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HARNACK TYPE INEQUALITY ON RIEMANNIAN MANIFOLDS OF DIMENSION 5.

SAMY SKANDER BAHOURA

ABSTRACT. We give an estimate of type sup x inf on Riemannian manifold of dimension 5 for the
Yamabe equation.

Mathematics Subject Classification: 53C21, 35J60 35B45 35B50

1. INTRODUCTION AND MAIN RESULTS

In this paper, we deal with the following Yamabe equation in dimension n = 5:
n+ 2
n—2

n

—2
—Aju+ ngu =nn -2 u>0, and N =

ey

Here, R, is the scalar curvature.

The equation (1) was studied a lot, when M = Q C R" or M = S, see for example, [2-4], [11],
[15]. In this case we have a sup X inf inequality. The corresponding equation in two dimensions
on open set {2 of R?, is:

—Au = V(x)e", (2)
The equation (2) was studied by many authors and we can find very important result about a
priori estimates in [8], [9], [12], [16], and [19]. In particular in [9] we have the following interior
estimate:
supu < ¢ = c(inf V, ||V|| (), inf u, K, Q).
K Q Q

And, precisely, in [8], [12], [16], and [20], we have:
Csupu+infu < c=c(inf V, |[|V||L=(q), K, ),
K Q Q
and,
supu + infu < ¢ = c(inf V. [|V]|ce(q), K, £2).
K Q Q

ian \%
supg V'’

where K is a compact subset of 2, C is a positive constant which depends on and,

4(n—1)h
a € (0,1]. When An = Dh

Yamabe equation. T. Aubin and R. Schoen have proved the existence of solution in this case, see

= R, the scalar curvature, and M compact, the equation (1) is
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for example [1] and [14] for a complete and detailed summary. When M is a compact Riemannian
manifold, there exist some compactness result for equation (1) see [18]. Li and Zhu see [18],
proved that the energy is bounded and if we suppose M not diffeormorfic to the three sphere, the
solutions are uniformly bounded. To have this result they use the positive mass theorem. Now, if
we suppose M Riemannian manifold (not necessarily compact) Li and Zhang [17] proved that the
product sup x inf is bounded. Here we extend the result of [5]. Our proof is an extension Li-Zhang
result in dimension 3, see [3] and [17], and, the moving-plane method is used to have this estimate.
We refer to Gidas-Ni-Nirenberg for the moving-plane method, see [13]. Also, we can see in [3,
6, 11, 16, 17, 10], some applications of this method, for example an uniqueness result. We refer
to [7] for the uniqueness result on the sphere and in dimension 3. Here, we give an equality of
type sup x inf for the equation (1) in dimension 5. In dimension greater than 3 we have other type
of estimates by using moving-plane method, see for example [3, 5]. There are other estimates of
type sup + inf on complex Monge-Ampere equation on compact manifolds, see [20-21] . They
consider, on compact Kahler manifold (), g), the following equation:

{(wg + 00p)" = el ~tewn,

_ 3
wg +00p >0 on M )

And, they prove some estimates of type sup,; +minf,; < C or sup,; +minf,; > C under the
positivity of the first Chern class of M. Here, we have,

Theorem 1.1. For all compact set K of M, there is a positive constant ¢, which depends only
on, K, M, g such that:

(supu)'/? x infu < ¢,
K M

for all u solution of (1).

This theorem extend to the dimension 5 the result of Li and Zhang, see [17] . Here, we use the
method of Li and Zhang in [17] . Also, we extend a result of [5].

Corollary 1.2. For all compact set K of M there is a positive constant c, such that:
supu < ¢ = c(g,m, K, M) if ijrvljfu >m >0,
K

for all u solution of (1).

2. PROOF OF THE THEOREMS

Proof of theorem 1.1: We want to prove that

3 /3 % mi <c=c(M,yg). 4
RS, = e ey @
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We argue by contradiction and we assume that

( max uk)l/?’ X min ug > ke o, 5)
B(O,Ek) B(0,4Ek)

Step 1: The blow-up analysis The blow-up analysis gives us : For some z; € B(0, €x), ug(Zy) =
maxp(o,e,) Uk> and, from the hypothesis,

uk({f‘k)4/9€k — +00.

By a standard selection process, we can find z;, € B(Zy, €x/2) and o, € (0, €, /4) satisfying,

uk(l‘k)4/90'k — 00, (6)
up(zr) > up(Ty), (7
and, ug(x) < Cug(xg), in B(xg, o), (8)
where C' is some universal constant. It follows from above (5), (7) that

(up ()3 (aBglkigEk)uk)ag > (ug(Z))? x (B%irelk)uk)ez >k — +oo. )
We use {z!,...,2"} to denote some geodesic normal coordinates centered at z;, (we use the

exponential map). In the geodesic normal coordinates, g = g;;(z)dz"dz?,
9i;(2) — 8ij = O(1?), g = det(gij(z)) = 1+ O(r?), h(z) = O(1), (10)

where r = |z|. Thus,
1 .
Agu = —0;(1/99" 0;u) = Au+ b;0;u + d;;0;;u,
N/
where
bj = O(r), dij = O(r?) (11)
We have a new function
vi(y) = My u (M " Py) for Jy| < 3e M
where M}, = u(0). From (6) and (9) we have

Avy, + b;0;v5, + Jij@jvk —cv + v N = 0 for |y| < 3ekM,3/(n_2)
vk (0) =1 12
vk(y) < Chfor |yl < crkM,?/(n_Z) (2)
limy; oo min|y\:26kM:/9 (vr(y)|yl?) = +oo.
where (' is a universal constant and
bily) = M b (M), di(y) = dig (M) (13)
and,
ely) = MR y), (14)

We can see that for |y| < 3¢, M2 "),
b AN i —4/(n— _ 4/ (n—
bily)| < OM Pyl Ny (y)l < CMY P, Je(y)] < OMOTP )
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where C' depends on n, M, g.

It follows from (12), (13), (14), (15) and the elliptic estimates, that, along a subsequence, vy
converges in C'? norm on any compact subset of R? to a positive function U satisfying

No1l Con _n+2
AU +U = 0, 1nIR,W1thN—n_2 (16)
U(0) =1, 0<U<C.
In the case where C' = 1, by a result of Caffarelli-Gidas-Spruck, see [10], we have:
Uly) = (1+ [y~ "7, (17)

But, here we do not need this result.

Now, we need a precision in the previous estimates, we take a conformal change of metric such
that, the Ricci tensor vanish,

Rj, = 0. (18)

We have by the expressions for g and g;;, as in the paper of Li-Zhang,

1
b; =0(@r?), R=0(r), d;j = —gRiquzpzq +O0(r?). (19)
Thus,
el < ClylM?, |bi| < Cly|*M;?, (20)
and,
. 1
dij = =g My P Ry + O(1)M ]y, @0

As, in the paper of Li-Zhang, we have:

we(y) = Clyl ™2, 1< |y| < 26, M. (22)

with C > 0.

For x € R? and A\ > 0, let,



A A (y —
W) = (H%) (23)

denote the Kelvin transformation of v, with respect to the ball centered at x and of radius .

We want to compare for fixed x, v; and v,?’x. For simplicity we assume z = 0. We have:

A A2y
A A . A
v (y) = —u(y”), with y* = .

For A > 0, we set,

2\ = B (0,e,M;*) — B(0, ).

The boundary condition, (12), become:

lim  min (v(y)|y[’) = lm  min  (v(y)|y]®) = +oo. (24)

k—+o00 ‘ylZGkM:/g k—+o00 |y‘:2€]€M:/9

As in the paper of Li-Zhang, we have:

(n+2)

e 2)54/@—2)% = F, in %,. (25)

Aw)\ + Z)ZGZMA + (Ljaiij — cw)y +
where ¢ stay between vy, and v;. Here,

E)\ = —Bzﬁzv,i‘ - Jij@-jv,? + EU]? — El;

with,

A —

El<y>=—(m)" (b)) + 4y ()00 ) — ). Q6)

Lemma 2.1. We have,

|Ex| < CuMy| T M2 + CoN3ly| 30, 2, 27)
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Proof: as in the paper of Li-Zhang, we have a nonlinear term £ with the following property,

|Ex| < CIPM 2y 72 + Cod M, P Ly~ < Culfy| 7 IM 2 + CodPly| M, 2

Next, we need an auxiliary function which correct the nonlinear term. Here we take the following
auxiliary function:

hy = —CIAM2 ([y| — A) — CoX2M 3 <<1 - (@AI)?)) - (1 - (%))) . (28)

we have,
hy <0, (29)
Ahy = —Cy\|y| 7" M2 — CoX3y| 20 Y, (30)
and, thus,
Ahy + |Ey| < 0.

As in the paper of Li-Zhang, we can prove the following lemma:

Lemma 2.2. We have,

U))\+h)\>0, in X, VO < A < Aj. (31)
Before to prove the lemma, note that, here, we consider the fact that,

A< |yl < M < b, (32)

And, as in the paper of Li-Zhang, we need the estimate (22):

wly) > Cly[™, 1< |y| < 26,07,

with C > 0.

Proof :



Step 1: There exists Ao > 0 independent of k£ such the assertion of the lemma holds for all
0< A< A

To see this, we write:

wy = vr(y) = vp(y) = [yl 2P Po(y) = 191 P0e@?)).

Let, in polar coordinates,

f(r,0) = 7’3/20k(r, 0).

By the properties of vy, there exist 7y > 0 and C' > 0 independant of % such that:

O f(r,0) > Cri/?, for 0 < r < ro.

Thus,

ly

wa(y) = 72yl y /) = FAy s/ ly))) = |y|3/2/

|
Orf(ryy/lyl)dr >
[y
> C'ly[ 72|y = [y**?) > C"(Jly| — A) for 0 < A < |y| < 7o,
with, C’. C" > 0.

It follows that,

wy + ha > (C" = o(1)(ly| = ), for 0 < A < |y| < ro, (33)

Now, for

To S |’y| S EkM;l/g S Elef/:S.

we have by the definition of &), and, as in the paper of Li-Zhang, we need the estimate (22):

u(y) > Cly| ™2, 1< |y| < 2e, M.

to have,



1
|hy| < évk(y)-

Thus, as in the paper of Li-Zhang,

wy+hy >0, for 0 <ryg < |yl < QEkM;:/g. (34)

Step 2: Set,

M =sup{0 < A < A\j,w, +h, >0, in 2, VO < pu < A}, (35)

We claim that, \¥ = )\;.

In order to apply the maximum principle and the Hopf lemma, we need to prove that:

(A + BZ(‘)Z + Jij&-j - E)(ZU)\ + h)\) S 0 in 2)\ (36)

In other words, we need to prove that:

Ah)\ —+ Elalh)\ -+ Jijﬁijh,\ — Eh)\ —+ E)\ S 0 in 2)\. (37)

First note that, h) < 0. Here, we consider the fact that,

A<yl < e’ < e M.

We have,

- -2
lc| < Cly|M,~,

Thus,

lylleha] < Cy M Ay 2(ly] — A) + CaMy P AJyl? < o(1) M2,

which we can write as,

chy| < CL M2 Ay~ (38)

We have,



b;] < Cly]> M.,

Thus,
|b:0iha| < CL M Ny|? + oM P (W]y| 2 + M),

ly|CLM* Ay|? = o(1) M2,

which we can write as,

CY M Ay|* = o(1) M > Aly| . (39)

and,

ly[PCo M BNy |72 = Cob, P N3y | = o(1) M, PN,

which we can write as,

CoMy P N3y |72 = o(1) M, > X3 y| 2. (40)

and,

[y Cady PN = o(1) M 2N,

which we can write as,

CoM, BN = o(1) M N3y 2 A1)
Thus,
[B:0:ha] < (1) M2 Ay| =" + o(1) M, 2 N3y, (42)
We have,
7 —4/3
\di;| < |y|*M, / ;
Thus,



|di;0ijha] < )\\y\M;;wm + C2M1;8/3()‘5|y|73 + Xy,

Thus,
[ dig0iihal < Myl M 4 o(0) M Ny |2 4+ o(1) M2 Xy |,
Finaly,
|di;0:ihal < o(V)Aly| M2 + o(1) M P X3y + o(1) M 2AJy| . (43)
Finaly,
\cﬂ-jﬁzjh,\ + Bzalh)\ —+ Eh)\| S 0<1))\|y|_1Mk_2 —+ 0<1))\3‘y‘—3M1;4/3. (44)

Finaly, we have,

Ah)\ —+ Elalh)\ -+ Jijﬁijh,\ - Eh)\ —+ E)\ S 0 in 2)\,

And, thus (36),

(A + 518, + Jij&-j - E)(’UJ)\ + h)\) S 0 in Z)\.

Also, we have from the boundary condition and the definition of vg‘ and h,, we have:

C(\
ha(y)| + v (w) < ‘;‘;X vyl = e MY, 45)

and, thus,
wik(y) + hie(y) >0 Y |y| = e M, (46)

We can use the maximum principle and the Hopf lemma to have:

wik + hsxe >0, in Xy, @7
and,

0
a(w;k + hj\k) >0, in Xy. (48)
10



From the previous estimates we conclude that \* = \; and the lemma is proved.

Given any A > (, since the sequence v, converges to U and hy. converges to 0 on any compact
subset of R?, we have:

Uly) > UMy), Y|yl >\ VO<A<A. (49)

. . . . A
Since A; > 0 is arbitrary, and since we can apply the same argument to compare v, and v, we
have:

Uly) > UM (y), ¥V |ly—x|>X>0. (50)

Thus implies that U is a constant which is a contradiction.
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