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Abstract

(MSC=11D04) More than one century after its formulation by the Belgian mathe-
matician Eugene Catalan, Preda Mihailescu has solved the open problem. But, is
it all ? Mihailescu’s solution utilizes computation on machines, we propose here
not really a proof as it is entended classically, but a resolution of an equation like
the resolution of the polynomial equations of third and fourth degrees. This solu-
tion is totally algebraic and does not utilize, of course, computers or any kind of
calculation.

(Keywords : Diophantine equations, Catalan equation; Algebraic resolution)

Introduction

Catalan theorem has been proved in 2002 by Preda Mihailescu. In 2004, it became
officially Catalan-Mihailescu theorem. This theorem stipulates that there are not
consecutive pure powers. There do not exist integers stricly greater than 1, X > 1
and Y > 1, for which with exponants strictly greater than 1, p > 1and ¢ > 1,

YP=X7+1
but for (X,Y,p,q) = (2,3,2,3). We can verify that
3¥=2"+1

Euler has proved that the equation X3+1 = Y2 has this only solution. We propose
in this study a general solution. The particular cases already solved concernp = 2,
solved by Ko Chao in 1965, and ¢ = 3 which has been solved in 2002. The case
q = 2 has been solved by Lebesgue in 1850. We solve here the equation for the
general case.

The resolution

Let Catalan equation

YP=X941
We pose
XP -1 , 1T—XP
c=——3 ¢= "3
Y2 Y2



Thus

vs — 6
c+c

/
Xp—cY%—l—l: 6¢ :7c+c
c+c c+c

And o

quyp_lzw

(c+c)?

We have X? > 7Thenced < 0andc > ¢ and Y% > 3thus 0 < ¢+ ¢ < 2 Two cases
2>land ? <1

¢®>1 Wehave

36 — (c+ )2 — (Tc+ )2

X7 - X% =
(c+)?
36 — 36¢2
—— <0
(c+c)?
We deduce
qg+1<2p
But let
g +7c
c+c
We have
Z+XP=8
Thus
8X1— (Z + XP)> =8X7—-64>0
And

8XI7% > (ZX 7P +1)?

If X? =8or (X,p) =(2,3) then2p — 1 =5 > ¢ implies ¢ € {2,3,4,5} and it is
impossible. Let

—6XP —48
= - xrz! 1=—— =877}
n T <0=n+ 6X7P — 13 8 <0
n+1 8
=——>0
n XP>
67 48
=—— =7XTP<0= l=——=8X"7>0
"= 67 1 48 sU=mt = TR o
:>m—|—1_8<0
m  Z

But, we have
8(n—m)(Z '4+XP)(m+1) = (n—m)(66+m+n) = 8(n—m)(Z+X P)(n+1) = 64(n—m)(Z ' X P+1)

= (n—m)((n+1)(m+ 1) + 64)
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But it means that

m+1  8n—m)(XP+2Z)+64m —n—1
n+1 64n —m —1

XPZ =

g-iyp_ nHL _8m—n)(Z7 + XP)+64n —m —1

m+1 64m —n —1
Hence
(m+1)?
(n+1)?
B(n—m)(XP+2Z)+64m —n —1)(64m —n — 1)
 (8(m —n)(Z"1+ XP) +64n —m — 1)(64n —m — 1)
And

8(m —n)(Z'+ XP)(m + 1) +64(n + 1) — (m +1)?)(64(n + 1) — (m + 1)?)
B8(n—m)(X P+ 2Z)(n+1)+64(m+1) — (n+1)*)(64(m + 1) — (n + 1)?)
4m —n)(ZPX 7P +1)(64(n 4+ 1) — (m + 1)%) + (64(n + 1) — (m + 1)?)?
An —m)(Z7IX 7P+ 1)(64(m + 1) — (n+ 1)) + (64(m + 1) — (n + 1)2)?
(m—n)(66-+m-+n)(64(n+1)—(m+1)2)+64%(n+1)*+(m+1)*—128(n+1) (m+1)?
= (n—m)(66-+m+n)(64(m+1)—(n+1)*)+64%(m+1)2+(n+1)*—128(m+1)(n+1)?

(n—m)(n+m+2)
2 H

= (m —n)(66 +m+n)(32(n —m) +
+%((n+1)4+4096(m+1)2—128(m+1)(n+1)2+(m+1)4+4096(n+1)2—128(n+1)(m+1)2)

= %(—(m —n)%(66 +m +n)* + (n + 1) +4096(m + 1)? — 128(m + 1)(n 4 1)*+
+(m + 1)* +4096(n + 1)2 — 128(n + 1)(m + 1)?)

Hence
(m —n)(66 +m 4+ n)(128(n + 1) — 2(m 4+ 1)? + (m — n)(m + n + 66))

= (n+1)*44096(m+1)?—128(m+1) (n+1)% — (m+1)*—4096 (n+1)2+128(n+1) (m+1)?

=((n+1)2=64(m +1))*> = ((m +1)* - 64(n + 1))*

=(n—m)(n+m+66)((n+1)%+ (m+1)*—64(m+1) —64(n + 1))

Or

(m—n)(n+m+66)(192(n+1)+64(m+1)—3(m+1)? —(n+1)*+(m—n)(m+n+66)) = 0

= (m—n)(m+n+66)(192n-+64m+256—3m? —6m—3—n*—2n—1+m?—n>4-66m—66n) = 0
= (m —n)(m +n + 66)(124n + 124m + 252 — 2m? — 2n?) = 0
n? —62n — 126 — 62m +m?2 # 0



It means that X? = Z (because n = m) or

ZXP=1

Thus
XP =7 =8XT"> (ZXP+1)?=4
Hence
4XIH > 8X9 > 4X%P > 4 x0T

Or

q+1=2p
And X =2 and

Te+d =7 +c=(c—d)Y2=0=XP—1—-7+XP
= (X,p) =(2,2) = (Y.q) = (£3,3)
2 <1
ox1 _ X% — 72 —2(c+)? — (Te+)?
(c+c)?
64 — 49¢?
>—>0

(c+)?
Thus

X4 > X2p—1
Or

q+1>2p
But let

Z=8— X1
If we suppose X7 # 8. We have

Z+X9=8

4X% — (Z+ X2 =4XP —64>0

And
4X2P79 > XU ZX 7T +1)>
Let
—6X19 —48

- = 1= °
oxe_ag ~ V7 ntl=eT g <Y

n

n+1_ 8 0
= Xa
6/ 48

__ %2 1=
M= sz ras VT Mt T TR

0

S
m  Z



But, we have

8(n—m)(Z *4+X)(m+1) = (n—m)(664+m+n) = 8(n—m)(Z+X "9)(n+1) = 64(n—m)(Z 1 X 79+1)
=(n—-—m)((n+1)(m+1)+64)

But it means that

m+1  8n—m)(X 94+ 2Z)+64m—n—1

X717 = =
n+1 64n —m —1
And
7-1x4 — n+l 8m-—n)(Z '+ X)) +64n—m—1
Com+1 64m —n —1
Hence
(m+1)2
(n+1)?
_ B(n—m)(X14+Z)+64m —n—1)(64m —n — 1)
 (8(m —n)(Z71 + X9) +64n —m — 1)(64n —m — 1)
And

8(m —n)(Z71+ XU (m +1) +64(n + 1) — (m + 1)?)(64(n + 1) — (m + 1)?)
=8(n—-m)(X 9+ Z)(n+1)+64(m + 1) — (n +1)*)(64(m + 1) — (n + 1)?)
=64(m —n)(Z' X1+ 1)(64(n + 1) — (m +1)?) + (64(n + 1) — (m + 1)?)?
64(n —m)(Z' X9 +1)(64(m +1) — (n + 1)) + (64(m + 1) — (n +1)?)?
(664+m-+n)(64(n+1)—(m+1)%)+642(n+1)%+(m+1)* —128(n+1) (m+1)?
(66-+m+n)(64(m+1)—(n+1)*)+64%(m+1)?+(n+1)1=128(m+1)(n+1)*

(n—m)(n+m+2)
2 H

= (m —n)(66 +m+n)(32(n —m) +

(4 D (04192 + 4096 — 128(m+ 1))+ D (4 1)2 4+ 4096 — 128(n +1))

= %(—(m—n)2(66+m+n)2+(n+1)2((n+1)2+4096—128(m+1))+(m+1)2((m+1)2+4096—128(n+1)))

Hence

(m —n)(66 +m 4+ n)(128(n + 1) — 2(m + 1)? + (m — n)(m + n + 66))

= ((n+1)" = 64(m +1))* = ((m +1)* = 64(n + 1))
=(n—m)(n+m+66)((n+1)*+ (m+1)*—64(m+ 1) — 64(n + 1))
Or
(m—n)(n+m+66)(192(n+1)+64(m+1)—3(m+1)? —(n+1)*+(m—n)(m+n+66)) = 0
= (m—n)(m~+n+66)(192n-+64m+256—3m? —6m—3—n*—2n—1+m?—n>4+66m—66n) = 0

= (m —n)(m + n + 66)(124n + 124m + 252 — 2m? — 2n?) = 0

5



= 2(m —n)(m +n +66)(—(32 — n)? — (32 — m)* 4 2300) =0
It means that X? = Z (because m = n) or
ZX1=1

Thus
Xl=7=X1+7=2X7=8

. Impossible! Thus the hypothesis that we have made is false, so X? = 8 and
Y? = X%+ 1 = 9. The only solution of Catalan equation is

(Y? X’ p’ Q) = (:l:3? 2’ 2? 3)

Generalization to Pillai equation

The Pillai equation is Y? = X9 + a let us pose a = 1,1, thus

YP = X794 1,1,

We pose
. XP -1, o To — XP

ys V%8

Thus
vs = 6a
c+c
XP = ovh 41, = 0o _ Tact Lad

e+ “ c+c

And

3641q — 1ala(c+c)?

Xq:Yp_lala: (C+c,)2

We have X? > 7, henced < 0and ¢ > ¢ and Y% > 3, thus 0 < ¢ + ¢ < 2 Two
casesc? > land 2 <1

¢®>1 Wehave

3641y — Lala(c+ )% — (Tac+ 1,0)?

X7 - X% =
(c+)?
3641y — 3641,c2 -0
(c+)?
We deduce
g+1<2p
But let .
7 loc+ 7,¢
c+c
We have
Z+XP =8,
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Thus
8, X9 — (Z + XP)? = 8,X7 — 64,1, > 0

And
8. X1 > (ZX P +1)?

Let X? # 8 and

—6XP —48
n:6Xp_48<0:>n+1:6Xp_48<0
Ll 3 oy
n XP
67 48
m:_62+48>0:>m+1:_62+48>0
S
m Z

But, we have
8(n—m)(Z '4+XP)(m+1) = (n—m)(66+m+n) = 8(n—m)(Z+X P)(n+1) = 64(n—m)(Z ' X P+1)

=nm-—m)((n+1)(m+1)+64)
But it means that

1 — XPy+7Z dm —n—1
ry Mt ~ 8(n—m)( +Z)+64m —n

n+1 64n —m — 1
And
7-lxp — n+1  8m-—n)(Z'+ XP)+64n—m —1
S om4+1 64m —n —1
Hence
(m+1)?
(n+1)?
_ Bn—m)(XP+Z)+64m —n—1)(64m —n — 1)
8(m —n)(Z=1+ XP)+64n —m — 1)(64n —m — 1)
And

8(m —n)(Z '+ XP)(m + 1) +64(n + 1) — (m +1)?)(64(n + 1) — (m + 1)?)

=@8(n—m)(X P+ Z)(n+1)+64(m+1) - (n+1)*)(64(m + 1) — (n +1)?)
4m —n)(ZPX 7P +1)(64(n 4+ 1) — (m +1)%) + (64(n + 1) — (m + 1)?)?
n—m)(Z'X P4 1)(64(m +1) — (n+1)%) + (64(m + 1) — (n + 1)?)?
(664+m-+n)(64(n+1)—(m+1)%)+642(n+1)%+(m+1)* —128(n+1) (m+1)?
(66-+m+n)(64(m+1)—(n+1)*)4+64%(m+1)?+(n+1)1=128(m+1)(n+1)?

(n—m)(n+m+2)
2 H

m-—-n

n—m

= (m —n)(66 + m +n)(32(n —m) +

(n+1)°
2

(m+1)

(n+1)%+4096 — 128(m +1)) + ((m+1)% 44096 — 128(n+ 1))



= %(—(m—n)2(66+m+n)2+(n+1)2((n+1)2+4096—128(m+1))+(m+1)2((m+1)2+4096—128(n+1)))

Hence
(m —n)(66 +m 4+ n)(128(n + 1) — 2(m 4 1)? + (m — n)(m + n + 66))
= ((n+1)* = 64(m +1))* = ((m +1)* = 64(n + 1))
=(n—m)(n+m+66)((n+1)%+ (m+1)%—64(m+1) —64(n + 1))
Or
(m—n)(n+m+66)(192(n+1)+64(m+1)—3(m+1)? —(n+1)*+(m—n)(m+n+66)) = 0
= (m—n)(m~+n+66)(192n-+64m+256—3m? —6m—3—n*—2n—1+m*—n’4+-66m—66n) = 0
= (m —n)(m + n + 66)(124n + 124m + 252 — 2m* — 2n?) = 0
= 2(m — n)(m +n + 66)(—(32 — n)% — (32 — m)? + 2300) = 0

It means that X? = Z (because n = m) or

ZXP=1
Thus
XP=7=8, XU > (ZXP+1)2 =4
Hence
4X9H > 8 X9 > 4X% > 4x9T!
Or

qg+1=2p
And X =2, and

D
2

Tac+ 1od =74 +14gc= (c = )Y
And
XP =4, = 2X
= (X,p) =(2,2) = (Y,q) = (£3,3)

Our approach is available only for Catalan equation and the other cases must be
seen at the case by case!

2 <1
2Xq _ X2p o 720,10, - 2a1a(c + C/)2 — (7aC + 1aC,)2
B (c+c)?
64 — 49¢2
>1,lg————F >0
e+ )2
Thus
X1 > X2p—1
Or
qg+1=>2p



But let
Z=8—-X1+#£8

We have
Z+X19=28

4X% — (Z + XP)2 =4X?P —64>0

And
4X2P79 > XU ZX 7T +1)>
Let
—6X1 —48

- = 1= °
oxe_ag ~ V7 ntl=T g <Y

n

n+1_ 8

T Xa

62 <0=m+1 18 >
m=———— m -
—6Z + 48 —6Z + 48

>0

0

S
m  Z

But, we have But, we have

8(n—m)(Z '+ X1)(m+1) = (n—m)(66+m-+n) = 8(n—m)(Z+X 1) (n+1) = 64(n—m)(Z 1 X 9+1)
=nm-—m)((n+1)(m+1)+64)

But it means that

m+1  8n—m)( X 1+2Z)4+64m —n—1

X717 = =
n+1 64n —m —1
And
7-1xa _ n+1l  8m-n)(Z'+ X7 +64n—m—1
S om+1 64m —n —1
Hence
(m+1)?
(n+1)2
~ B(n—m)(X14+2Z)+64m —n —1)(64m —n — 1)
 (8(m—n)(Z1 + X9) +64n —m — 1)(64n —m — 1)
And

(8(m —n)(Z7 + XU (m + 1) +64(n + 1) — (m + 1)?)(64(n + 1) — (m + 1)?)
=@8(n-—m)(X 9+ Z)(n+1)+64(m +1) — (n +1)*)(64(m + 1) — (n + 1)?)
A4(m —n)(Z7P X714+ 1)(64(n + 1) — (m + 1)?) + (64(n + 1) — (m + 1)?)?
A4n —m)(Z1X 7T+ 1)(64(m + 1) — (n+ 1)?) + (64(m + 1) — (n + 1)?)?
(m—n)(66+m-+n)(64(n+1)—(m+1)?)+64%(n+1)*+(m+1)*—128(n+1) (m+1)?
= (n—m)(664+m+n)(64(m~+1)—(n+1)%)+642 (m+1)*+(n+1)* —128(m+1)(n+1)?

(n—m)(n+m+2)
2 H

= (m —n)(66 +m +n)(32(n —m) +

9



(n+1)° (m+1)

((n+1)+4096 — 128(m +1)) +

+ ((m+1)%+4096 — 128(n +1))

= %(—(m—n)2(66+m+n)2+(n+1)2((n+1)2+4096—128(m+1))+(m+1)2((m+1)2+4096—128(n+1)))

Hence
(m —n)(66 +m 4+ n)(128(n + 1) — 2(m 4+ 1)? + (m — n)(m + n + 66))
— ((n+1)% = 64(m + 1))2 — ((m + 1)* — 64(n + 1))?
=(n—m)(n+m+66)((n+1)*+ (m+1)*—64(m + 1) — 64(n + 1))
Or
(m—n)(n+m+66)(192(n+1)+64(m+1)—3(m+1)? —(n+1)?+(m—n)(m+n+66)) = 0
= (m—n)(m+n+66)(192n-+64m+256—3m? —6m—3—n*—2n—1+m?—n>4-66m—66n) = 0
= (m —n)(m +n + 66)(124n + 124m + 252 — 2m? — 2n?) = 0
= 2(m — n)(m +n + 66)(—(32 — n)% — (32 — m)? + 2300) = 0
It means that X? = Z (because m = n) or

X1=Z=7+X9=2X9=38

Impossible! Hence X? = 8and Y? = 8+1,1,, it has solution for 1,1, € {1,8,17,19, ...}
The Pillai equation must be seen at the case by case !

Conclusion

Catalan equation implies a second one, and an original solution of Catalan equa-
tion exists. We have the generalized the approach to illai equation and proved
that it has a finite number of solutions!!
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