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Abstract

A number of recent studies suggest that human and animal mobility patterns
exhibit scale-free, Lévy-flight dynamics. However, current reaction-diffusion
epidemics models do not account for the superdiffusive spread of modern
epidemics due to Lévy flights. We have developed a SIR model to simulate the
spatial spread of a hypothetical epidemic driven by long-range displacements
in the infective and susceptible populations. The model has been obtained by
replacing the second-order diffusion operator by a fractional-order operator.
Theoretical developments and numerical simulations show that fractional-
order diffusion leads to an exponential acceleration of the epidemic’s front
and a power-law decay of the front’s leading tail. Our results indicate the
potential of fractional-order reaction-diffusion models to represent modern
epidemics.

Keywords:  Fractional-order diffusion, Lévy flights, epidemics spatial
spread, front dynamics

1. Introduction

The spread of epidemics caused by directly-transmitted pathogens is re-
lated to the interactions between susceptible and infective individuals. The
occurrence of such interactions is a direct consequence of the mobility pat-
terns of individuals in their home range. Recent studies have shown that
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mobility patterns for both humans and animals can be quite complex and
exhibit a scale-free dynamics, characteristic of Lévy flights (see [3] for a re-
view). Unlike ordinary Gaussian dispersion processes, Lévy flights are drawn
from a probability distribution function with heavier tails than a Normal dis-
tribution. Such an asymptotic behaviour means that large displacements are
more likely. Lévy flights are therefore superdiffusive as they disperse par-
ticles faster than a Gaussian random-walk. Lévy-flight patterns have been
observed in the dispersion of bank notes [2], human mobility patterns de-
rived from mobile phone data [18] as well as in the foraging patterns of a
numbers of animal species [39, 40, 36, 23| although questions remain about
the empirical evidence of some biological Lévy flights [15].

The existence of Lévy-flight mobility patterns suggests that modern epi-
demics cannot be represented by second-order reaction-diffusion models that
implicitly assume a Gaussian dispersion process. Such models are only appli-
cable when the infective and susceptible individuals travel short distances as
compared to geographical distances. They lead to epidemic fronts that travel
at a constant velocity and have been used, for instance, to model the spread
of the Black Death in Europe in the 14th century [30]. Modern epidemics
such as SARS or avian inflenza can spread around the world in a few weeks
and seem to follow a non-Gaussian, scale-free dynamics [22, 37].

It has been shown that for Lévy-flight dispersion, the density function
representing the population is the solution of a fractional-order diffusion
equation [6, 28]. Unlike integer-order derivatives that are local operators,
fractional-order derivatives are non-local, integro-differential operators [31,
33]. As such, they can be used to represent memory effects and long-range
dispersion processes. In the last decade, fractional-order diffusion models
have been an active field of research both from a theoretical and applied
perspective. They have been proposed to model a wide range of problems
in surface and subsurface hydrology [32, 11, 24|, plasma turbulence [9, 10],
finance [35, 27, 19, 4] and biology [13, 12].

In epidemiology, fractional-order models have just been mentionned in a
couple of studies. Brockmann et al. [2] have shown that the density of bank
notes originating from a given city is solution of a space-time fractional diffu-
sion equation and have suggested that an epidemic spread could be modelled
by a similar equation. In a subsequent study [1], Brockmann has proposed a
SIR model that includes fractional-order diffusion. Some preliminary results
are presented in that study but the properties of the model solutions are not
discussed in detail. The goal of the present study is therefore to discuss in
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greater detail the properties of fractional-order epidemics model solutions.
In particular, we consider the propagation of epidemic fronts and show that
the use of a fractional-order diffusion term can lead to an acceleration of the
front and thus a rapid spread of epidemics.

2. Model description

We shall consider a SIR model representing the spatial spread of an epi-
demic with non-local diffusion. The model takes into account 3 population
densities, the susceptibles S(z,t), the infectives I(z,t) and a removed class
R(z,t). The spatial dynamics is assumed to be one-dimensional and is repre-
sented by a Riesz/Weyl, fractional-order differential operator denoted _, D2,
where 1 < a < 2 is the order of the spatial derivative. The fractional-order
diffusivity is denoted K, and has units of m®s~!. The susceptible and infec-
tive populations are assumed to exhibit the same spatial dispersion patterns
and are thus characterised by the same values of & and K, . The trans-
mission from susceptibles to infectives and the disease-induced mortality are
represented by a transmission-efficiency parameter r and a mortality-rate pa-
rameter a, respectively. With these assumptions, the model equations read:

aa—f = —rlS + Ka(fongS)u <1>
% £ TIS—a[‘i‘Ka(fOOD:?I)’ (2>
OR

o = al, (3)

where r, K, and a are positive constants. The dynamics of the removed
class being entirely driven by the infectives and having no influence on the
other two classes, it will not be further considered in the remainder of this
study. The model equations have to be supplemented by a set of initial and
boundary conditions to obtain a unique solution. The precise expression of
the initial and boundary conditions is not required at this stage. We will just
assume that the epidemic wave is advancing into a uniform population with
an initially homogeneous susceptibles density S.

The Riesz/Weyl fractional-order operator _., D¢ is an integro-differential
operator defined as follows:

Def) = F 0] = s [ A @

3
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where I'(.) is Euler’s gamma function and F denotes the Fourier transform.
When a = 2, the fractional-order derivative (4) reduces to a standard second-
order derivative. Eq. (4) defines a “left-sided” operator as it only takes into
account the values of the function f at the left-hand side of x. A right-sided
operator (denoted ,D%) can also be defined in a similar fashion (see for
instance [33] for details). Combining left- and right-sided operators allows
the definition of fractional-order derivative with arbitrary skewness. In this
work, we only consider an asymmetric diffusion term in order to highlight the
resulting different dynamics for left- and right-propagating epidemic waves.

The origin of anomalous, non-local diffusion lies in the random displace-
ments of the individuals constituting the population. If one assumes that
these individuals follow a Gaussian diffusive process, ¢.e. the distribution
of random displacements has a finite variance, then the density of individ-
uals is solution of a second-order diffusion equation. That result is a direct
consequence of the central limit theorem (CLT). However, if one does not
assume that the distribution of random displacements has a finite variance,
the standard version of the CLT cannot be applied anymore. Instead, the
generalization due to Lévy-Gnedenko [17, 25] can be used. That version of
the theorem does not rely on the assumption that the sum of all the fluctu-
ations has a finite variance but instead assumes that it has a power-law tail
distribution decreasing as |z| 7! with 0 < o < 2. In that case, the density
of individuals tends towards a stable Lévy distribution with exponent « [16],
which is solution of a diffusion equation of fractional order a (see [28] for
details). Here we restrict ourselves to 1 < a < 2. It is important to note
that when o = 2, the Lévy distribution reduces to a Normal distribution and
the corresponding differential equation is the classical second-order diffusion
equation. Egs. (1)-(3) are therefore a generalization of a standard SIR model
describing the spatial spread of an epidemic, as described for instance in [29],
and reduce to such a model when o = 2. With power-law tail distribution de-
creasing as |2|~(“*1) one can see that the probability of large displacements
(called Lévy flights) increases as the value of o decreases. Fig. 1 illustrates
the random displacements of a single individual following a Lévy motion for
different values of the exponent a.

Before moving to the analysis of the solutions of Egs. (1)-(2), let us first
recast them in non-dimensional form. Following Murray [29], we introduce
the following dimensionless variables:

1/
"=1/S, §*=5/S, 1= (-S) v, t*=rSt, A=

a
Ko rS?

4
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Figure 1: Trajectories of a random walker following a Lévy motion with different values
of the exponent «. Brownian motion is recovered when o = 2. Note the changes in the
range of the vertical axis (position) while the horizontal axis (time) remains the same.

which allow us to rewrite Eqgs. (1)-(2) as follows:

oS

— = -] DY

ol

— = IS - A+ _ D%l

o S — M+ DI, (6)

k9

where we have dropped the “*”. As mentionned by Murray [29], the dimen-
sionless parameter A is the ratio between the contagious time of the disease
and the life expectancy. It is a key parameter that controls the development
of the epidemic wave.

3. Theoretical Analysis

In this section, we investigate the spatial spread of an epidemic wave of
infectives into a uniform population of susceptibles. In order to highlight the
impact of the fractional-order diffusion operator _.,D$ on the dynamics of
the epidemic wave, we consider both left- and right-propagating fronts. The
following analysis shares similarities with the one performed by del Castillo
Negrete et al. [8] for the fractional-order Fisher-Kolmogorov equation. For
that equation and by using the same left-sided diffusion operator as here, they
found that left-propagating fronts have a self-similar profile and move at a
constant speed, while right-propagating fronts are accelerated and exhibit a
algebraic (power-law) decay of the tail.
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3.1. Left-propagating front

For such a front, we look for a self-similar travelling-wave solution by
setting
I(xz,t) =1(2), S(z,t)=295(z), z=uz+ct,

where ¢ is the unknown positive wave speed. Note that the ”"+” in the
definition of z indicates that the wave is travelling to the left. Furthermore,
we replace S(z) by 1 — s(z), where s(z) is the deviation with respect to the
initial susceptibles density. Eqs. (5)-(6) can then be expressed as:

d
—ci = —I(1—35)— _D¢s, (7)
dr
— = I(1—=5s) =AM+ _DJI.
(TR YEI: )

It can easily be seen that the Jacobian of the non-linear reaction term in
Egs. (7)-(8) only has real eigenvalues that reach their maximum value when
s = 0. The front is thus driven by the region just ahead of it or, in other
words, it is pulled by its leading edge. Such a front is thus referred to as a
pulled front and its speed can be derived by performing a linear analysis in
the leading edge region [5]. In our case, the leading edge is where I — 0 and
s — 0 (see Fig. 2a for an illustration) and linearizing the equations in that
region results in the following system:

ds
—c— = —I—_D%s,
o s (9
dr
— = (1 —=XNI+ _D?I. 1
eI = (NI + D (10)

Assuming a solution of the form (S(z),I(z)) = (S,1)e™, where k is a
parameter depending on the wave speed, and using the fact that _. DJe™ =
k“e"*, one obtains the following system:

("3 e lan ) (9)-(0)

A non-trivial solution can only be obtained if

(ck — k)2 — (1 = N)(ck — k%) =0,
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which results in the following dispersion relations:

c(k) = K*7H (11)
c(k) = /<JO‘1+1;/\. (12)

As for the Fisher-Kolmogorov equation, we expect the front to propagate
at the minimum wave speed for a ”sufficiently steep” initial condition. Re-
lation (11) is thus discarded as it would result in a non-moving front. By
minimizing relation (12) with respect to , one finds the minimum value
of the left-propagating front speed c¢,,;, and the corresponding exponential
decay rate K, to be:

1A\~ 1— A\
min — ) min . 1
c a<a_1> K (a—l) (13)

The former reduces to the classical result, ¢ = 2v/1 — A\, when o = 2. Since
we are assuming that 1 < a < 2, ¢, and Ky, are both well defined. The
existence of a left-propagating front in the fractional diffusion case is still
conditional on A < 1. Note that the more general method proposed by van
Saarloos et al. [14, 38] leads to the same results (see Appendix A for details).

The value of the front speed can also be obtained by using a more heuristic
argument. Indeed, at the leading edge, the linearization of Eq. (6) is similar
to the linearization of the fractional-order Fisher-Kolmogorov equation. The
same approach as in [8] can thus be used to derive the speed of the I front,
which leads to Eq. (13). Moreover, it is easily seen that without infectives
there is no susceptibles front as the reaction term in Eq. (5) would vanish.
This means that the susceptibles solution is driven by the infectives solution
and thus both fronts travel at the same speed.

3.2. Right-propagating front
That case is a bit more complex as the velocity of the traveling wave is
no more constant. One can thus not look for a self-similar solution. In what
follows, we pursue the same approach as the one used by del Castillo Negrete
et al. [8] for the fractional-order Fisher-Kolmogorov equation. Starting from
Eq. (10), we can again linearize it at the leading edge, i.e. around S = 1
(see Fig. 4a for an illustration), and obtain:
ol

5 = (L= NI+ Dol (14)
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Since the term (1 — A\)[ is responsible for the exponential growth or decay of
the solution, one can assume a solution of the form I(x,t) = ed=Nt)(z, ).
Substituting this solution into (20), one finds a differential equation for v:

o _
ot
with ¢(z,t =0) = I(z,t = 0) = Iy(x), the initial condition for the infectives

population.
The general solution of Eq. (15) can be expressed as

— D79, (15)

(x,t) :/ G(x — xo,t)Io(xo) dxo,
where G(z,1) = s7zpa(5%) is the Green function of Eq. (15) and pu(n) =
o= 20 e™elh)*dk is a skewed Lévy distribution with exponent a [26, 16].
By considering a localized initial condition of the form Iy(x < —I) = 0;
In(—l <2z <0)=Aand [y(z > 0) = Ae™"* — where [ and A are arbitrary
positive and non-zero constants, respectively — one finds the relation

) xt— 1/«

v =4[ gl dndacs [ pme ag o)
t—H —00
As we look for the asymptotic behaviour, we consider solutions for large,
fixed t and x — oo. In that case, we can use the asymptotic behaviour of
the Lévy distributions, i.e. pa(n) ~ n~@*Y as n — co. After some alge-
braic manipulations (see Appendix B for details), one finds the asymptotic
behaviour of I:

| Lfa (o0 st
A (1Nt 1) —(a+1)
I(x,t) = Ate (<Z+H>$ +/‘6t1+1/°‘/_oo at? dn+...].

The right-propagating front thus asymptotically decays as

I(z,t) ~ tell=Nig=(@tD) (17)

which highlights an algebraic (power-law) decaying tail that totally differs
from the exponential decay observed for the left-moving front and from clas-
sical results obtained with second-order diffusion operators.

The solution for the susceptibles population is obtained by assuming again
that S(x,t) = 1 — s(x,t) where s(z,t) < 1. The following expression can

8
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then be derived: s(z,t) = e M4p(z,t), which leads to the asymptotic
behaviour:
1 — S(x,t) ~ tel-Ntg=latl), (18)

Just as for the left-propagating front, the susceptibles solution is entirely
driven by the infectives solution, i.e. in the absence of infectives, there is no
susceptibles front. As a result, the decay rate of the S front is the same as
for the I front whatever the initial condition for S. In other words, even if .S
is initially nonzero over the entire domain, its decay rate will be of the form
=@+ rather than x~%, provided that I is initially confined. However, if
I is not initially confined but greater than zero over the entire domain, the
decay rate for both solutions will be of the form =% (see Appendix B).

The asymptotic front speed can be derived from either Eq. (17) or (18)
by computing the Lagrangian trajectory of a point at the leading edge of
the front. For instance, if we consider a point with a fixed value S & 1, its
position & = x(t, S) can be expressed as

$ ~o (1 . Sr)—l/(a-&-l)tl/(a—kl)ei;ﬁt’

and the front speed, cp(t) = -4Z, therefore reads

. tl/(a—i—l) B 1
CR(t) ~ (1 - S)—l/(a+1)a—H€i—ﬁt (g + 1-— /\) 9

~ (L Nest,
for large values of ¢t. This highlights the exponential acceleration of right-
propagating fronts.

4. Numerical examples

In this section, we present some numerical simulations that illustrate the
theoretical results derived in the previous section. The model Egs. (1)-(2)
are solved on a finite domain [0, L], where L > 0, and the fractional-order
derivative is thus defined as follows:

wpy_ L 0% [T fy)
D) = rmare | s

where 1 < a <2 and 0 < x < L, since model variables are now only defined
on [0, L]. Solving the model equations on a finite domain has an impact on

9
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the behavior of the solution as fractional-order derivatives take into account
the global aspect of the solution, which is obviously modified when truncating
the domain. One can still take into account the effect of an infinite domain
by using the following equations:

% = —I8+,D2(S - S(0) — §(0)), (19)
% = IS — A +,D%(I — 1(0) — I'(0)), (20)

where S(0) = S(z = 0,t) and S'(0) = S'(x = 0,t), and the same for I.
In Egs. (19)-(20), the fractional-order derivative is now a so-called Caputo
fractional derivative that can be defined as follows:

Cpery L[ 1)
SD2I@) = e | G g

= oDZ(f(x) = f(0) = f(0)).

By using some standard properties of the Caputo derivative, it can be shown
that Egs. (19)-(20) are equivalent to Egs. (5)-(6) if one assumes constant
density values for x <0, i.e. I(z < 0,¢) =1(0) and S(z < 0,t) = S(0). One
can then represent the effect of an infinite reservoir of susceptibles and/or
infectives at the left-hand side of the domain by selecting an initial condition
which is such that S(0) > 0 and/or 1(0) > 0.

Egs. (19)-(20) are discretized with a continuous piecewise-linear finite-
element scheme on a uniform grid whose resolution is equal to L/500. The
finite element scheme is based on a Galerkin formulation that allows one to
integrate the fractional-order diffusion term by parts and impose a vanishing
fractional-order flux on the left boundary (see [20] for details). A zero-slope
boundary condition is imposed on the right boundary. The diffusion term
being entirely left-sided, the right boundary condition only has a local im-
pact on the solution. The use of a zero-slope boundary condition allows the
right-propagating front to smoothly leave the domain. Time integration is
computed with a third-order Adams-Bashforth scheme.

The following initial conditions are used for both left- and right-propagating

fronts:
So(x) = 1-— hg (1 + tanh (x _z‘))) , (21)

ws

I(x) = hrexp (—M) (22)

w1L2

10
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where wg = 0.009, hg = 0.37, w;y = 0.0003 and h; = 0.14. For a left-
propagating front it takes the “4” sign and zy = 9L/10, whereas for a
right-propagating front, Sy(z) takes the “—” sign and xy = L/10 or 0. The
dimensionless domain length is set to L = 10° for a right-propagating front
and L = 60 for a left-propagating front. For all simulations, A = 0.5.

The time evolution of a left-propagating front is shown in Fig. 2. The top
panel shows the evolution of both the susceptibles and infectives densities.
The middle and bottom panels show a close-up view on the susceptibles and
infectives density tail decay. The duration of the simulation is set to 30 di-
mensionless time units and o = 1.2. As expected, both the susceptibles and

infectives fronts propagate at the same speed and exhibit the same exponen-
1-\ ) l/a

a—1
has been numerically estimated by computing the instantaneous speed of a
point with density S = 0.99 (Fig. 3). The resulting time series highlights
the convergence of the front speed towards the minimum speed ¢,,;, = 1.398,
obtained from Eq. (13).

The time evolution of a right-propagating front is shown in Fig. 4. We
first consider a localized initial condition for the infectives by taking zy =
L/10. In that case, I(0) = 0 and there is no reservoir of infectives at the left-
had side of the computational domain. However, S(0) > 0 and there is thus
an infinite reservoir of susceptibles at the left-hand side. Such a situation
is quite realistic as an epidemic usually starts with a confined population
of infective individuals in contact with a broad population of susceptible
individuals. The simulation duration and the value of a are the same as for
the left-propagating front. As expected, both the susceptibles and infectives
fronts accelerate and develop the same algebraic decaying tail, z.e. 1 — .5
and I ~ z~(@t1), After an initial adjustment, the acceleration of the front
leads to a rapid spread of the epidemic over the entire domain. It should be
noted that the length of the domain is equal to 10° as compared to 60 for the
left-progagating front simulation whereas the simulation duration remains
the same. It should also be noted that infinite reservoir of susceptibles does
not influence the rate of decay. The epidemic being driven by the infectives
and not by the susceptibles density, the front dynamics entirely depends on
the infectives density. Actually, even if there was no diffusion term in the
S equation and thus if susceptible individuals were not moving, there would
still be the same epidemic front.

The acceleration of the right-propagating front is highlighted in the space-

tially decaying tail, 7.e. 1 — S and I ~ exp [( :1:} The front speed

11
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I(x,t)
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=1 —S(x,t)
| 1072
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Figure 2: (a) Left-propagating front profiles for the susceptibles and infectives densities
at different time instants obtained by solving Eqgs. (19)-(20) with o = 1.2. The arrow
indicates the direction of propagation of the front. (b) and (c) Close-up views of the
susceptibles and infectives densities, respectively, highlighting the same exponentially de-

1—X

1/
ﬁ) :c], and the same front

caying tail for both fronts, i.e. 1 — S and I ~ exp {(

speeds. The simulation duration is set to 30 and the time interval between front profiles
is set to 3.

12



277

279

280

281

282

283

284

285

286

287

288

289

290

291

292

Cmin

1 : ‘
0 5 t H 10

Figure 3: Time evolution of the left-propagating front instantaneous speed, taken as the
time derivative of the Lagrangian trajectory zf(¢;.S = 0.99), for @ = 1.2. As expected,
the front speed converges towards the minimum front speed value ¢, ~ 1.398.

time diagram shown in Fig. 5. It shows the evolution of the position of the
front leading edge defined as the Lagrangian trajectory z¢(t) = z(¢; S = 0.99)
that corresponds to the position of a point in the front with density S = 0.99.
The simulation duration is set to 60. It can be seen that the front eventually
accelerates as soon as @ < 2. The smaller the value of «, the sooner the
acceleration takes place. Fig. 5 also shows that the numerical results are in
good agreement with the asymptotic expansion, i.e. 1 — S ~ g~ (@t(l=Nt,

Although that might not be very realistic, one can still represent the effect
of an infinite reservoir of infective individuals located at the left-hand side of
the domain by considering an initial solution that does not vanish at x = 0.
This is achieved by taking zo = 0 in the initial conditions (21)-(22) such
that 7(0) > 0 and S(0) > 0. In that case, the front is expected to exhibit an
algebraic decay rate of order —a rather than —(a+1) (see Appendix B). Fig.
6 shows that such an asymptotic behavior is indeed observed as 1 — .S and
I ~ =%, These results are similar to those obtained by del Castillo Negrete
et al. [8] for the fractional-order Fisher-Kolmogorov model for which they
had also considered an initial condition that did not vanish at x = 0.
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Figure 4: (a) Right-propagating front profiles for the susceptibles and infectives densities
at different time instants obtained by solving Eqs. (19)-(20) with o = 1.2. The arrow
indicates the direction of propagation of the front. (b) and (c) Close-up views of the sus-
ceptibles and infectives densities, respectively, highlighting the same power-law decaying
tail for both fronts, i.e. 1 — S and I ~ 2~ (1), The simulation duration is set to 30 and
the time interval between front profiles is set to 3.
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Figure 5: Time evolution of the epidemic front leading edge position, taken as the La-
grangian trajectory x¢(t; S = 0.99), for different values of . As soon as « < 2, the front
eventually accelerates leading to long-range spreading of the epidemic. The dashed line
corresponds to the analytical scaling result 1 — S ~ z=(@+D (1=t

5. Conclusions

In this paper, we have proposed a fractional-order reaction-diffusion model
to study the dynamics of epidemics in systems characterized by asymmet-
ric Lévy flights with an exponent 1 < o < 2. We have considered a to-
tally skewed, left-sided diffusion operator and studied its impact on left- and
right-propagating fronts. On the one hand, numerical and analytical results
show that left-propagating fronts move at a constant velocity and have an
exponentially decaying tail. The classical results for the front velocity are
recovered when o = 2. On the other hand, right-propagating fronts acceler-
ate exponentially and exhibit a power-law decaying tail. Both the infectives
and susceptibles fronts have the same dynamics which is entirely driven by
the infectives density. For an initially localized infectives density profile, the
decay is of the form ~ z~(*Y while an infinitely-wide initial profile leads
to a decay of the form ~ = for both solutions. Obviously, for a symmet-
ric fractional-order diffusion operator, both the left- and right-propagating
fronts accelerate and have a power-law decaying tail.

Our results show that a fractional-order reaction-diffusion epidemics model
is able to represent the superdiffusive effect due to Lévy-flight mobility pat-
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Figure 6: Right-propagating front profiles for the (a) susceptibles and (b) infectives density
at different time instants obtained by solving Egs. (19)-(20) with « = 1.2 and taking
xzo = 0 in the initial conditions (21)-(22). The power-law decaying tail is the same for
both fronts, i.e. 1 — S and I ~ x~“. The simulation duration is set to 24 and the time
interval between front profiles is set to 3.
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terns in the population. The superdiffusion of the infective population leads
to a significantly increased overall reaction rate as both populations meet each
other more often. As a result, an epidemic spreads much faster than predicted
by classical Gaussian models. Our observations suggest that fractional-order
reaction-diffusion models are better suited to represent modern epidemics and
also highlight that the eradication or even containment of such epidemics is
a daunting task.

The model could be further improved by taking into account non-Markovian
and truncated Lévy processes. Brockmann et al. [2] have shown that the
dispersion of bank notes is not only non-Gaussian but also non-Markovian.
The non-Markovian effect and the associated subdiffusion can be included
in our model by replacing the first-order time derivative with a fractional-
order time derivative of order less than 1 (see [28] for details). Numerical
methods have recently been proposed to discretize the space-time fractional
diffusion equation [34, 21] and could be applied in a non-Gaussian and non-
Markovian epidemics models. Furthermore, the study by Gonzalez et al. on
human mobility patterns derived from mobile phone data suggests that these
patterns follow a truncated Lévy-flight motion [18]. The effect of truncation
on superdiffusive fronts propagation has been studied by del Castillo Negrete
[7] for a Fisher-Kolmogorov model and should be considered for epidemics
models as well.
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Appendix A. Alternative derivation of the left-moving front speed

In this section, we present a more general derivation of Eqs. (13) based on
the approach proposed by van Saarloos et al. [14, 38]. In those studies, the
authors define an asymptotic spreading speed, that they denote v*, towards
which the front eventually converges if it evolves from a sufficiently steep
initial state. That speed is obtained by linearizing the model equations about
the unstable state (S =1 and I = 0 in our case). More specifically, v* € R
is given by the largest ”dynamically relevant” solution of the saddle points
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equations

0 = S(k*w),
. dw(k)

v - dkf |k§*7
. Im w*

v Im k*’

solved for (k*,w*,v*) where S(k,w) = 0 is the characteristic equation ob-
tained by assuming a Fourier mode solution of the form e/**=«t (k and
w € C) in the linearization about the unstable state ahead of the front.

In our case, the characteristic equation reads:

S(k,w) = (—iw — (ik)*)* — (1 — \)(—iw — (ik)*) =0

and has two solutions: w = i(ik)* and w = i(ik)* +4(1L —X). The former is
rejected as it leads to v* = 0. The latter corresponds to a non-oscillating,
uniformly translating front if £* and w* are purely imaginary, which can only
be achieved if k* = —ik* (k* € RT). In that case,

dw(k
U* — dg{: ) = —Oz(lf*)a_l,
B Im w* \ (K)*+ (1= A)
- Im k —RK* ’

which leads to

. 1=\ . /1-a\"°
V=~ , K = .
a—1 a—1

As expected, these correspond to Eqgs. (13) and highlight that only a left-
propagating front can travel at a constant speed as v* = —c,;,, < 0. More-
over, van Saarloos et al. have shown that the front speed algebraically relaxes
towards that constant speed if the initial state is steeper than 2.

Appendix B. Asymptotic behaviour of the right-moving front

In this section, we provide more details on the derivation of Eq. (17).
Let us first consider the first integral in Eq. (16) and look at the limit for
xt~Y* — oo with a fixed ¢. In that case, we can use the asymptotic behaviour
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of the Lévy distribution: p,(n) ~ n~@*Y to obtain:

(z41)t— 1/ (z4)t—1/e 1
/ pa(n) dn, ~ / ot dn,

t—1/a t—1/a

B _1 |: 1 :|(x+l)t1/o‘
a [ xt—1/a

= ((1 Foye - 1) ,

~ g~ (B.1)

where we have used a first-order binomial-series approximation.
For the second integral, one needs to set a cutoff Q with 1 <« Q < xt~'/e,
so that p,(n) = =@V holds. Integration by parts then leads to

mt*l/a
_ 1/«
e [ ey
—0o0
st 1/
~ 6—:‘{1}/ ent n d77,
a+1
Q n

1/« n:mt_l/a -1/ -1/
__ —KT 1 e o — Kz ot a+1 et /on d
=€ notl gtl/a —¢€ 0 o not?  gtl/e ;

n=a

1 rtl/ogt—1/a 1+ ot~/ /{(t’l/"‘nfx)
Q

potli=1-1/a Kkil/e Kkiltl/a na+2
—(a+1) 1 xt— /e n(t’l/”n—x)
_p (s () ). (B.2)
K Kkilt+l/a O 7704+2

In fact, the integral from —oo to €2 contains p,(n) that decays exponentially
at minus infinity. The exponential in the integrand is bounded on this do-
main. We can thus consider that the integral is bounded and not dependant
on z. The integrand in the last expression is bounded by 7]2% when x — oo

and thus, the third term is at most of order z—(@+1.

From (B.1) and (B.2), we see that the tail of the right-propagating front
behaves like 1) ~ tz~(@+1) for large values of z and t. Note that this behaviour
is preserved in the limit where [ — 0. However, in the limit where [ — oo,
the asymptotic behaviour becomes ) ~ tx~“. That case would represent the
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effect of an infinite initial reservoir of infective individuals on the epidemic
front propagation. In the study by del Castillo Negrete et al. [8] for the
fractional-order Fisher-Kolmogorov equation, non-localized initial conditions
are considered, i.e. | — oo, and an algebraic decay rate of order —« is
observed.
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