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➈➉❽❪❸❳❨✓➀❚❙✦❿❹❐✲Ô❆➀❚❙✦❽①➓❯❙✏➃✲❸✝❸✦❽❪➈❆➃✲❸✦➂❃❐✲Ô❆➀❚❙✦❽❲❱✝❸❳❙✦❽➡➃✲➀⑤❽➊➂❃❽❪❸✖➀➅❾✇➃✲❸✦➓➊❽✂❐✲Ô✐➀❚❙✦❽❦➓❯❙✏➃✲❸✝❸✦❽❪➈✟❶

m

N
➀⑤❐✹➀✇➃✲➈✕❸❫❱✝Õ✂×❇❽❪❾➜❐✲Ô✐Õ③❽➊❿❯❙❃➓➊❽❪➈❼➈➉❿➡❶

Nx×Ny×Nz

Nt
➀⑤❐✹➀✇➃✲➈✕❸❪❱✝Õ❦×❨❽❪❾➦❐✲Ô❆➀➅❺❼Õ③❽①❿➅➀⑤❽❪Ö✦❿

Nx/y/z

➓➊❽❪➈❼➈❍❸❫❱✝Õ✂×❇❽❪❾➦❺❼❸❃➀❚❙✦❽❡➏❍❶✑➧ ❐✹❾✥Ð✉➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✦❿

p
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿➦➂✝❽❪❻❙❺➷➃✲➀➅❺➉❐✹❸➑❐✲Ô❆Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽➜Ô ❾⑤❐✹Õ❜❙❙➧✑➂✩❾⑤❐✓❿➅➀✇➃✲➀➅❺➉➓❦Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽

Pr
➝✯❾✇➃✲❸✦➂✩➀➅➈✕❸❪❱✝Õ❦×❨❽❪❾➡❶

ν/α

PRB
➝✎❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽❬➆✶➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✩➆✶➠✛➁❪❸✏➃✲❾⑤➂

Ra
➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙❃❸❪❱✝Õ❦×❨❽❪❾➡❶

gβ(Th − Tc)H
3/(να)

Ra∗//

➈❼❺❼❸✦❽➡➃✲❾❹➓❪❾➅❺❼➀➅❺➉➓➡➃✲➈☞➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙❃❸❫❱✝Õ✂×❇❽❪❾➜❐✲Ô✐➀❚❙✦❽❦➝✮➛❹➠✸Ø✏❐➡Ù ❻❙❺➉❿❉➆❖➃❁➆✟❻✑❺➉❿❘➀❚❙✦❽❡➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✐❾⑤❐✹➈❼➈➉❿

Ra∗⊥
❿✇➃✲Õ③❽✉➃✹❿

Ra∗//

×❳❱✝➀❘Ô✢❐✹❾❘➀❚❙✦❽❡➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✕❾⑤❐✹➈❼➈➉❿

Re
➛❹❽❪➧✑❸✦❐✹➈➉➂✝❿❘❸❫❱✝Õ✂×❇❽❪❾➡❶

UmeanH/ν

Sf
❿⑤❐✺❱✝❾⑤➓➊❽❡➀⑤❽❪❾➅Õ ❐✲Ô❆➀❚❙✦❽✉➓➊❐✹❸✦❿⑤❽❪❾➅❻✓➃✲➀➅❺➉❐✹❸➑❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✍Ô✢❐✹❾✥❻✹➃✲❾➅❺➷➃✲×✝➈➉❽①Ô

t
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿❹➀➅❺❼Õ③❽

tCPU−tot
➀⑤❐✹➀✇➃✲➈✐➎✻➝✮❷✰➀➅❺❼Õ③❽❡Ô✢❐✹❾✥❐✹❸✦❽✉❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸✕❶

s

tCPU−unit
➎✻➝✮❷✰➀➅❺❼Õ③❽①Ö❨❽❪❾❘➀➅❺❼Õ③❽✉❿➅➀⑤❽❪Ö◆➃✲❸✦➂ Ö❨❽❪❾✲❨✓❾➅❺➉➂✍❸✦❐✑➂✝❽✓❶

s

T
➀⑤❽❪Õ♠Ö❇➁❪❾✇➃✲➀❚❱✝❾⑤❽✓❶

K

Tc, Th

➀⑤❐✹Ö❃➓➊❐✹➈➉➂✍Ù✛➃✲➈❼➈✐➃✲❸✦➂ ×❨❐✹➀➅➀⑤❐✹Õ❜❙✦❐✹➀✥Ù✻➃✲➈❼➈☞➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽➊❿➜❐✲Ô✐➀❚❙✦❽①➓✒❙✏➃✲❸✝❸✦❽❪➈✟❶
K

TDMA
⑨✕❾➅❺Ó➆✳❩➜❺➷➃✁❨✧❐✹❸✏➃✲➈✎⑩➄➃✲➀➅❾➅❺Ó➏❃➹❹➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ

u, v,w
➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿❹❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽✓❶✦❿➅Ö✏➃✲❸❙Ù❘❺➉❿⑤❽❦➃✲❸✦➂✍❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✎❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✍➓➊❐✹Õ♠Ö❇❐✹❸✦❽❪❸❙➀⑤❿

U, V,W
❿⑤➀➅❾⑤❽➡➃✲Õ❦Ù❘❺➉❿⑤❽✓❶✦❿⑤Ö✏➃✲❸✖Ù❘❺➉❿⑤❽❦➃✲❸✦➂❃❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈☞❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✍➓➊❐✹Õ♠Ö❇❐✹❸✦❽❪❸❙➀⑤❿➡❶

m/s

➐



Umean
Õ③❽➡➃✲❸❃❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✍❐✲Ô✮➃✂Ø✏❐➡Ù✚❺❼❸◆➃❱❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾➜➓❯❙✏➃✲❸✝❸✦❽❪➈✟❶

m/s

UPois
➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽✉❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ Ö✝❾⑤❐✲Ñ✦➈➉❽①❺❼❸➑➃❤❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾➜➓❯❙✏➃✲❸✝❸✦❽❪➈✼❞tÔ❄❱✝❸✦➓❪➀➅❺➉❐✹❸➑❐✲Ô✐➏❃➃✲❸✦➂✍➧❳❡❬❶

m/s

~v, ~V
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿➜➃✲❸✦➂✍➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✏➃✲➈☞❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ ❻✧❽➊➓❪➀⑤❐✹❾⑤❿➡❶

(u, v,w), (U, V,W )

vmax−pert
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿❹❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✍❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸◆➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽✂❐✲Ô✐➀❚❙✦❽✉❺❼❸✝➈➉❽❪➀➦➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾

Vr
➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈☞❾⑤❐✹➈❼➈❍Ö❳❙✏➃✹❿⑤❽①❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶

λf
❶
m/s

Ws
❿✇➃✲➀❚❱✝❾✇➃✲➀➅❺➉❐✹❸◆➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽✂❐✲Ô✐➀❚❙✦❽✉❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✕❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✧❶

m/s

x, y, z
➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿➦➃❁➏✩❺➷➃✲➈✟❶✝❿➅Ö✏➃✲❸✖Ù❘❺➉❿✇❽❦➃✲❸✦➂✍❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✎➓➊❐✑❐✹❾⑤➂✩❺❼❸✏➃✲➀⑤❽➊❿

X,Y,Z
➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✏➃✲➈✎➃❁➏✑❺➷➃✲➈✟❶✏❿➅Ö✏➃✲❸✖Ù❘❺➉❿⑤❽✂➃✲❸✦➂✍❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈☞➓➊❐✑❐✹❾⑤➂✩❺❼❸✏➃✲➀⑤❽➊❿➡❶

m
❢❤❣✍✐❪✐❫❥❧❦❄✐✘♠✠♠✧✐❪❣✍♥

α
➀❚❙✦❽❪❾➅Õ❝➃✲➈☞➂✩❺ÓÒ♦❱✦❿➅❺❼❻❙❺❼➀❖➧✧❶

m2/s

β
➀❚❙✦❽❪❾➅Õ❝➃✲➈☞❽❬➏✩Ö✏➃✲❸✦❿➅❺➉❐✹❸➑➓➊❐✑❽✽♣❝➓❪❺➉❽❪❸✖➀➡❶

K−1

∆t
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿❹➀➅❺❼Õ③❽✉❿➅➀⑤❽❪Ö

∆x,∆y,∆z
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿✇❿❹❿➅Ö✏➃✹➓➊❽①❿➅➀⑤❽❪Ö➑❺❼❸ ➏❙➆✇❶✩➧❙➆★➃✲❸✦➂✍Ð❪➆✶➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✦❿

ǫf

❿➅Ö✏➃✹➓➊❽①❐✹❾✥➀➅❺❼Õ③❽✉❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽✉❽❪❾➅❾⑤❐✹❾❘Ô✢❐✹❾❘❻✹➃✲❾➅❺➷➃✲×✝➈➉❽❡Ô

φ
❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀➜❐✲Ô✐Ö✝❾⑤❽➊❿⑤❿❯❱✝❾⑤❽✓❶

pn+1 − pn

γpert
➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾✥➀➅❺❼➈❼➀➅❺❼❸❳❨❰➃✲❸❳❨✓➈➉❽✓❶

deg

λ
➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈☞❐✹❾❘Ù✛➃➊❻✑➧ ❾⑤❐✹➈❼➈✕Ù✻➃➡❻✧❽✉➈➉❽❪❸❳❨✓➀❚❙✕❶

m

ν q ❺❼❸✦❽❪Õ❝➃✲➀➅❺➉➓✉❻❙❺➉❿⑤➓➊❐✓❿⑤❺❼➀✶➧✧❶ m2/s

ρ
Õ❝➃✹❿⑤❿❘Ö❨❽❪❾❘❻✧❐✹➈❴❱✝Õ③❽❲❱✝❸✝❺❼➀➡❶

kg/m3

θ
❾⑤❽➊➂r❱✦➓➊❽➊➂✍➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽✓❶

(T−Tc)/(Th−Tc)
s✉t✔✈✔♥✧✇❫❣✁①❄②✔♠✧♥

av
➃➊❻✧❽❪❾✇➃✁❨✧❽

en
❽❪❸✖❻✧❽❪➈➉❐✹Ö❵❐✹❾❘Õ❝➃❁➏✑❺❼Õ◗❱✝Õ ➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽

i, j, k
❿⑤Ö✏➃✹➓➊❽❡❺❼❸✦➂✩❺➉➓➊❽➊❿✥❺❼❸❵➎✛➃✲❾➅➀⑤❽➊❿➅❺➷➃✲❸◆❿➅Ö✏➃✹➓➊❽

pert
❭❫❱✏➃✲❸❙➀➅❺❼➀➅❺➉❽➊❿✥❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽✉➀⑤❐❤➀❚❙✦❽✉❺❼❸✝➈➉❽❪➀➦➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾

st, unst
❿➅➀⑤❽➡➃✹➂✩➧✍➃✲❸✦➂✖❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧❰Ñ✏❽❪➈➉➂

tot
➀⑤❐✹➀✇➃✲➈

0
➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈✕Ñ✏❽❪➈➉➂

//,⊥,≈
❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽✉➀⑤❐♠➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✟❶✦➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿➳➃✲➈☞❐✹❾✥Ù✻➃➡❻❙➧ ❾⑤❐✹➈❼➈➉❿

s✉t✔②✶✐❫❣✁♥✧✇✘❣✺①❄②❛♠✧♥

n
➀➅❺❼Õ③❽✉❿➅➀⑤❽❪Ö✍❸❪❱✝Õ❦×❨❽❪❾

∗
❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽①➀⑤❐♠➀❚❙✦❽❡❸✦❐✹❸✩➆✶➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❬➆✢Ô ❾⑤❽➊❽❦❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ Ñ✏❽❪➈➉➂❃❐✹❾❹➀⑤❐③➃♠➓❪❾➅❺❼➀➅❺➉➓➡➃✲➈✕❻✓➃✲➈❴❱✦❽

➞



③ ④ ❍⑤▼⑥P♦❈❲⑦✜◆◗❏❛▼❖⑧❯❈✲❍

➝✎❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽❬➆✶➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✩➆✶➠✛➁❪❸✏➃✲❾⑤➂⑨❞ ➝✮➛❹➠✲❡✡Ø✏❐áÙ✥❿✯➃✲❾⑤❽✯Õ♠❺Ó➏✩❽➊➂✂➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸❱Ø✏❐➡Ù✥❿✎❺❼❸✞❙✦❐✹❾➅❺❼Ð➡❐✹❸❙➀✇➃✲➈✩❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾
➓✒❙✏➃✲❸✝❸✦❽❪➈➉❿❤❙✦❽➡➃✲➀⑤❽➊➂➬Ô ❾⑤❐✹Õ ×❨❽❪➈➉❐➡Ù✉➔✰⑨✼❙✦❽❪➧⑩❙✏➃➊❻✧❽◆×❇❽➊❽❪❸❏❿➅➀❚❱✦➂✩❺➉❽➊➂✸❿➅❺❼❸✦➓➊❽➑➀❚❙✦❽➑➀✶Ù✻❽❪❸✖➀➅❺➉❽➊❿➡❶➦❺❼❸ ➀❚❙✦❽◆➓➊❐✹❸✖➀⑤❽❬➏✩➀ ❐✲Ô
Õ③❽❪➀⑤❽➊❐✹❾⑤❐✹➈➉❐✺❨✓➧✾Ñ✦❾⑤❿➅➀❱➃✲❸✦➂❍❶❆❿➅❺❼❸✦➓➊❽❝➀❚❙✦❽❰❿⑤❺Ó➏✑➀➅❺➉❽➊❿➡❶✎➀⑤❐◆➃✲❸✏➃✲➈❼➧✑Ð➡❽❰➀❚❙✦❽➊❐✹❾⑤❽❪➀➅❺➉➓➡➃✲➈❼➈❼➧❷❶❼➟✥❸✩➞✍❹✛➃✲❸✦➂✫❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❼➈❼➧❷❶ ➌✁❸
➋✩❹❘➀❚❙✦❽ ❿➅➀✇➃✲×✝❺❼➈❼❺❼➀❖➧✫❐✲Ô➜➀❚❙✦❽❰❸❪❱✝Õ③❽❪❾⑤❐✺❱✦❿♠➀❚❙✦❽❪❾➅Õ③❐✑➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽✍Ø✏❐áÙ Ö✏➃✲➀➅➀⑤❽❪❾➅❸✦❿❤➀❚❙✏➃✲➀❝➃✲❾⑤❽ ➈❼❺➷➃✲×✝➈➉❽ ➀⑤❐➄➃✲Ö✝Ö❨❽➡➃✲❾❤❺❼❸
➀❚❙✦❽➊❿✇❽ Ø✏❐➡Ù✥❿❺❞ ❿⑤❽➊❽✍×❨❽❪➈➉❐➡Ù⑤❡❬➔☎➣❙❺❼❸✦➓➊❽❃➀❚❙✦❽❃❽❪❺❴❨❅❙❙➀➅❺➉❽➊❿➡❶❘➝✮➛➦➠ Ø✏❐➡Ù✥❿✯❙✏➃➊❻✧❽➑❽❪❸✺❻➅❐➡➧✧❽➊➂ ❺❼❸✦➓❪❾⑤❽➡➃✹❿➅❺❼❸❳❨✫➃✲➀➅➀⑤❽❪❸❙➀➅❺➉❐✹❸✬❐✲Ô
➀❚❙✦❽↔Ø❼❱✝❺➉➂ ➃✲❸✦➂☎➀❚❙✦❽❪❾➅Õ❝➃✲➈❦❿⑤➓❪❺➉❽❪❸✦➓➊❽✾➓➊❐✹Õ♠Õ✞❱✝❸✝❺❼➀✶➧ ×❇❽➊➓➡➃✁❱✦❿⑤❽↔❐✲Ô❤❺❼❸✦➂r❱✦❿➅➀➅❾➅❺➷➃✲➈❤➃✲Ö✝Ö✝➈❼❺➉➓➡➃✲➀➅❺➉❐✹❸✦❿➡❶①Õ❝➃✲❺❼❸✝➈❼➧✬❺❼❸✚➀❚❙✦❽
Ö✝❾⑤❐✑➓➊❽➊❿⑤❿⑤❽➊❿ ❐✲Ô❦➓✒❙✦❽❪Õ♠❺➉➓➡➃✲➈①❻✹➃✲Ö❨❐✹❾ ➂✝❽❪Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸❽❞✟➎★➇❾❩❲❡❿❱✦❿➅❺❼❸❳❨✣➓➊❐✹➈➉➂✬Ù✻➃✲➈❼➈❡❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾ ➀❚❙✦❽❪❾➅Õ❝➃✲➈①❾⑤❽➡➃✹➓❪➀⑤❐✹❾⑤❿
➀⑤❐❦Õ❝➃ q ❽❹➂✝❽❪Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸✦❿✻❐✲Ô✕➀❚❙✝❺❼❸❰❿⑤❐✹➈❼❺➉➂③Ñ✦➈❼Õ③❿✜❐✹❸❰❿❯❱✝×✦❿➅➀➅❾✇➃✲➀⑤❽➊❿⑤❶➁➀✍❹❍➃✲❸✦➂❰➃✲➈➉❿⑤❐❦❺❼❸③➀❚❙✦❽❹➓➊❐✹❸❙➀⑤❽❬➏✑➀✛❐✲Ô❍➀❚❙✦❽❹➓➊❐✑❐✹➈❼❺❼❸❳❨❱❐✲Ô
❽❪➈➉❽➊➓❪➀➅❾⑤❐✹❸✝❺➉➓✂❽✠❭❫❱✝❺❼Ö✝Õ③❽❪❸❙➀⑤❿➡➔✜➹P➓➊❐✹Õ♠Ö✝❾⑤❽❝❙✦❽❪❸✦❿➅❺❼❻✧❽❱➃✲❸✦➂✍❾⑤❽➊➓➊❽❪❸✖➀✥❾⑤❽❪❻✑❺➉❽❪Ù ❐✹❸➑➝✜➛❹➠✸Ø✏❐➡Ù✥❿➦➓➡➃✲❸❃×❇❽➜Ô✢❐✺❱✝❸✦➂ ❺❼❸➂❶ ➢✍❹✶➔

→✶❸✉➝✮➛➦➠◆Ø✏❐➡Ù✥❿➡❶✓➃✲➀❍❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽❪➈❼➧❡➈➉❐➡Ù✾➛➦❽❪➧❙❸✦❐✹➈➉➂✝❿✎➃✲❸✦➂✉➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙✉❸❪❱✝Õ❦×❨❽❪❾⑤❿➡❶✲➀❚❙✦❽✯➓➊❐✹Õ❦×✝❺❼❸✏➃✲➀➅❺➉❐✹❸❤❐✲Ô✩➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✩➆
➠✛➁❪❸✏➃✲❾⑤➂❏➓➊❽❪➈❼➈➉❿ Ù❘❺❼➀❚❙✚➃✾➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽❵Ø✏❐➡Ù●❨✓❺❼❻✧❽➊❿ ❾➅❺➉❿⑤❽◆➀⑤❐✾❻✧❽❪❾➅➧✬➓➊❐✹Õ♠Ö✝➈➉❽❬➏➬Ø✏❐➡Ù ❿➅➀➅❾❚❱✦➓❪➀❚❱✝❾⑤❽➊❿ ❾✇➃✲❸❳❨✓❺❼❸❳❨✫Ô ❾⑤❐✹Õ
➀➅❺❼Õ③❽❬➆✶➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀✛➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇❽✥❾⑤❐✹➈❼➈➉❿✮➀⑤❐❦❿➅➀⑤❽➡➃✹➂✩➧❤➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❇❾⑤❐✹➈❼➈➉❿á❶✧➀➅❺❼Õ③❽❬➆✶➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀✻Õ♠❺Ó➏✩❽➊➂❝❾⑤❐✹➈❼➈➉❿⑤❞ ❿❚❱✝Ö❨❽❪❾❉➆
❺❼Õ♠Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸ ❐✲Ô✕➀❚❙✦❽✥➀❖Ù★❐❱Ö✝❾⑤❽➊➓➊❽➊➂✩❺❼❸❳❨❱❐✹❸✦❽➊❿✽❡❆❶➁➃✩❶❉➟➡➤✩❶❉➟✓➟✽❹✶❶❙➀➅❺❼Õ③❽❬➆✶➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀✥❐✓❿✇➓❪❺❼➈❼➈➷➃✲➀➅❺❼❸❳❨✂❾⑤❐✹➈❼➈➉❿❾❞ Ù✻➃➡❻❙➧✧❶✩❿➅❸✏➃ q ❺❼❸❳❨
❐✹❾❱❻✓➃✲❾➅❺➉➓➊❐✓❿⑤❽✩❡❿❶❼➟✓❶á➟➡➐✩❸❇➟➡➍✍❹✶❶✯❽❪➀⑤➓✓➔➑⑨✛❺❼Õ③❽❬➆✶➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀♠➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿➳➃✲➈✻❾⑤❐✹➈❼➈➉❿á❶✎Ù❘❺❼➀❚❙✵➃❁➏✩❺➉❿❦Ö❨❽❪❾➅Ö❇❽❪❸✦➂✩❺➉➓❝❱✝➈➷➃✲❾❤➀⑤❐◆➀❚❙✦❽
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Ù❘❺❼➀❚❙❵Ö❨❽❪❾➅❺➉❐❙➂✩❺➉➓❦×❇❐✺❱✝❸✦➂✦➃✲❾➅➧➑➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➜❺❼❸❵➀❚❙✦❽❦❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽❤➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✕➔❹⑨✼❙✦❽❱❿➅Ö✏➃✹➓➊❽❦➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀✉❐✲Ô✮➀❚❙✦❽
➀❚❙✦❽❪❾➅Õ③❐✑➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽✂Ö✏➃✲➀➅➀⑤❽❪❾➅❸✦❿✲❙✏➃✹❿❹❸✦❐✹➀❘×❇❽➊❽❪❸❵➃✲×✝➈➉❽①➀⑤❐❤×❇❽❡➀✇➃ q ❽❪❸➑❺❼❸✖➀⑤❐❰➃✹➓➊➓➊❐✺❱✝❸❙➀➡➔

⑨☞❐☎❐✺❱✝❾ q ❸✦❐áÙ❘➈➉❽➊➂r❨✧❽✓❶❤❐✹❸✝➈❼➧ä➣✑➓❯❙✝❾❯➍✑➂✝❽❪❾✾➃✲❸✦➂ä➠✣➎❳❙✝➈➉❽❪❾➏❶❼➟➡➢✍❹✶❶❱➙➜❐✹×✝❺❼➈➉❽✣➃✲❸✦➂ ➥➦❸✦❽➊❿➅➀➅❺✖❶❼➟➡➐✍❹❝➃✲❸✦➂ä⑦❍❺❼❸÷❽❪➀

➃✲➈✟➔❧❞✜❶➁➃✩❶❁➟✓➟✓❶á➟❪➌✦❶➳➞✓➐✍❹❹➃✲Õ③❐✹❸❳❨❋❐✹➀❚❙✦❽❪❾⑤❿✥❡❬❶✮Ù❘❺❼➀❚❙✫➀❚❙✦❽ ➠✛❐✺❱✦❿⑤❿➅❺❼❸✦❽➊❿✒❭↔Õ③❐❙➂✝❽❪➈✟❶★➃✲❸✦➂✫⑧✮❻✹➃✲❸✦❿♠➃✲❸✦➂❧➇➜❾⑤❽❪❺ÓÔ✜❶❼➟✧➀✩❶❬➞✓➞✍❹✶❶
➣❙Ö✏➃✲➈❼➈❆❶❼➟➡➞✩❶➅➞✲➌✺❹✜➃✲❸✦➂➅➐✾➃✲❸❳❨ ❽❪➀①➃✲➈✟➔✸❶ ➞✓➍✍❹✶❶❨Ù❘❺❼➀❚❙➄❸✦❐✹❸✩➆✶➠✻❐✺❱✦❿✇❿➅❺❼❸✦❽➊❿❯❭✍Õ③❐✑➂✝❽❪➈➉❿➡❶❘❙✏➃➊❻✧❽❤Ö❨❽❪❾❉Ô ❐✹❾➅Õ③❽➊➂➄➓➊❐✹Õ♠Ö✝➈➉❽❪➀⑤❽♠➞✺❩
❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈①❺❼❸✖❻✧❽➊❿➅➀➅❺❴❨✖➃✲➀➅❺➉❐✹❸✦❿➑❐✲Ô✂➝✮➛❹➠ Ø✏❐➡Ù✥❿➡❶❹×✖➧✸➀✇➃ q ❺❼❸❳❨✣❺❼❸✖➀⑤❐✵➃✹➓➊➓➊❐✺❱✝❸❙➀✍➀❚❙✦❽◆❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽➄➀❚❙✦❽❪❾➅Õ❝➃✲➈✉➃✲❸✦➂
❻✑❺➉❿⑤➓➊❐✺❱✦❿✂➂✩❺ÓÒ❘❱✦❿➅❺➉❐✹❸✦❿✂➃✲❸✦➂❋➀❚❙✦❽③❿➅Ö✏➃✹➓➊❽❰➃✲❸✦➂↔➀➅❺❼Õ③❽③❽❪❻✧❐✹➈❴❱✝➀➅❺➉❐✹❸✦❿❱❐✲Ô✛➀❚❙✦❽③➀❚❙✦❽❪❾➅Õ③❐❙➓➊❐✹❸❙❻✧❽➊➓❪➀➅❺❼❻✧❽❰❾⑤❐✹➈❼➈➉❿á➔❝➹➦➈❼➈✯➀❚❙✦❽➊❿⑤❽
➃✁❱✝➀❚❙✦❐✹❾⑤❿❿❙✏➃➊❻✧❽❃❿➅❺❼Õ◗❱✝➈➷➃✲➀⑤❽➊➂✫Ø✏❐➡Ù✥❿❝➃✲➀

Pr ≈ 0.7
❞ ❽❬➏✝➓➊❽❪Ö✝➀❵❶❼➟➡➢✍❹✥➃✲➀

Pr = 530
❡❬❶✮Ô✢❐✹❾❤Õ③❐❙➂✝❽❪❾✇➃✲➀⑤❽❃➛➦❽❪➧❙❸✦❐✹➈➉➂✝❿

❸❪❱✝Õ❦×❨❽❪❾⑤❿
Re≤ 50

❞ ❽❬➏✝➓➊❽❪Ö✝➀❡❺❼❸➏❶ ➞✓➞✍❹❆Ô✢❐✹❾
Re = 100

➃✲❸✦➂
250

❡❡➃✲❸✦➂◆Ô ❐✹❾❡➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙↔❸❪❱✝Õ❦×❨❽❪❾⑤❿
Ra≤ 30000

Ù❘❺❼➀❚❙❵➠✛❐✺❱✦❿⑤❿➅❺❼❸✦❽➊❿❯❭❰Õ③❐❙➂✝❽❪➈➉❿➜➃✲❸✦➂✍➀➅❺❼➈❼➈
Ra=130700

➃✲❸✦➂➑➃♠➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽❦❾✇➃✲➀➅❺➉❐
rT =(Th − Tc)/Tc =2.33

Ù❘❺❼➀❚❙✴❸✦❐✹❸✩➆✶➠✛❐✺❱✦❿⑤❿➅❺❼❸✦❽➊❿❯❭➄Õ③❐✑➂✝❽❪➈➉❿❬❶❼➟➡➞✩❶✇➞✓➞✩❸✝➞✓➍✍❹✶➔❰⑨✼❙✦❽❰➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ðá➃✲➀➅❺➉❐✹❸✴Õ③❽❪➀❚❙✦❐✑➂❋❺➉❿❱➃ Ñ✦❸✝❺❼➀⑤❽ ➂✩❺ÓÒ❨❽❪❾⑤❽❪❸✦➓➊❽❰❐✹❾✂➃
Ñ✦❸✝❺❼➀⑤❽❝❻✧❐✹➈❴❱✝Õ③❽♠Õ③❽❪➀❚❙✦❐✑➂↔❺❼❸✴➃✲➈❼➈✜➓➡➃✹❿⑤❽➊❿á➔③⑨✼❙✦❽③❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽❰➃✹❿➅Ö❨❽➊➓❪➀①❾✇➃✲➀➅❺➉❐❃❐✲Ô✛➀❚❙✦❽③➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✛➂✝❐✹Õ❝➃✲❺❼❸

A = L/H
❺➉❿❦❿➅Õ❝➃✲➈❼➈➉❽❪❾✉➀❚❙✏➃✲❸

30
❺❼❸✫➃✲➈❼➈✜➓➡➃✹❿⑤❽➊❿❦➃✲❸✦➂↔➀❚❙✦❽❝❿➅Ö✏➃✲❸✖Ù❘❺➉❿⑤❽ ➃✹❿➅Ö❨❽➊➓❪➀①❾✇➃✲➀➅❺➉❐

B = l/H
❺➉❿❦×❇❽❪➀❖Ù★❽➊❽❪❸

2

➃✲❸✦➂
12
❶☞×❳❱✝➀➄❨✧❽❪❸✦❽❪❾✇➃✲➈❼➈❼➧↔➈➉❽➊❿✇❿①➀❚❙✏➃✲❸

5
➔❝→❖❸✴➃✲➈❼➈✮Ö✏➃✲Ö❨❽❪❾⑤❿➡❶☞➀❚❙✦❽♠➀⑤❐✹➀✇➃✲➈✜❸❪❱✝Õ❦×❨❽❪❾✂❐✲Ô✥➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈★❸✦❐✑➂✝❽➊❿✉❺➉❿

➈➉❽➊❿✇❿✜➀❚❙✏➃✲❸
N =2× 105

❶❙❽❬➏✩➓➊❽❪Ö✝➀★Ô ❐✹❾✛➃❡Ô✢❽❪Ù✸➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✦❿➡❶✑Ù❆❙✦❽❪❸ ➀❚❙✦❽❹❿⑤❽❪❸✦❿⑤❺❼×✝❺❼➈❼❺❼➀✶➧❝❐✲Ô✕➀❚❙✦❽➦❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸❰➀⑤❐❦➀❚❙✦❽
Õ③❽➊❿❯❙❝❿➅❺❼Ð➡❽❘❺➉❿✜➀⑤❽➊❿➅➀⑤❽➊➂✦➑☞➀❚❙✦❽❪❸

N
❾⑤❽➡➃✹➓✒❙✦❽➊❿

3×105
❐✹❾★❽❪❻✧❽❪❸

5×105
❾⑤❽➊➓➊❽❪❸✖➀➅➈❼➧❵❶ ➞✓➍✍❹✶➔✯⑨☞Ù★❐✉Õ❝➃✲❺❼❸❰Õ③❽❪➀❚❙✦❐❙➂✝❿✻➃✲❾⑤❽

❱✦❿✇❽➊➂◆➀⑤❐ ➀➅❾⑤❽➡➃✲➀❡➀❚❙✦❽❤❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❙➆✟Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽♠➓➊❐✺❱✝Ö✝➈❼❺❼❸❳❨❼➑➜➀❚❙✦❽❱❺❼➀⑤❽❪❾✇➃✲➀➅❺❼❻✧❽♠Õ③❽❪➀❚❙✦❐✑➂✝❿①➂✝❽❪❾➅❺❼❻✧❽➊➂❵Ô ❾⑤❐✹Õ ➀❚❙✦❽③➣✑→❖⑩❵➝✮⑦✕⑧
➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ Ö✝❾⑤❐✹Ö❨❐✓❿⑤❽➊➂❵×✖➧❵➝✐➃✲➀✇➃✲❸ q ➃✲❾❿❶ ➞❅➃✍❹✎❞✟➣✑→❖⑩❵➝✮⑦✕⑧✜➛÷❺❼❸➒❶❼➟✧➀✩❶➅➞✓➞✩❶➅➞✓➍✍❹★➃✲❸✦➂↔➣✑→❖⑩❵➝✮⑦✕⑧★➎✰❺❼❸⑩❶❼➟➡➞✩❶➅➞✲➌✺❹❄❡➜➃✲❸✦➂
Ö✝❾⑤❐✁❻➅❽➊➓❪➀➅❺➉❐✹❸③Õ③❽❪➀❚❙✦❐✑➂✝❿✲❶➁➃✩❶✟➟✓➟✓❶✟➟➡➐✩❶✶➟❪➌✦❶➷➞✓➐✍❹✶➔✜→❖❸♠❿⑤❐✹Õ③❽✛Ö✏➃✲Ö❇❽❪❾⑤❿á❶✓➀❚❙✦❽✛➀➅❺❼Õ③❽✛❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸③❺➉❿✯Ñ✦❾⑤❿➅➀✯❐✹❾✮❿⑤❽➊➓➊❐✹❸✦➂♠❐✹❾⑤➂✝❽❪❾
❽❬➏✩Ö✝➈❼❺➉➓❪❺❼➀❲❶➁➃✩❶❉➟✓➟✓❶↕➟❪➌✦❶❉➟➡➢✩❶✢➞✓➐✍❹✶➔✛→✶❸❰➀❚❙✦❽➦❐✹➀❚❙✦❽❪❾⑤❿á❶❙❺❼➀✻❺➉❿★❺❼Õ♠Ö✝➈❼❺➉➓❪❺❼➀✛❐✹❾✛❿⑤❽❪Õ♠❺Ó➆✟❺❼Õ♠Ö✝➈❼❺➉➓❪❺❼➀❘Ù❘❺❼➀❚❙✕❶➓❨✧❽❪❸✦❽❪❾✇➃✲➈❼➈❼➧✧❶✦➃✂❿➅➀✇➃✲❸✦➂✦➃✲❾⑤➂
❺❼➀⑤❽❪❾✇➃✲➀➅❺❼❻✧❽❦Õ③❽❪➀❚❙✦❐❙➂❃➀⑤❐♠➓➊❐✹Õ♠Ö❳❱✝➀⑤❽✉➀❚❙✦❽✉❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸✉➑✻➣✝➥➜➛❦❶✩➈❼❺❼❸✦❽①×❙➧❰➈❼❺❼❸✦❽✉❐✹❾➦➹⑤❩❡→✮Õ③❽❪➀❚❙✦❐✑➂✝❿➡➔

→✶❸✫➀❚❙✦❽ Ö✝❾⑤❽➊❿⑤❽❪❸✖➀❤Ö✏➃✲Ö❨❽❪❾➡❶✯Ù★❽ Ö✝❾⑤❽➊❿⑤❽❪❸❙➀❝➃❃❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❘Ö✝❾⑤❐❙➓➊❽➊➂r❱✝❾⑤❽ Ù❆❙✝❺➉➓✒❙✣➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊❿❤➀❚❙✦❽ ❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸✦❿♠❐✲Ô
➀❚❙✦❽✂➞✺❩➔❱✝❸✦❿⑤➀⑤❽➡➃✹➂✩➧ ➠✛❐✺❱✦❿⑤❿⑤❺❼❸✦❽➊❿❯❭❰❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿➡❶✦➂✩❺➉❿✇➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂✍×✖➧❃➃✂Ñ✦❸✝❺❼➀⑤❽✉➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽✉Õ③❽❪➀❚❙✦❐✑➂❃❐✹❸✖❱✝❸✝❺ÓÔ✢❐✹❾➅Õ ❐✹❾

❸✦❐✹❸✩➆→❱✝❸✝❺ÓÔ✢❐✹❾➅Õ ❿➅➀➅❾❚❱✦➓❪➀❚❱✝❾⑤❽➊➂➣❨✓❾➅❺➉➂✝❿➡❶✑❺❼❸➣❙✝❺❴❨❅❙ ➃✹❿➅Ö❨❽➊➓❪➀✻❾✇➃✲➀➅❺➉❐❱➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✕➂✝❐✹Õ❝➃✲❺❼❸✦❿➄❞ ❿➳➃➊➧
100 ≤ A ≤ 250

❶

B ≈ 10
❡❬❶✩Ù❘❺❼➀❚❙➣❙✝❺❴❨❅❙ ❿⑤Ö✏➃✲➀➅❺➷➃✲➈❇❾⑤❽➊❿✇❐✹➈❴❱✝➀➅❺➉❐✹❸↔❞ ❿➳➃➊➧

2× 106 ≤ N ≤ 4× 106
❶❙Ù❆❙✦❽❪❾⑤❽

N
❺➉❿★➀❚❙✦❽➜➀⑤❐✹➀✇➃✲➈❨❸❫❱✝Õ✂×❇❽❪❾

❐✲Ô✛Õ③❽➊❿❚❙❋➓➊❽❪➈❼➈➉❿✥❡❬❶❍Ô ❐✹❾❡❾⑤❽➡➃✹❿⑤❐✹❸✏➃✲×✝➈➉❽♠➀➅❺❼Õ③❽❝➓➊❐✓❿➅➀⑤❿❿❞ ➈➉❽➊❿⑤❿❡➀❚❙✏➃✲❸✴➞❰➀⑤❐ ➌✖❙✦❐✺❱✝❾⑤❿✉❐✲Ô❹➎✻➝✮❷ ➀➅❺❼Õ③❽♠❐✹❸✾➃ ❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ð➡❽➊➂

❿❯❱✝Ö❇❽❪❾⑤➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❪❾✥❡❹➃✲❸✦➂✍Ù❘❺❼➀❚❙➑❿⑤❽➊➓➊❐✹❸✦➂❃❐✹❾⑤➂✝❽❪❾➦❿➅Ö✏➃✹➓➊❽✉➃✲❸✦➂✍➀➅❺❼Õ③❽❦➃✹➓➊➓❝❱✝❾✇➃✹➓❪❺➉❽➊❿➡➔
⑨✼❙✦❽❱➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀❦❐✲Ô★➃ ❿❚❱✦➓❯❙❵Ö✝❾⑤❐✑➓➊❽➊➂r❱✝❾⑤❽◗❙✏➃✹❿➜×❨❽➊❽❪❸➄Õ③❐✹➀➅❺❼❻✹➃✲➀⑤❽➊➂❵×✖➧➑➀❚❙✦❽❦Ô✟➃✹➓❪➀➜➀❚❙✏➃✲➀⑤❱✝❸✦➂✝❽❪❾⑤❿➅➀✇➃✲❸✦➂✩❺❼❸❳❨✦❶

Õ❝➃✲❸✝❺❼Ö❳❱✝➈➷➃✲➀➅❺❼❸❳❨➑➃✲❸✦➂❵➓➊❐✹❸✖➀➅❾⑤❐✹➈❼➈❼❺❼❸❳❨✍➀❚❙✦❽✂➀❚❙✦❽❪❾➅Õ③❐✑➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽♠Ö✏➃✲➀➅➀⑤❽❪❾➅❸✦❿❡❐✲Ô★➝✮➛➦➠❏Ø✏❐➡Ù✥❿①➓➡➃✲❸❵×❨❽➊➓➊❐✹Õ③❽❱➃✲❸❵❺❼Õ❤➆

➍



Ö❨❐✹❾➅➀✇➃✲❸✖➀❡❾⑤❽➊❿⑤❽➡➃✲❾⑤➓✒❙↔❿❚❱✝×r❻❉❽➊➓❪➀➡➔➦→✶❸↔➎★➇✴❩ ❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾①❾⑤❽➡➃✹➓❪➀⑤❐✹❾⑤❿➡❶✡Ô ❐✹❾➦❺❼❸✦❿➅➀✇➃✲❸✦➓➊❽✓❶❨❐✹Ö❇❽❪❾✇➃✲➀➅❺❼❸❳❨ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿①➓➡➃✲❸
❾⑤❽➊❿❯❱✝➈❼➀➦❺❼❸❵❿➅➀⑤❽➡➃✹➂✩➧✍➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❆❾⑤❐✹➈❼➈➉❿❹Ù❆❙✝❺➉➓✒❙❵Ö✝❾⑤❽❪❻✧❽❪❸❙➀❹Ô ❾⑤❐✹Õ ➃☛❱✝❸✝❺ÓÔ✢❐✹❾➅Õ ➂✝❽❪Ö❨❐✓❿➅❺❼➀◗❶ ➐❅➃✩❸✝➐❅➀✍❹✶➔✥⑨☞❐ ➃➊❻✧❐✹❺➉➂◆➀❚❙✦❽
➃✲Ö✝Ö❨❽➡➃✲❾✇➃✲❸✦➓➊❽❡❐✲Ô✕➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❨❾⑤❐✹➈❼➈➉❿✻❐✹❾➡❶❙×❨❽➊❿➅❺➉➂✝❽➊❿➡❶✑❐✹➀❚❙✦❽❪❾★➀❚❙✦❽❪❾➅Õ③❐✑➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽❡Ø✏❐áÙ✥❿✻❺❼❸❝➀❚❙✦❽➊❿⑤❽➦❾⑤❽➡➃✹➓❪➀⑤❐✹❾⑤❿➡❶✩❐✹❸✦❽
❿✇❐✹➈❴❱✝➀➅❺➉❐✹❸③❺➉❿❆➀⑤❐①❿➅➀➅❾⑤❐✹❸❳❨✓➈❼➧❤❾⑤❽➊➂r❱✦➓➊❽✛➀❚❙✦❽❘Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽✛×❨❽❪➈➉❐➡Ù✬➃✲➀➅Õ③❐✓❿➅Ö❳❙✦❽❪❾➅❺➉➓❘Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽❲❶➁➀✍❹✶❶✧Ù❆❙✝❺➉➓❯❙❝❺➉❿✮➃✲❸③❽❬➏✩Ö❨❽❪❸✦❿➅❺❼❻✧❽
❐✹Ö❨❽❪❾✇➃✲➀➅❺➉❐✹❸✕➔✯→❖➀■❙✏➃✹❿✮×❨❽➊❽❪❸③❿❚❙✦❐➡Ù❘❸❰➀❚❙✏➃✲➀✮➀❚❙✦❽✛➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✡❾⑤❐✹➈❼➈➉❿➡❶✓➀❚❙✦❽❘➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❇❾⑤❐✹➈❼➈➉❿✜➃✲❸✦➂♠➀❚❙✦❽❘Ù✛➃➊❻✑➧❤❾⑤❐✹➈❼➈➉❿
➃✲❾⑤❽❱❐✹❾➦➓➡➃✲❸❵×❨❽❦➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽❱❺❼❸✦❿➅➀✇➃✲×✝❺❼➈❼❺❼➀➅❺➉❽➊❿❡➂✝❽❪Ö❨❽❪❸✦➂✩❺❼❸❳❨✍❐✹❸➑➀❚❙✦❽❦Ø✏❐➡ÙPÖ✏➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿☛❶ ➐✩❶↕➞✩❶❬➟➡➍✍❹✶❶✏Ù❆❙✝❺➉➓✒❙➄Õ③❽➡➃✲❸✦❿
➀❚❙✏➃✲➀❡➀❚❙✦❽❪➧➑➃✲❾⑤❽✂❻✧❽❪❾➅➧➑❿⑤❽❪❸✦❿➅❺❼➀➅❺❼❻✧❽✂➀⑤❐ ❽❬➏✑➀⑤❽❪❾➅❸✏➃✲➈❆Ö❨❽❪❾➅➀❚❱✝❾➅×✏➃✲➀➅❺➉❐✹❸✦❿➡➔❡➹❹❸❵❐✹➀❚❙✦❽❪❾❡❿✇❐✹➈❴❱✝➀➅❺➉❐✹❸◆➀⑤❐✯❨✧❽❪➀➦Õ③❐✹❾⑤❽✜❱✝❸✝❺ÓÔ✢❐✹❾➅Õ
➂✝❽❪Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸✦❿❤➓➊❐✺❱✝➈➉➂❋×❨❽③➀⑤❐◆➓➊❐✹❸✖➀➅❾⑤❐✹➈✛➀❚❙✦❽❝❿⑤➀⑤❽➡➃✹➂✩➧↔➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✻❾⑤❐✹➈❼➈➉❿❤➃✲❸✦➂❋➀❚❙✦❽❪❺❼❾❤❿⑤❽➊➓➊❐✹❸✦➂✦➃✲❾➅➧↔❺❼❸✦❿➅➀✇➃✲×✝❺❼➈❼❺❼➀➅❺➉❽➊❿
❞ ➀❚❙✦❽✉➀➅❺❼Õ③❽❡Ö❇❽❪❾➅❺➉❐✑➂✩❺➉➓❡Ù✻➃➡❻❙➧✍➃✲❸✦➂✍❻✓➃✲❾➅❺➉➓➊❐✓❿⑤❽❡❾⑤❐✹➈❼➈➉❿✛Ô✢❐✹❾✻❺❼❸✦❿⑤➀✇➃✲❸✦➓➊❽✩❡✻×✖➧ ❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓❪❺❼❸❳❨ ➃✹➂✝❽✠❭❪❱✏➃✲➀⑤❽❡Ö❇❽❪❾➅➀❚❱✝❾➅×✏➃✲➀➅❺➉❐✹❸✦❿
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❞✢➃✹➂✦➃✲Ö✝➀⑤❽➊➂✵Ô ❾⑤❐✹Õ➡❶ ➞✓➢✍❹❄❡❬➔✣⑨✼❙✦❽❪❸➬➀❚❙✦❽❃➃✲Ö✝Ö✝❾⑤❐➡➏✑❺❼Õ❝➃✲➀⑤❽✍❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✫Ñ✏❽❪➈➉➂✣❺➉❿♠❽❬➏✩Ö✝➈❼❺➉➓❪❺❼➀➅➈❼➧✫➓➊❐✹❾➅❾⑤❽➊➓❪➀⑤❽➊➂➬➀⑤❐↔❽❪❸✦❿❚❱✝❾⑤❽❃➃
❿⑤➀➅❾➅❺➉➓❪➀✥Õ❝➃✹❿⑤❿✥➓➊❐✹❸✦❿⑤❽❪❾➅❻✓➃✲➀➅❺➉❐✹❸✕➔

→✶❸✣➀❚❙✦❽❰Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨✦❶✮Ù✻❽❝Ñ✦❾⑤❿⑤➀✜❨✓❺❼❻✧❽ ➀❚❙✦❽ Õ❝➃✲➀❚❙✦❽❪Õ❝➃✲➀➅❺➉➓➡➃✲➈❘Ô✢❐✹❾➅Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸➬❐✲Ô❹➀❚❙✦❽ ➀➅❾⑤❽➡➃✲➀⑤❽➊➂✣Ö✝❾⑤❐✹×✝➈➉❽❪Õ❵➑❰➀❚❙✦❽
➙❡➃➊❻✑❺➉❽❪❾❉➆↕➣❙➀⑤❐ q ❽➊❿➜❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿✎❱✝❸✦➂✝❽❪❾❹➀❚❙✦❽✉➠✛❐✺❱✦❿⑤❿➅❺❼❸✦❽➊❿✒❭ ➃✲Ö✝Ö✝❾⑤❐➡➏✑❺❼Õ❝➃✲➀➅❺➉❐✹❸↔➃✲❸✦➂✍➀❚❙✦❽✉×❨❐✺❱✝❸✦➂✦➃✲❾➅➧✍➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✥Ô✢❐✹❾

➃



➀❚❙✦❽✂➀⑤❽➊❿➅➀⑤❽➊➂❵➝✮➛❹➠ ➓➊❐✹❸✩Ñ❼❨❅❱✝❾✇➃✲➀➅❺➉❐✹❸✦❿➡➔✎➐❋❽✂➀❚❙✦❽❪❸➄➂✝❽❪➀✇➃✲❺❼➈✎➀❚❙✦❽❱➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀➜❿⑤➀⑤❽❪Ö✦❿➦❐✲Ô✮➀❚❙✦❽✂❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❆Ö✝❾⑤❐✑➓➊❽➊➂r❱✝❾⑤❽✓➔
⑨✼❙✦❽❃❻✹➃✲➈❼❺➉➂✦➃✲➀➅❺➉❐✹❸ ❐✲Ô❡➀❚❙✦❽✍❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈➦➓➊❐✑➂✝❽✍❺➉❿♠Õ❝➃✹➂✝❽✍❺❼❸✵➀❖Ù★❐✾❿⑤➀⑤❽❪Ö✦❿➡➔✵➒✐❺❼❾⑤❿➅➀➡❶✜Ù✻❽✍❻✧❽❪❾➅❺ÓÔ ➧✫➀❚❙✏➃✲➀♠➀❚❙✦❽➑❿➅Ö✏➃✹➓➊❽
➃✲❸✦➂ ➀➅❺❼Õ③❽①➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❦❐✹❾⑤➂✝❽❪❾⑤❿❘❐✲Ô✐➀❚❙✦❽①➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❃❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸✦❿✥➃✲❾⑤❽✉➃✹➓❪➀❚❱✏➃✲➈❼➈❼➧ ❐✲Ô✐❿⑤❽➊➓➊❐✹❸✦➂✍❐✹❾⑤➂✝❽❪❾➡➔✯➹➢❨✧❽❪❸✦❽❪❾✇➃✲➈
Õ③❽❪➀❚❙✦❐✑➂ ➀⑤❐❤➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽❡➀❚❙✦❽❡➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽✉❐✹❾⑤➂✝❽❪❾⑤❿❘❐✲Ô✯➃✲❸✖➧❰➙❡➃➊❻✑❺➉❽❪❾❉➆↕➣❙➀⑤❐ q ❽➊❿✥❿⑤❐✹➈❼❻✧❽❪❾✛❺➉❿✻Ö✝❾⑤❽➊❿⑤❽❪❸❙➀⑤❽➊➂❍➔✶➐❋❽➜➀❚❙✦❽❪❸
❻✓➃✲➈❼❺➉➂✦➃✲➀⑤❽✥➀❚❙✦❽❹➓➊❐❙➂✝❽❘➀❚❙✝❾⑤❐✺❱❳❨❅❙ ➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✦❿★Ù❘❺❼➀❚❙❝❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✡Õ③❽➡➃✹❿❚❱✝❾⑤❽❪Õ③❽❪❸✖➀⑤❿á❶✑❿⑤❺❼❸✦➓➊❽✓❶✧➀❚❙✦❽❪❾⑤❽❘❺➉❿✜❸✦❐✹➀★➃✲❸✖➧
×❨❽❪❸✦➓❯❙✝Õ❝➃✲❾ q ❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸❋Ô✢❐✹❾✂➞✺❩ ❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿➅❺❼×✝➈➉❽❰Õ♠❺Ó➏✝❽➊➂✾➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸✴Ø✏❐➡Ù✥❿✂❺❼❸✴➓✒❙✏➃✲❸✝❸✦❽❪➈➉❿➡➔✍⑨✼❙✦❽③➀❖Ù★❐❃Ñ✦❾⑤❿➅➀
❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✕Ù✻❐✹❾ q ❿➡❶✩×✏➃✹❿✇❽➊➂✍❐✹❸ ➈➷➃✹❿✇❽❪❾❉➆✳❩➜❐✹Ö✝Ö✝➈➉❽❪❾➜➃✲❸✦❽❪Õ③❐✹Õ③❽❪➀➅❾➅➧ Õ③❽➡➃✹❿❯❱✝❾⑤❽❪Õ③❽❪❸✖➀⑤❿➡❶✏➃✲❾⑤❽❡➀❚❙✦❐✓❿✇❽➜❐✲Ô✮➎★❙✝❺❴❱➑➃✲❸✦➂
➛➦❐✓❿⑤❽❪❸✖×❨❽❪❾❚❨✧❽❪❾❲❞❉➟➡➢❅➀✧➋❅❡✲❶ ➌✺❹❍➃✲❸✦➂ ➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺❨❽❪➀✻➃✲➈✟➔✲❞❉➟➡➢✓➢✓➤✘❡✎❶ ➍✍❹✄➑✐➀❚❙✦❽❘Ô✢❐✹❾➅Õ③❽❪❾✛➓➊❐✹❸✦➓➊❽❪❾➅❸✦❿★❿➅➀⑤❽➡➃✹➂✩➧♠➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈
❾⑤❐✹➈❼➈➉❿✎❺❼❸❦❸✝❺❼➀➅❾⑤❐✺❨✧❽❪❸✖❞

Pr = 0.7
❡☞➃✲❸✦➂❦➀❚❙✦❽✮➈➷➃✲➀➅➀⑤❽❪❾✐×❇❐✹➀❚❙◗❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧①➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿⑤❽✛➃✲❸✦➂❦❿➅➀⑤❽➡➃✹➂✩➧①➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✑❾⑤❐✹➈❼➈➉❿

❺❼❸❰Ù✻➃✲➀⑤❽❪❾❲❞
Pr = 6.4

❡❬➔✯⑨✼❙✦❽❹➀❚❙✝❺❼❾⑤➂❰❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❇Ù★❐✹❾ q ❺➉❿✮➀❚❙✦❽❹❻✧❽❪❾➅➧♠❾⑤❽➊➓➊❽❪❸✖➀✻Ù★❐✹❾ q ❐✲Ô✕➝❆➃✲×✝❺➉❐✺❱✍➃✲❸✦➂❬❙✝❺➉❿✜➓➊❐✲➆
➃✁❱✝➀❚❙✦❐✹❾⑤❿❲❶ ➋✑❶➅➟➡➍✩❶ ➌✖➤✩❶ ➌✦➟✽❹✶❶✏❐✹❸ ➝✮➛➦➠✸➃✲❺❼❾✻Ø✏❐➡Ù✥❿➄❞

Pr = 0.7
❡❬❶✩Ù❆❙✦❐✝❶❙Ô ❐✹❾✻➀❚❙✦❽➦Ñ✦❾⑤❿➅➀✻➀➅❺❼Õ③❽✓❶r❙✏➃➊❻✧❽❡❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❼➈❼➧

❐✹×✦❿✇❽❪❾➅❻✧❽➊➂❋➃✲❸✦➂❋➃✲❸✏➃✲➈❼➧❙Ð➡❽➊➂➄➀❚❙✦❽❤➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧❺❱✝❸✦❿➅➀✇➃✲×✝➈➉❽❤Ù✛➃➊❻✑➧◆❾⑤❐✹➈❼➈➉❿❡×✝❾⑤❐✺❱❳❨❅❙❙➀❦❐✺❱✝➀①×✖➧↔➎★➈➉❽❪❻✧❽❪❾❦➃✲❸✦➂↔➠✣❱✦❿⑤❿⑤❽
❞❉➟➡➢✓➢✩➟✩❡➄❶❼➟✽❹☞Ù❘❺❼➀❚❙❵➃❱➈❼❺❼❸✦❽➡➃✲❾➜❿➅➀✇➃✲×✝❺❼➈❼❺❼➀✶➧➑➃✲❸✏➃✲➈❼➧✩❿➅❺➉❿➡➔✜⑨✼❙✦❽✂➃✹❿➅Ö❨❽➊➓❪➀❘❾✇➃✲➀➅❺➉❐✓❿➦❐✲Ô❆➀❚❙✦❽✉❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✐➓✒❙✏➃✲❸✝❸✦❽❪➈☞×❨❽❪❺❼❸❳❨

A = 200
➃✲❸✦➂

B = 10.38
❶✕➃③➈➷➃✲❾❚❨✧❽❱❿✇➓➡➃✲➈➉❽❦➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸↔❺➉❿➦❸✦❽➊➓➊❽➊❿⑤❿✇➃✲❾➅➧✍➀⑤❐❰❾⑤❽❪Ö✝❾⑤❐❙➂r❱✦➓➊❽✂➀❚❙✝❺➉❿❡❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀➡➔

⑨✼❙✦❽✞❨✓➈➉❐✹×✏➃✲➈☞Ö❨❽❪❾❉Ô ❐✹❾➅Õ❝➃✲❸✦➓➊❽➊❿➦❐✲Ô✯➀❚❙✦❽✉➓➊❐❙➂✝❽✂➃✲❾⑤❽✂➃✲❸✏➃✲➈❼➧✑Ð➡❽➊➂❃❺❼❸❃➀❚❙✦❽①➈➷➃✹❿⑤➀❹❿⑤❽➊➓❪➀➅❺➉❐✹❸❵➃✲❸✦➂❃➀❚❙✦❽❦➓➊❐✑➂✝❽✉❽✽♣❝➓❪❺➉❽❪❸✦➓❪➧✍❺➉❿
Ö✏➃✲❾➅➀➅❺➉➓❝❱✝➈➷➃✲❾➅➈❼➧❃❽❪❸✝➈❼❺❴❨❅❙❙➀⑤❽❪❸✦❽➊➂➑➀❚❙✝❾⑤❐✺❱❳❨❅❙➑➀❚❙✦❽①➈➷➃✹❿➅➀✥❽❬➏✦➃✲Õ♠Ö✝➈➉❽✓➔

➤ ➥ ▲✼▼❖➦✜❋✶❊●▲✼▼❖⑧❯❏✄▲✲❑✖❋■➧❾◆✜▲✼▼❖⑧❯❈✲❍✜➨➞▲✲❍✜⑦➫➩➣❈✲◆✜❍◗⑦✜▲❆P❘➭➯❏✄❈✲❍✜⑦◗⑧✏▼❘⑧❯❈✲❍✜➨

➐❋❽❹➃✲❾⑤❽❘❺❼❸✖➀⑤❽❪❾⑤❽➊❿⑤➀⑤❽➊➂❝❺❼❸❝➓➊❐✹Õ♠Ö❳❱✝➀➅❺❼❸❳❨❱➝✮➛❹➠✴Ø✏❐áÙ✥❿✜❺❼❸❿❙✦❐✹❾➅❺❼Ð➡❐✹❸❙➀✇➃✲➈✡➓✒❙✏➃✲❸✝❸✦❽❪➈➉❿★❐✲Ô✦❙✦❽❪❺❴❨❅❙✖➀
H
❶✓Ù❘❺➉➂✩➀❚❙

W
➃✲❸✦➂

➈➉❽❪❸❳❨✓➀❚❙
L
❶⑥❙✦❽➡➃✲➀⑤❽➊➂❃Ô ❾⑤❐✹Õ ×❨❽❪➈➉❐➡Ù✉➔✥➹➜❿✥❺❼➈❼➈❴❱✦❿⑤➀➅❾✇➃✲➀⑤❽➊➂➑❺❼❸❵➒✎❺❴❨❅❱✝❾⑤❽❰➟✓❶✦➀❚❙✦❽✂➀⑤❐✹Ö⑨❙✦❐✹❾➅❺❼Ð➡❐✹❸❙➀✇➃✲➈✐Ù✛➃✲➈❼➈✎❺➉❿❹Õ❝➃✲❺❼❸✖➀✇➃✲❺❼❸✦❽➊➂

➃✲➀❱➃❤❱✝❸✝❺ÓÔ ❐✹❾➅Õ ➓➊❐✹➈➉➂↔➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽
Tc
➃✲❸✦➂↔➀❚❙✦❽♠×❨❐✹➀➅➀⑤❐✹Õ Ù✛➃✲➈❼➈✮❺➉❿➄❙✦❽➡➃✲➀⑤❽➊➂✫➃✲➀✂➃❤❙✝❺❴❨❅❙✦❽❪❾✉➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽

Th

❞
> Tc

❡❹❽❪❺❼➀❚❙✦❽❪❾❡➀⑤❐✹➀✇➃✲➈❼➈❼➧◆❐✹❾➜Ö✏➃✲❾➅➀➅❺➷➃✲➈❼➈❼➧✧➔①→✶❸❵➀❚❙✦❽❱➈➷➃✲➀➅➀⑤❽❪❾❡➓➡➃✹❿✇❽❦➀❚❙✦❽❪❾⑤❽❱❺➉❿①➃✲❸❵❽❪❸❙➀➅❾✇➃✲❸✦➓➊❽❤➈➉❽❪❸❳❨✓➀❚❙
Le

❐➡❻✧❽❪❾❡Ù❆❙✝❺➉➓✒❙

Tc
❺➉❿❡❺❼Õ♠Ö❇❐✓❿✇❽➊➂❍➔❱⑨✼❙✦❽♠❐✹❾➅❺❴❨✓❺❼❸❋❐✲Ô✻➀❚❙✦❽❤❾⑤❽❬Ô ❽❪❾⑤❽❪❸✦➓➊❽❱Ô ❾✇➃✲Õ③❽❤×❨❽❪❺❼❸❳❨✍Ö✝➈➷➃✹➓➊❽➊➂❋➃✲➀①➀❚❙✦❽❤×❇❽❝❨✓❺❼❸✝❸✝❺❼❸❳❨❃❐✲Ô✛➀❚❙✦❽✜❙✦❽➡➃✲➀⑤❽➊➂

Ö✝➈➷➃✲➀⑤❽✓❶✦➀❚❙✦❽✉➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✎➂✝❐✹Õ❝➃✲❺❼❸❃❺➉❿❹➂✝❽❬Ñ✦❸✦❽➊➂✍×✖➧
(x, y, z) ∈ [−Ae, A − Ae] × [0, B] × [0, 1]

❺❼❸✍❸✦❐✹❸✩➆

➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✏➃✲➈✯➎✛➃✲❾➅➀⑤❽➊❿➅❺➷➃✲❸➄➓➊❐✑❐✹❾⑤➂✩❺❼❸✏➃✲➀⑤❽➊❿➡❶✦Ù❆❙✦❽❪❾⑤❽
Ae = Le/H

❺➉❿❹➀❚❙✦❽❦❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽✂❽❪❸❙➀➅❾✇➃✲❸✦➓➊❽❱➃✹❿⑤Ö❇❽➊➓❪➀➦❾✇➃✲➀➅❺➉❐✝➔
⑨✼❙✦❽❃❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✥➈➷➃✲➀⑤❽❪❾✇➃✲➈✥Ù✻➃✲➈❼➈➉❿❰➃✲❾⑤❽➑➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓✓➔✵➹ Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽❬➆✶➂✩❾➅❺❼❻✧❽❪❸ ➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽✍Ø✏❐áÙ ❺➉❿♠❺❼Õ♠Ö❨❐✓❿⑤❽➊➂➬➃✲➀♠➀❚❙✦❽
➓✒❙✏➃✲❸✝❸✦❽❪➈❇❽❪❸❙➀➅❾✇➃✲❸✦➓➊❽➜➃✲❸✦➂③➀❚❙✦❽✥❺❼❸✦➓➊❐✹Õ♠❺❼❸❳❨✉Ø❼❱✝❺➉➂❰➓➡➃✲❸③×❨❽✥❽❪❺❼➀❚❙✦❽❪❾★➓➊❐✹➈➉➂⑨❞✢➃✲➀

Tc
❡❆❐✹❾★❙✦❐✹➀⑤❞✢➃✲➀

Th

❡❬➔❆➙➦❐✹➀⑤❽❘➀❚❙✏➃✲➀★➀❚❙✦❽
❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ Ö✝❾⑤❐✲Ñ✦➈➉❽

UPois(y, z)
Ô✢❐✹❾✣➜↕➞✺❩✎➝❡➝✎❐✹❺➉❿✇❽❝❱✝❺❼➈❼➈➉❽①Ø✏❐➡Ù✉❶✦❺✟➔ ❽✓➔❆❺❼❸➑➃♠➞✺❩ Ñ✦❸✝❺❼➀⑤❽✉➈➷➃✲➀⑤❽❪❾✇➃✲➈✕❽❬➏✑➀⑤❽❪❸✦❿➅❺➉❐✹❸◆➓❯❙✏➃✲❸✝❸✦❽❪➈✟❶

➋



❙✏➃✹❿✥×❇❽➊❽❪❸➑❿✇❐✹➈❼❻✧❽➊➂➑➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈❼➈❼➧ ❺❼❸➆❶ ➌✖➐✍❹✶➔✮⑨✼❙✦❽❦➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✏➃✲➈☞❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ Ö✝❾⑤❐✲Ñ✦➈➉❽
UPois(y, z)

❺➉❿❆❨✓❺❼❻✧❽❪❸❃×❙➧❘➑

UPois(y, z)

U◦
=6z(1 − z)+

48

π3

∞∑

n=0

(−1)n+1 cosh[(2n + 1)π(y − B/2)] cos[(2n + 1)π(z − 1/2)]

(2n + 1)3 cosh[(2n + 1)πB/2]

❞❉➟✩❡

Ù❆❙✦❽❪❾⑤❽
U◦ = − H2

12µ
∂P
∂X

❺➉❿❡➀❚❙✦❽♠➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✏➃✲➈★➃➊❻✧❽❪❾✇➃✁❨✧❽❝❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧❵❐✲Ô✻➀❚❙✦❽◗➜↕➐✺❩⑤➝❤➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽♠Ø✏❐áÙ✉❶❍❺✟➔ ❽✓➔❱❺❼❸✾➃
➐✺❩÷➓✒❙✏➃✲❸✝❸✦❽❪➈✎❐✹❾❘×❨❽❪➀✶Ù✻❽➊❽❪❸➑➀✶Ù✻❐③❺❼❸✩Ñ✦❸✝❺❼➀⑤❽①Ö✝➈➷➃✲➀⑤❽➊❿á➔

⑨☞❐❡❿➅❺❼Õ✞❱✝➈➷➃✲➀⑤❽✛➀❚❙✦❽✛➝✮➛➦➠↔Ø✏❐áÙ✥❿➡❶✹Ù★❽✛➓➊❐✹❸✦❿➅❺➉➂✝❽❪❾❆➀❚❙✏➃✲➀❆➀❚❙✦❽✻Ù★❐✹❾ q ❺❼❸❳❨➦Ø❼❱✝❺➉➂❱❺➉❿❆➙➜❽❪Ù❘➀⑤❐✹❸✝❺➷➃✲❸❝➃✲❸✦➂❦❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿➅➆
❺❼×✝➈➉❽✓❶✑➃✲❸✦➂❤➀❚❙✏➃✲➀✯Ø✏❐➡Ù✥❿✻➃✲❾⑤❽✼❨✧❐➡❻✧❽❪❾➅❸✦❽➊➂❝×✖➧❱➀❚❙✦❽❹➞✺❩➲❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧❱➙❡➃➊❻✑❺➉❽❪❾❉➆↕➣❙➀⑤❐ q ❽➊❿✻❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿■❱✝❸✦➂✝❽❪❾✜➀❚❙✦❽✥➠✛❐✺❱✦❿⑤❿➅❺Ó➆
❸✦❽➊❿✒❭❋➃✹❿⑤❿❚❱✝Õ♠Ö✝➀➅❺➉❐✹❸✕➔➅➇❡❺❼❻❙❺❼❸❳❨◆➀❚❙✦❽♠Ô✢❐✹➈❼➈➉❐➡Ù❘❺❼❸❳❨➄❾⑤❽❬Ô ❽❪❾⑤❽❪❸✦➓➊❽➣❭❪❱✏➃✲❸✖➀➅❺❼➀➅❺➉❽➊❿

H
❶
Umean

❶
ρU2

mean

➃✲❸✦➂
H/Umean

Ô✢❐✹❾❦➈➉❽❪❸❳❨✓➀❚❙✦❿á❶✎❻✧❽❪➈➉❐✑➓❪❺❼➀➅❺➉❽➊❿➡❶✐Ö✝❾⑤❽➊❿⑤❿❚❱✝❾⑤❽ ➃✲❸✦➂✾➀➅❺❼Õ③❽✓❶✐❾⑤❽➊❿➅Ö❨❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧✧❶✯➃✲❸✦➂✴➂✝❽❬Ñ✦❸✝❺❼❸❳❨❵➀❚❙✦❽③❾⑤❽➊➂r❱✦➓➊❽➊➂✴➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽

θ = (T − Tc)/(Th − Tc)
❶✩➀❚❙✦❽①❸✦❐✹❸✩➆✶➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✏➃✲➈✔❨✧❐á❻✧❽❪❾➅❸✝❺❼❸❳❨❰❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿➦➃✲❾⑤❽❡➀❚❙✦❽❪❸✉➑





∇.−→v = 0

∂−→v

∂t
+ (−→v .∇)−→v = −∇p +

1

Re
∇2−→v +

Ra

Pr Re2
θ
−→
k

∂θ

∂t
+ −→v .∇θ =

1

Pr Re
∇2θ

❞✢➐✘❡

Ù❆❙✦❽❪❾⑤❽ −→v = (u, v,w)
❺➉❿❘➀❚❙✦❽❡❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ ❻✧❽➊➓❪➀⑤❐✹❾➡❶

∇2
❺➉❿❘➀❚❙✦❽✉➞✺❩÷⑦✎➃✲Ö✝➈➷➃✹➓➊❽✉❐✹Ö❇❽❪❾✇➃✲➀⑤❐✹❾✜❞ ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

❡❬❶
−→
k
❺➉❿ ➀❚❙✦❽➅❱✝Ö✖Ù✻➃✲❾⑤➂➠❱✝❸✝❺❼➀ ❻✧❽➊➓❪➀⑤❐✹❾➡❶

Pr
❺➉❿ ➝✯❾✇➃✲❸✦➂✩➀➅➈❡❸❫❱✝Õ✂×❇❽❪❾➂❞

= ν/α
❡❬❶

Re
❺➉❿ ➛❹❽❪➧✑❸✦❐✹➈➉➂✝❿❰❸❪❱✝Õ❦×❨❽❪❾➂❞

=

UmeanH/ν
❡❬❶☞➃✲❸✦➂

Ra
❺➉❿①➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙❋❸❪❱✝Õ❦×❨❽❪❾✯❞

= gβ(Th − Tc)H
3/(να)

❡❬➔❝⑨✼❙✦❽❤×❇❐✺❱✝❸✦➂✦➃✲❾➅➧➄➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿
Ô✢❐✹❾❘➀❚❙✦❽✉➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿✇❿✥❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❃➃✲❸✦➂✍➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽①Ñ✏❽❪➈➉➂✝❿❹➃✲❾⑤❽①➀❚❙✦❽①Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨❼➑

•
➃✲➀

z = 0
❶ −→v =

−→
0 ➳ Ô✢❐✹❾ x ∈ [−Ae, 0]

❶
θ = 0

❐✹❾
1
➃✲❸✦➂❍❶✩Ô✢❐✹❾

x ∈ [0, A − Ae]
❶
θ = 1 ➳

•
➃✲➀

z = 1
❶ −→v =

−→
0
➃✲❸✦➂

θ = 0 ➳
•
➃✲➀

y = 0
➃✲❸✦➂

B
❶ −→v =

−→
0
➃✲❸✦➂

∂θ/∂y = 0 ➳
•
➃✲➀

x = −Ae
❶
u = UPois(y, z)/Umean

❶
v = w = 0

➃✲❸✦➂
θ = 0

❐✹❾
1 ➳

•
➃✲➀

x = A − Ae
❶✏➃✲❸➄➥➦❾➅➈➷➃✲❸✦❿ q ❺✕➀❖➧❙Ö❨❽✉❸✦❐✹❸✩➆✟❾⑤❽❬Ø✏❽➊➓❪➀➅❺❼❻✧❽✂×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸➏❶ ➐✓➐✩❶❖➐✓➍✍❹✐❺➉❿✲❱✦❿⑤❽➊➂✍Ô ❐✹❾

u
❶

v
❶
w
➃✲❸✦➂

θ
➔❆→✟Ô

f
❾⑤❽❪Ö✝❾⑤❽➊❿⑤❽❪❸✖➀⑤❿

u
❶
v
❶
w
➃✲❸✦➂

θ
❶✑➀❚❙✝❺➉❿✥➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸◆Ù❘❾➅❺❼➀⑤❽➊❿✧➑

∂f/∂t + ∂f/∂x = 0
➔

➀



➵ ❇➸◆✫❊●❋✸P♦⑧❯❏✔▲✎❑⑨❊●❋✄▼❖➦✜❈❲⑦◗➨

❊■➺✳➻ ➼ ✆✶✪✬✞✫✘✜✆✶✱✹✄✩✔✧✞✦☛✓✆✶✗✝✽❇☛✓✆✶✒☞✠

⑧✶❭❙❿á➔✞❞✢➐✘❡✥➃✲❾⑤❽❱➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂◆❺❼❸➑➀➅❺❼Õ③❽✂×✖➧✍➀❚❙✦❽❦❿✇❽➊➓➊❐✹❸✦➂✑➆✶❐✹❾⑤➂✝❽❪❾❡➹❘➂✦➃✲Õ③❿➅➆✶➠✛➃✹❿❯❙✩Ô ❐✹❾➅➀❚❙➄❿⑤➓❯❙✦❽❪Õ③❽✂Ù❆❙✦❐✓❿⑤❽✂Õ❝➃✲❺❼❸
➓✒❙✏➃✲❾✇➃✹➓❪➀⑤❽❪❾➅❺➉❿➅➀➅❺➉➓➊❿❆➃✲❾⑤❽❅➑☞➃✻×✏➃✹➓ q Ù✻➃✲❾⑤➂❱➂✩❺ÓÒ❨❽❪❾⑤❽❪❸✦➓❪❺❼❸❳❨✥Ô ❐✹❾❍➀➅❺❼Õ③❽✮➂✝❽❪❾➅❺❼❻✓➃✲➀➅❺❼❻✧❽➊❿★❞

(
∂f

∂t

)n+1

=
3fn+1−4fn+fn−1

2∆t
+

O(∆t2)
❡❬❶❆➃ Ô❄❱✝➈❼➈❼➧↔❺❼Õ♠Ö✝➈❼❺➉➓❪❺❼➀❱❿⑤➓❯❙✦❽❪Õ③❽❝Ô✢❐✹❾❦➂✩❺ÓÒ❘❱✦❿⑤❺➉❐✹❸✾➀⑤❽❪❾➅Õ③❿❤❞

(∇2f)n+1
❡①➃✲❸✦➂✫➃✲❸✴❽❬➏✩Ö✝➈❼❺➉➓❪❺❼➀❦➀➅❾⑤❽➡➃✲➀➅Õ③❽❪❸❙➀❤❐✲Ô

❸✦❐✹❸✝➈❼❺❼❸✦❽➡➃✲❾❱➀⑤❽❪❾➅Õ③❿✯❞
(−→v ·∇f)n+1 = 2(−→v ·∇f)n−(−→v ·∇f)n−1+O(∆t2)

❡❬❶✎Ù❆❙✦❽❪❾⑤❽
n
❺➉❿①➀❚❙✦❽③➀➅❺❼Õ③❽③❿⑤➀⑤❽❪Ö

❸❪❱✝Õ❦×❨❽❪❾➜➃✲❸✦➂
f
❾⑤❽❪Ö✝❾⑤❽➊❿⑤❽❪❸❙➀⑤❿

u
❶
v
❶
w
➃✲❸✦➂

θ
➔✯⑨✼❙✝❺➉❿❘➀➅❺❼Õ③❽✉❿⑤➓✒❙✦❽❪Õ③❽①➧❙❺➉❽❪➈➉➂✝❿✩➑

(
3

2∆t
−

1

Pr Re
∇2

)
θn+1 = Sn+1

θ(
3

2∆t
−

1

Re
∇2

)
−→v n+1 =

−→
S n+1

−→v
−∇pn+1 +

Ra

Pr Re2
θn+1−→k

∇ · −→v n+1 = 0

❞✢➞✘❡

Ù❆❙✦❽❪❾⑤❽ −→
S −→v = (Su, Sv, Sw)

➃✲❸✦➂
Sn+1

f =
4fn − fn−1

2∆t
− 2(−→v · ∇f)n + (−→v · ∇f)n−1 ➔
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❱✦❿✇❽❱❐✲Ô✻➀❚❙✝❺➉❿✉➓➊❽❪❸✖➀➅❾✇➃✲➈✮❿✇➓❯❙✦❽❪Õ③❽♠×❨❽➊➓➡➃✁❱✦❿⑤❽✓❶❨❺❼❸↔➀❚❙✦❽❤➝✮➛❹➠ Ø✏❐➡Ù✥❿❦➓➊❐✹❸✦❿➅❺➉➂✝❽❪❾⑤❽➊➂↔❙✦❽❪❾⑤❽✓❶❍➀❚❙✦❽❤➛❹❽❪➧✑❸✦❐✹➈➉➂✝❿①❐✹❾✉➝✐➁➊➓❪➈➉❽❪➀
❸❪❱✝Õ❦×❨❽❪❾⑤❿❦➃✲❾⑤❽❤➃✲➈❼Ù✻➃➊➧✩❿①❿➅Õ❝➃✲➈❼➈✟➔❡⑨✼❙✦❽✂Ô ❐✺❱✝❾➦Ñ✦❾⑤❿➅➀❡❿⑤➓➡➃✲➈➷➃✲❾❡❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿①❐✲Ô✜❿➅➧✩❿➅➀⑤❽❪Õ➹❞✢➞✘❡✥➓➡➃✲❸➄×❨❽❦Ù❘❾➅❺❼➀➅➀⑤❽❪❸➄❺❼❸❵➀❚❙✦❽
Ô✢❐✹❾➅Õ

(I − k∇2)fn+1 = Sf

❶✜Ù❆❙✦❽❪❾⑤❽
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❺➉❿❤➀❚❙✦❽ ❺➉➂✝❽❪❸✖➀➅❺❼➀❖➧✣❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾➡❶

k
❺➉❿❰➃◆➓➊❐✹❸✦❿⑤➀✇➃✲❸✖➀❰➃✲❸✦➂

Sf

❿⑤➀✇➃✲❸✦➂✝❿

❙✦❽❪❾⑤❽✍Ô ❐✹❾♠➀❚❙✦❽✍Ù❆❙✦❐✹➈➉❽➑❿⑤❐✺❱✝❾⑤➓➊❽ ➀⑤❽❪❾➅Õ❃➔➬⑨✼❙✦❽❪❾⑤❽❬Ô✢❐✹❾⑤❽✓❶★➀❚❙✦❽❪➧✵➃✲❾⑤❽➑➞✺❩●➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð➑❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿á➔➬➹➦❿❱Ô✢❐✹❾❝➃✣➟✠❩
➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð ❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✕❶✯➓➊❽❪❸❙➀➅❾✇➃✲➈✛➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓❪❺❼❸❳❨➄❾⑤❽➊❿❚❱✝➈❼➀⑤❿✂❺❼❸✫➃✍➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈✛➈❼❺❼❸✦❽➡➃✲❾❤❿➅➧✩❿➅➀⑤❽❪Õ❃❶✐➀❚❙✦❽③❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈
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⑨✼❙✦❽①Ñ✦❾⑤❿➅➀✲➉➦❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð❱❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸❃Ô ❐✹❾❘➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽✉❺❼❸➂❞✢➞✘❡✛➓➡➃✲❸➑×❇❽❡Ù❘❾➅❺❼➀➅➀⑤❽❪❸✉➑

(
I −

2∆t

3Pr Re
∇2

)
θn+1 =

2∆t

3
Sn+1

θ + O(∆t3)
❞ ➌❪❡

Ù❆❙✦❽❪❾⑤❽ (
I −

2∆t

3Pr Re
∇2

) ❺➉❿❘➀❚❙✦❽➄➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð❦❐✹Ö❇❽❪❾✇➃✲➀⑤❐✹❾➡❶✦Ù❆❙✝❺➉➓❯❙◆➓➡➃✲❸➑×❇❽➜Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ð➡❽➊➂✍❺❼❸✖➀⑤❐❳➑

(
I−

2∆t

3PrRe
∇2

)
θn+1=

(
I−

2∆t

3PrRe

∂2

∂x2

)(
I−

2∆t

3PrRe

∂2

∂y2

)(
I−

2∆t

3PrRe

∂2

∂z2

)
θn+1+O(∆t2)

❞✢➍✘❡

⑨✼❙✝❺➉❿❹Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸↔❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓➊❽➊❿✉➃✲❸➄❽❪❾➅❾⑤❐✹❾❡❐✲Ô
O(∆t2)
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➃✲❾⑤❽❝❐✲Ô✛➀❚❙✦❽♠Ô ❐✹❾➅Õ 4∆t2

9Pr2Re2

∂2

∂x2

∂2

∂y2
θn+1 ➔❿➐➲❙✦❽❪❸❋➀❚❙✝❺➉❿✉Ô✢➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸✫❺➉❿❲❱✦❿⑤❽➊➂↔❺❼❸➲❞ ➌❪❡❬❶☞❺❼➀✉❾⑤❽➊➂r❱✦➓➊❽➊❿❦➀❚❙✦❽

❿✇❽➊➓➊❐✹❸✦➂✑➆✶❐✹❾⑤➂✝❽❪❾✮❿⑤➓❯❙✦❽❪Õ③❽★❺❼❸✂➀➅❺❼Õ③❽✻❺❼❸❙➀⑤❐➜➃✥Ñ✦❾⑤❿➅➀❉➆✶❐✹❾⑤➂✝❽❪❾✯❿⑤➓❯❙✦❽❪Õ③❽✓➔❆→❖❸✂❐✹❾⑤➂✝❽❪❾❆➀⑤❐➦Õ❝➃ q ❽➌❱✦❿⑤❽✻❐✲Ô✏⑨✼❙✦❐✹Õ❝➃✹❿❉➆↕➎★❙✦❐✹➈➉❽➊❿ q ➧
➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ ➃✲❸✦➂➄➀⑤❐ q ❽➊❽❪Ö✾➃❰❿✇❽➊➓➊❐✹❸✦➂✑➆✶❐✹❾⑤➂✝❽❪❾✂➃✹➓➊➓❝❱✝❾✇➃✹➓❪➧➄➃✲➀①➀❚❙✦❽♠❿➳➃✲Õ③❽✂➀➅❺❼Õ③❽✓❶✕➀❚❙✦❽❤❺➉➂✝❽➡➃ ❐✲Ô★➀❚❙✦❽❤❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✇➃✲➈
Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸❃Õ③❽❪➀❚❙✦❐✑➂ Ö✝❾⑤❐✹Ö❇❐✓❿✇❽➊➂❤❙✦❽❪❾⑤❽❡❺➉❿✛➀⑤❐❤Ù★❐✹❾ q Ù❘❺❼➀❚❙✍➀❚❙✦❽➦❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸❙➀➦❐✲Ô θ

❶
δθ = θn+1 − θn

❶✝➃✲❸✦➂ ➀⑤❐

Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ð➡❽❲➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð✉❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸❃❐✲Ô
δθ
❺❼❸✦❿➅➀⑤❽➡➃✹➂✍❐✲Ô

θ
➔✐→❖❸✦➂✝❽➊❽➊➂❍❶

δθ = θn+1 − θn
❺➉❿
O(∆t)

➃✲❸✦➂ ➀❚❙✦❽❡➀⑤❽❪❾➅Õ
4∆t2

9Pr2Re2

∂2

∂x2

∂2

∂y2
δθ
❺➉❿
O(∆t3)

➔✯⑨✼❙✦❽①Õ③❐✑➂✩❺ÓÑ✏❽➊➂✍➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽❦❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸❃❾⑤❽➡➃✹➂✝❿✥➀❚❙✦❽❪❸✉➑

(
I −

2∆t

3Pr Re
∇2

)
δθ =

(
2∆t

3Pr Re
∇2 − I

)
θn +

2∆t

3
Sn+1

θ + O(∆t3)
❞❂➃✘❡
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(
I −

2∆t

3Pr Re

∂2

∂x2

)(
I −

2∆t

3Pr Re

∂2

∂y2

) (
I −

2∆t

3Pr Re

∂2

∂z2

)
δθ =

(
2∆t

3Pr Re
∇2 − I

)
θn +

2∆t

3
Sn+1

θ + O(∆t3)
❞✟➋❅❡
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→✶❸ ❿➅➧✩❿➅➀⑤❽❪Õ●❞✢➞✘❡❬❶✑➀➅❺❼Õ③❽➜❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸❵➃✲❸✦➂❰❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ ➃✲❸✦➂❝Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽❡➓➊❐✺❱✝Ö✝➈❼❺❼❸❳❨❝➃✲❾⑤❽➦➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂ ×❙➧❤➇❡❐✑➂✦➃r➙ ❿
➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ●❶ ➞✧➋✩❹✶➔❆⑨✼❙✝❺➉❿★➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ ❺➉❿✜➃❡Ö✝❾⑤❐✁❻➅❽➊➓❪➀➅❺➉❐✹❸❰Õ③❽❪➀❚❙✦❐✑➂♠Ù❆❙✝❺➉➓✒❙❰➓➊❐✹❸✦❿➅❺➉❿➅➀⑤❿✜❺❼❸③➀✶Ù✻❐❦Õ❝➃✲❺❼❸❰❿➅➀⑤❽❪Ö✦❿✧➑✎Ö✝❾⑤❽➊➂✩❺➉➓❬➆
➀➅❺➉❐✹❸➄➃✲❸✦➂❃Ö✝❾⑤❐✁❻➅❽➊➓❪➀➅❺➉❐✹❸✕➔❘→✶❸◆➀❚❙✦❽✉Ö✝❾⑤❽➊➂✩❺➉➓❪➀➅❺➉❐✹❸➄❿➅➀⑤❽❪Ö✕❶✡➃❁Ô ➀⑤❽❪❾✲❙✏➃➡❻❙❺❼❸❳❨ ❐✹×✝➀✇➃✲❺❼❸✦❽➊➂➑➀❚❙✦❽❦➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽❦Ñ✏❽❪➈➉➂❍❶

θn+1
❶

➟➡➤



➃✲❸✫➃✲Ö✝Ö✝❾⑤❐➊➏✩❺❼Õ❝➃✲➀⑤❽➊➂❋❸✦❐✹❸✩➆✶➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❬➆✢Ô ❾⑤❽➊❽❝❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❵Ñ✏❽❪➈➉➂❍❶ −→v ∗
❶✕❺➉❿①➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❋×❙➧↔❿⑤❐✹➈❼❻❙❺❼❸❳❨✍➀❚❙✦❽♠Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨

Õ③❐✹Õ③❽❪❸❙➀❚❱✝Õ ❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸➑❐✹×✝➀✇➃✲❺❼❸✦❽➊➂➑×✖➧ ❾⑤❽❪Ö✝➈➷➃✹➓❪❺❼❸❳❨
pn+1

×✖➧
pn
❺❼❸➑❿✇❽➊➓➊❐✹❸✦➂❃⑧✶❭❇➔✲❞✢➞✘❡✽➑

(
3

2∆t
−

1

Re
∇2

)
−→v ∗ =

−→
S n+1

−→v
−∇pn +

Ra

Pr Re2
θn+1−→k

❞❂➀✘❡

⑨✼❙✦❽✛×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❱➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✐Ô ❐✹❾ −→v ∗
➃✲❾⑤❽✻➀❚❙✦❐✓❿⑤❽✛❐✲Ô −→v n+1

➑ −→v ∗|∂Ω = −→v n+1
∣∣
∂Ω

➔✎➹➜❿✐➀❚❙✦❽✻➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀⑤❿
❐✲Ô❨⑧✶❭❇➔✣❞❂➀✘❡✐➃✲❾⑤❽❆➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð✛❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿➡❶✓➀❚❙✦❽❪➧❤➃✲❾⑤❽✻➀➅❾✇➃✲❸✦❿❉Ô ❐✹❾➅Õ③❽➊➂❤❺❼❸❙➀⑤❐❡➀❚❙✦❽❪❺❼❾❆❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✇➃✲➈✦Ô✢❐✹❾➅Õ ➃✲❸✦➂❤❿⑤❐✹➈❼❻✧❽➊➂

×❙➧❤❱✦❿➅❺❼❸❳❨♠➀❚❙✦❽①❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✇➃✲➈✎Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸➑Õ③❽❪➀❚❙✦❐✑➂✍➂✝❽➊❿⑤➓❪❾➅❺❼×❇❽➊➂❃❺❼❸➑❿⑤❽➊➓❪➀➅❺➉❐✹❸◆➞✩➔ ➐✩➔
→✶❸①➀❚❙✦❽✯Ö✝❾⑤❐✁❻➅❽➊➓❪➀➅❺➉❐✹❸❦❿➅➀⑤❽❪Ö✕❶❁➀❚❙✦❽❆❸✦❐✹❸✩➆✶➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❬➆✢Ô ❾⑤❽➊❽✜❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧➜Ñ✏❽❪➈➉➂ −→v ∗

❺➉❿✕Ö✝❾⑤❐✁❻❉❽➊➓❪➀⑤❽➊➂①❺❼❸❙➀⑤❐❹➃✛➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❬➆
Ô ❾⑤❽➊❽✉❿❚❱✝×✦❿⑤Ö✏➃✹➓➊❽❡➀⑤❐☛❨✧❽❪➀ −→v n+1

➔✜⑨✼❙✝❺➉❿❘Ö✝❾⑤❐✁❻❉❽➊➓❪➀➅❺➉❐✹❸◆❺➉❿❘➂✝❐✹❸✦❽①×✖➧✍❿⑤❐✹➈❼❻✑❺❼❸❳❨❼➑





3 (−→v n+1 −−→v ∗)

2∆t
= −∇(pn+1 − pn) = −∇φ

∇ · −→v n+1 = 0

−→v n+1 · −→n
∣∣
∂Ω

= −→v ∗ · −→n |∂Ω

❞✢➢✘❡

Ù❆❙✦❽❪❾⑤❽
φ = pn+1−pn

❺➉❿❆➀❚❙✦❽❘❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✻❐✲Ô✡Ö✝❾⑤❽➊❿⑤❿❯❱✝❾⑤❽✓❶ −→n ❺➉❿❆➀❚❙✦❽❆❱✝❸✝❺❼➀✯❻✧❽➊➓❪➀⑤❐✹❾✮❸✦❐✹❾➅Õ❝➃✲➈✏➀⑤❐❡➀❚❙✦❽❘×❇❐✺❱✝❸✦➂✦➃✲❾➅❺➉❽➊❿

∂Ω
➃✲❸✦➂❰➀❚❙✦❽➦Ñ✦❾⑤❿➅➀✛❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✍❺➉❿✻❐✹×✝➀✇➃✲❺❼❸✦❽➊➂ ×❙➧❰❿❚❱✝×✝➀➅❾✇➃✹➓❪➀➅❺❼❸❳❨❤➀❚❙✦❽❡⑧✶❭❇➔✲❞❂➀✘❡✯Ô ❾⑤❐✹Õ ➀❚❙✦❽➦Õ③❐✹Õ③❽❪❸❙➀❚❱✝Õ ❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸

❺❼❸➮❞✢➞✘❡❬❶✻➓➊❐✹❸✦❿⑤❺➉➂✝❽❪❾➅❺❼❸❳❨✾➀❚❙✏➃✲➀
∇2−→v ∗ ≈ ∇2−→v n+1

➔➬⑨✎❐↔❨✧❽❪➀ −→v n+1
Ô ❾⑤❐✹Õ −→v ∗

❶✜Ù✻❽✍Ñ✦❾⑤❿➅➀❰➓➊❐✹Õ♠Ö❳❱✝➀⑤❽
φ
×✖➧

➀✇➃ q ❺❼❸❳❨❤➀❚❙✦❽❡➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽✉❐✲Ô☞➀❚❙✦❽➦Ñ✦❾⑤❿➅➀❘❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✍❐✲Ô❆❿➅➧✑❿⑤➀⑤❽❪Õ●❞✢➢✘❡✻➃✲❸✦➂➣❙✦❐✹Õ③❐✺❨✧❽❪❸✦❽➊❐✺❱✦❿✥➙➜❽❝❱✝Õ❝➃✲❸✝❸✍×❇❐✺❱✝❸✦➂✦➃✲❾➅➧
➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❹Ô✢❐✹❾

φ
❶✩❺✟➔ ❽✓➔✯×❙➧✍❿⑤❐✹➈❼❻❙❺❼❸❳❨❼➑





∇2φ = 3
2∆t∇ · −→v ∗

∂φ
∂−→n

∣∣∣
∂Ω

= 0

❞❉➟➡➤✘❡

➥➦❸✦➓➊❽ −→v ∗
➃✲❸✦➂

φ
➃✲❾⑤❽ q ❸✦❐áÙ❘❸✕❶ −→v n+1

❺➉❿➦❽❬➏✑Ö✝➈❼❺➉➓❪❺❼➀➅➈❼➧◆➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❃Ô ❾⑤❐✹Õ ➀❚❙✦❽✉Ñ✦❾⑤❿➅➀➦❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸❵❐✲Ô⑤❞✢➢✘❡❘×✖➧♦➑
−→v n+1 = −→v ∗ −

2∆t

3
∇φ

➔✯⑨✼❙✦❽①Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽❡Ñ✏❽❪➈➉➂ ❺➉❿❆❱✝Ö❨➂✦➃✲➀⑤❽➊➂✍×✖➧
pn+1 = pn + φ

➔

❊■➺➋➱ ✃❤✽❨✔✓☛✧✆✟✽❍✳✩✘✜✆✶✽❨◗✕✒☞✠✮✽❍✳❖✆✟✗✝✽❇☛✧✆✟✒☞✠ ✒✕❈✡☛✧✭✮✞❲❐✥✽❨✷★✳✶✽❍✄✩✞✉✒✕✷❘✞✦✔✧✽❇☛✓✒✕✔❘❈❉✒✕✔❘✱✲✒☞✳✢✌✮✆❖✠✮◗✫✃❤✒☞✆✶✱✹✱✲✒☞✠ ✞✏❄❆❅✮✽❇☛✧✆✟✒✎✠

➹✥Ô ➀⑤❽❪❾✂❿➅Ö✏➃✲➀➅❺➷➃✲➈★➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ðá➃✲➀➅❺➉❐✹❸✣×✖➧❵Ñ✦❸✝❺❼➀⑤❽❝➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽➊❿➡❶✐➀❚❙✦❽❝➝✐❐✹❺➉❿⑤❿⑤❐✹❸✫⑧✶❭✡➔↔❞❉➟➡➤✘❡❬❶✐Ù❘❺❼➀❚❙➂❙✦❐✹Õ③❐✺❨✧❽❪❸✦❽➊❐✺❱✦❿
➙➜❽❝❱✝Õ❝➃✲❸✝❸ ×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❰➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➡❶✑❺➉❿✻❿✇❐✹➈❼❻✧❽➊➂❝×❙➧❰➃✉➂✩❺❼❾⑤❽➊➓❪➀✛Õ③❽❪➀❚❙✦❐✑➂❝×✏➃✹❿⑤❽➊➂ ❐✹❸ ❾⑤❽➊➂r❱✦➓❪❺❼❸❳❨❱➀❚❙✦❽❡➞✺❩ ⑦✎➃✲Ö✝➈➷➃✹➓➊❽

❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾❃❺❼❸❙➀⑤❐✚➟✠❩ ❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾⑤❿❃➀❚❙✝❾⑤❐✺❱❳❨❅❙ ➀❚❙✦❽↔➂✝❽➊➓➊❐✹Õ♠Ö❇❐✓❿➅❺❼➀➅❺➉❐✹❸✰❐✲Ô❱➂✩❺➉❿⑤➓❪❾⑤❽❪➀⑤❽ ∂2

∂y2

➃✲❸✦➂ ∂2

∂z2

❺❼❸❙➀⑤❐✵➀❚❙✦❽❪❺❼❾
❽❪❺❴❨✧❽❪❸✦❿⑤Ö✏➃✹➓➊❽➊❿➡➔✮⑨✼❙✏➃✲❸ q ❿✛➀⑤❐✂➀❚❙✦❽➊❿✇❽➜➓✒❙✏➃✲❸❳❨✧❽➊❿❹❐✲Ô☞×✏➃✹❿✇❽➊❿➡❶✑➀❚❙✦❽❡Õ❝➃✲➀➅❾➅❺Ó➏ ➃✹❿⑤❿⑤❐✑➓❪❺➷➃✲➀⑤❽➊➂ Ù❘❺❼➀❚❙✍➀❚❙✦❽❡➂✩❺➉❿⑤➓❪❾⑤❽❪➀⑤❽❡➝✎❐✹❺➉❿⑤❿✇❐✹❸
❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸❃×❨❽➊➓➊❐✹Õ③❽➊❿✥➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈❆➃✲❸✦➂❃➓➡➃✲❸✍×❇❽✉❺❼❸✖❻✧❽❪❾➅➀⑤❽➊➂❃×❙➧ ⑨✼❙✦❐✹Õ❝➃✹❿➅➆↕➎★❙✦❐✹➈➉❽➊❿ q ➧♦➙ ❿➦➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ❃➔

➟✓➟



→✶❸✦➂✝❽➊❽➊➂❍❶✉➃❁Ô ➀⑤❽❪❾✖❙✏➃➊❻✑❺❼❸❳❨➬×❨❽➊❽❪❸✚➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂☎×✖➧☎➃✣❿⑤❽➊➓➊❐✹❸✦➂✚❐✹❾⑤➂✝❽❪❾◆➓➊❽❪❸✖➀➅❾✇➃✲➈❦➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽❋❿⑤➓✒❙✦❽❪Õ③❽❋❐✹❸ ➃
➎✛➃✲❾➅➀⑤❽➊❿⑤❺➷➃✲❸✖❨✓❾➅❺➉➂✍❐✲Ô✐❿➅❺❼Ð➡❽

Nx ×Ny ×Nz
❶❙Ù❆❙✦❽❪❾⑤❽

Nx
❶
Ny

➃✲❸✦➂
Nz

➃✲❾⑤❽➜➀❚❙✦❽❡➀⑤❐✹➀✇➃✲➈❍❸❫❱✝Õ❦×❨❽❪❾⑤❿✥❐✲Ô✐Õ③❽➊❿❚❙✦❽➊❿✛❺❼❸
➀❚❙✦❽✂➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✦❿

x
❶
y
➃✲❸✦➂

z
❾⑤❽➊❿➅Ö❇❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧✧❶✡➀❚❙✦❽❦➝✐❐✹❺➉❿⑤❿⑤❐✹❸➄⑧✶❭❇➔❲❞❉➟➡➤✘❡❬❶✏➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂❵❐✹❸➑➀❚❙✦❽❦❸✦❐❙➂✝❽

(i, j, k)
❐✲Ô

➓➊❐✑❐✹❾⑤➂✩❺❼❸✏➃✲➀⑤❽➊❿
(xi, yj, zk)

❶✝➓➡➃✲❸❃×❨❽❡Ù❘❾➅❺❼➀➅➀⑤❽❪❸✉➑

ai,i−1φi−1,j,k + ai,iφi,j,k + ai,i+1φi+1,j,k + bj,j−1φi,j−1,k + bj,jφi,j,k + bj,j+1φi,j+1,k +

ck,k−1φi,j,k−1 + ck,kφi,j,k + ck,k+1φi,j,k+1 = Si,j,k

❞❉➟✓➟✩❡

Ù❘❺❼➀❚❙

Si,j,k =
3

2∆t
(∇ · −→v ∗)i,j,k

❞❉➟➡➐✘❡

Ù❆❙✦❽❪❾⑤❽
φi,j,k = φ(xi, yj , zk)

❶
Si,j,k = S(xi, yj, zk)

➃✲❸✦➂ Ù❆❙✦❽❪❾⑤❽❡➀❚❙✦❽❡➓➊❐❙❽✽♣❝➓❪❺➉❽❪❸❙➀⑤❿
ap,q

❶
bp,q

➃✲❸✦➂
cp,q

➃✲❾⑤❽

➀❚❙✦❽ ➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀⑤❿❤❐✲Ô❘➀❚❙✦❽❝➀❚❙✝❾⑤❽➊❽❰➂✩❺➉❿⑤➓❪❾⑤❽❪➀⑤❽❰❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾⑤❿
A
❶
B
➃✲❸✦➂

C
❐✲Ô✥❿⑤❽➊➓➊❐✹❸✦➂✾➂✝❽❪❾➅❺❼❻✓➃✲➀➅❺❼❻✧❽➊❿❱❺❼❸✾➀❚❙✦❽

x, y

➃✲❸✦➂
z
➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✦❿➦❾⑤❽➊❿➅Ö❨❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧✧➔

A
❶
B
➃✲❸✦➂

C
➃✲❾⑤❽❦➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈✎Õ❝➃✲➀➅❾➅❺➉➓➊❽➊❿➜❐✲Ô✮❿➅❺❼Ð➡❽➊❿

Nx × Nx
❶
Ny × Ny

➃✲❸✦➂
Nz ×Nz

❾⑤❽➊❿➅Ö❨❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧✧➔✮❷➦❿⑤❺❼❸❳❨❱➃❦➀⑤❽❪❸✦❿⑤❐✹❾➅❺➷➃✲➈❨❸✦❐✹➀✇➃✲➀➅❺➉❐✹❸✍➃✲❸✦➂❰➀❚❙✦❽➜⑧✯❺❼❸✦❿➅➀⑤❽❪❺❼❸✍➓➊❐✹❸✖➀➅❾✇➃✹➓❪➀⑤❽➊➂ ❸✦❐✹➀✇➃✲➀➅❺➉❐✹❸✕❶✩⑧✶❭❇➔
❞❉➟✓➟✩❡✥➃✲➈➉❿⑤❐❤Ù❘❾➅❺❼➀⑤❽➊❿✧➑

ai,lφl,j,k + bj,mφi,m,k + ck,nφi,j,n = Si,j,k

❞❉➟➡➞✘❡

➹➦❿➦➀❚❙✦❽❦Õ❝➃✲➀➅❾➅❺➉➓➊❽➊❿
B
➃✲❸✦➂

C
➃✲❾⑤❽✂➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈❼❺❼Ðá➃✲×✝➈➉❽✓❶❨➀❚❙✦❽❪➧➑➓➡➃✲❸❵×❨❽✉Ù❘❾➅❺❼➀➅➀⑤❽❪❸

B = PBΛB
(
PB

)−1 ➃✲❸✦➂

C = PCΛC
(
PC

)−1 ❶✜Ù❆❙✦❽❪❾⑤❽
ΛB =

(
λB

p,q

)
1≤p,q≤Ny

➃✲❸✦➂
ΛC =

(
λC

p,q

)
1≤p,q≤Nz

➃✲❾⑤❽ ➀❚❙✦❽✍➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈
Õ❝➃✲➀➅❾➅❺➉➓➊❽➊❿ ➓➊❐✹❸✖➀✇➃✲❺❼❸✝❺❼❸❳❨✣➀❚❙✦❽◆❽❪❺❴❨✧❽❪❸✖❻✓➃✲➈❴❱✦❽➊❿❰❐✲Ô

B
➃✲❸✦➂

C
➃✲❸✦➂➬Ù❆❙✦❽❪❾⑤❽

PB =
(
pB

p,q

)
1≤p,q≤Ny

➃✲❸✦➂
PC =

(
pC

p,q

)
1≤p,q≤Nz

➃✲❾⑤❽❡➀❚❙✦❽❦➃✹❿⑤❿✇❐❙➓❪❺➷➃✲➀⑤❽➊➂ ×✏➃✹❿⑤❽❦➓❯❙✏➃✲❸❳❨✧❽✉Õ❝➃✲➀➅❾➅❺➉➓➊❽➊❿á➔✮⑨✼❙✦❽❪❾⑤❽❬Ô ❐✹❾⑤❽✓❶✏⑧✶❭✡➔⑤❞❉➟➡➞✘❡✻Õ❝➃➊➧ ×❨❽❡Ù❘❾➅❺❼➀➅➀⑤❽❪❸✉➑

ai,lφl,j,k + pB
j,pλ

B
p,p

((
pB

)−1
)

p,m
φi,m,k + pC

k,qλ
C
q,q

((
pC

)−1
)

q,n
φi,j,n = Si,j,k

❞❉➟❪➌❪❡

➹➦❿➡❶☞Ô✢❐✹❾✉❺❼❸✦❿➅➀✇➃✲❸✦➓➊❽✓❶
PB

(
PB

)−1
= IdNy×Ny

❶☞Ù❆❙✝❺➉➓✒❙✴❺❼Õ♠Ö✝➈❼❺➉❽➊❿
pB

j,p

((
pB

)−1
)

p,j
= δj,j = 1

❞ Ù❆❙✦❽❪❾⑤❽

δi,j
❺➉❿❘➀❚❙✦❽➄❒❡❾⑤❐✹❸✦❽➊➓ q ❽❪❾➜❿➅➧✑Õ❦×❨❐✹➈➾❡❬❶✝×✖➧ Õ✞❱✝➈❼➀➅❺❼Ö✝➈❼➧✑❺❼❸❳❨❰⑧✶❭❇➔✎❞❉➟❪➌❪❡✻×❙➧

((
pB

)−1
)

p,j

((
pC

)−1
)

q,k

❶✩Ù★❽❲❨✧❽❪➀✧➑

ai,l

((
pB

)−1
)

p,j

((
pC

)−1
)

q,k
φl,j,k + λB

p,p

((
pB

)−1
)

p,m

((
pC

)−1
)

q,k
φi,m,k +

λC
q,q

((
pB

)−1
)

p,j

((
pC

)−1
)

q,n
φi,j,n =

((
pB

)−1
)

p,j

((
pC

)−1
)

q,k
Si,j,k

❞❉➟➡➍✘❡

➟➡➐



Ù❆❙✝❺➉➓✒❙◆➓➡➃✲❸◆➃✲➈➉❿✇❐❤Ù❘❾➅❺❼➀⑤❽❅➑

ai,lφ̃l,p,q + λB
p,pφ̃i,p,q + λC

q,qφ̃i,p,q =
(
ai,l +

(
λB

p,p + λC
q,q

)
δi,l

)
φ̃l,p,q = S̃i,p,q

❞❉➟✧➃✘❡

Ù❆❙✦❽❪❾⑤❽
φ̃l,p,q =

((
pB

)−1
)

p,j

((
pC

)−1
)

q,k
φl,j,k

➃✲❸✦➂
S̃i,p,q =

((
pB

)−1
)

p,j

((
pC

)−1
)

q,k
Si,j,k

➔✜➣❙❺❼❸✦➓➊❽

➀❚❙✦❽✥Õ❝➃✲➀➅❾➅❺Ó➏
A+

(
λB

p,p + λC
q,q

)
IdNx×Nx =

(
ai,l +

(
λB

p,p + λC
q,q

)
δi,l

)
1≤i,l≤Nx

❺➉❿✯➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈✟❶✑➀❚❙✦❽✥➓➊❐✹Õ❤➆
Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸◆❐✲Ô

φ̃l,p,q q ❸✦❐áÙ❘❺❼❸❳❨ S̃i,p,q
❸✦❽➊➓➊❽➊❿⑤❿⑤❺❼➀✇➃✲➀⑤❽➊❿❘➀⑤❐♠❿⑤❐✹➈❼❻✧❽

Ny ×Nz
➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈✕➈❼❺❼❸✦❽➡➃✲❾✥❿➅➧✩❿➅➀⑤❽❪Õ③❿❘❐✲Ô❆❿➅❺❼Ð➡❽

Nx
➔✯⑨✼❙✦❽①➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸➑❐✲Ô✎➀❚❙✦❽①❽❪❺❴❨✧❽❪❸✍❻✓➃✲➈❴❱✦❽➊❿✥➃✲❸✦➂✍❽❪❺❴❨✧❽❪❸✍❻✧❽➊➓❪➀⑤❐✹❾⑤❿✥❐✲Ô✐Õ❝➃✲➀➅❾➅❺➉➓➊❽➊❿

ΛB
❶
ΛC
❶
PB

➃✲❸✦➂
PC

❺➉❿

Õ❝➃✹➂✝❽❦❐✹❸✦➓➊❽①❺❼❸❃➀❚❙✦❽❡Ö✝❾⑤❽❪Ö✝❾⑤❐✑➓➊❽➊❿⑤❿➅❺❼❸❳❨③×❙➧➣❱✦❿⑤❺❼❸❳❨♠➀❚❙✦❽①❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ð➡❽➊➂➑➠✻➈➷➃✹❿❹➃✲❸✦➂❃⑦✎➃✲Ö✏➃✹➓ q ❾⑤❐✺❱✝➀➅❺❼❸✦❽➊❿➡➔
⑨☞❐➜❿❚❱✝Õ➢❱✝Ö✕❶✓➃✲➀❆❽➡➃✹➓❯❙❱➀➅❺❼Õ③❽✜❿➅➀⑤❽❪Ö✕❶✹⑧✶❭✑❿➡➔✼❞✢➞✘❡✕➃✲❾⑤❽✻❿⑤❐✹➈❼❻✧❽➊➂✉❺❼❸✂➀❚❙✝❾⑤❽➊❽★❿➅➀⑤❽❪Ö✦❿✣➑❍❺❼❸✂➀❚❙✦❽✮Ñ✦❾⑤❿➅➀✐❐✹❸✦❽✓❶✲Ù★❽✻➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽

Sn+1
θ

➃✲❸✦➂❱➀❚❙✦❽✛❾➅❺❴❨❅❙✖➀❉➆→❙✏➃✲❸✦➂✑➆✶❿➅❺➉➂✝❽➦❐✲Ô✡➀❚❙✦❽✻Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ð➡❽➊➂☛➉➦❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð➦⑧✶❭✡➔✼❞✟➋❅❡☞Ô✢❐✹❾
δθ
➔✐⑨✼❙✝❺➉❿✮❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸♠❺➉❿✯❿✇❐✹➈❼❻✧❽➊➂

×❙➧❃➀❚❙✦❽✉❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸❙➀✇➃✲➈✐Ô✢➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸➄Õ③❽❪➀❚❙✦❐✑➂❵➃✲❸✦➂
θn+1

❺➉❿➦❾⑤❽➊➓➊❐➡❻✧❽❪❾⑤❽➊➂❍➔➜→❖❸➑➀❚❙✦❽❦❿✇❽➊➓➊❐✹❸✦➂◆❿➅➀⑤❽❪Ö✕❶✏➀⑤❐❬❨✧❽❪➀➦➀❚❙✦❽
➃✲Ö✝Ö✝❾⑤❐➡➏✑❺❼Õ❝➃✲➀⑤❽➊➂✾❸✦❐✹❸✩➆✶➂✩❺❼❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❬➆✢Ô ❾⑤❽➊❽❰❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧◆Ñ✏❽❪➈➉➂ −→v ∗

❶❨Ù★❽③➓➊❐✹Õ♠Ö❳❱✝➀⑤❽
Sn+1

u

❶
Sn+1

v

❶
Sn+1

w

➃✲❸✦➂↔❿⑤❐✹➈❼❻✧❽

Õ③❐✹Õ③❽❪❸❙➀❚❱✝Õ ⑧➌❭✡➔❵❞❂➀✘❡❬❶☞×✖➧➅❱✦❿➅❺❼❸❳❨❃❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✇➃✲➈✜Ô✢➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸✴Õ③❽❪➀❚❙✦❐❙➂✾❐✹❸✦➓➊❽❝➃✁❨✖➃✲❺❼❸✕➔③→❖❸❵➀❚❙✦❽③➀❚❙✝❺❼❾⑤➂✾➃✲❸✦➂
Ñ✦❸✏➃✲➈✦❿⑤➀⑤❽❪Ö✕❶

∇·−→v ∗
❺➉❿✯➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽➊➂❍❶✧➀❚❙✦❽❘➝✐❐✹❺➉❿⑤❿⑤❐✹❸③⑧➌❭✡➔✼❞❉➟➡➤✘❡☞Ô ❐✹❾

φ
❺➉❿❆❿⑤❐✹➈❼❻✧❽➊➂❤×✖➧❱➀❚❙✦❽✔❻✱❱✦❿➅➀✯➂✝❽➊❿⑤➓❪❾➅❺❼×❨❽➊➂❤Õ③❽❪➀❚❙✦❐✑➂

➃✲❸✦➂ −→v n+1
➃✲❸✦➂

pn+1
➃✲❾⑤❽✉❽❬➏✩Ö✝➈❼❺➉➓❪❺❼➀⑤❽❪➈❼➧❤❱✝Ö❇➂✦➃✲➀⑤❽➊➂❍➔

❮ ❰ ▲✎❑❯⑧❯⑦✜▲✼▼❖⑧❯❈✲❍Ï❈✲Ð⑨▼❖➦✜❋Ñ❍✴◆✫❊●❋✸P♦⑧❯❏✔▲✎❑✖Ò◗P♦❈❲❏✄❋■⑦◗◆◗P❘❋

➱➌➺✳➻ ●❋✞✝☛✓✞✦✔✖✪❏✆✶✠✜✽✡☛✧✆✶✒☞✠ ✒☞❈①☛✧✭✮✞✣✱❁✷★✽❍✄✩✞✵✽❨✠★✘P☛✧✆✶✪✬✞✴✄✩✒☞✠✎✌☞✞✏✔✧◗✕✞✏✠★✄✩✞✴✒✕✔❙✘✮✞✦✔✖✱

➹➦❿✜Õ③❽❪❸✖➀➅❺➉❐✹❸✦❽➊➂ ×❇❽❬Ô✢❐✹❾⑤❽✓❶✑❿⑤❽➊➓➊❐✹❸✦➂❝❐✹❾⑤➂✝❽❪❾✜Ñ✦❸✝❺❼➀⑤❽➦➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽➦❿✇➓❯❙✦❽❪Õ③❽➊❿★❺❼❸❰❿➅Ö✏➃✹➓➊❽➜➃✲❸✦➂③❺❼❸❝➀➅❺❼Õ③❽➜➃✲❾⑤❽✲❱✦❿⑤❽➊➂❝❺❼❸
➀❚❙✦❽❤➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ðá➃✲➀➅❺➉❐✹❸❋❐✲Ô★➀❚❙✦❽❦Õ③❐✑➂✝❽❪➈✯❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿➡➔❡⑨✼❙✦❽❱×❨❐✺❱✝❸✦➂✦➃✲❾➅➧◆➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✉➃✲❾⑤❽♠➃✲➈➉❿⑤❐ ➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂➅❱✦❿➅❺❼❸❳❨
❿✇❽➊➓➊❐✹❸✦➂✴❐✹❾⑤➂✝❽❪❾❤❿⑤➓❯❙✦❽❪Õ③❽➊❿á➔◆⑨✼❙✝❺➉❿❤❿➅❺❴❨✓❸✝❺ÓÑ✏❽➊❿❱➀❚❙✏➃✲➀❱➀❚❙✦❽❝➓➊❐✹❸✦❿➅❺➉❿➅➀⑤❽❪❸✦➓❪➧✴❐✹❾⑤➂✝❽❪❾⑤❿❱❐✲Ô✥➀❚❙✦❽ ➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂✣❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿
➃✲❾⑤❽❤❐✲Ô✜❿⑤❽➊➓➊❐✹❸✦➂➄❐✹❾⑤➂✝❽❪❾➡➔❾➉➜❽❪❾⑤❽✓❶✡Ù✻❽♠➃✲❾⑤❽✞❨✧❐✹❺❼❸❳❨ ➀⑤❐ ❿❚❙✦❐➡Ùä➀❚❙✏➃✲➀❡➀❚❙✦❽✂➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽♠❐✹❾⑤➂✝❽❪❾⑤❿①❐✲Ô✮➀❚❙✦❽❤➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂
❿✇❐✹➈❴❱✝➀➅❺➉❐✹❸✦❿➡❶✓➃✲➀✕➀❚❙✦❽✜❽❪❸✦➂✂❐✲Ô✩➀❚❙✦❽✮Ù❆❙✦❐✹➈➉❽✮❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✩Ö✝❾⑤❐✑➓➊❽➊➂r❱✝❾⑤❽✓❶✓➃✲❾⑤❽✮❽❬Ò❨❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧✉❐✲Ô✦❿⑤❽➊➓➊❐✹❸✦➂✂❐✹❾⑤➂✝❽❪❾➡➔✸➇①❽❪❸✦❽❪❾✇➃✲➈❼➈❼➧✧❶
➀❚❙✦❽✮❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❙❿✇❐✹➈❴❱✝➀➅❺➉❐✹❸❦❿❚❙✦❐✺❱✝➈➉➂①×❨❽✯➓➊❐✹Õ♠Ö✏➃✲❾⑤❽➊➂✉➀⑤❐❹➃✲❸✉❽❬➏✦➃✹➓❪➀✎➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈✖❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸❦❐✲Ô✦➃❘❿➅❺❼Õ♠Ö✝➈❼❺ÓÑ✏❽➊➂✉Ö✝❾⑤❐✹×✝➈➉❽❪Õ
❺❼❸✴Ù❆❙✝❺➉➓❯❙✣❿⑤❐✹Õ③❽③➀⑤❽❪❾➅Õ③❿❤❐✲Ô❘➀❚❙✦❽❝➙❡➃➊❻✑❺➉❽❪❾❉➆↕➣❙➀⑤❐ q ❽➊❿❤❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿♠➃✲❾⑤❽❰➂✩❾⑤❐✹Ö✝Ö❇❽➊➂❍➔❵➉➜❽❪❾⑤❽✓❶✐➀❚❙✦❽③Õ③❽❪➀❚❙✦❐✑➂➆❱✦❿⑤❽➊➂✾➀⑤❐
➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽✉➀❚❙✦❽①➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❦❐✹❾⑤➂✝❽❪❾⑤❿✥❺➉❿✛Õ③❐✹❾⑤❽❾❨✧❽❪❸✦❽❪❾✇➃✲➈✟❶✩❺❼❸✍➀❚❙✦❽①❿⑤❽❪❸✦❿⑤❽➜➀❚❙✏➃✲➀❘❺❼➀❘➓➡➃✲❸✍×❇❽❡❽➡➃✹❿➅❺❼➈❼➧✍➃✹➂✦➃✲Ö✝➀⑤❽➊➂ ➀⑤❐
➃✲❸❙➧♠➀✶➧✑Ö❇❽➦❐✲Ô✕Ö✏➃✲❾➅➀➅❺➷➃✲➈✡➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✖➀➅❺➷➃✲➈❍❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿➡➔✯→✶➀★➓➊❐✹❸✦❿➅❺➉❿➅➀⑤❿✮❺❼❸❰❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓❪❺❼❸❳❨③➃✲❸ ➃✲Ö✝Ö✝❾⑤❐✹Ö✝❾➅❺➷➃✲➀⑤❽❹Ô ❐✹❾⑤➓❪❺❼❸❳❨❱➀⑤❽❪❾➅Õ
❺❼❸◆➀❚❙✦❽❦❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸➑Ù❆❙✦❐✓❿⑤❽✂➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❤❐✹❾⑤➂✝❽❪❾✎❙✏➃✹❿❹➀⑤❐③×❨❽✉➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽➊➂❍❶❨❿⑤❐♠➀❚❙✏➃✲➀➦➀❚❙✦❽❦❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸❵➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂
Ù❘❺❼➀❚❙❵➀❚❙✝❺➉❿➦Ô ❐✹❾⑤➓❪❺❼❸❳❨ ➀⑤❽❪❾➅Õ ➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽➊❿❡➀⑤❐❰➃❬❨✓❺❼❻✧❽❪❸↔➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈✎Ñ✏❽❪➈➉➂

(−→v0 , p0, θ0)
➔➦⑨✼❙✦❽✂➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽♠❐✹❾⑤➂✝❽❪❾

❺➉❿❹❐✹×✝➀✇➃✲❺❼❸✦❽➊➂❃×✖➧ ➓➊❐✹Õ♠Ö✏➃✲❾➅❺❼❸❳❨❝➀❚❙✦❽❦➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂➑❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸◆➃✲❸✦➂❃➀❚❙✦❽✉➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈☞Ñ✏❽❪➈➉➂❍➔

➟➡➞



⑩◆❐✹❾⑤❽◆Ö✝❾⑤❽➊➓❪❺➉❿⑤❽❪➈❼➧✧❶✥❺❼❸✬➀❚❙✦❽❵➓➡➃✹❿⑤❽➑❐✲Ô✉➀❚❙✦❽❵❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿✍❐✲Ô✉➀❚❙✦❽◆Ö✝❾⑤❽➊❿⑤❽❪❸❙➀❰Ö✏➃✲Ö❨❽❪❾➡❶✥Ù✻❽❃Ñ✦❾⑤❿➅➀ ➓➊❐✹❸✦❿➅➀➅❾❚❱✦➓❪➀✍➃✲❸
➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈✑Ñ✏❽❪➈➉➂

(−→v0 , p0, θ0)
❿✇➃✲➀➅❺➉❿❉Ô ➧❙❺❼❸❳❨➜➀❚❙✦❽★Õ❝➃✹❿⑤❿❆➓➊❐✹❸✦❿⑤❽❪❾➅❻✹➃✲➀➅❺➉❐✹❸♠❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸❤➃✲❸✦➂♠➃➦❿⑤❽❪➀❆❐✲Ô❼❨✓❺❼❻✧❽❪❸❱×❨❐✺❱✝❸✦➂✦➃✲❾➅➧

➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❡❺❼❸↔➃☛❨✓❺❼❻✧❽❪❸↔➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✮➂✝❐✹Õ❝➃✲❺❼❸✕➔✴➉➦❽❪❾⑤❽✓❶✡➀❚❙✦❽❱➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽♠❐✹❾⑤➂✝❽❪❾⑤❿①➃✲❾⑤❽✂➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽➊➂➄❺❼❸➄➃
➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✖➀➅❺➷➃✲➈❼➈❼➧❙➆→❙✦❽➡➃✲➀⑤❽➊➂❋➓❝❱✝×✝❺➉➓❱➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✮➂✝❐✹Õ❝➃✲❺❼❸❧❞ ➹❾Ó➜➠✲Ó❱➟✩❡❬❶✡Ù❘❺❼➀❚❙➅❱✝❸✝❺ÓÔ✢❐✹❾➅Õ Õ③❽➊❿❚❙✦❽➊❿➜❺❼❸❵➃✲➈❼➈❆❿➅Ö✏➃✹➓➊❽
➂✩❺❼❾⑤❽➊➓❪➀➅❺➉❐✹❸✦❿✫❞

∆x = ∆y = ∆z
❡❬❶✝Ù❘❺❼➀❚❙➑❸✦❐✲➆✶❿➅➈❼❺❼Ö❃×❨❐✺❱✝❸✦➂✦➃✲❾➅➧ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❡➃✲❸✦➂❃➓➊❐✹❸✦➂r❱✦➓❪➀➅❺❼❸❳❨❝Ù✛➃✲➈❼➈➉❿✧➑





−→v (0, y, z)=−→v (1, y, z)=−→v (x, 0, z)=−→v (x, 1, z)=−→v (x, y, 0)=−→v (x, y, 1)=
−→
0

θ(x, y, 0)=1 ; θ(x, y, 1)=0 ; θ(0, y, z)=θ(1, y, z)=θ(x, 0, z)=θ(x, 1, z)=1 − z

∂p
∂x(0, y, z)= ∂p

∂x(1, y, z)= ∂p
∂y (x, 0, z)= ∂p

∂y (x, 1, z)= ∂p
∂z (x, y, 0)= ∂p

∂z (x, y, 1)=0

❞❉➟á➋❅❡

➙➜❐✹➀⑤❽✻➀❚❙✏➃✲➀✯➀❚❙✦❽✛×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❱➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✯Ô✢❐✹❾✎Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽✼❙✏➃➊❻✧❽✛×❨❽➊❽❪❸♠➓❯❙✦❐✓❿⑤❽❪❸♠❺❼❸❝➃✹➓➊➓➊❐✹❾⑤➂✦➃✲❸✦➓➊❽❘Ù❘❺❼➀❚❙❤➀❚❙✦❽✛×❨❐✺❱✝❸✦➂✑➆
➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿①❐✲Ô✜➝✐❐✹❺➉❿⑤❿⑤❐✹❸➄⑧✶❭❇➔◗❞❉➟➡➤✘❡✥❺❼❸➑➀❚❙✦❽✂❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✖➆✟Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽✂➂✝❽➊➓➊❐✺❱✝Ö✝➈❼❺❼❸❳❨❃➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ❃➔➜⑨✼❙✦❽❪❸✕❶❘❱✦❿➅❺❼❸❳❨
➀❚❙✦❽①❿➳➃✲Õ③❽➦Õ③❽❪➀❚❙✦❐✑➂✝❿✥➃✲❸✦➂✍➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ③❿❹➃✹❿✛➀❚❙✦❐✓❿⑤❽❡❐✲Ô✐❿✇❽➊➓❪➀➅❺➉❐✹❸✍➞✩❶✩Ù✻❽❡➓➊❐✹Õ♠Ö❳❱✝➀⑤❽①➀❚❙✦❽❡❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸❃❐✲Ô✎⑧✶❭✑❿➡➔✲❞✢➐✘❡✜❺❼❸
Ù❆❙✝❺➉➓✒❙ ➃✲Ö✝Ö✝❾⑤❐✹Ö✝❾➅❺➷➃✲➀⑤❽➦Ô✢❐✹❾⑤➓❪❺❼❸❳❨❦➀⑤❽❪❾➅Õ③❿ −→

Fv0

➃✲❸✦➂
Fθ0

➃✲❾⑤❽➜➃✹➂✝➂✝❽➊➂◆❶✖❺✟➔ ❽✓➔❆➀❚❙✦❽❘Ô✢❐✹➈❼➈➉❐➡Ù❘❺❼❸❳❨❤❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿❘➃✲❾⑤❽➦❿⑤❐✹➈❼❻✧❽➊➂✦➑





∇.−→v = 0

∂−→v

∂t
+ (−→v .∇)−→v + ∇p −

1

Re
∇2−→v −

Ra

Pr Re2
θ
−→
k =

−→
Fv0

∂θ

∂t
+ −→v .∇θ −

1

Pr Re
∇2θ = Fθ0

❞❉➟✧➀✘❡

⑨✼❙✦❽ Ô✢❐✹❾⑤➓❪❺❼❸❳❨↔➀⑤❽❪❾➅Õ③❿③➃✲❾⑤❽✍➓➊❐✹❸✦❿➅➀➅❾❚❱✦➓❪➀⑤❽➊➂✵❿❚❱✦➓✒❙✵➀❚❙✏➃✲➀♠➀❚❙✦❽✍❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸✵➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽➊❿❝➀⑤❐➄➀❚❙✦❽ ➓✒❙✦❐✓❿⑤❽❪❸ ➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈
Ñ✏❽❪➈➉➂✝❿á❶✝❺✟➔ ❽✓➔✯➀❚❙✦❽➜Ô✢❐✹❾⑤➓❪❺❼❸❳❨③➀⑤❽❪❾➅Õ③❿➦➃✲❾⑤❽①❽✠❭❪❱✏➃✲➈✕➀⑤❐♠➀❚❙✦❽❡➈➉❽❬Ô ➀❉➆→❙✏➃✲❸✦➂✑➆✶❿➅❺➉➂✝❽❦❐✲Ô✯⑧✶❭✑❿➡➔✲❞❉➟✧➀✘❡★Ô✢❐✹❾

(−→v0 , p0, θ0)
➑





−→
Fv0

=
∂−→v0

∂t
+ (−→v0 .∇)−→v0 + ∇p0 −

1

Re
∇2−→v0 −

Ra

Pr Re2
θ0
−→
k

Fθ0
=

∂θ0

∂t
+ −→v0 .∇θ0 −

1

Pr Re
∇2θ0

❞❉➟➡➢✘❡

⑨☞❐✥➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽✜➀❚❙✦❽✮❽❪❾➅❾⑤❐✹❾☞❐✹❸✝➈❼➧❡➂r❱✦❽✯➀⑤❐✛➀❚❙✦❽✮❿➅Ö✏➃✹➓➊❽✮➂✩❺➉❿✇➓❪❾⑤❽❪➀➅❺❼Ðá➃✲➀➅❺➉❐✹❸✕❶✲❿⑤➀⑤❽➡➃✹➂✩➧❡➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈✓Ñ✏❽❪➈➉➂✝❿★❞ −−−→v0−st(x, y, z)
❶

p0−st(x, y, z)
❶
θ0−st(x, y, z)

❡➜➃✲❾⑤❽✂➓❯❙✦❐✓❿⑤❽❪❸➄❿⑤❐❰➃✹❿❹➀⑤❐③➀❚❙✦❽✂➀➅❺❼Õ③❽❦❽❪❾➅❾⑤❐✹❾➜❺➉❿✥❻✓➃✲❸✝❺➉❿❚❙✦❽➊➂❍➔✲➉➜❽❪❾⑤❽✓❶✏➀❚❙✦❽✉Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨

➟❪➌



❿⑤➀⑤❽➡➃✹➂✩➧❰Ñ✏❽❪➈➉➂✝❿á❶✝❿✇➃✲➀➅❺➉❿❉Ô ➧❙❺❼❸❳❨♠➀❚❙✦❽①×❨❐✺❱✝❸✦➂✦➃✲❾➅➧ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✜❞❉➟á➋❅❡❘➃✲❸✦➂❃➀❚❙✦❽①➓➊❐✹❸✖➀➅❺❼❸❫❱✝❺❼➀❖➧➑❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✕❶✏➃✲❾⑤❽❲❱✦❿⑤❽➊➂✦➑





u0−st = 2(1 − cos(2πx)) sin(2πy) sin(2πz)

v0−st = sin(2πx)(cos(2πy) − 1) sin(2πz)

w0−st = sin(2πx) sin(2πy)(cos(2πz) − 1)

θ0−st = 1 − z + x2(1 − x)2y2(1 − y)2z(1 − z)

p0−st = sin(πx + π
2 ) sin(πy + π

2 ) sin(πz + π
2 )

❞✢➐✓➤✘❡

⑨✼❙✦❽❪❸✕❶✥Ù★❽➄➓➡➃✲❸❏➂✝❽❬Ñ✦❸✦❽❵➀❚❙✦❽➑❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽➄❿➅Ö✏➃✹➓➊❽❵❽❪❾➅❾⑤❐✹❾⑤❿
ǫf

×❇❽❪➀❖Ù★❽➊❽❪❸☎➀❚❙✦❽❵➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂ Ñ✏❽❪➈➉➂✝❿
f
❞ Ù❆❙✦❽❪❾⑤❽

f = u, v,w, θ
❐✹❾

p
❡✛➃✲❸✦➂✍➀❚❙✦❽✉➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈☞Ñ✏❽❪➈➉➂✝❿

f0
➑

ǫf =
max(i,j,k)∈[1;Nx]×[1;Ny]×[1;Nz ] |f(i, j, k) − f0(i, j, k)|

max(i,j,k)∈[1;Nx]×[1;Ny]×[1;Nz ] |f0(i, j, k)|

❞✢➐✩➟✩❡

⑨✼❙✦❽➊❿✇❽❹❽❪❾➅❾⑤❐✹❾⑤❿❘➃✲❾⑤❽❹➂✩❾✇➃➡Ù❘❸ ❐✹❸ ➒✎❺❴❨❅❱✝❾⑤❽❡➐❳❞✢➃✘❡★➃✹❿✯Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸ ❐✲Ô❍➀❚❙✦❽➜❿➅Ö✏➃✹➓➊❽❹❿➅➀⑤❽❪Ö
∆x

❞ ➀❚❙✦❽➦Õ③❽➊❿❚❙✦❽➊❿✻➓➊❐✹❾➅❾⑤❽➊❿➅Ö❨❐✹❸✦➂
➀⑤❐

Nx × Ny × Nz = 203, 303, 403, 603
➃✲❸✦➂

803
❡❬❶✕➃❁Ô ➀⑤❽❪❾❡➃ ❿❚❱r♣❝➓❪❺➉❽❪❸❙➀➅➈❼➧◆➈➉❐✹❸❳❨ ❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸✾➀➅❺❼Õ③❽❤➀⑤❐❰×❨❽

➃✲×✝➈➉❽✉➀⑤❐♠➓➊❐✹❸✦❿➅❺➉➂✝❽❪❾✥➀❚❙✏➃✲➀❘➀❚❙✦❽❡Ø✏❐áÙ✚❺➉❿❘❿➅➀⑤❽➡➃✹➂✩➧✧➔✮➹➜❿✥➃❱Õ❝➃❁➏✑❺❼Õ◗❱✝Õ ➂✩❺➉❿⑤➓❪❾⑤❽❪Ö✏➃✲❸✦➓❪➧ ❐✲Ô✯❐✹❸✝➈❼➧❵➟✩Ô ❽❬➏✩❺➉❿➅➀⑤❿❘×❨❽❪➀✶Ù✻❽➊❽❪❸

➀❚❙✦❽❦❻✹➃✲➈❴❱✦❽➊❿➜❐✲Ô
ǫu
❶
ǫv
➃✲❸✦➂

ǫw
❶✡➃✲❸➄➃➊❻✧❽❪❾✇➃✁❨✧❽✂❻✹➃✲➈❴❱✦❽

ǫu,v,w
❺➉❿❹➂✩❾✇➃➡Ù❘❸❵❐✹❸❵➒✐❺❴❨❅❱✝❾⑤❽❱➐❳❞✢➃✘❡❬➔❘⑨✼❙✦❽✂❿➅➈➉❐✹Ö❇❽➊❿➜❐✲Ô✯➀❚❙✦❽

➓❝❱✝❾➅❻✧❽➊❿
log(ǫf ) = f(log(∆x))

×❨❽❪❺❼❸❳❨↔❽✠❭❫❱✏➃✲➈✻➀⑤❐❵➐✩❶❆➀❚❙✦❽ ❿➅Ö✏➃✹➓➊❽ ➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽➑❐✹❾⑤➂✝❽❪❾❤❐✲Ô✥➀❚❙✦❽ ➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂
Ñ✏❽❪➈➉➂✝❿❹❺➉❿❘➀❚❙✦❽❪❸➑❽✠❭❪❱✏➃✲➈❍➀⑤❐♠➀❚❙✦❽①❿➅Ö✏➃✹➓➊❽✉➓➊❐✹❸✦❿⑤❺➉❿➅➀⑤❽❪❸✦➓❪➧✍❐✹❾⑤➂✝❽❪❾❹❐✲Ô✐➀❚❙✦❽①➂✩❺➉❿✇➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂➑❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿✧➑

ǫf ∼ O(∆x2)
➔

⑨☞❐❦➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽❹➀❚❙✦❽❘➀➅❺❼Õ③❽❹➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽➦❐✹❾⑤➂✝❽❪❾➡❶✖➀❚❙✦❽❘Ù✻➃➡➧③❐✲Ô❍Ö✝❾⑤❐❙➓➊❽➊❽➊➂✩❺❼❸❳❨✂❺➉❿✯➀❚❙✦❽✥❿✇➃✲Õ③❽❹➃✹❿✯Ô ❐✹❾✮➀❚❙✦❽❹❿➅Ö✏➃✹➓➊❽
➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽✂❐✹❾⑤➂✝❽❪❾➡➔✻⑨✼❙✦❽✉❿✇➃✲Õ③❽❦➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✐➂✝❐✹Õ❝➃✲❺❼❸◆❺➉❿ q ❽❪Ö✝➀➡❶✝×❳❱✝➀➦➀❚❙✦❽①×❇❐✺❱✝❸✦➂✦➃✲❾➅➧✍➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❡➃✲❸✦➂
➀❚❙✦❽✂➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈❍Ñ✏❽❪➈➉➂✝❿❹×❇❽➊➓➊❐✹Õ③❽➄❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧✧➔✮⑨✼❙✦❽❪➧❃➃✲❾⑤❽①➂✝❽❬Ñ✦❸✦❽➊➂❃×❙➧❘➑





BCunst = BCst × h(t)

f0−unst = f0−st × h(t)

❞✢➐✓➐✘❡

Ù❆❙✦❽❪❾⑤❽
BCunst

➃✲❸✦➂
BCst

Õ③❽➡➃✲❸✦❿★➜✳❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧❪➝✉➃✲❸✦➂✯➜❖❿➅➀⑤❽➡➃✹➂✩➧❝×❨❐✺❱✝❸✦➂✦➃✲❾➅➧ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❚➝✇❶✝Ù❆❙✦❽❪❾⑤❽
BCst

❾⑤❽❪Ö✩➆

❾⑤❽➊❿✇❽❪❸✖➀⑤❿➦➃✲➈❼➈❍➀❚❙✦❽✉×❇❐✺❱✝❸✦➂✦➃✲❾➅➧ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✎❨✓❺❼❻✧❽❪❸➑×✖➧ ⑧✶❭❙❿á➔✲❞❉➟á➋❅❡❬❶✝Ù❆❙✦❽❪❾⑤❽
f
❿➅➀✇➃✲❸✦➂✝❿✛Ô✢❐✹❾

u, v,w, θ
➃✲❸✦➂

p
➃✲❸✦➂

➀❚❙✦❽✉➀➅❺❼Õ③❽❡Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸
h(t)

❽✠❭❪❱✏➃✲➈➉❿
exp( t

2 )
❐✹❾

sin(πt
2 )
➔

❷➦❿➅❺❼❸❳❨↔➃⑨❱✝❸✝❺ÓÔ ❐✹❾➅Õ Õ③❽➊❿❚❙✫Ù❘❺❼➀❚❙
Nx × Ny × Nz = 303

➃✲❸✦➂✣❿➅➀✇➃✲❾➅➀➅❺❼❸❳❨◆Ô ❾⑤❐✹Õ ➀❚❙✦❽❰❺❼❸✝❺❼➀➅❺➷➃✲➈❘➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸
❨✓❺❼❻✧❽❪❸ ×❙➧❝⑧✶❭✑❿➡➔❆❞✢➐✓➐✘❡★➃✲➀✻➀➅❺❼Õ③❽

t = 0
❶✑➀❚❙✦❽➦❽❪❾➅❾⑤❐✹❾⑤❿

ǫf

➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✍➃✲➀★➀❚❙✦❽❹Ñ✝➏✩❽➊➂ ➀➅❺❼Õ③❽
t = 4

➃✲❾⑤❽➦➂✩❾✇➃➡Ù❘❸➑➃✹❿✻➃

Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸❰❐✲Ô
∆t
❶✹Ô✢❐✹❾✮➀❚❙✦❽❘➀✶Ù✻❐✉Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸✦❿

h(t)
❶✑❐✹❸❝➒✐❺❴❨❅❱✝❾⑤❽➦➐❳❞ ×❖❡❬➔❆➙➦❐✹➀⑤❽✥➀❚❙✏➃✲➀➡❶✖➀⑤❐✉❐✹❸✝➈❼➧✫❨✧❽❪➀★➀❚❙✦❽❘➀➅❺❼Õ③❽❹❽❪❾➅❾⑤❐✹❾➡❶

➀❚❙✦❽★❿➅Ö✏➃✹➓➊❽✜➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✖➀➅❺➷➃✲➈✝❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾⑤❿✎❐✲Ô✝➀❚❙✦❽✻❿⑤❐✺❱✝❾⑤➓➊❽✮➀⑤❽❪❾➅Õ③❿✼❞❉➟➡➢✘❡✕➃✲❾⑤❽★➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✞❱✦❿⑤❺❼❸❳❨❹➀❚❙✦❽❪❺❼❾✎Ñ✦❸✝❺❼➀⑤❽✜➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽

➟➡➍



➂✩❺➉❿✇➓❪❾⑤❽❪➀⑤❽❤Ô ❐✹❾➅Õ➶❞ ➀❚❙✦❽❝❿✇➃✲Õ③❽③➃✹❿①➀❚❙✦❽♠❐✹❸✦❽☛❱✦❿⑤❽➊➂➄➀⑤❐✍➂✩❺➉❿✇➓❪❾⑤❽❪➀➅❺❼Ð➡❽♠➀❚❙✦❽♠➈➉❽❬Ô ➀❉➆→❙✏➃✲❸✦➂✑➆✶❿➅❺➉➂✝❽③❐✲Ô❘⑧✶❭❙❿á➔❤❞❉➟✧➀✘❡❚❡❡❺❼❸✦❿➅➀⑤❽➡➃✹➂
❐✲Ô❘➀❚❙✦❽❪❺❼❾❱➓➊❐✹❸✖➀➅❺❼❸❫❱✦❐✺❱✦❿❱Ô✢❐✹❾➅Õ Ù❆❙✝❺➉➓✒❙✴❺➉❿✞❱✦❿⑤❽➊➂➄Ô✢❐✹❾✉➀❚❙✦❽❝➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✏➃✲➀➅❺➉❐✹❸✵❐✲Ô❘➀❚❙✦❽③❿➅Ö✏➃✹➓➊❽❰➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽ ❐✹❾⑤➂✝❽❪❾➡➔
⑨✼❙✝❺➉❿❦Ö❇❽❪❾➅Õ♠❺❼➀⑤❿✉➀⑤❐ Õ❝➃ q ❽♠➀❚❙✦❽③❿➅Ö✏➃✹➓➊❽♠❽❪❾➅❾⑤❐✹❾✉❻✓➃✲❸✝❺➉❿❚❙✦❽➊➂❋❿✇❐ ➀❚❙✏➃✲➀✉❐✹❸✝➈❼➧❵➀❚❙✦❽❤➀➅❺❼Õ③❽❝❽❪❾➅❾⑤❐✹❾✉❺➉❿✉❽❪❻✓➃✲➈❴❱✏➃✲➀⑤❽➊➂❍➔③⑨✼❙✦❽
➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸↔❐✲Ô✮➀❚❙✦❽❱❽❪❾➅❾⑤❐✹❾⑤❿

ǫu
❶
ǫv
➃✲❸✦➂

ǫw
❺➉❿❹❐✲Ô✜➓➊❐✺❱✝❾⑤❿✇❽❦Õ❝➃✹➂✝❽◗❱✦❿➅❺❼❸❳❨❝➀❚❙✦❽✉Ñ✦❸✏➃✲➈✎❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❃Ñ✏❽❪➈➉➂❍❶ −→v n+1

❶

➃✲❸✦➂➑❸✦❐✹➀✥➀❚❙✦❽①❺❼❸❙➀⑤❽❪❾➅Õ③❽➊➂✩❺➷➃✲➀⑤❽❱❐✹❸✦❽✓❶ −→v ∗
➔✜➒✐❺❴❨❅❱✝❾⑤❽✂➐❳❞ ×❖❡✻Ö❨❽❪❾➅Õ♠❺❼➀⑤❿✥➀⑤❐❰➓➊❐✹❸✦➓❪➈❴❱✦➂✝❽✉➀❚❙✏➃✲➀✥➀❚❙✦❽✉➀➅❺❼Õ③❽❦➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽

❐✹❾⑤➂✝❽❪❾★❐✲Ô❇➀❚❙✦❽✛Ö✝❾⑤❽➊❿⑤❽❪❸❙➀✜➓➊❐✑➂✝❽❘❺➉❿✯❐✲Ô❨❿✇❽➊➓➊❐✹❸✦➂③❐✹❾⑤➂✝❽❪❾✯➈❼❺ q ❽❘➀❚❙✦❽❘❿➅Ö✏➃✹➓➊❽✥➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❹❐✹❾⑤➂✝❽❪❾✧➑ ǫf ∼ O(∆x2,∆t2)
➔

➱➌➺➾➽ Õ ✒☞✪✬✷✜✽❨✔✖✆✶✱✲✒☞✠★✱ ▼◆✆✟☛✓✭P✞✝❑✯✷❘✞✦✔❙✆✶✪✬✞✏✠✎☛✓✽❨✳❹✔✧✞✏✱✹❅✜✳✟☛✧✱

→✶❸✣❐✹❾⑤➂✝❽❪❾❤➀⑤❐➑❻✓➃✲➈❼❺➉➂✦➃✲➀⑤❽ ❐✺❱✝❾✂❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✥➓➊❐❙➂✝❽✓❶❆❺❼❸➬➃❃Ñ✦❾⑤❿➅➀❱❿⑤➀⑤❽❪Ö✕❶❆Ù★❽➣❙✏➃➊❻✧❽ ➓➡➃✲❾➅❾➅❺➉❽➊➂✣❐✺❱✝➀✜❭❪❱✏➃✲❸✖➀➅❺❼➀✇➃✲➀➅❺❼❻✧❽
➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿✇❐✹❸✦❿ Ù❘❺❼➀❚❙✸➀❚❙✦❽❵❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿ ❐✲Ô❱➎★❙✝❺❴❱☎➃✲❸✦➂✸➛➦❐✓❿⑤❽❪❸✖×❨❽❪❾❚❨✧❽❪❾↔❞❉➟➡➢❅➀✧➋❅❡⑨❶ ➌✺❹✉➃✲❸✦➂☎➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺➜❽❪➀✍➃✲➈✟➔
❞❉➟➡➢✓➢✓➤✘❡❲❶ ➍✍❹✶➔✮⑨✼❙✦❽①➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✦❿❹❐✹❸✝➈❼➧ ➓➊❐✹❸✦➓➊❽❪❾➅❸❃➀❚❙✦❽❡❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✍➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀⑤❿❹❿⑤❺❼❸✦➓➊❽❡➀❚❙✦❽➊❿⑤❽①❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿➜➃✲❾⑤❽
❐✹❸✝➈❼➧➄×✏➃✹❿⑤❽➊➂✾❐✹❸❋⑦✉❩✥➹ Õ③❽➡➃✹❿❚❱✝❾⑤❽❪Õ③❽❪❸✖➀⑤❿❤❐✲Ô✛❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧➄Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿✂➃✲❸✦➂❋❿➅❺❴❨✓❸✏➃✲➈➉❿á➔③→✶❸✾➃❃❿⑤❽➊➓➊❐✹❸✦➂❋❿➅➀⑤❽❪Ö✕❶☞Ù★❽☛❙✏➃➡❻✧❽
Ö❨❽❪❾❉Ô✢❐✹❾➅Õ③❽➊➂◆➃♠➈➷➃✲❾❚❨✧❽✂❿⑤➓➡➃✲➈➉❽❦➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸❵➀⑤❐③❾⑤❽❪Ö✝❾⑤❐✑➂r❱✦➓➊❽❦❐✹❸✦❽✂❐✲Ô✯➀❚❙✦❽❦❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿➦❐✲Ô✮➝❆➃✲×✝❺➉❐✺❱⑩❞✢➐✓➤✓➤✓➞✘❡➄❶ ➋✩❹
❞ ❿✇❽➊❽❡➃✲➈➉❿✇❐✯❶ ➌✦➟✽❹❄❡✻➃✲×❨❐✺❱✝➀✻➀❚❙✦❽➜Õ③❽➡➃✹❿❚❱✝❾⑤❽❪Õ③❽❪❸❙➀❹❐✲Ô☞➀❚❙✦❽➦Ô ❾⑤❽✠❭❫❱✦❽❪❸✦➓❪➧✧❶✑➀❚❙✦❽➜Ù✻➃➡❻✧❽①➈➉❽❪❸❳❨✓➀❚❙❃➃✲❸✦➂❰➀❚❙✦❽➜Ö❳❙✏➃✹❿⑤❽➜❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧
❐✲Ô❨➀❚❙✦❽✛Ù✻➃➡❻❙➧❱❾⑤❐✹➈❼➈➉❿✮❐✹×✝➀✇➃✲❺❼❸✦❽➊➂❝×✖➧❱❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓❪❺❼❸❳❨✂➃❡❿➅❺❼❸❫❱✦❿✇❐✹❺➉➂✦➃✲➈✏❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✕❶✑➃✲➀✯➀❚❙✦❽❘❽❪❸✖➀➅❾✇➃✲❸✦➓➊❽➦❐✲Ô✡➀❚❙✦❽✥➓✒❙✏➃✲❸✝❸✦❽❪➈✟❶
❺❼❸❵➃❱➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈☞❾⑤❐✹➈❼➈❍Ø✏❐áÙ✉➔

Ö❛×ÙØ♦×❀Ú Û ✐❫♥✠♠❬✇❫Ü❳♥✧✐ Ú ➪✫Ý◗Þ ①❀t❧Ü❼ß✔à➲á✯â❖♥✧✐❪ß♦✈✶✐❪❣✍ã❖✐❫❣❪ä❴♥✜✐❫å✉②✶✐❫❣✺①❀æ➆✐➓ß❘♠✧♥

⑨✼❙✦❽❝Ñ✦❾⑤❿⑤➀❦➀⑤❽➊❿➅➀❤➓➡➃✹❿⑤❽✓❶✯❽❬➏✩➀➅❾✇➃✹➓❪➀⑤❽➊➂✾Ô ❾⑤❐✹Õ ➎★❙✝❺❴❱✣➃✲❸✦➂✫➛❹❐✓❿⑤❽❪❸❙×❇❽❪❾❚❨✧❽❪❾✧➙ ❿♠❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿❤❶ ➌✺❹✶❶✯➓➊❐✹❸✦➓➊❽❪❾➅❸✦❿❤➀❚❙✦❽
❿⑤Ö✏➃✹➓➊❽➑➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀❃❐✲Ô✉❿➅➀⑤❽➡➃✹➂✩➧✵➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❡❾⑤❐✹➈❼➈➉❿❝Ô ❾⑤❐✹Õ ➀❚❙✦❽❃×❨❽❝❨✓❺❼❸✝❸✝❺❼❸❳❨✫❐✲Ô✉➀❚❙✦❽⑨❙✦❽➡➃✲➀⑤❽➊➂ Ð➡❐✹❸✦❽✓❶✛❺❼❸❏➃
❸✝❺❼➀➅❾⑤❐✺❨✧❽❪❸✫➝✮➛❹➠PØ✏❐áÙ✉➔❰⑨✼❙✦❽❰➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✦❿❦❐✲Ô❘➀❚❙✦❽☛❙✦❽➡➃✲➀⑤❽➊➂✾Ð➡❐✹❸✦❽❝➃✲❾⑤❽

(L − Le) × W × H = 87.5 cm ×

15.24 cm × 1.58 cm
➔✛⑨✼❙✝❺➉❿❹Ð➡❐✹❸✦❽✉❺➉❿✥Ö✝❾⑤❽➊➓➊❽➊➂✝❽➊➂◆×✖➧➑➃✲❸❃❺➉❿⑤❐✹➀❚❙✦❽❪❾➅Õ❝➃✲➈✐Ð➡❐✹❸✦❽✂➃✲➀

Tc
❐✲Ô✮❿✇➃✲Õ③❽❦❿✇❽➊➓❪➀➅❺➉❐✹❸❵➃✲❸✦➂➑❐✲Ô

➈➉❽❪❸❳❨✓➀❚❙
Le = 67.5 cm

➔❰➒✏❐✹❾✉➀❚❙✝❺➉❿✉➀⑤❽➊❿➅➀✂➓➡➃✹❿⑤❽✓❶☞➀❚❙✦❽♠Ø✏❐➡Ù ❽❪❸❙➀⑤❽❪❾⑤❿❦➀❚❙✦❽❰➓❯❙✏➃✲❸✝❸✦❽❪➈✛➃✲➀
Tc
➔ ➙➦❐✹❸✩➆✶➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✏➃✲➈

Ø✏❐áÙ÷Ö✏➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿➡❶❍➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽➊➂❋➃✲➀➜➀❚❙✦❽❤➃➡❻✧❽❪❾✇➃✁❨✧❽❤➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽
(Th + Tc)/2

❶☞➃✲❾⑤❽
Re = 42

❶
Ra = 4878

➃✲❸✦➂
Pr = 0.71

➔❘➣❙Ö✏➃✲❸✖Ù❘❺➉❿✇❽❦Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿➦❐✲Ô❆➀❚❙✦❽✉➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✎❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✍➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀
U
➃✲❾⑤❽①Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂➑×✖➧❃➃

➓➊❐✹Õ♠Õ③❽❪❾⑤➓❪❺➷➃✲➈★⑦✉❩✥➹ ❿➅➧✑❿⑤➀⑤❽❪Õ ➃✲➀
Z = 0.2H

➃✲❸✦➂
Z = 0.5H

❶❨Ô✢❐✹❾❡❿✇❽❪❻✧❽❪❾✇➃✲➈
X
Ö❇❐✓❿⑤❺❼➀➅❺➉❐✹❸✦❿➡➔✉⑨✼❙✦❽➊❿⑤❽❤Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿

➃✲❾⑤❽❡Ö✝❾⑤❽➊❿✇❽❪❸✖➀⑤❽➊➂❃❐✹❸❃➒✐❺❴❨❅❱✝❾⑤❽➊❿✥➞✩➔✯⑨✼❙✦❽❪➧✍➃✲❾⑤❽①➓➊❐✹Õ♠Ö✏➃✲❾⑤❽➊➂✍Ù❘❺❼➀❚❙❃❐✺❱✝❾❘❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✕❾⑤❽➊❿❯❱✝➈❼➀⑤❿✥➃✲❸✦➂ ➀❚❙✦❐✓❿⑤❽①❐✲Ô✐➙➜❐✹×✝❺❼➈➉❽
➃✲❸✦➂ ➥➦❸✦❽➊❿⑤➀➅❺❲❞❉➟➡➢✓➢❅➃✘❡➣❶❼➟➡➐✍❹✶➔✴➙➦❐✹×✝❺❼➈➉❽❃➃✲❸✦➂➬➥➦❸✦❽➊❿➅➀➅❺✞❞❉➟➡➢✓➢❅➃✘❡➣❶❼➟➡➐✍❹❆❱✦❿⑤❽➊➂✵➃❵➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈➦➂✝❐✹Õ❝➃✲❺❼❸➬❐✲Ô➜❿➅❺❼Ð➡❽

A × B = 30 × 9.65
Ù❘❺❼➀❚❙❏➃➄Õ③❽➊❿❯❙✸❐✲Ô✉❿➅❺❼Ð➡❽

Nx × Ny × Nz = 126 × 62 × 30
➔ ➥⑤❱✝❾❝❾⑤❽➊❿❚❱✝➈❼➀⑤❿ ➃✲❾⑤❽

➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽➊➂✾❺❼❸✴➃ ➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✛➂✝❐✹Õ❝➃✲❺❼❸✾Ù❆❙✦❐✓❿⑤❽③➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✦❿✂➃✲❾⑤❽
A = 40

❶
Ae = 10

➃✲❸✦➂
B = 9.65

Ù❘❺❼➀❚❙✣➃✖❱✝❸✝❺ÓÔ✢❐✹❾➅Õ Õ③❽➊❿❚❙✫❐✲Ô✥❿➅❺❼Ð➡❽
Nx × Ny × Nz = 480 × 120 × 32

➔✍⑨✼❙✦❽❝➀➅❺❼Õ③❽❝❿➅➀⑤❽❪Ö✴❺➉❿
∆t = 0.005

➟✧➃



➃✲❸✦➂❵➀❚❙✦❽❱➀⑤❐✹➀✇➃✲➈❆❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸❋➀➅❺❼Õ③❽❱❺➉❿
50
➔①⑨✼❙✦❽❱×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❵➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✉➃✲❾⑤❽✂➀❚❙✦❽❤❿✇➃✲Õ③❽❤➃✹❿➜➀❚❙✦❐✓❿⑤❽✜❨✓❺❼❻✧❽❪❸➄❺❼❸

❿✇❽➊➓❪➀➅❺➉❐✹❸◆➐✩❶✝Ù❘❺❼➀❚❙
θ = 0

➃✲➀
x = −Ae

➔

➒✎❺❴❨❅❱✝❾⑤❽❰➞✍❿❚❙✦❐➡Ù✥❿✉➀❚❙✏➃✲➀❦❐✺❱✝❾①❾⑤❽➊❿❚❱✝➈❼➀⑤❿❦❿⑤❺❼➀❚❱✏➃✲➀⑤❽❤×❇❽❪➀❖Ù★❽➊❽❪❸✾➀❚❙✦❽❝❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈★Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿✂➃✲❸✦➂➄➀❚❙✦❽♠❸❪❱✝Õ③❽❪❾❉➆
❺➉➓➡➃✲➈✛Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿♠❐✲Ô➦➙➜❐✹×✝❺❼➈➉❽ ➃✲❸✦➂✵➥➦❸✦❽➊❿⑤➀➅❺❲❞❉➟➡➢✓➢❅➃✘❡✯❶❼➟➡➐✍❹✶➔✾➎✛➃✲➈➉➓❝❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿❝➃✁❨✓❾⑤❽➊❽ Ù✻❽❪➈❼➈✻Ù❘❺❼➀❚❙✣➀❚❙✦❽ ❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿á❶
Ö✏➃✲❾➅➀➅❺➉➓❝❱✝➈➷➃✲❾➅➈❼➧✵➃✲➀

Z = 0.5H
❞ ❿⑤❽➊❽❰➀❚❙✦❽ ➀❚❙✝❾⑤❽➊❽✯❨✓❾✇➃✲Ö❳❙✦❿③➃✲➀❤➀❚❙✦❽ ➀⑤❐✹Ö✣❐✲Ô➦➒✐❺❴❨❅❱✝❾⑤❽ ➞✘❡❬➔↔➹✛➀

Z = 0.2H
❞ ❿⑤❽➊❽

➀❚❙✦❽ ➀❚❙✝❾⑤❽➊❽➣❨✓❾✇➃✲Ö❳❙✦❿❝➃✲➀❤➀❚❙✦❽ ×❨❐✹➀➅➀⑤❐✹Õ ❐✲Ô➜➒✐❺❴❨❅❱✝❾⑤❽✍➞✘❡❬❶★➃◆➈➷➃✲❾❚❨✧❽❪❾♠➂✩❺➉❿⑤➓❪❾⑤❽❪Ö✏➃✲❸✦➓❪➧✴×❨❽❪➀✶Ù✻❽➊❽❪❸ ❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿❝➃✲❸✦➂
➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✥➃✲Ö✝Ö❨❽➡➃✲❾⑤❿✛➃✲➀

X = 10
➃✲❸✦➂

20mm
➔❆⑨✼❙✝❺➉❿✛➂✩❺➉❿⑤➓❪❾⑤❽❪Ö✏➃✲❸✦➓❪➧③Õ♠❺❴❨❅❙✖➀✻×❨❽➦➃✲➀➅➀➅❾➅❺❼×❳❱✝➀⑤❽➊➂ ➀⑤❐❦➓➊❐✹❸✺❻✏❱❳❨✖➃✲➀⑤❽

❙✦❽➡➃✲➀➜➀➅❾✇➃✲❸✦❿❉Ô✢❽❪❾➜❽❬Ò❍❽➊➓❪➀⑤❿➜❸✦❐✹➀❹➀✇➃ q ❽❪❸➄❺❼❸✖➀⑤❐ ➃✹➓➊➓➊❐✺❱✝❸✖➀❡❺❼❸❵➀❚❙✦❽❦❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✮❿➅➀❚❱✦➂✩❺➉❽➊❿➡❶✡×❳❱✝➀➦❺❼➀➦Õ♠❺❴❨❅❙✖➀✉➃✲➈➉❿⑤❐❰×❇❽✂➂r❱✦❽
➀⑤❐◆➃ ❿➅➈❼❺❴❨❅❙✖➀➄❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸❙➀✶➧❋❺❼❸↔➀❚❙✦❽③Ö❇❐✓❿➅❺❼➀➅❺➉❐✹❸✝❺❼❸❳❨◆❐✲Ô✻➀❚❙✦❽♠➈➷➃✹❿✇❽❪❾✉❺❼❸↔➀❚❙✦❽③❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿❦❿➅❺❼❸✦➓➊❽✓❶✐➃✲➀

Z = 0.2H,

➀❚❙✦❽
U
➆✟❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧↔❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈➌❨✓❾✇➃✹➂✩❺➉❽❪❸❙➀✂❺➉❿①Õ❝➃❁➏✩❺❼Õ✞❱✝Õ❃➔ →❖❸✦➂✝❽➊❽➊➂❍❶☞Ù✻❽☛❙✏➃➊❻✧❽❝❻✧❽❪❾➅❺ÓÑ✏❽➊➂❋➀❚❙✏➃✲➀✂➀❚❙✦❽③❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈

Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿➜➃✲➀
X = 10

➃✲❸✦➂
20 mm

➃✲❾⑤❽①❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧✍❾⑤❽➊➓➊❐➡❻✧❽❪❾⑤❽➊➂➑×✖➧ Ö✝➈➉❐✹➀➅➀➅❺❼❸❳❨
U
➆✟❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❃➃✲➀

Z = 0.22H
❶

❺❼❸✦❿⑤➀⑤❽➡➃✹➂❰❐✲Ô
Z = 0.2H

➔✮⑨✼❙✦❽➜➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽➦❐✲Ô
0.02H = 0.316 mm

Ù✻❐✺❱✝➈➉➂❰❾⑤❽❪Ö✝❾⑤❽➊❿✇❽❪❸✖➀✥➃①Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸✝❺❼❸❳❨♠❽❪❾➅❾⑤❐✹❾➡❶
❨✓❺❼❻✧❽❪❸➑➀❚❙✦❽❡Ô✢➃✹➓❪➀❘➀❚❙✏➃✲➀❹➀❚❙✦❽①➀❚❙✝❺➉➓ q ❸✦❽➊❿⑤❿❹❐✲Ô✮➃❱➈➷➃✹❿⑤❽❪❾✥❿❚❙✦❽➊❽❪➀❹❺➉❿❹➃✲Ö✝Ö✝❾⑤❐➊➏✩❺❼Õ❝➃✲➀⑤❽❪➈❼➧❃❐✲Ô 0.3 mm

➔

Ö❛×ÙØ♦×ÙØ Û ✐❫♥✠♠❬✇❫Ü❳♥✧✐ Ø ➪✫ç t✔Ü❳è✘è✘Ü❼ß✄①✣✐✘♠❬Ü❼❦ × ä❴♥❿✐✘å✉②✶✐❪❣✁①❀æ➂✐❪ß❘♠✧♥

⑨✼❙✦❽❋❿⑤❽➊➓➊❐✹❸✦➂☎➀⑤❽➊❿➅➀◆➓➡➃✹❿⑤❽✓❶①❽❬➏✑➀➅❾✇➃✹➓❪➀⑤❽➊➂☎Ô ❾⑤❐✹Õ ➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺❱❽❪➀➑➃✲➈✟➔❴➙ ❿➑❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿➂❶ ➍✍❹✶❶①➓➊❐✹❸✦➓➊❽❪❾➅❸✦❿➑Ô❄❱✝➈❼➈❼➧❙➆
❽➊❿⑤➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂✴❿⑤➀⑤❽➡➃✹➂✩➧↔➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✻❾⑤❐✹➈❼➈➉❿❤➃✲❸✦➂✾Ô❄❱✝➈❼➈❼➧❙➆✶❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂é❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧↔Ö❨❽❪❾➅❺➉❐❙➂✩❺➉➓❝➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✻❾⑤❐✹➈❼➈➉❿➡❶
❺❼❸ Ù✛➃✲➀⑤❽❪❾✥➝✮➛❹➠➬Ø✏❐➡Ù✥❿✞❞

Pr = 6.4
❡❬➔✮⑨✼❙✦❽❡➓❯❙✏➃✲❸✝❸✦❽❪➈✦❙✦❽❪❺❴❨❅❙❙➀

H
❶✑Ù❘❺➉➂✩➀❚❙

W
➃✲❸✦➂ ➈➉❽❪❸❳❨✓➀❚❙

L
➃✲❾⑤❽➦❾⑤❽➊❿⑤Ö❇❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧

❽✠❭❪❱✏➃✲➈☞➀⑤❐
4.15 ± 0.05

Õ♠Õ❃❶
15.05 ± 0.05

Õ♠Õ ➃✲❸✦➂
∼ 115

Õ♠Õ❃➔✥⑨✼❙✦❽❦×❨❐✹➀➅➀⑤❐✹Õ Ù✛➃✲➈❼➈✎❺➉❿➦➀⑤❐✹➀✇➃✲➈❼➈❼➧✖❙✦❽➡➃✲➀⑤❽➊➂
➃✲➀①➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽

Th
➃✲❸✦➂➄➀❚❙✦❽♠❺❼❸✦➓➊❐✹Õ♠❺❼❸❳❨❃Ù✛➃✲➀⑤❽❪❾✉❺➉❿❦➃✲➈➉❿⑤❐➣❙✦❽➡➃✲➀⑤❽➊➂✾➃✲➀

Th
➔③➣❙Ö✏➃✹➓➊❽♠Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿❦➃✲❸✦➂➄➀⑤❽❪Õ♠Ö❨❐✹❾✇➃✲➈

❿⑤❺❴❨✓❸✏➃✲➈➉❿❹❐✲Ô✯❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈☞❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧➑➃✲❾⑤❽①Õ③❽➡➃✹❿❯❱✝❾⑤❽➊➂❃➀❚❙✝❾⑤❐✺❱❳❨❅❙❵➃③⑦✉❩✥➹÷❿➅➧✩❿➅➀⑤❽❪Õ❃➔✜⑨✼❙✦❽✉×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿❡➃✲❾⑤❽
➀❚❙✦❽ ❿✇➃✲Õ③❽ ➃✹❿❦➀❚❙✦❐✓❿⑤❽❬❨✓❺❼❻✧❽❪❸✴❺❼❸✫❿⑤❽➊➓❪➀➅❺➉❐✹❸✵➐✩❶✎Ù❘❺❼➀❚❙

Ae = 0
➃✲❸✦➂✴Ù❘❺❼➀❚❙

θ = 1
➃✲➀

x = −Ae
➔✍➙➦❐✹➀⑤❽❰➀❚❙✏➃✲➀➡❶

❺❼❸➄❿➅Ö✝❺❼➀⑤❽❱❐✲Ô✮➀❚❙✦❽❦➈❼❺ q ❽❪➈❼➧❃❽❬➏✩❺➉❿➅➀⑤❽❪❸✦➓➊❽❱❐✲Ô★❿➅Õ❝➃✲➈❼➈✐➓➊❐✹❸✺❻✱❱❳❨✖➃✲➀⑤❽✜❙✦❽➡➃✲➀➜➀➅❾✇➃✲❸✦❿❉Ô ❽❪❾⑤❿➦❺❼❸❵➀❚❙✦❽✂❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿❡➂r❱✦❽❦➀⑤❐❰➀❚❙✦❽
❱✦❿✇❽✂❐✲Ô➌❨✓➈➷➃✹❿✇❿➦Ù✛➃✲➈❼➈➉❿❦➃✲❸✦➂◆Ù✻➃✲➀⑤❽❪❾❡Ø✏❐➡Ù✥❿á❶❨➀❚❙✦❽✂❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈❆➈➷➃✲➀⑤❽❪❾✇➃✲➈❆Ù✻➃✲➈❼➈➉❿✉➃✲❾⑤❽❤➓➊❐✹❸✦❿➅❺➉➂✝❽❪❾⑤❽➊➂❋➃✹❿①➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓❱❺❼❸➄➀❚❙✦❽
❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈①➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✦❿➡➔✚→❖❸✦➂✝❽➊❽➊➂❍❶✛Ù★❽➈❙✏➃➊❻✧❽◆❻✧❽❪❾➅❺ÓÑ✏❽➊➂ ➀❚❙✏➃✲➀ ➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓◆❿➅❺➉➂✝❽➑Ù✻➃✲➈❼➈➉❿ ➃✲❾⑤❽❃Õ◗❱✦➓❯❙❏Õ③❐✹❾⑤❽
➃✲Ö✝Ö✝❾⑤❐✹Ö✝❾➅❺➷➃✲➀⑤❽❤➀⑤❐❰❾⑤❽❪Ö✝❾⑤❐✑➂r❱✦➓➊❽❤➀❚❙✦❽❦❾⑤❽➊❿❚❱✝➈❼➀⑤❿❡❐✲Ô✛➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺✯❽❪➀①➃✲➈✟➔❴➙ ❿①❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿☛❶ ➍✍❹❆➀❚❙✏➃✲❸↔➓➊❐✹❸✦➂r❱✦➓❪➀➅❺❼❻✧❽❤❿➅❺➉➂✝❽
Ù✛➃✲➈❼➈➉❿◗❞

θ = 1 − z
➃✲➀

y = 0
➃✲❸✦➂

B
❡❬➔

➥➦❸➄➒✐❺❴❨❅❱✝❾⑤❽❱➌✦❶❇Ù★❽❤➓➊❐✹Õ♠Ö✏➃✲❾⑤❽❤➀❚❙✦❽❤➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❋➃✲❸✦➂◆❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❼➈❼➧❵Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂↔❿➅Ö✏➃✲❸✖Ù❘❺➉❿✇❽✂Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿①❐✲Ô
➀❚❙✦❽❹❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✏❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧③➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀

W
❶✑➃✲➀

x = 15.7
➃✲❸✦➂

z = 0.5
❶❙❺❼❸❰➃❡Ø✏❐áÙ Õ❝➃✹➂✝❽❹❐✲Ô❨Ô✢❐✺❱✝❾✮➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈

❾⑤❐✹➈❼➈➉❿á❶✜➃✲➀
Re = 1.02

❶
Pr = 6.4

➃✲❸✦➂✵➃✲➀♠➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀③➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙✣❸❫❱✝Õ✂×❇❽❪❾⑤❿á➔❋➹ ➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈❹➂✝❐✹Õ❝➃✲❺❼❸
❐✲Ô♠❿➅❺❼Ð➡❽

A × B = 40 × 3.63,
Ù❘❺❼➀❚❙ ➃✣Õ③❽➊❿❚❙✚❐✲Ô♠❿➅❺❼Ð➡❽

Nx × Ny × Nz = 480 × 90 × 32
❶✉➃✲❸✦➂✚➃

➟á➋
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∆t = 0.005
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30
➃✲❾⑤❽✫❱✦❿⑤❽➊➂❵Ô✢❐✹❾❡➀❚❙✦❽➊❿⑤❽♠❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿á➔♠⑨✼❙✦❽
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W

Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿ ❺❼❸✦➓❪❾⑤❽➡➃✹❿⑤❽➊❿✍Ù❘❺❼➀❚❙☎➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙☎❸❫❱✝Õ❦×❨❽❪❾➡➔ ⑨✼❙✦❽➄➃✁❨✓❾⑤❽➊❽❪Õ③❽❪❸❙➀❃×❨❽❪➀✶Ù★❽➊❽❪❸ ➀❚❙✦❽
❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❇➃✲❸✦➂♠➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❝❾⑤❽➊❿❚❱✝➈❼➀⑤❿✯❺➉❿❆❻✧❽❪❾➅➧✜❨✧❐❙❐✑➂③➃✲➀✯➀❚❙✦❽❘➀❖Ù★❐❲❙✝❺❴❨❅❙✦❽❪❾✜➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙♠❸❫❱✝Õ✂×❇❽❪❾⑤❿

Ra = 3494

➃✲❸✦➂
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➔✍→❖➀✉❺➉❿✂❿➅➈❼❺❴❨❅❙✖➀➅➈❼➧↔➈➉❽➊❿⑤❿✞❨✧❐❙❐✑➂✾➃✲➀
Ra = 2429
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❶ ➌✖➞✍❹❇❐✹❸♠➀❚❙✦❽✛❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✦❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧③➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽✥❺❼❸♠➀❚❙✦❽❘➓➡➃✹❿⑤❽❘❐✲Ô❍➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙✩➆✶➠✛➁❪❸✏➃✲❾⑤➂♠Ø✏❐áÙ✥❿➡❶✓➀❚❙✦❽❹➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽❹❐✲Ô
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❺❼❸✍➃✂➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❍❾⑤❐✹➈❼➈✏Ø✏❐áÙ☎➓➡➃✲❸ ×❨❽➜➓➊❐✹❸✦❿➅❺➉➂✝❽❪❾⑤❽➊➂✍➃✹❿★×❨❽❪❺❼❸❳❨❱Ö✝❾⑤❐✹Ö❇❐✹❾➅➀➅❺➉❐✹❸✏➃✲➈❍➀⑤❐
(

Ra−Ra∗

//

Ra∗

//
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➃✲➀✻Õ③❐✑➂✝❽❪❾✇➃✲➀⑤❽

➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙❝➃✲❸✦➂♠➛❹❽❪➧✑❸✦❐✹➈➉➂✝❿❆❸❫❱✝Õ✂×❇❽❪❾⑤❿✎❞ Ù❆❙✦❽❪❾⑤❽
Ra∗//

❺➉❿❆➀❚❙✦❽✛➓❪❾➅❺❼➀➅❺➉➓➡➃✲➈✏➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙♠❸❪❱✝Õ❦×❨❽❪❾❆Ô ❐✹❾❆➀❚❙✦❽✥➃✲Ö✝Ö❨❽➡➃✲❾✇➃✲❸✦➓➊❽
❐✲Ô✥➀❚❙✦❽❰➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✛❾⑤❐✹➈❼➈➉❿✂➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽➊➂✫×❙➧❋➈❼❺❼❸✦❽➡➃✲❾❱❿⑤➀✇➃✲×✝❺❼➈❼❺❼➀✶➧✴➃✲❸✏➃✲➈❼➧✩❿➅❺➉❿✥❡❬➔❃⑨✼❙✦❽❪❾⑤❽❬Ô✢❐✹❾⑤❽✓❶✯❐✹❸✝➈❼➧❋➀✇➃ q ❺❼❸❳❨➑❺❼❸❙➀⑤❐
➃✹➓➊➓➊❐✺❱✝❸❙➀❤➀❚❙✦❽❰❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✼❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸✖➀➅❺➉❽➊❿♠❐✹❸

H
➃✲❸✦➂

∆T
➃✲❸✦➂ q ❸✦❐➡Ù❘❺❼❸❳❨➄➀❚❙✏➃✲➀ Ra∗// = 1849

❶ ➢✍❹✶❶✐❺❼➀
➓➡➃✲❸✫×❨❽❝❿❚❙✦❐áÙ❘❸✴➀❚❙✏➃✲➀❱➀❚❙✦❽❰➂✩❺➉❿✇➓❪❾⑤❽❪Ö✏➃✲❸✦➓❪➧❋×❇❽❪➀❖Ù★❽➊❽❪❸✣➀❚❙✦❽ ❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✥➃✲❸✦➂✴➀❚❙✦❽➊❐✹❾⑤❽❪➀➅❺➉➓➡➃✲➈✻❻✓➃✲➈❴❱✦❽➊❿❱❐✲Ô

W
❺➉❿

➃✲Ö✝Ö✝❾⑤❐➡➏✑❺❼Õ❝➃✲➀⑤❽❪➈❼➧➑➢✘Ô ➃✲➀
Ra = 2429

❶✏➌❪Ô ➃✲➀
Ra = 3494

➃✲❸✦➂❃➞✘Ô ➃✲➀
Ra = 4724

➔

⑨✼❙✦❽✛Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨✂➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✦❿★➓➊❐✹❸✦➓➊❽❪❾➅❸❝➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿➳➃✲➈✦❾⑤❐✹➈❼➈✝Ø✏❐➡Ù✥❿á➔✐⑨✼❙✦❽❹❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✛➃✲❾⑤❽❘Ö❨❽❪❾❉Ô ❐✹❾➅Õ③❽➊➂❤Ô✢❐✹❾
➃✂➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈❍➂✝❐✹Õ❝➃✲❺❼❸✍❐✲Ô☞❿➅❺❼Ð➡❽

A×B=27×3.63
Ù❘❺❼➀❚❙✍➃①Õ③❽➊❿❚❙ ❐✲Ô☞❿➅❺❼Ð➡❽

Nx×Ny×Nz =400×60×30
➔

⑨✼❙✦❽◆➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿❝➀➅❺❼Õ③❽❃❿➅➀⑤❽❪Ö➬❺➉❿
∆t = 2×10−3

➃✲❸✦➂➬➀❚❙✦❽✍➀⑤❐✹➀✇➃✲➈✥❺❼❸❙➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸✸➀➅❺❼Õ③❽➑❺➉❿
40
➔❏➥➦❸✦➓➊❽◆➃

Ô❀❱✝➈❼➈❼➧❙➆✶❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂➄➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈❆❾⑤❐✹➈❼➈❆Ø✏❐áÙ÷❺➉❿➜❐✹×✝➀✇➃✲❺❼❸✦❽➊➂❍❶✕➀❚❙✦❽♠❽❬➏✑➀➅❾⑤❽❪Õ❝➃
Wmax(X)

➃✲❸✦➂
Wmin(X)

❐✲Ô★➀❚❙✦❽
➀➅❺❼Õ③❽↔❿⑤❺❴❨✓❸✏➃✲➈➉❿

W (X, t)
➃✲❾⑤❽➄➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂ ➃✲➀✍❽➡➃✹➓❯❙ ➃❁➏✩❺➷➃✲➈➜Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸

X
❶❡➃✲➀

(Y,Z) = (l/2,H/2)
➔ ⑨✼❙✦❽

➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽➆❞ ❐✹❾♠❽❪❸❙❻✧❽❪➈➉❐✹Ö❖❡❤❐✲Ô
W
❶✯➂✝❽❬Ñ✦❸✦❽➊➂✣×✖➧

Wen(X) = Wmax(X)−Wmin(X)
2

❶✜➃✲❸✦➂✫❺❼➀⑤❿♠➃➊❻✧❽❪❾✇➃✁❨✧❽ ❻✓➃✲➈❴❱✦❽

Wav(X)= Wmax(X)+Wmin(X)
2

➓➡➃✲❸❃➀❚❙✦❽❪❸❃×❨❽✉➓➡➃✲➈➉➓❝❱✝➈➷➃✲➀⑤❽➊➂❍➔✛➥➦❸◆➒✎❺❴❨❅❱✝❾⑤❽✂➍✩❶✝Ù★❽❦Ö✝❾⑤❽➊❿⑤❽❪❸✖➀
W (X)

➃✲➀❹➃❱Ñ✝➏✩❽➊➂

➀➅❺❼Õ③❽✓❶
Wen(X)

➃✲❸✦➂
Wav(X)

❶❙➃✲➀
Ra=4700

➃✲❸✦➂
Re=0.21

➔❆⑨✼❙✝❾⑤❽➊❽❘Ð➡❐✹❸✦❽➊❿✮➃✲Ö✝Ö❨❽➡➃✲❾✯❺❼❸❤➀❚❙✦❽❘➓❯❙✏➃✲❸✝❸✦❽❪➈→➑❆❞❉➟✩❡
➃✲❸❤❺❼❸✝➈➉❽❪➀✯Ð➡❐✹❸✦❽✻Ù❆❙✦❽❪❾⑤❽✛➀❚❙✦❽❘➃➊❻✧❽❪❾✇➃✁❨✧❽❘❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✝❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧

Wav
❺➉❿❆❸✦❐✹➀✯❽✠❭❪❱✏➃✲➈✩➀⑤❐➦Ð➡❽❪❾⑤❐ ➳ ❞✢➐✘❡✐➃➦➓➊❽❪❸❙➀➅❾✇➃✲➈✝Ð➡❐✹❸✦❽✛Ù❘❺❼➀❚❙

➃❦Ô❀❱✝➈❼➈❼➧✖➆✶❽➊❿⑤➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂ ❿➅Ö✏➃✹➓➊❽①➃✲❸✦➂❝➀➅❺❼Õ③❽➜Ö❨❽❪❾➅❺➉❐❙➂✩❺➉➓➜➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈❨❾⑤❐✹➈❼➈❇Ø✏❐➡Ù✚➓✒❙✏➃✲❾✇➃✹➓❪➀⑤❽❪❾➅❺❼Ð➡❽➊➂✍×✖➧ ➃❦Ð➡❽❪❾⑤❐♠➃➡❻✧❽❪❾✇➃✁❨✧❽
❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✜❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧

Wav
➃✲❸✦➂❋➃ ➓➊❐✹❸✦❿➅➀✇➃✲❸❙➀❦❻✓➃✲➈❴❱✦❽♠❐✲Ô✻➀❚❙✦❽❤❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✜❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧➄❽❪❸❙❻✧❽❪➈➉❐✹Ö

Wen ➳ ❞✢➞✘❡❡➃✲❸❋❐✺❱✝➀➅➈➉❽❪➀
Ð➡❐✹❸✦❽✓❶✡Ù❘❺❼➀❚❙➑➀❚❙✦❽❦❽❪❸✖❻✧❽❪➈➉❐✹Ö

Wen
❿➅➈❼❺❴❨❅❙❙➀➅➈❼➧✍Ö❇❽❪❾➅➀❚❱✝❾➅×❨❽➊➂❃×❙➧✍➀❚❙✦❽❱➥➦❾➅➈➷➃✲❸✦❿ q ❺✎❐✺❱✝➀➅➈➉❽❪➀➦×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➡➔❘→❖❸

➀❚❙✦❽❰Ô✢❐✹➈❼➈➉❐➡Ù❘❺❼❸❳❨✦❶✯➀❚❙✦❽ ➓➊❐✹❸✦❿➅➀✇➃✲❸❙➀③❽❪❸✖❻✧❽❪➈➉❐✹Ö
Wen

❺❼❸✴Ð➡❐✹❸✦❽↔❞✢➐✘❡❦❺➉❿❱➓➡➃✲➈❼➈➉❽➊➂✴➀❚❙✦❽ ❿✇➃✲➀❚❱✝❾✇➃✲➀➅❺➉❐✹❸✣❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈❘❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧
➃✲❸✦➂❃❺➉❿✛❸✦❐✹➀⑤❽➊➂

Ws
➔✜➥➦❸❃➒✐❺❴❨❅❱✝❾⑤❽✞➃✩❶✩Ù✻❽✉➓➊❐✹Õ♠Ö✏➃✲❾⑤❽①➀❚❙✦❽①❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❼➈❼➧ Õ③❽➡➃✹❿❯❱✝❾⑤❽➊➂➑➃✲❸✦➂✍➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✍❻✓➃✲➈❴❱✦❽➊❿

❐✲Ô
W 2

s

➃✲➀
Re=0.21

❶✡Ô ❐✹❾➦➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀
Ra
➔✻⑨✼❙✦❽✂❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❆❽❪❾➅❾⑤❐✹❾❹×✏➃✲❾⑤❿➜❐✹❸➑➀❚❙✦❽✂➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✏➃✲➀➅❺➉❐✹❸↔❐✲Ô

Ra

➃✲❾⑤❽ ➃✲➈➉❿⑤❐✖❨✓❺❼❻✧❽❪❸✫×✖➧↔➀✇➃ q ❺❼❸❳❨❵❺❼❸✖➀⑤❐◆➃✹➓➊➓➊❐✺❱✝❸❙➀❤➀❚❙✦❽❿❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸✖➀➅❺➉❽➊❿♠❐✹❸✫➀❚❙✦❽③Õ③❽➡➃✹❿❯❱✝❾⑤❽❝❐✲Ô
H
➃✲❸✦➂

∆T
➔➑➥➦❸✦➓➊❽

➃✁❨✖➃✲❺❼❸✕❶✑➃⑤❨✧❐❙❐✑➂♠➃✁❨✓❾⑤❽➊❽❪Õ③❽❪❸✖➀✜❺➉❿✯❐✹×✦❿✇❽❪❾➅❻✧❽➊➂❤×❇❽❪➀❖Ù★❽➊❽❪❸③➀❚❙✦❽❘❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✏➃✲❸✦➂❤❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✡❻✹➃✲➈❴❱✦❽➊❿✯❐✲Ô
Ws
➔✐⑨✼❙✦❽

➟✧➀



❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❨❾⑤❽➊❿❚❱✝➈❼➀⑤❿✜❐✲Ô✕➒✐❺❴❨❅❱✝❾⑤❽⑤➃❦➓➡➃✲❸③×❇❽➦➓➊❐✹❾➅❾⑤❽❪➈➷➃✲➀⑤❽➊➂❝Ù❘❺❼➀❚❙ ➃❡Ö✝❾⑤❽➊➓❪❺➉❿➅❺➉❐✹❸ ❐✲Ô✕➞✘Ô ❶✖Ô✢❐✹❾
1800≤Ra≤4700,

×❙➧❘➑

Ws = 455.87

(
Ra − 1725

1725

)0.47

(µm/s)
❞✢➐✓➞✘❡

➒✏❐✹➈❼➈➉❐➡Ù❘❺❼❸❳❨✍➀❚❙✦❽❱Ù★❽➡➃ q ➈❼➧❃❸✦❐✹❸❵➈❼❺❼❸✦❽➡➃✲❾➜➀❚❙✦❽➊❐✹❾➅➧◆❐✲Ô★⑩⑨➎✝➈❼➈➉❽❪❾❡❽❪➀①➃✲➈✟➔✔❶ ➐✍❹✶❶❇➀❚❙✦❽✂❻✹➃✲➈❴❱✦❽ 1725
❺❼❸❵➀❚❙✦❽❤➃✲×❇❐á❻✧❽❱➓➊❐✹❾➅❾⑤❽❬➆

➈➷➃✲➀➅❺➉❐✹❸❵❿❚❙✦❐✺❱✝➈➉➂❃➓➊❐✹❾➅❾⑤❽➊❿➅Ö❨❐✹❸✦➂✍➀⑤❐♠➀❚❙✦❽✉➈❼❺❼❸✦❽➡➃✲❾➦➓❪❾➅❺❼➀➅❺➉➓➡➃✲➈☞➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙➑❸❫❱✝Õ✂×❇❽❪❾
Ra∗⊥

Ô✢❐✹❾✥➀❚❙✦❽❦➃✲Ö✝Ö❨❽➡➃✲❾✇➃✲❸✦➓➊❽❦❐✲Ô❆➀❚❙✦❽
➀➅❾✇➃✲❸✦❿⑤❻✧❽❪❾⑤❿✇➃✲➈✕❾⑤❐✹➈❼➈➉❿➡➔✮➹✛➀

Re = 0
➃✲❸✦➂

B = 3.63
❶✏➀❚❙✦❽❡➈❼❺❼❸✦❽➡➃✲❾❹❿➅➀✇➃✲×✝❺❼➈❼❺❼➀✶➧✍➀❚❙✦❽➊❐✹❾➅➧➣❨✓❺❼❻✧❽➊❿

Ra∗⊥ = 1730
❶ ➌✖➐✍❹✶➔

→✶❸✫Ð➡❐✹❸✦❽➅❞✢➐✘❡❦❐✲Ô❹➒✐❺❴❨❅❱✝❾⑤❽✍➍✩❶✎➀❚❙✦❽ ➓❝❱✝❾➅❻✧❽
W = f(X)

Ö❨❽❪❾➅Õ♠❺❼➀⑤❿❦➀⑤❐❵➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽ ➀❚❙✦❽❝Ù✛➃➊❻✧❽ ➈➉❽❪❸❳❨✓➀❚❙
λ
❐✲Ô

➀❚❙✦❽❤➀➅❾✇➃✲❸✦❿⑤❻✧❽❪❾⑤❿✇➃✲➈✯❾⑤❐✹➈❼➈➉❿➡❶❨Ù❆❙✝❺❼➈➉❽③➃ ❿➅❺❴❨✓❸✏➃✲➈
W = f(t)

➃✲➀❡Ö❇❐✹❺❼❸❙➀
X = 65 mm≈L/2

❶
(Y,Z) = (l/2,H/2)

Ö❨❽❪❾➅Õ♠❺❼➀⑤❿♠➀⑤❐➄➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽✍➀❚❙✦❽❰Ô ❾⑤❽✠❭❫❱✦❽❪❸✦➓❪➧
f
❐✲Ô➜➀❚❙✦❽ ➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈❘❾⑤❐✹➈❼➈➉❿➡➔✴⑨✼❙✦❽ Ö❳❙✏➃✹❿⑤❽ ❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧

Vr
❐✲Ô➜➀❚❙✦❽

➀➅❾✇➃✲❸✦❿⑤❻✧❽❪❾⑤❿✇➃✲➈❨❾⑤❐✹➈❼➈➉❿✛❺➉❿★➀❚❙✦❽❪❸ ❽✠❭❪❱✏➃✲➈❇➀⑤❐❱➀❚❙✦❽➦Ö✝❾⑤❐❙➂r❱✦➓❪➀
λf
➔✐→❖➀✻❺➉❿★Ù✻❽❪➈❼➈ q ❸✦❐áÙ❘❸✍➀❚❙✏➃✲➀★➀❚❙✦❽❡➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿✛Ö❳❙✏➃✹❿✇❽

❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧
c⊥ = V r/Umean

➈❼❺❼❸✦❽➡➃✲❾➅➈❼➧❵➂✝❽➊➓❪❾⑤❽➡➃✹❿⑤❽➊❿❡Ù❘❺❼➀❚❙
Ra

➃✲❸✦➂❵❺➉❿➜❺❼❸✦➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀✉❐✲Ô
Re

❞tÔ✢❐✹❾❡➃❝❾⑤❽❪❻✑❺➉❽❪Ùä❐✹❸

➀❚❙✝❺➉❿✂❿❚❱✝×r❻➅❽➊➓❪➀➡❶☞❿⑤❽➊❽❵❶ ➢✍❹❄❡❬➔ ➥➦❸✾➒✐❺❴❨❅❱✝❾⑤❽ ➋✑❶☞Ù★❽❝➓➊❐✹Õ♠Ö✏➃✲❾⑤❽❝➀❚❙✦❽③❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈★➓❝❱✝❾➅❻✧❽
c⊥ = f(Ra)

❐✹×✝➀✇➃✲❺❼❸✦❽➊➂

×❙➧❵➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺✯❽❪➀❡➃✲➈✟➔✫❞❉➟➡➢✓➢✓➤✘❡✞❶ ➍✍❹✐➀⑤❐❰➀❚❙✦❐✓❿⑤❽❱❐✹×✝➀✇➃✲❺❼❸✦❽➊➂◆×❙➧◆➐✺❩ ❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✮❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿❡×❙➧❃➙❹❺➉➓➊❐✹➈➷➃✹❿❡❽❪➀①➃✲➈✟➔
❞❉➟➡➢✓➢✧➋❅❡✞❶❼➟á➋✩❹✐➃✲❸✦➂➑×✖➧✍➀❚❙✦❽✉Ö✝❾⑤❽➊❿✇❽❪❸✖➀➜➞✺❩ ❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❆❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿➡➔❘→❖❸❃➀❚❙✦❽✂➓➡➃✹❿⑤❽✉❐✲Ô✯➀❚❙✦❽✂➞✺❩ ➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✦❿á❶
➀❚❙✦❽➜❽❪❾➅❾⑤❐✹❾✜×✏➃✲❾⑤❿✻❐✹❸

c⊥
❶❙Ù❆❙✝❺➉➓❯❙✍➃✲❾⑤❽✥Ö✝❾➅❺❼❸✦➓❪❺❼Ö✏➃✲➈❼➈❼➧ ➂r❱✦❽✥➀⑤❐✂➃✲❸✯❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸✖➀❖➧ ❐✲Ô☞➞✘Ô ❐✹❸❝➀❚❙✦❽❹➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✏➃✲➀➅❺➉❐✹❸❃❐✲Ô

λ
❺❼❸③Ð➡❐✹❸✦❽✜❞✢➐✘❡✲❞ ❿⑤❽➊❽➦➒✐❺❴❨❅❱✝❾⑤❽➦➍✘❡❬❶❙➃✲❾⑤❽➦➂✩❾✇➃➊Ù❘❸ ❐✹❸❰➒✐❺❴❨❅❱✝❾⑤❽➜➋✑➔✮➥➦❸✝➈❼➧♠➀❚❙✦❽➜➞✺❩☎❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✻❾⑤❽➊➓➊❐➡❻✧❽❪❾✻➀❚❙✦❽❹❿⑤➀➅❾⑤❐✹❸❳❨

➂✝❽➊➓❪❾⑤❽➡➃✹❿✇❽❘❐✲Ô
c⊥
Ù❘❺❼➀❚❙♠❾⑤❽➊❿➅Ö❇❽➊➓❪➀✯➀⑤❐

Ra
❐✹×✦❿✇❽❪❾➅❻✧❽➊➂♠❺❼❸❤➀❚❙✦❽❘❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿➡❶✖Ö✝❾⑤❐➡❻✑❺❼❸❳❨①➀❚❙✏➃✲➀✯➀❚❙✝❺➉❿✯×❨❽❝❙✏➃➊❻✑❺➉❐✹❾✯❺➉❿✯➂r❱✦❽

➀⑤❐✂➀❚❙✦❽➜➈➷➃✲➀⑤❽❪❾✇➃✲➈❍➓➊❐✹❸✩Ñ✦❸✦❽❪Õ③❽❪❸✖➀➡➔✜→❖➀★➓➡➃✲❸❃➃✲➈➉❿⑤❐✂×❨❽✥❸✦❐✹➀⑤❽➊➂ ➀❚❙✏➃✲➀✛➀❚❙✦❽➜➐✺❩P➃✲❸✦➂ ➞✺❩ ❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❍❾⑤❽➊❿❚❱✝➈❼➀⑤❿★Ö❨❽❪❾❉Ô ❽➊➓❪➀➅➈❼➧
➃✁❨✓❾⑤❽➊❽❡Ù❘❺❼➀❚❙ ➀❚❙✦❽➜➈❼❺❼❸✦❽➡➃✲❾✥❿➅➀✇➃✲×✝❺❼➈❼❺❼➀❖➧❝➀❚❙✦❽➊❐✹❾➅➧❺❶ ➢✍❹❍❿⑤❺❼❸✦➓➊❽✓❶✩➃✲➀

Pr=6.4
❶✩❺❼➀✼❨✓❺❼❻✧❽➊❿✥➃❦➓❪❾➅❺❼➀➅❺➉➓➡➃✲➈❍Ö❳❙✏➃✹❿⑤❽➜❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧

c⊥
∗

❽✠❭❪❱✏➃✲➈✕➀⑤❐
1.28

Ù❆❙✦❽❪❸
B→∞

➃✲❸✦➂❃❽✠❭❪❱✏➃✲➈❍➀⑤❐
1.5

➃✲➀
B=3.6

➔

Ö❛×ÙØ♦×➋ê Û ✐❫♥✠♠❬✇❫Ü❳♥✧✐ ê ➪➄ë Ü❳✈✸①❄â❖t↕✐✘♠❿Ü❼❦ × äì♥❬✐✘å✉②✶✐❪❣✁①❀æ➆✐➓ß❘♠✧♥

❷➦❿➅❺❼❸❳❨↔➃➑➀⑤❽❪Õ♠Ö❇❐✹❾✇➃✲➈✻➈❼❺❼❸✦❽➡➃✲❾♠❿➅➀✇➃✲×✝❺❼➈❼❺❼➀✶➧✣➃✲❸✏➃✲➈❼➧✑❿➅❺➉❿á❶✯➎★➈➉❽❪❻✧❽❪❾③➃✲❸✦➂✫➠✣❱✦❿⑤❿⑤❽➈❞❉➟➡➢✓➢✩➟✩❡✯❶❼➟✽❹✼❙✏➃➊❻✧❽ ➀❚❙✦❽➊❐✹❾⑤❽❪➀➅❺➉➓➡➃✲➈❼➈❼➧
❿❯❙✦❐➡Ù❘❸➄➀❚❙✏➃✲➀➦➀❚❙✦❽❦➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✯❾⑤❐✹➈❼➈➉❿➜➃✲❾⑤❽◗❱✝❸✦❿➅➀✇➃✲×✝➈➉❽✂❻❙❺➉❿➅➆❖➃❁➆✟❻❙❺➉❿➜❐✓❿⑤➓❪❺❼➈❼➈➷➃✲➀➅❺❼❸❳❨✍❐✹❾❹Ù✛➃➊❻✑➧➑❾⑤❐✹➈❼➈➉❿➡❶✡❺❼❸◆➝✮➛➦➠☎Ø✏❐áÙ✥❿
×❨❽❪➀✶Ù✻❽➊❽❪❸ ➀✶Ù★❐✂❺❼❸✩Ñ✦❸✝❺❼➀⑤❽✥Ö✝➈➷➃✲➀⑤❽➊❿á➔✯→✶❸③➀❚❙✦❽➦➓➡➃✹❿⑤❽❹❐✲Ô☞➃✲❺❼❾✜Ø✏❐➡Ù✥❿❲❞

Pr = 0.7
❡❬❶❙Ô✢❐✹❾✜❺❼❸✦❿➅➀✇➃✲❸✦➓➊❽✓❶❙➀❚❙✦❽❪➧♠❿❚❙✦❐➡Ù✬➀❚❙✏➃✲➀✜➀❚❙✦❽

➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✐❾⑤❐✹➈❼➈➉❿✥×❨❽➊➓➊❐✹Õ③❽①➈❼❺❼❸✦❽➡➃✲❾➅➈❼➧❤❱✝❸✦❿➅➀✇➃✲×✝➈➉❽❦❻❙❺➉❿❉➆❖➃❁➆✟❻✑❺➉❿❘➀❚❙✦❽①Ù✛➃➊❻✑➧ ❾⑤❐✹➈❼➈➉❿➡❶✏➃✲Ö✝Ö✝❾⑤❐➊➏✩❺❼Õ❝➃✲➀⑤❽❪➈❼➧✍Ô✢❐✹❾
Re ≥ 80

➃✲❸✦➂③Ô ❐✹❾
Ra ≥ 2500

➔✯⑨☞❐❦❐✹×✦❿✇❽❪❾➅❻✧❽✥➀❚❙✦❽➊❿⑤❽❘❾⑤❐✹➈❼➈➉❿á❶❙➝❆➃✲×✝❺➉❐✺❱❰❽❪➀✛➃✲➈✟➔✼❞✢➐✓➤✓➤✓➞✘❡✲❶ ➋✑❶❖➟➡➍✍❹❨❿⑤❽❪➀✶❱✝Ö❰➃✉➝✮➛❹➠✵❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀
❺❼❸➄➃✲❸➄➃✲❺❼❾➜➓❯❙✏➃✲❸✝❸✦❽❪➈✯❐✲Ô✜❿➅❺❼Ð➡❽

L × W × H = 2800 × 150 × 14.45 mm3
Ô✢❐✹❾❹➀❚❙✦❽❦Ô ❐✹➈❼➈➉❐áÙ❘❺❼❸❳❨❰Ö✏➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿✩➑

Pr = 0.7
❶
Ra > 3000

➃✲❸✦➂
Re > 120

➔✯❷❹❸✩Ô✢❐✹❾➅➀❚❱✝❸✏➃✲➀⑤❽❪➈❼➧✂➀❚❙✦❽✛Ù✛➃➊❻✑➧❤❾⑤❐✹➈❼➈➉❿❆Ù★❽❪❾⑤❽❘❸✦❐✹➀✮❐✹×✦❿⑤❽❪❾➅❻✧❽➊➂✦➑✐❺❼❸❱Ô✟➃✹➓❪➀➡❶✓❺❼❸
➃①❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾★➓❯❙✏➃✲❸✝❸✦❽❪➈❨❐✲Ô❇Ñ✦❸✝❺❼➀⑤❽❘➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❨➃✲❸✦➂③➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✏❽❬➏✩➀⑤❽❪❸✦❿➅❺➉❐✹❸✦❿➡❶❙➙❹❺➉➓➊❐✹➈➷➃✹❿★❽❪➀✜➃✲➈✟➔✼❞✢➐✓➤✓➤✓➞✘❡✲❶ ➌✖➤✍❹

➟➡➢



➃✲❸✦➂ ➝❆➃✲×✝❺➉❐✺❱❃❽❪➀✛➃✲➈✟➔✲❞✢➐✓➤✓➤✓➞✘❡⑤❶ ➋✑❶➅➟➡➍✍❹✦❙✏➃➊❻✧❽➜❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧ ➃✲❸✦➂ ❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❼➈❼➧❰❿❚❙✦❐áÙ❘❸ ➀❚❙✏➃✲➀✛➀❚❙✦❽➦Ù✻➃➡❻❙➧❰❾⑤❐✹➈❼➈➉❿
➃✲❾⑤❽❰➃ ➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽③❺❼❸✦❿⑤➀✇➃✲×✝❺❼➈❼❺❼➀✶➧↔❐✲Ô✻➀❚❙✦❽③➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✜❾⑤❐✹➈❼➈➉❿➡➔♠⑨✼❙✝❺➉❿❲❙✏➃➡❻✧❽♠Ö❨❽❪❾➅Õ♠❺❼➀➅➀⑤❽➊➂↔➀⑤❐❃❽❬➏✩Ö✝➈➷➃✲❺❼❸↔Ù❆❙✖➧➄➀❚❙✦❽
Ù✛➃➊❻✑➧✂❾⑤❐✹➈❼➈➉❿✶❙✏➃✹➂❤❸✦❽❪❻✧❽❪❾✯×❇❽➊❽❪❸③❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❼➈❼➧③➃✲❸✦➂❤❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧♠❐✹×✦❿⑤❽❪❾➅❻✧❽➊➂❤×❨❽❬Ô ❐✹❾⑤❽✓➔❆→❖❸✦➂✝❽➊❽➊➂❍❶✓➀⑤❐❡Õ❝➃ q ❽✛➀❚❙✦❽
Ù✛➃➊❻✑➧◆❾⑤❐✹➈❼➈➉❿✂➃✲Ö✝Ö❇❽➡➃✲❾①❺❼❸✾➃ ➝✮➛➦➠ Ø✏❐áÙ✉❶❍❺❼➀①❺➉❿❡❸✦❽➊➓➊❽➊❿⑤❿✇➃✲❾➅➧❵➀⑤❐ ➓➊❐✹❸✖➀➅❺❼❸❪❱✦❐✺❱✦❿➅➈❼➧❋❽❬➏✩➓❪❺❼➀⑤❽❤➀❚❙✦❽❤➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✜❾⑤❐✹➈❼➈➉❿✧➑
➃❝Ù❆❙✝❺❼➀⑤❽✂❸✦❐✹❺➉❿⑤❽❦❺➉❿❡➃✹➂✝➂✝❽➊➂◆➀⑤❐❝➀❚❙✦❽❦❺❼❸✝➈➉❽❪➀➜➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽❤Ö✝❾⑤❐✲Ñ✦➈➉❽✂❺❼❸◆➀❚❙✦❽❦❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✮❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿①❐✲Ô✜➙❹❺➉➓➊❐✹➈➷➃✹❿➜❽❪➀
➃✲➈✟➔❤❞✢➐✓➤✓➤✓➞✘❡✫❶ ➌✖➤✍❹★➃✲❸✦➂➄➝❆➃✲×✝❺➉❐✺❱✴❽❪➀✉➃✲➈✟➔➣❞✢➐✓➤✓➤✓➞✘❡☛❶❼➟➡➍✍❹✶❶❍Ù❆❙✝❺❼➈➉❽③➃✲❸✾➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾✉❐✓❿⑤➓❪❺❼➈❼➈➷➃✲➀⑤❽➊❿①❺❼❸↔➀❚❙✦❽♠➓✒❙✏➃✲❸✝❸✦❽❪➈✜➓➊❐✹❾⑤❽✓❶
❱✝Ö✦❿⑤➀➅❾⑤❽➡➃✲Õ ➀❚❙✦❽①×❨❐✹➀➅➀⑤❐✹Õ❜❙✦❽➡➃✲➀⑤❽➊➂✍Ö✝➈➷➃✲➀⑤❽✓❶✝❺❼❸❃➀❚❙✦❽❦❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿➦❐✲Ô❆➝❆➃✲×✝❺➉❐✺❱◆❽❪➀❹➃✲➈✟➔✎❞✢➐✓➤✓➤✓➞✘❡❲❶ ➋✑❶✇➟➡➍✩❶✟➌✦➟✽❹✶➔

➐❋❽③Ö✝❾⑤❐✹Ö❨❐✓❿⑤❽❿❙✦❽❪❾⑤❽❝➀⑤❐✍❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧✴❾⑤❽❪Ö✝❾⑤❐❙➂r❱✦➓➊❽❰❐✹❸✦❽❝❐✲Ô❘➀❚❙✦❽➊❿⑤❽❝❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿❦Ô ❐✹❾
Ra = 6300

❶
Re =

162
❶

A = 250
❶

Ae = 2
❶

B = 10.38
➃✲❸✦➂❏➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓◆❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈➜➈➷➃✲➀⑤❽❪❾✇➃✲➈❡Ù✻➃✲➈❼➈➉❿➡➔✰⑨✼❙✦❽➑Õ③❽➊❿❯❙✸❿➅❺❼Ð➡❽⑨❱✦❿⑤❽➊➂

❺➉❿
Nx×Ny ×Nz = 1250×120×30

➃✲❸✦➂✵➀❚❙✦❽ ➀➅❺❼Õ③❽✍❿➅➀⑤❽❪Ö✵❺➉❿
∆t = 0.02

➔➏➐❋❽ Ö❇❽❪❾❉Ô✢❐✹❾➅Õ③❽➊➂✣❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈
❿⑤❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✻❐✲Ô❨➀❚❙✦❽❹❿➅Ö✏➃✹➓➊❽❹➃✲❸✦➂♠➀➅❺❼Õ③❽➦➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀✛❐✲Ô❨Ù✛➃➊❻✑➧❤❾⑤❐✹➈❼➈✝Ø✏❐➡Ù✥❿★×✖➧❤❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓❪❺❼❸❳❨✦❶✝➃✲➀✮➀❚❙✦❽✥➓✒❙✏➃✲❸✝❸✦❽❪➈
❺❼❸✝➈➉❽❪➀➡❶✝❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✦❿❘➂✝❽➊❿⑤➓❪❾➅❺❼×✝❺❼❸❳❨♠➀❚❙✦❽①➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾❹➃✹➓❪➀➅❺➉❐✹❸✕➔✯➹➜❿★➀❚❙✦❽➜Õ❝➃✲➀❚❙✦❽❪Õ❝➃✲➀➅❺➉➓➡➃✲➈✕➀➅❾✇➃✲❸✦❿⑤➈➷➃✲➀➅❺❼❸❳❨③❐✲Ô☞➀❚❙✝❺➉❿❘➃✹➓❪➀➅❺➉❐✹❸
❺➉❿✶❙✏➃✲❾⑤➂♠➀⑤❐①Ö✝❾⑤❽➊➓❪❺➉❿⑤❽❪➈❼➧❤Ù❘❾➅❺❼➀⑤❽✓❶❙➃➜❾⑤❐✺❱❳❨❅❙ ➃✲Ö✝Ö✝❾⑤❐➊➏✩❺❼Õ❝➃✲➀➅❺➉❐✹❸❝Ö❨❽❪❾➅Õ♠❺❼➀⑤❿✮➀⑤❐✉➓➊❐✹❸✦❿⑤❺➉➂✝❽❪❾✮➀❚❙✏➃✲➀✮➀❚❙✦❽❹➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾✜➓❪❾⑤❽➡➃✲➀⑤❽➊❿✻➃
❿⑤❺❼❸❫❱✦❿⑤❐✹❺➉➂✦➃✲➈✩Ö❨❽❪❾➅➀❚❱✝❾➅×✏➃✲➀➅❺➉❐✹❸❤❐✲Ô✦➀❚❙✦❽★❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✝➃✲❸✦➂✂❿➅➀➅❾⑤❽➡➃✲Õ✂Ù❘❺➉❿⑤❽✻❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧❦➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀⑤❿✯❐✲Ô✦➀❚❙✦❽✜Ô ❐✹❾➅ÕÑ❶ ➋✑❶✢➟➡➍✩❶Ó➌✦➟✽❹✳➑

−−→vpert (xpert, y, zpert, t) = vmax−pert sin

(
2π

H

Umean
fpertt

)(
sin γpert

−→
i + cos γpert

−→
k

) ❞✢➐✲➌❪❡

Ù❆❙✦❽❪❾⑤❽
xpert

➃✲❸✦➂
zpert

➓➊❐✹❾➅❾⑤❽➊❿➅Ö❨❐✹❸✦➂✣➀⑤❐➄➀❚❙✦❽❃➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾❝➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿③➈➉❐❙➓➡➃✲➀➅❺➉❐✹❸✕❶
vmax−pert

❺➉❿❤➀❚❙✦❽✍➂✩❺Ó➆
Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿❝➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽❃❐✲Ô➜➀❚❙✦❽❰❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✣❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✕❶

fpert
❺➉❿❤➀❚❙✦❽ Ô✢❐✹❾⑤➓❪❺❼❸❳❨➄Ô ❾⑤❽✠❭❪❱✦❽❪❸✦➓❪➧✾❺❼❸⑩➉➜❽❪❾➅➀➅Ð➑➃✲❸✦➂

γpert
❺➉❿➦➀❚❙✦❽✉➀➅❺❼➈❼➀➅❺❼❸❳❨ ➃✲❸❳❨✓➈➉❽✂❐✲Ô✯➀❚❙✦❽❱➃✲❾➅Õ③❿❹➀❚❙✏➃✲➀➜❿❚❱✝Ö✝Ö❇❐✹❾➅➀❹➀❚❙✦❽❦❿➅➀➅❺❼❾➅❾➅❺❼❸❳❨ ❾⑤❐❙➂◆➃✲❸✦➂❃➀❚❙✏➃✲➀➜➃✲❾⑤❽✂➓➊❐✹❸✝❸✦❽➊➓❪➀⑤❽➊➂❵➀⑤❐❝➃

➂✩❾➅❺❼❻✑❺❼❸❳❨✍Õ③❐✹➀⑤❐✹❾➡➔❱➙➦❐✹➀⑤❽❱➀❚❙✏➃✲➀①⑧✶❭❇➔✯❞✢➐✲➌❪❡➜➂✝❐✑❽➊❿❡❸✦❐✹➀➜➀✇➃ q ❽❤❺❼❸❙➀⑤❐❃➃✹➓➊➓➊❐✺❱✝❸✖➀✉➀❚❙✦❽❱❺❼❸✩Ø❼❱✦❽❪❸✦➓➊❽③❐✲Ô★➀❚❙✦❽❤Õ③❐➡❻✧❽❪Õ③❽❪❸✖➀
❐✲Ô✥➀❚❙✦❽➊❿✇❽❰➃✲❾➅Õ③❿✂➀❚❙✏➃✲➀❤➃✲❾⑤❽❝Ö✝➈➷➃✹➓➊❽➊➂✾❺❼❸✴➀❚❙✦❽③×❨❐✺❱✝❸✦➂✦➃✲❾➅➧❋➈➷➃➊➧✧❽❪❾❤❐✲Ô✥➀❚❙✦❽③❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✻Ù✻➃✲➈❼➈✟➔◆➒✦❐✹❾❦➀❚❙✦❽ ➃✲×❇❐á❻✧❽♠Ø✏❐áÙ
Ö✏➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿á❶✜➝❆➃✲×✝❺➉❐✺❱✵➃✲❸✦➂✣⑩❵❽❪❾❚❨❅❱✝❺❲❶ ➋✑❶⑤➌✦➟✽❹✻Ñ✦❸✦➂✴➀❚❙✏➃✲➀❱➀❚❙✦❽ ❺❼❸✝➈➉❽❪➀❱❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✣Ô ❾⑤❽✠❭❫❱✦❽❪❸✦➓❪➧↔Ô✢❐✹❾❱Ù❆❙✝❺➉➓❯❙✣➀❚❙✦❽
❿⑤Ö✏➃✹➓➊❽❿❨✓❾⑤❐➡Ù❘➀❚❙✴❾✇➃✲➀⑤❽❝❐✲Ô✛➀❚❙✦❽③Ù✛➃➊❻✑➧❵❺❼❸✦❿⑤➀✇➃✲×✝❺❼➈❼❺❼➀➅❺➉❽➊❿❦❺➉❿❦Õ❝➃❁➏✑❺❼Õ◗❱✝Õ ❺➉❿

fpert = 3 Hz
➔❰⑩◆❐✹❾⑤❽❝Ö✝❾⑤❽➊➓❪❺➉❿⑤❽❪➈❼➧✧❶☞➀❚❙✦❽

➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾✂➓❯❙✏➃✲❾✇➃✹➓❪➀⑤❽❪❾➅❺➉❿➅➀➅❺➉➓➊❿✂➓➊❐✹❾➅❾⑤❽➊❿➅Ö❇❐✹❸✦➂✩❺❼❸❳❨➑➀⑤❐❰➀❚❙✝❺➉❿①❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✴➃✲❾⑤❽❤❶ ➋✑❶↕➌✓➌✺❹✳➑
xpert = −2

❶
zpert = 0.286

❶

vmax−pert = 0.37
❶
fpert = 3Hz

➃✲❸✦➂
γpert = 46deg

➔✯⑨☞❐➜➀➅❾➅➧❦➀⑤❐➦❾⑤❽❪Ö✝❾⑤❐✑➂r❱✦➓➊❽✛➀❚❙✝❺➉❿❆➃✁❨✓❺❼➀✇➃✲➀⑤❐✹❾✯❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧✧❶
➀❚❙✦❽❱➀➅❺❼Õ③❽❱➂✝❽❪Ö❇❽❪❸✦➂✝❽❪❸❙➀①❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧➑❻✧❽➊➓❪➀⑤❐✹❾❾❨✓❺❼❻✧❽❪❸➄×✖➧➑⑧➌❭✡➔☛❞✢➐✲➌❪❡❹❺➉❿❹❺❼❸❙➀➅❾⑤❐❙➂r❱✦➓➊❽➊➂➄❺❼❸❵➀❚❙✦❽❤➝✎❐✹❺➉❿✇❽❝❱✝❺❼➈❼➈➉❽❤Ö✝❾⑤❐✲Ñ✦➈➉❽❱❐✲Ô
➀❚❙✦❽③❺❼❸✝➈➉❽❪➀❦×❨❐✺❱✝❸✦➂✦➃✲❾➅➧➄➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✴Ö✝➈➷➃✹➓➊❽➊➂✴➃✲➀

x = −Ae = −2
❞ ❿⑤❽➊❽③❿⑤❽➊➓❪➀➅❺➉❐✹❸✴➐✘❡✽➑✉➀❚❙✝❺➉❿❦➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽③Ö✝❾⑤❐✲Ñ✦➈➉❽

❺➉❿ q ❽❪Ö✝➀➡❶✏❽❬➏✝➓➊❽❪Ö✝➀➦➃✲➈➉❐✹❸❳❨❝➀❚❙✦❽✉➀✶Ù★❐❬❙✦❐✹❾➅❺❼Ð➡❐✹❸✖➀✇➃✲➈✐Õ③❽➊❿❚❙➑➈❼❺❼❸✦❽➊❿❹❺❼❸❃➀❚❙✦❽①❸✦❽❪❺❴❨❅❙❙×❇❐✹❾❚❙✦❐✑❐❙➂◆❐✲Ô z = zpert
Ù❆❙✦❽❪❾⑤❽❦➀❚❙✦❽

❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧◆❻✧❽➊➓❪➀⑤❐✹❾⑤❿✉➃✲❾⑤❽✞❨✓❺❼❻✧❽❪❸➄×❙➧➑⑧✶❭❇➔✜❞✢➐✲➌❪❡❬➔①➒❳❱✝❾➅➀❚❙✦❽❪❾➅Õ③❐✹❾⑤❽✓❶✎➃♠Ø✏❐áÙP❾✇➃✲➀⑤❽❱➓➊❐✹❾➅❾⑤❽➊➓❪➀➅❺➉❐✹❸↔❺➉❿➜❽❪❸✦❿❚❱✝❾⑤❽➊➂↔➃✲➀➜❽➡➃✹➓✒❙
➀➅❺❼Õ③❽❦❿➅➀⑤❽❪Ö✕❶✝❺❼❸❃❐✹❾⑤➂✝❽❪❾✥➀⑤❐ q ❽➊❽❪Ö➑➀❚❙✦❽✉➃➊❻✧❽❪❾✇➃✁❨✧❽✉❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧ umean

➃✲➀❘❺❼❸✝➈➉❽❪➀➡➔

➐✓➤



→✶❸➬➒✐❺❴❨❅❱✝❾⑤❽⑨➀✩❶★Ù★❽✍Ö✝❾⑤❽➊❿✇❽❪❸✖➀❝➀❖Ù★❐✾❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❹❾⑤❽➊❿❯❱✝➈❼➀⑤❿③❐✹×✝➀✇➃✲❺❼❸✦❽➊➂➬Ù❘❺❼➀❚❙➬➀❖Ù★❐✴➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀❰➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽➊❿❰❐✲Ô
❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✦❿❦➃✲➀①➀❚❙✦❽♠➓✒❙✏➃✲❸✝❸✦❽❪➈✮❺❼❸✝➈➉❽❪➀➡➔✂⑨✼❙✦❽♠❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✾❐✲Ô✛➒✎❺❴❨❅❱✝❾⑤❽❿➀❳❞✢➃✘❡➜➓➊❐✹❾➅❾⑤❽➊❿⑤Ö❇❐✹❸✦➂✝❿❬❞ ❺❼❸➄➀❚❙✦❽➊❐✹❾➅➧❼❡➦➀⑤❐ ➀❚❙✦❽
❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈☞❐✹❸✦❽❬❞

vmax−pert = 0.37
❡❘➃✲❸✦➂✍➀❚❙✦❽①❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❃❐✲Ô✯➒✎❺❴❨❅❱✝❾⑤❽➄➀❳❞ ×❖❡★❺➉❿✻Ô✢❐✹❾❹➃❱➀⑤❽❪❸✍➀➅❺❼Õ③❽➊❿✼❙✝❺❴❨❅❙✦❽❪❾

➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿❱➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽❅➑
vmax−pert = 3.7

➔❝→❖❸❋×❇❐✹➀❚❙✴❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿➡❶❆➃✲➀✉➀➅❺❼Õ③❽
t = 0

❞ ❸✦❐✹➀✂❿❚❙✦❐áÙ❘❸❋❺❼❸
➒✐❺❴❨❅❱✝❾⑤❽✜➀❳❞ ×❖❡❚❡❬❶✏➀❚❙✦❽①❺❼❸✝❺❼➀➅❺➷➃✲➈❆➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸❵❺➉❿❘➀❚❙✦❽❦❿✇➃✲Õ③❽✉Ô❄❱✝➈❼➈❼➧✍❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❯❙✦❽➊➂❃➀⑤❽❪❸➑➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✐❾⑤❐✹➈❼➈✕Ø✏❐áÙ✉➔✛⑨✼❙✝❺➉❿
❿⑤➀⑤❽➡➃✹➂✩➧❵➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✻❾⑤❐✹➈❼➈✮Ø✏❐áÙí❙✏➃✹❿❦×❇❽➊❽❪❸✾❐✹×✝➀✇➃✲❺❼❸✦❽➊➂✾Ô✢❐✹❾✉➀❚❙✦❽❤Ø✏❐➡Ù Ö✏➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿✜❨✓❺❼❻✧❽❪❸✫➃✲×❨❐➡❻✧❽✓❶✎Ù❘❺❼➀❚❙✦❐✺❱✝➀
❺❼❸❙➀➅❾⑤❐❙➂r❱✦➓❪❺❼❸❳❨✉➃✲❸❙➧❦❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❱❺❼❸❱➀❚❙✦❽✜➓❯❙✏➃✲❸✝❸✦❽❪➈✟❶✖❿➅➀✇➃✲❾➅➀➅❺❼❸❳❨❹Ô ❾⑤❐✹ÕP➃❹➝✎❐✹❺➉❿✇❽❝❱✝❺❼➈❼➈➉❽✜Ø✏❐áÙ✣➃✲➀✐➀❚❙✦❽✜➓➊❐✹➈➉➂✂➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽

θ = 0
➃✲❸✦➂❰×✖➧③❺❼❸❙➀⑤❽❝❨✓❾✇➃✲➀➅❺❼❸❳❨③➂r❱✝❾➅❺❼❸❳❨

350
➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿✛➀➅❺❼Õ③❽⑤❱✝❸✝❺❼➀⑤❿➡❶✑Ù❘❺❼➀❚❙❰➀❚❙✦❽➦×❨❐✹➀➅➀⑤❐✹Õ Ö✝➈➷➃✲➀⑤❽✴❱✝❸✝❺ÓÔ✢❐✹❾➅Õ♠➈❼➧

❙✦❽➡➃✲➀⑤❽➊➂✬➃✲➀♠➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽
θ = 1

❞ ❾⑤❽❬Ô ❽❪❾♠➀⑤❐❧❶❼➟➡➍✍❹➦➀⑤❐↔❿⑤❽➊❽ ➀❚❙✦❽❃❿➅Ö✏➃✹➓➊❽➑➃✲❸✦➂✣➀➅❺❼Õ③❽➑➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀ ❐✲Ô➜➀❚❙✦❽➊❿⑤❽
❿⑤➀⑤❽➡➃✹➂✩➧➑➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✯❾⑤❐✹➈❼➈➉❿✥❡❬➔❡→❖❸❵➒✐❺❴❨❅❱✝❾⑤❽☛➀✩❶❇Ô ❐✹❾

t > 0
➃✲❸✦➂➄➂r❱✝❾➅❺❼❸❳❨❃➃✲➈❼➈✐➀❚❙✦❽❤❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸✕❶❍➀❚❙✦❽❱❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸

➂✝❽➊❿✇➓❪❾➅❺❼×❇❽➊➂ ➃✲×❇❐á❻✧❽➜❺➉❿✜❺❼Õ♠Ö❨❐✓❿⑤❽➊➂ ➃✲➀✻➓✒❙✏➃✲❸✝❸✦❽❪➈❇❺❼❸✝➈➉❽❪➀➡➔✯⑨✼❙✦❽➦❾⑤❽➊❿❚❱✝➈❼➀➅❺❼❸❳❨♠➂✩❺➉❿➅➀❚❱✝❾➅×✏➃✲❸✦➓➊❽➊❿✻Ö✝❾⑤❐✹Ö✏➃✁❨✖➃✲➀⑤❽❡➂✝❐➡Ù❘❸✦❿➅➀➅❾⑤❽➡➃✲Õ
❺❼❸é❨✓❾⑤❐➡Ù❘❺❼❸❳❨✦➔➈➐✾➃➊❻✑➧↔❾⑤❐✹➈❼➈➉❿✂➓➡➃✲❸✫×❨❽❝❐✹×✦❿⑤❽❪❾➅❻✧❽➊➂✾Ô ❾⑤❐✹Õ ➀➅❺❼Õ③❽

t = 160
❺❼❸✫➒✐❺❴❨❅❱✝❾⑤❽✯➀❳❞✢➃✘❡①Ô✢❐✹❾❦➀❚❙✦❽❝❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸

❐✲Ô✜❿⑤Õ❝➃✲➈❼➈➉❽➊❿➅➀❡➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽♠➃✲❸✦➂❍❶❍➃✹❿➜❿⑤❐❙❐✹❸➄➃✹❿❹➀➅❺❼Õ③❽
t = 80

❶❇❺❼❸❵➒✐❺❴❨❅❱✝❾⑤❽✫➀❳❞ ×❖❡❬❶✏Ô✢❐✹❾❹➀❚❙✦❽❱❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❵❐✲Ô✶❙✝❺❴❨❅❙✦❽❪❾
➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽✓➔★→✶❸✍×❨❐✹➀❚❙➑➓➡➃✹❿⑤❽➊❿á❶✩➀❚❙✦❽❡Ù✻➃➊❻✑➧ ❾⑤❐✹➈❼➈❍Ø✏❐➡Ù✥❿➦➓➡➃✲❸✍×❇❽①➓➊❐✹❸✦❿⑤❺➉➂✝❽❪❾⑤❽➊➂◆➃✹❿✛Ô❀❱✝➈❼➈❼➧✖➆✶➂✝❽❪❻✧❽❪➈➉❐✹Ö❨❽➊➂ Ô✢❐✹❾

t > 250
➔

⑨✼❙✦❽➊❿✇❽❡Ô❄❱✝➈❼➈❼➧❙➆✶➂✝❽❪❻✧❽❪➈➉❐✹Ö❨❽➊➂✍Ù✻➃➡❻❙➧ ❾⑤❐✹➈❼➈❍Ø✏❐áÙ✥❿➦➃✲❾⑤❽✉❿❚❙✦❐áÙ❘❸◆➃✲➀❘➀➅❺❼Õ③❽
t = 400

❺❼❸❃➒✐❺❴❨❅❱✝❾⑤❽➊❿⑤➀❳❞✢➃✘❡❘➃✲❸✦➂⑨➀❳❞ ×❖❡❬➔
⑨✕Ù★❐✴Õ❝➃✲❺❼❸ ➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽➊❿❰➃✲Ö✝Ö❨❽➡➃✲❾③×❨❽❪➀✶Ù★❽➊❽❪❸✬➀❚❙✦❽➊❿⑤❽✍➀❖Ù★❐✴➓➡➃✹❿⑤❽➊❿➡➔➬⑨✼❙✦❽ Ñ✦❾⑤❿⑤➀❝❐✹❸✦❽❃➓➊❐✹❸✦➓➊❽❪❾➅❸✦❿❰➀❚❙✦❽✍Ù✻➃➡❻❙➧

❾⑤❐✹➈❼➈■❨✓❾⑤❐áÙ❘➀❚❙↔➈➉❽❪❸❳❨✓➀❚❙✉➑①➃✹❿❡❺❼➀❡➓➊❐✺❱✝➈➉➂➅❙✏➃➡❻✧❽♠×❇❽➊❽❪❸↔❽❬➏✩Ö❇❽➊➓❪➀⑤❽➊➂❵×❨❽➊➓➡➃✁❱✦❿⑤❽❤❐✲Ô★➀❚❙✦❽✂Ô✟➃✹➓❪➀⑤❐✹❾➜➀⑤❽❪❸↔×❨❽❪➀✶Ù✻❽➊❽❪❸❋➀❚❙✦❽❱➀✶Ù✻❐
❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸↔➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽➊❿➡❶✏➀❚❙✝❺➉❿⑤❨✓❾⑤❐➡Ù❘➀❚❙❵➈➉❽❪❸❳❨✓➀❚❙❵❺➉❿✥Õ✞❱✦➓✒❙➄➈➉❐✹❸❳❨✧❽❪❾❹❺❼❸➑➀❚❙✦❽✉Ñ✦❾⑤❿➅➀➦➓➡➃✹❿✇❽✯❞✢➃✲❾⑤❐✺❱✝❸✦➂

200H
❡❘➀❚❙✏➃✲❸

❺❼❸☎➀❚❙✦❽➄❿⑤❽➊➓➊❐✹❸✦➂☎❐✹❸✦❽⑩❞✢➃✲❾⑤❐✺❱✝❸✦➂
50H

❡❬➔ ➙➜❐✹➀⑤❽❵➀❚❙✏➃✲➀➡❶❹➈❼❺ q ❽➄❺❼❸❏➀❚❙✦❽↔❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸ ❐✲Ô✂➒✐❺❴❨❅❱✝❾⑤❽➆➀❳❞✢➃✘❡❬❶➜❺❼❸✬➀❚❙✦❽
➓➊❐✹❾➅❾⑤❽➊❿⑤Ö❇❐✹❸✦➂✩❺❼❸❳❨ ❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀❹❐✲Ô❆➝✐➃✲×✝❺➉❐✺❱➄➃✲❸✦➂❃⑩❵❽❪❾❚❨❅❱✝❺✶❶ ➋✑❶✢➌✓➌✺❹✶❶✦➀❚❙✦❽❡Ù✛➃➊❻✑➧ ❾⑤❐✹➈❼➈➉❿➦➃✲➈➉❿⑤❐③➃✲Ö✝Ö❇❽➡➃✲❾➦➓❪➈➉❐✓❿⑤❽❡➀⑤❐❤➀❚❙✦❽
➓✒❙✏➃✲❸✝❸✦❽❪➈✥❽❪❸✦➂✫➃✲❸✦➂✣➃✲❾⑤❽❰❸✦❐✹➀❱➓➊❐✹Õ♠Ö✝➈➉❽❪➀⑤❽❪➈❼➧✾Ô❄❱✝➈❼➈❼➧❙➆✶➂✝❽❪❻✧❽❪➈➉❐✹Ö❇❽➊➂❍➔❵⑨✼❙✦❽ ❿⑤❽➊➓➊❐✹❸✦➂✫➂✩❺ÓÒ❨❽❪❾⑤❽❪❸✦➓➊❽❰×❇❽❪➀❖Ù★❽➊❽❪❸✵➀❚❙✦❽❰➀✶Ù✻❐
❿⑤❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✉❐✲Ô✛➒✎❺❴❨❅❱✝❾⑤❽❿➀❰➓➊❐✹❸✦➓➊❽❪❾➅❸✦❿①➀❚❙✦❽❱❸❫❱✝Õ✂×❇❽❪❾✂❐✲Ô★Ù✻➃➡❻❙➧◆❾⑤❐✹➈❼➈➉❿➡➔✉→❖❸➄➀❚❙✦❽❦Ñ✦❾⑤❿⑤➀❡➓➡➃✹❿✇❽✓❶✕➃✹❿①❽❬➏✑Ö❨❽➊➓❪➀⑤❽➊➂❍❶❨➀⑤❽❪❸
Ù✛➃➊❻✑➧➑❾⑤❐✹➈❼➈➉❿❡➂✝❽❪❻✧❽❪➈➉❐✹Ö✕❶❨Ù❆❙✝❺❼➈➉❽✓❶❇❺❼❸◆➀❚❙✦❽❤❿⑤❽➊➓➊❐✹❸✦➂❵➓➡➃✹❿⑤❽✓❶❇➀❚❙✦❽❤➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽♠❐✲Ô✜➀❚❙✦❽❦❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❵❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❋➃✲➀➜❺❼❸✝➈➉❽❪➀
❞ ❽✠❭❪❱✏➃✲➈❍➀⑤❐

3.7
➀➅❺❼Õ③❽➊❿❘➀❚❙✦❽①➃➊❻✧❽❪❾✇➃✁❨✧❽❡Ø✏❐áÙ✚❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧❳❡★×✝❾⑤❽➡➃ q ❿❘➀❚❙✦❽➜➀⑤❽❪❸✍➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✕❾⑤❐✹➈❼➈➉❿✥❐✲Ô✐➀❚❙✦❽❡×✏➃✹❿➅❺➉➓➦Ø✏❐➡Ù

➃✲❸✦➂❍❶✡❺❼❸❵➃✲❸➈❱✝❸✦❽❬➏✑Ö❨❽➊➓❪➀⑤❽➊➂◆Ù✻➃➊➧✧❶❇➀❖Ù★❽❪➈❼❻✧❽❱Ù✻➃➡❻❙➧❃❾⑤❐✹➈❼➈➉❿➜➂✝❽❪❻✧❽❪➈➉❐✹Ö✕➔✥➒✐❺❼❸✏➃✲➈❼➈❼➧✧❶❇❐✹❸✦❽✂➓➡➃✲❸➄➃✲➈➉❿⑤❐③❸✦❐✹➀⑤❽✂➀❚❙✏➃✲➀❹➀❚❙✦❽❪❾⑤❽✂❺➉❿
❸✦❐➑❾⑤❐✹➈❼➈★❐✓❿⑤➓❪❺❼➈❼➈➷➃✲➀➅❺➉❐✹❸✫❐✹❸✾➀❚❙✦❽③➓✒❙✏➃✲❸✝❸✦❽❪➈✛➃❁➏✝❽➊❿❦❐✲Ô✥➒✐❺❴❨❅❱✝❾⑤❽➊❿✫➀❳❞✢➃✘❡✉➃✲❸✦➂é➀❳❞ ×❖❡❬➔ ⑨✼❙✝❺➉❿❦×❇❽❝❙✏➃➡❻❙❺➉❐✹❾❱❺➉❿❦➂r❱✦❽♠➀⑤❐➑➀❚❙✦❽
➃❁➏✩❺➷➃✲➈☞❿➅➧✑Õ♠Õ③❽❪➀➅❾➅➧✍❐✲Ô✯➃✲➈❼➈☞➀❚❙✦❽①×❇❐✺❱✝❸✦➂✦➃✲❾➅➧✍➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿✜❞ ❽❪❻✧❽❪❸➑➀❚❙✦❽❡❺❼❸✝➈➉❽❪➀➦❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❖❡✻❺❼❸❃➀❚❙✦❽➊❿✇❽✉❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿á➔
→❖❸✦➂✝❽➊❽➊➂❍❶✎Ù★❽☛❙✏➃➡❻✧❽③❻✧❽❪❾➅❺ÓÑ✏❽➊➂↔➀❚❙✏➃✲➀➡❶❆➃✹❿✉❿⑤❐✑❐✹❸✾➃✹❿①➀❚❙✝❺➉❿❦❿⑤➧❙Õ♠Õ③❽❪➀➅❾➅➧➄❺➉❿①×✝❾⑤❐ q ❽❪❸✕❶✎Ù✻➃➡❻❙➧➄❾⑤❐✹➈❼➈➉❿❦➂✝❽❪❻✧❽❪➈➉❐✹Ö✴❐✹❸❋➀❚❙✦❽
➓✒❙✏➃✲❸✝❸✦❽❪➈✐➃❁➏✩❺➉❿➡❶✦➃✹❿❘❺❼➀✥❺➉❿❹❐✹×✦❿⑤❽❪❾➅❻✧❽➊➂✍❺❼❸✍➀❚❙✦❽✉❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿✞❶ ➋✩❹✶➔

❩➜❽➊❿⑤Ö✝❺❼➀⑤❽❦➀❚❙✦❽✎❻✱❱✦❿⑤➀❹➂✝❽➊❿⑤➓❪❾➅❺❼×❨❽➊➂◆➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽➊❿➡❶✡➀❚❙✦❽✉Ô ❾⑤❽✠❭❫❱✦❽❪❸✦➓❪➧
f≈
❶✏➀❚❙✦❽❱➃❁➏✩❺➷➃✲➈☞Ù✛➃➊❻✧❽❱➈➉❽❪❸❳❨✓➀❚❙

λ≈

➃✲❸✦➂◆➀❚❙✦❽
➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿✕Ö❳❙✏➃✹❿⑤❽✮❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧

c≈ = λ≈f≈/Umean
❐✲Ô✩➀❚❙✦❽✐Ô❄❱✝➈❼➈❼➧❙➆✶❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂①Ù✛➃➊❻✑➧①❾⑤❐✹➈❼➈➉❿✕❐✲Ô✝➒✎❺❴❨❅❱✝❾⑤❽➊❿✄➀❳❞✢➃✘❡

➐✩➟



➃✲❸✦➂❺➀❳❞ ×❖❡◗❞ ❿⑤❽➊❽✉➀➅❺❼Õ③❽
t = 400

❡➜➃✲❾⑤❽✂❸✦❽➡➃✲❾➅➈❼➧❃❽✠❭❫❱✏➃✲➈✟➔➦→✶❸✦➂✝❽➊❽➊➂❍❶✡Ù❆❙✏➃✲➀⑤❽❪❻✧❽❪❾❡➀❚❙✦❽❦❺❼❸✝➈➉❽❪➀➜❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❋➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽
❺➉❿á❶❆➀❚❙✦❽❰➒✦❐✺❱✝❾➅❺➉❽❪❾③❿⑤Ö❇❽➊➓❪➀➅❾✇➃◆❐✲Ô❹➀➅❺❼Õ③❽ ❿➅❺❴❨✓❸✏➃✲➈➄❞

T (t), U(t), V (t)
❐✹❾

W (t)
❡❬❶✜➃✲➀❤➃✲❸❙➧❋Ö❨❐✹❺❼❸✖➀❤❺❼❸✴➀❚❙✦❽ ➓✒❙✏➃✲❸✝❸✦❽❪➈

➂✝❐áÙ❘❸✦❿➅➀➅❾⑤❽➡➃✲Õ❃❶★❙✏➃➊❻✧❽❃➃➑Ô❄❱✝❸✦➂✦➃✲Õ③❽❪❸❙➀✇➃✲➈✛Ô ❾⑤❽✠❭❪❱✦❽❪❸✦➓❪➧✫➃✲➀
3 Hz

➃✲❸✦➂é❙✏➃✲❾➅Õ③❐✹❸✝❺➉➓➊❿❝❐✲Ô❹❻✧❽❪❾➅➧✴❿➅Õ❝➃✲➈❼➈✥➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽
➃✲➀

6 Hz
➃✲❸✦➂❏❿⑤❐✹Õ③❽❪➀➅❺❼Õ③❽➊❿➑➃✲➀

9 Hz
➔ ⑨✼❙✦❽❪❾⑤❽❬Ô ❐✹❾⑤❽✓❶❡➃✹❿ ❽❬➏✑Ö❨❽➊➓❪➀⑤❽➊➂❽❞ ❿➅❺❼❸✦➓➊❽❵➀❚❙✦❽➄➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧➠❱✝❸✦❿➅➀✇➃✲×✝➈➉❽

❺❼❸✦❿⑤➀✇➃✲×✝❺❼➈❼❺❼➀➅❺➉❽➊❿❦×❨❽❝❙✏➃➊❻✧❽♠➈❼❺ q ❽❝❸✦❐✹❺➉❿⑤❽③➃✲Õ♠Ö✝➈❼❺ÓÑ✏❽❪❾✯❶ ➌✖➍✍❹❄❡❬❶✎➀❚❙✦❽❤Ô❀❱✝❸✦➂✦➃✲Õ③❽❪❸✖➀✇➃✲➈★Ô ❾⑤❽✠❭❪❱✦❽❪❸✦➓❪➧
f≈

❐✲Ô✻➀❚❙✦❽♠Ù✛➃➊❻✑➧➄❾⑤❐✹➈❼➈➉❿
❺➉❿❰❽✠❭❫❱✏➃✲➈❹➀⑤❐↔➀❚❙✦❽✍Ô✢❐✹❾⑤➓❪❺❼❸❳❨↔Ô ❾⑤❽✠❭❫❱✦❽❪❸✦➓❪➧

fpert = 3 Hz
➔✸⑧✯➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈❼➈❼➧✧❶✥➝❆➃✲×✝❺➉❐✺❱✬➃✲❸✦➂✸⑩◆❽❪❾❚❨❅❱✝❺◗❶ ➋✑❶➳➌✦➟✽❹

❐✹×✝➀✇➃✲❺❼❸ ➀❚❙✦❽❹❿➳➃✲Õ③❽✥×❨❽❝❙✏➃➊❻✑❺➉❐✹❾✧➑
f≈ = fpert = 3 Hz

➔✯⑨✼❙✦❽➜➃➊❻✧❽❪❾✇➃✁❨✧❽❡➃❁➏✑❺➷➃✲➈✡Ù✻➃➡❻✧❽➦➈➉❽❪❸❳❨✓➀❚❙
λ≈

❺➉❿★❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧
Õ③❽➡➃✹❿❯❱✝❾⑤❽➊➂✉Ô ❾⑤❐✹Õ ➀❚❙✦❽★❿➅Ö✏➃✹➓➊❽✮Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿

T (x), U(x), V (x)
❐✹❾

W (x)
❶✓➃✲➀

(Y, Z) = (l/2, H/2)
❶✲Ô✢❐✹❾

200H ≤

X ≤ 250H
❶✲Ù❆❙✦❽❪❸✉➀❚❙✦❽✯❺❼❸✝➈➉❽❪➀✐❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸❤➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽✮❺➉❿

vmax−pert = 0.37
❶✓➃✲❸✦➂❡Ô ❐✹❾

100H ≤ X ≤ 250H
❶

Ù❆❙✦❽❪❸
vmax−pert = 3.7

❞ ❿⑤❽➊❽❡➀❚❙✦❽①❿➅Ö✏➃✹➓➊❽①Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿✥❐✲Ô
W (x)

❿❚❙✦❐➡Ù❘❸❃❐✹❸❃➒✐❺❴❨❅❱✝❾⑤❽❦➢✘❡❬➔✜→✶❸ ➀❚❙✦❽➜Ñ✦❾⑤❿➅➀✥➓➡➃✹❿⑤❽❿❞tÔ✢❐✹❾

vmax−pert = 0.37
❡❬❶✏Ù✻❽✉Õ③❽➡➃✹❿❚❱✝❾⑤❽

λ≈ = 4.60H ± 0.04H
➃✲❸✦➂✍➀❚❙❪❱✦❿

c≈ = 1.13 ± 0.01
➔✛→✶❸❃➀❚❙✦❽❦❿⑤❽➊➓➊❐✹❸✦➂

➓➡➃✹❿✇❽✜❞tÔ✢❐✹❾
vmax−pert = 3.7

❡❬❶✑Ù★❽➦Õ③❽➡➃✹❿❚❱✝❾⑤❽
λ≈ = 4.68H ± 0.02H

➃✲❸✦➂❰➀❚❙❫❱✦❿
c≈ = 1.15± 0.005

➔★⑨✼❙✦❽➊❿✇❽
❻✓➃✲➈❴❱✦❽➊❿✮➃✁❨✓❾⑤❽➊❽✛Ù❘❺❼➀❚❙♠➀❚❙✦❽✛❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿✜❿➅❺❼❸✦➓➊❽❘➝✐➃✲×✝❺➉❐✺❱❝➃✲❸✦➂♠⑩❵❽❪❾❚❨❅❱✝❺❛❞✢➐✓➤✓➤✓➞✘❡✣❶ ➋✑❶❼➌✓➌✺❹❼❙✏➃➡❻✧❽✛Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂③➃➦Ö❳❙✏➃✹❿⑤❽
❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧

c≈ = 1.1 ± 0.08
➃✲❸✦➂

λ≈ = 4.5H ± 0.3H
➔

î ï ❈❲⑦◗❋➸Ò✯❋✸P♦Ð✠❈❆P✦❊●▲✲❍✜❏✔❋Ñ▲✲❍✜▲✲❑❚➭❲➨⑥⑧✒➨

➥⑤❱✝❾➦➓➊❐✑➂✝❽❲❙✏➃✹❿✥×❨❽➊❽❪❸➑➂✝❽❪❻✧❽❪➈➉❐✹Ö❨❽➊➂◆➃✲❸✦➂❃❐✹Ö✝➀➅❺❼Õ♠❺❼Ð➡❽➊➂❵❐✹❸❃❻✧❽➊➓❪➀⑤❐✹❾➅❺➷➃✲➈✎➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❪❾⑤❿á➔✻➹➦➈❼➈❍➀❚❙✦❽❦➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✦❿
❐✲Ô✐➀❚❙✦❽➜Ö✝❾⑤❽➊❿⑤❽❪❸✖➀❘Ö✏➃✲Ö❨❽❪❾❘Ù★❽❪❾⑤❽①➓➡➃✲❾➅❾➅❺➉❽➊➂✍❐✺❱✝➀❘❐✹❸ ➀❚❙✦❽①➙➦⑧✻➎✜➆↕➣ ➶ ➍✂❻✧❽➊➓❪➀⑤❐✹❾➅❺➷➃✲➈✕❿❚❱✝Ö❨❽❪❾❘➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❪❾❹❐✲Ô❆➎✻➙➜➛➜➣➅❞ ➀❚❙✦❽
➒✦❾⑤❽❪❸✦➓❯❙✫➣✑➓❪❺➉❽❪❸❙➀➅❺ÓÑ✏➓③➛❹❽➊❿⑤❽➡➃✲❾⑤➓✒❙↔➙➜➃✲➀➅❺➉❐✹❸✏➃✲➈★➎✻❽❪❸❙➀⑤❽❪❾✥❡✽➑➜→✱❩❡➛❹→➅➣❇❶❨➥➦❾⑤❿➳➃➊➧✧❶✕➒✝❾✇➃✲❸✦➓➊❽✓➔❱⑨✼❙✝❺➉❿①➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❪❾❲❙✏➃✹❿❾❨✧❐✹➀➄➀
❻✧❽➊➓❪➀⑤❐✹❾➅❺➷➃✲➈☞❾⑤❽❝❨✓❺➉❿➅➀⑤❽❪❾⑤❿✥❐✲Ô❆➐✓➍❅➃✂Ù✻❐✹❾⑤➂✝❿➡❶✝➀❚❙✏➃✲➀❘❺➉❿✛➀⑤❐❤❿✇➃➊➧ ➀❚❙✏➃✲➀❘➀❚❙✦❽➜Õ❝➃❁➏✑❺❼Õ◗❱✝Õ ❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸➑➈➉❽❪❸❳❨✓➀❚❙✍❺➉❿❘❐✲Ô✯➐✓➍❅➃
Ù✻❐✹❾⑤➂✝❿✮❐✲Ô♦➃✲➌❡×✝❺❼➀⑤❿➡❶✧➃✲❸✦➂❤❺❼➀⑤❿✯➓❪❾⑤❽➊❿⑤➀✐Ö❨❐➡Ù✻❽❪❾✎❞ ❺❼➀⑤❿❆Õ❝➃❁➏✑❺❼Õ◗❱✝Õ Ö❨❐➡Ù★❽❪❾✯Ù❆❙✦❽❪❸❝➃✲❸③➃✹➂✝➂✩❺❼➀➅❺➉❐✹❸❝➃✲❸✦➂③➃➦Õ✞❱✝➈❼➀➅❺❼Ö✝➈❼❺➉➓➡➃✲➀➅❺➉❐✹❸
➃✲❾⑤❽❰❿➅❺❼Õ✞❱✝➈❼➀✇➃✲❸✦❽➊❐✺❱✦❿⑤➈❼➧✾➂✝❐✹❸✦❽✩❡❡❺➉❿✜➀

Gflops
❞
8 × 109

Ø✏❐✧➃✲➀➅❺❼❸❳❨◆Ö❨❐✹❺❼❸✖➀❱❐✹Ö❇❽❪❾✇➃✲➀➅❺➉❐✹❸✦❿✂Ö❨❽❪❾❦❿⑤❽➊➓➊❐✹❸✦➂⑥❡❬➔ →✶❸✾➀❚❙✝❺➉❿
❿✇❽➊➓❪➀➅❺➉❐✹❸✕❶❙Ù✻❽①➃✲❸✏➃✲➈❼➧❙Ð➡❽➜➀❚❙✦❽⑤❨✓➈➉❐✹×✏➃✲➈❇Ö❨❽❪❾❉Ô✢❐✹❾➅Õ❝➃✲❸✦➓➊❽➜❐✲Ô✕➀❚❙✝❺➉❿✛➓➊❐✑➂✝❽✓❶✑➀✇➃ q ❺❼❸❳❨❱❺❼❸✖➀⑤❐♠➃✹➓➊➓➊❐✺❱✝❸✖➀❹➃✲➈❼➈❇➀❚❙✦❽❡❿➅➀⑤❽❪Ö✦❿✻❐✲Ô☞➀❚❙✦❽
➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✭❞ ❺❼❸✝❺❼➀➅❺➷➃✲➈❼❺❼Ðá➃✲➀➅❺➉❐✹❸✕❶❆Ö✝❾⑤❽❪Ö✝❾⑤❐✑➓➊❽➊❿⑤❿➅❺❼❸❳❨➑Ö❳❙✏➃✹❿✇❽✓❶✎❿⑤❐✹➈❼❻✧❽❪❾⑤❿✇❐✹➈❼❻❙❺❼❸❳❨✓❺❼❸❳❨➄➃✲❸✦➂❋➓➊❐✹Õ♠Ö❳❱✝➀➅❺❼❸❳❨➄➃✲❸✦➂❋Ù❘❾➅❺❼➀➅❺❼❸❳❨
❐✲Ô❆➀❚❙✦❽✉❐✺❱✝➀➅Ö❳❱✝➀❹➂✦➃✲➀✇➃✘❡✛❺❼❸➑❐✹❾⑤➂✝❽❪❾✥➀⑤❐♠❿❚❙✦❐áÙ✚❺❼➀⑤❿✥❽✽♣❝➓❪❺➉❽❪❸✦➓❪➧✧➔

➒✦❐✹❾✐➃✲➈❼➈✧➀❚❙✦❽✶❨✓❾➅❺➉➂✝❿✉❱✦❿⑤❽➊➂❦➃✲❸✦➂✂➃✲➈❼➈✧➀❚❙✦❽✮➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✦❿✐Ö❇❽❪❾❉Ô✢❐✹❾➅Õ③❽➊➂❍❶❁➀❚❙✦❽
Gflops

❸❫❱✝Õ✂×❇❽❪❾✎❻✹➃✲❾➅❺➉❽➊❿☞×❇❽❪➀❖Ù★❽➊❽❪❸
➍✩➔ ➌✵➃✲❸✦➂↕➃✩➔ ➐✩❶✥Ù❆❙✦❽❪❸ ➀❚❙✦❽➄➃➊❻✧❽❪❾✇➃✁❨✧❽❵❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸❏➈➉❽❪❸❳❨✓➀❚❙✸❻✓➃✲❾➅❺➉❽➊❿❝×❨❽❪➀✶Ù✻❽➊❽❪❸❏➐✓➞✓➞✫➃✲❸✦➂✸➐✓➍✲➌✫Ù★❐✹❾⑤➂✝❿á❶❹➃✲❸✦➂
➀❚❙✦❽❬❱✝❸✝❺❼➀❤➎✻➝✮❷ ➀➅❺❼Õ③❽❝Ö❇❽❪❾❦➀➅❺❼Õ③❽❰❿➅➀⑤❽❪Ö✫➃✲❸✦➂❋Ö❨❽❪❾✉❸✦❐❙➂✝❽✓❶

tCPU−unit
❶✎❻✹➃✲❾➅❺➉❽➊❿❦×❇❽❪➀❖Ù★❽➊❽❪❸

1.45 × 10−7s
➃✲❸✦➂

1.85 × 10−7s
➔③➙➜❐✹➀⑤❽❤➀❚❙✏➃✲➀✉➀❚❙✝❺➉❿✉➀➅❺❼Õ③❽♠❺➉❿✂➃✲➈❼Õ③❐✓❿➅➀✉❺❼❸✦➂✝❽❪Ö❨❽❪❸✦➂✝❽❪❸✖➀✂❐✲Ô✛➀❚❙✦❽♠➀➅❺❼Õ③❽③❿⑤➀⑤❽❪Ö✴➃✲❸✦➂↔❨✓❾➅❺➉➂❋❿➅❺❼Ð➡❽♠❿⑤❺❼❸✦➓➊❽

➃✲➈❼➈✐➀❚❙✦❽❱❿⑤❐✹➈❼❻❙❺❼❸❳❨ Õ③❽❪➀❚❙✦❐✑➂✝❿❡➃✲❾⑤❽✂➂✩❺❼❾⑤❽➊➓❪➀❡Õ③❽❪➀❚❙✦❐❙➂✝❿➡➔➦⑨✼❙❫❱✦❿➡❶❇➀❚❙✦❽✂➀⑤❐✹➀✇➃✲➈✜➎✻➝✮❷ä➀➅❺❼Õ③❽✓❶
tCPU−tot

❶✡➀⑤❐③❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀⑤❽
➀❚❙✦❽➑➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ð➡❽➊➂✸❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿❝❐✹❸✬➃

N
❸✦❐✑➂✝❽✖❨✓❾➅❺➉➂❍❶✛➂r❱✝❾➅❺❼❸❳❨

Nt
➀➅❺❼Õ③❽❃❿⑤➀⑤❽❪Ö✦❿➡❶✜❺➉❿❰❽✠❭❫❱✏➃✲➈❹➀⑤❐❳➑

tCPU−tot =

➐✓➐



NNttCPU−unit
➔❆⑨✼❙✝❺➉❿★➀➅❺❼Õ③❽❹❺➉❿★❨✓❺❼❻✧❽❪❸❝❺❼❸ ⑨✎➃✲×✝➈➉❽❱➟❘Ô✢❐✹❾✜➀❚❙✦❽➦➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀✻➀⑤❽➊❿⑤➀★➓➡➃✹❿⑤❽➊❿✜Ö✝❾⑤❽➊❿⑤❽❪❸✖➀⑤❽➊➂ ❺❼❸❰❿❯❱✝×✦❿⑤❽➊➓❪➀➅❺➉❐✹❸

➌✦➔ ➐✩➔❆⑨✎❐①×❇❽✛Õ③❐✹❾⑤❽✥Ö✝❾⑤❽➊➓❪❺➉❿⑤❽✓❶✓Ô✢❐✹❾✯➀❚❙✦❽✥❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✮Ö✝❾⑤❽➊❿⑤❽❪❸❙➀⑤❽➊➂❝❐✹❸③➒✐❺❴❨❅❱✝❾⑤❽✎➀✩❶✖➓➡➃✲❾➅❾➅❺➉❽➊➂❝❐✺❱✝➀✮Ù❘❺❼➀❚❙❝➃❾❨✓❾➅❺➉➂♠❐✲Ô
4.5

Õ♠❺❼➈❼➈❼❺➉❐✹❸➄❸✦❐✑➂✝❽➊❿①➃✲❸✦➂◆Ù❘❺❼➀❚❙↔➃❰➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✝➈➉❽➊❿⑤❿❡➀⑤❐✹➀✇➃✲➈✐❺❼❸✖➀⑤❽❝❨✓❾✇➃✲➀➅❺➉❐✹❸❋➀➅❺❼Õ③❽
t = 400

❶❨➀❚❙✦❽❤➓➊❐❙➂✝❽✂Ö❇❽❪❾❉Ô✢❐✹❾➅Õ❝➃✲❸✦➓➊❽➊❿
➃✲❾⑤❽❅➑

6 Gflops
❶✏➃♠❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸➄➈➉❽❪❸❳❨✓➀❚❙➄❐✲Ô

244
Ù★❐✹❾⑤➂✝❿á❶

tCPU−unit = 1.67 × 10−7s
➃✲❸✦➂

tCPU−tot =

4 h 10
➔③⑨✼❙✦❽❪❾⑤❽❬Ô ❐✹❾⑤❽✓❶☞➀❚❙✦❽♠❾⑤❽➊❿❚❱✝➈❼➀⑤❿①❺❼❸❋⑨✐➃✲×✝➈➉❽❃➟③➓❪➈➉❽➡➃✲❾➅➈❼➧➄❿❚❙✦❐➡Ù ➀❚❙✏➃✲➀✉➀❚❙✦❽❤Ö✝❾⑤❽➊❿⑤❽❪❸✖➀✂➓➊❐❙➂✝❽♠Ö❨❽❪❾➅Õ♠❺❼➀⑤❿①➀⑤❐✍❿⑤❐✹➈❼❻✧❽

❱✝❸✦❿⑤➀⑤❽➡➃✹➂✩➧ ➞✺❩ ❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿➅❺❼×✝➈➉❽➑Õ♠❺Ó➏✩❽➊➂✸➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸✬Ø✏❐➡Ù✥❿➡❶✛❺❼❸↕❙✝❺❴❨❅❙✬➃✹❿➅Ö❨❽➊➓❪➀③❾✇➃✲➀➅❺➉❐✴➓❯❙✏➃✲❸✝❸✦❽❪➈➉❿➡❶✛Ô✢❐✹❾③❻✧❽❪❾➅➧
❾⑤❽➡➃✹❿✇❐✹❸✏➃✲×✝➈➉❽✉➀➅❺❼Õ③❽✉➓➊❐✓❿➅➀⑤❿á➔

ð ñ ◆✫❊ò❊●▲❆P❘➭➯▲✎❍◗⑦ó❏✔❈✲❍✜❏✄❑❯◆◗➨❖⑧❯❈✲❍

→✶❸❰➀❚❙✦❽❹Ö✝❾⑤❽➊❿⑤❽❪❸❙➀★Ù✻❐✹❾ q ❶❙Ù★❽⑤❙✏➃➊❻✧❽➦Ö✝❾⑤❽➊❿⑤❽❪❸❙➀⑤❽➊➂ ➃✲❸✦➂❰❻✓➃✲➈❼❺➉➂✦➃✲➀⑤❽➊➂ ➃✲❸ ❽✽♣❝➓❪❺➉❽❪❸✖➀✛❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ð➡❽➊➂③Ñ✦❸✝❺❼➀⑤❽➜➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✦➓➊❽
➓➊❐✑➂✝❽➦➀⑤❐❦❿⑤❐✹➈❼❻✧❽➦➀❚❙✦❽➜➞✺❩✚❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿➅❺❼×✝➈➉❽❡➙➜➃➡❻❙❺➉❽❪❾❉➆↕➣❙➀⑤❐ q ❽➊❿❘❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿➡❶➓❱✝❸✦➂✝❽❪❾✻➀❚❙✦❽➦➠✛❐✺❱✦❿⑤❿➅❺❼❸✦❽➊❿✒❭③➃✲Ö✝Ö✝❾⑤❐➊➏✩❺❼Õ❝➃❁➆
➀➅❺➉❐✹❸✕❶✓Ô ❐✹❾✐Õ♠❺Ó➏✩❽➊➂❤➓➊❐✹❸❙❻✧❽➊➓❪➀➅❺➉❐✹❸♠Ø✏❐➡Ù✥❿❆❺❼❸✫❙✝❺❴❨❅❙③➃✹❿➅Ö❨❽➊➓❪➀✎❾✇➃✲➀➅❺➉❐❡➓❯❙✏➃✲❸✝❸✦❽❪➈➉❿á➔✯⑧✯❻✧❽❪❸❤➀❚❙✦❐✺❱❳❨❅❙♠➀❚❙✦❽★Õ③❽❪➀❚❙✦❐✑➂✝❿✸❱✦❿⑤❽➊➂✂➀⑤❐
❿✇❐✹➈❼❻✧❽✥➀❚❙✦❽➊❿⑤❽✥❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿✛➃✲❾⑤❽✥❾⑤❽❪➈➷➃✲➀➅❺❼❻✧❽❪➈❼➧❝➓❪➈➷➃✹❿⑤❿⑤❺➉➓✞❞→➇❡❐✑➂✦➃r➙ ❿★➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ❃❶✑❺❼❸✦➓❪❾⑤❽❪Õ③❽❪❸✖➀✇➃✲➈❇Ô✟➃✹➓❪➀⑤❐✹❾➅❺❼Ðá➃✲➀➅❺➉❐✹❸❰Õ③❽❪➀❚❙✦❐✑➂
❐✲Ô✯➹✴❩➜→✮➀✶➧✑Ö❇❽❡➀⑤❐♠❿⑤❐✹➈❼❻✧❽❡➀❚❙✦❽❲➉➜❽❪➈❼Õ☛❙✦❐✹➈❼➀➅Ð❦❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸✦❿❹➃✲❸✦➂✍➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈❼❺❼Ðá➃✲➀➅❺➉❐✹❸◆❐✲Ô✐➀❚❙✦❽♠➟✠❩ä⑦☞➃✲Ö✝➈➷➃✹➓➊❽✉❐✹Ö❨❽❪❾✇➃✲➀⑤❐✹❾⑤❿

➀⑤❐ ❿⑤❐✹➈❼❻✧❽✂➀❚❙✦❽✂➝✐❐✹❺➉❿⑤❿⑤❐✹❸↔❽✠❭❪❱✏➃✲➀➅❺➉❐✹❸❖❡❬❶❇➀❚❙✦❽❪➧◆➃✲❾⑤❽❦❾✇➃✲❾⑤❽❪➈❼➧⑨❱✦❿⑤❽➊➂➑➀⑤❐ ➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❱❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿➅❺❼×✝➈➉❽❱Õ♠❺Ó➏✝❽➊➂◆➓➊❐✹❸❙❻✧❽➊➓❬➆
➀➅❺➉❐✹❸ Ø✏❐áÙ✥❿➡❶✦➃✹❿✻❺❼➀✛❺➉❿✥➃✲➀➅➀⑤❽➊❿➅➀⑤❽➊➂ ×✖➧ ➈❼❺❼➀⑤❽❪❾✇➃✲➀❚❱✝❾⑤❽①❐✹❸ ➀❚❙✦❽❡❿❚❱✝×r❻➅❽➊➓❪➀➡➔✸➐❋❽❾❙✏➃➊❻✧❽①➓✒❙✦❐✓❿⑤❽❪❸❃❿❚❱✦➓✒❙ Õ③❽❪➀❚❙✦❐✑➂✝❿✛×❨❽➊➓➡➃✁❱✦❿⑤❽
➀❚❙✦❽❪➧③➃✲❾⑤❽❹➃✲➈❼➈❇➂✩❺❼❾⑤❽➊➓❪➀✮Õ③❽❪➀❚❙✦❐✑➂✝❿★➃✲❸✦➂③×❨❽➊➓➡➃✁❱✦❿⑤❽❘➀❚❙✦❽✥❾⑤❽➊❿❚❱✝➈❼➀➅❺❼❸❳❨❦➈❼❺❼❸✦❽➡➃✲❾✜❿⑤➧✑❿➅➀⑤❽❪Õ③❿✜➂✝❽➊➓➊❐✹Õ♠Ö❇❐✓❿⑤❽❹❺❼❸✖➀⑤❐❦➀➅❾➅❺➉➂✩❺➷➃✁❨✧❐✹❸✏➃✲➈
➈❼❺❼❸✦❽➡➃✲❾➦❿➅➧✑❿⑤➀⑤❽❪Õ③❿❹➃✲❸✦➂❃➓➡➃✲❸✍➀❚❙✦❽❪❾⑤❽❬Ô✢❐✹❾⑤❽✉×❨❽①❿⑤❐✹➈❼❻✧❽➊➂ ×✖➧ ➀❚❙✦❽❲❙✝❺❴❨❅❙✝➈❼➧ ❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ðá➃✲×✝➈➉❽✂⑨❆❩❡⑩❵➹P➃✲➈❴❨✧❐✹❾➅❺❼➀❚❙✝Õ❃➔

⑨✼❙✦❽❦❿➅Ö✏➃✹➓➊❽❦➃✲❸✦➂➑➀➅❺❼Õ③❽❦➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽✂❐✹❾⑤➂✝❽❪❾⑤❿➜❐✲Ô✯➀❚❙✦❽①Ö✝❾⑤❽➊❿⑤❽❪❸✖➀➜➓➊❐❙➂✝❽✞❙✏➃➊❻✧❽❦×❇❽➊❽❪❸➑❿❯❙✦❐➡Ù❘❸➑➀⑤❐❝×❇❽❡×❨❐✹➀❚❙◆❐✲Ô
❿✇❽➊➓➊❐✹❸✦➂ ❐✹❾⑤➂✝❽❪❾➡➔✯➹✚Õ③❽❪➀❚❙✦❐❙➂ ➓➊❐✹❸✦❿➅❺➉❿➅➀➅❺❼❸❳❨❱❺❼❸ ❺❼Õ♠Ö❇❐✓❿➅❺❼❸❳❨♠➃✲❸✖➧ ➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈❍❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸ ➀⑤❐✂➀❚❙✦❽❹Õ③❐✑➂✝❽❪➈Ó➆✶❽✠❭❫❱✏➃✲➀➅❺➉❐✹❸✦❿á❶
×❙➧➑Õ③❽➡➃✲❸✦❿❡❐✲Ô✜➀❚❙✦❽❤❿⑤❐✺❱✝❾⑤➓➊❽✂➀⑤❽❪❾➅Õ③❿➡❶❍➃✲❸✦➂❵❺❼❸❵➓➊❐✹Õ♠Ö✏➃✲❾➅❺❼❸❳❨✍➀❚❙✝❺➉❿①➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈✮❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸◆➀⑤❐ ➀❚❙✦❽❱➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂↔❐✹❸✦❽
❙✏➃✹❿✥×❇❽➊❽❪❸➑➂✝❽❪❻✧❽❪➈➉❐✹Ö❨❽➊➂✍➀⑤❐③➂✝❽❪➀⑤❽❪❾➅Õ♠❺❼❸✦❽❦➀❚❙✦❽①❿➅Ö✏➃✹➓➊❽❦➃✲❸✦➂✍➀➅❺❼Õ③❽❦➓➊❐✹❸✖❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❦❐✹❾⑤➂✝❽❪❾⑤❿á➔

⑨✼❙✦❽❦➓➊❐✑➂✝❽①❺➉❿❘❻✓➃✲➈❼❺➉➂✦➃✲➀⑤❽➊➂❃➀❚❙✝❾⑤❐✺❱❳❨❅❙➄➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✦❿✥Ù❘❺❼➀❚❙❵❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿➜❐✹❸➑➝✮➛➦➠✬Ø✏❐➡Ù✥❿➡➔✻⑨✼❙✦❽❪➧✍➓➊❐✹❸✦➓➊❽❪❾➅❸
❿⑤➀⑤❽➡➃✹➂✩➧✫➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈➜❾⑤❐✹➈❼➈➉❿➡❶✼❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧✣➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇❽❃❾⑤❐✹➈❼➈➉❿❰➃✲❸✦➂❍❶✻Ô✢❐✹❾③➀❚❙✦❽ Ñ✦❾⑤❿⑤➀③➀➅❺❼Õ③❽✓❶✛Ù✻➃➡❻❙➧✵❾⑤❐✹➈❼➈➉❿➡➔✬→❖➀③❺➉❿
❺❼❸✦➂✝❽➊❽➊➂❝➀❚❙✦❽✛Ñ✦❾⑤❿➅➀✮➀➅❺❼Õ③❽❹➀❚❙✏➃✲➀✮Ù✻➃➡❻❙➧♠❾⑤❐✹➈❼➈➉❿á❶✖➓➊❐✹❸✖➀➅❾⑤❐✹➈❼➈➉❽➊➂❝×✖➧♠❺❼❸❙➀➅❾⑤❐❙➂r❱✦➓❪❺❼❸❳❨❱❿➅❺❼❸❫❱✦❿⑤❐✹❺➉➂✦➃✲➈❇❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✦❿✛➃✲➀✜➓✒❙✏➃✲❸✝❸✦❽❪➈
❺❼❸✝➈➉❽❪➀➡❶❍➃✲❾⑤❽✂❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧❵❐✹×✝➀✇➃✲❺❼❸✦❽➊➂❍➔➜➹➦➈❼➈☞➀❚❙✦❽❱❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✐❾⑤❽➊❿❯❱✝➈❼➀⑤❿❡➃✲❾⑤❽✜❭❪❱✏➃✲❸✖➀➅❺❼➀✇➃✲➀➅❺❼❻✧❽❪➈❼➧➑❾⑤❽❪Ö✝❾⑤❐✑➂r❱✦➓➊❽➊➂❵×✖➧
➀❚❙✦❽❰❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✥❿⑤❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿❤Ù❆❙✦❽❪❸✫➀❚❙✦❽❰❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✥➃✲❸✦➂✾❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✣❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸❙➀➅❺➉❽➊❿❝➃✲❾⑤❽❰➀✇➃ q ❽❪❸✴❺❼❸❙➀⑤❐
➃✹➓➊➓➊❐✺❱✝❸❙➀➡➔✜→❖➀❘❺➉❿✛Ö✏➃✲❾➅➀➅❺➉➓❝❱✝➈➷➃✲❾➅➈❼➧✍Ö✝❾⑤❐➡❻✧❽➊➂✍➀❚❙✏➃✲➀❹➀❚❙✦❽⑤➜❖❿➅➀➅❾⑤❐✹❸❳❨✺➝❡➂✝❽➊➓❪❾⑤❽➡➃✹❿✇❽✓❶✝Ù❘❺❼➀❚❙❃➀❚❙✦❽①➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙➑❸❫❱✝Õ❦×❨❽❪❾➡❶✦❐✲Ô❆➀❚❙✦❽
➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✝➈➉❽➊❿⑤❿❡Ö❳❙✏➃✹❿⑤❽❱❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧◆❐✲Ô✜➀❚❙✦❽✂➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈❆❾⑤❐✹➈❼➈➉❿➡❶❍❐✹×✦❿✇❽❪❾➅❻✧❽➊➂◆❺❼❸❵➀❚❙✦❽❤❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀⑤❿①❐✲Ô❘➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺
❽❪➀①➃✲➈✟➔✫❞❉➟➡➢✓➢✓➤✘❡✞❶ ➍✍❹✶❶✡❺➉❿❡➂r❱✦❽❦➀⑤❐❰➀❚❙✦❽✂➈➷➃✲➀⑤❽❪❾✇➃✲➈❆➓➊❐✹❸✩Ñ✦❸✦❽❪Õ③❽❪❸❙➀❬❞

B = 3.63
❺❼❸◆➀❚❙✦❽➊❿⑤❽❱❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀⑤❿✥❡❬➔⑤➉➜❐➡Ù✻❽❪❻✧❽❪❾➡❶

❺❼➀◗❙✏➃✹❿❦×❨❽➊❽❪❸✾❿⑤❐✹Õ③❽❪➀➅❺❼Õ③❽➊❿❱❻✧❽❪❾➅➧❋➂✩❺ì♣❝➓❝❱✝➈❼➀✂➀⑤❐✍Ñ✦❸✦❽❪➈❼➧↔❾⑤❽❪Ö✝❾⑤❐✑➂r❱✦➓➊❽❝➀❚❙✦❽❰❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✻❾⑤❽➊❿❚❱✝➈❼➀⑤❿✂×❇❽➊➓➡➃✁❱✦❿⑤❽❝➀❚❙✦❽

➐✓➞



❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✯❐✹Ö❇❽❪❾✇➃✲➀➅❺❼❸❳❨ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➡❶❇Ö✏➃✲❾➅➀➅❺➉➓❝❱✝➈➷➃✲❾➅➈❼➧➑➀❚❙✦❽❦➀❚❙✦❽❪❾➅Õ❝➃✲➈❆×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➡❶❍➃✲❾⑤❽✂❸✦❐✹➀❹Ù✻❽❪➈❼➈

q ❸✦❐➡Ù❘❸✕➔ →✶➀❤❺➉❿❝➃✲➈➉❿⑤❐↔➂✩❺ì♣❝➓❝❱✝➈❼➀❝➀⑤❐➄Ù★❽❪➈❼➈❹❽❪❻✓➃✲➈❴❱✏➃✲➀⑤❽✍➀❚❙✦❽✍❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈➜➃✲❸✦➂✣❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈⑤❱✝❸✦➓➊❽❪❾➅➀✇➃✲❺❼❸✖➀➅❺➉❽➊❿ ❐✹❸
➀❚❙✦❽➦Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂✯❭❫❱✏➃✲❸❙➀➅❺❼➀➅❺➉❽➊❿➡➔✮⑨✼❙✝❺➉❿★❙✝❺❴❨❅❙✝➈❼❺❴❨❅❙✖➀⑤❿✻➀❚❙✦❽❹➂✩❺ì♣❝➓❝❱✝➈❼➀➅❺➉❽➊❿✛❽❪❸✦➓➊❐✺❱✝❸✖➀⑤❽❪❾⑤❽➊➂ Ù❆❙✦❽❪❸❰❻✹➃✲➈❼❺➉➂✦➃✲➀➅❺❼❸❳❨❱❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈
➓➊❐✑➂✝❽➊❿★Ù❘❺❼➀❚❙ ❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❨❾⑤❽➊❿❚❱✝➈❼➀⑤❿✻➃✲❸✦➂❰➀❚❙✦❽➦❾⑤❽➡➃✲➈✡➈➷➃✹➓ q ❐✲Ô✕×❇❽❪❸✦➓✒❙✝Õ❝➃✲❾ q ❿⑤❐✹➈❴❱✝➀➅❺➉❐✹❸✦❿★Ô✢❐✹❾✻➞✺❩☎❺❼❸✦➓➊❐✹Õ♠Ö✝❾⑤❽➊❿⑤❿⑤❺❼×✝➈➉❽
Õ♠❺Ó➏✝❽➊➂✵➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸➬Ø✏❐➡Ù✥❿♠❺❼❸✵➓❯❙✏➃✲❸✝❸✦❽❪➈✟➔✫→❖➀❱❺➉❿❤➀❚❙✦❽❪❾⑤❽❬Ô✢❐✹❾⑤❽❤❱✦❿⑤❽❬Ô❀❱✝➈✥➃✲❸✦➂✴❸✦❽➊➓➊❽➊❿✇❿✇➃✲❾➅➧✾➀❚❙✏➃✲➀♠➀❚❙✦❽ ➓➊❐✹Õ♠Õ✞❱✝❸✝❺❼➀❖➧
❺❼❸❙❻✧❐✹➈❼❻✧❽➊➂❃❺❼❸❃❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿➦❐✲Ô❆Õ♠❺Ó➏✝❽➊➂✍➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸◆Ø✏❐➡Ù✥❿❘Ñ✦➈❼➈➉❿✥➀❚❙✝❺➉❿❆❨✖➃✲Ö✕➔

⑨✼❙✦❽❦Ù❆❙✦❐✹➈➉❽❤➓➊❐✑➂✝❽➄❙✏➃✹❿➜×❇❽➊❽❪❸❵❿❚❙✦❐➡Ù❘❸➄➀⑤❐❝×❇❽◗❙✝❺❴❨❅❙✝➈❼➧✍❻✧❽➊➓❪➀⑤❐✹❾➅❺❼Ðá➃✲×✝➈➉❽③➃✲❸✦➂◆❿⑤Õ❝➃✲➈❼➈☞➀➅❺❼Õ③❽❤➓➊❐✹❸✦❿❚❱✝Õ♠❺❼❸❳❨ ❿➅❺❼❸✦➓➊❽
❺❼➀★❺➉❿★➃✲×✝➈➉❽❹➀⑤❐❦❐✹Ö❨❽❪❾✇➃✲➀⑤❽

6 Gflops
❐✹❸ ➃➊❻✧❽❪❾✇➃✁❨✧❽✫❞tÔ ❐✹❾✛➃❡Ö❨❐✓❿⑤❿➅❺❼×✝➈➉❽✥Õ❝➃❁➏✩❺❼Õ✞❱✝Õ ❐✲Ô

8 Gflops
❡❬❶✖➃✲➀✛➃✂➎✻➝✮❷❏➀➅❺❼Õ③❽

Ö❨❽❪❾✛❸✦❐❙➂✝❽①➃✲❸✦➂ Ö❨❽❪❾✻➀➅❺❼Õ③❽❡❿➅➀⑤❽❪Ö
tCPU−unit ≈ 1.6× 10−7s

❶✑❐✹❸✍➃❱➙➜⑧★➎✜➆↕➣ ➶ ➍❱❻✧❽➊➓❪➀⑤❐✹❾➅❺➷➃✲➈✕❿❚❱✝Ö❇❽❪❾❉➆✶➓➊❐✹Õ♠Ö❳❱✝➀⑤❽❪❾➡➔
⑩❵❐✹❾⑤❽①Ö✝❾⑤❽➊➓❪❺➉❿⑤❽❪➈❼➧✧❶✏➀❚❙✦❽✉Ö✝❾⑤❐✹Ö❨❐✓❿⑤❽➊➂❃➓➊❐✑➂✝❽①❺➉❿❹➃✲×✝➈➉❽❦➀⑤❐③➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➄❱✝❸✦❿➅➀⑤❽➡➃✹➂✩➧ Õ♠❺Ó➏✝❽➊➂➑➓➊❐✹❸❙❻✧❽➊➓❪➀➅❺➉❐✹❸➑Ø✏❐áÙ✥❿✥❺❼❸❃❻✧❽❪❾➅➧
➈➉❐✹❸❳❨✣➓❯❙✏➃✲❸✝❸✦❽❪➈➉❿á❶✥❿✇➃➊➧✣Ù❘❺❼➀❚❙

200
❐✹❾

300
❿➅➀➅❾⑤❽➡➃✲Õ❦Ù❘❺➉❿⑤❽➄➃✹❿➅Ö❨❽➊➓❪➀❝❾✇➃✲➀➅❺➉❐✓❿➡❶✻Ô✢❐✹❾❰➃✲×❨❐✺❱✝➀

4 hours
➀⑤❐✹➀✇➃✲➈①➎✻➝✮❷

➀➅❺❼Õ③❽❤❐✹❸❺❨✓❾➅❺➉➂✝❿①❐✲Ô
4 million

➓➊❐✹Õ♠Ö❳❱✝➀✇➃✲➀➅❺➉❐✹❸✏➃✲➈✯❸✦❐❙➂✝❽➊❿➡➔①⑨✼❙❪❱✦❿➡❶❨➀❚❙✦❽❱❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✮❿➅❺❼Õ◗❱✝➈➷➃✲➀➅❺➉❐✹❸❋❐✲Ô✜➀❚❙✦❽❤❿➅Ö✏➃✹➓➊❽
➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀❦❐✲Ô★➓➊❐✹❸❙❻✧❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧➈❱✝❸✦❿➅➀✇➃✲×✝➈➉❽❱➀❚❙✦❽❪❾➅Õ③❐✑➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽♠Ö✏➃✲➀➅➀⑤❽❪❾➅❸✦❿á❶♦❱✝❸✦➂✝❽❪❾➜➀❚❙✦❽♠➃✹➓❪➀➅❺➉❐✹❸↔❐✲Ô★❽❬➏✩➀⑤❽❪❾➅❸✏➃✲➈
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➃✲❾➅➧✵❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❡➀➅❾⑤❽➡➃✲➀➅Õ③❽❪❸✖➀⑤❿❰Ô✢❐✹❾❝➈➷➃✲Õ♠❺❼❸✏➃✲❾❝❾⑤❽➊➓❪❺❼❾⑤➓❝❱✝➈➷➃✲➀➅❺❼❸❳❨✫Ø✏❐áÙ✥❿➡❶✾✛✢✜✤✣✳ú⑤ù➓ú❤❲❾ý❅❃❿ú✸�✄✂✞✣❑✝❅❏✧ÿ✹✌➣û✶ü✙ý➓þ❀ÿ✍✌❪❶
❻✧❐✹➈✟➔✕➟✧➃✩❶✝Ö✝Ö✕➔✩➌✖➤✓➞✩❸✖➌✦➟➡➢✩❶☞➟➡➢✓➢✓➞✩➔

➐❅➃



❶ ➐✲➌✺❹ ➶ ➔✦➙➦❺➉➓➊❐✹➈➷➃✹❿➡❶✡➝✎➔✡⑨✕❾✇➃✹❐✹❾⑤❽✓❶❇➹✂➔✦⑩❵❐✁❻❉➀✇➃✲×✝❺✟❶✡➃✲❸✦➂✐✵✏➔✏➝✐➔❇➎✛➃✲➈❼➀✇➃✁❨✓❺❼❾⑤❐✹❸✦❽✓❶❇➹✎❱❳❨✓Õ③❽❪❸❙➀⑤❽➊➂◆⑦☞➃✁❨✓❾✇➃✲❸❳❨✓❺➷➃✲❸➄Õ③❽❪➀❚❙✦❐✑➂
➃✲❸✦➂➑❐✹Ö❨❽❪❸❃×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❃➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿➦❺❼❸❵➐✺❩÷❿⑤❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸➄❐✲Ô✯➝✐❐✹❺➉❿⑤❽❝❱✝❺❼➈❼➈➉❽❬➆✶➠✛➁❪❸✏➃✲❾⑤➂➄➓❯❙✏➃✲❸✝❸✦❽❪➈✎Ø✏❐➡Ù✉❶✿✛✢✜✤✣✳ú✸ù➓ú
❲❾ý❅❃❿ú❁�❥✂✞✣❑✝❅❏✧ÿ✍✌❲û✶ü✙ý➓þ❀ÿ✍✌❪❶✩❻✧❐✹➈✟➔✏➐✓➍✩❶✩Ö✝Ö✕➔✏➐❅➃✓➍✩❸✑➐❅➀✓➞✩❶✎➟➡➢✓➢✧➋✑➔

❶ ➐✓➍✍❹❱→➳➔❘➥➦❾➅➈➷➃✲❸✦❿ q ❺✟❶❹➹ ❿➅❺❼Õ♠Ö✝➈➉❽❵×❨❐✺❱✝❸✦➂✦➃✲❾➅➧ ➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸❏Ô ❐✹❾➣❱✝❸✖×❨❐✺❱✝❸✦➂✝❽➊➂➲❙✖➧✑Ö❇❽❪❾➅×❨❐✹➈❼❺➉➓◆Ø✏❐➡Ù✥❿➡❶◗ù➓ú✙P◗❏✹❃✾❆❖ý❅✣✳ú
✟✡✝☞☛✍✌✠ú➷❶✩❻✧❐✹➈✟➔✏➐✩➟✓❶✝Ö✝Ö✕➔✦➐✓➍✩➟✥❸✑➐❅➃✓➢✩❶✎➟➡➢✧➋✺➃✩➔

❶ ➐❅➃✍❹✜➉✂➔❳❒♠➔✦⑩❵❐✲Ò✕➃✲➀❹➃✲❸✦➂❵❒♠➔✦➒✛➔✱✵✧❽❪❸✦❿⑤❽❪❸✕❶✦⑨✼❙✝❾⑤❽➊❽❬➆✶➂✩❺❼Õ③❽❪❸✦❿⑤❺➉❐✹❸✏➃✲➈☞Ø✏❐áÙ✰❽❬Ò❍❽➊➓❪➀⑤❿❘❺❼❸➑❿➅❺❼➈❼❺➉➓➊❐✹❸❃➓❪❻✩➂✍❺❼❸✖❙✦❐✹❾➅❺❼Ð➡❐✹❸✖➀✇➃✲➈
❾⑤❽➡➃✹➓❪➀⑤❐✹❾⑤❿➡❶✉ù➓ú❁◆✣ü❦✂★☎✼✣❛✮✰❏❧☎✚✝❂✂✚❃✫þ✓☎★✧✺ü❢❄✠❏✴☎❝þ❈✂✞✣❛☛✓❶✝❻✧❐✹➈✟➔✕➟➡➞✓➍✩❶✦Ö✝Ö✕➔✩➌✖➍✓➢✩❸✖➌❙➋✹➤✩❶☞➟➡➢❅➀❅➀✩➔

❶ ➐✧➋✩❹♠✵✦➔✧➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺✝➃✲❸✦➂❱➒✛➔❁➛➦❐✓❿⑤❽❪❸✖×❨❽❪❾❚❨✧❽❪❾➡❶✧⑨✼❙✝❾⑤❽➊❽❬➆✶➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✏➃✲➈✝Õ③❐✑➂✝❽❪➈❼➈❼❺❼❸❳❨①❐✲Ô⑥❙✦❐✹❾➅❺❼Ð➡❐✹❸✖➀✇➃✲➈✦➓✒❙✦❽❪Õ♠❺➉➓➡➃✲➈✝❻✹➃✲Ö❨❐✹❾
➂✝❽❪Ö❇❐✓❿➅❺❼➀➅❺➉❐✹❸✣➟✓➔❇⑩➄➥①➎★➇❾❩ ➃✲➀➜➃✲➀➅Õ③❐✓❿⑤Ö❳❙✦❽❪❾➅❺➉➓✂Ö✝❾⑤❽➊❿✇❿❚❱✝❾⑤❽✓❶✔ùrú✑P❢✮✽þ♥✌✞✣❈✧✺ü✷♦❭✮✆❏✹✔✻✣❑✝❙❶✡❻✧❐✹➈✟➔✎➟➡➤✓➤✩❶✡Ö✝Ö✕➔❨➍✲➌✖➍✩❸✑➍✧➋✺➃✩❶
➟➡➢✓➢✓➤✩➔

❶ ➐❅➀✍❹♠➎➜➔✓➛❦➔❅❒❡➈➉❽❪❺ ❻❉❸❝➃✲❸✦➂❝➎➜➔❇✵✦➔❅➉➜❐❙❐✺❨✧❽❪❸✦➂✝❐✑❐✹❾➅❸✕❶✧➹✬❿➅➀❚❱✦➂✩➧❱❐✲Ô❍➐❁➆✳❩☎➃✲❸✦➂❝➞❁➆✳❩✬➀➅❾✇➃✲❸✦❿➅Ö❇❐✹❾➅➀✯Ö❳❙✦❽❪❸✦❐✹Õ③❽❪❸✏➃✉❺❼❸☛❙✦❐✹❾➅❺Ó➆
Ð➡❐✹❸✖➀✇➃✲➈❍➓❯❙✦❽❪Õ♠❺➉➓➡➃✲➈❇❻✹➃✲Ö❨❐✹❾★➂✝❽❪Ö❨❐✓❿➅❺❼➀➅❺➉❐✹❸❰❾⑤❽➡➃✹➓❪➀⑤❐✹❾⑤❿➡❶◗P♣✝❂✂✚❃✫þ❛☎✫✧✺ü❂◆■✜❅▲✺þ✳✜✿✂★✂✚✮✽þ✳✜❍▲❪❄✠☎❝þ❈✂✚✜✽☎✫✂❪❶✑❻✧❐✹➈✟➔❙➌❫➃✩❶✖Ö✝Ö✕➔✑➞✓➐✩➟✥❸
➞✓➞✲➌✦❶✕➟➡➢✓➢✩➟✓➔

❶ ➐✓➢✍❹♠➎➜➔❛❒✉➃✲❾ q ❺✟❶✎➝✐➔✐➣❇➔✎➣✩➃✲➀❚❙❙➧✖➃✲Õ✞❱✝❾➅➀❚❙❙➧✧❶✜➃✲❸✦➂✫➣❇➔❍➇❤➔✕➝❆➃✲➀✇➃✲❸ q ➃✲❾➡❶❆⑨✼❙✝❾⑤❽➊❽❬➆✶➂✩❺❼Õ③❽❪❸✦❿➅❺➉❐✹❸✏➃✲➈✛Õ♠❺Ó➏✝❽➊➂❋➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸
❺❼❸➑➃✞❙✦❐✹❾➅❺❼Ð➡❐✹❸❙➀✇➃✲➈✎➓✒❙✦❽❪Õ♠❺➉➓➡➃✲➈✕❻✹➃✲Ö❨❐✹❾❘➂✝❽❪Ö❇❐✓❿⑤❺❼➀➅❺➉❐✹❸✍❾⑤❽➡➃✹➓❪➀⑤❐✹❾➡❶✉ù➓ú✿✥✦✂★✧✩✣❊✬✯✮✆✧✹✜✱✌✳✲✴✂✚✮❪❶✑❻✧❐✹➈✟➔❍➟✓➟➡➍✩❶✩Ö✝Ö✕➔❼➀✓➤✓➞✩❸➓➀✓➤❅➃✩❶
➟➡➢✓➢✓➞✩➔

❶ ➞✓➤✍❹❱❷✂➔❇➙➜➃✲❾❚❱✦❿➳➃➊Ù✻➃✩❶❍➙⑤❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✜➃✲❸✏➃✲➈❼➧✩❿➅❺➉❿➦❐✲Ô★Õ♠❺Ó➏✩❽➊➂➄➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸✾➃✲➀➜➀❚❙✦❽❤❽❪❸✖➀➅❾✇➃✲❸✦➓➊❽❱❾⑤❽❝❨✓❺➉❐✹❸↔❐✲Ô✻➃❝❾⑤❽➊➓❪➀✇➃✲❸✩➆
❨❅❱✝➈➷➃✲❾❹➂r❱✦➓❪➀✲❙✦❽➡➃✲➀⑤❽➊➂✍Ô ❾⑤❐✹Õ ×❨❽❪➈➉❐➡Ù✉❶✽✛✢✜✤✣✳ú✄ùrú✏✥✦✂✆✧❇✣✻�✪✧✹✌✫✌✭✬✱✮✆✧✹✜✱✌❑✲✼✂✞✮❬❶✩❻✧❐✹➈✟➔✏➞❅➃✩❶✦Ö✝Ö✕➔✦➐✓➞✧➋✹➍✩❸✑➐✓➞❅➀✲➌✦❶☞➟➡➢✓➢✓➞✩➔

❶ ➞✩➟✽❹❱→➳➔❪➉➦❐✓❿⑤❐ q ➃➊Ù✛➃✩❶❍✺❤➔✧⑨✐➃✲❸✏➃ q ➃✩❶✝➃✲❸✦➂➣❒♠➔✩✺★➃✲Õ❝➃✲Õ③❐✹➀⑤❐✝❶✩⑩◆❺Ó➏✩❽➊➂❰➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺❼❻✧❽➜Ø✏❐➡Ù✬Ù❘❺❼➀❚❙❝Õ❝➃✹❿✇❿✜➀➅❾✇➃✲❸✦❿❉Ô✢❽❪❾✜❺❼❸ ➃
❙✦❐✹❾➅❺❼Ð➡❐✹❸✖➀✇➃✲➈✦❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾✮➂r❱✦➓❪➀✄❙✦❽➡➃✲➀⑤❽➊➂❱Ô ❾⑤❐✹ÕP×❨❽❪➈➉❐➡Ù✵❿➅❺❼Õ✞❱✝➈➷➃✲➀⑤❽➊➂❤×❙➧✉➀❚❙✦❽✛➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✏➃✲➈✑Ô ❐✺❱✝❾➅❺➉❽❪❾✯❿➅Ö❨❽➊➓❪➀➅❾✇➃✲➈
➃✲❸✏➃✲➈❼➧✑❿➅❺➉❿á❶✤✛✢✜✤✣✳ú✄ù➓ú✏✥●✂✆✧✩✣✷�✪✧✍✌✫✌✭✬✯✮✰✧✩✜✱✌✳✲✴✂✚✮❪❶✝❻✧❐✹➈✟➔✦➞❅➃✩❶✝Ö✝Ö✕➔✏➞✓➤✓➐✓➢✩❸✑➞✓➤✲➌✖➐✩❶✎➟➡➢✓➢✓➞✩➔

❶ ➞✓➐✍❹♠➎➜➔✦➉✂➔✽✺✶❱✕❶✕⑩✫➔✽✺❤➔✕➎★❙✏➃✲❸❳❨✦❶✎➎➜➔☞➎➜➔♦➉⑤❱✏➃✲❸❳❨✦❶☞➃✲❸✦➂↔⑨①➔❨➒✻➔❍⑦✕❺❼❸✕❶✕❷❹❸✦❿⑤➀⑤❽➡➃✹➂✩➧➑❻✧❐✹❾➅➀⑤❽❬➏➄❾⑤❐✹➈❼➈❆❿⑤➀➅❾❚❱✦➓❪➀❚❱✝❾⑤❽➊❿①❺❼❸
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❄rû❊✬♣▼❅③❇③✞❚❂❩❢✟❭✮✆✂✢✌✼❵❝ý✻⑦ ⑧❄ü❦✂✫ÿ❍✂✙♦✼þ❈✂✚✜✱✌✢❩✔û✿✮✆✧✹✜✽☎✫✂❪❶✏❻✧❐✹➈✟➔✕➟✓❶✩Ö✝Ö✕➔✏➐✧➋✓➋✧❸✑➐❅➀✓➐✩❶❇➐✓➤✓➤✲➌✦➔

❶ ➌✖➐✍❹ ➶ ➔✡➙❹❺➉➓➊❐✹➈➷➃✹❿➡❶✿✵✦➔✡⑩✴➔❇⑦✦❱✝❺ ❻ q ➏❍❶✡➃✲❸✦➂✪✵✦➔❘❒♠➔✡➝✮➈➷➃✲➀➅➀⑤❽❪❸✕❶❇⑦✕❺❼❸✦❽➡➃✲❾❡❿⑤➀✇➃✲×✝❺❼➈❼❺❼➀✶➧➑❐✲Ô✮Õ♠❺Ó➏✝❽➊➂◆➓➊❐✹❸❙❻✧❽➊➓❪➀➅❺➉❐✹❸❵Ø✏❐➡Ù✥❿➜❺❼❸
❙✦❐✹❾➅❺❼Ð➡❐✹❸✖➀✇➃✲➈✜❾⑤❽➊➓❪➀✇➃✲❸❳❨❅❱✝➈➷➃✲❾❱➓❯❙✏➃✲❸✝❸✦❽❪➈➉❿✂❐✲Ô★Ñ✦❸✝❺❼➀⑤❽♠➀➅❾✇➃✲❸✦❿⑤❻✧❽❪❾⑤❿✇➃✲➈✮❽❬➏✑➀⑤❽❪❸✦❿⑤❺➉❐✹❸➆❙✦❽➡➃✲➀⑤❽➊➂➄Ô ❾⑤❐✹Õ ×❇❽❪➈➉❐áÙ✉❶❢✛✢✜✤✣✳ú★ù➓ú
✥✦✂✆✧✩✣✡�✪✧✹✌✫✌✭✬✱✮✆✧✹✜✱✌❑✲✼✂✞✮❬❶✩❻✧❐✹➈✟➔✝➌✖➞✩❶✩Ö✝Ö✕➔✡➍❅➀✓➢✩❸➓➃✩➟➡➤✩❶✡➐✓➤✓➤✓➤✩➔

❶ ➌✖➞✍❹❱⑩✴➔❆❩✴❱✝×❨❐✹❺➉❿❃➃✲❸✦➂☎➝✎➔❘➠✛❽❪❾❚❨✧➁✓❶❡⑧❆➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈❦❿➅➀❚❱✦➂✩➧✸❐✲Ô❱➀❚❙✦❽➄❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧ Ñ✏❽❪➈➉➂❏❺❼❸✚➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✩➆✶➠✛➁❪❸✏➃✲❾⑤➂
➓➊❐✹❸✖❻✧❽➊➓❪➀➅❺➉❐✹❸✕❶✄ù➓ú✦û➌ü✌ý➓þ❂ÿ✁�❥✂✆☎✚✝rú➷❶✝❻✧❐✹➈✟➔⑥➀✓➍✩❶✩Ö✝Ö✕➔⑥➃✲➌✦➟✥❸➓➃✓➍✓➞✩❶✎➟➡➢✧➋✺➀✩➔

❶ ➌✓➌✺❹✜➉✂➔✝➝❆➃✲×✝❺➉❐✺❱❵➃✲❸✦➂◆➣❇➔✏⑩◆❽❪❾❚❨❅❱✝❺✟❶✦➝✐❽❪❾⑤❿⑤❐✹❸✏➃✲➈☞➓➊❐✹Õ♠Õ◗❱✝❸✝❺➉➓➡➃✲➀➅❺➉❐✹❸✕❶❍➐✓➤✓➤✲➌✦➔

❶ ➌✖➍✍❹♠✵✦➔✏⑩✫➔✏➎★❙✦❐✹Õ❝➃✲Ð✧❶✡➝✐➔⑥➉⑤❱✦❽❪❾➅❾⑤❽✓❶✏➃✲❸✦➂◆⑦✮➔❖➇❤➔✦➛➦❽➊➂✝❽ q ❐✹Ö✝Ö✕❶✏➠✻❺ÓÔ❀❱✝❾⑤➓➡➃✲➀➅❺➉❐✹❸✦❿❹➀⑤❐♠➈➉❐✑➓➡➃✲➈✎➃✲❸✦➂✖❨✓➈➉❐✹×✏➃✲➈✎Õ③❐❙➂✝❽➊❿❹❺❼❸
❿➅Ö✏➃✲➀➅❺➷➃✲➈❼➈❼➧✍➂✝❽❪❻✧❽❪➈➉❐✹Ö✝❺❼❸❳❨③Ø✏❐➡Ù✥❿á❶✽✟✡✝☞☛✍✌✥þ✓☎★✧✺ü✿✎✑✂✚✒✧þ❈✂✚✔⑩⑨❁✂✞✣✓✣✉✂✞✮✫✌❪❶✝❻✧❐✹➈✟➔❼➃✓➤✩❶✝Ö✝Ö✕➔✏➐✓➍✩❸✑➐❅➀✩❶✕➟➡➢❅➀❅➀✩➔

➐❅➀



➀⑤❽➊❿➅➀❹➓➡➃✹❿⑤❽ ❾⑤❐✹➈❼➈➉❿
A B Nx Ny Nz N ∆t Nt tCPU−tot

➟✯❞❷❶⑤➌✦➔ ➐✩➔❼➟✩❡
// 40 9.65 480 120 32 1.85 × 106 5 × 10−3 10000 45 min

➐⑨❞❷❶⑤➌✦➔ ➐✩➔ ➐✘❡
// 40 3.63 480 90 32 1.38 × 106 5 × 10−3 6000 20 min

➐⑨❞❷❶⑤➌✦➔ ➐✩➔ ➐✘❡
⊥ 27 3.63 400 60 30 0.72 × 106 2 × 10−3 20000 40 min

➞⑨❞❷❶⑤➌✦➔ ➐✩➔ ➞✘❡
≈ 250 10.38 1250 120 30 4.5 × 106 2 × 10−2 20000 4 h 10

⑨✐➃✲×✝➈➉❽❡➟❅➑☞➝❆➃✲❾✇➃✲Õ③❽❪➀⑤❽❪❾⑤❿✮❐✲Ô✦➀❚❙✦❽★❿⑤Ö✏➃✹➓➊❽✻➃✲❸✦➂❱➀➅❺❼Õ③❽✻➂✩❺➉❿⑤➓❪❾⑤❽❪➀➅❺❼Ðá➃✲➀➅❺➉❐✹❸✦❿✐Ô ❐✹❾✐➀❚❙✦❽✻❿➅❺❼Õ✞❱✝➈➷➃✲➀➅❺➉❐✹❸✦❿✯❐✲Ô✦➀❚❙✦❽✻➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀❆➀⑤❽➊❿➅➀
➓➡➃✹❿✇❽➊❿✛Ö✝❾⑤❽➊❿⑤❽❪❸✖➀⑤❽➊➂ ❺❼❸✍❿❚❱✝×✦❿⑤❽➊➓❪➀➅❺➉❐✹❸✍➌✦➔ ➐❤➃✲❸✦➂ ➀⑤❐✹➀✇➃✲➈✎➎✻➝✮❷ ➀➅❺❼Õ③❽

tCPU−tot
❸✦❽➊➓➊❽➊❿⑤❿✇➃✲❾➅➧③Ô✢❐✹❾✻➀❚❙✦❽❪❺❼❾✥➓➊❐✹Õ♠Ö❳❱✝➀➅❺❼❸❳❨✦➔

➐✓➢



❸➅⑧❯÷✲◆◗P♦❋❉❏✄▲❆Ò◗▼❖⑧❯❈✲❍✜➨

û✶þ❦▲✺ý❅✮✆✂❜❘☞❹⑤➇❡❽➊❐✹Õ③❽❪➀➅❾➅➧❃➃✲❸✦➂ ➀⑤❐✹Ö◆➃✲❸✦➂ ×❨❐✹➀➅➀⑤❐✹Õ ➀❚❙✦❽❪❾➅Õ❝➃✲➈✕×❨❐✺❱✝❸✦➂✦➃✲❾➅➧✍➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿◗❞ ➀❚❙✦❽①❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈☞➈➷➃✲➀⑤❽❪❾✇➃✲➈
Ù✛➃✲➈❼➈➉❿➦➃✲➀

Y = 0
➃✲❸✦➂

W
➃✲❾⑤❽❦➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓✩❡❬➔

û✶þ❦▲✺ý❅✮✆✂✙▼❅❹③➛❹❽❪➈➷➃✲➀➅❺❼❻✧❽③❽❪❾➅❾⑤❐✹❾⑤❿
ǫf

×❨❽❪➀✶Ù★❽➊❽❪❸✾➀❚❙✦❽③➃✲❸✏➃✲➈❼➧❙➀➅❺➉➓➡➃✲➈★➃✲❸✦➂✾➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂➄Ñ✏❽❪➈➉➂✝❿❬❞✢➃✘❡❡➃✹❿❦➃❰Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸
❐✲Ô

∆x
Ô ❐✹❾❡➃♠❿➅➀⑤❽➡➃✹➂✩➧ Ø✏❐áÙP➃✲❸✦➂é❞ ×❖❡❹➃✹❿➦➃♠Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸❵❐✲Ô

∆t
Ô✢❐✹❾➦➃✲❸⑨❱✝❸✦❿⑤➀⑤❽➡➃✹➂✩➧ Ø✏❐➡Ù✉➔❘⑨✼❙✦❽❦❿⑤Ö✏➃✹➓➊❽✂➃✲❸✦➂❃➀➅❺❼Õ③❽

➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❦❐✹❾⑤➂✝❽❪❾⑤❿❹➃✲❾⑤❽❡❾⑤❽➊❿⑤Ö❇❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧➣❨✓❺❼❻✧❽❪❸❃×✖➧ ➀❚❙✦❽①❿➅➈➉❐✹Ö❨❽➊❿❘❐✲Ô✎➀❚❙✦❽①➓❝❱✝❾➅❻✧❽➊❿
log(ǫf ) = f(log(∆x))

➃✲❸✦➂

log(ǫf ) = f(log(∆t))
➔✮⑨✕Ù✻❐③➈❼❺❼❸✦❽➊❿❘Ù❆❙✦❐✓❿⑤❽❦❿➅➈➉❐✹Ö❇❽❡❺➉❿❹❽✠❭❫❱✏➃✲➈❍➀⑤❐❝➐♠➃✲❾⑤❽❦➂✩❾✇➃➊Ù❘❸❃Ô✢❐✹❾✥➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✕➔

û✶þ❦▲✺ý❅✮✆✂✙④❍❹♠➣❙Ö✏➃✲❸❙Ù❘❺➉❿⑤❽❤Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿①❐✲Ô★➀❚❙✦❽♠➃❁➏✩❺➷➃✲➈✐❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❵➓➊❐✹Õ♠Ö❇❐✹❸✦❽❪❸❙➀
U
❶❍➃✲➀✉➞ ➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀❦➃❁➏✑❺➷➃✲➈✯➓➊❐✑❐✹❾⑤➂✩❺Ó➆

❸✏➃✲➀⑤❽➊❿á❶❆➃✲➀
Z = 0.5H

❞ ➀⑤❐✹Ö❖❡❦➃✲❸✦➂✴➃✲➀
Z = 0.2H

❞ ×❨❐✹➀➅➀⑤❐✹Õ✯❡❬❶✐❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧✾➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✴×✖➧↔➀❚❙✦❽❝Ö✝❾⑤❽➊❿⑤❽❪❸✖➀
➓➊❐✑➂✝❽❵❞ ➈❼❺❼❸✦❽➊❿✥❡❡➃✲❸✦➂↔➓➊❐✹Õ♠Ö✏➃✲❾⑤❽➊➂↔Ù❘❺❼➀❚❙↔➀❚❙✦❽♠❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✮❾⑤❽➊❿❚❱✝➈❼➀⑤❿❬❶ ➌✺❹⑤❞ ➓❪❾⑤❐✓❿⑤❿⑤❽➊❿✥❡➜➃✲❸✦➂➄Ù❘❺❼➀❚❙↔➀❚❙✦❽❤❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈
❾⑤❽➊❿❯❱✝➈❼➀⑤❿✞❶❼➟➡➐✍❹★❞ ➂✦➃✹❿❚❙✦❽➊➂✍➈❼❺❼❸✦❽➊❿✽❡❬❶✝❺❼❸◆➃❱➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈☞❾⑤❐✹➈❼➈✕Ø✏❐➡Ù➸❞

Re=42
❶
Ra=4878

❶
Pr=0.71

❡❬➔
û✶þ❦▲✺ý❅✮✆✂✑❚✽❹❹➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿✇❐✹❸ ❐✲Ô☞❿⑤Ö✏➃✲❸✖Ù❘❺➉❿⑤❽➦Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿✛❐✲Ô✕➀❚❙✦❽❹❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈❨❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❝➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀

W
❶✑➃✲➀

(x, z)=

(15.7, 0.5)
❶➜❺❼❸❏➃❋➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❡❾⑤❐✹➈❼➈✥Ø✏❐áÙ ➃✲➀ ➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀ ➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✸❸❪❱✝Õ❦×❨❽❪❾⑤❿↔❞

Re = 1.02
❶

Pr = 6.4
❡❬➔

➙⑤❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈☞❾⑤❽➊❿❯❱✝➈❼➀⑤❿❹➃✲❾⑤❽①❺❼❸✍➈❼❺❼❸✦❽➊❿➦➃✲❸✦➂ ➀❚❙✦❽❦❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✎❾⑤❽➊❿❚❱✝➈❼➀⑤❿➄❶ ➍✍❹✐➃✲❾⑤❽❡❺❼❸➑❿⑤➧❙Õ✂×❇❐✹➈➉❿➡➔
û✶þ❦▲✺ý❅✮✆✂❞❺☞❹✍→❖❸✦❿➅➀✇➃✲❸✖➀✇➃✲❸✦❽➊❐✺❱✦❿❱❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✛❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶

W
❶☞❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✻❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✾❽❪❸✖❻✧❽❪➈➉❐✹Ö✕❶

Wen
❶✯➃✲❸✦➂✫➃➡❻✧❽❪❾✇➃✁❨✧❽

❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✑❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶
Wav

❶✓➃✲➀
(Y,Z)=(l/2,H/2)

❶✑➃✹❿✎➃❘Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸❤❐✲Ô
X

❞
Ra=4700

❶
Re=0.21

❶
Pr=6.4

❡❬➔
û✶þ❦▲✺ý❅✮✆✂✭❻❇❹❦➣➓❭❪❱✏➃✲❾⑤❽❱❐✲Ô✮➀❚❙✦❽❦❿✇➃✲➀❚❱✝❾✇➃✲➀➅❺➉❐✹❸➄❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✐❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✧❶

W 2
s

❶❨➃✹❿➜➃♠Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸➄❐✲Ô
Ra
❶✡Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂➄➃✲➀

Y = l/2
➃✲❸✦➂

Z = H/2
❺❼❸❋➃❰➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✯❾⑤❐✹➈❼➈✐Ø✏❐áÙ✉❶✎➃✲➀

Re = 0.21
➃✲❸✦➂

Pr = 6.4
➔❱➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿✇❐✹❸✾❐✲Ô

➀❚❙✦❽✉Ö✝❾⑤❽➊❿⑤❽❪❸✖➀✥❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❯❱✝➈❼➀⑤❿❘Ù❘❺❼➀❚❙❃➀❚❙✦❽✉❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✕❾⑤❽➊❿❚❱✝➈❼➀⑤❿➦❐✲Ô✮➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺☞❽❪➀➜➃✲➈✟➔✎❞❉➟➡➢✓➢✓➤✘❡❾❶ ➍✍❹✶➔
û✶þ❦▲✺ý❅✮✆✂✦❼❽❹✻⑨☞❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✝❾⑤❐✹➈❼➈✑Ö❳❙✏➃✹❿⑤❽✻❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✧❶

c⊥
❶✧➃✹❿❆➃❹Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸♠❐✲Ô✦➀❚❙✦❽✛➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙❤❸❪❱✝Õ❦×❨❽❪❾✎❞

Pr=6.4
❶

B = 3.63
❡❬➔❱➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸❋❐✲Ô★➀❚❙✦❽❱❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✯❾⑤❽➊❿❚❱✝➈❼➀⑤❿❡❐✲Ô❘➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺✯❽❪➀✉➃✲➈✟➔❿❞❉➟➡➢✓➢✓➤✘❡✜❶ ➍✍❹✶❶❇Ù❘❺❼➀❚❙➄➀❚❙✦❽❤➐✺❩

❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❯❱✝➈❼➀⑤❿✥❐✲Ô❆➙➦❺➉➓➊❐✹➈➷➃✹❿✥❽❪➀➦➃✲➈✟➔✲❞❉➟➡➢✓➢✧➋❅❡➄❶❼➟á➋✩❹✎➃✲❸✦➂✍➀❚❙✦❽①Ö✝❾⑤❽➊❿⑤❽❪❸❙➀➦➞✺❩ä❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❚❱✝➈❼➀⑤❿➡➔
û✶þ❦▲✺ý❅✮✆✂❙❾❍❹✍⑨✎❐✹Ö✴❻✑❺➉❽❪Ù ❐✲Ô✥➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✫➀⑤❽❪Õ♠Ö❇❽❪❾✇➃✲➀❚❱✝❾⑤❽❝Ñ✏❽❪➈➉➂✝❿➡❶

θ
❶✎❺❼❸✾➀❚❙✦❽❰Ö✝➈➷➃✲❸✦❽

z = 0.5
❶✮➃✲➀✂➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✖➀

➀➅❺❼Õ③❽➊❿á❶✕➂r❱✝❾➅❺❼❸❳❨❃➀❚❙✦❽♠➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀❱❐✲Ô★Ù✛➃➊❻✑➧❵❾⑤❐✹➈❼➈➉❿á❶✕❐✹×✝➀✇➃✲❺❼❸✦❽➊➂➄×✖➧❵❺❼❸✖➀➅❾⑤❐✑➂r❱✦➓❪❺❼❸❳❨❵➃
3 Hz

❺❼❸✝➈➉❽❪➀✉❿⑤❺❼❸❫❱✦❿⑤❐✹❺➉➂✦➃✲➈
❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸③❐✹❸❤➀❚❙✦❽✻❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✂Ö✝❾⑤❐✲Ñ✦➈➉❽★Ô✢❐✹❾

t > 0
❺❼❸♠➃➜❿➅➀⑤❽➡➃✹➂✩➧❦➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✦❾⑤❐✹➈❼➈✑Ø✏❐➡Ù➢❞

Pr=0.7
❶
Ra=6300

❶

Re=162
❶
A=250

❶
Ae =2

❶
B=10.38

❡❬➔✯⑨✼❙✦❽✻➂✦➃✲❾ q ❽❪❾✯➈❼❺❼❸✦❽➊❿✯➓➊❐✹❾➅❾⑤❽➊❿⑤Ö❇❐✹❸✦➂❱➀⑤❐➜×❇❐✹➀❚❙❤➀❚❙✦❽✣❙✦❐✹➀➅➀⑤❽❪❾✮➃✲❸✦➂❤➓➊❐✹➈➉➂✝❽❪❾
➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽➊❿➦➃✲❸✦➂❃➀❚❙✦❽❪❾⑤❽❬Ô ❐✹❾⑤❽❡➀⑤❐✫❱✝Ö❙Ù✻➃✲❾⑤➂◆➃✲❸✦➂➑➂✝❐➡Ù❘❸✖Ù✛➃✲❾⑤➂✍Ø✏❐áÙ✥❿✧➑✯➀❚❙✦❽❪❾⑤❽①❺➉❿✛➀❚❙❪❱✦❿❹❐✹❸✦❽❡❾⑤❐✹➈❼➈❍×❨❽❪➀✶Ù★❽➊❽❪❸◆➀✶Ù✻❐
➂✦➃✲❾ q ➈❼❺❼❸✦❽➊❿➡➔✖❞✢➃✘❡✴❩❡❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀❱❐✲Ô➜➟➡➤ Ù✻➃➡❻❙➧➄❾⑤❐✹➈❼➈➉❿❡Ô✢❐✹❾✉➃✲❸❋❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✴❐✲Ô✛➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽

vmax−pert = 0.37
➔

❞ ×❖❡❆❩➜❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀➜❐✲Ô✛➟➡➐❤Ù✻➃➡❻❙➧ ❾⑤❐✹➈❼➈➉❿✛Ô✢❐✹❾➦➃✲❸❃❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸➑❐✲Ô✮➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽
vmax−pert =3.7

➔

û✶þ❦▲✺ý❅✮✆✂✁❿❍❹❡➹❹➏✑❺➷➃✲➈✎Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿❡❐✲Ô✮➀❚❙✦❽✉❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✐❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧
W (x)

❶❇➃✲➈➉❐✹❸❳❨ ➀❚❙✦❽✉➈❼❺❼❸✦❽
(Y, Z) = (l/2, H/2)

❶

Ô✢❐✹❾❘➀❚❙✦❽①➀❖Ù★❐♠Ô❀❱✝➈❼➈❼➧❙➆✶❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂✍Ù✛➃➊❻✑➧ ❾⑤❐✹➈❼➈✕Ø✏❐➡Ù✥❿✥Ö✝❾⑤❽➊❿✇❽❪❸✖➀⑤❽➊➂❃❐✹❸➑➒✐❺❴❨❅❱✝❾⑤❽✞➀♠➃✲➀❹➀➅❺❼Õ③❽
t = 400

➔

➞✓➤



➒✐❺❴❨❅❱✝❾⑤❽①➟❅➑✸➇❡❽➊❐✹Õ③❽❪➀➅❾➅➧❤➃✲❸✦➂❤➀⑤❐✹Ö③➃✲❸✦➂❤×❨❐✹➀➅➀⑤❐✹Õ÷➀❚❙✦❽❪❾➅Õ❝➃✲➈✝×❇❐✺❱✝❸✦➂✦➃✲❾➅➧❱➓➊❐✹❸✦➂✩❺❼➀➅❺➉❐✹❸✦❿⑤❞ ➀❚❙✦❽✻❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✦➈➷➃✲➀⑤❽❪❾✇➃✲➈✝Ù✛➃✲➈❼➈➉❿
➃✲➀

Y = 0
➃✲❸✦➂

W
➃✲❾⑤❽❦➃✹➂✩❺➷➃✲×✏➃✲➀➅❺➉➓✩❡❬➔
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t/2

ε
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:     f(t)=e
t/2

ε
u, v, w

: f(t)=sin(πt/2)

ε
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:     f(t)=sin(πt/2)

slope=2

➀❦➃✹➂

➒✐❺❴❨❅❱✝❾⑤❽ ➐r➑♠➛❹❽❪➈➷➃✲➀➅❺❼❻✧❽ ❽❪❾➅❾⑤❐✹❾⑤❿
ǫf

×❨❽❪➀✶Ù✻❽➊❽❪❸✣➀❚❙✦❽ ➃✲❸✏➃✲➈❼➧✑➀➅❺➉➓➡➃✲➈✛➃✲❸✦➂✫➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂✴Ñ✏❽❪➈➉➂✝❿➣❞✢➃✘❡✂➃✹❿❤➃✍Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸✫❐✲Ô

∆x
Ô✢❐✹❾❱➃✍❿➅➀⑤❽➡➃✹➂✩➧❵Ø✏❐áÙ ➃✲❸✦➂➲❞ ×❖❡✉➃✹❿✂➃ Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸✫❐✲Ô

∆t
Ô✢❐✹❾❱➃✲❸➆❱✝❸✦❿⑤➀⑤❽➡➃✹➂✩➧➄Ø✏❐➡Ù✉➔✍⑨✼❙✦❽❝❿⑤Ö✏➃✹➓➊❽❰➃✲❸✦➂❋➀➅❺❼Õ③❽

➓➊❐✹❸❙❻✧❽❪❾❚❨✧❽❪❸✦➓➊❽❦❐✹❾⑤➂✝❽❪❾⑤❿❹➃✲❾⑤❽❡❾⑤❽➊❿⑤Ö❇❽➊➓❪➀➅❺❼❻✧❽❪➈❼➧➣❨✓❺❼❻✧❽❪❸❃×✖➧ ➀❚❙✦❽①❿➅➈➉❐✹Ö❨❽➊❿❘❐✲Ô✎➀❚❙✦❽①➓❝❱✝❾➅❻✧❽➊❿
log(ǫf ) = f(log(∆x))

➃✲❸✦➂

log(ǫf ) = f(log(∆t))
➔✮⑨✕Ù✻❐③➈❼❺❼❸✦❽➊❿❘Ù❆❙✦❐✓❿⑤❽❦❿➅➈➉❐✹Ö❇❽❡❺➉❿❹❽✠❭❫❱✏➃✲➈❍➀⑤❐❝➐♠➃✲❾⑤❽❦➂✩❾✇➃➊Ù❘❸❃Ô✢❐✹❾✥➓➊❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✕➔
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➀❦➄★➂
X = 30mm

➒✐❺❴❨❅❱✝❾⑤❽✛➞r➑✐➣❙Ö✏➃✲❸❙Ù❘❺➉❿⑤❽✻Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿✐❐✲Ô✦➀❚❙✦❽✻➃❁➏✑❺➷➃✲➈✑❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❦➓➊❐✹Õ♠Ö❨❐✹❸✦❽❪❸✖➀
U
❶✓➃✲➀✯➞✥➂✩❺ÓÒ❍❽❪❾⑤❽❪❸✖➀✮➃❁➏✑❺➷➃✲➈✑➓➊❐❙❐✹❾⑤➂✩❺❼❸✏➃✲➀⑤❽➊❿á❶✧➃✲➀

Z = 0.5H
❞ ➀⑤❐✹Ö❖❡✥➃✲❸✦➂◆➃✲➀

Z = 0.2H
❞ ×❨❐✹➀➅➀⑤❐✹Õ✯❡❬❶✝❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈❼➈❼➧◆➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❃×✖➧ ➀❚❙✦❽①Ö✝❾⑤❽➊❿✇❽❪❸✖➀➦➓➊❐✑➂✝❽❬❞ ➈❼❺❼❸✦❽➊❿✥❡

➃✲❸✦➂✴➓➊❐✹Õ♠Ö✏➃✲❾⑤❽➊➂✫Ù❘❺❼➀❚❙✾➀❚❙✦❽❝❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✻❾⑤❽➊❿❚❱✝➈❼➀⑤❿✯❶ ➌✺❹❲❞ ➓❪❾⑤❐✓❿⑤❿⑤❽➊❿✥❡✉➃✲❸✦➂❋Ù❘❺❼➀❚❙✫➀❚❙✦❽③❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✻❾⑤❽➊❿❚❱✝➈❼➀⑤❿➣❶❼➟➡➐✍❹
❞ ➂✦➃✹❿❯❙✦❽➊➂✍➈❼❺❼❸✦❽➊❿✥❡❬❶✝❺❼❸➑➃❤➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈✎❾⑤❐✹➈❼➈❍Ø✏❐➡Ù❉❞

Re=42
❶
Ra=4878

❶
Pr=0.71

❡❬➔
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Ra = 3494
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➀❦➄★➂
Ra = 4724

➒✐❺❴❨❅❱✝❾⑤❽❰➌❼➑❝➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸✵❐✲Ô❹❿➅Ö✏➃✲❸✖Ù❘❺➉❿✇❽❝Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿❤❐✲Ô✥➀❚❙✦❽❰❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✻❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✴➓➊❐✹Õ♠Ö❇❐✹❸✦❽❪❸❙➀
W
❶✯➃✲➀

(x, z) =

(15.7, 0.5)
❶➜❺❼❸❏➃❋➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❡❾⑤❐✹➈❼➈✥Ø✏❐áÙ ➃✲➀ ➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀ ➛➜➃➊➧✑➈➉❽❪❺❴❨❅❙✸❸❪❱✝Õ❦×❨❽❪❾⑤❿↔❞

Re = 1.02
❶

Pr = 6.4
❡❬➔

➙⑤❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈☞❾⑤❽➊❿❯❱✝➈❼➀⑤❿❹➃✲❾⑤❽①❺❼❸✍➈❼❺❼❸✦❽➊❿➦➃✲❸✦➂ ➀❚❙✦❽❦❽❬➏✑Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✎❾⑤❽➊❿❚❱✝➈❼➀⑤❿➄❶ ➍✍❹✐➃✲❾⑤❽❡❺❼❸➑❿⑤➧❙Õ✂×❇❐✹➈➉❿➡➔
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➒✐❺❴❨❅❱✝❾⑤❽✛➍r➑☞→❖❸✦❿➅➀✇➃✲❸✖➀✇➃✲❸✦❽➊❐✺❱✦❿✐❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✩❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶
W

❶❁❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✑❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧❦❽❪❸❙❻✧❽❪➈➉❐✹Ö✕❶
Wen

❶✓➃✲❸✦➂❱➃➡❻✧❽❪❾✇➃✁❨✧❽✻❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈
❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶

Wav
❶✦➃✲➀

(Y,Z)=(l/2,H/2)
❶❨➃✹❿❹➃❱Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸➑❐✲Ô

X
❞
Ra=4700

❶
Re=0.21

❶
Pr=6.4

❡❬➔
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Numerical simulations 

Experimental measurement

➒✐❺❴❨❅❱✝❾⑤❽➅➃r➑❵➣➓❭❪❱✏➃✲❾⑤❽➑❐✲Ô①➀❚❙✦❽❃❿✇➃✲➀❚❱✝❾✇➃✲➀➅❺➉❐✹❸✬❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈❹❻✧❽❪➈➉❐✑➓❪❺❼➀✶➧✧❶
W 2

s

❶❘➃✹❿❰➃❵Ô❀❱✝❸✦➓❪➀➅❺➉❐✹❸✸❐✲Ô
Ra
❶✻Õ③❽➡➃✹❿❚❱✝❾⑤❽➊➂✬➃✲➀

Y = l/2
➃✲❸✦➂

Z = H/2
❺❼❸❋➃❰➀➅❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈✯❾⑤❐✹➈❼➈✐Ø✏❐áÙ✉❶✎➃✲➀

Re = 0.21
➃✲❸✦➂

Pr = 6.4
➔❱➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿✇❐✹❸✾❐✲Ô

➀❚❙✦❽✉Ö✝❾⑤❽➊❿⑤❽❪❸✖➀✥❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❯❱✝➈❼➀⑤❿❘Ù❘❺❼➀❚❙❃➀❚❙✦❽✉❽❬➏✩Ö❇❽❪❾➅❺❼Õ③❽❪❸❙➀✇➃✲➈✕❾⑤❽➊❿❚❱✝➈❼➀⑤❿➦❐✲Ô✮➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺☞❽❪➀➜➃✲➈✟➔✎❞❉➟➡➢✓➢✓➤✘❡❾❶ ➍✍❹✶➔
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➒✐❺❴❨❅❱✝❾⑤❽③➋➓➑❹⑨☞❾✇➃✲❸✦❿➅❻✧❽❪❾⑤❿✇➃✲➈❆❾⑤❐✹➈❼➈❆Ö❳❙✏➃✹❿⑤❽✂❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧✧❶
c⊥
❶❍➃✹❿①➃③Ô❄❱✝❸✦➓❪➀➅❺➉❐✹❸↔❐✲Ô✜➀❚❙✦❽❤➛➦➃➡➧❙➈➉❽❪❺❴❨❅❙➄❸❪❱✝Õ❦×❨❽❪❾❬❞

Pr = 6.4
❶

B = 3.63
❡❬➔❱➎✻❐✹Õ♠Ö✏➃✲❾➅❺➉❿⑤❐✹❸❋❐✲Ô★➀❚❙✦❽❱❽❬➏✩Ö❨❽❪❾➅❺❼Õ③❽❪❸✖➀✇➃✲➈✯❾⑤❽➊❿❚❱✝➈❼➀⑤❿❡❐✲Ô❘➥⑤❱✏➃✲Ð➊Ðá➃✲❸✝❺✯❽❪➀✉➃✲➈✟➔❿❞❉➟➡➢✓➢✓➤✘❡✜❶ ➍✍❹✶❶❇Ù❘❺❼➀❚❙➄➀❚❙✦❽❤➐✺❩

❸❪❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❯❱✝➈❼➀⑤❿✥❐✲Ô❆➙➦❺➉➓➊❐✹➈➷➃✹❿✥❽❪➀➦➃✲➈✟➔✲❞❉➟➡➢✓➢✧➋❅❡➄❶❼➟á➋✩❹✎➃✲❸✦➂✍➀❚❙✦❽①Ö✝❾⑤❽➊❿⑤❽❪❸❙➀➦➞✺❩ä❸❫❱✝Õ③❽❪❾➅❺➉➓➡➃✲➈✎❾⑤❽➊❿❚❱✝➈❼➀⑤❿➡➔

➞✧➋



➀✘➁✞➂
vmax−pert = 0.37

➀❦➃✹➂
vmax−pert = 3.7

➒✐❺❴❨❅❱✝❾⑤❽✜➀r➑✮⑨☞❐✹Ö◆❻❙❺➉❽❪Ù ❐✲Ô✯➓➊❐✹Õ♠Ö❳❱✝➀⑤❽➊➂❃➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽①Ñ✏❽❪➈➉➂✝❿á❶
θ
❶✩❺❼❸❃➀❚❙✦❽①Ö✝➈➷➃✲❸✦❽

z = 0.5
❶✡➃✲➀➦➂✩❺ÓÒ❨❽❪❾⑤❽❪❸❙➀❹➀➅❺❼Õ③❽➊❿➡❶

➂r❱✝❾➅❺❼❸❳❨①➀❚❙✦❽✛➂✝❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀✜❐✲Ô✡Ù✛➃➊❻✑➧❦❾⑤❐✹➈❼➈➉❿➡❶✧❐✹×✝➀✇➃✲❺❼❸✦❽➊➂❤×❙➧❦❺❼❸❙➀➅❾⑤❐❙➂r❱✦➓❪❺❼❸❳❨❦➃
3 Hz

❺❼❸✝➈➉❽❪➀✯❿➅❺❼❸❫❱✦❿✇❐✹❺➉➂✦➃✲➈✦❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸
❐✹❸❝➀❚❙✦❽❘❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧❤Ö✝❾⑤❐✲Ñ✦➈➉❽✛Ô ❐✹❾

t > 0
❺❼❸❝➃①❿⑤➀⑤❽➡➃✹➂✩➧✂➈➉❐✹❸❳❨✓❺❼➀❚❱✦➂✩❺❼❸✏➃✲➈❇❾⑤❐✹➈❼➈✩Ø✏❐➡Ù ❞

Pr=0.7
❶
Ra=6300

❶
Re=162

❶

A = 250
❶

Ae = 2
❶

B = 10.38
❡❬➔ ⑨✼❙✦❽➄➂✦➃✲❾ q ❽❪❾ ➈❼❺❼❸✦❽➊❿ ➓➊❐✹❾➅❾⑤❽➊❿➅Ö❨❐✹❸✦➂✸➀⑤❐✫×❨❐✹➀❚❙✸➀❚❙✦❽➅❙✦❐✹➀➅➀⑤❽❪❾❃➃✲❸✦➂✬➓➊❐✹➈➉➂✝❽❪❾

➀⑤❽❪Õ♠Ö❨❽❪❾✇➃✲➀❚❱✝❾⑤❽➊❿➦➃✲❸✦➂❃➀❚❙✦❽❪❾⑤❽❬Ô ❐✹❾⑤❽❡➀⑤❐✫❱✝Ö❙Ù✻➃✲❾⑤➂◆➃✲❸✦➂➑➂✝❐➡Ù❘❸✖Ù✛➃✲❾⑤➂✍Ø✏❐áÙ✥❿✧➑✯➀❚❙✦❽❪❾⑤❽①❺➉❿✛➀❚❙❪❱✦❿❹❐✹❸✦❽❡❾⑤❐✹➈❼➈❍×❨❽❪➀✶Ù★❽➊❽❪❸◆➀✶Ù✻❐
➂✦➃✲❾ q ➈❼❺❼❸✦❽➊❿➡➔✖❞✢➃✘❡✴❩❡❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸✖➀❱❐✲Ô➜➟➡➤ Ù✻➃➡❻❙➧➄❾⑤❐✹➈❼➈➉❿❡Ô✢❐✹❾✉➃✲❸❋❽❬➏✩➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸✴❐✲Ô✛➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽ vmax−pert = 0.37

➔

❞ ×❖❡❆❩➜❽❪❻✧❽❪➈➉❐✹Ö✝Õ③❽❪❸❙➀➜❐✲Ô✛➟➡➐❤Ù✻➃➡❻❙➧ ❾⑤❐✹➈❼➈➉❿✛Ô✢❐✹❾➦➃✲❸❃❽❬➏✝➓❪❺❼➀✇➃✲➀➅❺➉❐✹❸➑❐✲Ô✮➃✲Õ♠Ö✝➈❼❺❼➀❚❱✦➂✝❽
vmax−pert =3.7

➔

➞❅➀
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➒✐❺❴❨❅❱✝❾⑤❽❤➢r➑❘➹✥➏✩❺➷➃✲➈✐Ö✝❾⑤❐✲Ñ✦➈➉❽➊❿➜❐✲Ô✮➀❚❙✦❽✂❻✧❽❪❾➅➀➅❺➉➓➡➃✲➈✐❻✧❽❪➈➉❐❙➓❪❺❼➀❖➧
W (x)

❶❇➃✲➈➉❐✹❸❳❨ ➀❚❙✦❽✂➈❼❺❼❸✦❽
(Y, Z) = (l/2, H/2)

❶❇Ô✢❐✹❾

➀❚❙✦❽✉➀✶Ù★❐③Ô❄❱✝➈❼➈❼➧❙➆✶❽➊❿➅➀✇➃✲×✝➈❼❺➉❿❚❙✦❽➊➂❃Ù✻➃➊❻✑➧ ❾⑤❐✹➈❼➈❨Ø✏❐➡Ù✥❿❹Ö✝❾⑤❽➊❿⑤❽❪❸✖➀⑤❽➊➂◆❐✹❸➑➒✐❺❴❨❅❱✝❾⑤❽✞➀♠➃✲➀✥➀➅❺❼Õ③❽
t = 400

➔

➞✓➢


