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Abstract: With the inclusion of all terms up to the third-order in the membrane strain to consider 

the geometric nonlinearity in deformation, a third-order implicit model and a fourth-order explicit 

model for the vibration transformation between extensional and flexural modes in thin-walled 

cylindrical shells are established and solved numerically. Numerical instability is observed in 

numerical solutions based on the explicit model. It is found that such numerical instability does 

not result from the accumulated numerical errors in the numerical integration process, but from 

the neglecting of higher order terms in the formulation of the problem. With the inclusion of all 

terms up to the fourth-order in the strain energy, the explicit model can predict a stable vibration 

history with periodic mode transformations between the two modes. The same 2:1 internal 

resonance of the vibration mode transformation is predicted by both models. As flexural stress 

growth is concerned, the two models matches very well during the first group of peaks but lag in 

phase gradually appears in later group of stress peaks based on the implicit model. This is 

understood to be resulting from the limited number of terms included in the series expansions 

based on the explicit model, which allows the most likely excited flexural mode get a larger share 

of energy transferred from the principle mode and as a result flexural stress arrives at peaks 

earlier based on the explicit model. 

Keywords: thin-walled shell, extensional mode, flexural mode, mode transformation, numerical 

instability 
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1 Introduction 

The investigation on nonlinear dynamics of circular cylindrical shells has received considerable 

attentions since the middle of fifties of last century. The nonlinearity may come from sources 

such as geometry, material, inertia or any combination of them. The geometric nonlinearity stems 

either from the initial boundary conditions or nonlinear strain- and/or curvature-displacement 

relations. The material nonlinearity occurs when the stresses are non-linear functions of strains, 

or vice versa. The inertia nonlinearity may be caused by the presence of non-uniform mass 

distribution. The nonlinearity of the problem eventually appears either in the governing partial 

differential equations and/or in the boundary conditions. Most of the present studies deal with 

geometric nonlinearities and the main differences among them are the approximations used in 

establishing strain and/or curvature relations with displacements. A series of reviews on nonlinear 

dynamics of shell structures in past decades have been published with emphasis on different 

subjects of the topic (Evensen, 1974, Leissa, 1984, Qatu, 1992, Liew et al., 1997, Kubenko and 

Koval'chuk, 1998, Moussaoui and Benamar, 2002, Amabili and Paidoussis, 2003, Krysko et al., 

2008). Besides, effects of transverse deformation and rotary inertia for moderately thick shells 

were reviewed in reference (Liew et al., 1997). An extensive review with 356 references listed in 

chronological order on the subject of dynamics of circular cylindrical shells was given in 

reference (Amabili and Paidoussis, 2003). 

The pioneering works in (Grigolyuk, 1955a,1955b, Reissner, 1955a,1955b) established the 

nonlinear partial differential equations governing vibrations of cylindrical and spherical shells 

with finite deflections. Mode expansion method in the nonlinear dynamic analysis of rings and 

cylindrical shells was introduced in (Evensen, 1963, Evensen, 1964, Evensen, 1967), which 

strongly supported earlier experimental observations of nonlinear effects of large amplitude on 

vibration frequencies in finite length circular cylindrical shells. Some classic theoretical and 

experimental developments on nonlinear dynamics of circular rings and cylindrical shells were 

also published in (Goodier and Mcivor, 1964, Evensen, 1966, Mcivor, 1966, Dowell, 1967, 

Dowell and Ventres, 1968, Mcivor and Lovell, 1968, Evensen, 1974, Lindberg, 1974). On one 

hand, the well-known Donnell shallow shell theory (Donnell, 1938) were employed to study the 

amplitude-frequency characteristics (AFCs) of finite length cylindrical shells (Evensen, 1966, 
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Dowell, 1967, Evensen, 1967, Dowell and Ventres, 1968), which has continuously attracted 

attentions from scientists (Dowell, 1998, Amabili et al., 1999, Evensen, 1999). On the other hand, 

in McIvor and his colleagues’ publications on rings and circular cylindrical shells (Goodier and 

McIvor, 1964, McIvor, 1966, Lovell and McIvor, 1969), vibration features of rings and circular 

cylindrical shells under nearly uniform radial impulse were characterized by a parametric 

excitation of axisymmetric and/or asymmetric modes. By means of Lagrange equation, they 

reduced the ordinary-differential equations to a series of nonlinear equations revealing the 

coupling between the radial breathing mode and flexural modes. Further linearization of the 

coupled non-linear differential equations led to a Mathieu-type equation, which indicates the 

stable and unstable regions of the problem and demonstrates the 2:1 internal resonance 

mechanism when the most likely mode transformations can be initiated from the first unstable 

region of Mathieu stability diagram (Mclachilan, 1947, Struble, 1962). Intermittent mode 

transformations could be numerically predicted for circular cylindrical shells under certain 

circumstances and the earliest study on this topic should be credited to Goodier and his 

colleagues for their pioneering work (Goodier and McIvor, 1964, McIvor, 1966). Later Nayfeh 

and Raouf used multiple scale method to get a perturbation solution of the same problem (Nayfeh 

and Raouf, 1987). The perturbation approach is effective in delineating mode interactions when 

frequencies of several successive modes are closely grouped together. In their work, the 

phenomenon of energy saturation of the driven mode (radial breathing mode) was observed and it 

was also predicted that the mode transformations might not be steady-state periodic. Instead, 

cylindrical shells might experience amplitude- and phase-modulated chaotic vibrations. In the 

case of simply supported circular cylindrical shells filled with a quiescent fluid, it is shown that 

the coupling between driven mode and excited modes is always linked nonlinearly in the normal 

form of the system and an internal resonance 1:1:1:2 phenomenon was observed by Amabili and 

his colleagues using an analytic approach, i.e. the method of normal mode forms (Amabili et al., 

2000). This problem was further investigated by a perturbation analysis (Pellicano et al., 2000) 

focusing on mode interactions and the same nonlinearly coupled vibrations and internal 

resonance phenomena were found. For thin-walled spherical shell structures, extensive studies 

have also been carried out with focus analogously on the intrinsic nonlinearities and internal 

resonance characterizing vibrations (McIvor and Sonstegard, 1966, Ye, 1997, Nayfeh, 2000, 

Thomas et al., 2005, Nayfeh and Arafat, 2006, Touze and Thomas, 2006, Thomas et al., 2007, 
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Camier et al., 2009). 

Apart from the previously mentioned classical shell theory, i.e. the Donnell shell theory or the 

similar theory under other names (Thomas et al., 2005), more refined thin shell theories have 

been proposed, such as ⑴  Sanders-Koiter theory (Sanders, 1959, Yamaki, 1984), ⑵Flü

gge-Lur’ye-Byrne theory (Flugge, 1934, Lur'ye, 1940, Byrne, 1944), and ⑶ Novozhilov’s 

theory (Novozhilov, 1964). Among these thin shell theories, one common feature is that they all 

employed kinematic and mechanics hypotheses to describe the three-dimensional deformation of 

a representative shell element by deformation of the middle surface as a two-dimensional 

mechanics problem. Differences among them are the various assumptions made on the form of 

small terms included in strain and curvature expressions and the order of small terms retained in 

strain- and/or curvature-displacement relations. It may be necessary to point out that only linear 

terms are included in the curvature expressions in Donnell and Sander-Koiter’s theories. Above 

four shell theories and an improved Novozhilov theory were evaluated in comparison with each 

other in a study of nonlinearity characteristics of thin circular cylindrical shells with large 

amplitude deformation (Amabili, 2003). For moderately thick circular cylindrical shells, a 

first-order shear deformation theory was established by Reddy and his colleagues (Reddy, 

1984a,1984b, Reddy and Chandrashekhara, 1985a,1985b, Reddy and Liu, 1985), which is 

actually a thick-shell version of the Sanders-Koiter thin shell theory where five independent 

variables (including three displacements and two rotations) are used to describe the deformation. 

Only linear terms of the five deformation variables are included in the middle surface curvatures 

in this first-order moderately thick shell theory. The circumferential curvature is the main concern 

in the study of flexural deformation of circular cylindrical shells. In contrast to the assumed forms 

of small terms in previously mentioned four thin shell theories and completely linear terms in 

Reddy and his colleagues’ thick shell theory, the derivation of curvature expression in Goodier 

and McIvor’s theory is mathematically more rigorous (Goodier and McIvor, 1964, McIvor, 

1966). 

The radial “breathing” mode (RBM) in a cylindrical shell may be initiated by various means, e.g. 

when it is subjected to a nearly uniform radial impulse. Under certain conditions, strong flexural 

motion may be developed from unavoidable existence of imperfections in the radial impulse 
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and/or geometric imprecations. Interesting intermittent transformations between RBM and 

flexural mode(s) may occur subsequently, accompanied with energy transfer between vibration 

modes (Goodier and McIvor, 1964, McIvor, 1966, McIvor and Lovell, 1968). Recently, it has 

been revealed that vibration mode transformation is a common phenomenon that may happen in 

engineering structures at very different length scales governed by 2:1 or similar internal 

resonance mechanism. For example, strain growth in explosion containment vessels is related to 

the vibration mode transformation (Zhu et al., 1997, Duffey and Romero, 2003, Li et al., 2008) 

and the intermittent mode transformation in single-walled carbon nanotubes was predicted in (Li 

and Shi, 2008, Shi et al., 2009a,2009b, Shi et al., 2009c). Since many natural, bio- and 

engineering structures have similar geometries to cylindrical and spherical shells, the vibration 

mode transformation may be realised in all these structures.  

However, in our recent publications to study the intermittent transformation between RBM and 

flexural vibration modes in a single-walled carbon nanotube (Li and Shi, 2008), it was found that 

some discarded higher order terms in the formulation of problem (Goodier and McIvor, 1964, 

McIvor, 1966, McIvor and Lovell, 1968) may need to be retained in the strain energy expression 

to ensure stable vibration mode transformations, which will be studied in details in this paper 

with focusing on an infinitely long circular cylindrical shell, or thin-walled circular continuum 

ring, the same classic problem studied decades ago (Goodier and McIvor, 1964, McIvor, 1966). 

We will include all terms up to the fourth-order in the strain energy in this study such that the 

conservation of the total energy in the insulated mechanics system can be guaranteed. The basic 

formulation of the problem in terms of two non-dimensional variables is given in the first half 

part of section 2, which is called an implicit model for the problem. In the second half part of 

section 2 an explicit model is introduced by expanding the two variables into series and then 

using Lagrange equations to obtain the governing equations of the unknown coefficient functions 

of the series. Both models are a natural extension of the early formulation in (Goodier and 

McIvor, 1964). Section 3 presents the numerical results based on explicit model, focusing on the 

stability of vibration mode transformations and its dependence on the fourth-order term in strain 

energy. In section 4 the numerical results based on implicit model are given, focusing on flexural 

stress growth. The differences between explicit and implicit models are also presented in this 

section through one numerical example. Finally, main findings of this improved formulation of 



 

 6 

problem are summarized. 

2 Formulation of the problem 

2.1 Implicit model for mode transformation 

When an infinitely long cylindrical shell undergoes deformation independent of axial coordinate, 

the original problem can be reduced to a two-dimensional plane strain problem. As shown in 

Fig.2.1, a point P on the undeformed midsurface of a thin cylindrical shell of radius a  and 

thickness h  moves to point P*. ( ),a θ  and ( ),r φ  are the polar coordinates of points P and P*, 

respectively, and the coordinates of the current position P* are functions of the coordinates of the 

original position P, i.e. ( , )r r tθ=  and ( , )tφ φ θ= . For a typical element (unit length in axial 

direction is taken for plane strain), as shown in Fig.2.2, its motion from the undeformed position 

(arc length 0ds adθ=  and curvature 0 1 aκ =  at initial stage, the right dashed-line element) to 

the current position (arc length 2 2 2 2 2ds dx dy r r dφ θ′ ′= + = +  and curvature 

( )d dsκ φ β= −  at current stage, the left solid-line element) is governed by Newton’s second 

law in the normal and tangential directions of the deformed element (the current configuration), 

i.e. 

( ) ( ) ( )1 1 cos sinrp Q a S h a aθε κ ε ρ β β′+ + − + = − + , (2.1) 

( ) ( )1 sin cosrS a Q h a aθκ ε ρ β β′ + + = − + , (2.2) 

where the prime here and all thereafter indicates partial derivatives with respect to angle θ . In 

Eqns.(2.1,2), p  is the pressure imposed on shell surface, ρ  the mass density, S  the normal 

force (compression positive), and Q  the shear force, respectively. ε  and κ  are the membrane 

strain and curvature at the point ( ),a θ , respectively, and will be defined later. β  is the angle 

between surface normal and the radius vector r
r

, which, in a sense of infinitesimal deformation, 

(since dr  and rdφ  are the displacements, respectively, in the radial and tangent directions), 

can be determined by 
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( ) ( )tan dr rd r rβ φ φ′ ′= = . (2.3) 

When centroid of the cross-section is taken as fixed, acceleration components ra  and aθ  of the 

element in Eqns.(2.1,2) are given as 

2, 2ra r r a r rθφ φ φ= − = +& && &&& & , (2.4a,b) 

where the dot above symbols refers to derivatives with respect to time t . When rotary inertia of 

the element is neglected, the moment equilibrium equation can lead to 

( ) 01 =++′ aQM ε . (2.5) 

Considering the relationship between moment and shear force given by Eqn.(2.5), the governing 

Eqns.(2.1, 2) can be reduced to a set of equations of normal force S  and moment M . 

For the deformation shown in Fig.2.2, the membrane strain (engineering) and curvature at the 

point ( ),a θ  can be determined, respectively, by 

1 2 2 20

0

1
ds ds

a r r
ds

ε φ−− ′ ′= = + − , (2.6) 

( ) ( ) ( ) 3 22 2 2 2 2 22
d

r rr r rr r r
ds

φ β
κ φ φ φ φ

−−
 ′ ′ ′′ ′ ′′ ′ ′ ′= = − + + +  . (2.7) 

The relationship between angle β  and ( ),r φ  given by Eqn.(2.3) is used to derive the curvature 

in Eqn.(2.7). Under the assumption of small deformation, i.e. the surface normal and thickness of 

the shell wall remain unchanged during deformation, the shear deformation along thickness is 

ignored. Then, for a point at distance z  above middle surface, as shown in Fig.2.3, the strain 

( )zθε  and stress ( )zθσ  for plane strain can be obtained as 

( ) ( ) ( )1 1 1
z z

z a
a aθε ε ε κ  = + + − − 

 
, (2.8) 

( ) ( )1z E zθ θσ ε= , (2.9) 

in which the membrane stiffness 1E  and flexural stiffness D  are defined as 



 

 8 

( )2

3

21 112
,

1 νν −
=

−
= Eh

D
E

E , (2.10) 

where E  and ν  are Young’s modulus and Poisson’s ratio, respectively. Then the normal force 

S  and moment M  in Eqns.(2.1, 2,5) can be easily obtained based on the stress distribution 

along thickness given by Eqn.(2.9), i.e. 

( ) ( )( )2

12
1 1 ,

h

h
S z dz E h D aθσ ε ε κ

−
= − = − + + −∫  (2.11) 

( ) ( )( )2

2
1 1

h

h
M z zdz D a aθσ ε κ

−
= = + −∫ . (2.12) 

In order to formulate the problem in a non-dimensional base, two non-dimensional deformation 

variables ξ  (radial displacement, inward positive) and ψ  (circumferential rotation, 

counterclockwise positive) are introduced, i.e. 

θφψξ −=−= ,1
a

r
. (2.13a,b) 

Then, the membrane strain ε  and curvature κ  in Eqns.(2.6, 7) can be expressed as 

( )2 21 1

2 2
ε ψ ξ ξψ ξ ξ ψ ξ′ ′ ′ ′ ′= − − + − − , (2.14) 

( ) ( ) 22

2
1

21 ξξξψξψξξξκ ′++−′′′−′′′−+′′+=a . (2.15) 

It should be pointed out that the membrane strain given by Eqn.(2.14) is different from the one in 

the early publication (Eqn.11 in (Goodier and McIvor, 1964)). In the present membrane strain 

expression in Eqn.(2.14), additional third-order terms underlined in the expression are included in 

the higher order governing equations (up to third order) to avoid the numerical instability during 

the vibration mode transformation discussed in the introduction section. However, third-order 

terms are discarded completely in the curvature expression since they do not contribute to the 

same accuracy level in the final governing equations as their counterparts in membrane strain do. 

After eliminating shear force Q  using Eqn.(2.5) and substituting accelerations using 

Eqn.(2.4a,b), with Eqns.(2.11-13) taken into account, the governing Eqns.(2.1,2) are rewritten 

using the two non-dimensional variables ξ  and ψ  as 
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( ) ( )( )

( ) ( ) ( )

( ) ( ) ,012

3
2
1

2
1

211

1

)4(2

22

222

=′−−′+−Π++′′++

′′′′+′−′′+′′−′′+′′+′+

′+′′′−′+′−′−′′++−+

ξψξψξξξα

ξψψψξξξξψξξξψ

ξψξξψψψξξψξξ

p
hE

a

&&&

 (2.16) 

( ) ( ) ( )

( )( ) ( )[ ] ( ) ,012

32
2
1

212

1

)4(2

22

=′−′+++′′+′+′′′+′′′+−

−′′′′+′′′+′′+′′−′′+′′−′++−

ξξψξξξξξξξξα

ξψξξψξψξξψξψξψξξψ

p
hE

a

&&&&

 (2.17) 

where the dot above symbols indicates derivatives with respect to a new non-dimensional time 

variable t c aτ = ⋅ , c  is the propagation velocity of longitudinal waves and defined as 

ρ1Ec = . The aspect ratio α  is   

a

h

32
=α . (2.18) 

It should be pointed out that all the underlined terms in Eqns.(2.16,17) are additional higher order 

terms compared with the governing equations in Goodier and McIvor’s work (Goodier and 

McIvor, 1964, McIvor, 1966) and most of them are originated from the inclusion of the third 

order term in membrane strain given in Eqn.(2.14). The term Π in Eqn.(2.16) is 

( ) ( ) ( ) ( )

( )

(4)

(4) 2 23
2 4 2 .

2

ψ ξ ψ ξ ψ ξ ξ ψ ξ ξ ξψ

ξ ξ ξ ξ ξ ξ ξ

′ ′′′′ ′ ′ ′ ′ ′′ ′ ′′′ ′′′Π = − − + − + − +

′′ ′ ′′′ ′′ ′+ + + + +
 (2.19) 

Given initial conditions, the governing equations (2.16, 17) can be solved numerically, which will 

be presented in section 4. 

2.2 Explicit model for mode transformation 

Equations (2.16, 17) were employed in (Li and Shi, 2008) to study the intermittent transformation 

between RBM and flexural vibration mode in single-walled carbon nanotubes where the 

numerical instability was first observed without further investigation. Experimental observations 

show that, when a nearly uniform impulse is applied on a thin cylindrical shell, it may undergo a 

motion of intermittent vibration mode transformations, i.e. the extensional mode and flexural 
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mode occur intermittently through a nonlinear coupling (Zhu et al., 1997, Duffey and Romero, 

2003, Li et al., 2008). Since the circular cylindrical shell is in a closed form, the two 

non-dimensional variables ξ  and ψ  must be periodic with respect to angle θ  and 

accordingly can be expanded in following Fourier series 

0
1 2

( ) ( ) cos ( )cosn n
n n

a a n c nξ τ τ θ τ θ
∞ ∞

= =

= + +∑ ∑ , (2.20) 

    

1 2

( )sin ( )sinn n
n n

b n d nψ τ θ τ θ
∞ ∞

= =

= +∑ ∑ . (2.21) 

In above modal expansion of deformation variable ξ , only cosine terms are included since the 

mode transformations between pure extensional vibration mode (i.e. RBM) and the flexural 

modes represented by cosine terms are equivalent to the mode transformations between RBM and 

the flexural modes represented by sine terms. Accordingly only sine terms are included in the 

series expansion of ψ , which is due to the mathematical compatibility between the two 

expansions given in following Eqn.(2.22). A complete expansion with companion modes (sine 

terms) included can be found in (McIvor, 1966, Nayfeh and Raouf, 1987). In above expansions 

given by Eqns.(2.20,21), the terms θτ nan cos)(  and ( )sinnb nτ θ  represent extensional flexural 

deformation, whereas θτ ncn cos)(  and ( )sinnd nτ θ  represent inextensional flexural 

deformation. 1( )cosc τ θ  and 1( )sind τ θ  are both discarded since they correspond to rigid 

translation. Consider pure extensional and pure flexural deformation of a middle surface element 

independently, as shown in Fig.2.4, one can get the extensionality and inextensionality conditions, 

respectively, as 

and ξ ψ ψ ξ′ ′= = . (2.22a,b) 

Consequently, the four unknown generalized deformation coordinate functions na  and nb , nc  

and nd  can be reduced to two by the following relations 

, 1,2,3,

, 2,3,4,
i i

j j

b ia i

d c j j

= − =
 = =

L

L
 (2.23) 
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Next, Lagrange equations will be used to produce governing equations of the unknown 

coefficient functions ( )0a τ , ( )na τ  and ( )nc τ , for which kinetic energy T  and potential 

energy U  need to be given first. For a cylindrical shell of unit longitudinal length, the kinetic 

energy T  and strain energy U , respectively, are given as 

( )
2 2

2 2 22 2
10 0

1 1
1

2 2
r

T ah r d E ah d
t t

π πψρ θ ξ ξ ψ θ=
 ∂ ∂     + = + −      ∂ ∂     

∫ ∫ & &  (2.24) 

and 

( ) ( )( ) ( ) ( )2 2 2 2 22 2
10 2 0

1 1
1 1

2 2

h

h
U z z a z d dz E ah a d

π π
θ θσ ε θ ε α ε κ θ

−
 = + = + + −
 ∫ ∫ ∫ . (2.25) 

Substituting ε  and κ  given by Eqn.(2.14) and Eqn.(2.15) respectively into Eqn.(2.25), and 

then neglecting the fifth and higher order terms will yield 

( ) ( )( ) ( ){ }2 2 22 2
1 0

1
2 ,

2
U E ah d

π
ψ ξ ψ ξ ξ ξψ α ξ ξ θ ′ ′ ′ ′ ′′= − + − − + + + ∆

 ∫  (2.26) 

where 

( ) ( ) ( ) ( )2 22 22 2 2

0

1
2 2

4
d

π
α ψ ξ ξ ξ ξ ξψ ξ ψ ξ θ ′ ′′ ′ ′ ′ ′∆ = − + + − − −  

∫ . (2.27) 

In the expression of strain energy in Eqn.(2.26), in which, since 2 1α << , the term 

( )2 22

0
d

π
α ξ ξ θ′′+∫  can be treated as a third-order small term. The term ∆ represents 

contributions to the degree of fourth order and is on at least one order smaller when compared to 

the second- and third-order terms for small deformation. As a result, the contributions from this 

term were discarded completely or partially in earlier publications (Goodier and McIvor, 1964, 

McIvor, 1966, Lindberg, 1974). However, it will be shown in next section that it is essential to 

include a complete fourth-order term in strain energy to guarantee the numerical stability of the 

solution. 

The Lagrange equation for any generalized coordinate iq  of a general mechanical system in 

absence of external loadings is 
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0, 1,2,3,
i i i

T T U
i

q q qτ
 ∂ ∂ ∂ ∂− + = = ∂ ∂ ∂ ∂ 

L
&

. (2.28) 

Substituting series of the two non-dimensional variables ξ  and ψ  given by Eqns.(2.20, 21) 

into energy integrals given by Eqns.(2.24, 26) respectively, then inserting the results of kinetic 

energy T  and strain energy U  into Lagrange Eqns.(2.28) while taking ( )0a τ , ( )na τ  and 

( )nc τ  as the generalized coordinate qi in sequence, will give the final governing differential 

equations of ( )0a τ , ( )na τ  and ( )nc τ , i.e. 

( ) ,02
0

22
00 2

1

4

1 =
∂

∆∂+−−+ ∑
∞

a
cnaa n

n

&&  (2.29) 

( ) ( ) ( )[ ]

( )[ ] ( )[ ]{ } ,0
1

1
22

252
1

1

1

)1(
1

2
1

222
022

22
22

4

1 =
∂

∆∂
+

+−−++−+

−++
+

−
+
−+++

∑
∞

=
−+
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In Eqns.(2.29-31), it should be noted that (1) The inextensional flexural deformation (nc ) is 

assumed to be much stronger than the extensional flexural deformation (na ), as a result that the 

extensional flexural terms have been discarded completely in Eqns.(2.29-31) where inextensional 

terms also appear in the summation. (2) The coefficient of the linear term 0a  is simply unity in 

its governing equation (i.e. Eqn.(2.29)). This indicates that the circular frequency of 0a  will be 

unity, which is directly resulted from the choice of non-dimensional time variable t c aτ = ⋅ . (3) 

It can be seen that the linear part of Eqns.(2.29-31) is not diagonal, which does not imply that the 

series expansions of ξ  and ψ  in Eqns.(2.20, 21) are not normal mode expansions. It is simply 

due to that the flexural deformation corresponding to cosine terms is decomposed into 

extensional and inextensional parts, i.e. cosna θ  and cosnc θ . (4) It is difficult to explicitly 
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implement the integration in term ∆  when strain energy U  is substituted into the Lagrange 

equation, therefore ∆ is kept in above governing equations representing the contributions from the 

fourth-order terms. As a result, it will recur to numerical method to carry out the integration in the 

term ∆ when numerical solutions of ( )0a τ , ( )na τ  and ( )nc τ  are sought for governing 

Eqns.(2.29-31). 

About the initial conditions for Eqns.(2.29-31), since we focus on mode transformations initiated 

from a nearly uniform RBM mode, the same initial conditions of ξ  and ψ  used in (McIvor, 

1966) are introduced for convenience of comparison. Thus, the initial conditions are 

( ) 0
1

1
,0 cos ,n

n

v v n
c

ξ θ θ
∞

=

 = + 
 

∑&  (2.32) 

( ) ( ) ( )1,0 sin , ,0 ,0 0.
v

c
ψ θ θ ξ θ ψ θ= − = =&  (2.33) 

In above initial conditions 0v  stands for a perfectly uniform radial velocity of the wall of the 

cylinder and ( ) 1,2,3,nv n= L  represent imperfections in this uniformity which are normally at 

least two orders smaller than 0v . Correspondingly, the initial conditions for the governing 

Eqns.(2.29-31) of ( )0a τ , ( )na τ  and ( )nc τ  can be determined as 

( ) ( ) ( ) ( )
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 (2.34) 

The fourth order Runge-Kutta method (RK4) is employed to solve the differential Eqns.(2.29-31) 

under initial conditions given in Eqn.(2.34). 

Now two sets of governing equations have been obtained for the cylindrical shell under radial 

impulse: one is named the implicit model governed by Eqns.(2.16,17) and the other is called 

explicit model governed by Eqns.(2.29-31). In general, the implicit model and explicit model for 

mode transformation in cylindrical shells are not strictly equivalent. In fact, it is difficult to give a 
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precise equivalence between the two models because they are established following different 

approaches. But, regarding their accuracy, the explicit model may be one order higher in accuracy 

than the implicit model. Though the same basic strain expressions given by Eqns.(2.8, 14) are 

used in both models, truncated terms up to order four are kept in the strain energy in Eqn.(2.26), 

and therefore, in the final governing Eqns.(2.29-31) of the explicit model. However, truncated 

terms up to order only three are kept in the final governing Eqns (2.16, 17) of implicit model. But, 

it should be pointed out that the accuracy of the explicit model is sacrificed because only a 

limited number of terms can be included in the truncated series expansions in Eqns.(2.20, 21) 

when numerical solutions are sought. Furthermore, it is also adverse to the accuracy of explicit 

model where the extensional flexural terms (na ) in the final governing equations are discarded 

when they appear in summation together with the corresponding inextensional term (nc ). 

The numerical solutions of the explicit model will be given in section 3 with focus on the 

excitation of inextensional flexural modes and vibration stability while the numerical solutions of 

the implicit model will be given in section 4 with focus on stress growth. 

3 Numerical results of different explicit models 

In section 2.2 an explicit model for mode transformation in cylindrical shell is established. When 

different imperfections are introduced in the initial conditions (correspondingly different flexural 

terms will need to be included in the model) or terms of different orders are included in the model, 

the explicit model given by governing Eqns.(2.29-31) combined with initial conditions in 

Eqns.(2.32-34) will be defined for some specific cases. In this section explicit model in different 

cases will be introduced and discussed. 

When the initial imperfections to uniform impulse are discarded completely, the cylindrical shell 

is assumed to be subjected to perfectly uniform radial impulse. Correspondingly, 0, 1nv n= ≥  

in Eqns.(2.32-34), then 0na ≡  and 0nc ≡ , and a simple analytical solution of Eqn.(2.29) can be 

obtained 

1
0 0 sina v c τ−= . (3.1) 
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This solution indicates a vibration of simple in-and-out radial “breathing” mode (RBM) or pure 

extensional mode. Accordingly, cross-section of the cylindrical shell will remain circular at any 

instant. However, when imperfections are taken into account in the initial conditions, though their 

magnitudes are at least two orders smaller than that of the fundamental RBM vibration, numerical 

simulations in following sections will show that, as time increases, one or more inextensional 

flexural modes will be excited to an amplitude of the same order of RBM and the cylindrical shell 

will vibrate in coupled extensional and flexural modes. In following examples, in addition to the 

focus on the excitation of inextensional flexural modes, stability of the vibration, especially the 

effect of the fourth-order term ∆ on the stability of numerical solutions, will also be studied. 

3.1 Goodier and McIvor’s model 

When the fourth-order term ∆  and the third-order term with coefficient 2α  are both omitted 

completely in the strain energy integral in Eqn.(2.26), and only inextensional flexural vibration is 

considered, i.e., 0,  1,2,3,na n≡ = L in Eqns.(2.20, 21), then the governing Eqns.(2.29-31) will be 

reduced to 

( )2 2
0 0

1
2 0

4 n
n

a a n c
∞

+ − − =∑&& , (3.2) 

2 2 2 2 2
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02 2
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n n
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− −+ −
+ +

&& , (3.3) 

which are respectively the same as Eqn.(43) and (44) in (Goodier and McIvor, 1964). For this 

group of governing Eqns.(3.2,3), initial conditions of ξ and ψ in Eqns.(2.32, 33) should be 

modified as [Note: this is due to the necessity of mathematical compatibility. Detailed discussions 

can be referred to the reference (Goodier and McIvor, 1964)] 
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Accordingly, initial conditions for 0a  and nc  can be determined as 



 

 16

( ) ( )

( ) ( )

0

0

0 0, 0 ,

0 0, 0 , 1,2,3, .n n n

v
a a

c
v

c c n
c

γ

 = =

 = = =


&

& L

 (3.5) 

For a cylindrical shell with fixed aspect ratio a h, numerical results show that when the initial 

radial velocity 0v  reaches a sufficiently large value, one or more flexural vibration modes nc  

will be excited to amplitude of the same or even higher order of RBM 0a . This phenomenon can 

be explained by the Mathieu equation and Mathieu stability diagram (Mclachilan, 1947, Struble, 

1962, Goodier and McIvor, 1964).  

A numerical example is shown in Fig.3.1, in which 20.4a h=  and initial RBM velocity 

0 0.005v c = . In this and following examples, for the purpose of comparison, the same aspect ratio 

20.4a h=  is chosen as in the numerical example shown in Fig.6 in (Goodier and McIvor, 1964). 

It might be necessary to point out that, in all numerical examples thereafter, the imperfections [i.e. 

nγ  in Eqn.(3.4) or nv  in Eqns.(2.32-34), 1,2,3, ,n N= L , where N  is the maximum mode 

number of flexural modes na  and nc  included in series given by Eqn.(2.20,21) when numerical 

solutions are sought] are produced stochastically with the maximum amplitude fixed at exactly two 

orders smaller than the initial RBM vibration velocity (i.e. 0 100nv v≤ ). For the cylindrical shell 

under the initial condition (0 0.005v c = ), it is shown in Fig.3.1 that inextensional flexural mode c6 

is excited. Clearly, the cylindrical shell experienced a nonlinearly-coupled vibration of the 

extensional and flexural modes and the intermittent transformation of vibration modes and energy 

transfer happen (Goodier and McIvor, 1964). But, for the same cylindrical shell, when the initial 

radial impulse is stronger than some critical amplitude or equivalently when the initial velocity 0v  

reaches a critical value, as discussed in (Lindberg, 1974), numerical solution can easily begin 

divergent after a period of time, or the vibration can become instable soon. In (Lindberg, 1974), this 

critical value of initial velocity 0v  was determined by the condition that stability parameter 

( )0 1 2p v cα= = . Then for the cylindrical shell shown in Fig.3.1, the critical initial velocity can 
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be determined as 0 0.00721v c= . When the initial velocity reaches 0.0075c, the numerical results 

of RBM 0a  and inextensional flexural mode 6c  are shown in Fig.3.2. It is evident that, with the 

increase of time, the periodic mode transformations between 0a  and 6c  start to fail and then the 

vibration becomes instable. Since this vibration instability still occurs at approximately the same 

moment (with slightly different vibration amplitude) when time step is refined from 0.1 to 0.01 (in 

non-dimensional time τ  domain), it is reasonable to say that this vibration instability is not caused 

by numerical errors in the RK4 method, but due to the intrinsic physical instability in the 

formulation of the problem. However, if the fourth-order term ∆ in strain energy integral in 

Eqn.(2.26) is included together with the assumption that only one flexural vibration mode Mc  is 

possibly excited (actually from last example we know that 6M = , and thus, only this specific 

flexural mode is included in the series expansions given in Eqn.(2.20, 21)), then the governing 

Eqns.(3.2,3) will be upgraded to 

( )2 2 2
0 0 0

1 1
2 0,

4 2M Ma a M c a c+ − − + =&&  (3.6) 
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 (3.7) 

For the same problem shown in Fig.3.2, numerical results based on Eqns.(3.6, 7) are shown in 

Fig.3.3, which clearly shows that the cylindrical shell has undergone a stable motion for a much 

longer period with periodic vibration mode transformations. Therefore, it can be seen that the 

fourth-order term ∆ is crucial in the governing equations to guarantee a stable vibration solution. 

3.2 McIvor’s model 

An explicit model with more generalized governing equations in (McIvor, 1966) than those 

in (Goodier and McIvor, 1964) was established to explore the growth of membrane and flexural 

stresses for a thin cylindrical shell under nearly uniform radial impulse. Similarly, the 

fourth-order term ∆ and the third-order term with coefficient 2α  were both discarded 

completely in the strain energy integral in Eqn.(2.26). The governing equations in the model 
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(McIvor, 1966) is a special case of Eqns.(2.29-31). In the present study, in addition to the 

fourth-order term ∆, the term 0 na a  in Eqn.(2.30) was also dropped since extensional flexural 

terms na  are treated as at least one order smaller than inextensional flexural terms nc . With this 

group of governing equations, more general initial imperfections as described by Eqns.(2.32-34) 

can be investigated than the earlier model (Goodier and McIvor, 1964). 

For this set of governing equations, Fig.3.4 shows the numerical results of the same cylindrical 

shell under the same initial velocity 0 0.005v c =  as in Fig.3.1. From Fig.3.4, it can be seen that 

the cylindrical shell experiences a periodic transformations between the extensional and flexural 

modes in the early stage. However, as time τ  passes 300, the shell begins to vibrate irregularly 

and becomes divergent very soon. Therefore, the vibration instability occurs again at a much 

shorter time compared with the stable period in Fig.3.1 according to Goodier and McIvor’s model. 

It implies that the inclusion of extensional flexural mode imperfections has strong negative effect 

on the vibration stability. 

3.3 Present explicit model  

Though McIvor’s model corresponds to a more general circumstance of initial impulse 

imperfections, numerical results show that when the fourth-order term is not included in the strain 

energy, the vibration can become instable soon after the impulse is imposed. However, it has been 

shown in Fig.3.3 that stable vibration or steady intermittent mode transformations can be 

achieved when the fourth-order term is included in the governing Eqns.(3.6, 7), in which only the 

inextensional flexural imperfection is considered and only one inextensional flexural mode is 

assumed. In the present explicit model, numerical solutions for vibration and mode 

transformations will be sought based on the governing Eqns.(2.29-31) under the general initial 

conditions given in Eqn.(2.34). It should be noted that the fourth-order term ∆, which is included 

in Eqns.(2.29-31), is calculated according to Eqn.(2.27) with standard Gaussian integration 

method. 

The same cylindrical shell under the exactly same initial conditions (which means that the initial 

impulse imperfections are exactly the same) as those used in Fig.3.1 and Fig.3.4 is investigated 

with present explicit model and the results are shown in Fig.3.5. It can be seen that, compared 
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with the vibration history based on McIvor’s model as shown in Fig.3.4, stable vibration lasts 

more than twice the stable period predicted by McIvor’s model and steady intermittent vibration 

transformations between RBM 0a  and the inextensional flexural mode 6c  can be observed. 

To further investigate the causes and nature of the numerical instability when the fourth-order 

term is omitted in the strain energy, numerical results of the two lowest vibration modes 2c  and 

3c  and energy history for the formulations with and without the fourth-order term included in 

strain energy are presented in Figs.3.6 and 3.7, respectively. The dashed curves in Fig.3.6 

correspond to the case when the fourth-order term ∆ is not included in strain energy. The 

amplitudes of the two lowest modes 2c  and 3c , which are supposed to be much smaller in 

amplitude than both the principle RBM 0a  and the major excited flexural mode 6c , increase 

sharply to a level unbounded after certain period. This leads to an abrupt deviation of the RBM 

( 0a ) and the excited inextensional flexural mode (6c ) from their periodic mode transformations. 

When the fourth-order term ∆ is included in the strain energy integral in Eqn.(2.26), the predicted 

responses of 2c  and 3c  (solid curves in Fig.3.6) are as expected to be periodic vibration with 

the amplitude at least one order smaller than that of 0a  and 6c . This suppression of amplitude 

increase on low flexural modes can be explained by the energy histories with and without the 

fourth-order term included in the strain energy as shown in Fig.3.7. Since there is no energy 

fluxed in or out of the whole system, the total energy of the system (kinetic energy T  given by 

Eqn.(2.24) and strain energy U  given by Eqn.(2.26)) should remain constant as shown by the 

solid curve in Fig.3.7, which is predicted when the fourth-order term ∆ is included in the strain 

energy in Eqn.(2.26). However, the dashed curve in Fig.3.7 shows that, when the fourth-order 

term ∆ is not included in the strain energy, the total energy E  remains constant for a period of 

time before it departs dramatically from the initial value 0E . By checking the strain energy 

expression in Eqn.(2.26), it is found that the fourth-order term is a key factor to guarantee the 

strain energy to be positively definite when the third-order term becomes negative and reaches 

the same order of the second-order terms after the inextensional flexural modes have been excited 

a few times during vibration. 
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The response at a typical point ( ), 0a θ =  is investigated with the fourth-order term included in 

strain energy in Eqn.(2.26) and the results in frequency domain are shown in Fig.3.8. Two distinct 

frequency peaks can be seen in graph (c), which correspond to the RBM 0a  and the excited 

major flexural mode 6c  as plotted individually in insets in the graphs (a) and (b). It is shown that 

the frequency of the excited flexural mode is nearly half the RBM frequency, which can be 

explained by the 1:2 internal resonance between the major excited flexural mode and the 

principle RBM in thin-walled structures in the case of either free vibrations (Goodier and McIvor, 

1964, Touze and Thomas, 2006) or forced vibrations (Thomas et al., 2005, Thomas et al., 2007, 

Amabili, 2008, Camier et al., 2009). 

4 Numerical results of implicit model 

For the original differential Eqns.(2.16, 17) of ξ  and ψ , numerical solutions can be obtained 

by direct integration in the time ( )τ  domain with the fourth-order Runge-Kutta method and 

meanwhile using finite difference method in the space ( )θ  domain (use standard fourth-order 

central differences, (Rappaz et al., 2003)). In order to compare implicit model with the explicit 

model presented in last section, membrane stress mσ  and flexural stress fσ  at point ( ), 0a θ =  

are calculated with numerical solutions of ξ  and ψ . With the definitions of normal force S  

and moment M  given by Eqns.(2.11,12), membrane stress σm is defined as the average stress 

on the side where normal force S  is applied (see Fig.2.2), and flexural stress σf  is defined as 

the maximum stress due to the moment M  on the same side, i.e. 

( )

( )

2
1

1

,

3 .
2

m

f

S E
h
M h E
D

σ ξ ψ α ξ ξ

σ α ξ ξ

 ′ ′′ = ≈ − + + 

  ′′= ⋅ ≈ + 

 (4.1) 

In order to compare predictions based on different models, exactly the same initial conditions are 

used equivalently for  ξ  and ψ , and for 0a , na  and nc  through Eqns.(2.32-34). All the 

following numerical results are obtained for the same cylindrical shell with aspect ratio 
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20.4a h=  but with varying initial RBM velocity ( )0v  in Eqns.(2.32-34). The initial velocity 

imperfections nv  in Eqns.(2.32-34) are produced using the same way in previous section and 

fixed at two orders smaller than 0v . Before we compare the numerical results from the two 

models, the second-order (without those underlined terms) and third-order (with those underlined 

terms) governing Eqns.(2.16,17) are used to predict the stresses and energy histories for the 

cylindrical shell under 0 0.005v c = . It can be seen from Fig.4.1 that, the second- and the 

third-order governing equations predict quite different stress evolutions after the moment when 

the flexural stress reaches its maximum at time around 100τ =  [i.e. around the first group of 

peaks in Fig.4.1 (b) and (d)]. When compared to the uniform periodic transformation of 

membrane and flexural stresses during the total time span (600) shown in (c) and (d), the 

transformations of stresses shown in (a) and (b) occur at a higher frequency and are not uniform 

at all during the period, especially in the last transformations. This difference can still be 

observed even when the time step is much smaller. It seems that the period of mode or stress 

transformation is stretched considerably longer in the third-order formulation of the problem. As 

energy is concerned, the total energy ( )E  values based on the two formulations are shown in 

Fig.4.2. For an insulated system, the total energy should be constant. But the curves (i) and (ii) in 

Fig.4.2 clearly show that energy deviates from its initial value E0 around flexural stress peaks. It 

can be seen that the third-order formulation produces a much less energy deviation than the 

second-order one. This, together with the uniform pattern of stress transformations shown in 

Fig.4.1(c) and (d), evidently indicates that the third-order formulation of implicit model provides 

satisfactorily higher precision than the second-order one. The energy curve in Fig.4.2(ii) shows 

that the relative error of the numerical results from the third-order formulation is within 2%, 

hence thereafter all the numerical results based on the explicit model will use the third-order 

governing equations. Figure 4.3 shows the frequency spectra of stresses at point ( ), 0a θ =  

predicted by the third-order implicit model. Membrane stress, which is shown as inset in the 

spectrum (a) in Fig.4.3, should have the frequency of RBM since ψ ξ′ −  in Eqn.(4.1) is the 

dominant term in membrane stress and it corresponds to extensional vibration mode. Spectrum (b) 

in Fig.4.3 indicates that the flexural stress vibrates at half the frequency of membrane stress, 
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which agrees with the frequency result given by the explicit model shown in Fig.3.8 since the 

flexural stress essentially comes from the flexural vibration. 

The flexural stress for the same cylindrical shell under 0 0.005v c =  is calculated to show the 

differences between the implicit model (third-order) and the present explicit model. Since the 

numerical solution based on the McIvor’s model will become divergent after time τ  slightly 

larger than 300, this model is not included in the comparison. The two graphs Fig.4.4(a) and (b) 

are the flexural stress responses from the implicit and explicit models, respectively. It can be seen 

that the flexural stresses produced by the two models follow very similar evolution patterns, 

especially that the first group of stress peaks (around time 100τ = ) given by the two models 

shown in Fig.4.4(c) match very well. However, after the first group of peaks shown in Fig.4.4(c), 

the flexural stress based on the explicit model [dashed line shown in Fig.4.4(d)] reaches the 

subsequent peaks earlier than those based on the implicit model [solid line in the same graph]. It 

seems that, in the second group of peaks, the phase of the flexural stress predicted by the explicit 

model is shifted to the left in comparison with the phase of the flexural stress predicted by the 

implicit model. Since each pair of stress peak amplitudes among the first [Fig.4.4(c)] and second 

groups [Fig.4.4(d)] predicted by the two models match well, and within each group of peaks, the 

frequency or period of stress vibrations is very close to each other, the phase-shifting 

phenomenon occurring in the second and subsequent groups of stress peaks can not be explained 

by the amplitude-frequency characteristics (AFCs) for free and forced vibrations of thin-walled 

structures (Kubenko and Koval'chuk, 1998). It is conjectured that the truncated series expansion 

of the deformation variable in explicit model limited the flexural modes to be coupled with the 

principle RBM, which leads to stronger coupling between the dominantly excited mode Mc  and 

the principle RBM 0a . Hence, the energy loss from RBM 0a  will be fully transferred to Mc  as 

shown in Fig.3.3. Therefore, the major excited flexural mode can get larger share of energy 

transferred from the RBM and reaches its peaks earlier. In early stage, the major excited flexural 

term is the dominant term and other flexural terms are so small that they can be neglected; the 

major excited flexural mode is almost identical to the deformation variable itself, which explains 

why the flexural stresses from two different models are almost identical in Fig.4.4(c). However, 

with the increase of time, other minor flexural modes are gradually excited and their amplitudes 
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are gradually increased. Their magnitudes, although still relatively low, become larger than their 

magnitudes in the early stage. Therefore, these minor flexural modes take more energy from the 

major excited flexural mode and cause the phase shift observed in Fig.4.4(d). It is expected that 

this phase shift will become larger in further later group of stress peaks. 

It should be noted that the inclusion of the fourth-order term in strain energy cannot guarantee the 

elimination of the numerical divergence in this vibration mode transformation problem. The 

reason is simply that, if the initial velocity is rather large, one or more flexural vibration modes 

(including lower flexural modes in general cases) may be excited, which may reach amplitudes 

higher than the RBM amplitude, resulting in non-positive definite strain energy. Theoretically, 

even higher-order terms may be required in the expression of strain energy in order to keep the 

strain energy positively-definite throughout the whole vibration or mode transformation process. 

However, practically, the initial velocity is limited by the elastic limit of the shell material. 

According to Eqn.(2.14), when RBM is considered in the early vibration phase of a thin-walled 

cylindrical shell, the circumferential strain is expressed by 

a

w=θε , (4.2) 

where w  is the radial displacement. Based on energy conservation, the relationship between the 

initial velocity and the maximum circumferential strain is 

max
max0

θε==
a

w

c

v
.  (4.3) 

Thus, the non-dimensional number 
c

v0  is limited by the yield strain of the material, i.e. 

max
y

y Eθ

σ
ε ε≤ = , where yσ  is the yield stress of the shell material. This value is normally less 

that 1% for engineering materials. Thus, we expect that the inclusion of fourth-order term in the 

present explicit model is sufficient for avoiding numerical divergence in most practical problems. 

5 Conclusions 

An implicit model and an explicit model in this analytical study are established with focus on the 

stability of vibration mode transformations between extensional and flexural modes in 
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thin-walled cylindrical shells. Vibration mode transformation occurs when the initial radial 

velocity (or the impulse) is large enough. However, when the fourth-order term in strain energy is 

discarded, numerical solutions based on explicit model may become divergent, which is found to 

be associated with the non-positive definite strain energy when the negative third-order terms are 

accumulated to an amplitude close to the order of the second-order terms in strain energy. It is 

demonstrated that the inclusion of fourth-order terms in the strain energy function can practically 

eliminate the numerical instability in the vibration mode transformation in thin-walled cylindrical 

shells. 

The same 2:1 internal resonance is revealed for the mode transformation based on both implicit 

and explicit models. As flexural stress growth is concerned, the stress patterns predicted by both 

models match reasonably well. Two models predicted very close flexural stresses in the first 

group of peaks. However, in later group of stress peaks, phase shift gradually appears between 

the predicted flexural stresses based on implicit and explicit models. This can be explained by the 

limited number of terms included in the series expansions of explicit model. When only a limited 

number of terms are taken into account in the explicit model, compared to the inclusion of 

infinite number of terms in implicit model, the excited dominant flexural mode in the explicit 

model has a larger share of energy, and therefore, can be excited easily, especially in the later 

stage of vibration. 
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Figures:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2.1 A schematic representation of the deformation of a cylindrical shell with centroid fixed. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2.2 A typical cylindrical shell element: undeformed element (right) and deformed element 

(left). 
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Fig.2.3 Part of cross-section of circular cylindrical shell with a representative point shown at 

distance z above middle surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.4 A schematic representation showing initial state (dash element) to current configuration 

(solid element) for a typical middle surface element. Arrows on both ends show the radial and 

tangential displacements, respectively. 
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Fig.3.1 Coupled motion of a cylindrical shell within Goodier and McIvor’s model ( 20.4a h = , 

0 0.005v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

 

Fig.3.2 Coupled motion of a cylindrical shell within Goodier and McIvor’s model ( 20.4a h = , 

0 0.0075v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

 

Fig.3.3 Coupled motion of a cylindrical shell within Goodier and McIvor’s model but with the 

fourth-order term included ( 20.4a h = , 0 0.0075v c = ). (a) RBM 0a , (b) Inextensional flexural 

mode 6c .
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Fig.3.4 Coupled motion of a cylindrical shell within McIvor’s model ( 20.4a h = , 0 0.005v c = ).  

(a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

Fig.3.5 Coupled motion of a cylindrical shell within present explicit model ( 20.4a h = , 

0 0.005v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

Fig.3.6 Vibration histories of the two lowest flexural modes 2c  and 3c  of a cylindrical shell 

( 20.4a h = , 0 0.005v c = ). Solid and dashed lines correspond to present explicit model and 

McIvor’s explicit model, respectively. 

0 1 0 0 2 0 0 3 0 0
-4

-2

0

2

4

6

8

1 0

1 2

1 4

 

 

a
0
/[
v

0
/c

]

τ
0 1 0 0 2 0 0 3 0 0

- 4

- 2

0

2

4

6

8

1 0

1 2

1 4

 

 

c
6
/[
v

0
/c

]

τ

(a) (b) 

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0
-4

-3

-2

-1

0

1

2

3

4

 

 

a
0
/[
v

0
/c

]

τ

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0
- 4

- 3

- 2

- 1

0

1

2

3

4

 

 

c
6
/[
v

0
/c

]

τ

(a) (b) 

0 50 10 0 1 50 20 0 2 50 300 35 0

0

2

4

 

 

c
2
/[
v

0
/c

]

τ
0 50 10 0 15 0 2 00 25 0 3 00 350

-1 5

-1 2

-9

-6

-3

0

3

 

 

c
3
/[
v

0
/c

]

τ

0 1 00 2 00 300 40 0 50 0 60 0
-0 .10

-0 .05

0 .00

0 .05

0 .10

c
2
/[
v

0
/c

]

 

 

τ
0 10 0 20 0 3 00 4 00 5 00 600

-0 .1 0

-0 .0 5

0 .0 0

0 .0 5

0 .1 0

  

 

c
3
/[

v 0
/c

]

τ



 

 5 

 

 

 

 

 

 

 

 

Fig.3.7 Energy history of a cylindrical shell ( 20.4a h = , 0 0.005v c = ) with and without the 

fourth-order term included in strain energy. 0E  is the initial total energy. 

 

 

 

 

 

 

 

Fig.3.8 Response in frequency domain at a selected point of a cylindrical shell ( 20.4a h = , 

0 0.005v c = ).(a) RBM 0a , (b) Inextensional flexural mode 6c , (c) the total response 
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Fig.4.1 (a) and (b), (c) and (d) are the membrane and flexural stresses of a cylindrical shell based 

respectively on the second- and third-order implicit model ( 20.4a h = , 0 0.005v c = ). 
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Fig.4.2 (i) and (ii) are the total energy of a cylindrical shell based respectively on the second- and 

third-order implicit model ( 20.4a h = , 0 0.005v c = ). 
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Fig.4.3 (a) and (b) are the frequency spectra of the membrane and flexural stresses based on the 

third-order implicit model, respectively ( 20.4a h = , 0 0.005v c = ). The inset in each of them is 

the stress itself correspondingly. 
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Fig.4.4 (a) and (b) are the responses of flexural stresses from the third-order implicit model (solid 

line) and present explicit model (dashed line), respectively. (c) and (d) are the superposed 

intercepts of them of the first and second group of stress peaks, respectively ( 20.4a h = , 

0 0.005v c = ). 
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Figures:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2.1 A schematic representation of the deformation of a cylindrical shell with centroid fixed. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2.2 A typical cylindrical shell element: undeformed element (right) and deformed element 

(left). 
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Fig.2.3 Part of cross-section of circular cylindrical shell with a representative point shown at 

distance z above middle surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.4 A schematic representation showing initial state (dash element) to current configuration 

(solid element) for a typical middle surface element. Arrows on both ends show the radial and 

tangential displacements, respectively. 
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Fig.3.1 Coupled motion of a cylindrical shell within Goodier and McIvor’s model ( 20.4a h = , 

0 0.005v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

 

Fig.3.2 Coupled motion of a cylindrical shell within Goodier and McIvor’s model ( 20.4a h = , 

0 0.0075v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

 

Fig.3.3 Coupled motion of a cylindrical shell within Goodier and McIvor’s model but with the 

fourth-order term included ( 20.4a h = , 0 0.0075v c = ). (a) RBM 0a , (b) Inextensional flexural 

mode 6c .
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Fig.3.4 Coupled motion of a cylindrical shell within McIvor’s model ( 20.4a h = , 0 0.005v c = ).  

(a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

Fig.3.5 Coupled motion of a cylindrical shell within present explicit model ( 20.4a h = , 

0 0.005v c = ). (a) RBM 0a , (b) Inextensional flexural mode 6c . 

 

 

 

 

 

 

 

Fig.3.6 Vibration histories of the two lowest flexural modes 2c  and 3c  of a cylindrical shell 

( 20.4a h = , 0 0.005v c = ). Solid and dashed lines correspond to present explicit model and 

McIvor’s explicit model, respectively. 
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Fig.3.7 Energy history of a cylindrical shell ( 20.4a h = , 0 0.005v c = ) with and without the 

fourth-order term included in strain energy. 0E  is the initial total energy. 

 

 

 

 

 

 

 

Fig.3.8 Response in frequency domain at a selected point of a cylindrical shell ( 20.4a h = , 

0 0.005v c = ).(a) RBM 0a , (b) Inextensional flexural mode 6c , (c) the total response 

( ), 0aξ θ = . 
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Fig.4.1 (a) and (b), (c) and (d) are the membrane and flexural stresses of a cylindrical shell based 

respectively on the second- and third-order implicit model ( 20.4a h = , 0 0.005v c = ). 
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Fig.4.2 (i) and (ii) are the total energy of a cylindrical shell based respectively on the second- and 

third-order implicit model ( 20.4a h = , 0 0.005v c = ). 
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Fig.4.3 (a) and (b) are the frequency spectra of the membrane and flexural stresses based on the 

third-order implicit model, respectively ( 20.4a h = , 0 0.005v c = ). The inset in each of them is 

the stress itself correspondingly. 
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Fig.4.4 (a) and (b) are the responses of flexural stresses from the third-order implicit model (solid 

line) and present explicit model (dashed line), respectively. (c) and (d) are the superposed 

intercepts of them of the first and second group of stress peaks, respectively ( 20.4a h = , 

0 0.005v c = ). 

 

 

 

 

 

 


