)m — 2(v + 1)n
= (um+ovn)(m—14+2n+2) = (um+ovn)(m+2n+1) > -2(u—1)m —2(v + 1)n

1
:>(um+vn)(%+n+§)+(u—1)m+(v+1)n>0

But
malino 22X 2227, 1 2-X
X1 2c2-1 221 X_1
C2X —144c?-2-2c2X X(2-c?)+c?4-X)-3
X-D2e2-1 22— )X = 1) <0
1 m+2

2 1 1 2 1 el -1 =
=2n+1)(m+1)<0<2(n+1)= m < +—2n—1 5 1

1
— —_ 2 1 1
= m<_2n_1:>m(n+ ) <
>m+2mn—-1<0=2m+2n+2mn<m+2n+1
1
:>(um—i—vn)(m+n+mn)—i—(u—l)m—i—(v+1)n>(um—l—vn)(%+n+§)—|—(u—1)m—|—(v+1)n>0
= m(un +um+umn+u—1) +n(vm+ovn+vmn+v+1) >0
=um(m+1)(n+1)—m+wnim+1)(n+1)+n>0
um+1)2n+ 1D +n+1+vn+1)>2(m+1) — (m+1)
(m+1)(n+1)
um+1)2+1  vn+1)2—
m+1 n+1

>u+v=0

1
>u+v=0

1 1
:um—i—u—i—T—l—vn—i—v—?—um—i-u—i-X—l—i—vn—l—v—Qc +1>0

X —2¢72
(X —=1)(2¢2 — 1))

—um —vn =u(n —m) = u(
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X -1 ?=1)

=X-202>0= X > 2¢2

= X > X195 2X > 20X 5 g+ 1=2p,q=2p

(X —2¢7H)(1 - >0

But
0> (2 —1YP =X _2XP - X1=X%_92XP - X%l > X1 _9XP>0

S (@ - DYP = 0= XP(X" —2) > (X.p.q) = (2,2,3) = ¥ = 3

The only solution of Catalan equation is then
(Y, X.p,q) = (£3,2,2,3)
Generalization to Pillai and Fermat-Catalan equation
The Pillai equation is Y? = X9 + a let us pose a = 1,1, thus
YP = X9+ 1,1,
and Fermat-Catalan equation is Y? = X9 + Z%. Let Z* = 1,1,. Thus

YP = X94+1,1,

We pose
o X —la o, Ta— XP

ys Y3

Thus
vs = 6a
c+c
XP— oyl — 6aC _ Tac+ 1.c

et “ c+dc

And

3641q — 1ala(c+)?

Xq:Yp—lala: (C—i—C’)Q

We have X? > 7, henced < 0and ¢ > ¢ and Y2 > 3, thus0 < ¢ + ¢ < 2 Two
casesc? > land ¢? <1

¢®>1 Wehave

3641q — 1ala(c+)? — (Tac+ 14¢)?

X7 X% =
(c+)?

3641, — 3641,¢2

<0
(c+)?

We deduce
q+1<2p



Also
02 X1 _ X2 72alac® — 2,12 (c+ )2 — (Tac + 147)?

(c+)?
6441¢* — (Tac + 14¢/)? (c—)(15c + )
> N2 = lala o >0
(c+¢) (c+¢)
And
2X1_ X% — 36a1ac2 - 1a1a(C + Cl)2 — (7ac + 1(10/)2
B (c+c)?
36a1a02 - (7ac + 1aC/)2 (C, — C)(13C + C,)
< 12 = lala o <0
(c+d) (c+ )
But
22X > 92X > X = 92 > X
Let
22 — n+2 _om+2
S n4 1 T m+1

Itisevidentthatn<0andm<O(2X—1—X—1—X 2 =~ > 0). We have

for u, v verifying v = —u, (X —1)(2¢* = 1) > u = (n+1) >0

= (2u — v)*n? + (12u® — 6uv — 16u — 4v)n + Yu? — 12u + 4

= 9u’n? 4+ (18u® — 12u)n + 9u® — 12u + 4
= (9n? +18n +9u? — (12n —12)u +4=9(n + 1)*u* - 12(n+ Du+4=0
= (2u — v)*n? + (12u® — 6uv — 16u — 4v)n + 9u? — 12u +4 =0
= ((2u+v)n +u—2)% —4u(2vn?® + (20 —2u +2)n +2 —2u) =0

2 —2
=>(Xﬁ1)2+(u+;}()71tu +20n% + (20— 2u + 2)n + 2 — 2u > 0

u(m+1)?2 +n2un+ 2u+v)(m+1) —2u—v+30+2)+ (u—2)(m+1)+2 —2u
=u(m+ 12 +n2un+ Qu4v)m+3v+2)+ (u—2)m—u>0
= (um +on)(m —1) 4+ (2n + 2)(um 4+ vn) + 2(u — 1)m +2(v + 1)n
=u(m+ 1) +n2vn + 2u+v)m +3v+2) + (u —2)m —u > 0
= (um +on)(m —1) 4+ (2n+ 2)(um +vn) > =2(u — 1)m — 2(v + 1)n
= (um+ovn)(m—14+2n+2) = (um+ovn)(m+2n+1) > -2(u—1)m —2(v + 1)n

1
:>(um+vn)(%+n+§)+(u—1)m+(v+1)n>0

But
malen=22X 222 1 22X
X1 22-1 52 1 X1
22X 1442 -2-22X  X(2-A)+F4-X)-3
xX-nNee-n - @ee-nx-n VY
1 22

2 1 1 2 1 el -1 =
=2n+1)(m+1)<0<2(n+1)= m < +—2n—1 5 1



1
— _ 2 1 1
= m<_2n_1:>m(n+)<

=m+2mn—-1<0=2m+2n+2mn <m-+2n+1

=>(um+vn)(m+n+mn)+(u—1)m+(v+1)n>(um—i—vn)(m+n+l)+(u—1)m+(v+1)n>0

2 2
= m(un +um+umn+u— 1) +n(vm+ovn+vmn+v+1) >0

=um(m+1)(n+1)—m+ovnm+1)(n+1)+n>0

N um+1)2n+1)+n+1+vn+1)2%m+1) - (m+1)
(m+1)(n+1)

um+1)2+1 vn+1)2-1
= +

>u+v

1 P >u+v
1
:>um—|—u—u—|—m—+1—|—vn+v—v—n+1 —um+X—-1+wm—22+1>0
X — 2¢2
—um—vn:u(n—m):u((X_l)@CQ_l))
(X —2¢%)(1 — “ ) >0

X —1)22 —1)
= X-27>0=>X>2%>X
= XU > 22X > X > X = g+ 1=2p

The equation becomes
YP= X" 4 1,1,

And also
(262 = X)YP =0=2X%P — 4,XP + 2,1, — X?P — 1,1, X

2,1,

S — x4, xP14+1,1,eN

=

=X <2,1,

The equation has a finite number of solutions for a fixed 1,1,, then for Pillai equa-
tion and we will discuss below Fermat-Catalan.

2 <1
2X49 — X2p o 720,10, - 2a1a(c + C/)2 — (7aC + 1aC,)2
B (c+c)?
64 — 49¢?
>1,1,————= >0
e+ )2
Thus
X1 > x%!
Or
q+1>2p



Let

20_2:n+2, X:m+2
n+1 m+1
Itisevidentthatn <0and m <0 (2X —1-X —1=X -2 =~ > (). We have
for u, v verifying v = —u, (X —1)(2¢72 - 1) > u = ﬁ >0

= (2u — v)*n? + (12u® — 6uv — 16u — 4v)n + Yu® — 12u + 4

= 9u’n? 4+ (18u® — 12u)n + 9u? — 12u + 4
= (9n? +18n+9u? — (12n —12u+4=9(n + 1)*u* - 12(n+ Du+4=0
= (2u — v)*n? + (12u® — 6uv — 16u — 4v)n + 9u? — 12u +4 =0
= (Qu+v)n+u—2)2 —4u2vn® + (20 — 2u +2)n + 2 — 2u) = 0

2 —9
= (Xﬁ1)2+( u+§()”_t“ 202 4 (20— 2u+2)n +2 — 2u > 0

= u(m+1)2+nun+ u+v)(m+1) —2u—v+30+2)+ (u—2)(m+1)+2 —2u
=u(m+ 12 +n2un+ Qu4v)m+3v+2)+ (u—2)m—u>0

= (um +on)(m —1) 4+ (2n + 2)(um 4+ vn) + 2(u — 1)m +2(v + 1)n
=u(m+1)? +n2un + 2u+v)m +3v+2) + (u —2)m —u > 0
= (um+ovn)(m —1) 4+ (2n+ 2)(um +vn) > —2(u — 1)m — 2(v + 1)n
= (um+ovn)(m—14+2n+2) = (um+ovn)(m+2n+1) > -2(u—1)m —2(v + 1)n

:>(um—kvn)(m+n+l)+(u—1)m+(v+1)n>0

2 2
But
malano X 2227 1 2-X
X—1 202-1 26021 X_—1
2X —1+4c2-2-2c2X X2-cH+c?24-X)-3
- (X —1)(2c2—1) - (2c2—1)(X — 1) <0
1 2 + 2

2 1 1 2 1 —-1- -1 =
=2n+1)(m+1)<0<2(n+1)= m < +—2n—1 5 1

1
— _ 2 1 1
= m<_2n_1:>m(n+)<

=m+2mn—-1<0=2m+2n+2mn <m-+2n+1

=>(um—i—vn)(m—i—n—i—mn)—l—(u—1)m+(v+1)n>(um—i—vn)(% +n+%)+(u—1)m+(v+1)n>0

= m(un +um+umn+u—1) +n(vm+ovn+vmn+v+1) >0
=um(m+1)(n+1)—m+wvnim+1)(n+1)+n>0
N um+1)>2n+1)+n+1+vn+1)2(m+1) - (m+1)
(m+1)(n+1)
um+1)2+1 vn+1)2-1
m—+1 n+1

>u+v

>u+v

9



1 1
umt+u—u+—+mn+v—uv-— =um+X—-1+wm—2c2+1>0
m—+ 1 1

n—+
X —2¢72
—um — vn = u(n —m) :u((X—l)(Qc_Q—l))
(X —2¢72)(1 - e ) >0

(X —1)(2¢2-1)
=X -2%>0=X>2"2
= X > AX1> 22X > X2 = g4 1=2p,q=2p
The equation becomes
VP =X 41
And
0> (02 - 1)Y? = X% _ 2, XP — X9 = X2 _ 2,XP — x2p-1 >0

= (F-1)YP=0=X%?-2,XP - X!
2414
X

The equation has a finite number of solutions for Pillai ! For Fermat-Catalan equa-
tion which is

= eN

YP=X74+2°
We have the following solutions and explanations
1+2% =3

When we have an equation like

YP=X7-1,1,
our approach is available but not for

YP=1,1, — X1
it is why we must pose here

A1y + X9 = 1,41, — 2XP +2X7P

and also
(141 + X = —49,1, — 2XP + X%

and why there are the solution ¢ + 1 = 2p in one of the following equations and
not in the other (for which ¢ + 2 = 2p) :

72 _ g4 _ 95

and
132 = —73 4+ 27

but for the same equations, we do not have

YP = X9 4 1,1,

10



because 1,1, is negative an can not be a square. But for
712 =17° 427
our approach is available, we have p = 2, X = 17,¢ = 3,Y =71, 1,1, = 27 and
all the conditions are satisfied, we have ¢ = 2p — 1, but for the same equation and
p=2X=2,q=7Y =71,1,1, = 172 we do not have X? = 22 = 4 greater than
74, that is why ¢ + 1 is not equal to 2p. Also
35 + 114 = 1222
p=2X=3,q¢g=5Y =122,1,1, = 11* (also X = 11, ¢ = 4, 1,1, = 3°), we do
not have X? = 9 greater than 7, that is why ¢ + 1 is not equal to 2p. And for
15493042 = 15613% — 33°
we have ¢ + 1 = 2p = 3. And for
2213459 = 657 — 14143

and for
15312283% = 1137 — 92623

we have ¢ + 1 = 2p. But for
210629382 = 762712 + 177

we have all the conditions for p = 2, X = 76271, ¢ = 3, Y = 21062938, 1,1, = 1,
and also for
300429072 = 96222° + 438

we have all the conditions for p = 2, X = 96222, ¢ = 3, Y = 30042907, 1,1, = 438
but not for p = 2, X =43, ¢ = 8, 1,1, = 962223 as 432 is not greater than 7,. Thus
Fermat-Catalan equation is equivalent to

YyP — X2p—1 + ZZp—l

if the conditions stated in our approach are satisfied, and we have
L, 1 1 -1 -l

p 2p—1 2p—-1 p2p-1) p2p-1)

It has only a finite number of solutions in all cases !

<1

Conclusion

Catalan equation implies a second one, and an original solution of Catalan equa-
tion exists. We have generalized the approach to both Pillai and Fermat-Catalan
equations and proved that they have a finite number of solutions !

Références

[1] P. MIHAILESCU A class number free criterion for catalan’s conjecture, Jour-
nal of Number theory , 99 (2003).

11



