N

N

Une démonstration du théoréme de Catalan-Mihailescu
et généralisation a la conjecture de Pilai

Jamel Ghannouchi

» To cite this version:

Jamel Ghannouchi. Une démonstration du théoreme de Catalan-Mihailescu et généralisation a la
conjecture de Pilai. 2012. hal-00695280v21

HAL Id: hal-00695280
https://hal.science/hal-00695280v21

Preprint submitted on 31 Jan 2013 (v21), last revised 31 Jan 2013 (v22)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00695280v21
https://hal.archives-ouvertes.fr

Une démonstration du théoréme de Catalan et généralisation a la conjecture de Pillai

Jamel Ghanouchi
ESSTT
jamel.ghanouchi@topnet.tn
Abstract

More than one century after its formulation by the Belgian mathematician Eugene Catalan,
Preda Mihailescu has solved the open problem. But, is it all ? Mihailescu's solution utilizes
computation on machines, we propose here not really a proof as it is entended classically, but
a resolution of an equation like the resolution of the polynomial equations of third and fourth
degrees. This solution is totally algebraic and does not utilize, of course, computers or any
kind of calculation. We generalize our approach to Pillai and Fermat-Catalan equations and
discuss the solutions. (Keywords : Diophantine equations, Catalan, Fermat-Catalan, Pillai,
Conjectures, Proofs, Algebraic resolution).

Introduction

Catalan theorem has been proved in 2002 by Preda Mihailescu. In 2004, it became officially
Catalan-Mihailescu theorem. This theorem stipulates that there are not consecutive pure
powers. There do not exist integers stricly greater than 1, X>1 and Y>1, for which with
exponants strictly greater than 1, p>1 and g>1, Y? = X% +1 but for (X,Y,p,0)=(2,3,2,3). We
can verify that 3°=2°+1. Euler has proved that the equation Y?=X>+1 has this only
solution. We propose in this study a general solution. The particular cases already solved
concern p=2, solved by Ko Chao in 1965, and g=3 which has been solved in 2002. The case
g=2 has been solved by Lebesgue in 1850. We solve here the equation and prove that Pillai
and Fermat-Catalan equations are related to this problem.
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For Catal, q and 2p do not have the same parity thus g+1=2p, for the other equations there is
also g=2p. But for Catalan
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Generalization to Pillai and Fermat-Catlan equations
We have for Pillai
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By the same way 2¢*X*"™ >2¢?X® > X*P = 2¢* > X and we prove then that
X =2¢® = q+1=2p for Pillai it is enough to conclude that there are a finite number of
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And there is a finite number of solutions !
Discussion of the solutions of Fermat-Catalan equation

We have the following solutions and explanations
1+2° =32

When we have an equation like Y " = X —1.1 our approach is available but not for
YP=-X9+11

and why there are the solution g+1=2p in one of the following equations and not in the other
(for which gq+2=2p) : 7> =3" —2°and13? = —7° + 2° but for the same equations, we do not have
YP=X9+11,

because 1.1, is negative an can not be a square. But for 71° =17° + 2" our approach is
available, we have p=2, X=17, q=3, Y=71 and all the conditions are satisfied, but for the same
equation and p=2, X=2, g=7, Y=71 we do not have 4 greater than 7, that is why g+1 is not

equal to 2p. Also for the other solutions !

Conclusion
Catalan equation implies two other equations, and an original solution of Catalan equation
exists. It seems that many problems of number theory can be solved like this. How ? We

showed an example.
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