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A displacement-pressure finite element formulation for analyzing the

sound transmission in ducted shear flows with finite poroelastic lining.

Benoit Nennig,a) Mabrouk Ben Tahar, and Emmanuel Perrey-Debain
Université de Technologie de Compiègne, Laboratoire Roberval UMR 6253, BP 20529, 60205 Compiègne cedex,
France.

(Dated: May 6, 2012)

In the present work, the propagation of sound in a lined duct containing sheared mean flow is studied.
Walls of the duct are acoustically treated with absorbent poroelastic foams. The propagation
of elasto-acoustic waves in the liner is described by the Biot’s model. In the fluid domain, the
propagation of sound in a sheared mean flow is governed by the Galbrun’s equation. The problem
is solved using a mixed displacement-pressure finite element formulation in both domains. A 3D
implementation of the model has been performed, and is illustrated on axisymmetric examples.
Convergence and accuracy of the numerical model are shown for the particular case of the modal
propagation in a infinite duct containing an uniform flow. Practical examples concerning the sound
attenuation through dissipative silencers are discussed. In particular, effects of the refraction effects
in the shear layer as well as the mounting conditions of the foam on the Transmission Loss are
shown. The presence of a perforate screen at the air-porous interface is also considered and included
in the model.

PACS numbers: 43.20.Mv, 43.50.Gf, 43.28.Py

I. INTRODUCTION

Over the years, considerable effort has been directed
toward the development of finite element (FE) models
for predicting the propagation of sound waves in gas flow
in the presence of acoustically treated walls1–4. These
treatments are generally multi-layered and composed of
perforated plates backed by honey comb or backed with
a porous blanket. Porous materials are generally used
to broaden the absorption frequency range of the liner.
The practical applications of such work range from noise
transmission in vehicle exhaust systems, through ventila-
tion and air conditioning ducts, to the prediction of more
complex three-dimensional fields aircraft engine-duct sys-
tems.
In the early work dealing with absorption and FE, it

was assumed that the liner was locally reacting, thus
eliminating the need to discretize the absorbing mate-
rial explicitly. Later, to illustrate the effects of a finite
size bulk reacting lining, Craggs5 derived a finite element
model for motionless porous materials. This model is well
adapted for rigid materials. The solid frame can also
be assumed to be infinitely soft and the so-called limp
model6,7 must be used; the stiffness of the solid phase is
neglected but its inertial effects are conserved. In both
cases, only one compressional wave is allowed to propa-
gate in the material; these are known as fluid equivalent
models and can be characterized by a complex wave num-
ber and a complex characteristic impedance6,8,9. For a
wide class of aborbent materials such as polymer foams,
the solid structure has a finite stiffness. In this case
the Biot’s theory10,11 describing the propagation of elas-
tic and pressure waves in poroelastic material must be
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used. The numerical solution of Biot’s equations using
the finite element method with the h or p version have
been extensively discussed in the literature and various
FE formulations involving different variables have been
proposed12–15. In this regard, the Atalla et al.’s mixed
(u, pp) formulation has several advantages of reducing
the number of degrees of freedom as well as easing the
transmission conditions at the air-porous interface 13,16.
It is remarkable that most of the studies related to sound
attenuation through dissipative silencers are carried out
using simplified fluid equivalent models and that no at-
tempt was made to quantify the effects of the finite stiff-
ness of the absorbent material. The first paper in this
matter seems to be that of Kang17 for circular ducts.
The authors developed an axisymmetric finite element
formulation for poroelastic liner and showed that mount-
ing conditions can have great impact on the sound atten-
uation.

All references cited above do not consider the presence
of a gas flow in the fluid domain. Ignoring the convec-
tion and refraction effects due to the mean flow can lead
to erroneous results especially for relatively high speed
flow. Indeed, the presence of a flow in the airway is
known to have a non negligible effect on the upstream and
downstream propagation. This has been investigated in
a modal context for infinite lined circular duct18, slowly
varying porous liner19 or using FE mode solvers for ducts
with arbitrary cross section 1. For lining of finite dimen-
sion, modal matching methods can sometimes be used
for a certain class of problems18,20. In most work, the
mean flow is considered uniform in the duct. This sim-
plification is made to ease the numerical treatment of the
wave equation, but it has the drawback to neglect refrac-
tion effects due to the rotational flow in the boundary
layer which is inevitably present in the vicinity of the
walls21. In fact very little research have dealt with mod-
eling the wave propagation inside the absorbent material
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exposed to a grazing shear flow and the work is usually
restricted to the modal analysis of infinite duct by solving
the Pridmore-Brown equation22,23.
Because of these limitations, we think there is a need

to develop more advanced numerical techniques based on
the finite element methodology in order to incorporate
these effects. For a general rotational mean flow, two
equivalent physical models are proposed in the literature:
the Linearized Euler’s Equations (LEE) and the Gal-
brun’s equation24,25. The numerical solution of LEE can
be carried out either in the frequency or in the time do-
main. For this latter, however, there remain some stabil-
ity issues regarding propagation through shear layers and
the correct implementation of time-domain impedance
boundary conditions. Some interesting discussions can
be found in a recent review of Astley26 and in references
therein. Galbrun’s equation offers an interesting alter-
native to LEE. The equation describes exactly the same
physical phenomenon as the LEE but is obtained using a
different linearization process involving the displacement
perturbation, instead of the acoustic velocity, as primi-
tive variable. All details of the formulation as well as its
FE discretization can be found in Refs. 24, 25, 27, 28 and
some aspects will be discussed and reminded later.
In the context of poroelastic liners exposed to a graz-

ing flow, Galbrun’s equation offers several advantages:
(i) it allows a direct treatment of the coupling condition
at the interface as the continuity of normal acoustic dis-
placement appears explicitly in the boundary terms25,29,
(ii) it can be written as an exact conservation law for ho-
mentropic rotational flow and a definition of the acoustic
intensity is available25,27, (iii) efficient and stable FE for-
mulations in the frequency domain are available28. All
this makes the method a candidate of choice for deal-
ing with the presence of poroelastic materials which are
defined via frequency dependent Biot’s parameters.
Based on previous studies, the aim of the present work

is to extend and propose a FE formulation for analyzing
the sound transmission in ducted shear flows with finite
poro-elastic lining. The propagation of waves in the liner
is described via the Biot’s model whereas the sound prop-
agation in the fluid domain is governed by the Galbrun’s
equation. The problem is solved for a general 3D con-
figuration using a mixed displacement-pressure finite el-
ement formulation in both domains allowing an efficient
treatment of the coupling conditions at the air-porous in-
terface. Details of physical models and their FE formu-
lations are presented in Section 2 under the assumptions
there is no induced flow in the liner. Convergence and
accuracy of the numerical model are shown in Section 3
for the particular case of the modal propagation in a in-
finite duct containing an uniform flow. To illustrate the
method, we compute the Transmission Loss for typical
dissipative silencers encountered in the automotive in-
dustry and this is presented in Section 4. We show that
the existence of multiple wave types in the porous ma-
terial can have significative consequences on the sound
attenuation and that the liner is very sensitive to the
boundary conditions that exist at its surface. The pres-
ence of a perforate screen at the air-porous interface is
also considered and included in the FE model. Compu-

tational aspects of the method are discussed at the end
of the paper.

II. PROBLEM FORMULATION

A. Problem statement

The configuration considered here consists of a dissipa-
tive silencer comprising a expansion chamber of length L
filled with a sound-absorbing poroelastic material. In the
airway, a sheared mean flow with speed v0 is present. In
this work, we restrict the analysis to parallel shear flow
where the density ρ0, the sound wave speed c0 and the
mean pressure p0 are taken constant30 (Eq. (1.12)). Fur-
thermore, we consider problems with axial symmetry, so
we can define the local Mach number as a function of
the radial coordinate only: M(r) = v0(r)/c0. The inlet
and outlet rigid wall pipes are identical, each having a
circular cross section with radius r1. This simple config-
uration have been chosen for a sake of illustration, but
the numerical scheme presented in this paper can be used
for solving general 3D problems with non potential flow
as in Ref. 31.
For a brief nomenclature, we call Ωa and Γa, the airflow

flow domain (r ≤ r1) and its boundary. Similarly, we call
Ωp and Γp the poroelastic domain and its boundary. The
acoustic field is generated by an incident field stemming
from the left. On both ends Γi and Γo, appropriate modal
conditions must be used to ensure that the reflected and
transmitted fields are radiating away from the dissipative
silencer. The mathematical formulation for this will be
stated later. Finally we call Γ the air-porous interface
and Γw denotes the rigid walls.
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FIG. 1. Geometry of the silencer benchmark.

B. Galbrun’s equation

Galbrun’s equation derives from general fluid mechanic
conservation equations, whereby the linearization pro-
cess is carried out with a lagrangian perturbation of the
displacement24,25,27,28. Under the previous assumptions
and without the presence of acoustic sources, the Gal-
brun’s equation for the displacement perturbation w and
the acoustic pressure p can be written in the frequency
domain (e−iωt) as follows :

ρ0
d20w

dt2
+∇p = 0, (1a)

p = −ρ0c
2
0∇ ·w, (1b)
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where d0

dt ≡ −iω+ v0 · ∇ is the material derivative along
the mean flow.
One may observe that it is possible to express (1) with

the displacement perturbation only. However solving the
Galbrun’s equation in this form with conventional nodal
finite element is known to give rise to corrupted results.
Thus, to overcome the so-called locking effects in the FE
formulation two ways have been investigated in the past
(i) the regularization technique32, which add a special
treatment for the curl of the displacement. (ii) The pres-
sure is kept as an independent variable as in Ref. 28:
this is the displacement-pressure mixed formulation of
Galbrun’s equation. This approach will be used in the
following. The interested reader may consults Ref. 28, 32
and the references therein.
After integration by parts, the associated weak formu-

lation to the mixed form is

−
∫

Ωa

ρ0
d0w

∗

dt
· d0w

dt
dΩ +

∫

Ωa

w · ∇p∗ dΩ

+

∫

Ωa

∇p ·w∗ dΩ−
∫

Ωa

p∗p

ρ0c20
dΩ

+

∫

Γa

ρ0(v0 · n′)
d0w

dt
·w∗ dΓ−

∫

Γa

p∗w · n′ dΓ = 0,

(2)

for all the test functions p∗, w∗. Here, n′ is the outward
normal unit vector and the bar symbol on the material
derivative means that we take the complex conjugate, i.e.
d0

dt ≡ iω + v0 · ∇.

C. Biot’s model

The wave propagation involving respectively the fluid
and solid phases displacement U and u in the poroelastic
medium is described by the Biot-Allard model which is
well documented in the reference textbook11. For the nu-
merical implementation, we use the Atalla’s mixed (u, pp)
formulation13,16. This has the advantage of reducing the
number of degrees of freedom as well as easing the trans-
mission conditions at the air-porous interface. This re-
duced formulation reads

∇ · σs(u) + ω2ρ u+ γ ∇pp = 0, (3a)

∆pp + ω2 ρ22
R

pp − ω2 ρ22
φ2

γ ∇ · u = 0. (3b)

Here, pp is the pore pressure, φ is porosity of the porous

material, γ = φ
(

ρ12

ρ22
− Q

R

)

and ρ = ρ11 − ρ2

12

ρ22
. The effec-

tive density coefficient ρ11, ρ22, respectively for the solid
phase and the fluid phase, and the coupling density coef-
ficient ρ12, are complex and the imaginary part takes into
account viscous damping. The in vacuo stress tensor σs

reads

σ
s(u) = I

(

Kb −
2

3
N

)

∇ · u+ 2Nε
s(u), (4)

with ε
s the in vacuo strain tensor. Here, Kb is the

complex dynamic bulk modulus of the frame and takes

into account the thermal dissipation. In the same way,
the shear modulus N includes the structural damping.
Lastly, R is the effective bulk modulus of the fluid phase
and Q indicates the coupling of the two phases volu-
mic dilatation. All these coefficients are related to the
poroelastic structural parameters (see Table III) by the
Johnson-Champoux-Allard model and can be found in
Ref. 11.
Given tests functions p∗p, u

∗, the associated weak for-

mulation is13

∫

Ωp

σ
s(u) : εs(u∗) dΩ− ω2

∫

Ωp

ρu · u∗ dΩ

+

∫

Ωp

[
φ2

ω2ρ22
∇pp · ∇p∗p −

φ2

R
pp p

∗

p

]

dΩ

−
∫

Ωp

(γ + φ′)(∇p∗p · u+∇pp · u∗) dΩ

−
∫

Ωp

φ′
(
p∗p∇ · u+ pp∇ · u∗

)
dΩ

−
∫

Γp

σ
t
n · u∗ dΓ

︸ ︷︷ ︸

Iσ

−
∫

Γp

φ (U− u) · n p∗p dΓ = 0 . (5)

We put φ′ = φ(1 + Q/R) and n denotes the outward
normal unit vector to the poroelastic domain. Note that
the presence of the boundary integral involves the fluid
normal displacement U ·n and the total stress tensor σt.
These new physical quantities do not need to be stated
explicitly here as they will be replaced after applying
boundary conditions.

D. Coupling conditions and global formulation

Coupling conditions between the acoustic domain and
the poroelastic material are summarized by Debergue et
al.33:

σ
t
n = −pn, (6a)

pp = p, (6b)

w · n = φ(U− u) · n+ u · n. (6c)

The first condition is the standard continuity requirement
of the normal stress at the interface. The second condi-
tion ensures the continuity of the pressure between the
acoustic domain and the pores. The last condition en-
sures the continuity of the displacement at the interface.
Though these conditions have been specified in no-flow
case33, they still hold when a flow is present in the air-
way25,34.
On the hard wall of the expansion chamber Γw, two

scenarios are investigated (i) the porous foam is consid-
ered clamped, that is the solid phase displacement vector
is zero at the wall and (ii) the foam is sliding and only
the normal component of the displacement is set to zero.
In both cases, the boundary terms in (5) vanish on Γw

since u
∗ is set to zero.

The global formulation is obtained by summing (2)
and (5). Because the expressions are quite lengthy, we

Sound transmission in ducted shear flows 3



shall detail only the boundary terms on the air-porous
interface Γ. First, since there is no flow in the liner, v0

and n
′ are orthogonal and the first boundary term in

(2) (its restriction on Γ) vanishes. Both conditions (6a)
and (6c) are directly substituted in the boundary integral
over Γ. For the condition of continuity of pressure, we
introduce an additional functional

∫

Γ

w
∗ · n (p− pp) dΓ = 0, (7)

where w
∗ can be interpreted as a Lagrange multiplier.

Now, (6b) is added thanks to (7) and we can switch p
and pp in the boundary integral term Iσ in (5). These
two manipulations give a symmetric formulation of the
coupling integrals. We finally arrive at the weak form for
the coupling on Γ:

∫

Γ

ppu
∗·n dΓ+

∫

Γ

p∗pu·n dΓ+

∫

Γ

pw∗·n dΓ+

∫

Γ

p∗w·n dΓ

−
∫

Γ

p∗p w · n dΓ−
∫

Γ

pp w
∗ · n dΓ = 0. (8)

The first line of (8) corresponds to a displacement-
pressure coupling within each separate domain whereas
the second line represents the displacement-pressure cou-
pling between the two domains. It can be noted the
two displacement-pressure weak formulations (5) and (2)
make easier the coupling between both domain and this
is due to the continuity of the lagrangian perturbation of
the displacement. In particular, this allows easy treat-
ment of plug flows. In this latter case, the use of the
LEE would have been more difficult as the Myers bound-
ary condition35 is not taken into account naturally.
The combination of (5), (2) and (8) yields the cou-

pled fluid-poroelastic finite element system which can be
written in the compact form

(
G C

C
t
B

)






p
w

pp
u




 =

(
FG

FB

)

(9)

.
One can note that the discretization of the Galbrun’s

equation in its mixed form leads to the complex hermitian
matrix block G. However the displacement-pressure for-
mulation of Biot’s equations gives a complex symmetric
matrix B. The right hand sides vectors FG and FB arise
from the boundary conditions. In this study, we have
necessarily FB = 0 and FG stems from the pressure-
displacement condition at the inlet and outlet planes.

III. VALIDATION AND ASSESSMENT OF THE FE

MODEL

In order to validate and assess the FE model, we shall
consider the case of an infinite cylindrical silencer.On the
outer radius r2, the foam is clamped and there is an uni-
form mean flow with Mach number M in the airway.
In this scenario, the problem is separable in cylindrical
coordinates (r,θ,z) and analytical modal solutions can

be found. These solutions all have the ei(βz−ωt) depen-
dence and finding these modes requires the computation
of the axial wavenumbers β. In appendix A, the method
for finding these modes is presented very briefly for the
case of purely radial modes only. We refer the reader to
Ref. 20 for more details.
Now, for a chosen mode, the analytical solution for

both the pressure and the displacement vector is im-
posed directly in the system (9) at nodes corresponding
to the inlet and outlet sections Γi and Γo. A conver-
gence rate study has been carried out for three different
discretization schemes listed in Table I. Biot’s equations
are discretized with standard isoparametric tetrahedral
elements called T4 and T10 using respectively a linear
and a quadratic lagrangian polynomial interpolation ba-
sis for the pressure and for the solid displacement field.
To ensure the convergence, the mixed formulation (2) is
discretized with an appropriate choice for the interpola-
tion function basis satisfying the inf-sup condition36. For
this purpose, the so-called T5-4c and T10-4c mixed ele-
ments are used 28,36,37. In the T5-4c element (also called
“MINI”) the pressure interpolation is linear while the dis-
placement field is enriched with a bubble function. In the
T10-4c, the pressure is linear whereas the displacement
is interpolated with quadratic basis functions.
For a given physical quantity X , we define the relative

error estimator E2 in terms of the energy-norm as

E2(X) = 100

∥
∥X fem −Xana

∥
∥
L2(S)

‖Xana‖L2(S)

(10)

where S a surface of reference lying on the θ = 0 plane
and corresponding either to Ωa or Ωp.

TABLE I. Three discretisation schemes.

Scheme Ωa Ωp

LL T5-4c T4
LQ T5-4c T10
QQ T10-4 T10

A comparison between the analytical solution and the
FE solution computed with the LQ scheme is shown in
Fig. 2. The dimensions are r1 = 0.06 m, r2 = 0.1 m with
a the total length of L = 0.6 m. In all cases the frequency
is fixed at 600 Hz. For all physical quantities we can note
a good agreement between the computed values and the
modal solution. This is confirmed by the relative error E2
given in Table II. In this example, approximately eight
elements were used in the radial direction. In this regard,
the FE mesh is shown on the reference surface in order
to give an idea of the discretization level. Note that the
pressure is continuous across the interface whereas the
normal displacement presents a jump due to the sepa-
ration of the total displacement field into the fluid and
solid phase.
A convergence rate analysis has been performed for

two configurations (i) a no-flow case with mode β =
17.135 + 4.7643i and (ii) an upstream propagation case
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FIG. 2. Numerical results (fe) computed with the LQ scheme and analytical solutions (ana) for the real part of the pressure,
the axial and the radial displacement (quantities are scaled for the sake of clarity). The displacement ‘Disp.’ (resp. the
pressure ‘Pres.’) signifies the fluid displacement perturbation in the airway w (resp. pressure p) for r ≤ r1, and the solid phase
displacement u for r1 < r ≤ r2 (resp. pore pressure pp). Computed with β = 9.7112 + 2.8826i, M = 0.3 and f = 600 Hz.

TABLE II. Error E2 for M = 0.3, f = 600 Hz, β = 9.7112 +
2.8826i computed with the LQ scheme. Displacement ‘Disp.’
(resp. ‘Pressure’) signifies the fluid displacement perturbation
in the airway w (resp. the pressure p), and the solid phase
displacement u in the poroelastic material (resp. the pore
pressure pp).

Error E2 (%) Pressure Radial Disp. Axial Disp.
Poroelastic mat. 0.586 0.785 0.525

Airway 1.372 2.718 0.847

with M = −0.2 and mode β = 20.2572 + 7.1227i. Re-
sults for the pressure in both domains are conveniently
plotted in Fig. 3. Errors in the displacement have been
found to be higher than for the pressure but the con-
vergence curves show similar trends. Clearly, best re-
sults have been obtained when using either LQ or QQ
schemes. This indicates that quadratic interpolation for
the poroelastic material discretization must be used in
order to reduce computational costs and that errors of
about one percent for the pressure in the fluid domain
can be expected at a reasonable cost. Thereafter, the
LQ scheme is used in all calculations.

Note that validations were also performed on silencer
configurations with uniform mean flow and clamped
boundary conditions. Comparisons with the recent mode
matching technique proposed in Ref. 20 show a good
agreement (see Figs. 8-12 therein).

IV. RESULTS

A. Test case configuration

As a test case we consider the geometry already stud-
ied by Kirby18 so we take r1 = 37 mm, r2 = 76.2 mm
and L = 315 mm. To illustrate the method we consider
two foams which are standard polymer foams presenting
a strong coupling between both fluid and solid phases: a
‘soft’ one called FM4 and the XFM foam. The material
properties can be found in Refs. 16, 33 and are reminded
in Table III for completeness. Here the diameter of the
acoustic duct is relatively small and the first cut-off fre-
quency is well above the frequency range of interest. Only
the fundamental mode is allowed to propagate and this
simplifies the radiating conditions at both ends of the
duct. At the exit plane, the non-reflective condition is
assured by the modal impedance of the first mode28 of
the rigid duct. In an uniform flow, this mode is given
analytically in terms of Bessel functions. In a shear flow,
the mode is computed by solving the Pridmore-Brown
equation using a shooting method as in28,38. At the inlet
plane, the pressure-displacement field is expressed as a
sum of an incident and a reflected mode and the global
matrix is rearranged so that the incident term appears on
the right-hand side FG of the FE system. Note that the
same procedure can be followed in a multimodal context
as shown in Ref. 39.

On Fig. 4, the test case mesh is shown. Since the
problem possesses axial symmetry, only one quarter of
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the duct is meshed and normal displacement field are set
to zero on the lateral sides (corresponding to θ = 0 and
θ = π/2).
In the present work, we wish to identify the effects of

the poroelastic material as well as the presence of the
flow in the airway on the Transmission Loss (TL) of the
dissipative silencer. By calling Pi and Pt the incident
and transmitted power, the TL is defined by

TL = −10 log

(Pt

Pi

)

. (11)

In the presence of a shear flow in the airway, the calcula-
tion for the transmitted and incident acoustic powers re-
lies on the numerical evaluation of the intensity vector40

I = ρ0

(
∂w

∂t
· d0w

dt

)

v0 + p
∂w

∂t
. (12)

The powers are obtained after integration of the normal
component (along the z-axis) of the intensity over the
inlet and the outlet planes.

B. Mounting conditions and skeleton influence

It is known that the manner in which lining materi-
als are fitted into the duct can have a great impact on
the sound attenuation level17, especially with poroelas-
tic materials presenting a strong skeleton influence. This
effect has been experimentally observed and discussed in
a standing wave tube41 and some criteria have been pro-
posed to quantify the frame stiffness influence7,41.
To illustrate this, the clamped and sliding mounting

conditions are compared and results on the TL are shown
in Fig. 5. For the XFM foam for which the fluid and
solid phases are strongly coupled, ‘resonances’ peaks are
clearly identifiable. By comparing these results with a
simplified bulk-reacting models such as the Limp model,
it is concluded that these peaks stem from the elastic-
ity of the frame20. In this context, the mounting condi-
tions have a great impact on the dynamic response of the
poroelastic liner and its absorbing properties.
The FM4 foam is softer; when considering sliding

conditions on the hard wall, the TL curve shows a
quite smooth behavior without marked skeleton reso-
nances. Here, results are comparable with the bulk-
reacting model (Limp model)39 and the solid frame influ-
ence is essentially due to the inertial coupling. However,
when the foam is clamped, the coupling between phases
is stronger and the skeleton resonances are clearly visi-
ble in the low frequency regime. These effects have been
observed especially for small thickness liners.

C. Shear flow influence

In this section we shall investigate the effect of a shear
flow in the airway on the upstream and downstream prop-
agation for the dissipative silencer of the previous section.
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FIG. 3. Convergence curves for the pressure. The discretiza-
tion scheme is given by the line style : LL scheme, . . . LQ
scheme and QQ scheme. The line thickness indicates
the domain under consideration: bold line for the poroelas-
tic domain and thin line for the fluid domain. (a) No flow
case with β = 17.135 + 4.7643i. (b) M = −0.2 flow with
β = 20.2572 + 7.1227i.

FIG. 4. Test case mesh.
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TABLE III. Materials properties used in numerical tests16,33. With the flow resistivity σ, the tortuosity αinf , the viscous and
thermal characteristic lengths Λ and Λ′, the poisson coefficient ν and the effective skeleton density ρ1. The effective skeleton
density ρ1 = (1− φ)ρs, where ρs is the density of the material of the frame.

Foam φ σ [kNm-4s] αinf Λ [µm] Λ′ [µm] ρ1 [kgm-3] N [kPa] ν

XFM 0.98 13.5 1.7 80 160 30 200(1 - 0.05i) 0.35
FM4 0.99 65 1.98 37 121 16 18(1 - 0.1i) 0.3
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FIG. 5. Effects of the mounting conditions, sliding,
clamped, for two foams: (a) XFM, (b) FM4.

The flow profile21

M(r) =

{

M∗, if 0 ≤ r ≤ r1 − δ

M∗ cos
(

π
2δ (r − (r1 − δ))

)
, if r1 − δ < r < r1

(13)
is constant with a magnitude M∗ excepted in the shear
layer, where a sinusoidal transition with a thickness δ
is used. When using a uniform flow model with Mach
number M0, we made sure that comparisons are made
by keeping the same mean Mach number, that is M0 =
M(r). In the following example, the mean Mach number
value is chosen equal to 0.2 and the lining material is
sliding on the hard walls.
When the flow is uniform, the sound waves propagat-

ing upstream are generally more attenuated than when
propagating downstream and this is in agreement with a
modal analysis (it suffices to compare the imaginary part
of the axial wavenumber). Results presented in Fig. 6 for
the XFM foam confirm these facts. When the flow is
sheared the same conclusion holds, but in addition, the
refraction effects in the boundary layer are found to be
more significant for the upstream propagation. Note that
the convection of the waves by the mean flow changes the
‘apparent’ wave length which is shorter in the upstream
propagation case. This has a noticeable effect on the
elasto-acoustic excitation of the lining material. This ex-
plains the ‘shift’ of the resonance peaks on the TL curves.
Refractions effects due to the flow are conveniently il-

lustrated in Fig. 7. Arrows corresponding to the inten-
sity vector field calculated from (12) are shown. This
clearly illustrates the noticeable differences between the
shear flow and the uniform flow case. For the down-
stream propagation, the shear flow makes the acoustic
intensity penetrate deeper in the poroelastic lining. On
the contrary, the shear flow tends to make the intensity
of upstream propagating acoustic waves more parallel to
the duct axis. These observations are in line with results
of Fig. 6, especially the upstream propagation case for
which Losses are found to be higher for uniform flows in
a large part of the spectrum.

D. Presence of a perforated screen

In many problems of practical interest, the presence
of a perforated screen separating the absorbing material
from the airway is sometimes inevitable. The reasons for
this are either to avoid the flow to penetrate through the
liner or for other purely practical reasons. The presence
of the screen will in turn affect the performance of the
dissipative silencer. Because of this, our FE model needs

Sound transmission in ducted shear flows 7
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FIG. 6. Effects of the shear layer with a mean Mach number
M0 = 0.2, no flow, δ = 0.2, uniform, for XFM
foam. (a) Downstream propagation, (b) Upstream propaga-
tion.

to be modified in order to take into account the induced
change of pressure δp over the perforated screen. Here,
the difficulty lies in having appropriate values for the
layer impedance defined as the ratio between the change
of pressure and the normal velocity at the surface of the
liner. These values are usually measured experimentally
and various semi-empirical models have been proposed in
the literature. A complete survey would be too lengthy
to be inserted in this paper and we can refer to recent
research works in this field18. In particular it was shown
that the presence of the grazing flow in the airway and the
porous backing behind the screen can have a substantial
effect on the impedance42.
In the present work we assume in our modeling that the

lining material is not directly in contact with the screen
so that the normal stress at the surface of the poroelastic
liner is due to the air pressure only. The transmission
conditions at the interface Γ now read

σ
t
n = −(p− iωZw · n)n , (14a)

δp = pp − p = −iωZw · n. (14b)

PSfrag replaements z

x

0.15
0.20
0.25
0.30
0.35

0 0.02 0.04 0.06(a)

PSfrag replaements z

x

0.15
0.20
0.25
0.30
0.35

0 0.02 0.04 0.06(b)
FIG. 7. Acoustic intensity field at the entrance of the liner at
1021 Hz, uniform flow; shear flow. (a) Downstream
case, (b) Upstream case.
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FIG. 8. Effects of the perforated plate properties on the TL
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no plate.

(note that the second equation is usually written in terms
of the normal acoustic velocity vn = −iωw · n on the
screen). The last condition stems from the continuity
of the normal displacement at each side of the screen
and (6c) remains unchanged. Finally, the presence of the
perforated screen is taken into account in our FE model
by simply adding the boundary integral

− iω

∫

Γ

w
∗ · nZw · n dΓ. (15)

in the Galbrun’s matrix G.

In the next example, we shall investigate the no-
flow case only. For a sake of illustration we chose the
impedance model given in Ref. 43

Z

ρ0c0
=

[√
8υω

φpc0

(

1 +
τ

d

)

+
1

8φp

(k0d)
2

]

− i
ω

φpc0

[

τ +
8

3π
d
(

1− 0.7
√

φp

)

+

√

8υ

ω

(

1 +
τ

d

)
]

,

(16)

with υ = 1.5 10−5 m2s-1 the air kinematic viscosity, the
screen thickness τ , the hole diameter d and the screen
porosity φp. Results are depicted in Fig. 8 for the two
screens described in Table IV.

The screen 1 is acoustically transparent below 500 Hz.
In the mid frequency range (say 500 Hz up to 1400 Hz)
the apparent resistivity increases and a gain of few deci-
bels can be achieved. However, above 1400 Hz, perfor-
mances drastically decrease because the perforated screen
tends to behave like a rigid wall (high impedance value)
and the air-porous coupling becomes less effective. For
the screen 2, similar trends hold, however the porosity
is relatively high and the coupling remains effective in a
wider frequency range.

TABLE IV. Perforated screen characteristics.

Screen d [mm] τ [mm] φp [-]
1 1 1 .05
2 3.5 1 .263

E. Notes on computational aspects

Meshes are built using the free software Gmsh44, the
FE implementation (integration and matrix assembly) is
carried out on Matlab and the final system is solved with
a Fortran-based solver. For homogenous porous material,
all frequency dependent parameters of the Biot’s model
can be pulled out of the integrals. Thus, for a fixed mesh
the numerical integration over the elements is performed
only once. The system is solved with a direct parallel
sparse solver: Mumps (with PORD ordering)45 on 8 pro-
cessors on the High-performance computing platform Pil-
cam46. To give an idea of the computational cost, the
sparse system (nnz = 6,589,999 and Ndof=78,574) cor-
responding to the mesh of Fig. 4 is solved in 17 seconds
and requires 250 Mbytes per working processor.

V. CONCLUSION

In this paper, a finite element model for analyzing
the sound transmission in ducted shear flows with finite
poroelastic lining was presented. The numerical model
has been developed for general 3D configurations. The
use of a displacement-pressure formalism for both prop-
agative domains (absorbing material and the airway) al-
lows an efficient and natural coupling at the air-porous
interface. Comparisons with analytical solutions show
the efficiency of the method. It is demonstrated that the
numerical model presented in this work gives a complete
computational tool for tackling complex configurations
of practical interest.

To illustrate the method, the case of a circular dissipa-
tive silencer is discussed. In particular, the effects of the
mounting conditions of the porous foam on the elasticity
of the skeleton are shown. In some cases, elastic reso-
nances are clearly identified and this can have significant
consequences on the sound attenuation.

Using the acoustic intensity defined in (12) for arbi-
trarily mean flow, refraction effects in the boundary layer
are shown for the downstream and the upstream propaga-
tion. In the case of the fundamental mode, these effects
are noticeable only in the upstream case. Work is on-
going by the authors to extend the results when higher
order propagative modes are also present in the airway.

Comparisons with experimental data would also be in-
teresting and very instructive, in particular to identify
the effect of an internal flow in the absorbent on the
porous material properties2. This aspect was ignored in
the present work but we think that this could be an in-
teresting subject for further investigation.

Sound transmission in ducted shear flows 9
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APPENDIX A: MODE CALCULATION FOR AN

UNIFORM FLOW

In this section, the silencer chamber is assumed to be
infinite in length and a uniform mean flow is present in
the airway. The eigenvalue analysis is performed by as-
suming that all perturbative quantities have the ei(βz−ωt)

dependence. Within these assumptions, the displacement
perturbation w satisfies the convected wave equation in
the airflow domain (see (1))

∇∇ ·w+Ω2
w = 0 (A1)

with Ω = Mβ − k0, k0 = ω/c0. Since the flow is uni-
form, we can look for purely acoustic mode by putting
w = ∇ϕ0 and the acoustic pressure is simply obtained
from p = ρ0c

2
0Ω

2ϕ0. In the axisymmetric case, we find
that ϕ0(r) = A0J0(α0r) where the transverse wavenum-
ber satisfies the dispersion relation α2

0 + β2 = Ω2. The
fluid and solid phase displacements in the porous mate-
rials are governed by the Biot’s model (3). When the
medium is homogeneous, both displacements admit the
Helmholtz decomposition u = ∇(ϕ1 + ϕ2) +∇×Ψ and
U = ∇(µ1ϕ1 + µ2ϕ2) + µ3∇ × Ψ where potentials ϕ1,
ϕ2 and Ψ are solutions of the Helmholtz equation with
wavenumbers k1, k2 and k3, (see

11). So we put

ϕe(r) = AeJ0(αer) +BeY0(αer), e = 1, 2, (A2a)

ϕ3(r) = A3J1(α3r) +B3Y1(α3r), (A2b)

where α2
e + β2 = k2e (e = 1, 2, 3). Note that, for the sake

of simplicity, the shear wave potential ϕ3 simply stands
for the azimuthal component of Ψ. The modal vector
V = [A2, B2, A3, B3, A1, B1, A0]

T must be found so
that the transmission conditions (6a),(6b) and (6c) at
the fluid-porous interface (r = r1) are satisfied. For this,
the pore pressure pp and the total stress tensor σt must
be expressed in terms of the potentials as shown in11.
Similarly, at the wall (r = r2), the foam is clamped, i.e.
u = 0 and U · n = 0. All these conditions leads to the
nonlinear eigenvalue problem

M(β)V = 0, (A3)

where M(β) is a 7×7 matrix. We can now exploit the fact
that detM(β) is a meromorphic function in the complex
β-plane and solve detM(β) = 0 using the argument prin-

ciple. All simple zeros β±

k (k = 1, . . . ,K) are classified
with the convention that superscript ± stands for the
sign of the imaginary part (+ refers to rightgoing modes
and - to leftgoing modes).
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