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ON THE CAUCHY PROBLEM FOR HARTREE EQUATION IN
THE WIENER ALGEBRA

REMI CARLES AND LOUNES MOUZAOUI

ABSTRACT. We consider the mass-subcritical Hartree equation with a homo-
geneous kernel, in the space of square integrable functions whose Fourier trans-
form is integrable. We prove a global well-posedness result in this space. On
the other hand, we show that the Cauchy problem is not even locally well-
posed if we simply work in the space of functions whose Fourier transform is
integrable. Similar results are proven when the kernel is not homogeneous,
and is such that its Fourier transform belongs to some Lebesgue space.

1. INTRODUCTION

We consider the Cauchy problem for the following Hartree equation
(1.1) 10y + Au = (K * |u|2) u, teR, zeRY Ujg—0 = Uo,

where K denotes the Hartree kernel. We first deal with the case of a homogeneous
kernel,

(1.2) Ki)=+—, AeR,y>0.

||

In [I2], it was proved that if 1 < d < 3 and v < d, the Cauchy problem (L)) is
locally well-posed in L?(R?) N W, where W stands for the Wiener algebra (also
called Fourier algebra, according to the context)

w={fes®:C), fel'®)},

and the Fourier transform is defined, for f € L'(R%), as

f(&) = m /Rd e S f(x)da.

In this paper, we investigate the global well-posedness for (II)): we prove that if
d > 1 and v < min(2,d/2), then the solution to (LI]) is global in time in L? N W.
In view of the classical result according to which (L)) is globally well-posed in
L?(R%), our result can be understood as a propagation of the Wiener regularity.
On the other hand, the mere Wiener regularity does not suffice to ensure even local
well-posedness for (L.

An advantage of working in W lies in the fact that W — L°>°(R?), and, contrary
to e.g. H(RY), s > d/2, W scales like L>°(R%) (note also that if s > d/2,
H*(R%) — W). So in a way, W is the largest space included in L°*(R%) on
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2 R. CARLES AND L. MOUZAOUI

which the Schrédinger group e acts continuously — see Remark though.

Recall that €2 does not map L (R?) to itself, as shown by the explicit formula
e'A (e‘i|:”|2/4) = 0z—0, and the parabolic scale invariance.

Theorem 1.1. Let d > 1, K given by (L2) with A € R and 0 < v < min(2,d/2).
If ug € L2(RY) N'W, then (L) has a unique, global solution v € C(R; L% NW).

In addition, its L?-norm is conserved,
lu(t)|[r2 = [[uollrz, VYt e€R.

Remark 1.2. One might be tempted to consider a space included in L*° which also
scales like L>°, and which is larger than W = FL! namely the amalgam space
W (FLY; L*). This space consists essentially of functions which are locally in W,
and globally in L (see e.g. [0, [7] for a precise definition). Strichartz estimates in
amalgam spaces have been established in [6] (even though the case W (FL'; L) can
never be considered). However, since the map = — eilel® belongs to W (FL'; L>°),
we see that 2 does not act continuously on W (FL'; L*°).

We next show that (1) is not well-posed in the mere Wiener algebra. Precisely
have the following theorem:

Theorem 1.3. Let d > 1, K given by ([L2)) with 0 < v < d. The Cauchy problem
@) is locally well-posed in W N L2, but not in W: for all ball B of W, for all
T > 0 the solution map ¢ € B+ 1) € C([0,T]; W) is not uniformly continuous.

Remark 1.4. In the case of the nonlinear Schrodinger equation
(1.3) i0pu + Au = Mu|*7wu,

where o is an integer and A € R, the Cauchy problem is locally well-posed in W
(see [3]). From the above result, this is in sharp contrast with the case of the
Hartree equation. On the other hand, it is not clear that the Cauchy problem for
([@3) is globally well-posed in L2(R%) N W, even in the case d = 0 = 1. We note
that in [9], the authors study (L3)) in the one-dimensional case d = 1, with o < 2
not necessarily an integer. They prove local well-posedness in

r={f: ferry,

for p in some open neighborhood of 2. Global well-posedness results for initial data
in LP are established, in spaces based on dispersive estimates.

The kernel K given by (L.2)) is such that its Fourier transform belongs to no
Lebesgue space, but to a weak Lebesgue space, from the following property (see
e.g. [Il Proposition 1.29]):

Proposition 1.5. Let d > 1 and 0 < v < d. There exists C = C(v,d) such that
the Fourier transform of K defined by ([L2) is

= AC

K(§) = €=

The final result of this paper is concerned with the case where the kernel K is
such that its Fourier transform belongs to some Lebesgue space.

Theorem 1.6. Let d > 1.
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o Let p € [1,00], and suppose that K is such that K € LP(RY). If ug €
L*(RY NW, then there exists T > 0 such that (LI)) has a unique solution
u € C([-T,T); L> "W). In addition, its L*>-norm is conserved,

[z = lluollL2, Yt € [=T,T].

If K e W (p=1), then the solution is global: u € C(R; L2 NW).

e Suppose that K is such that K € L>®(R%). If ug € W, then there emists
T > 0 such that [LI) has a unique solution u € C([-T,T]; W).

e For any p € [1,00), one can find K with K € LP(R%) \ L>®(RY), such that
(@) is locally well-posed in L>(RY)NW, but not in W : for all ball B of W,
for all T > 0 the solution map ¢ € B — 1 € C([0,T]; W) is not uniformly
continuous.

2. STANDARD EXISTENCE RESULTS AND PROPERTIES
2.1. Main properties of the Wiener algebra. The space W enjoys the following
elementary properties (see [5] B]):

(1) W is a Banach space, continuously embedded into L>(R9).
(2) W is an algebra, and the mapping (f,g) — fg is continuous from W? to
W, with

Ifgllw < Ifllwligllw, Vf.geW.
(3) For all ¢ € R, the free Schrodinger group e*A is unitary on W.

2.2. Existence results based on Strichartz estimates. For the sake of com-
pleteness, we recall standard definition and results.

Definition 2.1. A pair (p,q) # (2,00) is admissible if p > 2, ¢ > 2, and

2_ (l_l>
P 2 q)

Proposition 2.2 (From [8|[11]). (1) For any admissible pair (p,q), there exists C,
such that

||eltA<PHLP(R;Lq) < Cq”‘/)HLza v‘P S L2(Rd)
(2) Denote

D(F)(t,z) = /O t AR (1, z)dr.

For all admissible pairs (p1,q1) and (p2,q2), there exists C = Cq, 4, such that for
all interval I 50,

||D(F)HLP1(I;L71) §C||FH VFELpz(I;L%).

L7 (I;Lqé) )

Proposition 2.3. Letd > 1, K given by (L2) with A € R and 0 < v < min(2,d).
If up € L*(RY), then (L) has a unique, global solution

ue C(R; L) N LYY (R; LAY/ 4=y,
In addition, its L*-norm is conserved,
[u®)l[zz = [luollzz, VtE€R,
and for all admissible pair (p,q), u € LY. (R; LY(R%)).

loc
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Proof. We give the main technical steps of the proof, and refer to [4] for details.
By Duhamel’s formula, we write (1)) as

u(t) = ePug — i/ot IR K « ul?u)(1)dr =: D (u)(t).
Introduce the space
Y(T) ={¢ € C([0,T]; L*RY)) : ¢l L= (jo,77; £2(Ra)) < 2|0l L2(Ra)s
10l s/ (0,735 L/ a-n(rayy < 2C(8/7)luollL2ma)},
and the distance
d(¢1, $2) = [l¢1 — P2l Ls/(jo,7; Laa/2a—)ys

where C(8/v) stems from Proposition Then (Y(T),d) is a complete metric
space, as remarked in [I0] (see also [4]). Hereafter, we denote by

8 4d 0 8
= —, T = N = _—,
e ¥ 2d —~ 4 -7
and || - ||La([0yT]: Loy Y || - l|pere for simplicity. Notice that (g,r) is admissible
and
1 4 — 1 1 1 1 1 1 1 1
—_ = —FY —|— _ = — — ; —_ = l —|— — ; _ = — + —.
q 4 q 2 6 r2d r 2 0 q

By using Strichartz estimates, Holder inequality and Hardy-Littlewood—Sobolev
inequality, we have, for (¢,7) € {(q,7), (00,2)}:

1®(u) | azs < C(@)uollL2 + Cla, @) [| (K * [ulul|
< C(@lluollze + Cg, @) | K [ul?|| Laycap 20 Nl Lorr
< C(@lluollzz + CllullZop-llull Lor-
< C(g)lluollz2 + CT 2|l apr,
for any u € Y(T), with C'(c0) = 1 by the standard energy estimate. To show the

contraction property of ®, for any v,w € Y(T), we get
1®(v) = D(w)llzazr S NK * [ s pears o = wllzars
+ [ B ol = P[] L2 s lwllzors

S (lllzop- + lwlZop) o = wlporr

<SOT 7 (|[olfEarr + JwllEop) o — wlzar-.
Thus @ is a contraction from Y (T') to Y(T') provided that T is sufficiently small.
Then there exists a unique v € Y(T) solving (LI). The global existence of the
solution for (L) follows from the conservation of the L?-norm of u. The last
property of the proposition then follows from Strichartz estimates applied with an

arbitrary admissible pair on the left hand side, and the same pairs as above on the
right hand side. 0

3. PrRoOF OF THEOREM [I.1]

Thoughout this section, we assume that the kernel K is given by (L2]).
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3.1. Uniqueness. Uniqueness stems from the local well-posedness result estab-
lished in [12], based on the following lemma, whose proof is recalled for the sake of
completeness.

Lemma 3.1. Let 0 < y < d. There exists C such that for all f,g € L2 (RY)NW,
1 *1712) £ = (5 19) ] o < C (IR 2ow + 9l ) 1F = gl 2w

Proof. Let k1 = 1{‘5‘@}[? and kg = 1{|5|>1}I?. In view of Proposition [[LE k1 €
LP(RY) for all p € [1, %) and w2 € LI(R?) for all ¢ € (g%, 00]. For h €
LY (R4 NW, we have
1 Bllw < llsihl e + Imahllze S sl [l o + ll ] o
g PR A
where we have used Hausdorff-Young inequality. Writing
(K= |f1?) f = (K= g?) g = (K *[f?) (f =) + (K = (|f* = |91*)) g,
the lemma follows, since W is a Banach algebra embedded into L>(R%). (]
We infer uniqueness in L2(R%) N W for (1)) as soon as 0 < v < d:

Proposition 3.2. Let 0 <y <d, T >0, and u,v € C([0,T]; L> N W) solve (L)),
with the same initial datum ug € L2(RY) NW. Then u = v.

Proof. Duhamel’s formula yields
¢
u(t) —ov(t) = —i/ elt=mA (K = [ul?) u— (K *[v]*) v) (r)dr.
0

Since the Schrédinger group is unitary on L? and on W, Minkowski inequality and
Lemma BTl yield, for ¢ > 0,

[u(®) = v(®)llL2nw < /O (lulZ2aw + l0(D)F2aw) lu(m) = v(7)l|L2nwdr

t
S (||u||%°°([0,T];L2r‘WW) + ||U||2Loo([o,T];L2mW)) /o [u(T) — v(7)|| L2wdT.
Gronwall lemma implies u = v. (]

3.2. Existence. In view of Lemma [3.] the standard fixed point argument yields:

Proposition 3.3. Letd > 1, A € R, 0 < v < d, and K given by (L2). If
up € L2(RY)NW, then there exists T > 0 depending only on \,v,d and ||uol|r2qw,
and a unique w € C([0,T]; L> N W) to ([I)).

Taking Proposition[Z.3]into account, to establish Theorem [T}, it suffices to prove
that the Wiener norm of u cannot become unbounded in finite time.
Resuming the decomposition of K introduced in the proof of Lemma [3.1] we find

)l < ol + [ (K <)) )y dr

t
<wmw+AHKuwﬁwwmvmmT

t —_—
<lollw + [ (sl a3 + eallor | RG] ) () lwas,
0
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provided that p > d%dv. Using the conservation of the L2-norm of u and Hausdorff-
Young inequality, we infer, if p < 2:

t
lu(®)llw < lluollw +/ (IsallzrlluollZz + N2l o [{lu(r) ]| L) lu(m)llwdr.
0

To summarize, for all 1 < # < p < 2, there exists C' such that

t t
|MMW<WMW+OAHMﬂmM+CAHMﬂ@wMﬂmM-

The above requirement on p can be fulfilled if and only if 0 < v < d/2. To take
advantage of Proposition[2Z3] introduce o > 1 such that (2«, 2p) is admissible. This
is possible provided that 2p < dQ—_d2 when d > 3: this condition is compatible with

the requirement p > d%d,y if and only if v < 2. Using Holder inequality for the last
integral, we have

t
lu(®)llw < lJuollw + C/O lu()lwdr + C l[ull 20 (0,220 14l 2o (0,050

Set

w(t) = sup [ju(r)llw.
0<r<t

For a given T' > 0, w satisfies an estimate of the form

w(t) < fluollw + O/Otw(T)dT + Co(T) (/OtW(T)“/dT> - ;

provided that 0 < t < T, and where we have used the fact that o’ is finite. Using
Holder inequality, we infer

1/a’

wm<www+ammﬁlvww>

Raising the above estimate to the power o/, we find

¢
w(t)o‘, <1 —|—/ w(T)O‘,dT.
0

Gronwall lemma shows that w € L*°([0, 7). Since T' > 0 is arbitrary, w € L2 (R),
and the result follows.

4. TLL-POSEDNESS IN THE MERE WIENER ALGEBRA

In this section we still assume that K is given by (L2]). We show that the Cauchy
problem (L)) is ill-posed in the mere Wiener algebra, i.e without including L?. We
recall the definition of well-posedness for the problem ([IIJ).

Definition 4.1. Let (S, || - ||s) be a Banach space of initial data, and (D,| - ||p)
be a Banach space of space-time functions. The Cauchy problem ([LII) is well posed
from D to S if, for all bounded subset B C D, there exist T > 0 and a Banach
space Xp — C([0,T];S) such that:

(1) For all ¢ € B, (LI) has a unique solution v € Xr with ¥]=0 = ¢.

(2) The mapping B> ¢ — ¢ € C([0,T); S) is uniformly continuous.
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Proof of Theorem [[.3. In view of [2], it suffices to prove that one term in the Picard
iterations of ® deﬁned in Section [2 does not verify the Definition .1l We argue by
contradiction and assume that (L)) is well-posed from W to W. Then, let T > 0 be
the local time existence of the solution. We recall that for 0 < v < d, (L)) is well-
posed from W N L? to W N L? (see [12, Theorem 2.1], recalled in Proposition B.3).
We define the following operator associated to the second Picard iterate:

t
D(f)(t,z) = —i / DA K x [y Pe) (7, x) da,
0
where 9 is the solution of the free equation

i)+ Ap =0; Pli—o = f,

that is ¥(t) = €2 f. We denote e f = U(t)f. By [2, Proposition 1] the operator
D is continuous from W to W, that is,

(4.1) IDYOllw < CllfllRy, vt e[o,T],

for some positive constant C. Let f € S(R?) be an element of the Schwartz space.
We define a family of functions indexed by h > 0 by

! (x) = f(hz).
For all b > 0, || f"|| > = 727 f]lL> so for h > 0 close to 0 the family (f")so leaves

any compact of L?. Remark that fh(g) =h" df( ) and || f*|lw = ||fllw < oo, so
1) yields

(4.2) IDU™) @) lw < ClLf -
We develop the expression of || D(f")(t)||w. We have

F(K # U f'RU () ) (€) =
— @n) P F( # [U(r) ') « FU ) )(€)
— (2m)? /R FU U@ PE - ) FUE) ) 0) dy
- / TV R (¢ — ) F(UM) A P)(E - o) Fr(y) d
Rd
(2m)2 //R el iriey=s oo R (e — ) FR(e —y — 2) 7)) dydz
27T d/2 7“_ ~ — = 2N o~
B [ e e R ey f (5 >f(ﬁ)f(%) dydz.

Taking the W-norm gives
D)) llw = 1D ()21

- /R / F(U(t=)(E «|U@)f'PUE))(E) dr| d
:/Rd /0 ei(th)\E\Z]——(K*|U(7-)fh|2U(7_)fh)(§) dr| de.
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We replace F (K = |U (1) f*|2U(7) f*)(¢) by its integral formula above and apply the
following changes of variable: ¢ = &/h,y' = y/h, 2’ = z/h, 7 = Th?. We obtain

1

(4.3) IDEM O lw = 555 1 DE)ER) w
Let s € (0,T). We examine more closely the term F(s) := [ U(s—7)g(r)dr where
g(s) == (K = |U(s) f|*)U(s) f. Taylor formula yields

2 1

F(s) = F(0) + F'(0)s + % / (1— 0)F" () do.
0

We have F(0) =0, so for s € [0,1],

1F(s) — F'(O)s]lw < 5° /01(1—9>F”<s9>d9H a6

w

1
< 52/0 1" (s0) w0 < s* [ || Lo (fo,135w)-

The first and second derivatives of F' are given by
F'(s) = g(s) +/ U(s — 7)iAg(T) dr,
0

F(s) = g/ (s) + ig(s) - / "U(s — 1)A%g(r) dr,
so F'(0) = g(0) and

IF" | oe (j0,1:w) < 19"l o,y + 1AGH Lo o,135w) + 1A% oo (j0,1;w7) -

From the formula of g, since f € S we can see easily that F”' € L*°([0,1]; W)
(uniformly in h € (0, 1]). We obtain

[1F(s) = sg(0)w < Cs?,
where C' is a positive constant independent of s (it depends on f and 7). Thus,
IE(s)w = sllg(0)w + O(s?).
In particular, for all t,h > 0
ID()(Eh?)lw = I (th?)|[w = th?||g(0)[lw + O (t*h?).
This implies that

IDGM W = g 1Dl = = l9(O)w + 70 (P12)

Fix t > 0:

. t 1 272\ _
hl_lgl+ WHQ(O)HW + hdﬂo (t°h?) = +o0.
We deduce that for h > 0 sufficiently close to 0,

1D O w > ClIf Iy
This contradicts ([@1), and Theorem [[3] follows. O

5. PROOF oF THEOREM

We decompose the proof of Theorem [I.6] according to the three cases considered.
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5.1. Well-posedness in L2NW. We assume that K is such that K € LP for some
p € [1,00], and we consider an initial data ug € L2 N W. For T > 0 we define the
following space

Br={ue C([0,TL*NW), |[ullzor;z20w) < 2||uollz2aw}-
It is a complete space metric when equipped with the metric
d(u,v) = |lu—v||Lee(jo,77;L2nW)-

Lemma 5.1. Let p € [1,00], and K such that K € LP. There exists C such that
forall f,ge L>NW,

K = (fo)llw < CIK| Lol fllL2nw llgll 2aw-

Proof. Let f,g € L> N W. We denote by p’ the Hélder conjugate exponent of p.
We have

1K (f9)llw = @m)?|K fgllrs < CIE | ollfgll o < ORI Lol ]+l o

ClIK e[ fllzallgllze,

where 1 + % = %. Since g € [1,2] there exists 6 € [0,1] such that § + g = % and
1A ze < WAILNANEE" = 1WA " < 1Fc2nw-

The lemma follows. O

NN

Let @ as defined in Section2l In view of the previous lemma we have, for u € Ep
and ¢ € [0,T7,

t
2Oz < luoll ooy + [ 1 * ulr) Pur) e dr
0
t
< luallzzew + I )P () ooy o
0

t
< ol 2w + CIIK]|r / u(P)| 2y A7
0
We obtain

1 () (E) || Lo 0,17 220w) < [lwoll2aw + CIE | Lo l[wollF o o, 77: 22w ) T-

For T sufficiently small (depending on [[uol|2qw) [[®(u)l|Lser2 < 2[|uollpznw- Let
u,v € Ep. From Lemma [5.1] we have

1 (u)(t) = @(0)(#)l| 2w

< [ 1+ (D = WP i ar
+ N o) () — o) dr

</ 1 () = o) ) eaw dr
+f 1 o) Pl () = o) caw dr

t
< /O ClIK e (lu(n)lZeaw + l(D)IZ2qw) lu(r) = v(P)]| 2w d7.
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We deduce that

[@(u) — @(v)|| Lo (o, 73;22nw) < CIK || elluol|Z2nw T llw — vl oo 0,77 L20m) -

For T possibly smaller (still depending on |luo||z2nw) ® is a contraction from Er
to Ep, so admits a unique fixed point in Ep, which is a solution for the Cauchy
problem. By resuming the same arguments as in Proposition we deduce that
the fixed point obtained before is the unique solution for the Cauchy problem.

For p = 1, the solution constructed before is global in time. In view of the
conservation of the L?-norm, we have

t
lu@®)llw < lluollw + / 1K 5 () Pllw ()| oo dr
t
< uollw + / CIR| o a2 lu() lw dr
t
< uollw + CIR o1 uoll2 / lu()lw dr,

and by the Gronwall lemma, we conclude that ||u(¢)||w remains bounded on finite
time intervals. This completes the proof of the first point in Theorem [L.Gl

5.2. Well-posedness in W. Let K € L* and consider the Cauchy problem (LT])
with an initial data in W. For T' > 0 we define the following space

Yr = {u € C(0, T W), [[ull e o, ry;w) < 2|uollw}-
This later is a complete metric space when equipped with the metric
d(u,v) = |lu — U||L°°([0,T];W)-

As previously, the local existence of a solution is easily shown by a fixed point
argument, since ® is a contraction from Y7 to Yr, and we show that it is unique.
The proof relies on the following lemma:

Lemma 5.2. There exists C such that for oll f,g e W,
K = (fo)llw < CIK| <l fllwllglw-
Proof. Let f,g € W. We have
1K  (fg)llw = @m) 2| K Fgllor < (2m)*2(|K ||| f * G| 2
< @m)*PNE]| oo |1l o2 18] 0
< oYK [~ | fllwllgllw-

O

It then suffices to reproduce the proof given in the previous subsection in order
to prove the second point of Theorem[I.6] by replacing Lemma [5.Ilwith Lemmal[5.2l
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5.3. Ill-posedness in W. For v € (0,d) we consider the Cauchy problem (LT
with the kernel K given by its Fourier transform

. 1
(5.1) K(¢) = mTH{W@}-

Then, K € LP for all p € [1, d%d,y). Conversely, for p € [1,00), we can always find

v € (0,d) such that K, defined by (G.1]), satisfies K € L».

From the first point of Theorem [[L6] the Cauchy problem () is locally well-
posed in L? N W. We suppose that ([L1]) is well posed in W: let T > 0 be the
local time existence of the solution. Arguing as in Section Ml this implies that there
exists C' > 0 such that for all f € W and for all ¢ € [0, T,

(5:2) IDH)Bllw < ClIf Iy,

where D is the operator defined in Section @l Let f € S(R?). As in Section @] we
define the family of functions (f")o<n<1 by

(@) = f(ha).
From (5.2) we also have for all ¢t € [0, 7]

(5.3) IDUM @) lw < CIF Ry = ClF IRy
We define K}, by setting I/ﬂ({) = lgr%vl{lﬁb%}' We use the following identity:

F(E «[U(r) " PU) f*)(6) =
h35/2 //R eirle—ul girly—sl? g=irlsl? R, )J?(fz )?(

d 2 —~
223d/ // SiTE—y girly—2I? j—ir]=l? o f(fhy)f
de
(2m) /2 & — Sz ~(y—=2
_ eiTlE— y? jitly—z|? j—ir|z|? z g~
th //R ¢ e T Ry )f< h )f(h)f< h ) dydz.

We inject the above formula into the expression of || D(f")(t)||w and perform the
same changes of variables as in Section @l We obtain

IO > = (1 * 7P e + O (7)) = g X

where

th?
Xt = / Ut —7)(Kn * U () 20U (1) f) dr

w
For q € (d%d,y,oo),

th? th?
xt [ W) Uy ar < [ 1K 0Pl |0 dr

th?
< ||f||w/0 IKnllza | F (U@ fP)|| L0 dr < Cth*||[ K] 14,
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for some constant C' independent of h € (0,1] and ¢ € [0, 7] (recall that f € S(R?)).
Moreover,

. 1 1/q +oo  d—1 1/q
[ 5hllza = </R I e dy) - C</1/h (@ d’”) ’

S0, ||I/(\h||Lp = Ch¥™ % and

D)) |w =
Fix t > 0:

hd— (”(K «|f12) fllw + O (th?) — Chd777§> _

lim

Jim = (1€« [F2)flw + O (#h2) = Oh' 1) = +o0.

So, for h > 0 small enough we have

D™ @) lw > CllF Iy,

hence a contradiction.
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