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A finite volume scheme for the transport
of radionucleides in porous media

E. Chénier, R. Eymard and X. Nicolas

Université de Marne-la-Vallée ™

Abstract. This paper presents the use of a finite volume scheme for the simulation
of the COUPLEX1 Test case. We first show that the results of the simulation can
be mainly predicted thanks to an analysis of the data. We then give the formulation
of a finite volume scheme, yielding accurate and stable results for a low computa-
tional cost. We finally present some of the numerical results, comparing the explicit
MUSCL scheme and the implicit scheme with variable upwinding according to the
local diffusion.

Keywords: COUPLEX], finite volume scheme, variable Péclet number
AMS Subject Classifications:: 35K65, 35K55

1. Introduction

The COUPLEX-1 Test case (ANDRA, 2001) is a benchmark of numer-
ical techniques designed for the simulation of the transport of contami-
nants by the water flowing through a porous medium. Since the goal is
more to compare numerical methods than to improve the engineering
study, the geological configuration is simplified in a four-layer cross-
section. Nevertheless, within the framework of an engineering study,
the numerical results are necessarily compared to simple calculations
without a computer, even under coarse approximations. Thus we first
present in Section 2 an approximate analysis which gives some indica-
tions on the qualitative results which can be a priori expected from the
data of the problem. We secondly give, in Section 3, a short discussion
on the appropriate numerical schemes. We then present in Section 4
some of the numerical results which have been obtained using, on the
one hand, an explicit MUSCL scheme for the transport part of the
problem, on the other hand, an implicit scheme with variable upwinding
according to the local diffusion.

* Laboratoire d’Etude des Transferts d’Energie et de Matiere, UMLV
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2 E. Chénier, R. Eymard and X. Nicolas

2. Approximate analytical study

We first begin with a global study of the problem, mainly using hand
calculations. Such a procedure is commonly followed in industrial con-
texts. The data are recalled, for the sake of completeness, in the ap-
pendix of this paper.

2.1. CHARACTERISTICS OF THE VELOCITY FIELD

Since the geological description of the domain reduces to two highly
permeable thick layers (limestone and dogger) separated by two weakly
permeable thin layers (marl and clay), (see figure 1) the hydraulic head
field can be approximately evaluated using the volumic flow conserva-
tion in a 1D medium for each of the permeable layers:

e this yields a constant head gradient in the dogger layer, leading to
a linearly decreasing head from the bottom right vertical boundary to
the bottom left vertical boundary,

e this also yields the following equation for the hydraulic head in the
limestone layer (since the lower boundary of this layer is tilted, the area
of the vertical sections is given by a linear function of the horizontal
position )

25000 ox

with z = 0 at the left boundary and z = 25000 m at the right bound-
ary. Therefore a logarithmic head profile is available in the limestone
layer, decreasing from the right to the left.

300 — 245 oOH
(300 - x> —— = constant, (1)

D

Figure 1. A priori contour levels of the piezometric head

It yields the following values for the hydraulic head in the dogger
layer:

289 — 286

H(z) = 286
(z) * 735000

z, (2)
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A finite volume scheme for the transport of radionucleides 3

also available at the bottom horizontal boundary of the clay layer,
and

H(z) =200+

110 ( 300 — 245 ) _ (3)

T il
n(245/300)  \" 300 x 25000

in the limestone layer, also available at the top tilted boundary of
the clay layer.

Therefore, using equations (2) and (3), the piezometric head H is
expected to be approximately equal to Hy, ; = 288.2 m at the bottom
boundary of the clay layer and H; ; = 278.9 m at the top boundary
of the clay layer at the level of the left side of the repository (z =
18440 m). In the same way, the piezometric head approximately equals
Hy, , = 288.6 m at the bottom boundary and H;_, = 294.0 m at
the top boundary of the clay layer at the level of the right side of the
repository (z = 21680 m).

Since the vertical dimension of the domain is much smaller than
the horizontal one, the vertical flow will predominate in the clay layer,
and the Darcy velocity can therefore be computed using the difference
of pressure between the top boundary and the bottom boundary on
a vertical line. Thus, the change of sign of this difference along the
repository confirms that its location has been chosen such that the
velocity field vanishes at the level of the repository.

Taking this result into account and since the thickness of the clay
layer varies between 135.6 m and 142.7 m at the level of the repository,
the maximum upward velocity at the left side of the repository is
about Upap_; = —3.15 x 1076 278922882 ~ 9 9 « 10~7 m/year and

135.6
the maximum downward velocity at its right side is about wp,a,—» =

—3.15 x 1076 2402886 ~ 1.9 % 10~ m/year.

The x-coordinate at which the vertical pressure gradient in the
clay is vanishing is then given by z = 18440 + (21680 — 18440) x
2224_% ~ 20500 m. The accuracy of this value should be discussed, since
a small uncertainty on the piezometric head leads to a more important

uncertainty on this position.

2.2. CHARACTERISTIC TIMES FOR THE IODINE TRANSPORT

From the previous values of piezometric heads (Hy_; and H;_;) and
velocities (tmaz—; and Upqey—r), one can guess different characteristic
time values:

e let d; = 85.6 m be the shorter distance between the repository
and the top boundary of the clay layer; the convective time of iodine
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4 E. Chénier, R. Eymard and X. Nicolas

_wiRidy

‘umam71| ’

BT 1073 x1x85.6 __
which is about oI

to this boundary is Atcony—t—; =

3.9 x 10° years;
e let d, = 44 m be the distance between the repository and the
bottom boundary of the clay layer; the convective time of iodine to

. . R . . -3
this boundary is At.ppy—p—i = %, which is about % =
maxr—r .

3.6 x 10° years;

e the diffusion time in the clay layer calculated from the repository
wiRid} _ 10=3x1x85.62 _
D; —  9hxi0-7

to the top boundary is about Atgirr_—; =

7.7 x 10% years;
e the diffusion time in the clay layer calculated from the repository

LR 2 _ .
to the bottom boundary is about Atgirp_p—; = wiltidy _ 10" %x1xaa? _

D; 9.5x10—7
2.0 x 10° years;
e the convective time in the dogger layer from the repository to
the left bottom boundary of the computational domain (distance d; =

. R UJiRidl _ 0.1x1x18440 —
18440 m) is about Abcony—dog—i = iy, VH = 52%(388.2—286)/T810 —

6.1 x 10° years;
e the convective time in the limestone layer from the repository to
the left middle boundary of the computational domain (distance d; =

. wiR;d 0.1x1x18440
18440 m) is about Ateony—tim—i = Fo 5w = 6.3%(278.0—200)/18440

6.8 x 10* years.

This first estimation of the characteristic times of the iodine trans-
port in the clay layer shows that Atg;rr s > Atgirr—p—i > Atconv—i—i >
Ateony—b—i- Therefore, in this layer, the diffusive transport is slower
than the convective transport and iodine reaches the bottom bound-
ary of the clay layer before the top boundary. Furthermore, since the
characteristic times in the clay layer and the convective times in the
limestone and dogger layers are much smaller than the half life of iodine
(1.57x 107 years), nearly the full amount of the iodine which will reach
the limestone and dogger layers will propagate until the left boundary of
the computational domain, before the decay of the iodine radioactivity
begins.

2.3. CHARACTERISTIC TIMES FOR THE PLUTONIUM TRANSPORT

The characteristic time values for plutonium are quite different:

e the convective time of plutonium to the top boundary of the clay
wpRpde _ 0.2x10°%85.6 _ 7 g v ()12 years;

layer is about At.ony—t—p = e = S 0T
e the convective time of plutonium to the bottom boundary of
the clay layer is about Ateony_p—p = Z”R”_db = 0'12_;;?;534 = 7.3 X

10" years;
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A finite volume scheme for the transport of radionucleides 5

e the diffusion time of plutonium in the clay layer calculated from
2
the repository to the top boundary is about Atgrr_;—p = % =

5 2
0.2x10°x85.6% _ 3.3 x 1011 years;

4.4x10—4
e the diffusion time of plutonium in the clay layer calculated from
2
the repository to the bottom boundary is about Aty rr_p—p, = w"gzdb =

5 2
OB = 455107 years

Therefore, the convective times, diffusive times and half life time
(3.76 x 10° years) of plutonium are very different. The main mechanism
is therefore the decay of plutonium before it is convected or diffused. No
significative amount of radioactive plutonium can reach the boundaries
of the clay layer.

2.4. CONCLUSION OF THIS FIRST SURVEY

We have been able to give coarse predictions of the amount of radionu-
cleides which reaches the left boundary of the domain, using only very
simple calculations. This is mainly due to the fact that the data are
here very simple, compared to realistic ones. However, from our point
of view, such a procedure must always take place before any numerical
study, because it gives the physical key points which help to validate
the numerical results.

3. Numerical schemes

The following analysis of the required numerical schemes can be made.

e The problem is a convection-diffusion problem with a heteroge-
neous anisotropic diffusion matrix (due to the expression of the disper-
sion matrix). Therefore some advantages can be drawn from a P1-finite
element formulation (linear fields on triangles), viewed as a finite vol-
ume method on the dual mesh (given by orthogonal bissectors) for the
convection terms (Eymard, Gallouét, Herbin, 2000).

e The high ratio between the horizontal and the vertical dimensions
implies to use meshes designed for this purpose.

e The dispersion terms are in competition with the numerical diffu-
sion provided by the first order upstream weighted finite volume scheme
for the convection term (a centered scheme cannot be used everywhere
because of the constrast between the different rock properties within
the domain). The low vertical size of the dispersion matrix implies that
this term can be accurately handled in the vertical direction, but that
it is necessarily partly increased in the horizontal direction.
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6 E. Chénier, R. Eymard and X. Nicolas

We have therefore used the following schemes. A P1-finite element
scheme is used to solve the equation

—div AVH =0, (4)

in which we denote by A isotropic heterogeneous value of the per-
meability. We write this scheme as follows

— Y Txp(Hp - Hg) =0, (5)
LENgK
where K is a vertex of the mesh, and N is the set of the vertices
of all triangles having K as a vertex (see figure 2, left).

N,={® ]

Figure 2. Triangular mesh: neighbours of a vertex (left), dual mesh (right).

In equation (5), we denote by Tk the term of the rigidity matrix,
given by

Typ = — /Q Vo (z) - AMz)Vor (z)dz, (6)

denoting by ¢ the P1 basis function, which is linear in each tri-
angle, continuous, whose value is 1 at the vertex K and 0 at all the
other vertices. As we remarked above, Vu (and therefore of D(Vu)) is
constant in each triangle. Note that the P1 finite element scheme can
also be seen as a finite volume scheme on the dual mesh: see figure 2
(right), which shows the Voronoi mesh related to the triangular mesh
of figure 2 (left).

We can now write, in the same way, a finite volume scheme for the
concentrations, setting the volumic flow between two control volumes
around vertices K and L by

Qr,r, =Tk (Hx — Hy) (7)

and setting initial values for concentrations
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A finite volume scheme for the transport of radionucleides 7

The scheme writes, at a given time step n,

WEKMEK [(C(I?H) — C(I?))/At + AC(I?H)] +

Z [C(KWT%Q},L - C(ITI)(QI,K ] _ fl((n) (9)

vev L =Dren(el” = &)

where the diffusive coefficient Dy is given using the dispersion
matrix by

Drp = — /Q Vo () D(VH) () Vo (z)dz. (10)

In (9), mx is the area of the control volume K around the vertex K
(it is in fact taken as 1/3 of the areas of all the neighbouring triangles),
wrx gathers the effects of the effective porosity and of the retardation
factor, f[(?) denotes the source term, and in (10), D(VH)(z) denotes
the dispersion matrix in the domain as a function of the approximate
gradient of hydraulic head. An explicite scheme is obtained with m = n
(the time step A¢ is then bounded to respect a CFL value: this bound
is approximately 77 years for the mesh which is used below) and an
implicite one is given by m = n + 1 (in this case, the time step A¢ is
ajusted along the simulation to yield maximum variations of concen-
tration equal to 10~*). We now have to define the way of computing
the values of the interface concentration c(;(n]): used in (9).

e In the explicite case we use a MUSCL scheme. We first compute
an approximate value for V(™ in all the control volumes around the
vertices. We then limit this gradient in order to obtain that all the
values

A = o) 4 Ve - KT (11)

(n) (n)

be between c;.’ and ¢; ’, for any pair of vertices of the same triangle

(in (11), we denote by @c(l?) the limited gradient).
e In the implicite case, the following upwinding scheme can be used:

c(;(n]): = c(I?H). (12)

Scheme (12) will be referred, in the following, as the “upwinding” im-

plicit scheme. Taking into account some discussions during the Couplex
Workshop, we introduced the scheme
c(KmZ =(1- aK,L)c([?—H) + aK,LcS:n+1), (13)

for all pairs K, L of neighbouring vertices. In (13), oz, is given by
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8 E. Chénier, R. Eymard and X. Nicolas

. 1
Q}’LQK,L = min <DKL, §Q}’L> (14)

Scheme (13)-(14) thus only adds the minimum needed numerical
diffusion for the stability of the scheme (which thus satisfies a condition
on the local Péclet number). Note that (13)-(14) can even add some
diffusion if Dy, < 0 (which can occur with a non diagonal dispersion
matrix), yielding a strong respect of the local maximum principle. This
scheme will be referred, in the following, as the “centered” implicit
scheme.

Using a direct Gauss band solver for all linear systems, we have
obtained the following run times on a PC computer (clock frequency
500 MHz):

e using the implicit scheme, the run-times have been of about 1 hour
and 10 minutes for 23906 vertices,

e a 5 hours computing time has been necessary for the MUSCL
explicit scheme on the same grid.

4. Numerical results

We present hereafter the main results concerning the piezometric head
field and the Todine transport (in agreement with section 2, the Pluto-
nium transport is not numerically significant).

4.1. NUMERICAL RESULTS: THE PIEZOMETRIC HEAD FIELD

Figure 3 shows the grid used, and contour levels for the piezometric
head (a value equal to 180 m is given at the upper left corner, then
the contour levels 196, 212, 228, 244, 260, from 276 to 292 with step 1,
308, 324 m are shown from the left to the right, and a value equal to
340 m is given at the upper right corner).

The obtained values of H are very closed to that which have been
given in Section 2 in the limestone and dogger layers (the difference
with equations (2) and (3) being lower that 1.5 m).

4.2. NUMERICAL RESULTS FOR IODINE TRANSPORT

There is no contour levels at time = 200 years. The contour levels
c=10""12,10"1°,10"%,1075,10~* for the times 10110, 50110, 105, 107
years within the three schemes (explicite, upwinding implicite, centered
implicite) are given in Figures 4 to 7 (decreasing from the repository
to the boundary of the domain). The explicit MUSCL scheme and the
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Figure 3. Contour levels of the piezometric head.

centered implicit scheme seem to be less diffusive than the upwinding
implicit scheme.

= |

Figure /. Contour levels of iodine concentration at time 10110 years (explicit
MUSCL (left), upwinding implicit (middle) and centered implicit (right))

N N v
Figure 5. Contour levels of iodine concentration at time 50110 years (explicit
MUSCL (left), upwinding implicit (middle) and centered implicit (right))

In Figure 8, we have shown separately the four cumulative Iodine
amounts obtained by integration of the fluxes with respect to time
(from the clay layer to the limestone and dogger layers, accross the top
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10 E. Chénier, R. Eymard and X. Nicolas

\ A\ N\

[ | [

Figure 6. Contour levels of iodine concentration at time 10° years (explicit MUSCL
(left), upwinding implicit (middle) and centered implicit (right))

/ / /

Figure 7. Contour levels of iodine concentration at time 107 years (explicit MUSCL
(left), implicit upwinding upwinding implicit (middle) and centered implicit (right))

and bottom left boundaries), in order to check the qualitative results
based on the characteristic times. The obtained results thus appear to
be in full agreement with the first survey of the problem.
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—— source term
—— clay—>limestone
—— clay->dogger
— limestone—>out
—— dogger—>out

N

Cumulative lodine amount
~

Log10(time (years))

Figure 8. Cumulative Iodine amount

5. Concluding remarks

On the COUPLEX-1 Test case, a first hand computation survey of
the problem can give the essential results: nearly all the iodine reaches
the left boundary, and nearly no amount of plutonium can reach the
boundaries of the clay layer. This shows that if the main point of
engineering studies is the uncertainties evaluations, simple analytical
models must also be used for the evaluation of the mass transfers.

A more accurate is nevertheless usefull. For this purpose, the finite
volume scheme that we have used here appear to be efficient, stable
and cheap. However, COUPLEX-1 problem has been carefully designed
in order that the mathematical aspects were well posed. This can be
different with more realistic data.
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Appendix: Data of the Couplexl Test cas

« clay lies between 205) to (23000, 350)

« limestone lies between the line frofd, 205) to (23000, 330) and the horizontal line =
505

CoupLEX1 Test Case .

. N . . o marl50 < = < 605,

Nuclear Waste Disposal Far Field Simulation The repository, denoted by, is modeled by a uniform rectangular source i the clay tayer
R = {(z,2) € (18440, 21680) % (244,250))

The geometry is summarized on figure 1 below. For this domiaincomputation should bel
carried fort = (0,T) with T = 107 years.

January 25, 2001

z
695m
Abstract

“This frst CoUPLEX test case is 1o compute a simplfied Far Field model used in nu
clear

595m

convection difiusion type but the parameters are highlywayfrom one layer 1o another.

1 Introduction

The repository lies at a depth of 450m (meters) inside a aiggriwhich has above it a layer of
limestone and a layer of marl and below it is a layer of doggeestone. Water flows slowly |
tainers leak; there is also a dilution effect which in matatioal terms is similar to diffusion.
The problem has two main difficulties:

L ety overap

ilonsofyoas over
0 25000m
2. The convecion and difusion constans are vry difefom one laye o anaher; o .
instance, e clay layer there layers, diffusion

and convection are both important. Figure 1:Geometry of computational domain

2 The Geometry

In this first test case, the computation is restricted 1o a @Qian of the disposal site. Thus 3 The Flow
the computational domain s n  fectangle- (0, 25000) x (0,655) n meters. The layers of
dogger, clay, limestone, and marl are located as followsh{e origin taken at the bottom lef tis assumed that all ock layers
comer of the rectangley 50 that the fiow is independent of time. Darcy’s law gives thloity u in terms of the hydo-
dynamic loadff = P/pg + =:
« doggerl < = < 200 u=-KVH )
1 2
where the pemeabilty tensof, assumed constant in each layer is given in Table'Is the with
pressue and is Newton's constant. Conservation of mass:(() — 0, with the densitys
assumed constant) implies that Eyylu) = %,

V(KVH)=0 inO @ and with the coeficients, assumed constant in each layemgh Table 2 below.

— o
[ (miyear)| 3.1536e-5 6.3072 | 3. a6

5 TRy
e (@] o () | o) | dea(iFyean) ) o) |
‘Table 1:Permeability tensor in the four rock layers. 2 2;:7 g“ é f 2;245 | u é
On the boundary, conditions are: 50e4 (50 |1 |50e4 50 |1
50e4 [0 [0 [50e4 [0 [0
on (25000] x (0,200
on (23000 x (350, 305), Table the 4layers
+160z/25000 on(0, 25000) x {695) I this test case, the values of the source tefingi — 1,2) in the repositoryi? are given
on (0] x (295, 59%5).
on (0] x (0, 200).

parately p les. The st P

uniformy spread out in allthe repository. It s assumed that there is no source outside the
repository (7, (1 = 1,) in O\R). The dependence i time is shown on figure 2. or ilustm
elsewnere. purposes. The structure of the data file is described in afipda

4 The Radioactive Elements

par Both escay e
from the repository cave into the water and their conceiumsiC,, i = 1,2 is given by two e
independent convection-diffusion equations: oot =
ac; . o b
Rl 400) VADYC) 4 VO =g O 0.7) @ -
where

Fi Release of lodine and

« 1t is the latency Retardation factor, with value 1 féf, 11" for *
elsewihere for both lodine and Plutonium;

Puin the clay and 1

« the effective porosity: s equal 10 0.001 fof**, 0.2 for ““Pu in the clay layer and 0.1
elsewnere for both; 41

Initial and Boundary Conditions.

082/, with T, being the haf e time of the elementtza7 107 for ™1, 3.76 10° We call time zero the time when the containers begin 10 leakihe radioaciive elements I
Pu (in years); &

‘spread, hence the initial values of the concentratioare zero at time zero.

. pe 12 Darcy
velocity as follows:

D,

=dod ¢ u fouE(w) + o (I = E(w)]

3

Boundary conditions for the transport o any nuclide 1,2 are

on {0} x (205, 395)

on (o) x (0,200)

an
DVCon Cueon=o on (0, 23000) x {0}

elsewhere on the boundary.
wherenis the outward normal to the vertcal e} » (0,05
5 Output requirements

‘The following output quantilies are expected from the sistiohs(both tables and graphice}
representations):

+ Contourlevels o, at times 200, 10110, 50110, 10 years (the following level values|
should be usedtn ™%, 10,10 ", 10 %, 10 °);

« Pressure field (10 values uniformly distributed betwegsnand310;

« Darcy velocity field, along the 3 vertcal lines given by= 50, 2 = 12300, 2 = 20000,
using 100 points along each fine;

« Places where the Darcy velocily is zero;

+ Cumulative total flux through the top and the botiom clay faymundaries, as a functio

o

also be given,

A Descritpion of the data file

“The filesour ce. dat contains data needed to compute the source frim eq. (3). These
it come rom a Ner Fiedcomputatn, T fle s 212 each e contans

o= wheret” is the time, and the Source terfi”) is related to
oy e 15 whores e surace o e oo

“The times?” are n years, and the numbefSare in units of molg'ar
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