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n-SUPERCYCLIC AND STRONGLY n-SUPERCYCLIC OPERATORS IN
FINITE DIMENSIONS

ERNST ROMUALD

ABSTRACT. We prove that on RY, there is no n-supercyclic operator with 1 < n < [ ] de.
if RN has an n-dimensional subspace whose orbit under 7' € £L(R”) is dense in RY, then n is
greater than L%J Moreover, this value is optimal. We then consider the case of strongly
n-supercyclic operators. An operator T € L(RN) is strongly m-supercyclic if RY has an n-
dimensional subspace whose orbit under T is dense in P, (R"), the n-th Grassmannian. We
prove that strong n-supercyclicity does not occur non-trivially in finite dimension.

Let T be a continuous linear operator on a Banach space X. The orbit of a set £ € X under

T is defined by
OE,T) := Upez, T"(E).

Many authors have already studied some density properties of such orbits for different original
sets E. If F is a singleton and O(F,T) is dense in X, then T is said to be hypercyclic.
Hypercyclicity has been first studied by Birkhoff in 1929 and has been a subject of great interest
during the last twenty years, see [2] and [6] for a survey on hypercyclicity. Later, in 1974,
Hilden and Wallen [9] worked on a different set £ = Kz which is a one-dimensional subspace
of X, and if O(E,T) is dense in X, then T is said to be supercyclic. Several generalisations of
supercyclicity were proposed since like the one introduced by Feldman [5] in 2002. Rather than
considering orbits of lines, Feldman defines an n-supercyclic operator as being an operator for
which there exists an n-dimensional subspace E such that O(E,T) is dense in X. This notion
has been mainly studied in [1], [3] and [5]. In 2004, Bourdon, Feldman and Shapiro proved in
the complex case that non-trivial n-supercyclicity is purely infinite dimensional:

Theorem Bourdon, Feldman, Shapiro. Let N > 2. Then there is no (N — 1)-supercyclic
operator on C. In particular, there is no n-supercyclic operator on C for 1 <n < N — 1.

The last theorem extends a result proved by Hilden and Wallen for supercyclic operators in
the complex setting. On the other hand, Herzog proved that there is no supercyclic operators on
R™ for n > 3 in [8]. Therefore, it is natural to ask the question of the existence of n-supercyclic
operators in the real setting.

In 2008, Shkarin introduced another generalisation of supercyclicity in [13]. Roughly speaking,
an operator T' € L(X) is strongly n-supercyclic if there exists a subspace of dimension n whose
orbit is dense in the set of nm-dimensional subspaces of X. To be more precise, we need to
define the topology of this set, which is called the n-th-Grassmannian of X. If dim(X) > n
then one may define a topology on the n-th Grassmannian. To do this, let us consider the
open subset X,, of all linearly independent n-tuples with the topology induced from X" and
let m, : X,, = P,(X) be defined by m,(x) = span{zi,...,z,}. The topology on P,(X) is
the coarsest topology for which the map m, is open and continuous. Let us now turn to the
definition of strong n-supercyclicity: M € P,(X) is a strongly n-supercyclic subspace for T' if
every T*(M) is n-dimensional and if {T*(M),k € Z,} is dense in P,(X). If such a subspace
exists, then 7' is said to be strongly n-supercyclic. We denote by £S,(T) the set of strongly
n-supercyclic subspaces for an operator 7.

An open question regarding n-supercyclic operators is to know whether they satisfy the Ansari
property: is it true that TP is n-supercyclic for any p > 2 provided T itself is n-supercyclic?
Shkarin [13] has shown that strongly n-supercyclic operators do satisfy the Ansari property and
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2 ERNST ROMUALD

he asks if n-supercyclicity and strong n-supercyclicity are equivalent. Indeed, this would solve
the Ansari problem for n-supercyclic operators. Unfortunately, Shkarin did not go further in the
study of strongly n-supercyclic operators. A study of general properties of strongly n-supercyclic
operators can be found in [4].

In this paper, we study in details n-supercyclicity and strong n-supercyclicity in finite di-
mensional spaces. Of course, by the results of Bourdon, Feldman and Shapiro, we need only to
concentrate on the real Banach spaces case. In particular, in section 2 we are going to prove the
following theorem:

Theorem 1. Let N > 2. There is no (| %3] — 1)-supercyclic operators on RY. Moreover there
exist (| 252 |)-supercyclic operators on RY.

This theorem generalises Hilden and Wallen’s and Herzog’s results and is optimal for these
operators. Actually, it is not difficult to prove that there exists an operator which is k-supercyclic
but not (k — 1)-supercyclic on RY for every L%j < k < N. The proof of Theorem 1 is not
easy and one needs to get familiar with specific notations to fully understand it. The proof is
progressing by steps from simplest matrices, which will be called primary, to general ones.

Then, in Section 3, we completely solve the question of the existence of non-trivial strongly
n-supercyclic operators in finite dimensional vector spaces. In fact, we prove:

Theorem 2. For N > 3, there is no strongly n-supercyclic operator on RY for 1 <n < N.

This result puts an end to the study of strong n-supercyclicity in finite dimension. This
proves, in particular, that there exist n-supercyclic operators that are not strongly n-supercyclic
and answers the question of the equivalence between n-supercyclicity and strong n-supercyclicity
raised in [13]. The interested reader shall refer to [4] for other properties on strongly n-supercyclic
operators in the infinite dimensional spaces setting.

1. PRELIMINARIES

It has been known for years that in the real setting, supercyclic operators are completely
characterised and they only appear on R or R%2. Moreover, on R?, if 7 and 6 are linearly
independent over QQ, then Ry, the rotation with angle 6, is supercyclic. Building on this, one
may easily see that any rotation on R? around any one-dimensional subspace and with angle
linearly independent with 7 over QQ is 2-supercyclic. This simple example proves that the real
setting is completely different from the complex one and gives hope in finding similar examples
in higher dimensions. It seems clear that rotations are making the difference between the real
case and the complex case. The next part is devoted to the Jordan real decomposition and
highlights the role played by rotations in the real setting.

Jordan decomposition

In the complex setting, it is common to use the Jordan decomposition to obtain a matrix
similar to T but with a better “shape”. Bourdon, Feldman and Shapiro took advantage of this
decomposition to prove that there is no (N — 1)-supercyclic operator on C. Recall that a
Jordan block with eigenvalue p and of size k is usually a k X k matrix with p along the main
diagonal, ones on the first super-diagonal and zeros everywhere else. For convenience, all along
this paper we follow another convention which improves slightly the notations but does not
change the efficiency of this decomposition. Thus, in our convention, a classical Jordan block
with eigenvalue p and of size k will be a k x k matrix with p along the main diagonal and along
the first super-diagonal and zeros elsewhere.

This well-known decomposition for complex matrices cannot be applied without changes to
the case of real matrices because of the existence of complex eigenvalues. However, there also
exists a real version of the Jordan decomposition which is an improvement of the last one. In the
real case, every matrix is similar to a direct sum of classical Jordan blocks and real Jordan blocks,
where a real Jordan block of modulus p and of size k is usually a 2k x 2k matrix with uRy along



n-SUPERCYCLIC AND STRONGLY n-SUPERCYCLIC OPERATORS IN FINITE DIMENSIONS 3

the main diagonal, identity matrices along the first super-diagonal and zeros elsewhere. For the
same reasons, our convention is different and for us the terms along the first super-diagonal are
the same that those on the main diagonal i.e. uRy.

Let B be a classical (respectively real) Jordan block with eigenvalue (respectively modulus)
and of size k and let A = u (respectively A = uRy). Then, powers of B are simple to compute.
Indeed, for all n € N,

AT (AT AT (A

0 A" (1)An (2)-’4” e (k—Q)An
B" = 0 0 ’ ’

: X S (an

0 0 0 A"

Due to the fact that we are going to use repeatedly the Jordan decomposition, in both real
and complex cases, we use the term modulus instead of eigenvalue. If the reader wishes more
informations on the Jordan decomposition see [10] or [12] for a good review.

All along this paper, we will be interested in studying dynamical properties of such matrices.
Consequently, we assume here for the whole paper that when we consider a Jordan block, its
modulus is supposed to be non-zero. To summarise, every operator on RY is similar to one with
the following shape:

o ... - 0
0o 0o - 0
0O 0] Jy| 0 - 0
0 0O || O 0
o --- - 0 .0
0O 0 0 0 0

S,
and J; are real Jordan blocks
ANiRo, | N\iRp, | O 0
0 . .

Z =
: 0 /\iRgi
0 e 0 | ARy,

K3

2. N-SUPERCYCLIC OPERATORS ON RV

2.1. Introduction. Bourdon, Feldman and Shapiro showed that there are n-supercyclic oper-
ators on CY if and only if n = N. This completely characterises n-supercyclic operators in
the complex finite dimensional setting. In this section, we are going to apply the real Jordan
decomposition to determine for which n € N there are n-supercyclic operators on RY .
Actually, the following examples reveal how to provide (L%J )-supercyclic operators on RY.

Example 2.1. For all N > 1:
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e On R?Y | endomorphisms represented by matrices of the form

Ro, | 0 --- 0
o . 0 0
0 | Roy
are N-supercyclic if (and only if) {m,61,...,0x} is a linearly independent family over Q.

e On R2N*1 endomorphisms represented by matrices of the form

Ry, | O -~ 0
o . 0 0

: -+ 0 | Ry
0O --- 0 0

are (N + 1)-supercyclic if (and only if) {m,01,...,0x} is a linearly independent family over Q.
The proof of this example relies on the fact that every rotation sub-matrix is supercyclic and
the Kronecker density theorem [7] permits to consider each one separately.

o | o O

[a—

These simple examples prove that our Theorem 1 is optimal. In the following, we are going
to study n-supercyclic operators on RY in order to prove Theorem 1. We progress step by
step considering particular cases until we reach the remaining part of Theorem 1 in the general
case. We begin by proving two special cases: the case of a real Jordan block matrix of size 2 is
considered first because it is the simplest matrix that Bourdon, Feldman and Shapiro have not
checked in [3] and then the case of a direct sum of rotation matrices because it permits to notice
that something more is needed if one wants to go further. These two results are stated and
proved first because their proofs introduce some techniques involved for more general proofs.
Then, we will give a useful basis reduction which is of constant use all along the paper. From
that point, our aim will be to find the best supercyclic constant for different types of matrices.
We will begin by primary matrices which are direct sums of unimodular real and complex Jordan
blocs of size one and we will continue with the case of a single real Jordan block of arbitrary size.
After that, we discuss the best supercyclic constant for matrices being direct sums of Jordan
blocks with pairwise different moduli and then for matrices being direct sums of Jordan blocks
with the same modulus. Finally, we gather these two last results in the last subsection to give
a general result having Theorem 1 as a corollary.

Let us begin with a real Jordan block of size 2.

Ry Ry

Proposition 2.2. T = ( 0 Ry

) is not 2-supercyclic on R*.

Proof. Suppose that T' is 2-supercyclic to obtain a contradiction. Let M = span{x,y} be a 2-
supercyclic subspace for T. Then, one can suppose either z = (x1,22,0,1) and y = (y1, y2,1,0)
or x = (x1,x2,r3,24) and y = (y1,y2,0,0) where (z3,z4) # (0,0).

o If v = (21,72,0,1) and y = (y1,¥2, 1,0), then for any non-empty open sets U and V in R?,
there exist a strictly increasing sequence (n;);eny and two real sequences (A, )ieN, (tn, )ien such
that:
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which is equivalent to:

(1) An, ( 2 )mm ( g; ) —I—m( ’A‘: ) € R;™ (U)
@) (b )emmw)
0 0

any non-empty bounded open set, then (2) implies that for all i € N, 0 < |\, |, |pn,] < 1+ €.
One may divide (1) by n; to get:

A - n R (U
l(x1>+uz<yl>+(ul>€e (U)
g L2 n; Y2 )\ni n;

An,

Let V=B (( L > ,z—:) be an open ball of radius € centred in 1 with 0 <e <1 and U be

—5 Oand & —5 0
v 4—+o00 i j+too

and since U is a bounded set, (Ay,)ieny and (un,)ieny have to go to zero. This contradicts

( ‘A‘Z ) € R, (V).

o If x = (x1,29,23,24) and y = (y1,¥2,0,0), then one may suppose ||(z3,z4)| = 1. By
2-supercyclicity of T, for any non-empty open sets U,V in R?, there exist a strictly increasing
sequence (n;);en and two real sequences (A, )ieN, (fn, )ien such that:

T2 Y2 L4

An, BRI ( Z ) eV

However, since the sequences (A, )ien and (pn,)ien are bounded,

which can be rewritten:

1 Y1 , z3 —n;
(3) /\ni(@>+,uni<y2)+n2)\m(x4)eR9 (U)

(@) w2 ) ermw)

Let V=8B ) ,5) be an open ball of radius ¢ centred in ( " ) with0 <e < 1landr > 1.

”
0 0
According to (4), for every i € N we have r — e < |\,,| <7+ . Divide then (3) by n;\,,:

Hon, Y1 3 0
Sen)(8) e (6)

From this we deduce that the sequence (#) o is convergent to some t € R because (y1,y2) #
g ) ge

() (2)=(0)

As ( i?’ ) is non-zero, this last equation implies that {( i?’ ) ; < zl )} is linearly dependent.
4 4 2

Thus choosing an appropriate linear combination of z and y, one may assume x = (21, 2, T3, T4)

(0,0), so we have:
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and y = (x3,4,0,0), hence (3) and (4) give:
(5) An; < . ) + (ftn; + 1in;) ( oy ) e R, (U)

(6) A ( o ) € Ry™ (V)

Now, it is clear that the vectors il and ( ig > are linearly independent. Indeed, suppose in
2 4

order to obtain a contradiction that they are linearly dependent. Then upon taking appropriate
linear combinations and replacing x, we can write = (0,0, x3,z4), y = (3, 24,0,0) and

(Hn; + nidn;) ( e ) € Ry™ (U)
4

An, ( " ) € Ry™ (V)
T4

But if one chooses two non-empty open sets U and V' such that there does not exist a straight
line passing through the origin and intersecting both U and V, then we have a contradiction.

Thus ( il ) and ( iS ) are linearly independent and let o denote the angle between these
2 4

two vectors, then |sin(a)| > 0. Choose 0 < a < |sin(a)|(r—¢) H( il )H and U = B (( 8 ) ,%)
2

and let Cy denote the annulus obtained by rotations of the ball U. With a little computation,

one may easily notice that the set (]R( i?’ ) +[r—e,r+¢ ( il )) does not intersect Crs
4 2

contradicting (5) (see the figure below).

V'g

So Ry It is not 2-supercyclic. O
0 Ry

Remark 2.3. One can easily notice that the previous matrix is 3-supercyclic if 7 and 0 are
linearly independent over Q.

Remark 2.4. As one can notice, the previous proof is divided into two parts depending on the
”shape“ of the basis. Actually, to be able to deal with such operators, we will constantly make
differences according to the basis’ shape.
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2.2. A leading example. We deal with an example to show that we need some more tools if
we want to go further in a precise manner. First, the next result proves that the supercyclic
constants cannot be improved for the two matrices given in Example 2.1 i.e. the first operator is
not (N — 1)-supercyclic and the second one is not N-supercyclic.. Moreover, in the following, T’
is a direct sum of rotations’ multiples, every one of these acting on R?. Hence when one usually
consider a vector component, we consider a vector bi-component instead, meaning that for the
next result the natural way to define a vector is not as being in R?Y but rather in (R?)V. In
the following, the k-th bi-component of a vector (z1,...,zon) is the vector on which the k-th
rotation matrix acts i.e. the vector (zox_1, o).

arRg, 0 - 0
Proposition 2.5. Let N > 2, then Ry := 0 h : is not (N —1)-
: Ry 0
0 -+ 0 anRgy
supercyclic on R?N for every choice of a1, ...,anx € R and every choice of 61,...,0n € R.

Proof. First upon reordering blocks in Ry and taking a scalar multiple, one may suppose 0 <
la1] < ... <|an—_1| < any = 1. Indeed, the nullity of one of the a; implies that Ry has not dense
range and is not (N — 1)-supercyclic.

We are going to prove that Ry is not (N — 1)-supercyclic on R?Y by induction.
For N = 2, the result follows from Herzog’s result [8].
Suppose that for every 2 < k < N, every 01,...,0; and every 0 < |a;| < ... <|agp_1| < ap =1
no matrix of the form Ry is (k — 1)-supercyclic. Let us prove it also for Ry. Assume to the
contrary that Ry is (N —1)-supercyclic and let M = span{z!,---, 2~} be a (N —1)-supercyclic
subspace for Ry. Define xﬁ\ul = 2! for every 1 <i < N — 1.

We argue that for every k € {1,..., N}, M is spanned by a family of vectors {x,lf, ces ,:L‘kN_l}
such that if we define py41 := 0 and

Pk 1= sup (] €{l,...,N —1}: the k-th bi-component from :):?f is non-null )

then we have the following extra properties.

(a) if prs1 # N—1 then p € {prs1+1,prp1+2} andif k # N, af, # 2], for every 1 < j < pry1,

' - 1
(b) if px = pry1 + 2, then 27* - ( (1) ) and 2% = ( 0 ),

(c) for every kK <[ < N and every p; < j < N — 1, the [-th bi-component of the vector :Ui, is
null.

We are going to prove this by decreasing induction on k& € {1,..., N}. Let’s begin with the case
k=N.

Upon taking appropriate linear combinations of basis elements of M and reordering, one may
assume that we have a basis x}v, .. ,x%_l of M such that the last bi-component is non-zero

either for z}; (i.e. py = 1) or for z}; and 2% (i.e. py = 2) and is null for the other basis vectors.

1 0
of Proposition 2.2. One may easily notice that the induction hypothesis is satisfied for £k = N.
Assume that the induction hypothesis is true for N,...,k + 1, let us check it for k.

Define 2], = 7, 41 for every 1 < j < pg41. Upon taking appropriate linear combinations of the

+1 _ . +1 _
vectors :rz’fll feeyTh +11 and reordering one may get N — 1 — pyy1 vectors oh " . a1

. . . 1 .
Moreover, in this last case, one may also require them to be ( 0 ) and ( ) as in the proof

with span{z},... ,a:]kv _1} = M satisfying one of the three following conditions:
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> the k-th bi-component of the vectors xi’“““, e ,x]kv_l is null, i.e. px = pra1 but this

yields a contradiction. Indeed, as Ry is (N — 1)-supercyclic there exists a strictly increasing
sequence (n;);eny and N — 1 real sequences (Aﬁ”i))ieN, cel ()\5\71)1)@-61\1 such that:

n; pPn; - ng ] 1

sz (1) ) ((2)
ni PN; k ni‘ A 2k -1 1

(7) a Rek( Ry )(‘””’;fi(%) ) )) o (o)

ng pPN; N ’ﬂz" ] 2N -1 O
s (o (A050) ) L)

Then, the last bi-component above implies that for every 1 < j < py, ayA

(%) 5 0 because
J i—+00

J (ni)
. . : _ on o) [ 2N —=1) \ [ Ay

Ry is an isometry, 1 < py < 2 and if py = 2 then =1 )‘j ( xi(2N) = )\gni) by

induction hypothesis. Step by step, following the same idea, we can prove in the same way that

for every 1 < j < pru1, ak+1A‘§-ni) —+> 0 because |agt1| < ... < |an|. Moreover if p; = N — 1
1—r+00

< N —1,

aZi)\S-m) e 0 contradicting (7). Since pyp = prt+1 and |ag| < |agi1], for every 1 < j < py,
aZ")\g-m) ~— 0 but this contradicts (7).

1—+00
> the k-th bi-component of the vectors xi’““”, ..., zn "V is null but not for :UZ’““H. Then,

Pk = Pr+1 + 1 and for every pr, < j < N — 1, the k-th bi-component of the vector azi is null by

construction and for every k+1 <1 < N and every p; < j < N — 1, the [-th bi-component of

the vector z;, is also null because py > pr1 > ... > py and the family {a;i’““Jrl ...,xiv_l} is

obtained by taking linear combinations of elements from the vectors xi'fllﬂ, . ,xiv gl whose
[-th bi-component is null by induction hypothesis.

> the k-th bi-component of the vectors x£k+l+3, .. ,mév ~1 is null but not for xi’“““ and

for some 7 € {k+1,..., N} then we conclude at this step that for every 1 < j

x£k+1+2 and these two components can be chosen to be < ? ) and ( (1) ) Here, pr = pr41 +2

and we conclude as above.
This ends the induction process.

Let us denote by y',...,yN~! the vectors ri, ... ,x{v_l obtained thanks to the induction
process. We proved that the sequence (pny+1—k)o<k<n is increasing until it reaches N — 1 and is
constant after and pyy1 = 0 hence po = N — 1. This remark now permits to conclude. Indeed,
as M is (N — 1)-supercyclic subspace for Ry then there exist a strictly increasing sequence

(ni)ieny and N — 1 real sequences ()\gni))ieN, ol (/\%i)l)ieN such that:
ap' Ry | 25— Aj xJQ 0
o 1 (ms J 0
mp (s (4
(8) e <Z]_1 AN — 0
J 0
“NReN( =12 ( ol 1)) (0)
2N
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On the basis of similar reasoning as in the induction process with py = pi+1 we observe that
for every 1 < j <py=N —1, ag”)\g-m) — 0 and since |a1| < |ag|, for every 1 < j < N —1,

1——+00
ay )\g-ni) ~— 0 but this contradicts (8). O
1—+00
The key in the proof is the adaptation of the basis to the shape of Ry and we are going to
make constant use of this method in what follows. This motivates us to detail this method in
the next part.

2.3. Basis reduction. Let m, N € N, T be a linear operator on RY, {x',... 2™} be a linearly
independent family in RY and M be the subspace spanned by this family. Using the Jordan
real decomposition one may suppose:

a181 0 e 0
T — 0 aQBQ
0
0 0 a,By
A A, O 0
where B; = : is a classical or real Jordan block for any 1 <i <«

A
0 --- 0 A

with A; = 1 or A; = Ry, respectively and + is the number of Jordan blocks in the decomposition
of T'. Define 7; = 1 when B; is classical and 7; = 2 when B; is real and take also p; such that 7;p;
is B;’s size, we will call p; the relative size of the block B;. If B; is a classical Jordan block, then
its relative size is just its size, on the contrary if B; is a real Jordan block, then its relative size
is just its size divided by 2. We will also denote by p := 3°)_; p; the relative size of the matrix
of T. Observe also that with these notations N = Y7/, pi7.

Notation. For the sake of clarity, we introduce a new notation before stating the following
theorem. Let T be a linear operator on RY in the previous Jordan form and z € RV, we define
for1<i¢<p

Lemp— ) _ ifr,=1
f:ll np;—i—z—Zf:f Pl p
i(r) = T~p-1 ; p—1
Xz( ) 1oy me20=Y 07 p)—1 ) i Ty = 9
T—p-1 ) 1
P me2(i=>"0" o)

where p is the unique natural number satisfying: Zf;ll pr <1 <Y1, pi. Roughly speaking p is
the number of the block B, of T' which is acting on x;(x). This probably seems a bit complicated
at first sight but the underlying idea is natural: the operator T is seen as almost a ”"sum” of
operators A; acting on either R or R?. Then it is also natural to consider the vectors T is acting
on, as a direct sum of vectors that the operators A; are acting on. To summarise, on some parts
(classical) T' acts like if it was an operator on R and on the others (real), it acts as on R?, thus
Xi(z) may be either a scalar or a vector of size 2.

a 0 0 00

aB; 0 0 0 bR9y bRy 0 O

Let us explain this on an example. Consider T = < 0 b8y O > = 0 0 bRy 0 O
0 0 B3 0 0 0 ¢ 0

0 0 0 0 ¢

acting on R” then 71 = 1,75 = 2,73 = 1,p; = 1,po = 2,p3 = 2 and we shall decompose
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x1()
x2(7) .
x = (z1,22,23, %4, L5, T6, T7) &S T = x3(x) with x1(z) = 1, x2(x) = ( :UQ ) ,x3(x) =
xa(z) ’
X5()

T4 _ _
( s ) , Xa(z) = x6, X5(2) = 27.

Let us state the awaited theorem which is the main tool to prove the results announced at
the beginning of the article.

Theorem 2.6. Let T be a linear operator on RY in the Jordan form. Let also M be an m-
dimensional subspace.

Then, there exist a basis {y',...,y™} of M, a non-decreasing sequence of integers (k;)icz, and
a sequence of sets (A;)icz, C RU R? satisfying:

(a) ko =1, Ao = {x,(¥?), ko < j < m}.

(b) For every i € Z, kit1 = ki +dim(span{A;}) and Aiy1 = {X,—(i+1) (%), kiv1 < J < m}.

(c) For everyi € {0,...,p— 1}, {xp—i(¥?), ki < j < Kis1} is either empty or linearly indepen-
dent.

(d) Kk, =m+1.
(e) For everyp € {1,...,p} and every j € {kp,...,m}, Xp,pﬂ(yj) —0 or ( 8 )

Proof. We want to construct a basis of M adapted to the decomposition of T. Of course, this
reduction heavily depends on 7. Let z!,...,2™ be a basis of M. We are going to create an
increasing sequence of natural numbers (r,)pez, and a sequence of sets (A})yez, . For every
step of the reduction, the sequence of natural numbers marks the vector number up to which
the reduction has been completed and the sequence of sets contains the part of the vectors we
have to reduce to the next step.

First define o = 1 and Aj = {x,(2"), ko < i < m}. By definition, Aj is either a subset of R or
of R% then dim(span{A{}) = 0,1 or 2.

e If dim(span{Aj}) = 0 then ||x,(z")|| = 0 for any 1 < i < m and we set r1 := kg and 2 := 2/
for every kg < j < m.

e If dim(span{A}}) = 1, upon taking proper linear combinations of z!, ..., ™ and reordering,
one may obtain a new basis x1,...,27 of M with ||x,(z1)|| = 1 and ||x,(2})| = 0 for any
ko +1<7<mandset K1 := kg + 1.

e If dim(span{A}}) = 2, upon taking proper linear combinations of z!,... =

one may obtain a new basis z1,...,27" of M with x,(z]) = ( (1) >, Xp(@3) = ( (1) ) and

m .
, reordering,

X, (z8)]| = 0 for ko +2 < i < m and set k1 := kg + 2.
Then set also A} = {x,—1(z}),s1 < i < m}, thus dim(span{A}}) = 0,1 or 2. Define % = 2% for
every 1 < i < k1. Upon taking appropriate linear combinations of the vectors 7, ..., z{* and
reordering one may get m — k1 + 1 vectors =5, ..., 25 with span{z},..., 25"} = M satisfying
one of the three following conditions:

o If dim(span{A}}) = 0, then [x,—1(z3)|| = 0 for any x1 < i < m and we set ko 1= k1.

e If dim(span{A}}) = 1, then |x,—1(z5")| =1 and [|x,—1(2%)|| = 0 for any k1 +1 <i <m
and set k9 := k1 + 1.
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. K 0 K 1 )
-Hmm@mﬂMD=2wmnM4@£%=<1)xwﬂ%ﬁ5=<o)amﬂm4@wH=0
for k1 +2 <7< m and set Ky := K1 + 2.

Suppose that this construction has been carried out until we obtain x,lg, ..., xy, then set
v = Xp—k(x},), k. < i < m}, thus dim(span{A}}) = 0,1 or 2. Define zj_, = =}, for every
1 < ¢ < kg. Upon taking appropriate linear combinations of the vectors =" ... 2™ and
reordering one may get m — ky + 1 vectors ...,z with span{x}gH, cooxptg = M

satisfying one of the three following conditions:
o If dim(span{A},}) = 0, then ||x,—x(z} )|l = 0 for any < i< m and we set Kpy1 = K.
o If dim(span{A}}) = 1, then [[x,—x (x5 )|l = 1 and ||xp—x (2}, 1)|] = 0 for any k. +1 <i <m
and set ki1 = K + 1.

. K 0 K 1 i
e ttdim(span(Ay)) = 2 then p-n(o) = (] )onpn(afiih = () and ys(afnl =

0 for kK +2 <4 <m and set Kgy1 = K + 2.

As a consequence, step by step we finally get a basis (y!,...,y™) = (m}),...,x;”) of M
and we set kg 1= £, for every q greater than p. We set Ag = {x,(’), k0 < j < m} and
A = {xp—i(y?), ki < j < m}, thus (a) is satisfied by definition. It suffices to remark then that
dim(span{A;}) = dim(span{A’}) to check (b), (c) and (e). Moreover, (d) is also satisfied as
(y',...,y™) form a basis of M then y™ is non-zero. Hence A, =0 (& K, =m + 1). O

Remark 2.7. The reduced basis we have described in the previous theorem has the following

inverse staircase shape:

0

We keep these notations for the rest of this paper. The reader needs to have in mind these
notations when we decompose an operator in its Jordan form or when we reduce a basis. When
we will need to refer to Theorem 2.6, we will say that some basis has been reduced with respect
to an operator.

1

Notation. From now on, we will need to work with several vectors z-, ..., z"". For this reason,

we leave the heavy notation y;(2/) we introduced before Theorem 2.6 for a shorter one XZ .
2.4. Primary matrices.

Definition 2.8. Let p, N € N. An operator 7" on R" is said to be primary of order p when
T = @le.Ai with A; =1 or Ry, with 6; € R.

Remark 2.9. One can see at first glance that if 7 is primary of order p on RY, then p €

[[L%J , N]. Moreover, p is the relative size of T

We begin our study with primary matrices. However, even if the next result is a partial
generalisation of Proposition 2.5, their proofs are independent. Moreover, this proof puts forward
some useful ideas.

Proposition 2.10. Let p € N. There is no (p — 1)-supercyclic primary matriz of order p .

Proof. Let T = @f_, A; be a primary matrix of order p. Following the notations we introduced
before, p; = 1 for every 1 < ¢ < p. Now suppose, in order to obtain a contradiction, that T is
(p — 1)-supercyclic. Let M = span{xz!,..., 2771} be a (p — 1)-supercyclic subspace for 7' and
then reduce the basis of M with Theorem 2.6. First, it is worth noting that for any p < p,
Kp 7 Kp+1.
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Assume that the contrary holds and let p < p be the smallest integer such that x, = kp41.
This implies dim(span{A;}) = 0 and thus for any x, < j < p—1, |[x,_,[l = 0. But, for all i € N
and all real sequence (\j)i<j<p—1,

AL (2021 A (L1)

" (pzl )\jxj) — ‘Ai (Z;pzl)‘ﬂxi p) (Lp—p)
=1

—1
p p+1 (an JXZ;_p.H) (Lp—p-i-l)

7 Kk1—1 j L
Ap (Zjil Aix)) (L)
Clearly, if p = 0 then (L,) = 0 and M fails to be (p — 1)-supercyclic for T'. In the following, we
may assume p > 0 without loss of generality. Then, by (p — 1)-supercyclicity of M, there exist
(ni)ien and p — 1 real sequences ()\gm))ieN, e ()\;"_’%)ieN such that for any j € [1,p] \ {p — p},
(Lj) — 0and (L,—p) e Y with ||V = 1.
H

1——+00

We shall prove that for any 1 < j < &p, )\gni) —+> 0. Such an integer j belongs to a unique
1—+00

interval [kq, kq+1[ and we shall prove this property by induction on gq.
If 1 < j < k1, then {x/, ' M<j<n, # 0 is a linearly independent family and A, being an isometry,

(L,) gives : Z”l D) "Z)X] —+> 0, hence )\(- ") 0 for every 1 < j < k1.

1——+00

We assume that the induction hypothesis is true for 1 < ¢ < p. We have to prove it for ¢+ 1 too.
Since (L,—q) converges to 0 and A,_, being an isometry, we have: Zﬁq“ L Z)Xj — 0.

J
(ns)

p
The recurrence hypothesis implies A, — 0 forany 1 < j < k4. Hence 25“1 ! §

i——400

0. However, {X/; q},{q<j<,.€q .1 # 0 is a linearly independent family by the reduction properties

and because kg # Kg41, SO )\( ni) —+> 0 for every 1 < j < kg41. This ends the induction step.
i——+00

Thus, for any 1 < j < kp, A§m) — 0. Considering these limits in (L,—,) and the fact that

1——+00

Kp—1 (n)
) ni) . J
P Z:I Aj " Xo-p i 0
‘7:
But this contradicts the convergence of (L,_p) to some unit vector. Hence k), # r,41 for every

p<p.

Considering that ko = 1 and that the sequence (£p)o<p<, is increasing, one obtains x,_1 > p,
hence by Theorem 2.6 r, = £,_1. This contradiction proves that 7" is not (p—1)-supercyclic. [J

A,_p is an isometry yields :

2.5. For a single real Jordan block. The aim of this section is to generalise Proposition 2.2
to the case of a real Jordan block of arbitrary dimension. The two following lemmas are useful
to express in another way the iterates of a subspace by a real Jordan block.

Lemma 2.11. Define A, (i) == (}) — X021 Ak(z)(nik) for anyn >0 and i > 0. Then, A, is a
(1)t
n!

polynomial in ¢ of degree n and its leading coefficient is

Proof. We prove it by induction on n > 0. The lemma is obviously true for n = 1 because
Al(l) =1

Assume that we have verified the induction hypothesis for 1 < k < n. Let us prove it for k = n.
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Denote by 9, the leading coefficient of A,,. The leading coefficient in i of (2) is % forall k € Z.
Combining with the induction hypothesis, one gets:

1 n—1 (_1)k+1 1 ( n—1 n
3 B ()
n! = (n—Fkk nl = k
Now, it is easy to check that:

"il <n> (—1)+ = 0 if n is odd,
=i \F

2 if n is even.
This yields:
5 — %ifnisodd,
" —% if n is even.

This ends the induction and the proof of the lemma. O

In order to fully understand the interest of introducing the sequence A,, we also need the
following lemma:

Lemma 2.12. Let i,n € N with i > n and let (ux)i<k<n be a sequence of real numbers. For

every 1 < k <n define Lj, := Z?:_g (;)ukﬂ Then, Ly, = ui + Z?:_f Aj(1)Lyy;-

Proof. Once again, we prove this result by induction on n. For n = 1, the result is straightforward
since L1 = Zjl-;é (;)ulﬂ- =u.
Now, assume that the induction hypothesis is true for any natural number strictly smaller than
n and let us prove it for n. For 1 < k < n, set L} = Z?:_Ok_l (;)ukﬂ = Lj, — (nik)un Then the
induction hypothesis gives:
n—k—1
Ly =up+ Y Aj(i)Lhyy

j=1
andsofor1 <k <n-—1:

. n—k—1 .
i , i
L, =L+ (n - k)un =y + ]z:l Aj(4) Ly + (n N k)un
Finally, use the definition of £y and A, _(7) and note that L,, = wu,, we obtain:

n—k—1 . .
. 7 (3
Ly =up + Z A]’(Z) (Lk+j_<n—k—j>un>+(n—k>un

J=1

n—k—1 . n—k—1 .
1 1
=ur + Aj(i) Ly + ( ) — Z A(z)( ) Up,
= J J n—=k = J n—k—j

=up+ > Aj()Lpgj + App(i)un

=uk+ ) Aj(i) Ly
j

Il
—

This completes the proof of this lemma. O

Here comes now the generalisation of Proposition 2.2, its proof is of significant importance to
an understanding of the mechanisms involved in later proofs.
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Ry Ry O 0

0 Ry Ry O 0
Proposition 2.13. Let N > 1 and 6 € R, then Jy := o o0 . . : is not

. Ry

0 0 0 Ry

N -supercyclic on R?N .

Proof. As we already noticed, Proposition 2.2 proves the case N = 2. Let then N > 3 and

assume to the contrary that Jy is N-supercyclic. Let also M = span{z',...,2™} be a N-

supercyclic subspace which basis z',...,z"V is reduced. Then ky = N + 1 as we already

pointed out in Theorem 2.6. Moreover, Proposition 2.2 claims that Jy is not 2-supercyclic,
1 2 3

thus the three following vectors < X;(Vfl > , ( X;(Vg‘l ) , < X>1<V3_1 ) span a subspace of dimension
N N N

3, yielding ko > 4. In addition, N-supercyclicity of M implies the existence of a sequence of

. : N
natural numbers (n;);cn and ((/\g’“))ieN, e (A%Z))ieN) € (RN) such that:

ni ~N—1 (n; Ny (ng) wgkﬂ
Ry 37ko (k) >i=1 /\j J

X

“2(k+1) 0
N RN N2 () (ZN () ( x%(k+1)+1 )) 0
g ng 1 _ 0 = =1 ] j
T <Z % %ﬂ) o B R PRV
Jj=1 .

75 g J"j —
mero (7)

Denote by (L1),...,(Ly) the lines appearing in 7" (Zév:l )\g-ni)xj) above, and define (uy) =
J

Lok
2.12 the preceding identity implies:

(ur) + 75" Aj(na) (L)l —— 0

1——+00

J
S A§n¢) ( Y2k-1 ) Remark that the (Lg)’s and (ux)’s depend on i. Then, using Lemma

9) Iwe) + 255 Ay ) (L)l — 0
) 1

where A; is defined in Lemma 2.11.
We come now to the key point of the proof: we prove by induction on k that m —+> 0,
v/ 1—+00
forevery 1 <k < N —1landevery 1 <j<gp—1.
If £k =1, then divide (Ly) by Ai(n;) and take the limit:

k1—1 )\(nz)

J I — 0.
2w

1——+00

In addition the fact that {ng}rsOSanl—l is linearly independent (but not empty since ko > 4)
leads to:

— 0 f <7<k —1.
N i_>+000 or any kg < 7 < K1
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We now assume that the induction hypothesis is true for any natural number smaller than k
and we prove it for k£ + 1. First, divide (Ly_g) by Agy1(n;) and take the limit:

Kip—1 (nz) Kk+1— 1 (nz)
J
e+ - (L — 0
jX’;O Ak+1( )XN ’ Jzn:k Ak ( XN g Z Ak’-i-l ’I”LZ V= k—H) i—r+00

The induction hypothesis provides that the sum on the left of the preceding line converges to
0. Moreover, as the sequence given by the j-th line (L;) is bounded for all 1 < j < N and as
Lemma 2.11 gives deg(Ag41) > deg(A;) for every 1 < j < k, then the sum on the right of the
previous line converges also to 0 providing:

K41~ 1 )\(nl)

Moreover, {X?vfk}nkﬁjém +1—1 is either linearly independent or empty, and taking this into
account in the line above and using Lemma 2.11, we conclude that:
Al
] .
———— — Oforany ki < j < kg1 — 1.
Ak+1(ni) i—>+00 Y Rk =0 = Rkt
So by induction hypothesis and as deg(Ag41) > deg(A;) for every 1 < j < k, then for every
()
AL

1<) <kKppr—1 — 0.

J
7 Apya(n) i——400
We now come back to the proof of the proposition. As we claimed before, notice that xo > 4
and ky = N + 1. It follows that there exists 2 < p < N — 1 such that x, = kpy1. Divide then
(Ln—p) by Ap(n;) to get:

Kpy1—1 )\( i) p
J L — 0.
j:ZHO Ap(n;) g N-p+) =400
ACD)
The sum on the left above tends to 0 because x ( ) T 0 for any 1 < j < K, —1. Furthermore,
i) j—+oo

combine Lemma 2.11 and the boundedness of the sequence given by the k-th line (L) to deal
with the second sum:

— 0.
1—>+00

”(_lp)ﬁ(LN)

P
This contradicts the convergence ||(Ly)l| 0 1 given in (9). So, Jy is not N-supercyclic.
1—r+00
]

2.6. Sum of Jordan blocks with different moduli. Later, we will need to be able to dis-
tinguish the behaviour of blocks with different moduli. The main idea is that all the coefficients
we introduced in older blocks do not have a significant influence in the new block. The following
lemma is a technical tool towards this idea.

Lemma 2.14. Let h € Z and v,m, N € N with h < m. Let also T = aC be an operator on RN
with 0 < |a| < 1 and where C = ®]_,B;, B; being a Jordan block of modulus 1 with A; =1 or Ry,.
Let M be an (m — h)-dimensional subspace and x',...,z™ € RN where "1, ... 2™ denotes a
reduced basis of M (adapted to T with Theorem 2.6), and let also 0 < |a| < |b| < 1. Assume that

there exist a strictly increasing sequence (n;);en and m real sequences ()\gni))ieN, cen (/\%Li))ieN
5 <j< ni(ym \(a) _
and q € Z such that nd H—+<>>00 forany 1 <j <h and T™ (3714 A;"a?) H—+;O0 Then,
TL,LA. 3
there exists ¢ € 7 satisfying ¢ "y — 0 forany 1 <j<m.
n:

i——400




16 ERNST ROMUALD

Proof. Denote as usual 7;p; the size of the block B; with , = 1,2 and p = Zzzl pi- Then
reducing 7' and keeping in mind that the last (m — h) vectors from {z1,...,x,,} are reduced,
one may obtain the following equality

a™ n; (ns) n; h+k i
A (SR S5 S w
n; h+k —1 n; . :
@ AL (SN (Loy)
T (S e ) =4 ;
h+k ni n h+k 1 (ny
mAm (Z . )‘( )Xp+1 —Py +Zp7 1( ’)Z pv ’ >\§; )Xz—pwlﬂ') ( p pw+1)
' ;
nlAm (Zh-l—m 1 )\( i) g ) ( p)

We are going to make a constant difference between the h first vectors and the m — h last
vectors and one has to keep in mind that the common notations for a reduced basis only refers
to a reduction on the last vectors.

Let us prove the lemma by decreasing induction on [ € {1,..., p}. Our induction hypothesis
is that for every 1 < 1 < p, there exists ¢’ € Zy such that for any 1 < j < h+ K01 — 1,
TN,

n‘.] i——+00

We begin by proving the induction hypothesis with [ = p. Observing that A, is an isometry,
then (L,) gives:

h h+rk1—1
(10) a" (ZA("” + 30 Ay >—) 0.

1—+00
7j=1 Jj=h+kKo

n;)

— 0. Recall that 0 < |a|] < |b] <1,

3 (

. b\

According to the assumptions, for any 1 < j < h, 3
; i—+400

we deduce a”l)\g ") 5 0 for any 1 < j < h. Substitute this result into (10):

1——+00
h-‘rlﬂ 1
Z )‘nl)xp » 0.
j=h+tro 1——+00
h+rk1—1

Moreover, {Xf}} is linearly independent or empty so for every 1 < j < h + k1 — 1,

h+kKo
ania" 0.
J i—+00
Assume that [ € {1,...,p} and that the induction hypothesis is true for natural numbers
strictly greater than [ and smaller than p. By induction hypothesis, there exists ¢’ € Z, so that:

J
; — 0 fi 1<ji<h — 1.
ng e or any J + Kp—i

If kp—y < Kpy1-1, then (L;) gives:

(11)
h—l—lﬁp,l—l ( ) ) h+l€p+1,l—1 ( ) ) d n h+ﬁp+17l7j_1
a AR D N Y NN+ <]) > AN ) o
j=1

. ) —
Jj=1 J=h+r,_ g9=1 e
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with f € [1,7] and d € [0,pf — 1]. Note that A; is an isometry and divide the preceding

q
%

equation by n " then the first sum tends to 0 by induction hypothesis:

1 htrpi1—1—1 () d_ /. htrpyr1—j—1

n; ni), Jj g (ni) 9
720 D SRR VEUCED o] (5 B SRRV JEe)
n; j=htr,y j=1 g=1

()

Now divide the last equation by n? then combining the boundedness of < 3 ) for any
i 7 4eN

1 < j < d and the induction hypothesis for the last sum, we obtain:

1 h-‘rl’ip_‘_l_l—l )
7+d a™ Z )‘g'm)Xg — 0
n

! . i—+00
i Jj=h+r,_;

j=h+Kpt1-1—
Hence, as k,_; < K,+1-1, then {x]}} 1l

1. .. .
imhar is linearly independent, and therefore:
=htr,_

ani )

j .
—— — 0 f 1<j<h+ -1 — L
pr i or any J Kpt1-1

If ky—; = Kp41-1, then the proof is the same that the previous one but the first sum is missing
in (11).

oy (1)
a"z)\j

Hence there exists ¢’ € Z4 such that for all j € {1,...,h+ K, — 1}, — 0. This ends

ng/ i—4-00
the induction and also the proof of the lemma because Theorem 2.6 implies k, = m — h + 1,
thus h + K, — 1 =m. O

2.7. Sum of Jordan blocks with the same modulus. This lemma deals with the growth of
coefficients as we did before but in the case of Jordan blocks with the same modulus. It actually
depends on the relative size of the two biggest blocks. The proof is close to the one of Lemma
2.14 but is more technical.

Lemma 2.15. Let y,m,N € N, v > 2. Let also T = &]_,B; be an operator on RN, where B; is
a Jordan block of modulus one and A; =1 or Ry,. Moreover, assume that one of the following
conditions holds:

(12) pL> ... >py
(13) p2 = ...2pyand py =py —1
Let M be an m-dimensional subspace and let z*, ..., 2™ € RN denote a reduced basis of M with
Theorem 2.6 for which there exist a strictly increasing sequence of natural numbers (n;);en and
real sequences ()\;ni))ieN,l<j<m such that T™ (3714 )\gn"')xj) — (1,...,1,0,...,0).

- 1400 N —

p1 times
(ny)

ThenriT. n 0 forany 1 <j<m.

i 1—+o00
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Proof. Denote by 7;p; the size of the block B; with 7, =1 or 2 and p = Z?:l pi- Then,

AR (S 0+ 2 ) T A )

1

n; K1—1 (TLZ) j
A’y (Z]’Ll )‘j XZ))
becomes
Al (Z; LA (ns) X! s Zm*ll Aj(ni)(L1+j)) (L)
i Am (anﬂ p1— )X?)l) (L))
T <Z )\g-m)xj> = :
=1 K
’ A (5 N, + X A ) (Lo rrg)  Fomentt)
) L
A (S A ) (Lp)

with the help of Lemma 2.11 and Lemma 2.12. Moreover, remark that every [ € {1,...,p} can
be written [ = p — 23:7_j+1 pi — d; with j € [0,y — 1] and d; € [0, py—; — 1] in a unique way.
d+1ifj=0
max(d; + 1, py—j41) if j # 0
speaking d; is the relative size of the biggest Jordan block of 7" under the I-th line (included)
of T'. Moreover, we need to precise that a line has to be understood as a normal line in
a classical Jordan block but as two lines for a real Jordan block. In addition, denote v; =
i if (12) holds
& —1 if (13) holds

Thus for every [ € {1,...,p} we can define §; = { Roughly

(n4)
. . ALt
We are going to prove that for any 1 < j < xpp1- — 1, —TJL — — 0 by decreasing induction

i 1—+o0
onle{l,...,p}
Consider first that [ = p, A, being an isometry, (L,) gives:

rk1—1
14 AP\ 0.
( ) Z Xp i——+00
By independence of the family {XJ e 1. we conclude that for any 1 < j < sy — 1, )\gm) —+> 0.
1— 100
Now we assume that the induction hypothesis is satisfied for [ + 1,..., p and we prove it for [.

The induction hypothesis yields:

Al
f,lﬂ — 0,forany 1 < j <k, — 1.

n, i—+00

) .A"‘ (Zmﬂ-l P1 T )\(”z)X%1> (L;l)

K i i —1 i Koo —i—1 i '
Am( A A ) ST T AN ) (Beett)
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If kp—y < Kpy1-1, then remember (L;):

Kp—1—1 Kpt1-1—1
A}“( Z )\ Xl+ Z )\(nl) +ZA n; LH_]))

Jﬁpl

—> Oorl
1——+00

where f € [1,7] and d; € [0,py — 1]. Keep in mind that A; is an isometry and divide the
preceding line by n;/l“, then by induction the first sum tends to zero and we get:

1 Kpt1-1—1 (nD). 5 d;
(15) T Z )\jnz X{'f_zAj(ni)(LH-j) ijoo 0.

i J=Rp—i =1

It suffices then to use Lemma 2.11 and to compare v, and d; to obtain:
e if (12) holds:

1 i . .
i (zjf’t}p A )Xl) 0 if dy < vy ie. 6 = O
Ll K _1—1 (77»1) —1)4+1 . . . o

W (Zjii;lp_l )\ X{) + ( cgl! (Ll+d1) z—:?)o 0 ifd = V41 1.€. = (51+1 + 1.
Because of k,_; < Kkp41-1, the family {Xl ',Zf)'*ll g linearly independent and we deduce that
for any 1 <j <kpp1—1,

Al
— — 0.
!

7

e if (13) holds:

K 1—1— 1 (nl) ¥ . _
ul+1 (ngzp N Xl) il 0 if d; < 41 hence §; = 0j41.
K 1 i —1)d+1 .
ul+1 (Z]p-;lp ll gﬂ )Xl) + ( d)l (Ll—l-dl) is +—>oo 0 if dl = V41 hence 5[ = 6l+1'

1 i 1)di+1 . .

ke (S92 ) + R (Luga) 2 0 i d = v 1, e 6= dug 1.

However, in the second and third cases just above, we are not working on the block B; yet

because the condition p; = ps — 1 is not compatible with d; = §;;1 — 1 or d; = §; 11 given

by the second and third cases. Thus, (Ll+dl) —+> 0. Moreover, k,_; < Ky41— yields to the
1—+00

independence of the family {Xl :Tll " Hence, we deduce that for any 1 < j <r,11—1,
()
i — — 0.
nil i—+00
If ky—1 = Kp+1-1, then the proof is the same apart from that in (15) the first term is missing.
(ng)
A (3
Thus for every 1 < j <k, — 1, . This ends the induction process.

Then, by Theorem 2.6 x, — 1 = m and noticing that v; = p; in case (12) and v; = p; — 1 in
case (13), we end the proof of the lemma. O

From this lemma, we deduce a general result for operators which are given as a direct sum of
Jordan blocks with the same moduli.

Theorem 2.16. Let T be an operator on RY which is a direct sum of Jordan blocs of modulus
1. Then T is not (p — 1)-supercyclic.

Proof. Let us define the natural number D := ) (p; — 1) as the degree of T.

The proof is done by induction on the degree D of T. If D = 0, then T is a primary matrix
of order p and Proposition 2.10 claims that 7" is not (p — 1)-supercyclic.
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Assume that the induction hypothesis is true from 0 to D — 1, let us prove it for D.
Suppose in order to obtain a contradiction that 7" is (p — 1)-supercyclic. Without loss of gen-
erality, we can assume that T = @&]_;B;, where B; is a Jordan block of modulus one and
p1 > ... 2> py. T is clearly not (p — 1)-supercyclic when T contains only one block due to either
Proposition 2.13 if the block is real or [3] if it is a classical Jordan block. We can also assume
that p; > 1 thanks to Proposition 2.10.

Thus one can write:

A A 0 -~ 0]0 0

0 Ci 0 0

T=| 0 0 0 B 0
.. 0 0 0 .0

0 -« -~ 0 0 0 0 B,

with By = < /(l)l Ay OC - 0 ) Denote also by S the diagonal block matrix being the
1

direct sum of Cy,Bs,...,B,. As T is (p — 1)-supercyclic, denote M = span{z',..., 27!} a
(p — 1)-supercyclic subspace for T where the basis is reduced with Theorem 2.6. According to
the induction hypothesis, S is not (p — 2)-supercyclic, and thus there exists p < p such that

0
for every 2 < j < p. Thus, d := dim(span{(x})2<j<p, - - (Xj_l)QSjSP}) < p — 2. Hence, as M
is (p — 1)-supercyclic for T', then S is d-supercyclic. But this would contradict the fact that S
is not (p — 2)-supercyclic.
Since T is (p—1)-supercyclic, there exist a strictly increasing sequence of natural numbers (n;);en

0
kp = p. Indeed, suppose by way of contradiction that x,_1 < p, this means that x’o = ( )

and real sequences (Aéni))ieN 1<j<p—1 such that: T™ (Z;’j A§ni)xj) — (1,...,1,0,...,0).
e = iHoo
p1 times

Then, there are two options: either p; — 1 > py or p; = p3. Moreover, in both cases, Lemma
(n4)
P
2.15 applied to T' = S leads to —/—= —+> 0 for any 1 < j < p—1 because there exists p < p such
ni 1—+00

that x, = p. On the other hand, applying Lemma 2.12 to the first line of 17 (Z?;i )\gn")xj>
and taking the limit provides:

p1—1
./471"1 (Z)\”z X1 + Z A ’I’LZ L1+j))

— 1.
i——+00

Now, divide this by n! 171 and recall that A; is an isometry:

Pl A (ni) p1— 1

Zn 1+Z ’.)1 1 Ll_:,_j)‘—) 0.

(m)

m —L—~ — 0 and Lemma 2.11, one may observe that all the terms in the previous

U both
sing bo il

equation are tendlng to 0 apart from the term in j = p; — 1 in the last sum:

(-1
(pl — ].)' z—:éo 0

This last result is obviously contradictory, thus 7" is not (p — 1)-supercyclic and this ends the
induction process. O
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2.8. General matrix. The next Theorem reduces the study of m-supercyclic operators on RV
to that of operators which are direct sums of Jordan blocks of modulus one.

Theorem 2.17. Let T be such that T = ®]_,a;C; where |a1| < -+ < |ay| < 1, and C; is a
direct sum of Jordan blocks of modulus one for any 1 < i <. Assume that for any 1 < i <,
C; is mi-supercyclic and that m; is optimal. Then, T is not ((3;_; m;) — 1)-supercyclic.

Proof. Let T, := @®]_ 4+1—p@iCi and t(p) denotes this matrix’s size. We may prove by induction
that for any 1 < p < ~, T}, is not ((ZZ S 1—p m;) — 1)—supercyclic. Actually, we prove a little
bit more:
v
For any 1 <p <+, T} is not (( Z m;) — 1)-supercyclic.
i=y+1-p
Moreover, for any b-supercyclic subspace with reduced basis M = span{a;l, . ,a:b}

Y b
and with Z m; < b < t(p), if T,)" Z /\§-ni)$7 — 0, then there exists ¢ € Z, so that:
=y 1—p — 1—+00
i (ns)
7“% — Oforany 1 <j <hb.

ni 1——+00

Assume that p = 1, then 7T}, = a,Cy and by definition, 7}, is m.,-supercyclic and m., is the

minimum supercyclic constant. Let M = span{z!,... ,xb} be a b-supercyclic subspace with

reduced basis and m~, < b < t(1). Let also, T} (Eb-:l )\(-ni):nj) — 0. Applying Lemma 2.14
p J J 1—>+00

with h = 0,C = Cy, a = a,, m = b, N = t(p), we see that there exists ¢ € Z, such that
n;y (n4)
a )\j

— Oforany 1 <5 <b.

i i—-+00
Assume the induction hypothesis true for integers lower than p, and let us prove it for p. Write

Ty = ayi1-pCyg1-p@Tp—1 and Cyy1-p = EB;?ZIBi where B; is a Jordan block of modulus one and
of size 7;p; with 7, = 1 or 2 and define p := Z§:1 Di-

n

In order to obtain a contradiction, assume that k& = (Z?:V 41-pmi) — 1 and let M =

span{z',..., 2"} be a k-supercyclic subspace with reduced basis given by Theorem 2.6. Then
for any 1 <1 < k, decompose z* = y' @ z* relatively to the direct sum decomposition of 7T}, stated
above. A straightforward use of the induction hypothesis provides h := dim(span{z!,...,2*}) >
ZZ:'y+2fp my.

Furthermore, we can show that dim(span{y"*!,... y*¥}) > M~+1—p, indeed it suffices to prove

that span{yh+1 ..., y*} is supercyclic for ay41-pCy41—p. Thus take any u belonging to the do-

main of Cy41—p, then there exists (n;);en and (/\§-n’))i€N71§j§k so that Tg”(Z?:l /\§-n’)x7) i—:;o

u @ 0 by k-supercyclicity of T),. Moreover the induction hypothesis implies that for any 1 <
("z)

j < h, there exists ¢ € Z, such that M — 0 for any 1 < 57 < h and since

; i——+00

h+1

Ay41—p < Qyy2-p, We Obtain:

(16) aliq_ p)\(m)P(nZ) — 0 for any polynomial P.

J i—r+00

Now we come back to T;,“(Zé?:l /\g-ni)a:j ) —+> u @ 0, projecting onto the first components, and
1—+00
separating the sum, we get:

h k
(17) (@y41-pCys1-p) Z)‘m Yj) + (@y41-pCrs1-p)™ ( Z )‘g'ni)yj) ijoo -
7=1 j=h+1
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Then, focus on the first sum of the preceding line:

n; n; (ny) 1 h (nz)
ally A (ZJ 1A J+Zpl (,)Zg 1A xTy ) (L1)

4 ng (n) ’
a"y+17p’Al (Z] 1 )\] Pl) (Lp1)
(ay11-pCri1—p)"i (0 AT y)=4 :

nz ’nZ (nj) (n;)
Oyt ZJ 14 Xf”rl pt+zpt 1( )Zg 129 £+1 pt+]) (Lrt1-p;)

(Lr)

A (S

Since Aj is an isometry, (16) shows that for any 1 < j <r, (L;) . 0. Hence, the first sum
1—+00

into (17) converges to 0 leading to:

k
; (ns)
(ay+1-pCrt1—p)" (jzh;l )‘jn Yi) ijoo u-

h+l YY) = map

7yk}) 2> My41—p-

Thus, span{y ,y*} is supercyclic for avﬂ,pC +1-p and dim(span{y"*1 ...
Hence h := dim(span{z',...,2%}) > S27_ ~42—p M and dim(span{y"*!, ...

Then, as the basis is reduced by Theorem 2.6, we have 2/ = ¢y @0 for any h +1 < j < k,
and so k = dim(span{z!,...,2F}) > S0 —42-p Si T Sy+1-p = k + 1. This contradiction proves
that T}, is not ((Z?:wlfp mz) - 1)—supercychc.

Let us focus now on the second part of the induction hypothesis. For this purpose, let M =

span{z!, ..., 2%} be a b-supercyclic subspace whose basis is reduced and Z;Y:ﬁ/ 41-pmi < b <t(p).
Let also T} (3754 )\gn )xj) e 0.

For every 1 < i < b, decompose z' = ' @ 2* relatively to the direct sum decomposition of
T,. Then, we just have to invoke Lemma 2.14 (a7+1_p = a, a7+2 > = =0b,b=m, t(p) —t(p —
) N, h =number of non-zero vectors among z',..., 2%, 2 = y* | v =number of blocks in
Cyt1—ps Cy41—p = C, ay41—pCy41—p = T') and the result comes: there exists ¢ € Z, such that:

n; n;

Sypiopti 0 for any 1 < j <b.
n i—+o0

This achieves the proof of the induction and of the theorem. O

We are now ready to state global results of supercyclicity for operators on RY. These results
follow straightforwardly from Theorem 2.17 above and Theorem 2.16 and generalise Hilden and
Wallen’s and Herzog’s results for supercyclic operators.

Corollary 2.18. Let N > 2 and T be an operator on RN, then T is not (p — 1) supercyclic.

Proof. Without loss of generality, one may assume that 7T is in Jordan form and also upon
reordering blocks and considering a multiple of T instead of T itself, one may assume that
the sequence formed with each Jordan block’s modulus satisfies |a1] < ... < Jay| < 1. As a
consequence, one may realise T as a direct sum of matrices Si,...,.S;, where S; contains all
Jordan blocks with the smallest modulus and so on. Let pl¥) denote the relative size of the
matrix S;, j = 1,...,t. First, Theorem 2.16 implies that every matrix S; is no less than pl)-
supercyclic. Then, one shall use Theorem 2.17 to come back to 7', hence T is no less than
(Z§:1 p(j))-supercyclic. Then, one just have to recall the definition of p and of pU) providing

(23:1 pl )) = p. This proves the corollary. O

A direct application of the preceding corollary yields to a more concrete result:
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Corollary 2.19. Let N > 2. There is no (L%J — 1)-supercyclic operator on RY.

Moreover, there always ezists a (|23 ])-supercyclic operator on RY.

Proof. The first part follows from Corollary 2.18. Indeed, if N is even the lowest relative size of

a matrix is % and is % if N is odd. Thus the relative size of a matrix cannot be lower than
L%j on RV, The second part is due to Example 2.1. O

Question. Does there exist a theorem similar to Theorem 2.17 in the case of a direct sum of
Jordan blocks of modulus one?

Question. Does there exist a (2N — 2)-supercyclic real Jordan block on R2V?
If so, what is the best supercyclic constant for a real Jordan block on R?V?

3. STRONG n-SUPERCYCLICITY

The aim of this section is to study the existence of strong n-supercyclic operators in RY. Of
course, this is interesting only if k¥ < N. Bourdon, Feldman and Shapiro [3] answer this question
for the complex case. Indeed, they prove that n-supercyclicity cannot occur non-trivially in
finite complex dimension, and thus strong n-supercyclicity cannot either. However, in the real
setting, we noticed in the previous section that n-supercyclicity can occur and thus the question
for strong n-supercyclicity is still open. For this purpose we need the following proposition from
[4]. Tt provides a more concrete definition of strongly n-supercyclic operators:

Proposition 3.1. (Proposition 1.13 [4]) Let X be a completely separable Baire vector space.
The following are equivalent:
(i) T is strongly n-supercyclic.
(ii) There exists an n-dimensional subspace L such that for everyi € Z, T*(L) is n-dimensional
and B := U2, 7 (TH(L)) is dense in X"
(iii) There exists an n-dimensional subspace L such that for everyi € Z., T'(L) is n-dimensional
and € := UL (T*(L) x --- x TH(L)) is dense in X".

Remark 3.2. Moreover, from the definition of strong n-supercyclicity or with the previous
proposition, one may observe that if T" is a strongly n-supercyclic operator on RY with n < N,
then T is bijective.

We turn out to the case of strongly n-supercyclic operators on a real finite dimensional vector
space. Our first result is interesting and provides a partial answer to the question:

Proposition 3.3. Let n < N. An operator T on RN is strongly n-supercyclic if and only if
(T~HY* is also strongly (N — n)-supercyclic and the strong n-supercyclic subspaces for T are
orthogonal to the strongly (N — n)-supercyclic subspaces of (T1)*.

This duality property is very useful if one combines it with Corollary 2.19, by the way we get:

Corollary 3.4. There is no strongly n-supercyclic operators on R**1 for any N > 1 and any
1<n<N.
There is no strongly n-supercyclic operators on R*N for any N > 2 and any 1 <n < N, n # %

This corollary provides many examples of n-supercyclic operators that are not strongly n-
supercyclic and thus answers the question of Shkarin [13] by proving that n-supercyclicity and
strong n-supercyclicity are not equivalent.

Example 3.5. A 2-supercyclic operator that is not strongly 2-supercyclic
Any rotation on R3 around any one-dimensional subspace and with angle linearly independent
with m on Q is 2-supercyclic but not strongly 2-supercyclic.

We are now turning to the proof of Proposition 3.3. We need the two following well-known
lemmas:
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Lemma 3.6. Let M be a subspace of RY and let T be an automorphism on RN . Then, for any
i €N, (T"(M))*" = (T7)"(M™).

Lemma 3.7. Let & : P,(RY) — Py_,(RY) be defined by the formula ®(M) = M~ for every
M € P,(RY). Then ® is a homeomorphism.

The first lemma is a classical one and the second may be found and proven in [11]. Then, the
proof of the proposition is straightforward:

Proof of Proposition 3.5. The combination of Lemma 3.6 and Lemma 3.7 when M is a strongly
n-supercyclic subspace for T, implies that ®({T%(M)}ien) = {(T7H)*(M1)}ien is dense in
Py_n(RY). O

3.1. Strongly 2-supercyclic operators on R*. The idea is to prove by induction that there
is no strongly n-supercyclic operator on RV for N > 3 and 1 < n < N. The first step is to
prove this for NV small. It is already done for N = 3 by Corollary 3.4, we now focus on the case
N = 4. To this purpose, we begin with characterising 2-supercyclic subspaces for a direct sum
of rotations and we prove then that none are strongly 2-supercyclic.

Proposition 3.8. Let R be a direct sum of two rotations:

R = < Ro, | O ) with {01,602, 7} linearly independent over Q.

0 | Ry,
Then:
I bl‘l
To bxo T Y1 2
ESH>(R) = , , , eR 0},ab#1
()= spand [ 22 ) (0 () er e
ays Y2
Proof. We proceed by double inclusion.
T bxq
. To bxo . . .
First, let x = ay and y = Y satisfy the above hypothesis, we are going to
1 1
ay2 Y2

prove that the span of these two vectors is 2-supercyclic for R.

Remark that z — ay is non-zero but its third and fourth components are null and y — bz is also
non-zero but its two first components are null.

Let U and V be two non-empty open sets in R?. As 6,6, 7 are linearly independent over Q,
there exist ¢ € N and ¢q, co € R such that

c1(1— ab)Ré1 < i;

>eUmm@u—wm@($>eV

2

Thus R'(c1(x — ay) + co(—bx +1y)) € U x V, hence span{z,y} is a 2-supercyclic subspace of R.
Now for the converse, let us suppose that there exists a two-dimensional subspace M =

span {z,y} which is 2-supercyclic for R and which is not satisfying the conditions stated in the

proposition. Hence, either the family {( ﬁl > , ( zl )} is linearly independent or we can
2 2

assume that ( zl ) = ( 8 ) Set C1 := {z € R? : |[z]| < 1} and define also Cp := {» € R?:
2

|2 > t} where t is a positive real number we may choose later. Then, as M is a 2-supercyclic

subspace for R, {R'(Az + py) }ien,(rper? is dense in R*. As a result, there exist i € N and
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(A, i) € R? such that

\ T T n

R\ + py) € Cy x Cy < i2 Y2 € Ry (C1) x Ry (C2) = C1 % Ca
A 3 T Y3
T4 Ya

Then, define

rpz{QMQGR%A<§;)+M(z;)ea}

Since C; is bounded and the family {( il > ; ( zl )} is linearly independent or ( zl > =
2 2 2

0
0 x4 Y4
is also bounded because of the boundedness of I'y. We now define ¢ being an upper bound for 2,
then one deduces that Co N Q = (). This contradicts the fact that M is a 2-supercyclic subspace
for R. So M satisfies the proposition’s conditions.
O

Corollary 3.9. R is not strongly 2-supercyclic on R,

Proof. Assume that R is strongly 2-supercyclic on R*, then any strongly 2-supercyclic subspace
is given by Proposition 3.8. Thus if z,y € R?* span a strongly 2-supercyclic subspace for R, then
| o+, (7
R'(Az + py) = . yi

()\a + M) 32 (

Y2

Moreover, according to Proposition 3.1 this means that for any two non-empty open sets Uy, Uy C
R?, there exist i € N and A, i, a, 8 € R such that:

@+w);(2)em and m+w)@(2>e@.

But this cannot happen if we choose Uy and Us such that there does not exist a straight line
passing through the origin and intersecting both U; and Us. Therefore, R is not strongly 2-
supercyclic. O

We are now going to deal with two other different-shaped operators on R*.

e AlA AlO , [ a b (¢ —d
Proposition 3.10. (T‘T) and (ﬁ) with A = ( b o ) and B = ( 4 e ),

(a,b,c,d) € R* are not strongly 2-supercyclic.

Proof. Without loss of generality, one may assume < Z > #* ( 8 ) and < 2 ) % ( 8 ) be-

cause strongly 2-supercyclic operators have dense range.

If R= ( 61 ﬁ ), then R is not strongly 2-supercyclic according to Proposition 2.2 .

If R = < ‘81 g ), we assume, in order to obtain a contradiction, that R is strongly 2-
supercyclic. Upon considering a scalar multiple, relabelling and rearranging blocks, one can

suppose: R = ( ](%)9 g ) with C = ( CCZ _Cd ) and ¢ + d?> < 1. Let M = span{z,y} be a
strongly 2-supercyclic subspace for R.

If ¢ + d? = 1, then Corollary 3.9 implies that R is not strongly 2-supercyclic.

then one may deduce that I'y is bounded too. Note that 2 := {/\ 3 ) +u ( s ) ,(A\ ) € Fl}
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If ¢ + d? < 1, since M is strongly 2-supercyclic for R and using Proposition 3.1 then for any
non-empty open sets Uy, Uz, V1, Vo in R2, there exist i € N and (), u, o, ) € R?* such that:

)\<x1>+ﬂ<y1>ER9ZU1
X2 Y
x1 U1
' + € Ry YV,
{RZ(Aeruy)eleUz o a<$2> B<y ) ’
X4 Y4
a<$3>+6<y )ECZ
T4

From this last identity, we deduce that the family ( il ) , ( zl )} is linearly independent.
2 2

Indeed, if not, then we choose U; and V; such that there does not exist a straight line passing
through the origin and intersecting both Ui, Vj to obtain a contradiction with the previous
identity.

The family being linearly independent, let Uy = {z € R?: ||z < 1} and Up = {z € R? : ||2]| > t}.

Set also
I erR2 A ™ )eu .
{(’”) <w2>+”<w '

1 ) , ( zl )} is linearly independent and Uj is a bounded set, one may
2

Since the family {( -
2

deduce that I is bounded in R? and then = {)\ < 3 ) +p ( us ) (A ) € T} is obviously

Tq Y4
bounded too and we define ¢ as an upper bound for €.
_ c d »
On the other hand, we have that C~! = ﬁ ( d e ) = ﬁRW thus C~*(Uz) C Us for
any i € N. Hence, QN U;enC~*(Uz) = (), contradicting the strong 2-supercyclicity of R. O

3.2. General result. We are going to prove that there is no non-trivial strongly n-supercyclic
operator by induction on the space dimension. The following proposition inspired from Bourdon,
Feldman, Shapiro [3] is useful for the induction step:

Proposition 3.11. Let X be a Hausdorff topological vector space. Let also T : X — X be a
bounded operator and K a closed mwvariant subspace for T. If T is strongly n-supercyclic then
the quotient map Tk : —> ? is strongly n-supercyclic too.

The proof is just a verification using the characterisation of strong n-supercyclicity given in
Proposition 3.1.

Theorem 3.12. For any N > 3, there is no strongly n-supercyclic operator on RN for 1 <
n <N.

Proof. We give a proof by induction on the space dimension. First, according to Corollary 3.4
and Herzog’s result [9], there is no strongly n-supercyclic operator on R? with n = 1, 2.

So, let N > 4. We want to prove that there is no strongly n-supercyclic operator on RY for
n < N. By Corollary 3.4, we can suppose that N > 4 is even and n = % Then, let also R be
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an operator on R, using the Jordan real decomposition one may suppose:

0O -+ v . 0
.0 .-
0[J,]0
o0

o
o
o
O. « e
Eo coco

where J; is a classical Jordan block:

Ji = 0
0 o
0 0wy
and J; is a real Jordan block:
Al A | O 0
0o .
Ji = —
: 0 .| A
0 - 0 [A

By contradiction, assume that M is a strongly %—supercyclic subspace for R. Then we have to
consider two different cases, either ¢ = 0 or g # 0.

If ¢ # 0, then K = span{(1,0,...,0)} is R-invariant. Consider then the quotient % and
apply Proposition 3.11 to deduce that Ry is strongly %—supercyclic on RV=1. In addition, as
N > 4 then the following inequalities hold 1 < % < N — 1 but this contradicts Corollary 3.4
because N — 1 is odd.

Then, if ¢ = 0, there are two cases, either N =4 or N > 6.

If N =4, then Corollary 3.9 and Proposition 3.10 implies that R is not strongly 2-supercyclic.
If N > 6, notice that K = span{(1,0,...,0),(0,1,0,...,0)} is R-invariant. One may consider
the quotient by K, and apply Proposition 3.11 providing that Rg is strongly %—Supercyclic
on RV=2. Moreover, 1 < % #* % = % — 1 < N — 2. This contradicts the induction
hypothesis. These contradictions prove that there is no strongly n-supercyclic operator on RV
with 1 <n < N. O
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