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HARNACK TYPE INEQUALITY ON RIEMANNIAN
MANIFOLDS OF DIMENSIONS 4, 5 AND 6.

SAMY SKANDER BAHOURA AND JYOTSHANA V. PRAJAPAT

ABSTRACT. We give some estimates of type sup X inf on Riemannian
manifold of dimensions 4, 5 and 6 for the Yamabe type equation.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we deal with the following Yamabe type equation in dimen-
sionsn =4,5,6
n -+ 2

~Ayu+ h(z)u=n(n—2)u™* u>0, and N = 5" (1)
n —

n—1)h

where / is a continuous function. In the case = R, the scalar

n—
curvature, (1) is the Yamabe equation. Here, we assume / a bounded func-
tion and hg = ||h||z=(ar). The equation (1) has been well studied when
M = Q C R” open, or M = §,, see for example, [2]-[4], [12], [16] and
references therein, where sup-inf inequality or Harnack type inequalities are
derived.

The corresponding equation in two dimensions on open set {2 of R?, is

—Au = V(x)e",. (2)

The equation (2) has also been studied by many authors and we can find
important results about a priori estimates in [9], [10], [13], [17], and [21].
In particular, in [10] we have the interior estimate

sg{pu <c= c(ing, ||V||Loo(Q),igfu, K, Q).

And, precisely, in [9], [13], [17], and [21], we have
Csupu+infu < c=c(inf V, ||V]|L=(q), K, ),
K Q Q
and,
supu + infu < ¢ = c(inf V, [|V|ca(qy, K, Q).
% Q Q

where K is a compact subset of 2, C' is a positive constant which depends

info V
2V and, a € (0, 1].
supg V'

on
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2 SAMY SKANDER BAHOURA AND JYOTSHANA V. PRAJAPAT

When M is a compact Riemannian manifold, some compactness results
have been proved for the equation (1), see [19]. In [19], Li and Zhu proved
that the energy is bounded and if we assume that M not diffeomorphic to the
three sphere, then the solutions are uniformly bounded. To prove this result,
they use the positive mass theorem. For general Riemannian manifold M
of dimensions 3 and 4, not necessarily compact Li and Zhang [18] proved
that the product sup x inf is bounded. The first author obtained Harnack
type inequality for the solutions of

—8Au+ Ryu =V (x)u’, u>0 3)

under certain conditions on V' in [5] and [3].

There are other estimates of type sup + inf on complex Monge-Ampere
equation on compact manifolds, see [21-22] . They consider, on compact
Kahler manifold ()M, g), the following equation:

(wy + 8?@)" = el ~teun,
wg +00p >0 on M

And, they prove some estimates of type sup,, +m inf,, < Corsup,,; +minfy; >
C under the positivity of the first Chern class of M.

In this paper, we will prove a Harnack type inequality for equation (1).
Precisely,

Theorem 1.1. Let (M, g) be a Riemannian manifold of dimension n = 4,
5 or 6 and let K C M be a compact set. Then, there exists a positive
constant ¢, which depending only on hy = ||h||p~, K, M, the metric g and
dimension n such that

supu X infu < ¢, 4)
K M

for any solution u of the equation (1).

Our proof is an extension of Brezis-Li [8] and Li-Zhang result in dimen-
sion 3 and 4 [18]. We refer to [18] for exposition on importance of studying
these inequalities on manifolds. The proof of Theorem 1.1 relies on moving
plane method together with some ideas in [18] and [19]. The equation (1)
is first written in local coordinates ([18]) which gives an expression for the
Laplace-Beltrami operator as a perturbation of the usual Laplace operator
and do blow up analysis. Then constructing suitable auxiliary function, we
apply Lemma 2.1 of [19]. Here, we wish to point out that the restriction on
dimension n is due to difficulty in estimating the perturbation terms of the
Laplace-Beltrami operator. With finer estimates, the result could possibly
be extended to higher dimension.

Note that our result is true for more general equations where A may not
be the scalar curvature. Also, we extend the result of [5], where in the case
h = e € (0,1) and u, solution of

—Au, + eue = VXt ue > 0. (E)

we have
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Corollary 1.2. For all compact set K of M there is a positive constant
¢, which depends only on, K, M, g,n such that:

sup ue X inf u, < ¢,
K M

for all u solution of (E.).

Now, if we assume M a compact Riemannian manifold and 0 < a <
V. < b < +0o0o then

Theorem 1.3. (see [3]). For all positive numbers a, b, m there is a posi-
tive constant ¢, which depends only on, a,b, m, M, g such that:

esup u, X infu, > ¢,
M M

for all u. solution of (E.) with

maxu, > m > 0.
M

As a consequence of the two previous theorems, we can argue as in [3]
that

Theorem 1.4. For n=4, 5, 6, we have

max u. — 0,
M

and (up to a subsequence),

u, = eI/,

2. PROOF OF THE THEOREM 1.1

We claim that for any € > 0,
€ ?maxu x min u < c=c(a,b, A, M,g). (35)
B(0,¢) B(0,4¢)

Arguing by contradiction, we assume that there exists a sequence ¢, — 0
and solutions u of (1) such that

max ux X min wuy > kegZ ™. (6)

B(0,ex) B(0,4¢y)
The proof of the theorem consists of two main steps. The first is blow
up analysis where we analyze the consequence of assuming (6) and obtain
equations in local coordinates. In the second part, we wish to apply Lemma
2.1 of [20] and the moving plane method. This involves constructing a
suitable auxiliary function and obtaining correct estimates.
Step 1: Blow-up analysis
For some 7, € B(0, €), ux(Z1) = maxp(g,,) U, due to (6),

uk(fk)Qek — +00.



4 SAMY SKANDER BAHOURA AND JYOTSHANA V. PRAJAPAT

By a standard selection process, we can find z, € B(Zy,€x/2) and o), €
(0, €, /4) satisfying,

ug(rg)’opr —  +o0, @)
up(ze) > ug(Ty), (8)
and, up(z) < Chug(zy), in B(zg, ox), )

where C; is some universal constant. It follows from above (6), (8) that

up(xg) X min  ugep > ugp(Tg) X min uge, > k — +00. (10)
aB({L'k,QEk) B(0,4Ek)
Let {z!,..., 2"} denote some geodesic normal coordinates centered at xy,

(we use the exponential map). In the geodesic normal coordinates, the met-
ric g is given by g = ¢;;(2)dzdz’ where

Gij(2) = 6;5 = O(rz), g =det(gij(2)) =1+ O(rz), h(z) =0(1), (11)
where r = |z|. Thus,
1 .
f%u:;@&Rgﬁﬁw%zﬁu+@@u+@ﬁw%
where
bj = O(r), dij = O(1*) (12)
We have a new function
vk(y) = My ur (M Py) for [y| < Bedry/
where Mj, = ux(0). From (9) and (10) we have

Avy, + b0y, + digOijue — cop + v =0 for [y] < 36;9M13/(n_2)
u(0) = 1
ve(y) < Cifor [y| < ngs/(n—%

(13)
where (' is a universal constant and

bily) = M /DMy, dy(y) = dig (M0 Py)(4)
and,
ely) = MR y). (15)
We can see that for |y| < 3¢, M./ "2,
Bily)l < OM Dyl 1diy(y)] < MMy Jely)| < OM 0
(16)
where C' depends on n, M, g.
It follows from (13), (14), (15), (16) and the elliptic estimates, that, along

a subsequence, v; converges in C? norm on any compact subset of R? to a
positive function U satisfying

N1 Cm - n+2
AU +U = 0, mR,WlthN——} (17)

n—2
U) =1, 0< U<
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According to Caffarelli-Gidas-Spruck, see [10] we have an explicit form of
U

Uly) = (14 |y[*)~ "2/ (18)

Step 2: The Kelvin transform and moving-plane method
For x € R" and \ € R*, let,

1
oY) = (e + &) (19)

denote the Kelvin transformation of v, with respect to the unit ball, defined
on IR" U {oo} \ {0} and e = (1,0, ...0). If we denote

Ooly) = — U(e+i)

|y |2 |y?
1 (n—2)/2
— 20
<<1 Tt 2|y|2>) 0
then
o — Upin C2 (IR" U {oo} \ {0}). (21)

Note that Uy is still a solution of (17) and Uy(—e/2) = 2=2/2 s the
maximum of Uy(y). Hence v has a non degenerate, local maximum near
—e/2 for all large k. To arrive at a contradiction to our assumption (6),we
use the same method as in [19] of moving-plane, precisely Lemma 2.1 in

[19] to show that g—;’% < 0 near the point ¢* = (—1/2,0,...0) = —e/2.

Note, that, if we consider ), = exp,, (M, 2/ (”_2)6), we work in the con-
formal coordinates in the exponential map around this point, for the blow-up
analysis. A computation gives,

Dion(—25) = [y["2((n = 250 (Y) + Gim|y]* = 20:9m)Omvi (1)),

|y

and,
Yy

8@']‘”19(@) = Ozﬂ}]i(y) + ﬁlmamvl};(y) + leamlvli(y)v

with,
a1 = (n—2)(051y" — nyay;ly|" ),
Blm = ‘y‘n—Z {(n - 2)<5zm‘y‘2 - 2yzym><yl - yj)
—2(8im¥Y;Y1* + 0i5ym|y|? + Sjmyily|” — 2yiyjym)} ;

and,

Yt = (Y2 (GimY1? = 29iym) Oly[* — 2u501).-
The function v} satisfies the equation:

Avg + ()" = Eu(y)
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where,
L f:. v y s Y y
Ei(y) = — {bi—&-vke+— + d;j (5 )0ivp(e + —
@) = g e ) Attt )
_ Y Y
—cle+ =5 )uk(e + —)} : (22)
lyl? lyl?
Thus, v} is a solution of an equation
AV + A Oy + b Ovp + vt + (vp) N1 =0, (23)
with,
- N (n=2)
] < O, 24)
]
- N (n=2)
bm| < C—t—, (25)
vl
N (n=2)
and, [¢] < C—t——. (26)
]
Thus, if we denote
Lk =A+ dmlaml + Bmam + 67 (27)
then for any C? function g,
Lrg — Agask — oo (28)

if say, O g, Omg and ¢g are all uniformly bounded.
For A < 0,set T\ ={y,y1 = A}, Xy ={y,y1 > A}and ¥\ =3, — {y:
lyl <1y '%} . Let

vt = kA = Y1, y2, - Un) (29)
and,
1 LA
wy =, — v
Then,
Lkw)\ + Z)UJ)\ = V)\,
where,

Vi = (dpi — d2)) 0} + (b — 00y + (6 — v, (30)

and b(x) lies between v}.(z) and v, ().
From the expression of v}, and v;’k, we have

1 1

00| C( + ), 31)
’f AEIAE
1A 1 1

Oy < C(|y)\|n T |y)\|n+1)' (32)
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Hence, for y € X},

~ M—4/(n—2) 1 1

|diOmwy| < C k ( + )
2 Clyln oyt

i —4/(n—2)

bln| < oM Ly 1
ly| ly| |y
—4/(n-2)

Gwy| < MkT

|y[™

Recall that LR, M, < 7 < R, M "™, R, — 0 and 1 is a
constant chosen later. Observe that for dimensions 3 < n < 6, all of

|czml6mlw)\|, |Z~)m8mw,\|, |cwy| — 0 uniformly as k — oo, independent of A < 0.

(33)
Furthermore,
- CM D (g — N)
dml — di\n aml'UL)\ S k )
It ) p | Y[y 2
s CM "2y = \)
| (b — b:\n)amv17>\| < k _ )
g T
and,
CM "2 (g — N)
~ ~ 1,A k 1
(€=M | < ly[ [y
implies that
OM Y2y — A
< e = d) (34)

|y[4yA |2
First of all we have the following lemma as in [19]

Lemma 2.1. There exists constants \g < —2 and ¢y = co(n,pu) > 0,
both independent of k such that:

ur(y) — v(y™°) > o1+ [y) (1 — A)
foryy > Ao and |y| > 7’,;1/2.

Proof. To prove our estimate, we consider two sets |y| > § > 0 and § >
ly| > r,?l/ ®. For the first set we use the same technique as in Prajapat-
Lin paper ([19]), we use the C? convergence of v} to Uy and choose || big
enough to have our estimate. For two positive constants C'; and C; we write
the estimate as follows:

Cy

(1 —A) — W(yl —A).

a
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Y
y|2 |yl

in B(0,1/d) we have C" > v, > C > 0 for |y| > J. We write

For |y| > 0, < 1/6. Using convergence of v, to U in C? norm

ur(y) — op(y?)

(s ) ()
= —_ ’Uk;
lyl"=2 lyA 2 s

(o)~ (8) (0 o
- ly|? |y (i_y_)
YA y oy yl> AP
w2y
— L+ (35)
Note that
()~ (57e)
ly|? [y
vy
> [y?)?

appearing in the second term in (35) can be estimated by VU in the compact
set |y| < % as in [19] again using the C? convergence of v;,. While

y v oy—yt 1 Lo yi— XA Ay =y
W WE - bR Y BE TR TR T

Since y; > A we have |y*| > —) thus,

|4(3/1 - )\)ZJA| 4(y1 — )\).

ly[?[yA[? —Alyl?

It follows that

vy 6N

I P R V1
and

I < M (36)
|y 2|y |2

To estimate the first term /;, since vy > ¢ > 0 and y; > A, we have

1 1 y s e 7
I, = ( — ) Vg, (—) > c
ly["=2 |y |y|? |y |2y |2

We now use the binomial formula:

A2 =y = (g = Dyl + 4 ),k =n = 3.
Observe that

PP =) A — N

M=yl = =
y|
ly| + |y ly| + |y

|y
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Thus,

n2 _ —4X(y1 = N)(JylF + .+ [y?)E

)\|n 2
ly| + |y

ly — |y

and

(o )Mi)>C—4A<y1—A><|y|k+...+|yk|k
2 ) TP (] + TP Dl =2

Finally, because |y*| > |y|, we have

I+l Myl ) 1
(yl+ 1A DIy 22 = (yl + D"y 2yl ly? 2
It follows that

(s~ ) () >
— vk | — ———
o ") P ) T P

—4N(y; — A —4(y; — A
R Ve s e
lyPlyA) Py
with ¢, C' > 0 and for —\ big enough, we have the required inequality. On
the annulus A (0) := {y : 7, 2 < ly| < d}, using the maximum principle

for v} we have

Therefore,

min v; = min v} 37
Ao) " oA " G7
where the boundary 0A(0) is the union of two set |y| = rk_l/Z and |y| = 9.

From (20), Uy(0) = 1. Hence for given ¢ > 0 small, there exists 6, > 0
such that for all |y| < dy,

1—e=U(0) —e < Up(y) < 1+¢e=Uy(0) +e. (38)
Choosing ¢ sufficiently small, we have

Toly) > (1 — %) for all |y| < . (39)

While, for y € B(0,9), y* € B(0y,d) where 0y := (2),0,...,0) is the
reflection of origin. We have

Uo(y*) = (1+2(2)\ — y1)1+ 2|y*|?)(n=2)/2
= 2@ w) +1(2)\ — yy)2) (22
: (1+2(2A—-90) +1(2>\ — §)2)(n-2)/2
T (1-20-2) +1(5 — 2\)2)(n-2)/

1
T (-2 - 1) 40
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for A < —2and 0 < § < &. From C? convergence of v} to Uy in B(0y, d),

we have
E\ .
ur(y?) < (1+ Q)Uo(yk) in B(0,0).

Note that

. 1 (n—2)/2 .
min Vpy = Tg min Vg

{lyl=r;,"/*} {lyl=r}/*}
> (1+ar"2”2 min Ule+y)
{lyl=r/*}
= (I+¢ min Uy(y)
{lyl=ry "%}
€

> (L+5)00(0) = (1+3).

Using C? convergence of v} to Uy on the compact set |y| = & we have,

. € .-
min v, > (1 — —) min U,.
uin v 2 (1= 75) amin, Us

In either case, for § < ¢,

minve > (14 7)0(0) = (1+3)
> (14 5)00(y")
> (14 Dokly") +¢/10

Recall that w, satisfies
Lkw)\ + Z~)’w>\ = V)\ in Zl)\

where

—4/(n—2
B |y [*[yA |2
Now, consider the "auxiliary function”

= Ar 6.0 = [ @l
DN
with
ClM];4/("*2)
(Il + i )4y = )=

@,\ = = C1M;;4/(n72)Q>\

where we define

1
Qx = —1/2\4 2
(lyl 4+ )4yl = A=

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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for simplicity of notations. Here we choose constant C; > 0 (big enough)
later. Note that

(ly| +7; ”2> (Jyl — A @2

Ahy = Q) =
It can be verified that
CM V" Py =N _ -
< Q. (49)
|y [*[yA =2

The function hy satisfies the following properties:

Vi <

Lemma 2.2. The functions b and h, satisfy the following properties
(i) Forall \g < X < —1,

0<b(y) < 04 in 3 (50)
||
(ii) The auxiliary function h)(z) = 0 onx; = A\ Ay < A < —i and
hiy(x) = O(|z|™™) for a constant T > 0;
(iii) h)(z) € C1(2)) and

0 <) £ A G0+ i S o) 51

Lyhy > C1Q,. (52)

( iv)h2° (z) < wy,and that both hy and ¥ h) are continuous with respect to
both the variables x and X in ¥\. Moreover,

Lywy + bwy < C1Qx < Lihy, (53)
and hence,

Lk(w)\ — hA) + l;(w)\ - h)\) S —lN)h)\ S 0. (54)

Most of the estimates mentioned from (i)-(iv) above are similar, but much
simpler than those in section 4 of [19], and we refer the reader to that paper
for details.

However, observe that we cannot apply Lemma 4.1 of [19] directly, as
our operator is L. Here the crucial step is to have correct estimates for the
perturbation terms in L;h;, which we obtain in the following lemmas.

3. ESTIMATES FOR Lh)
Lemma 3.1. ( Estimate of G*(y,0) ) The function G*(y, 0) satisfies
) ) CMY/ =)
A0 Gy, 0) + b0 G (y,0) + G (3, O)) < 13"
5

and hence
LiG(y,0) < Cor("212Q,. (56)
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Proof. From the fact that,
Gy, 0) = callyl ™ = [*7™),
we have, around 0 and +o00,
—4/(n—2) —4/(n—2)
CM; /( CM; /(
|y 4y|"—2 Y|4y =2
—4/(n—2) —4/(n—2)
CM, CM,
Y3yl |y [3lyr

6GM(y,0)] <

[bmOm G (y, 0)] <

and,

CM,;4/(”_2) CMk—4/(n—2)
lylPly|" ly |2y

For the previous expression, we remark that, around 0

Pyt = JyPlyl™ = |y|*y|" 2 > [yl

|JmlamlG)\(y7 0)| S

)

Thus,

i ) o CM—4/(n—2)
|dmlamlG>\(y7 O) + bmamGA(yu O) + EGA(yv O)| < Tl(c /2 | |4T )\| 27
Yty

and hence
LGy, 0) < Czr,(f_z)/QQx

O

Now, we look at the second term in A, by setting,

u=- /Gk(y, m)Qx(n)dn

Zy
We have that v is a solution of a Dirichlet problem on XJ/.
Lemma 3.2. ( Estimate for u:) For the function u, we have

Au = C1Q, (57)
| Ot + by Ot + Eu| = 0(1)Qx. (58)

Proof. We want to prove that,
‘szlamlu + Emamu —+ Eu\ = O(l)Q)\

Because of the expression of G*, we consider u as a difference of two con-
volution product on ). Thus, to differentiate u is equivalent to differenti-
ating (), inside the integral plus the boundary term. Our aim is to estimate
the auxiliary function and its derivatives of order less than two near infinity.
Write,

i — / G (y, n)Qx(n)dn

DIPN
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and,
w—ti= - / Gy, m)Qa(n)dn
B(O,rk_l/Q)

We denote >3 the reflection of X5, with respect to the hyperplane 7\ =
{y1 = AL ie, X5 :={y € R" : y; < A\}. Thus,

i = /cn(ly—nlm—|y—?7A|2‘”)QA(?7)dn

2x
- / ly = 1" O () — / ly = 0" O )i,
2 38

= f+v (60)

where
feC*R"), Af =Q,in R" (61)
and Av = 01in X,. (62)

Behavior of @ and © — @ near infinity: Let ¢ a cutoff function in the unit
ball, i.e.,

0<¢<1 ¢=1onB(0,1/2) and, ¢ =0 in R"\ B(0,1)

We write,

f:f1+f27
where,
i = /\y—?7|2nQ>\(n)<pdn and
RTL
fo = [ly=nP Q- p)dn
B
Then,

Afi = Qxp and Afy = Qx(1 — ),

We use the Fourier transform to prove that f5 is in the Schwartz space and
thus,
|fol < ClyP™, [0fo] < Cly['™, |0°fo < ClyI™

For f; we use the fact that in the present case, |y| is big enough, and we
differentiate inside the integral, (|n| < |y|/2 = |y—n| > |y|/2) to conclude

[Ail < Clyl™", [oAI < Clyl' ™, [0° Al < Clyl™
Thus, for |y| large,
[fI < ClylP™, |of] < Clyl'™, [9°f] < Clyl™ (63)
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For v, we have y € X, and the integral is taken over the reflected set >5.
We set,

Ra(n) = Qx(n) + Qa(n),

so that

o(y) = /Iy—HIQ‘"RA(n)dn,

A

= / ly — > "Ra(n)dn — / ly — 0> " R\(6H)
L30{|nl>lyl/2}

3n]{Inl<lyl/2}

Second integral: If || < |y|/2 then |y — n| > |y|/2 and thus,

Criy|*"if n=4

65
Cly|>™™ if n=5,6. (63)

ly — 0> " Ra(n)dn| < {

sn{|nl<lyl/2}

First integral: First, we have,
[Bx(n)] < C(1+In)>",

If [y — n| < |y|/2, then,

ly —n)* " Rx(n)dn
S{Inl>1yl/2}
< [Ra(lyl/2)] / ly — n[="dn < C(1+ [y) ™,

{In—yI<lyl/2}

if [y|/2 < |y —n| <3y,

ly — n|* " Ra(n)dn
S{Inl>1yl/2}
< [Ralyl/2)] / ly — n>"dn
{lyl/2<|n—y|<3|y|}

<CQ+Jyh)™,
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and for 3ly| < [y —nl, [n| = |y —n =yl = 2y|, and thus, [ —y[ =
n|(16, — %‘| > |n|/2. With |6, | = 1 the angular part of 7). Thus

ly — 0> " Ra(n)dn
sn{Inl>lyl/2}
< Cly / ol
(nl=Tvl/2}
= C’\y\l’” / r—2dr
{r>Jyl/2}
= Cly|™.

Thus, in this case too, we have

0] < Crily* " if n=4 66)
T Oy if o= 5, 6.

Estimate of the first derivatives of v: We have,

oro — / (o) ly—nl ™" B () di— / (o) y—nl " B (1)

ES]{Inl=lyl/2} E3ndinl<lyl/2}

Second integral: If || < |y|/2 then |y — n| > |y|/2 and thus,

Crily|*=" if n =4,

i — )|y — 0| "Ra(n)dn| < .
(y n )|y 77‘ A(n) n {C\y\l_" if n=5,6.

sn{Inl<lyl/2}

(67)
First integral: First, we have,

[Rx(n)] < C(1+ )2,

If [y — n| < |y|/2, then,

(yi —mi)|ly — n| " Rx(n)dn
S{Inl>lyl/2}
< [Ra(lyl/2)| / ly = nlmdy < C(1+ [y)

{In—yl<lyl/2}
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If |y /2 < ly — n| < 3|y,

(yi = mi)ly — 0l Ra(n)dn

sNiinl=lyl/2}

<iml/2l [ -l o)
{lyl/2<In—y|<3ly[}

For 3|y| <[y —nl, Inl =y —n —y| > 2|, and thus, [n —y| = [n|(|6, —
y/Inl| > |n|/2. With |6,| = 1 the angular part of 1. Thus

(i —m)ly —nl " Ba(n)dn| < Cly[™ / i

sniinl>lyl/2} {Inl=lyl/2}
= Cly|™ / r2dr
{r=lyl/2}
= Cly|='™.
Thus,

] < Cryly|' ™™ if n =4
T Clyltrif no=5,6.

Estimates for the second derivatives: We write,
Ov = / 95 ((ys — ma)ly — n| ™" ) Ra(n)dn
=50{Inl>lyl/2}
- [ e wly =R
£50{InI<|yl/2}

Second integral: If || < |y|/2 then |y — n| > |y|/2 and |0;((v; — m:)|y —
n|™"| < |y —n|™", thus,

Crely| ™ if n=14

95((yi — mi)ly — n|™") Ba(n)dn| <
[ gl R {Cw|nﬁn:5ﬁ_

23n{nl<]yl/2}

First integral: We use an integration by part,

3 {Inl=lyl/2}

- W) o, s +

E3EInl=lyl/2} o(=3N]{lel=lyl/2})
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From, the computation for the first derivatives, we have,

Yi — i -n

| v =) f)n@jRA(n)dn\ <Cly|™",
y — 1

S Inl=lyl/2}

The boundary term has the following decomposition, d(X50{|n| > |y|/2}) =
(0%5) 0 Al = [yl/2})) U (33 0 {lnl = [yl/2}). For the first boundary,
vj(o) = 0for j # 1, and thus,

MRa(a)uj(a)da _ / (yi —0i)
a(=3n{lol>1yl/2}) E3n{lol=lyl/2}

Clearly, we have,

|yl - O-i‘ —n
| Ro(0)l[v(0)|do < Cly|™,
s5n{lol=lyl/2}
Thus, for j # 1, we have:
C mifn=4
|0;;v] < Tk|g| ) a
Cly|™™ if n =5,6.
But, Av = 0, thus,
. Crgly| ™™ if n=4
ol = 6“‘1) <

Finally, we have:

O] < Criy|*~"if n =4
T Oyt if n=5,6.

and,
C "ifn=4
|0;ju| < Tk|%| . e
Cly|™™ if n =5,6.
Estimate for v — u: Around infinity, we use the fact that, y is big enough
(Inl < ly|/2 = |y — n| > |y|/2) and we differentiate inside the integral, to
have:
fu—ii| < ClyPP™, [0(u— @) < Clyl*™", 10*(u—@)| < Cly| ™ (68)
Behavior of u and u—u near 0: The function f5 is smooth and solution of an
elliptic equation with @, (1 — ¢) € C*°(R™), thus, by the elliptic estimates,
we have,
1 f2lle2(o1)) < C,
We write the function f; as,

fily) = / ly — n|*"Qx(n)pdn

B(0,1)
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note that, |Qx(n)| < Cr? and thus,
[fiy)] < Cr,

Moreover, we can write

o= [ = mly =0l Qs
B(0,1)
Thus,
i< [ vl Qunedn < Cif,
B(0,1)
Also, we can write, (see, Gilbarg-Trudinger),

Oufily) = / 0, (s — m0)ly — 1™ (@ (m)p(m)dn

B(0,1)

L OAW)ew) / (i — o)y — o|-"do.

dB(0,1)
Thus,

105 /1(y)| < C / ly =0l 1Qx(m)e(n) — Qx(y)e(y)ldn + Cr;
B(0,1)

We write,

/ (@) = AweWl , _

ly —n|n
B(0,1)

[Qx(M)p(n) — Q(W)e(y)] dn
ly —n|"

[Qx(n)p(n) — Qx(y)p(y)] dn
ly —n|" '

B(0,1)n{|n|>|yl/2}

_'_
B(0,1)n{|n|<|yl/2}

Second integral: We have |n| < |y|/2, thus |y — n| > |y|/2, and thus,

[y — 0|7 Qx(M)e(n) — Qa(y)e(y)]
BO,1)N{In|<|yl/2}
C’T,%

~yl
B(0,1)n{|n|<|yl/2}

Cri
~ oyl
First integral: We write,
Qx(mMe(m) — x(y)e(y) = (n —y)VAA(E), with, & between n and y,

ly —n|'"dn
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‘We remark that,
IVQA©) < Clgl + 1,75,

If |y| < |€] < |nl, then,

IVQA©)| < C(lyl + 1) < Cri/lyl
If [y[/2 < |n| <[] < |yl

VA < C(lnl + 7, ) < Cr/ly)
Finally, we have:

105 /1(y)| < Cri/lyl

Now, we estimate v near 0, as for f we decompose v in two functions v,
and v,, and we see that y € X, small enough is far from the symmetral >.§
of X,. And we differentiate inside the integral to have:

[9rgva(y)| < Cri and [Dy02(y)| < C.

Now, for u — i, we use the fact that |y| > a'r,;l/ % with o > 1 and the elliptic
interior estimates to have (we differentiate inside the integral)

. N 3/2 .
U — | ooy < CTr, |u—1lcr(po1y) < CTk/ . u—dle2po1)y < Cry

It follows that
|y Ot + DOt + Eu| = 0(1)Q (69)
and that
Liu = (Cy +0(1))Qs. (70)
O

As in [19], we have the following lemma (which we state without proof)
Lemma 3.3. . For ), we have in ¥\ for A < —1/4 and for large k:
7 [ @@t = o160, 0.
=5
If , we choose A > 0 small enough in the definition of h), we have,

hy >0,

Lihy > Cl@A-

We can now use Lemma 4.1 of [19] to obtain a contradiction, and this com-
pletes the proof of Theorem 1.1.
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