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THE LOGVINENKO-SEREDA THEOREM FOR THE FOURIER-BESSEL
TRANSFORM

SAIFALLAH GHOBBER AND PHILIPPE JAMING

ABSTRACT. The aim of this paper is to establish an analogue of Logvinenko-Sereda’s theo-
rem for the Fourier-Bessel transform (or Hankel transform) F of order a > —1/2. Roughly
speaking, if we denote by PW,(b) the Paley-Wiener space of L>-functions with Fourier-
Bessel transform supported in [0,b], then we show that the restriction map f — flao is
essentially invertible on PW, (b) if and only if Q is sufficiently dense. Moreover, we give an
estimate of the norm of the inverse map.

As a side result we prove a Bernstein type inequality for the Fourier-Bessel transform.

1. INTRODUCTION

The classical uncertainty principle was established by Heisenberg bringing a fundamental
problem in quantum mechanics to the point: The position and the momentum of particles
cannot be both determined explicitly but only in a probabilistic sense with a certain uncer-
tainty. The mathematical equivalent is that a function and its Fourier transform cannot both
be arbitrarily localized. This is a fundamental problem in time-frequency analysis. Heisen-
berg did not give a precise mathematical formulation of the uncertainty principle, but this
was done in the late 1920s by Kennard [Ke] and Weyl (who attributes the result to Pauli)
[We, Appendix 1]. This leads to the classical formulation of the uncertainty principle in form
of the lower bound of the product of the dispersions of a function and its Fourier transform

H|x|fHL2(Rd) H|£|‘7:(f)HL2(]Rd) =z CHinQ(Rd)'

A considerable attention has been devoted recently to discovering new mathematical formu-
lations and new contexts for the uncertainty principle (see the surveys [BD, FS] and the book
[HJ] for other forms of the uncertainty principle). Our aim here is to consider uncertainty
principles in which concentration is measured in sense of smallness of the support (the no-
tion of annihilating pairs in the terminology of [HJ] or qualitative uncertainty principles in
the terminology of [FS, Section 7] which also surveys extensions of this notion to various
generalizations of the Fourier transform). Further, the transform under consideration is the
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2 SAIFALLAH GHOBBER AND PHILIPPE JAMING

Fourier-Bessel transform (also known as the Hankel transform) on R™. This transform arises
as e.g. a generalization of the Fourier transform of a radial integrable function on Euclidean
d-space as well as from the eigenvalues expansion of a Schrédinger operator.

Let us now be more precise and describe our results. To do so, we need to introduce some
notation. For 1 < p < oo and a > —1/2, we denote by L5 (R™) the Banach space consisting
of measurable functions f on R* equipped with the norms

Hfhg=<AmV@MWMJ@>U<

2n°t 2041 4y, For f € L!(R"), the Fourier-Bessel (or Hankel) transform

where dy,(z) = Tt

is defined by
FalH)w) =:]€ F(2)ja(2mry) dpta (),

where j, is the Bessel function given by

Jo(x > 1) T\ 2n
(a) = P(O‘Jrl)y;)nlr(q(w)owl) (5) '

jala) = 2°T(a + 1)

Note that J, is the Bessel function of the first kind and I' is the gamma function. The
function j, is even and analytic. It is well known that the Fourier-Bessel transform extends
to an isometry on L2(R") i.e.

1FalDllzz = 112

Uncertainty principles for the Fourier-Bessel transform have been considered in various
places, e.g. [Bo, RV] for a Heisenberg type inequality, [Om1, Om2] for the “local uncertainty
principle” and Pitt’s inequality or [Tu] for Hardy type uncertainty principles when concen-
tration is measured in terms of fast decay. Our main concern here is uncertainty principles
of the following type:

A function and its Fourier-Bessel transform cannot both have small support.

In other words, we are interested in the following adaptation of a well-known notion from
Fourier analysis:

Definition.
Let S, ¥ be two measurable subsets of RT. Then

e (S,Y) is a weak annihilating pair if, supp f C S and supp F,(f) C ¥ implies f = 0.
e (S,Y) is called a strong annihilating pair if there exists C, (S, X) such that

(11) 17125 < CatS, D) (1F12350) + 1FalDI 2 r)).
where A® = R\ A. The constant C(S,Y) will be called the annihilation constant of (S,3).

Of course, every strong annihilating pair is also a weak one. Let us also recall that, to prove
that a pair (S,Y) is strongly annihilating, it is enough to show that there exists a constant
D,(S,Y) such that for every f € L2(RT) whose Fourier-Bessel transform is supported in ¥,

1122 < DalS. D) Flz s



THE LOGVINENKO-SEREDA THEOREM FOR THE FOURIER-BESSEL TRANSFORM 3

In other words, if we denote by PW,(X) = {f € L2(R™) : supp Fo(f) C £} then the pair
(S,Y) is strongly annihilating if the restriction map f — f|gc is invertible and D, (S,X) is
the norm of the inverse.

There are several examples of the Uncertainty Principle of form (1.1) for the Fourier
transform F. One of them is the Amrein-Berthier theorem [AB] which is a quantitative
version of a result due to Benedicks [Be]. In this theorem sets of finite measure play the role
of small sets, i.e. if a function f is supported on a set of finite measure then F(f) cannot
be concentrated on a set of finite measure unless f is the zero function. An added example
is the Shubin-Vakilan-Wolff theorem [SVW, Theorem 2.1], where so called e-thin sets are
considered. The extension of the results of Benedicks-Amrein-Berthier and of the Shubin-
Vakilan-Wolff for the Fourier-Bessel transform were shown by the authors in [GJ]. Our first
task here will be to slightly extend our version of Shubin-Vakilan-Wolff’s theorem.

Another Uncertainty Principle which is of particular interest to us is the Logvinenko-Sereda
theorem [LS], see also [HJ, page 102] and [Ko]. This result characterizes the sets €2 such that
(Q€,[0,b]) is an annihilating pair and gives the (essentially optimal) annihilation constant.
In the case of the Fourier transform, € is then the complement of a so called relatively dense
subset. For the Fourier-Bessel transform, we adapt this notion as follows: a measurable
subset 2 C R is called relatively dense (for u,) if there exist ,a > 0 such that

(1'2) ,U'oz(Qm[x_avw—i_a]) Z'Yﬂa([w_a?x+a])7

for all x > a.
Our main result is then the following:

Theorem.
Let o > 0 and let a,b,y > 0. Then there is a constant C(«,a,b,7) such that, for every
f € L2(R*) with supp Fo(f) C [0,b] and every (v, a)-relatively dense subset Q of R*,

(13) 1122 ) = Clasa,b, I

We will show in Lemma 4.1 that condition (1.2) is also necessary for an inequality of the
form (1.3) to hold. Our proof is inspired by the proof in the Euclidean case by Kovrijkine [Ko]
who obtained an essentially sharp estimate that is polynomial in v (rather then a previously
known exponential one). This proof allows us to obtain an estimate on C(«,a,b,v) as well.

The remaining of the paper is organized as follows. Next section is devoted to some prelim-
inaries on the Fourier-Bessel transform and the corresponding “translation” operator. The
section is completed with a version of Bernstein’s Inequality for the Fourier-Bessel transform.
In section 3, we complete our previous extension of Shubin-Vakilan-Wolff’s theorem. In the
last section, we prove the Logvinenko-Sereda Theorem for the Fourier-Bessel transform.

2. PRELIMINARIES

In this section, we will fix some notation and prove a Bernstein type inequality for the
Fourier-Bessel transform.
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2.1. Generalities. We will denote by |z| and (z,y) the usual norm and scalar product on
R?. The Fourier transform is defined for f € L'(R?) by

F0NEQ) = [ f@)ene9

Note that [[F(f)l[z2me) = I/l 2(re) and the definition of the Fourier transform is extended
from f € LY(R?) N L?(RY) to L?(R?) in the usual way. With this normalization, if f(z) =
f(|z]) is a radial function on R%, then F(f)(£) = fd/Q,l(f)(\ﬂ).

If S; is a measurable set in R%, we will write |Sq| for its Lebesgue measure.

For a > —1/2, let us recall the Poisson representation formula

j = [la+1) 1 — %) 12 cos(sz) da
3o = T Ty 0o (o) de

Therefore, j, is bounded with |j, ()| < ja(0) = 1. As a consequence,
(2:4) IFa(Hloo < 1fllzy-

Here ||.||, is the usual essential supremum norm and L will denote the usual space of essen-
tially bounded functions. Finally, if 7, (f) € LL(R"), the inverse Fourier-Bessel transform,
is defined for almost every x by

f(x) = /0 " Fal)(©)fa(27) djia(€).

For A > 0, we introduce the dilation operator §,, defined by

@) = (3)-

Notice that F,dy = dy-1Fq.

Let us now gather some facts about Bessel functions that will be used throughout the
paper. First, a more refined estimate that we will need is the following: when ¢ — oo,

_ 2P (a + 1)t7a71/2

(25) Jat) NG cos (1= (2a+1)T) + 02,
In particular, there is a constant ¢, such that
(26) alt)] < call+)70712

Further, we will make use of a few formulas involving the functions j,(x) (see e.g. [Wa,
page 132-134]):

d T
2. 4 'a =j = - .a ;
(2.7) ial@) = i4(@) = g e (@)
S st 82a+2

2. i (tr) 2t dt = i , ,
(2.8) /0;<:c> S an(sa), 50
and

s 20+2 2
(29) [ datty et at = S (1090 + 22 s)inls) + ),

0
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while, for u # v we have

S 82a+1
(2.10) /O o (ut)ja00)2 At = S (0t (v s) — iy () (03)).

2.2. Generalized translation. Following Levitan [Le], for any function f € C?(R*) we
define the generalized Bessel translation operator

Ty f(z) = u(z,y), x, y€RY,
as a solution of the following Cauchy problem:
» 2a+19 ? 2a+190
(@ T £> u(z,y) = (8—312 + ” 8_y> u(z,y),

with initial conditions u(z,0) = f(z) and a%u(x, 0) =0, here g—;g + 2ot a% is the differential

Bessel operator. The solution of the Cauchy problem can be written out in explicit form:

(2.11) T f(y) = % /Oﬂf(\/:c2 + 42 — 2y cos 0) (sin A)?~ dé.

The operator TS can be also written by the formula

7210 = [ IOW 0 dpal0),
where W (x,y,t) dua(t) is a probability measure and W (z,y,t) is defined by
22@—2F(a + 1)2 A(x,y,t)%‘_l

W(z,y,t) = mot32T (a+3)  (zyt)?>
0, otherwise;

iflz—y|<t<az+uy;

where

A,y t) = (@ +y)? =)~ (@ -y
is the area of the triangle with side length x,y,t. Further, W(x,y,t)du.(t) is a probability
measure, so that, for p > 1, [T f|P < T fP thus

1T Fllzz, < 10z

This allows to extend the definition of T f to functions f € LA (R™).
It is also well known that for A > 0,

Ta?ja()‘ )(y) = ]a(Ax)]a()‘y)
Therefore for f € LH(RT), p=1 or 2,

Fo(T3 )W) = ja2mzy) Fa(f)(y)-
Note also that if f is supported in [0, b], then T, f is supported in [0, + x].
The Bessel convolution f *, g of two functions f and ¢ in LL(R*) N L* is defined by

Fraga) = [ HOT20 Aol = [T T2FOOO a0, 2 >0
Then, if 1 < p,q,r < oo are such that 1/p+1/¢—1=1/r, f x, g € L (RT) and
1 *a gllp; < 1f1zz gl g -
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This then allows to define f x, g for f € LA(R') and g € LL(R™). Moreover for f € L (R™T)
and g € LL(R"), ¢ =1 or 2 we have

Folf *a 9) = Falf)Falg)-

2.3. Bernstein’s Inequality. Let us introduce the following notation.

Notation. Let f be an entire and even function, f(z Z anz?™. We define two operations
n=0
on f:
1df
Df:%a and Pf(z Zanz

[e.e]
In other words f(z) = Pf(2%) and Df = Z(n 4 1)an 412" which is again entire and even.
n=0
It is clear that PDf = OPf and, for every k, D*f exists and PD*f = 0*Pf.
We will need a variant of Bernstein’s Inequality for F, for which we have been unable to
find a proper reference.

Proposition 2.1 (Bernstein’s Inequality).
Let f be a function in LL(RY) such that supp Fo(f) C [0,b]. Then f is an even entire
function such that

INa+1)

(2.12) HD CES IR

(Vs 0) 1 £l 2.

Proof. As supp Fo(f) C [0,b] then Fo(f) € L};(R*‘) N L%(R*‘) for every § > a. By the

inversion formula for the Fourier-Bessel transform, we have

/ Fo(H)(y)ja(2mrzy) dpa(y).

_ tjat1(t)

In particular, f is an even entire function. As j’ (t) =

we may differentiate the

previous formula to obtain

b T 2
(@) = ~2mz /0 Fa )01 (2m) s i)

It follows that Df(x) = —77/ Fol )W) Jat+12mxy) dpat1(y) = —mFatr1[Fa(f)](x). Repeat-

ing the previous operation,

D" f( / Fol )W)k 7y) At 1(y) = (=) Forp [Fa(F)] ():
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But then
HDk = Wk"fa+k[fa(f)]“Li+k
= 1 FalNllz,
o 1/2
= </ | Falf (a(+_]:i)1)( y?)" dﬂa(y)>

Finally, from Plancherel’s theorem we deduce,

IMNa+1)
| Tkt D

(Vs 0) | Fal )l 2

_ MNa+1) k
= m(\/ﬁb) [l

as expected. O

3. A RESULTS ON (g, «)-THIN SETS AND SETS OF FINITE MEASURE

This section is motivated by our recent results on quantitative uncertainty principles stated
in [GJ]. We consider a pair of orthogonal projections on L2(R™T) defined by

Esf=xsf,  Fsf =Fa|ExFa(f)].

where S and X are measurable subsets of R
The following lemma is well known (see e.g. [GJ, Lemma 4.1]):

Lemma 3.1.
Let S and ¥ be a measurable subsets of RY. If |[FxEs| < 1, then (S,X) is a strong

annihilating pair with an annihilation constant (1 - HFZESH)_

Conversely it was shown in [HJ, I.1.1.A, page 88| that if the pair (S, X) is strongly annihi-
lating then ||FxEg|| < 1. We will not use this fact here.

From [GJ] we recall the following definition:
Definition.
Let e € (0,1) and o > —1/2. A set S C R" is (e, )-thin if, for 0 < z < 1,

ta (SN [z, 2 +1]) < epa([z,z+1])

(s frr 1) <o ([r1]).

We have shown in [GJ] that any pair of sets of finite measure as well as any pair of
(€, )-thin subsets (with e sufficiently small) are strongly annihilating. Precisely we have the
following theorem:

and for x > 1,
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Theorem 3.2 ([GJ], Theorem A and Theorem B).
Let o > —1/2.
— Let Sy, Yo be a pair of measurable subsets of RT with 0 < 116,(S0), pa(X0) < co. Then

HFEOESO H <1l

— There exists g such that, for every 0 < € < gqg, there exists a positive constant C' such that
if S1 and ¥ are (e, «)-thin subsets in RT then

HFElESl H < 061/2'

Remark 3.3.
— For the Fourier transform F on L*(R%), the first part of Theorem 3.2 was proved by
Amrein-Berthier [AB] and the second part was proved by Shubin- Vakilian- Wolff [SVW].

~If a = —1/2, then pu_y 5 is the Lebesgue measure and F_y 5 is the Fourier-cosine transform
defined for any even function f € L*(R*) by

Foa(£)(E) = /0 " f() cos(2mat) d.

In other words, F_y 5 is the Fourier transform JF restricted to even function in the sense that,
if o € L*(R) is even and f = |g+ —the restriction of ¢ to RY — then F[p](£) = F_12[f1(€)
for &€ > 0. It follows that Theorem 8.2 is also valid for a = —1/2.

In the definition of e-thin sets, different conditions are asked on the part of the set included
in [0,2] and the remaining part. This separation is somewhat arbitrary and one expects that
the first condition could be imposed in any neighborhood of 0 and the second one at infinity.
A careful and painful adaptation of the proof in [GJ] surely gives such a result. However, we
now take a simpler route by first showing that an e-thin set and a compact set form a strong
annihilating pair and that an estimate of the annihilation constant is available:

Lemma 3.4.
Let S a (g, a)-thin subset of Rt and let 3 = [0,b]. Then

|FeEs|| < CeY/2.
In the next section we will obtain a stronger result by characterizing all sets S for which
(S,[0,b]) are strongly annihilating.
Proof. The proof is inspired from [SVW, Lemma 4.2]. Note that
| Esfllz2
[FsEs| = [EsFs|| = sup ———=.
r=rof ez

Now let f € L2(R") such that supp F,(f) C ¥ and fix a Schwartz function ¢ with F,(¢) = 1
on Y. Then f = ¢x*, f.
Let Q to be the operator from L2(R*) to L2(S) defined by

Qf () = Es(6 #a g)(z) = /0 T @) T6(w)g(y) dpaly).

sup / T26(y)| dpialy) < 6l
zeS JO
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and from Inequality (5.29) in [GJ], we have

sup /S|Tf‘<;5(y)| dpa(z) < ce.

yERT

QI < y/ellgll e/
Therefore, as ||Fx|| = 1,

1EsFs fllzz = 19z < I1QIIIFsfllzz < QI NIz

Hence [[FxEg|| < 1/cH¢HLée€1/2. O

We are now in position to prove the following uncertainty principle estimate.

Then by Schur’s test,

Corollary 3.5.
Let a« > —1/2, a,b > 0. Then there exists g9 > 0 such that, if 0 < ¢ < g9 and if S,¥ C RT
are subsets of the form

S=5US Sy, L=%XUXy
where Sy = [0,a], X9 = [0,b] and Sx C [a,00), X C [b,00) are (&, a)-thin. Then
|FsEg| < 1.
In particular, (S,X) is a strong annihilating pair.
Proof. We have
Iy Eg = Fy,Eg, + Fy_ Es, + Iy Es,, + Fx Es,.
Now, according to Theorem 3.2, ||Fx,Es,|| < 1. Further, by Lemma 3.4,

IFe o Es | + 1Fs, Eso, || < c1e'/? + c2e'/? =0, ase =0

and | Fy_ Es_|| < Ce'/2, according to Theorem 3.2. It follows that, if ¢ is small enough,
then ||FxEg| < 1, so that (S,X) is still a strong annihilating pair. O

Remark 3.6.
(1) The previous corollary remains true if Seo and Yo, are the union of finitely many
(e, a)-thin subsets in RT.
(2) From Remark 3.3, Corollary 3.5 is still valid for a = —1/2. Moreover if S,% C R?
are subsets of the form

S =B(0,a) USx; ¥ =DB(0,b)U e,

with See C RA\B(0,a) and Lo C RIN\B(0,b) are e-thin (see [SVW, page 1] for the
definition of e-thin set). Then the same technique used here shows that there is an g
depending on a and b such that, if € < gq, then the pair (S,X) is strongly annihilating
for the Fourier transform F.
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4. A LOGVINENKO-SEREDA TYPE THEOREM

A direct adaptation of the definition of relatively dense sets in the R? setting (when applied
to radial sets) leads us to the introduction of the following definition:

Definition.
Let o > 0. A measurable subset 0 C RY is called relatively dense if there exist v, a > 0
such that for all x > a

(4.13) ,ua(Qﬂ[x—a,x—i-a]) zfy,ua([m—a,m—i-a]).
In this case Q will be called a (v, a)-relatively dense subset.

Examples.
(1) Let S C R™ be a subset with p,(S) < co. Then there exists a > 0 such that

o ([0 = a2+ a]) = 2a(S),

for all x > a. Thus 2 = 5S¢ is ( , )—relatively dense.
(2) Let S a (¢,a)-thin subset in R*. A simple covering argument shows that there is a
constant ¢ depending only on « such that, for all x > %

(0o 2]) < ([o- B 2] ).
(e L ) 2 0 e ([o- Lo ]).

Hence 2 = 5¢is ((1 —cg), 2) relatively dense, provided ¢ is small enough.

Thus

For these two examples, we already know that (S, [0,0]) is a strong annihilating pair. We
will show that for every (2 relatively dense, and every b > 0, (Q¢, [0, b]) is a strong annihilating
pair. But let us first prove that if (Q¢,[0,0]) is a strong annihilating pair, then  is relatively
dense.

Lemma 4.1.
Let Q C RY be a measurable subset. Suppose there exists a constant ¢ such that, for every

f € L2(RY) with supp Fo(f) C [0,8],

(4.14) ¢ /Ooow 2 o / (@) dpa(a),

then ) is relatively dense.

Proof. By considering 6 1 f instead of f we can assume that F,(f) is supported in [0, %]
27b
Now take
=7 () i 50— O 1)
’2m
then from (2.8)

(4.15) fo(@) = jati(z).
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Let s; = 0 and denote by 0 < s} < s}, < --- the sequence of all nonnegative zeros of
the function j/,. Note that by (2.7), (s},)1<n<co is the sequence of nonnegative zeros of the
function j,41 and the asymptotic form of s/, follows from (2.5) (see [Wa, page 618]):

(4.16) s, = <n + 2044—1— ! + O(n_1)> .

As a consequence, s}, +17 S = = 7+ O(n~!), thus there exists ng, depending only on «, such
that, if n > ng then s, — s < 4. In particular, if > s}, there exists n such that
|z — 8| <2

Let f,, be the function defined by

a . : 2?joy1 (2
(4.17) falz) =T5 folz) = Fa (’lgaja(Qﬂ'S% ')X[Qi}) (%) = jal(s)) 352%13(;?)’
with (2.10).
In particular, by (4.15), (2.9) and (2.10), we have
folsh) = 1= 03" oll2 n=0;
1y — SN2 g1 2 >

(418) fn(sjl) (Oé + 1)]04(811) 1904 anHLa7 n =z 1

fn(Sk):O, n, ]{?Z : n;ék:,

fa(0) = n > 0.

First we will prove that there is an appropriate choice of a such that (4.13) holds for z = s/,.
But, let a > s, be fixed, the precise value being given below. Let n > 1 be such that
s > a. To simplify notation, write s = s/,. Then, from (2.6) and (4.18), we have

sTa 27TO‘+1Ca . s—a dt 27.(.044-1 2 ' 19 fn 9
[0 e < e [ B o [T <o Ml

“I(a+1) t—s)Q_F(a+1)
and +1e2 2
> 2m ey, > Hf H
H2d 2 Ca ()2 / g M
[ 0P ) < (e [ <
where C, = % is a constant that depends only on «. Now if we take

5 Ca
a = max s
Sngr 4 c )’

so that a depends only on « and ¢, then

c
(4.19) / ol dpte < Al
[s—a,s+a]c
But then, it follows from (4.14) and (4.19) that
c
(4.20) / O dutalt) = S5l
QN[s—a,s+a]
which implies that
4 2
1

(4.21) / M‘ o(t) > (a+1)c

QN[s—a,s+a] t—s 27904
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On the other hand, by the mean value theorem, for every ¢t € [s — a, s + a], there exists u
with u € [s,t] (or [t,s]) such that

o () = o () + dosn ()t — ) = — o2

2(a+2)
since jo+1(s) = 0 and (2.7). It follows from (2.6) that
tjoz-i-l(t) ? _ ’tujoz-i-? (U)P ng+2 t*u?
t—s Ya+2)2 T Aa+2)2 (1 +u)2etd

Further, as v < max(s,t) < s+a < 2s and

s—a>s/2, if s> 2a; s
Il+u>1+s—-a> . > 5=
1> s/2a, if s <2a;  2a
we get
‘ 2
t]a.;_l(t) 22a+7cg+2a2a+5 o1
t—s (a+2)? '

Inserting this into (4.21), we obtain

(@+22(@+1)c 5049
(4.22) ta (2N [s —a,s+a]) > 220‘+8a2a+519a02+25 atl
[e%

On the other hand,

+1 22a+3ﬂ.a+1

(4.23) pa(ls —a,s+al) < m(s +a)?t! < masm“.

Comparing (4.23) and (4.22) shows that there exists a constant v > 0 depending only on
« and c such that

4am®

Ha(© 015 — .5 +a]) > Ypia([s — a5 +a]).
Now let & > a, then there exists s = s/, > a such that |z — s| < 2. Thus
b —a—25+a+2) > pa(@0[s—as+a]) > ypalls — a5 +a))
> yua(lz—a+2,x+a-2]) >7pa(fr —a—2,2+a+2)]),

with 0 < 7/ < +. Here we used the fact that a > 5 and that u, is a doubling measure. This
finishes the proof of the lemma. O

We are now in position to prove our main theorem:

Theorem 4.2.
Let a > 0 and let a,b,y > 0. Let f € L2(R") such that supp Fo(f) C [0,b]. If Q is a
(7, a)-relatively dense subset of R, then

160+/3 In3
2( vy ) 2 abtaps+l

(4.24) 11220 > 17122

3\ 300 x 9«

The proof here is inspired by O. Kovrijkine’s proof and improvement of Logvinenko-
Sereda’s Theorem [Ko].
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Proof. First, we will reduce the problem by proving the following:

Claim.
Fix v > 0. It is enough to prove that, there is a function ¢ : Rt — R™ such that, if Q is
(7, 1)-relatively dense and f € L2 (R™) with supp F,(f) C [0, ab], then

(4.25) 1122 gy > $(@I 12
ﬂ.aJrl
Proof of the claim. As pq([0,ab]) = m(ab)z(aH) = a®"21,([0,b]), we may write

N )1/ (2a+2)
(@) = p(pa ([0, b)) where p(s) = ¥ (m +2)) )

Assume now that an inequality of the form

(4.26) 1122 ) > $(ab) | 12

holds, for every f € L2(R™) with supp Fo(f) C [0, ab] and every (v, 1)-relatively dense subset
Q of RT.

Now let a > 0 and let Q be a (v,a)-relatively dense subset of Rt. Then Q = {z/a :
x € Q} is (v,1)-relatively dense in RT. On the other hand, if f € L2(R%) is a function
with supp Fo(f) C [0,0], then as Fpd,—1 = dqFq, we have supp Fq (d,-1 f) C [0,ab] and
| f1l 72 @ = 10a-1f[l 12 (2)- It follows then from Inequality (4.26) that

1£1172 @) = 1801 flI72 (@) = D(ab) 1601 fll72 = @(a®*F?pa[0,01)) |1 fII7: - .

We will now reformulate the problem so as to be able to apply our Bernstein type inequality.
Let ' C R be a subset defined by the relation Q = {z >0 : 22 € '} and dv,(s) =
a+1
I‘7(Ta+1)

s*ds. Then condition (4.13) is equivalent to

(4.27) va (Y Nl = D% (@ + 1) = wallle = 12 (@ +1)%)

for all z > 1. Finally, let g = Pf i.e. f(z) = g(z?).
Let us first reformulate what we want to prove. A simple change of variables shows that
to show (4.24) it is enough to prove an inequality of the form

160\/§”ab+a}?‘—g+1 0o -
[ lats)s s
0

2 fy In2
4.28 20 qs> 2 (—
(4.28) /Q l9(s)["s" ds > 3 (300 x 9&)

Note that

o M(a+1)
2 2 2
(4.29 lolls = [ lots s = SEER .
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We will now reformulate Bernstein’s Inequality. First, a simple computation shows that

2 opatk+l (3] 2
HD’ff( = 7/ Dkf(t)‘ 2loth)+1 gy
L?x-{—k P(Oc + ]{7 + 1) 0
ﬂ.a+k+1 o0 2
— Dk a+k d
F(a+k+1)/0 PO (s)] s °
ﬂ.a—l—k—l—l 00 2
_ o ‘ atk g
I’(a—l—k—i—l)/o Pf(s)| s s
Then by (2.12) and (4.29), Bernstein’s Inequality reads
o 2 o
(4.30) / ‘Bkg(s)‘ s9TF ds < (ﬂab)%/ ()25 ds.
0 0

Definition.
We will say that x > 1 and that the corresponding interval I, = [(x — 1)?, (z + 1)?] are bad
if there exists k > 1 such that

2
/ ‘8kg(s)‘ s9TF ds > (27Tab)2k/ lg(s)|*s* ds.
I Iy

Let us now show that the bad intervals only count for a fraction of the norm of g:

1 2
lg(s)[?s%ds < 7/ ‘8kg(s)‘ s ds
/L;z is badII ]; (47T2a2b2)k U$ s badIm
1 > k 2 a+k
< - -
5ty [ o
< S [l as=5 [TlatPsas,
k214 0 3 Jo

where we have used Bernstein’s Inequality (4.30) in the last line. Therefore

2 o
(4.31) / lg(s)|*s%ds > = / lg(s)]?s® ds.
Uz is goodIa: 3

0

Claim.
If I, is a good interval then there exists t, € I, with the property that for every k > 0,

t;“Lk‘@kg(tJC)‘Q < (12ﬂ2a262)k/ lg(s)]?s* ds.
I

Proof of the claim. Suppose towards a contradiction that this is not true. Then for every
t € I, there exists k; > 0 such that

1

2
/I lg(s)[*s™ ds < mta+kt O g(t)

)

therefore .

2
2 « a+k| ak
/I 9(5) 5 ds < 3 szt 0ka(0) [
z k>0
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Integrating both sides over I, we get
“ds < (a’“ t‘”k dt.
l9(s)[s" ds Z (1272 a2b2 /

As x is good, we deduce that

4/Ixrg< Pl Y /\ )Peedt = /Ix\g<s>“

k>0

Iy

which gives a contradiction. O

The next step in the proof is the following straightforward adaptation of a result of O.
Kovrijkine [Ko, Corollary, p 3041]:

Theorem 4.3 (Kovrijkine [Ko]).
Let ® be an analytic function, I an interval and J C I a set of positive measure. Let
M = maxp, |®(z)| where D; = {z € C,dist(z, I) < 4|I|} and let m = maxy |®(z)|, then

300[7]\ w2z L
(4.32) /|<1> (s)2ds << |J‘| ‘) /|<1> (s)[2 ds.

We will apply Theorem 4.3 with I = I, x > 2, a good interval, J = Q' NI, and ® = g.
Let N = ||gll2(;,) and note that
(z+1)?
N? = l9(s)[*s* ds < (2 + 1) max|g(s)
(z—1)2 Io
i.e.

(4.33) 1/m < (z +1)%/N.

Let us now estimate M. Since x is good, we can use the claim to estimate the power series
of g: if t € Dy, then |t — t,| < 5|I;| = 202 thus

= ‘akg(tx)] k
g0 < >
s \F
g/QZk' (40\/_7rab) <\/—t—x> HQHLg(Ix)

< a—/2 Z i (80\/§7Tab) N

< 80\/_7rab
- a/2

IN

In particular by (4.33), we have

% < (1‘ + 1)a680\/§7rab
m /2
T
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and then

M 1)2
(4.34) X < 80vErab+ L EEY < 80v3rab+ aln3
m

2 tx

since t, > (z —1)2.
Now, as

QNI

/ g(s) 2% ds > (o — 1)> / l9(s)[2ds,
Q'NI,
we deduce from (4.32) that

/ g(s)[2® ds
QNI

21nAI/m+1

(z— 1 <M> o [ lras

300| | I,
1
r—1 2a |Q,ﬂIx‘ m2 T 5
— 00T l9(s)["s* ds
z+1 300|1, | I
16037 ab+ 13

Q/ m I ‘ In2 In2
4.35 > 372 ‘796 / s)|?s* ds
(439 ( e oo

QNI . . .
where we have used that i—_ﬁ > % for x > 2, % < 1 and (4.34) in the last inequality.

v

2ln M/m

Since I 0
o+ _
{Q/ N I:B‘ Z ﬁ(ﬂ? + 1) 2al/a<Ql N Iz)
we get
r—1

2
N> (?) Ly > 372L, ],

Integrating this into (4.35), we obtain

16037 In3
ab-‘,—oz In 2

[ o as > gt (1'%
QNI

300
This leads to

X / lg(s)|*s® ds.
Iy
160v/3m

b+a3+1
v m2 0T%m3
(4.36) / lg(s)|?s* ds > (704) ></ lg(s)|%s ds.
QNI 300 x 9 I

Finaly, summing over all good intervals and applying (4.31), we have

/ g(s) 25 ds > / l9(s)[25® ds
9% QN Uz s goodIJ:

< Y )16&@#&1)4_0‘%4—1/ ‘ ( )’2 @q
> | — g(s)|"s%ds
300 x 9 Uz is goodLx
16037 btand 4
2 ol 2z 0T¥n3 00 9
> 2 <7300 ' 9a> / ()25 ds.
0

We have thus proved (4.28) and the proof of Theorem 4.2 is complete. O
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